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Several branches of computing use a system’s physical dynamics to do computation. We show
that the dynamics of an underdamped harmonic oscillator can perform multifunctional computation,
solving distinct problems at distinct times within a single dynamical trajectory. Oscillator computing
usually focuses on the oscillator’s phase as the information-carrying component. Here we focus on
the time-resolved amplitude of an oscillator whose inputs influence its frequency, which has a natural
parallel as the activity of a time-dependent neural unit. Because the activity of the unit at fixed
time is a nonmonotonic function of the input, the unit can solve nonlinearly-separable problems
such as XOR. Because the activity of the unit at fixed input is a nonmonotonic function of time,
the unit is multifunctional in a temporal sense, able to carry out distinct nonlinear computations at
distinct times within the same dynamical trajectory. Time-resolved computing of this nature can
be done in or out of equilibrium, with the natural time evolution of the system giving us multiple
computations for the price of one.

I. INTRODUCTION

Computing is done by physical processes [1–3]. Classi-
cal computing uses the movement of electrons in silicon
chips to perform logical operations [4]; quantum com-
puting uses superposition and entanglement in qubits to
process information [5]; neuromorphic computing mimics
the neural and synaptic activities of the human brain [6];
echo-state networks use dynamic reservoirs of neural ac-
tivity to process sequences [7]; analog computing uses the
continuous variation of electrical or mechanical signals
to solve problems [8–10]; and thermodynamic computing
uses the tendency of physical systems to evolve toward
thermal equilibrium to do calculations [11–13].

Here we show that the explicit time dependence of a
physical dynamics permits multifunctional computation,
with a single device able to perform multiple distinct cal-
culations in the course of a single trajectory. To illustrate
this idea we consider the time-dependent dynamics of
a continuous-valued underdamped oscillator. Oscillators
can be realized experimentally in many ways [10, 14, 15],
including by mechanical cantilevers [16, 17] and electrical
circuits [18–20]. Computing with oscillators is a concept
that dates back to the 1950s [14, 21]. Most examples of
oscillator-based computing focus on the phase of the os-
cillator as a means of carrying information, and aim to
find oscillatory ground states in networks of interacting
oscillators [10, 22].

Here we consider the time-resolved amplitude of an os-
cillator whose inputs influence its frequency, which has a
natural parallel as the activity of a time-dependent neu-
ral unit. The motivation for this choice is twofold. First,
because the activity of the unit at fixed time is a non-
monotonic function of the input, a single unit can solve
nonlinearly-separable problems such as XOR, making it
more expressive than standard artificial neurons. Second,
because the activity of the unit at fixed input is a non-
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monotonic function of time, the unit is multifunctional
in a temporal sense, able to carry out different nonlinear
computations at different times within the same dynam-
ical trajectory.
Units that are a nonmonotonic function of their input

are more expressive than standard artificial neurons. For
example, logic operations such as XOR cannot rendered
linearly separable by a standard perceptron unit [23],
but can be solved by oscillator units [24, 25]. Consider
two binary variables, I1,2 = 0, 1: the oscillatory func-
tion f(I1, I2) = sin(π(I1 + I2)/2) makes the XOR prob-
lem linearly separable, because f(0, 0) = f(1, 1) = 0 and
f(0, 1) = f(1, 0) = 1. Some neurons in the brain operate
in an oscillatory way [24], an observation that has moti-
vated other authors to show that neural networks built
from oscillator units are highly expressive [26].
Moreover, temporal oscillations permit a single dynam-

ical neural unit to be multifunctional, performing mul-
tiple computations in the course of a single dynamical
trajectory. We show that a single oscillator neuron can
act as all of the elementary logic gates, depending on
the time at which we measure its output, and can be
trained by gradient descent to do distinct classification
tasks at distinct times. A device built from such units
could perform multiple computations in a single dynam-
ical trajectory, requiring only a single set of parameters
to do multiple tasks.

