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Large exciton-polariton optical nonlinearities present a key mechanism for photonics-based com-
munication, ultimately in the quantum regime. Enhanced nonlinear response from various materials
hosting excitons and allowing for their strong coupling with light is therefore the topic of intense
studies, both in theoretical and experimental domains. Reports on the scattering rates arising due
to various system’s nonlinearities, such as the exciton-exciton Coulomb interaction and the Pauli
blocking that leads to the saturation of the exciton oscillator strength, however, are contradictory.
In this work, we develop a formalism allowing to track the exciton nonlinearities appearing in the
regime of strong coupling with photons, that includes finite temperatures, mixing of the exciton
excited states, and the dark exciton contributions to saturation self-consistently. The equilibrium
path integration approach employed here to address the polariton composite nature, leads to a
transparent hierarchy of various contributions to nonlinearity. At the same time, by taking the sim-
plest limit of zero temperature and so-called “rigid” excitons, through our framework we retrieve the
expressions derived in conventional approaches for exciton interaction constants. In particular, our
theory allows to clearly show that such interaction constants cannot be used as fitting parameters
tunable in a wide range of values, as they are strictly defined by the material properties, and that

other explanations are due for large optical nonlinearities recently reported.

I. INTRODUCTION

Exciton-polaritons, hybrid semiconductor quasiparti-
cles that result from strong coupling of electronic exci-
tations with light, are attractive candidates to endow
photons with strong nonlinearity, both in the macro-
scopically coherent regimes and at the single-particle
level [1, 2]. This promising perspective, together with
quickly developing state of the art, led in the last years
to intensification of experimental and theoretical studies
aimed at the analysis of polariton interactions in various
material systems, including both conventional semicon-
ductor quantum wells (QWs) [3, 4] and two-dimensional
(2D) transition-metal dichalcogenides (TMDs) [5-8], the
latter allowing to operate at elevated temperatures.

When considering macroscopic phenomena on the po-
lariton level, such as the polariton Bose-Einstein conden-
sation [9] and superfluidity [10], excitons are most often
treated as proper bosons, due to the underlying exciton-
photon strong coupling. In the microscopic descriptions
on the exciton level, however, it has been argued that
their composite electron-hole structure needs to be taken
into account. In this context, for electron-hole-photon
systems with strong coupling, such as polaritons in a
microcavity, several formalisms considering the effective
exciton Bose field have been developed, e.g. directly in-
troducing the exciton operators [11-14], performing the
Usui transformation [15], or basing on the semiconduc-
tor Bloch equation [16-18]. All these methods represent
generally the same approach describing the bosonisation
of interacting fermionic constituents of the exciton in
presence of the photon field in the case of low densities
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(nexa2 < 1, where ne and a are the 2D exciton den-
sity and Bohr radius, respectively). On the other hand,
the opposite limit where the coupling to photons is con-
sidered dominant and Coulomb electron-hole interaction
absent, was studied within the generalized Dicke model
in a series of works by Littlewood and co-authors [19-
24] and, later, in Ref. [25] for excitons bound by light.
In both of these limits, however, the considerations were
mostly limited to zero temperature and spinless electrons
and holes (except for Ref. [12]).

It is perhaps instructive to recall that for bulk semicon-
ductors, the electron-hole systems without strong cou-
pling to photons were originally studied by Keldysh
and Kozlov [26] in 1960s using the Green’s func-
tions technique with additional corrections from mul-
tiple electron-hole scattering processes. Later, Kiselev
and Babichenko [27] proposed the description of such
electron-hole fermionic system based on the path integral
approach. This theory allows for perturbative derivation
of the effective exciton action for a weakly-interacting
exciton Bose gas starting from the electron-hole formal-
ism. The exciton interaction constant calculated in [26]
and [27] is equal to g2° = (137/3) h2asp/M, which cor-
responds to ls-exciton scattering (here M is the exciton
mass). In an analogous approach for quasi-2D excitons
in semiconductor QWs, the exciton interaction constant
92D = (131572 /4096)47h? /M was derived in 1995 [28].
Further works treating QW exciton interaction already in
the polariton regime [11, 15, 16] reproduced this result
and, furthermore, underlined another possible source of
the polariton optical nonlinearity: the saturation of ex-
citon oscillator strength.

With the emergence of TMD monolayers as a versa-
tile platform hosting excitons and exciton-polaritons, the
search for correct estimates of the interaction constants


mailto:nsvoronova@mephi.ru

Jex and gsat, characterising the exciton pair interaction
and saturation, respectively, was renewed (here and be-
low we drop the superscript “2D” for clarity). On the
one hand, the small exciton Bohr radii and large binding
energies hold promise for robust highly-nonlinear TMD
polaritons up to room temperatures. On the other hand,
the lowest-lying s-states of such excitons exhibit signif-
icant deviations from conventional Coulomb-bound hy-
drogenic model [29, 30], since the interaction between
charges in atomically-thin layers is described by the
Rytova-Keldysh potential [31]. Among theoretical works,
Ref. [32], revisiting the logarithmic factor in the inter-
action strength—a well-known result for 2D boson scat-
tering problem [33, 34]—underlined that for polaritons
the interaction constants should be larger than those for
excitons, due to the difference between the exciton and
lower-polariton (LP) energies. Ref. [35] in their Supple-
mental Information provides the detailed derivation of
the Rabi splitting renormalisation (saturation) in the op-
erator formalism, similar to [11-13], but up to the second
order in neca?. Thus, the analytical expressions for the
constants gex and gsat describing both polariton nonlin-
earities, valid for the case of robust 1s—excitons at T' = 0,
exist. Nevetheless, recent experiments reveal not only a
substantial disagreement with those predictions, but also
contradictory results in comparison to each other. In
particular, while some giant exciton saturation constants
were recently reported for 1s-excitons in WSy [5], Ref. [6]
reports on the numbers two orders of magnitude smaller
for the same material. Still, the saturation-related non-
linearity gsat in both works exceeds gex (in Ref. [5] the
nonlinearity due to exciton pair interaction is consid-
ered overall absent). Similar studies performed in [7]
for MoSe, revealed gex and gg.t to be of the same or-
der, whereas in [§], these constants are smaller by one
and two orders of magnitude, respectively. Notably, a
very recent experiment performed with GaAs QW po-
laritons, which was able to resolve the upper-polariton
(UP) branch, also revealed gsat > gox [4]- In all the
above experimental works the two constants are used as
free parameters to fit the observed dispersions shifts with
density, in disconnection with the theoretically-obtained
numbers. All these results call for interpretation and de-
tailed analysis.

In this work, we develop the path integral approach [27]
for an electron-hole-photon mixture, examining the in-
fluence of the photon field on the shape of the exci-
ton field, and derive the effective exciton-photon action.
While the considerations presented here in their sim-
plest limit (I = 0 and the rigid ls-exciton) do not
lead to results other than those obtained in previous
works [11, 12, 15, 16], they differ in regard to their
derivation. In its full shape, however, our theory pro-
vides means to follow the influence of finite temperatures,
electron-electron scattering, and the reshaping of the ex-
citon structure due to the presence of photons (such as
forming the “flexible” exciton where many s-states are
mixed) on the exciton nonlinearities. To provide pos-

sible explanation of experimentally-observed saturation
constants, the dark exciton states are self-consistently in-
troduced in the exciton-photon action via consideration
of the electron and hole spins.

The paper is organized as follows. Section II is devoted
to the full derivation of the exciton-photon action at finite
temperature in the spinless case. Sec. III addresses the
limit 7" = 0 and rigid 1s-exciton state, which allows to
compare results with the existing works. In Sec. IV we
present the corrections appearing in the renormalization
of the Rabi splitting due to contributions of dark excitons
to the UP and LP dispersions shifts when the spins of
underlying electron and holes are self-consistently taken
into account. Sec. V concludes our studies. The main
text is supplemented with Appendices A—E containing
some cumbersome calculation details.

II. THE EXCITON-PHOTON ACTION

In the presented derivation, we consider the most rel-
evant case neca? < 1. The opposite limit can be at-
tributed to the formation of the exciton insulator pro-
posed by Keldysh and Kopaev [36], which for polari-
ton systems was studied in Ref. [37]. We start with
the action for the electron-hole-photon system so far ne-
glecting the spins of particles, in terms of the field op-
erators of electrons W,y in the conduction (valence)
bands with effective masses m,(,) and the dispersions
(o) (k) = £ (Eg/2 + h?k?/2m,(,)), and the field oper-
ator Wy, of photons in a microcavity, with the effective
mass mpy, and the dispersion Eyp (k) = EY +h%k?/2mpp,.
The origin of the energy is taken in the middle of the
bandgap of width E,, and Egh represents the cavity cut-
off. The action reads:

S[We, Wy, W] :/dr/dT
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with 4, j running over {c,v}, x = (r,7), 7 is the imag-
inary time, § = h/kgT, k is the momentum operator,
and V(z—2') =V (r —1r')é(r —7'), where V(r — r’) rep-
resents the potential of interaction between charged par-
ticles. fic(,) is the chemical potential of the electrons in
conduction (valence) band (which approximately equals
zero for the ground state in undoped semiconductors),



and fpipn is the chemical potential of photons. We con-
sider separate chemical potentials of species since the to-
tal number of particles (electrons, holes, and photons)
is not conserved. Finally, gg is the amplitude of light-
matter coupling (electron-hole annihilation with photon
creation and vice versa). In the functional integration
(path integration) approach the grand canonical parti-
tion function is defined as:

zZ = D[\Ilc,m@c,v]p[quhaEph]eis[‘pc’qlv’qlph} . (2)

The exciton field A(ry,r9;7) = ¥, (ra, 7)¥,(r1, 7) can be
introduced in the following way:

Z = / D[W]e S (3)
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where ¢(r1,ra;7) is an auxiliary field. Looking ahead,
this field is unphysical and below will be integrated
over. Strictly speaking, other fields can be taken into
account using the standard Hubbard-Stratonovich trans-

formation: one can consider different channels of dual-
field decoupling in the interacting part of the initial ac-
tion. In particular, introducing the dual field ¥;(z)W¥;(y)
(i = ¢,v), one can derive the renormalization of the
exciton-exciton interaction matrix element due to elec-
tron scattering, which is done in Appendix A.