II. TIME-RESOLVED COMPUTATION IS
MULTIFUNCTIONAL

In more detail, consider a continuous degree of free-
dom S(t) of unit mass that evolves according to the un-

derdamped Langevin dynamics S̈ = −γṠ − ∂SU + η(t).
Here γ is a friction coefficient, U is a potential, and η
is a noise term. We will consider the harmonic potential
U = 1

2 (ω
2
0+I)S2, where ω2

0 is the fundamental frequency
of the oscillator and I is the input signal (the input sig-
nal could in general be time-dependent, but here we con-
sider a constant input). The input therefore influences
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FIG. 1. (a) The time-resolved dynamics (2) of the oscilla-
tory neural unit (1), evaluated for the two distinct values of
a binary input I = 0, 1. Depending on the observation time
t, the unit can perform any of the elementary one-bit oper-
ations. (b) The time-resolved dynamics of the same neuron,
now evaluated for the three distinct values I = I1+I2 = 0, 1, 2
of the binary inputs (I1, I2). Depending on the observation
time t, the unit can function as any of the elementary logic
gates. Neuron parameters: ω0 = 1, γ = 1/10.

the spring constant of the harmonic potential. In gen-
eral, thermal noise provides an important mechanism for
driving dynamical evolution and allowing probabilistic
computation [13]. Here, for simplicity, we assume the
low-noise limit, and so the oscillator evolves according to
the equation

S̈ + γṠ + (ω2
0 + I)S = 0. (1)

We assume that the oscillator is prepared with initial
conditions S(0) = 1 and Ṡ(0) = 0. Then S satisfies

S(t) = e−γt/2
(
cosΩt+

γ

2Ω
sinΩt

)
, (2)

where

Ω2 ≡ ω2
0 − γ2/4 + I (3)

is a function of the oscillator’s intrinsic parameters and
the input I. The input therefore influences the pe-
riod 2π/Ω of the oscillator (we assume the underdamped
regime, where Ω2 > 0). At fixed time the output of
the unit is a nonmonotonic function of I, and at fixed I
the output of the unit is a nonmonotonic function of t.
These two properties give this neural unit the ability to
solve nonlinearly separable problems, and to do so in a
temporally multifunctional way.
A neural unit that evolves in time can perform compu-

tations in a multifunctional way. Consider a binary input
I = 0, 1. In Fig. 1(a) we show the neuron output (2) as a
function of time t for the two possible values of I. With a
horizontal decision boundary placed at zero, the neuron
can perform any of the elementary one-bit operations,
depending on observation time: identity (I → I) at t1;
erase to one (I → 1) at t2; NOT or invert (I → Ī) at t3;
and erase to zero (I → 0) at t4. The same operations are
also performed at other times in the unit’s trajectory.

Conventional physical models of processes such as bit
erasure consider the manipulation of a degree of freedom
in an external potential, with work expended [27–31].
Here, energy must be input in order to set the initial
state of the unit and impose and maintain the input to
the neuron (which sets the potential spring constant).
But after setting the initial condition no work is per-
formed: computations are done by the system’s natural
dynamics [32].

Now consider two binary input degrees of freedom
I1,2 = 0, 1, and construct the input I = I1+I2. I can take
three values, 0,1, or 2. In Fig. 1(b) we show the neuron
output (2) as a function of time t for the three possi-
ble values of I. With the horizontal decision boundary
placed as shown, the neuron can function as any of the
elementary logic gates, depending on observation time.
If we observe the unit at time t1 it functions as an AND
gate; at time t2, an OR gate; and at time t3, an XOR
gate. At different times the same unit can also function
as the inverted versions of these gates, NAND, XNOR,
and NOR, the latter shown at time t4.
The equilibrium state of the unit is S(t → ∞) = 0,

regardless of the value of I, and so in equilibrium the
unit has no computational ability. In general, we can do
time-resolved computation in or out of equilibrium, but
doing it out of equilibrium means that we do not need to
wait for equilibrium to be attained.