For convenience we perform the Fourier transform as-
suming the system homogeneous and finite, and account
for finite temperatures:

Ui(z,7) = \/72 D Wik, wy )ekx T
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where w, = (2mn + 7)/8 and Q, = 27n/f are the
fermionic and bosonic Mastubara frequencies, respec-
tively, n € Z, k, k' are the quantized wavevectors, and S
is the system area. The action takes the following form:
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where all sums over w, ) involve summation over inte-
ger indices n (subscripts n are omitted for clarity), and
the four-vector notation & = (k,w,) or (k,Q,) was in-
troduced for both fermionic and bosonic fields. It is
then straightforward to perform the integration over the
fermionic fields ¥, ,, which results in the (—TrlnG~1!)
contribution to the action, where G~ = G5 + 6G~*
with

gfl_ —iw1—|—5c(k1)—uc 0 S
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denoting the bare electron Green’s function and

1. 0 o(ki, ko, Q)
67 =iVT (¢(k2,k17—9) 102 )

containing the introduced auxiliary field ¢ (here the
bosonic Matsubara frequency 2 = €Q,, originates from the
difference of two fermionic frequencies wy, — way, ). It can
be easily calculated under the assumption 6!« Qo_l
(considering 6G~1 as a perturbation, which corresponds



to our applicability condition neca? < 1):

TrinGg ™! = TrinGy ! + Trln(1 + GodG ™) =

(GodG~)". (5)
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In the expansion series one should keep the terms up to
the 4th power to derive the exciton-exciton interaction.
Since Gy is diagonal while §G ! is antidiagonal, the first
and third terms in the logarithm expansion are absent,
hence in the lowest order in the auxiliary field ¢ one gets:

*Tf(go(sg P=—T Y dki ko, Q(ki1, ks, Q)
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The last summation is performed over the fermionic Mat-
subara frequency w’ of the loop diagram, and for finite
temperatures it leads to the exciton propagator

ngo(kl,wl + Q)llgo(kg,w/)QQ =
nv(k2) - nc(kl) Q
_ — .
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where n;(k) = 1/(e#E=#) 1 1) is the Fermi distri-
bution function in the i-band (the details are provided
in Appendix B). Here we note that for an undoped
semiconductor n. = n, and thus one can approximate
te ~ —py + Tln(m,/m.). From the point of view of
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Now, the auxiliary field ¢ needs to be excluded. Within
the saddle-point approximation in the lowest order of the

TrlnG ! expansion we have:
5S 0 .
@:*Akle (ki k2, Q) —iA(ky, ko, ) =0, (12)

and the relation between the exciton and the auxiliary

Q1)p(ks, k2, Q) p(ks, ka, Q3)p(k1, ka, Q1 + Q3 — Qo).

equilibrium chemical reactions, the exciton chemical po-
tential is defined as plex = pe + tn = phe — iy (Where
tte,r, denote the chemical potentials of the electrons and
holes), and in thermodynamic equilibrium between the
excitons and photons it should equal pex = ppn = p.
Then the above expression reduces to

Ny (kZ) — N (kl)

Aklk? - ge(ky) —ep(ka) — p— i)’ )

In the same manner we calculate the |¢|*-term:
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X Go(ky,w' — U + Q2 — Q3)22, (9)
where the factor of 2 arises from the number of loops in
the corresponding diagram series (see Appendix B and
Fig. 1 therein). The result of summation over the fre-
quency of the fourth-order loop diagram in Eq. (9) is
given in Appendix B, while here we only introduce the
loop notation:
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The effective action takes the form:
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fields can be found:

A(ky, ko,
d(k1, ko, Q) = % (13a)
Z'Akle
_ A(ky, ko, Q
b(k1, ko, Q) = % (13b)
Z-Akle

which allows one to rewrite the effective action in terms



of the exciton and photon fields, and obtain the effec-
tive exciton-photon action. Despite the result being quite
similar with the previously reported [38], in our case the
exciton field depends on two momenta. We can interpret
it as the exciton field A(ky, ko, Q) corresponding to the
relative motion of electrons belonging to different bands,
with the momentum p = (m.k; +m,ks)/(m.+m,), and
motion of the exciton as a whole, with the momentum
k =k; — ko.

Bethe-Salpeter equation for excitons coupled to
photons at finite temperature

It is useful to rewrite the obtained expressions in terms
of the relative and total momenta:

A(F’? k? Q)A(p’ k? Q)

S[\IIP}UA] = Z .AQ
p,k,Q Pk
+ D Won (I, ) (=i + Epn (k) — ) Wy (k, )
k,Q
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T ~ _
+ 2 {IZQ fglﬁiﬁ?’ A(p, 1y, Ql)A(p + 122117 L, QQ)
Pk,

x A(p+Hla— 155 15, Q) A(p+12558, 1 —1o+13, Q1 +Q3— ).

Here and below, tildes denote the loops connecting ex-
citon fields A (see Appendix B). When performing the
saddle-point approximation to define the shape of the ex-
citon field in presence of photons, the last term can be
considered as perturbation since it was derived in the
higher order in the expansion series, so that it can be
temporarily neglected:

s APk Q) gr

F7 N L < Wpn(k, )
—Y V(p—a)Aq,k,Q) =0, (14a)
5f[ih = (—iQ+ Epn(k) — 1) ¥pn(k, Q)
(p,k,Q) =0. (14b)
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Determining the photon field via the exciton field in (14b)
and substituting it into (14a), we obtain the generalized
Bethe-Salpeter equation modified by the presence of the
photon field (similar to the semiconductor Bloch equa-
tion [17] albeit with the explicit dependence on k in the

photon dispersion):

Alp.k, Q) Z
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This equation is one of the main results of this study.
Finite temperatures are contained in the summations and
Fermi distributions appearing in 'A];?k' As anticipated,
the photon field alters the exciton interaction, since the
electrons and holes in such a system can be bound not
only by Coulomb-like interactions, but also by light. This
phenomenon is known in the literature as the flexible
exciton limit [39] in which the polariton Rabi splitting
is not negligible compared to the exciton binding en-
ergy: hfQlg ~ Ey,. It should be noted that similar equa-
tions were recently derived in Ref. [14, 25] for the zero-
temperature case using the operator formalism. Ref. [18§]
proposes the solution of (15) for ' = 0 in the case of
one-mode fields. To compare, we apply this method to
the equation (15) at zero temperature in Appendix C.

Eq. (15) can be solved using the ansatz

Z X(V)

which is a decomposition of the exciton field over the ba-

A(p,k, Q) YCW) (K, Q),

sis of (hydrogen-like) wavefunctions xf:gz(p), with v be-
ing the number of excitonic vs-state and C*)(k, Q) the
corresponding exciton field depending only on the total
momentum. Introducing the interaction matrix element
9(117 127 13; Qlu QQ; QSa V1,V2,V3, V4) = g(l'm Qi7 Vi) as

FQ10Q20 —
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we arrive at the final expression for effective exciton-
photon action:

Vo O] = 330" (k, Q) EY (k, 2)C) (k, Q)
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Here it is important to note that all the expressions are
derived in the most general form (for T # 0, arbitrary



interactions and for excitons and photons with k # 0).
Summation over v allows to account for the flexible exci-
ton case when the coupling to light results in the mixing
of states in the exciton s-series. Appendix C is devoted
to simplifications of these general formulae for the case
of zero temperature.

Existing limits
Standard treatment of exciton-polariton systems of-
ten neglects the second term in the square brackets in
Eq. (15) or, analogously, neglects the terms ~ gr com-
pared to the exciton binding energy F}, in Eqs. (14a,14b).
Such considerations correspond to the rigid exciton limit
when Ey, > hQg:

A(p.k, Q) — ZVP a)A(q, k,2) =0.  (18)

1
Q
Apk

From this point of view, considering only the 1s-state at
T = 0 and separating variables A(p, k, Q) = x(p)C(k, Q)
(where x(p) = Xl((l)Q(p) is independent of k and Q) brings
Eq. (18) to the standard Wannier equation. In this limit,
one would obtain the exciton wavefunction and the renor-
malization of the exciton-photon conversion term previ-
ously reported in several works [14, 15]:

Zx

where hQgr/2 is the experimentally-observed polariton
Rabi-splitting. In this case, the saddle-point equations
(14a, 14b) become the standard Hopfield equations while
the exciton-photon action takes the well-known form [38].
Here we emphasize that this approach to treat the action
is, in principle, equivalent to the assumption that first
an electron and a hole are bound by electrostatic inter-
action forming an exciton, and then excitons are coupled
to photons, which is a common way to describe strong
coupling between excitons and photons. Strictly speak-
ing, in the case of finite temperatures variables cannot
be divided, as can be anticipated from the shape of Ag’k
in Eq. (8) with (k1,k2) — (p, k).