III. TRAINING OSCILLATOR NEURONS TO
PERFORM MULTIFUNCTIONAL

COMPUTATION

Dynamical oscillator neurons can be trained by gradi-
ent descent to achieve distinct tasks at distinct times. To
illustrate this point we consider the MNIST data set [33],
which consists of greyscale images of handwritten digits
on a grid of N = 28 × 28 pixels, each digit belonging to
one of ten classes C ∈ [0, 9]; see Fig. 2(a). We wish to
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FIG. 2. Time-dependent multifunctional classification. (a) An oscillator neuron (1) with N = 282 adjustable input weights
is shown MNIST digits in classes 0, 1, 4, 5, 8, and 9. Its weights are adjusted by gradient descent to distinguish 0s and 1s at
time t1; to distinguish 4s and 5s at time t2; and to distinguish 8s and 9s at time t3. (b) Time traces of the activity of the
trained neuron when shown 10 test-set digits (unseen during training) of each indicated class, and histograms of activity (using
all digits of that class in the MNIST test set) at the indicated times. (c) As (b), but for a noninteracting gas of 4 neurons,
with the 4N input weights adjusted by gradient descent to perform the same multi-time classification task. All histograms
have a common vertical scale. (d) Loss (4), scaled by ϕ0 = 3Nbatch, as a function of training epoch n. (e) Activity histogram
of the neural gas (when shown 0s and 1s) at a time at which it is not trained to discriminate 0s and 1s. Neuron parameters:
ω0 = 1, γ = 1/10.

construct a classifier that discriminates 0s (class C = 0)
from 1s (class C = 1) at observation time t1; discrimi-
nates 4s from 5s at time t2; and discriminates 8s from
9s at time t3. We choose observation times t1, t2, and
t3 such that Ω0tk = − arctan(2Ω0/γ) + (k + 3)π, where
Ω2

0 ≡ ω2
0 − γ2/4, corresponding to three of the roots of

the function (2) with I = 0.
A loss function suitable for this multi-time classifica-

tion task is

ϕ =
∑

k=1,2,3

∑

α∈C4k,C4k+1

(sα(tk)− s̄α)
2. (4)

Here α labels MNIST digits, and the inner sum runs
over training-set digits in classes C4k and C4k+1. We
have defined sα(tk) ≡ eγt/2Sα(tk); the exponential scal-
ing cancels the exponential decay of the solution (2),
ensuring that each term in (4) is of equal importance.
Sα(tk) denotes the value of (2) at time tk when shown
MNIST digit α. We consider N connections between
digit and neuron: when shown digit α, the neuron in-

put is Iα =
∑N

i=1 θiIi,α, where Ii,α is the value of the
ith pixel of MNIST digit α and the N quantities θi are
adjustable weights. In what follows we use the nota-
tion Ω2

α ≡ ω2
0 − γ2/4 + Iα. The target activity in (4) is

s̄α = ∓1/2, where the negative or positive sign is chosen
if digit α is a member of an even-numbered class (0, 4, 8)
or an odd-numbered class (1, 5, 9), respectively.
To train the neuron to solve this multi-time classi-

fication task we adjust its input weights by gradient
descent on ϕ. Weights are initially chosen randomly,
θi ∼ N (0, 10−4); we then iterate the equation θi →
θi−α0∂ϕ/∂θi for all N weights θi. Here α0 is the learning

rate and

∂ϕ

∂θi
=

∑

k=1,2,3

∑

α∈C4k,C4k+1

(sα(tk)− s̄α)g(tk,Ωα)Ii,α, (5)

where

g(t,Ω) ≡ γt

2Ω2
cosΩt− 1

Ω

(
t+

γ

2Ω2

)
sinΩt. (6)