On the other hand, in the opposite limit of dominating
photon-electron-hole coupling, Eq. (15) for the exciton
field A is similar to (18) but with the electron-hole inter-
actions induced only by light [22-25], which means one
cannot parametrize the field A as x(p)C(k, §2) with the
hydrogen-like wavefunction x(p).

= grx(r=0) = —, (19)

III. INTERACTION CONSTANTS

To describe the nonlinearities in terms of interac-
tion constants including the so-called saturation (exciton-
assisted photon-exciton coupling) that arises in our treat-
ment from the fourth-order expansion term, one needs
not only to set 7' = 0 but also to assume the rigid 1s-
exciton limit. While for the flexible exciton where all vs

states of the hydrogenic basis get mixed, the saturation
contribution is also derived (see Appendix C), it cannot
be presented as a closed-form explicit expression. The
case of rigid excitons, in which we can analyze the re-
sults of recent experiments [4-8] and compare to existing
theoretical results [11, 12, 14, 15, 35|, is considered in
Appendix D.

For the ground-state exciton wavefunction which in
momentum space reads x(p) = 2av/27/(1+p?a?)3/2, the
expression for the saturation interaction constant is de-
fined as geat = (87/7)a?hQR /2, where a in the hydrogenic
description is the 2D exciton Bohr radius, while for the
Rytova-Keldysh 1s-state should be considered a varia-
tional parameter [40]. This is a well-established result ob-
tained in many different approaches [12, 15, 35|. Clearly,
the exciton-assisted exciton-photon coupling ~ ggat7ex
describes the conversion between photons and excitons in
the higher order of the small parameter nexa? compared
to the terms ~ (V,,C + c.c.). The corresponding reduc-
tion of the polariton Rabi splitting can be defined from
the shifts of the UP and LP dispersions with the increase
of the exciton density. Performing the saddle-point ap-
proximation for excitons and photons in the assumption
of uniform exciton density nex = const (see Appendix D),
we obtain the splitting between the dispersions minima
renormalized by interactions

sat Tex 3 satTlex 2 + GexMNex
PR (Nex) = hQR\/l - 4955211  3(gsat (hng)Qg
~ hQR - 2gsatnex- (20)

Since geatNex ~ A RNexa? and the exciton densities con-
sidered here are much smaller than the Mott density
~ a2, the correction to the splitting is supposed to be
much smaller than its value without the renormalization.

Futhermore, we show (see Appendices C and E) that in
the rigid 1s-exciton limit the pure exciton-exciton contri-
bution to interaction for Wannier-Mott excitons should
be larger than that from saturation, since the Rabi-
coupling term in the saddle-point Egs. (14a,14b) in this
limit is treated as perturbation. As mentioned in the In-
troduction, the exciton interaction constant in this limit
at T = 0 for excitons in QWs (i.e. with Coulomb interac-
tion potential) is equal gex = (1—31572/4096)47h% /M =
6.06 Epa® [11-16, 28]. For TMD-based materials (with
Rytova-Keldysh interaction potential) at T = 0 we derive
from Eq. (D6) gex = (16/7)e%af(ro/a), where the over-
lap f(ro/a) of the 1s—exciton wavefunction and Fourier
image of the interaction potential depends only on the ra-
tio between the screening length r¢ and the Bohr radius
a. Importantly, due to the reduced screening and hence
small spread of the wavefunction, this overlap is small
and decreasing with the growth of ry. As a consequence,
the exciton interaction constant ge, for 2D materials with
the Rytova-Keldysh interaction between the charges is
smaller than that for the 2D Coulomb potential.

It is important to underline that, as can be seen from
Egs. (D6) and (D7) even without the substitution of x(p)



Material Gexs ,ueV;un2 Jsat, peVqu T
exp. [5] - 10.0£0.4 | room
theor. 0.6 0.15 —
WS, | exp. [6] [0.055+0.015 | 0.11 £0.035 | room
theor. 0.6 0.2 —
exp. [7] 43+4 3.24+0.8 room
MoSes theor. 0.2 0.06 —
exp. [8] 0.124+0.01 |0.0154+0.003| 5K
theor. 0.2 0.04 —

TABLE I. Comparison of experimental and theoretical values
for gex and gsat in TMD monolayers, with the theoretical val-
ues obtained in the current work.

in the hydrogenic shape, the constants gex and gs.t are
defined solely by the properties of the material and can-
not be used as tunable fitting parameters, unless one as-
sumes that the rigid exciton limit is violated and thus
the theoretical expressions obtained in this limit are not
valid. In this light, the conclusions drawn in Ref. [5]
from direct measurements of the Rabi splitting at differ-
ent exciton densities in monolayer WS, that saturation in
their system is huge, requires reconsideration. Further-
more, the recent experiment [7] performed for monolayer
MoSe; revealed from fitting gsat >> gex (in [5], gex i to-
tally disregarded). However, since the excitons in TMD
materials are robust (E}, > h{lr), the saturation process
should be a correction rather than the leading term. We
note that for the case of GaAs QWs [4] where Ey, = hQg,
the exciton rigidity can be undermined by the presence of
photons and gg,t could be of the same order with gey, but
the effect of flexibility (mixing of the excitonic s-series)
in TMDs is highly unlikely.

In Table I, we summarize the existing experimental
estimates for gex and gg.t obtained from fitting of the po-
lariton branches in TMD monolayers, and compare them
to each other and to the theoretical values obtained here.
One sees that only the experimental values obtained at
low temperature (5 K) in Ref [8] have the same order as
the theoretically-predicted constants. Hence, noting that
straightforward introduction of the interaction constants
works only at T — 0 when one can factorize the exci-
ton field (since xk(p) stops being dependent on ), one
needs to rely on the full temperature-dependent treat-
ment [see Eq. (D1)]. More strikingly, the nonlinearities
experimentally reported for the same materials in differ-
ent works (even at the same T') differ by orders of mag-
nitude. We conclude that while the rigid-exciton limit
for TMD-materials is expected to be valid with a great
accuracy, there are other mechanisms at play strongly
altering the polariton nonlinearities.

IV. RENORMALIZATION OF THE RABI SPLITTING
DUE TO DARK EXCITONS

In this section, we show that one of such possible mech-
anisms to explain this inconsistency can be addressed by
taking into account the spins of particles and consider-

ing the influence of dark states on the saturation process.
For simplicity, we restrict ourself only to the case of zero
temperature. The details of derivations, which in spirit
are analogous to those described in Sec. I1, are presented
in Appendix E. In this case, four excitonic fields are in-
troduced, two of which correspond to bright A1; and the
other two to dark excitons A, g (here d, d generically de-
note the two spin projections of excitons that are not cou-
pling to light, i.e. £2 for GaAs and 0 for TMD excitons
in two different valleys). Moreover, in Appendix E we
take into account possible spin-bands splitting, i.e. dif-
ferent dispersion curvatures for electrons with different
spin projections. The resulting saddle-point equations
for the four excitonic fields are differ from each other due
to the deviation in the exciton dispersions and, conse-
quently, in the ls—exciton wavefunctions. As a result,
the exciton interaction and saturation constants for A
and A, 5 generally differ as well.

Here, to show the simplest case, we assume that pho-
tons of only one polarization (either +1 or —1) are
present in the system and that the effective electron
masses My(,) corresponding to different spin-bands are
equal. Then one obtains from the general expression the
splitting between the UP and LP branches at k = 0:

sa’ 4 ex 2
FQR (Nex, na) = KO |1 — gsat (41ex + 2n4)
Qg
)2 1/2

ggat (nex+ nd)(gnex“v‘ nd>+g§x(nex+ nq (21)

(hQR)?

+

where ng = C303 + CyqCy is the dark exciton density,
Cyay is the dark-exciton field depending only on the to-
tal exciton momentum. Strictly speaking, in Eq. (21)
we took into account only the dominant terms (for de-
tails see Appendix E). Surprisingly, nex and nq enter this
expression additively with the coeflicients of the same or-
der, which underlines that the dark exciton population
cannot be disregarded when addressing the exciton sat-
uration. The presence of dark exciton states, as clearly
seen, leads to further quench of the Rabi splitting with
the growth of both densities, which could be the possible
explanation of the abovementioned experimental obser-
vations. It is worth noting that a similar model including
the reservoir contribution was phenomenologically pro-
posed in Ref. [41], while the reservoir was assumed to
result from biexciton states. Our model, however, does
not take the exciton bound states into account, thus over-
looking the interactions of excitons with antiparallel spins

I C1|%|C—1|? which can contribute to polariton inter-
actions [7, 12]|. In the existing literature [32, 42-44] the
corresponding interaction constant g/} is demonstrated
to be negative and, in general, comparable with geyx. Nev-
ertheless, on the qualitative level, these attractive inter-
actions are expected to cause the decrease of blue- and
redshifts of the polariton dispersions.



V. CONCLUSIONS

To summarize, we developed the approach to perturba-
tively describe the electron-hole-photon system in pres-
ence of strong coupling, based on the equilibrium path
integral technique. This approach, in general, allows to
track different channels of dual-field pairing, and self-
consistently takes into account finite temperatures and
the full exciton vs-series. It can be applied to any ma-
terial system (such as conventional quantum-well micro-
cavities or those based on TMD monolayers and bilay-
ers). The difference in the charges interaction potentials
will enter via the shape of the exciton wavefunctions that
define the final quantitative results. As a logical exten-
sion we also provided (see Appendix E) the treatment of
particle spins, which revealed the contributions to exci-
ton nonlinearities due to bright-bright, bright-dark, dark-
dark exciton interactions and spin-flip processes.

In the simplified case of rigid excitons, our analysis
provides important results relevant to understanding the
giant nonlinearities observed in TMD-based microcavi-
ties. First, we show that finite temperatures result in a
sizeable change of the interaction constants and the usual
zero-1T expressions cannot be used for the estimates in
room-temperature studies. Second, we reveal that the
exciton-photon conversion is affected by the presence of
the reservoir particles (such as dark excitons). We rigor-
ously derive the terms involving the dark exciton fields
in effective action, and the dark-exciton density contri-
butions to the Rabi splitting renormalization. These re-
sults call for a detailed comparative experimental studies
of the exciton saturation in TMD structures, to be per-
formed at different temperatures, which would allow to
elucidate the relative influence of the two factors on the
observed nonlinearity.

In a more sophisticated case of flexible excitons, which
is more relevant to quantum-well polaritons or for situ-
ations with very strong coupling, an important conclu-
sion is that the concept of interaction constants describ-
ing the two sources of nonlinearity in the system starts
to fail. As several exciton s-states start to contribute
to the exciton field, the relative motion of the electron
and hole within the exciton cannot be separated from
the motion of the exciton as a whole. In this case the
nonlinearities arising from the fourth-order term with re-
spect to the exciton field are not factorized to the integral
over the exciton fields and wavefunctions overlap inte-
grals (which yield the above mentioned interaction and
saturation constants). Furthermore, the Bethe-Salpeter
equation in this case contains not only the temperature
dependence, but also the contribution of the momentum-
dependent photon energy dispersion to the formation of
the exciton.

We note that our study did not consider additional
contributions to the photon-exciton action such as the
formation of multi-exciton bound states. These scenar-
ios were addressed in recent works [44, 45] where it was
shown that biexciton-polariton formation is possible, and
that biexciton transition therefore can also alter nonlin-
ear optical response of TMDs.
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A. ADDITIONAL FIELDS (OTHER CHANNELS OF PAIRING)

In the beginning of the main text we introduce the exciton field only. Strictly speaking, such consideration overlooks
the exciton interaction mediated by electron scattering processes. In this Appendix, we address this problem and
show how taking into account the off-diagonal density field ;(r,7)¥;(r’,7) (i = ¢,v) changes the exciton interaction
term. For clarity, in the derivations of this section we will omit the “photon” part of Eq. (1) which does not play a role
here, being not coupled with the density fields. Turning to the initial form of the action (1), we introduce not only
the previously discussed fields A and ¢, but also other density-like fields which arise when considering other pairing
channels, such as the off-diagonal ®(r,r’,7) = ¥,(r,7)¥,;(r, 7) and diagonal & (r,7) = V;(r, 7)¥;(r,7) density fields,
using the Hubbard-Stratonovich transformation [46].

First, we define the momentum-frequency representation for the considered fields:

D (z,y) = g Z Z ®;(k, K, Qn)eik-xfik{yfiﬂnr

Kk Qn

§i(x) = \/? Z Z €k, K, Q,, ) ekxikix—ifnT
K

k' Q,

(A1)

where k are discrete momenta and €2,, = 2anT = Q are bosonic Matsubara frequencies. As one can see, the Fourier
image of the diagonal density field depends on one momentum (k — k') only, which leads, as we will see further, to



qualitatively different contributions to the exciton interaction. In the frequency-momentum representation the action
takes the form:

S[We, U, 6, A, e, By, £, 6] = ) {(%Uf) W’f))(_w rel e + a?(k) - u)(igg)]

k,w

—i > [b(ki, ko, Q) Ak, ko, Q) + Ak, Ko, Q) (ki ko, Q ZV k1 —ka)A(ky, ky, Q) A(ks, k3, Q)5 (k;+ks, ko+ky)
k17k2

wh—t

Q
Z Q)¢(—k Z > VK — ko) @ik, ka, Q)P (ks, ko, Q)5(ky + ks, ko + k)
k,Q

kl ky i=c,v
Q

— (I)c(kg kl) —+ Zf(kQ — kl) Z(,Z5(k1 kQ w1 — CUQ) \I/c(kg)
+VT (k1) T, (k \Z21 B +..., (A2
kz kz [ ) 1))( ip(ko, ki, wo —wr)  Dy(ka, k) +i&(ka — k1) J\ Wy (k) (42)
1,wW1 Ko,w2

where, compared to Eq. (4) the terms containing ¥y, are omitted (...) and the notation £ = £, + &, is introduced.
Although the expression is quite cumbersome, all the contributions containing ® and £ will be integrated out, and
the final expression remains elegant. After performing the path integration over the fermionic fields, the second order

of the TrlnG ! expansion series yields the relation between ¢ and A, as in the main text,

¢(k17k2aQ) A(klakQaQ)v

T
Akl ko
and renormalizes the Coulomb interaction for the off-diagonal and diagonal densities

Vl(ki—ks) = V7 '(ki—ka) + T Go(ki,w'+ 2)11G0(ka,w')11  for @,

Vol(ki—ks) = V7 '(ki—ko) + T Go(ki,w'+ Q)22G0(Ka,w')22  for @y, (A3)
Vi (ki—ks) = V7 (ki—ko)=TY Go(ky,w'+ Q)11G0(ke,w)11+T> Go(k1,w'+ Q)22G0(ka,w' )22 for &,
where w’ = (2n + 1)#T is the fermionic Matsubara frequency.

The renormalization (A3) is assumed to be small, since we assume the small-parameter expansion. We note that
since the variation of the Green’s function §G~' contains both diagonal and off-diagonal elements, the first- and
third-order terms appear in the expansion series. The first-order term is zero under the assumption that the system
is electrically neutral. The third-order term has the form:

fTr(roSg Z Go(k1)aadG™ (kh k2)a5g0(k2)ﬁ[36g71(k2» k3)5'ygo(/€3)w5g71(k3, k1)ya
k17k2,k3
00 % .
=VT > > [Mor]yoy, Ak, ko, Q1) A(Ks, ko, Q)[®e(ki, ks, Q1 — Q0) +i(ki — ks, Q1 — )]
ki, ko,k3Q1,02
Q.0 x .
+VT Z Z [T120] Jesion, Ak, ko, Q1) A (K, kg, Q2)[@o (ks ko, Q1 — Q) +if(ks — ko, Q1 — Q2)], (A4
ki ko k3 21,02
where o, 3,7 run over the values 1,2, but we choose only those that contain the fields ¢ (or A), hence the notation for
the third-order loops IIy21 and IIj95 is introduced (see Appendix B for definitions and details of calculation). Tilde,
as before, denotes the correspondence of a loop to the exciton field A (i.e. after the exclusion of the auxiliary field ¢).

Integrating over the fields ®., we obtain the correction to the exciton interaction due to the electron-electron
scattering (i.e. screening):

Q) o .
Seer = Z Z V(q 1_[121 Kok k2 [H121]k21qi47k17q Ak, k3, Q1) Ak, k3, Q2)A(ky — q, kg, Q)
q7k1 ka Q1,00
Q1,95
< e Y%
x A(ky — a,kq, )00, 101,0,+0, = & Z > Vg )[Mhas ]y Kokoks [H122]k4fkliq7k2_qﬁ(k37kzaQl)
q ki...ka 21,02
Q1,95

x A(ks, k1, Q2)A(ks, ki — q, Q) Ak, ko — q, )00, 101 0,40, (AD)
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Eq. (A5) has the same structure as the fourth-order term in the TrlnG~! expansion [see Eq. (9)] and therefore is a
correction to the |Al*-term. In a similar fashion, integrating out the diagonal density fields ., leads to the |A[*-term
describing the repulsive exciton-exciton interaction

~ Q0 Q - Q' QL _

vaw = Z Z V(q) [z klfk;kl_q[H121]k371k472ka+q A(ky, k2, Q1)A(ky; — g, ko, Q2)A(ks, ky, )
qk1 k4 Q1,90
0.0,

f Q Qo - Q)
x Aks +q, ka, Q )691""91792""Q + 9 Z Z V(g H122 k1,k2,k2*q [H122] k3,k4,k4+qA(k1’ k2, ()
q ki...kq 21,Q02

Q1.9
x Ak, ko — q,Q2)A(ks, ky, 1) A(ks, ks + 9, 25)00, yo; 0,10, (A6)

which can be interpreted as a correction to the Coulomb-like interaction (—V AA), since it contains the direct Coulomb
interaction of excitons as a whole. Therefore Eq. (A6) may be treated as a correction to the generalized Bethe-Salpeter
equation due to the van-der-Waals interaction

6S 1
SA T T&A(P,k,m—z

q

!
Afa k) + ) g

0A

gr \’ 1
V- () e

which changes Eq. (15) just slightly and can be neglected. We conclude that the consideration of additional pairing
channels in the initial action (1), which is performed here generally, leads to corrections due to the screening of the
exciton-exciton interaction only.