We take the inner sum in (5) over stochastically-chosen
minibatches of Nbatch = 300 digits, split equally between
classes C4k and C4k+1. We set the learning rate to α0 =
10−3(3Nbatch)

−1 [34].
Results are shown in Fig. 2(b). We plot time traces

of neuron activity when shown 10 test-set digits (unseen
during training) in each class. Classes are indicated by
color. The neuron responds differently to each class, and
can (imperfectly) distinguish the required classes at the
required times: on the right of the panel we show his-
tograms of neuron activity, using all digits of that class in
the MNIST test set, at the designated observation times.
As with standard neural units, collections of oscilla-

tor neurons are more expressive than individual neurons.
Multiple oscillator neurons can have a total activity that
is not periodic in time, even if they do not interact. In
Fig. 2(c) we show the analog of panel (b) for a collection
of 4 noninteracting neurons. Each has the same parame-
ters ω0 and γ as the single neuron of panel (b), and each
has N input weights. We impose the loss function ϕ,

with Sα(t) replaced by 1
4

∑4
i=1 S

(i)
α (t). Here S

(i)
α (t) is the

output of neuron i at time t when shown MNIST digit
α. As before, we adjust the input weights by gradient
descent on the loss.
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The time traces and histograms of Fig. 2(c) show
the trained neural gas to be more expressive than the
trained individual neuron, better distinguishing the re-
quired classes at the designated observation time (the loss
values for the individual neuron and the gas are shown
in Fig. 2(d)). In panel (e) we show histograms of neural
activity at a time t3 for which the neural gas is trained to
discriminate 8s and 9s but not 0s and 1s; there, it cannot
distinguish 0s and 1s.

IV. CONCLUSIONS

Several branches of computing use the natural evolu-
tion of a physical system to do calculations. We have
shown that the dynamics of an underdamped harmonic
oscillator can perform multifunctional computation, with
the same physical system able to solve distinct problems
at distinct times within a single dynamical trajectory.
The idea proposed here, a form of analog computing, is
a nonstandard form of oscillator computing: the latter
usually focuses on the information contained within the
phase of an oscillator, and seeks to identify the ground-
state phases of coupled oscillators. Here we have consid-
ered the time-resolved amplitude of an oscillator whose
inputs influence its frequency, which we interpret as a
time-dependent neural unit. The activity of the unit at
fixed time is a nonmonotonic function of the input, and so
it can solve nonlinearly-separable problems such as XOR.
The activity of the unit at fixed input is a nonmonotonic
function of time, and so the unit is multifunctional in a
temporal sense, able to carry out distinct nonlinear com-
putations at distinct times within the same dynamical
trajectory. We have shown that such units can function
as all of the elementary logic gates, depending on obser-
vation time, and have shown how to train such units by
gradient descent to perform distinct classification tasks

at distinct times.
A single temporal oscillator neuron can do nonlinear

computation in a multifunctional way, and is a natu-
ral building block for neural networks and other devices.
Neural networks can be built from interacting oscillators
just as they are built from standard artificial neurons [26].
Oscillator neural nets designed for multifunctional com-
putation would have considerable computational power,
particularly if the connections between neurons were de-
signed to make efficient use of the multiple distinct com-
putations done by neurons at distinct times.
The idea described here does not require thermal noise

but could be applied in its presence: in fields such as ther-
modynamic computing, thermal noise provides an im-
portant mechanism for driving dynamical evolution and
allowing probabilistic computation [13]. The results of
this paper suggest extending the idea of thermodynamic
computing to consider the time-resolved dynamics of de-
vices that already exist, such as networks of interacting
oscillators printed on circuit boards [18–20].
Time-resolved multifunctional computing provides a

way of carrying out multiple nonlinear computations
within a single dynamical trajectory of a device. This
idea could help reduce the number of parameters or the
size of devices needed to do computation, with the natu-
ral time evolution of a device giving us, in effect, multiple
computations for the price of one.
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