B. CALCULATION OF THE LOOP DIAGRAMS

To derive the exciton propagator [the second-order loop shown in Fig. 1(a)], we use the standard resummation
procedure, i.e. the Sommerfeld-Watson transformation:

1
AL =T E Go(ky,w' + 2)11G0 (ko w 22—TE -
ok w'=(2n+1)xT ( bl i(w'+ Q) + (ki) — pe][—iw'+ v (Ka) — p1o]

11 1 1
=T—— ¢d

2m T f © ef? +1 [*Z — i)+ 8c(kl) - ,U'c][fz +5U(k2) - :U‘U]
1

= 1 1 _ nv(kQ) - nc(kl) (Bl)
6C(kl) - 6v(k2) — fhe F oy — i \ ePlev(ka)—po] +1 eBlec(ki)—pe] +1 B €c(k1) — €U(k2) — U — i’
as given in Eqgs. (7)—(8) of the main text.
Go(ky,w'+ Q) Golka,w'= M) (c) N Golka,w'— Q)az Ny Go(ka,w'— Q1)2a
‘ Go(ky,w)11 ‘ Go(ks, W=+ Q)11 Golkr, ) | (121 v o > | [Ll122], o
Go(ka,w')22 go kg w'= Q1+ Qy — Q3)20 ‘ Go(ks,w'— Q1+ Q)11 » Golks,w'— Q)2

FIG. 1. Loop diagrams corresponding to the second-order (a), fourth-order (b) and third-order (c) terms of the TrlnG™*
expansion. The solid lines represent the Green’s functions as marked on the panels, the ingoing (outgoing) dashed lines
correspond to the fields ¢ (¢), the dotted hnes in (c) represent the additional fields @, + i€ (see Appendix A). Summation
over the fermionic Matsubara frequency w’ is assumed. For the similar loops denoted with tilde (see text), the fields ¢ are
expressed in terms of the excitonic field A.
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Analogously we perform the calculation of the loop for the fourth-order term, presented in Fig. 1(b):

581132212,)31(4 = ngo(khw/)ngo(kz,wl— Q1)22G0 (k3, W' — Q1 + Q2)11G0(ka, ' — Q1 + Q2 — Q3)22

11 1 1
N %T%dzeﬁz + 1=z +ec(k) = pe][—z + i + eo(k2) — po]
1
x [—Z + iy — Qs + Ec(kg) — ,uc][—z + 10 — Qs + Q3 + Ev(k4) — /Jv]
— nc(kl)
- { [i€0 + eu(ke) — ec(ka) + pl[ifh — i€ + ec(ks) — ec(ka)][i — i€ + €23 + £y (ka) — ec(ka) + 4]
’I’Lv(kg)
i 2ol — ey (ko) — Al + o(ks) — 24 (ka) — pl[—i€2 + iS% + £, (Ka) — &, (ko))
nc(kg)
T CI0 T i0 + 2o (k1) — 2o (ka)][i0 + 20 (ka) — 2o(ka) + 12][i2% + 20 (ka) — 2o(ks) + /1]
’I’Lv(k4)
+ (i + Qs — iQ3 + ec(ky) — ey (ka) — ][22 — 193 + 4 (ko) — €4 (ka)][—i1Q3 + ec(ks) — 4 (ka) — 1] }
_ 1 nc(kl)
o _291 - ZQQ + Ec(kg) — Ec(kl) { [ZQl + Ev(kg) - €C(k1) + /J][ZQl - ’LQQ + 293 + €U(k4) - €C(k1) + /J]
_ Tlc(kg) }
[iQQ + Ev(kg) — Ec(kg) + /J] [ZQd + €v(k4) — Ec(k3) + LL]
_ 1 { nv(kQ)
—iQQ + 293 + Ev(k4) — Ev(kg) [—in + Ec(k1) — Ev(kg) — /J} [—7;92 + Ec(k:g) — Ev(kg) — /J}
”v(k4)

T Q9 — i + eo(ky) — ey (ka) — ][ + eo(ks) — ey (ka) — 4] } - (B2)

Introducing for convenience the notation

Biyk, = =i +ec(k) —ep(ka) — i1, Biyr, = =182 +ec(k3) — e, (ka) — p,

Bigky, = =i +ec(ks) —ev(ks) — p1, Biypy, = —iQ1 + =i — Q3 + ec(k1) — ey (ky) — p,
we express the fourth-order loop in the following form:

Q0 1 { ne(k)  ne(ks) }_ 1 no(k2)  ny(ka)
Bk, —Bisky | BrikoBriks  BrskaBisks | Brsks — Braky | BrikoBrsks  Bryka Brsky

kikoksks —
The third-order loops that are of interest to our calculations presented in Appendix A are shown in Fig. 1(c) and
are defined as

(B3)

0 Q
[H121]k11k212(3 = TZ go(kl,wl)11go(k27w/— Q1)22Q0(k3,w/— M+ Q2)11, (B4)
W/
Q1 Q
[H122]k11k2i3 = ngo(kl,w')ugo(kmw/* Q1)22G0(ks, w' — Q2)22. (B5)

The calculation is performed in the same way:

[H ]9192 _ Ll?{dz 1 1 1 1
12k ks 2w T ez +1 —z+ec(ky)—pre —2+1Q1 +e, (ko) —py —2+1Q21 —1Qo+e.(k3) — pe

o ﬂc(kl)
N { [ + eyp(ka) — ec(ky) + p][i — iQ2 + ec(ks) — ec(ky)] +

nv(kQ) T nc(k3) }
[—in +Ec(k1) —Ev(kg) —M][—iQQ +EC(k3) —Ev(kg) —,u] [—in +1i€o +<€C(k1) —Ec(kg)} [iQQ-i-EU (kg) —Ec(k3)+ﬂ]




_ ne(ky) ny (ka) ne(ks)
Bk1k2 (Bk'lk'2 - Bkskz) Bklszk3k2 Bkst (Bkgk2 - Bk1k2),

_ nc(kl)
M2 e, = — { [0+ (ko) — eo(ka) + Al[iQ — i + eu(ky) —colke) + 4]

Ty (k2) + nv(k3) }
[—in +ec(ky)—ey(ks) — M][—ng-‘r&v(kg)—Ev(kg)] [—in +iQQ+EC(k1)—Ev(k3) — ,u][in-‘rEv(kg)—Sv(k;g)]
nc(kl) Ny (kg) Ny (kg)

— + + . B7
Bi ks Briks  Briks(Biiks — Biiks)  Broks (Briks — Bryks) (B7)

C. CALCULATIONS AT ZERO TEMPERATURE

This Appendix is devoted to simplification of the general expressions obtained in Sec. II for the case T' = 0 which
allows to obtain some analytical results comparable with those exciting in literature (see discussion in the main text).
Assuming the limit of a large system size, the Fourier transforms can be rewritten as

dk dw ik-x—iwT
U () = /(%)2 T Wk w)elk i, (Cla)
_ dk dk’ d§ / ik-x—ik'y—iQr
A (xﬂy) - /(27_(_)2 (27'[')2 27T A(kvkvﬂ)e ) (Clb)

dk dk' dQ2 : o
— k k/ 0 1,k~x—zk'y—'LQT. 1
0 0= [y e g A e (C1e)

At zero temperature n, = 1, n, = 0, and one can derive from the expansion series the analytical expressions for all
the loops considered in Appendix B,

1
Q
= 2
Ak1k2 5c(k1) _ 81,(k2) — - Z-Qv (C a)
01 Qs 1
H - , C2b
S T (%)= e Py e 2 (C2b)
Q1 Qs 1
1T = . C2
M2licion, = a7 ete) — o) it i T e.0t) — euta) — 71 (C2¢)
00, _ i 0 —ifds 4 gc(ki) —eyp(ka) —iQ3 + ec(ks) — ey (ka) — 2u
kakoleska [—i + ec(ky) — eu(ka) — p][—i22 + ec(ks) — 4 (k2) — p]
1
(C2d)

X —— . - - .
[—ZQg + Ec(kg) — Ev(k4) — M][—Zﬂl + 1 + Q3 + Ec(k4) — &y (k4) — /J,]
While the fourth—-order loop formula (C2d) is still quite sophisticated, within the saddle-point approximation all the

denominators vanish and we get:
—i
Q
ki ko

¢(k17k27ﬂ) = A(k17k279)'

Going back to Eq. (15), we turn to the position basis for the relative motion r and write down the generalized
Wannier equation in terms of the exciton field A(r, k, Q):

Rk: K2 _, , Alr=0k,Q)
W—%V —V(T)—/,L:|A(I’,k,ﬂ)—g s .~ 0 (03)

QL E =
[l T " Epn(k) —p—iQ

where m the the reduced mass and M is the exciton mass. It is worth noting that the same approach has been applied
in Ref. [18], albeit for the one-mode fields within the semiconductor Bloch equations approach. The field A(r, k, Q)
in such mixed representation can be regarded as g3 A(r = 0,k,Q)/[Epn(k) — u — iQ)Gx o(r, 1), where the Green’s
function is defined from the equation:

n’k?  B?

|:—’LQ + Eg — K + W - %Vz — V(T):| kaQ(I}I‘/) = (5(1‘ — I"). (04)
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Here we suggest the solution in terms of the vs—state of the hydrogen-like equation, although the potential of interaction
for x,(r) can be considered to be of an arbitrary shape: [—~h?V?/2m — V(r)]x.(r) = E, X, (r). The Green’s function
then has the form:

X5 (r)xw (1)
A — v
Gren(r,r') Z ZU:—iQ+h2k2/2M+Eg—u+El,’ (€5)

and the exciton field turns into
5 A(r=0,k,Q)

A(r,k,Q) = R—Eph(k) s

Gk Q(I‘ 0) (CG)
As one sees, the sum in the derived expression (C5) diverges in the point r = 0 as ~ —Inr, as becomes clear from
the form of Eq. (C5) when estimating the trivial limit of k =0, Q = 0 at » — 0, when one can neglect the potential
compared to the delta-function in the right-hand side. This divergence is known [14, 18] and arises because the
attractive potential of the delta-functional form produced by the photon field leads to the reduction of the mean
electron-hole separation (see e.g. [39]).

The exciton-photon action in momentum basis for the c.m. motion takes the form:

53 [ [5{ A =0nc

gR|XV( O>|2 Alr=0k, ) A(I‘ =0,k, Q) g%{b(v(r = 0)|2
(k, Q W (k, Q
+QR{ el )Eph(k)_ —iQ IOt By p K2 2M By | it By — it 122 J2M 1 B, By (k) — i) ph (K, €2)

|Xu(r = 0)‘2
iQ+ Ey — p+ h2k2/2M + E,

2
IR
Eph(k) — p— i)

A(r =0,k, )

dk [ dQQ .
+ /W/% W (k, ) [—iQ + Epn(k) — 1] Upn(k, )

1 dp d11d12d13 dQldQQdQ?, . . . 11 11 . l1
+§/(2ﬂ)2/ n) / hE |:_291+ZQQ —293+Ec(p+5) —sv<p+12—13—§) —293+€c(p+12—§)

l 11 Is+1; Ir—13

2

e, (p+1213121)} A(p,ll,Ql)A( 12,QQ)A(p+127 13,93)A(p+ ,11712+13,91792+93).
(

)

As one can see from three first terms in Eq. (C7), it is natural to introduce a field corresponding to the exciton as a
whole (i.e. depending only on the total momentum):

C(V)(k Q) — 9121X§(r - O) A(I‘ = 0) k’ Q)
’ Eon(k) —p—iQ [—iQ+ Ey — p+ h?k?/2M + BE,]’

hence the exciton field A can be rewritten as

A(p,k, Q) =Y C(k, Q)x.(p).
Provided all these simplifications and with the exciton interaction term taken in the saddle point according to Eq. (14a),
the action (C7) takes the form

2k2

S= Z / / {c(”)(k Q)<—z’Q+Eg—u+ f; - +El,> CW(k, Q) + gr [6‘”)(1(,9);5;@ = 0) W, (K, Q)

Tk C = 0] bt [ [T W) 090+ By 1) — ) (k)

dlldlgdlg dQldQQdﬂg (v1) —(v2) « 12—11 (v3) 13—|—11
+5 Z/ / 6/ hE C (L, )X, (P)C (IQ;QQ)Xu2<p+T)C 3(13793)xu3<p+12— 5 )

d c X I, —1:
8 2/ q2 V(q) C( )(11_12+137Ql_QZ+QB)XU4(p+ 22 S_q)
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1 dp dlldlgdlg dQldQQdﬂg (1) —(v2) 12 — 11
Iy m(1y. 1)y I, Q)"
2 /(271_)2/ (2’/T)6 / (2’/T)3 |:C ( 1, 1)X 1(p)c ( 2 Q)Xy2<p+ 9 )

Vi...V3

Is+1

XC(V3)(]3’ QS)Xug(p+12_ )gRaph(ll — 15+ 13, O — Qs + Qg) =+ C.C.:| , (08)

where the last term describes the so-called “saturation” or, to be precise, the exciton-assisted exciton-photon coupling.
We note here that to the final expression for action one should add the contribution to the exciton-exciton interaction
arising from the electron screening derived in Appendix A:

, 1 / dp /d11d12d13 /dQlngdﬂg o () . -1,
Sscr - 9 VZV4 (271_)2 (271-)6 (271_)3 C (117 Ql)XVl(p)C (]-27 Q2)Xu2 (P-‘r 9 )

dq s Is+11 \ =) N I,-1
x 2/(%)2 V(q)C! >(13,93)Xy3(p7q+127%)c (11f12+13,91792+93)X%(p7q+ 5 3). (C9)

The action obtained as a sum of Eqgs. (C8) and (C9) has the form quite similar to the commonly-used action, but
containing the sums over the exciton s—states.

D. THE “RIGID” EXCITON LIMIT

In the following we restrict ourselves with the standard case in which only the 1s—exciton state is assumed to
appear in the system, revealing how the expressions for interactions can be transformed into the widely known values

of interaction constants. To this end, it is convenient to restrict ourselves in Eq. (15) to xl((l)ﬂ(p) = xk(p) and the

strong-coupling regime hQ2r < EJ,, and thus neglect the term ~ (AQg)?/Epn. In this case, without the van-der-Waals
term (see Appendix A) Eq. (15) turns into:

(Eg + 22]\1;2 + h;‘: - m) A(p,k, Q) —[nv <p J”yk) e (p+ mk)] /(Zd:)zV(p—q)A(q,k, Q)=0 (D1)

and can be solved using the ansatz A(p,k, Q) = xk(p)C(k, ) where the 1s exciton wavefunction yx(p) is modified
by temperature.
At T = 0, the saddle-point equation for configuration of the field A turns into the standard Wannier equation:

h’k?  Rh2p? dq
B, + — —u—1Q | A(p,k, Q) — [ —= —q)A(q,k, Q) =0. D2
(B+ o + 52 —umi0) Ak ) - [ v - @k o) =0 (D2)

The solution is A(p,k,Q) = x(p)C(k, ) where x(p) is the ls—exciton wavefunction and the excited s—states are
neglected:

(;’; - E15> x(p) = /(;Tq)QV(p —q)x(a)-

In this case, the saddle-point equations (14a) and (14b) reduce to the standard Hopfield equations, and the exciton-
photon action takes the well-known form [38]:

dk [dQ) 2k?

— . h = .
S /(271_)2/271_ {C(k, Q) <ZQ + Eg —u+ W + Els) C(k, Q) + \I/ph(k, Q)(*ZQ -+ Eph(k) — ,u)\I/ph(k, Q)

1 [0k, 9004, 9) + Ty e )k ] |

l/dlldlgdlg/dglngdﬂg

2 (271-)6 (271.)3 {Vei?t(llﬂl%13)0(11791)6(12792)0(13793)6(11—12-‘1-13,Ql—QQ+Q3)

- [Vsat(lh 15,13)C(11,21)C (12, 92)C (15, Q3) Upn (1 —la+15, Q1 — Q2 +Q3) + C-C-}} (D3)
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with AQr/2 = gr Zq x(q) = grx(r = 0) being the experimentally relevant Rabi-splitting (whereas gr is the bare
electron-hole-photon coupling rate), and the notations

dp dq _ L—1i\ _ I, —13 I;+1; Is+1;
tot — T4 . o o o
Vex (11,12,13)2/(2W)2/(27T)2 V(q)x(p)x(p+ 5 )x(p+ 5 q) {x(pﬂg 5 ) x(p+lz 5 q)]

(D4)

I 11, ) . (D5)

dp _ 1,1
Vaar(l1, 12, 13) = 9R/72 X(P)X(p‘Fg)X(p-Hz— 5

(2m) 2
One sees that depending on the material and the interaction potential between the charges within the exciton, the
shape of x(p) may vary thus alternating both the exciton-exciton (interaction) and the saturation nonlinearities in the
polariton system. We note as well that the exciton-exciton interaction term including Eq. (D4) is usually calculated in
the operator formalism [11-14, 35]. Here we stress that within our approach we derive excitonic rather than polaritonic
interactions (if one instead solves the Bethe-Salpeter equation modified by light (15), the obtained interactions of the
renormalized field would be “polaritonic”).
Finally, assuming that the c.m. momenta 1; (i = 1,2, 3) are negligibly small compared to the momentum of internal
exciton motion, the exciton-exciton interaction constant obtained from Eq. (D4) coincides with the well-known result:

Gex =2 /(2d7p)2 /(;Tq)w(q)x(p)x*(p)x*(p —a)[x(p) — x(p—a)]- (D6)

The saturation interaction constant is obtained similarly from Eq. (D5):

hQ) dp .
gont = 5z - 9 / @y XX (P)X(P). (D7)

which coincides with the expressions derived using alternative approaches in Refs. [11, 12, 15, 16].
Starting from the action (D3) and considering the limit of Eqgs. (D6), (D7),

Ak [dQ(— , k2 _ .
hQR — — d11 d12d13 dQldQngg Jex —
+=5 {C(k, Q)W (k, Q) + Ty (k, Q) C (K, Q)} } +/ P / G {70(11, 01)C(1a, 22)C (13, Q)

x C(1; =1y 413,91 — Qo + Q3) —gszat [C(11,21)C (12, Q2)C (15, Q3) Wpn (1 — 1o + 15,2 — Qy + Q3) + c.c.] } , (D8)

we perform the saddle-point approximation assuming the system to be in equilibrium €2 = 0:

5Scff hQR Gsat —
66 gj:\l,ex = (Eg + Els - “)\IJCX + 9 \ijh + gcx|\I/cx|2\Ilcx - gsat|\ch|2\IJph - T(QCX)Q\Pph = 0, (D9a)
ph
0Se hQ <o
—01:f = (Eph - M)\Ilph + TR\I,eX - th |\I/ex|2lpex =0 (ng)
\pph g:q/ex
ph

where W (1) are the equilibrium exciton (photon) fields. The relation between the two can be defined as:

\Ijex (hQR o gsat|\:[lex|2)

\Il =
PR - B9\ 2 2

(D10)

and the phase difference between them being 0 or 7 depending on p. Solving these algebraic equations, one can
calculate the bottoms of dispersion laws of the two new normal modes, i.e. lower (LP) and upper (UP) polaritons,
which depend on the uniform exciton density n:

E +Els +E01+gexngx 1
pp(or) (nd) = = - T 5V (Gl — A+ (A — goanl) (WO — Bgeanl),  (D1D)

where Egh — (Eg + E15) = A is usually regarded as the (constant) energy detuning between photons and excitons at
k =0.
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Rewriting the formulae in terms of the renormalized (density-dependent) detuning A — A(nl,) = A — gexnl, and
Rabi-splitting Az — AQR(1Y) = /(AR — gsatny) (AR — 3gsasnly ), We get:

A
pLpup)(ndy) = Eg + Bis + gexngy + \/A2 + [AQR(nd)]? (D12)

One sees that the separation of the bottoms of dispersions (at k = 0) shifts with the exciton density as

pup(ndy) — pLp(nd) = VA2(nQ,) + [AQR(nl,)]2. (D13)

At the same time, from the experimental point of view a more relevant quantity characterizing the exciton-photon
conversion rate is the distance between the polariton branches at the anticrossing point (which is shifting itself with
the change of the exciton density, since the detuning is also changing). It can be defined as follows:

2k2 2k2
min[EUp (k) — ELP \/AQ hQR(nO )] with Ak(ngx) =A— gexngx + h - f . (D14)

2mpn 2Mex

E. CONSIDERATION OF SPINS

For purely excitonic systems, the treatment of spins within functional integration approach was briefly mentioned in
Ref. [28] without any detailed discussion. The aim of this Appendix is to study the influence of spins on the effective
exciton-photon action in polariton systems. We restrict ourselves to the simplest case, considering 7' = 0 and rigid
1s—excitons. Moreover, we will focus on the corrections to the expressions derived above arising due to dark ezciton
states, so the density channels of pairing addressed in Appendix A at this stage are neglected for convenience. Below
we shortly discuss the screening of exciton interaction for excitons with different spins. Even such a simple case upon
examination turns out to be intricate.

Our starting point is the action without spin-orbit coupling:

8 \IJTEx; "0, +eq(k) , 0 i 0 0 \pTExg
U, (x 0 +eqp(k 0 U, (x

T, U, Upp] = o T e . ot
S[ o ph] /dr/dT EUT(x) 0 0 8T+€UT(k) 0 \I]UT(x)
0 Uy () 0 0 0 Or + £4y (k) \Woi(2)

+9r [Wpnt (2) Yoy (2) W (2) + Ty (2) Yot (2) Upnt (2) + Cpny () Vot (2) Ty (2) + @cT(w)‘I’u(x)‘I’pm(w)} }

B

+y /dr /dﬁphﬁ(m) [aT + Ephg(f{)} oo Z 3 / drdr’ / drdr'V (z — &)y (2) Ui (2) Ty (2 ) Ujr (2,
i 0

ij o0

(E1)

where o =7, | is a spin index, x = (r,t) and i,j = c,v as before, e.(,)1(y)(k) = £E;/2 £ h2k2/2mc(l,)¢(¢) = He(o) (L)
Epnpy (k) = Egh + h?k?/2mpn — Mpht()- Here, in general case, we assume the chemical potentials and effective
masses of electrons with different spins in conduction and valence bands being different. We introduce four exciton
fields corresponding to the bright and dark excitons. For TMD materials, where the electrons in both valence and
conduction bands have spin projections +1/2, one has:

Api(@,y) = Vot () Tt (@), Ai(2,y) = Uy () Uy (2), Do(@,y) = Vuy(y) Ty (2), Ag(z,y) = Vo (1) Loy (), (E2)

while for GaAs, where we consider only heavy holes, i.e. electrons in the valence band with spin projections +3/2
which correspond to ¥,y and ¥, , respectively,

Api(z,y) = Up () Uey (2), A1(z,y) = By (4) Ve (), Aga(a,y) = Upr(y) Uer (@), A_o(z,y) = Ty (y)Vey (). (E3)

In the following, we will not make a distinction between the materials and will generically denote the two dark fields
as Ay g. Along with the four exciton fields and their conjugates, in the same way as in the spinless case (using 8
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d-functions, see the main text), we have 4 auxiliary fields ¢+1, ¢4 5 and their conjugates. The action (E1) takes the
form:

\I'Tgkg —iw + et (k) 0 » 0 0 \I/Tgk;
) L T, (k 0 —iw + g0y (k 0 0 0, (k
S[\I]C,’LHquha¢i1,d,d3Ai1,d,d] *E E}T(k) 0 —iw +EUT(k) 0 \IIDT(]@)
T\ Wy (k) 0 0 0 —iw + evy (k)/ \Wy (k)
— T
Wer (k1) Wer (k2)
: W, (k _ o, (k ‘ _ _
+iVTy W#Ekig 6G (ky, k2) \I,ﬁkzg iy > {gég(kl,kg,Q)Ag(kl,kg,Q)+Ag(k1,k2,§2)¢g(k1,k2,9)}
5}:53 Evl(kl) q}vi(kZ) azil,khlﬁ

]
(]
=

i

ki —k2)Ag (K1, ke, Q) Ag (ko ks, Q)5(ky + ks, ko + ko) + D Y W o (k) [~ + Epn (k) — p] W o (k)

o=+x1,k;...ky o=%1k,Q
d,d Q
+ 9713 S [Tono ki — ke, QA (ki ko, @)+ Ag (K, ke, ) Wy o (ki — k2, )], (E4)
S Tk
O
where
0 0 ba(ki, ko, w1 —wa) @-1(ki, ko, w1 — wa)
-1 _| - 0 _ 0 Pr1(ki, ko, w1 —wa)  dg(ks, ko, wi — w2)
0G7 (k1 ko) = Palka, ki, ws —w1)  dp1(ke, ki, wa —wi) 0 0 (E5)
d_1(ko, ki, wa —wi) Pg(ke, ki, we —wy) 0 0

In the above expressions, we used the spin composition for GaAs, but the result is similarly applicable to TMD
materials and can be obtained by replacing ¢4 g — ¢+1 and ¢+1 — ¢ in (E5). After integrating over the fermionic
fields, expanding TrInG~! up to the second order in 6G~! and performing the saddle-point approximation, we obtain
the relation between ¢, and A, which is the same as for the previously considered case, but containing spin indices:

Aa(klak27Q) n Aa(k13k27Q)
bo(ki, ko, Q) = ———5—, do(ki, ko, Q) = ———5—, (E6)
Z[Ad]k?kg Z[Ag}k?kg
where at T'= 0
—iQ + ECT(kl) — 5UT(k2) ifo=d
1 . —i) + €c¢(k1) — gvT(k2) ifo=+1 (E7)
—’L'Q-‘rf:'ci(kl) —Evi(kg) ifO':a.

In principle, the expressions in the right-hand side of Eq. (E7) are the exciton dispersions. The chemical potentials
of the exciton fields with different spin projections read: per — for = fd, el — Pt = Ht1, Het — o) = Pe1,
tel — Moy = pg. Moreover, under the assumption of the thermodynamic equilibrium between photons and excitons,
one gets (411 = fipht, f—1 = Mphl- Then the saddle-point approximation for exciton fields yields:

A:tl(p7 k7 Q) Jr

[Ail] Q +ﬁ\llph7i1(k7 Q) - Z V(p - Q>Aﬂ:1(% ka Q) = 07 (E8a)

kikso a

Ay (p, k, Q)

E‘(&T - Z V(p —a)Aqa)(a, k, ) =0, (ESb)
ki ko p

where p and k are the relative motion of electrons and the exciton c.m. momenta, respectively. In the c.m. frame
the second-order loop A~! takes the form:

h2p2 h2k2
g =By —po + o + s
A2~ e T am, T2,
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with m, being the reduced mass of the o-exciton field and M, the o-exciton mass.
In the rigid exciton limit the variables can be divided A, (p,k, Q) = x,(p)Cs(k, ), similarly to the spinless case.
The 1s—state wavefunctions x,(p) for different fields are determined by the band splitting:

ng ZVP a)xo(a) = Efxo(P)- (E9)

If the bands for different spins coincide, the expressions are trivial since A becomes independent of spin.

In principle, the second-order expansion does not deviate significantly from the spinless case and all the loop
calculations are straightforward and similar to those presented in Appendix B, albeit cumbersome. Here we present
only the final result. For the fourth-order term in the expansion series (1/4)Tr(GodG~1)* one has 32 loops. Four of
them describe bright-exciton interactions (two for |¢1|* and two for |¢_1[*):

7)Y > baa(ke, ko, )b (Ks, Ko, Q)b (s, Ka, )b (Ka, Ka, Q1+ Qs — Q)
ki...ks Q1...Q3

1
ZTr(go<sg—1)4 =7

X Zgo ki, w)ao(11)G0(k2, w' — Q1)33(44)Go (k3, w' — Q1 + Q2)20(11)Go (ka, W' — Q1 + Qo — Q3)33(40

= *T Z Z A (ki ko, Q1) A (ks ko, Q2)Asr (kz, ka, Q3)Agr (ki, ka, Q1 + Q3 — Qo) %
ki

i ey (1) (ka) — ey (ka) — Q3+ ey (k) —eut1)(Ka) —idFeey (1y(Ka) — €y (ko) — 1 +ifda —iQs-+ee (1) (ko) —Eup gy (ka)]

which should be treated according to the saddle-point equation leading to the exciton-exciton interaction and sat-
uration terms, similarly with the formulae from Appendix C (it is worth noting that the obtained expression has
symmetric form, for convenience). Dark-exciton interactions |¢4 4* contribution has generally the same symmetrized
shape (4 diagrams):

—TZ Z Ad a(ke, ko, 1) A ks, ko, Q2)Ag 5(ks, ka, Q)8 (k1 ka, 21 + Q3 — Q)
k4 Ql

x [ + eery) (K1) — eury (ka) = iQ2 + ey (ka) — vy (K2)]-

Due to the form of the saddle-point equation, this contribution is not leading to saturation, which is anticipated since
the dark excitons are not coupled to photons.

Interestingly, bright-bright and dark-dark interactions do not involve excitons with opposite spins, as long as the
Hamﬂtoman does not contain the spin-orbit coupling term [i.e. the Green’s function QO needs to contain non-zero
(Go )13 or(and) (G ')as elements]. In existing literature [12, 32, 42] such interactions are also attributed to the
biexciton resonance (excitons with opposite spins forming a biecxiton), which cannot be treated within our approach
since it does not consider multiple-exciton bound states.

The goal of this Appendix is however to take into account the dark states when considering bright-dark exciton
interactions and especially saturation, hence the main subject of our consideration are the terms |¢+1|2|¢d’a|2 and
|p_1]*|¢q.al? (16 diagrams: 8 for +1 state and 8 for —1 state). All these contributions have generally the same form
so we write down only one of them, e.g. |¢11|?|¢q|? (there are 4 loops corresponding to this process):

2 < _
1L > Ak ki, Q1) A (Ko, ks, Q) Aa(ka, ks, Q3)Aa(ke, ki, Q1 + Qs — Q)
ki..ks Q1...Q3

X [72.91 +€C¢(k2) 75UT(k1) 72193 +5cT(k4) *5UT(k3) — 1o +€C¢(k2) 751}1‘(1{3) — Q1+ 72‘93 +€CT(k4) 751}T(k1)] .

In principle, one should also consider the three other expressions which have the same shape.

Furthermore, the spin-flip processes arise, i.e. ¢11¢0_1¢04¢3 and padpgd+1¢—1 (there are 4 +4 corresponding loops).
For example the contribution from ¢q¢g¢+1¢—1 in the form symmetrized regarding to the dispersion laws, is as
follows:

2 _ _
ZT Z Z Ayy(ko, ki, Q1)AG(ko, k3, Q2) A1 (ky, ks, Q3)Ad(ky, ki, Q1 + Q3 — Qo)
ki..ks Q1...Q3

X [—in +5cj,(k2) _5vT(k1) —iQ3 +€CT(k4) —61&(1{3) — 1y +€C¢(k2) —Evi(kg) — i +1Qy — i3 +5CT(k4) —EUT(kl)] .
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Now we can rewrite the fourth-order contributions in the c.m. variables, taking into account the saddle-point
equations, and obtain the exciton-exciton interaction term and the saturation term with corrections due to dark
excitons. Even though in the general case the 1s—exciton wavefunctions are different for A, o, for simplicity we will
assume the band splitting negligible, so the hydrogen-like 1s—wavefunctions and the effective masses M, will be the

same. The effective exciton-photon action becomes Ser = Sp + Sb, + SZ, + Sl 4 + S5F | where

SO:/(%) /dQ{ > Col kQ)(—m+E +hj\1;2+Els— >Cg(k,Q)

==+1,
d.d

+ Z( pho (K, Q) [—iQ + Epn (k) — 1] Upn 0 (k, Q) +hﬂirak9 VWon.o(k, Q) + Wy o (k, Q)Cg(k,Q)])} (E10)
o==+1

is the “bare” exciton-photon action without interactions,

d11d12d13 dQldQQdQ3 Jex — —

St +Sh —/ / Cy(ly,2)C o (1, 2)Cr (13, Q23)Co (I — 1y + 15, Q1 — Qo + Q)

v T t (27T)6 (27?)3 0—21::1, B 1,341 2,302 3,303 1 2 3,341 2 3
d,d

et 3" [Co 11, 90)C0 (12, 922)C (I3, %) Ty (1 — o +1g, 0 = Q2 + 0) + c.c. } (EL1)
o=%1

describe interactions between dark excitons and between bright excitons (within the same species), including bright-
exciton-assisted exciton-photon coupling,

dlydladls [ dQ;dQed2 —
Sixt= [ e S 2 oa[Cath 20012, 00 + 300,008 02,02

x Cy (13, 93)60(11—124-13, Ql—QQ+Qg)
gsat

[Cd(ll, 1)6d(12,92)+ca(11,91)€a(12,92)][0 (I3, Q5) T 0 (11 712+l3,91—§22+93)+c.c.}} (E12)

describes interactions between the dark and bright excitons of the same spin, including dark-exciton-assisted exciton-
photon coupling and, finally,

SSF —

int

/d11d12d13 / 0 dQ2dQ2;
(2m)° (2m)?

Ci(12,92)Ca(ly — 1o + 13,21 — Qa2 + Q3) 64-1(11, Ql)@ph,—l(lzﬁ Q3) + ﬁph,+1(117 91)6—1(13, Qs)]

{gg Ci1(11,91)C4(12, Q) C_1 (15, 23)Ca (I — lo+13, Q1 — Q2+ Q3)

gsat

+ 535 Ca(li, 21)C—1 (12, Q2)Cq (13, Q3)Ci1 (1 1o +13, Q2 — Q4+ Q)

_ gs;t Ca(l1,20)C3(13,93)[ Upn -1 (l2, Q2)Cra (L —la+13, 21 — Q2 +Q3) +C 1 (I, Qg)\l/ph,ﬂ(ll—lﬁlg,Ql—Qﬁgg)}}
(E13)

corresponds to the spin-flip processes including also the dark-exciton-assisted decay.

It is important to note that other channels of pairing can also be taken into account in the same manner as
done in Appendix A where it was shown that only the off-diagonal density-like fields of the form ®.(, ;. o/ (k1,k2) =
Ye(v),0 (k1) We(),or (k2) contribute to the resulting exciton-exciton interaction (with the inclusion of spins there will be
8 off-diagonal density fields, 4 for conductance and 4 for the valence band). At the same time, the treatment of the
8 remaining diagonal density-like fields alters the Bethe-Salpeter equation (here, for different exciton fields, which is
clearly seen from writing down the third-order expansion terms). When taking into account the additional off-diagonal
fields, one needs to calculate 48 vertices of the same type: 24 of those lead to the interaction renormalization of the
exciton fields within the same species, the other 24 diagrams screen the interaction between the dark and bright states.
Importantly, the spin-flip process is not influenced by the off-diagonal density-like fields. Thus in all the expressions
obtained above for the effective action in the considered simplest case of zero temperature, rigid 1s—excitons and
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negligible band splitting, all the bright-bright, dark-dark, and bright-dark interaction constants are renormalized as
derived in Eq. (D6). For spin-flip interactions, however, gox remains unrenormalized, i.e.

Gor —2/(2(1:)2/ <;7?)2V(Q)x(p)x*(p)x*(pq)x(p)~

To address corrections to the Rabi-splitting due interactions, we assume for simplicity that photons have polarization
+1, and follow the procedure as described in Appendix D, focusing on the +1 excitons:

(sseff hQR Gsa = vl =
W Cyr1=Vex :(Eg+E£:1)_,U>qjex"’T\ijh‘Fgex|\I’ex|2\1/ex_gsat‘\I/ex|2\ijh_Tt\Ilgqup}1+gex(Caca+cd0d)\1’ex
+1 \I/ph,+1=‘1’ph
1
Ca at 7 = = a T
Wi 10 — 5(CaCq + CaCa)¥pn + g3 T-1CaC — 52 CaCa¥pn 1 = 0, (EL4)

where the last term is equal zero since only the 41 polarization of photons is populated. Analogously,

0S8, hQ _ — _
Ty - Cr1=Wex — (Egh - N)\I/ph + 7R\I’ex - Jeat |\IJex|2\I’ex - @(Oaca + Odcd)\l’ex - @OdCaO_l =0.
5\I/Ph,+1 Yon,+1=Ypn 2 2 2 2
C_,
Cd,a
Won,—1=0

(E15)

The (—1) exciton branch is assumed to be weakly populated compared to Wey, so the terms containing C_; are
neglected for clarity. We note that the last term describes the effective decay.

From the above equations, introducing the dark exciton density as nq = C3C3 + CqCyq, we express the bottoms of
the UP and LP dispersion laws similarly as for the spinless case:

AN, . n 1
prp ey (e na) = By + B 4 gex(n, +na) + % + 5\/A(ng’” na)? + (R (nex, na)l?, (E16)

where A(nd,nq) = A — gex(nd, + nq) and "R (1S, na) = V/[AQOR — gsat (% + 1a)][AQR — 3gsatnOy — gsatna). The
splitting between the polariton branches at the anticrossing point is

min[Eyp(k) — Epp(k)] = min \/Ai(ngx, nq) + [AQr (ndy, na)]?, (E17)

with Ag(nl, na) = A — gex(nd, + na) + h?k?/2mp, — h?k? /2M. As one can see, the presence of dark exciton states
effectively reduces the detuning and the Rabi-splitting with the increase of the dark-exciton density.
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