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Infectious disease modeling and forecasting have played a key role in
helping assess and respond to epidemics and pandemics. Recent work has
leveraged data on disease peak infection and peak hospital incidence to fit
compartmental models for the purpose of forecasting and describing the dy-
namics of a disease outbreak. Incorporating these data can greatly stabilize
a compartmental model fit on early observations, where slight perturbations
in the data may lead to model fits that project wildly unrealistic peak infec-
tion. We introduce a new method for incorporating historic data on the value
and time of peak incidence of hospitalization into the fit for a Susceptible-
Infectious-Recovered (SIR) model by formulating the relationship between
an SIR model’s starting parameters and peak incidence as a system of two
equations that can be solved computationally. This approach is assessed for
practicality in terms of accuracy and speed of computation via simulation.
To exhibit the modeling potential, we update the Dirichlet-Beta State Space
modeling framework to use hospital incidence data, as this framework was
previously formulated to incorporate only data on total infections.

1. Introduction. Compartmental models have seen broad usage at the onset of several
disease outbreaks in the last century as a means to project expected numbers of infected and
to drive healthcare response. Broadly speaking, a compartmental model describes the dynam-
ics of a disease spread by breaking a population into set categories and modeling the process
by which individuals transition through these categories. Perhaps the most basic is the Ker-
mack—McKendrick model, often called the SIR or Susceptible-Infectious-Recovered model,
which models the movement of subjects from being Susceptible, to Infected (and contagious),
and then to Removed (Kermack, McKendrick and Walker, 1927). Since the development of
the SIR model, further research has extended the idea to include additional compartments,
such as the Exposed category in the SEIR model — where a subject has been exposed to
the disease but is not yet infectious — and the ability to move back to the Susceptible cate-
gory in the SEIS model (see Walter and Contreras (1999); Hethcote (2000) for an overview
of each). Compartmental models have been applied to projection tasks such as the 2014-15
Ebola epidemic (Chretien, Riley and George, 2015), the 2009 A/HINI1 influenza pandemic
(Nsoesie et al., 2014), several HIV outbreaks (Anderson, 1988; Golub, Gorr and Gould, 1993;
Nyabadza, Mukandavire and Hove-Musekwa, 2011), the recent COVID-19 pandemic (Zhao
and Chen, 2020; Cooper, Mondal and Antonopoulos, 2020; Zhang et al., 2022), and many
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other epidemiological projection tasks in the last century (see, for instance, Guanghong et al.
(2004); LaDeau et al. (2011); Zhan et al. (2019) and references therein).

The elegance of compartmental models is in their succinct ability to describe the state of
a population in terms of how subjects transfer to and from the different categories, and thus
fitting these models requires estimation of interpretable quantities such as rates of infection
and recovery. For instance, denote the proportion of the population in the susceptible, infec-
tious, and removed compartments by Sy, Iy, and Ry, respectively, such that Sy + Iy + Ry =1
for all £. Then the SIR model is determined by the equations

dsS;

1 =t — _BS,I

( a) dt BSt tsy
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where 3 > 0 is the disease transmission rate and v > 0 is the rate of recovery. If one knew
these two rates, and the initial number of individuals in each category — Sy, Iy and Ry — the
numbers Sy, I;,and R; could be numerically simulated for any time-point ¢t. While modern
computational tools do make simulating these quantities feasible, the need to simulate the en-
tire system numerically to get the exact counts in each compartment is challenging. That is,
fitting these models to data and can be computationally expensive for more intricate compart-
mental structures. Researchers have determined analytic solutions for the entire SIR model
(explicit forms/approximations to the number of susceptible, infected, and removed at a spe-
cific time) that do not require numeric simulation (Harko, Lobo and Mak, 2014; Schlickeiser
and Kroger, 2021; Carvalho and Gongalves, 2021). However, these solutions involve repa-
rameterizing the time axis, and explicit calculations back onto the original time axis require
numeric integration or approximation methods. Similar approaches are also used to obtain
exact and approximate solutions to the more complicated compartmental models, such as
the SEIR model (Wang, Wei and Zhang, 2014; Piovella, 2020) and the SIRS model (Acedo,
Gonzalez-Parra and Arenas, 2010).

Analytic maps from the initial starting parameters of an SIR curve to quantities of inter-
est (Qols) — such as the value of the peak of the infected curve and the limiting number
of susceptible individuals — were developed as early as the mid-1900s (Kendall, 1956; Bai-
ley, 1957; Hethcote, 1976). The focus on these quantities has generally been motivated by
their usefulness to making public health decisions. For instance, in papers such as Hethcote
(2000) and Weiss (2013), the maximum value of the infected compartment (not the time of
maximum infection) was studied for the purpose of informing public health officials of the
maximum number of infections after the initial estimation of the disease transmission and
recovery rates, since knowing this maximum quantity informs how many hospital beds might
be needed. The authors in Castro et al. (2020) point out that the time of peak infection is also
informative for healthcare officials, and they develop an analytic form for the peak time of in-
fection using an approximation of the SIR curve. An exact form for the peak infection time is
available in Kendall (1956) and Deakin (1975), albeit in terms of an integral without a closed
form. Several modern papers study fast approximations to the integral form for peak infec-
tion time (Cadoni and Gaeta, 2020; Turkyilmazoglu, 2021), using the previously-mentioned
analytic solutions to the SIR model. These different approximations for peak infection time
are evaluated and compared in Kroger, Turkyilmazoglu and Schlickeiser (2021).

Some recent papers study SIR curve Qols for inferential tasks related to modeling an
epidemic (Miller, 2009; Lang et al., 2018). In Amaro (2023), the Gumbel distribution is sug-
gested as a good approximation of the infection curve in an SIR model, and maps between
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FIG 1. Two SIR models with incidence and starting values Sy = 0.9 and Iy = Ry = 0.05. The plot on the left
uses parameters (§,7y) = (1.137,0.446); the plot on the right uses (2.592,1.058).

the SIR curve parameters and peak value/time are used to develop Method of Moments esti-
mators of the Gumbel parameters. The Gumbel distribution is then used to approximate the
exact solution of the SIR model. In Osthus et al. (2017), the relationship between peak in-
fection value and the SIR parameters is used to incorporate historical data on epidemic peaks
into the inferential task of fitting an SIR curve during the early stages of an epidemic. The
authors point out that an SIR curve is sensitive to small perturbations in the transmission
and recovery rates, and that incorporating these data discourages models that well-represent
early data but drastically over-predict the peak infection value. In McAndrew et al. (2024),
both historic and surveyed Qols are used to constrain an SEIRH model (where the added “H"
category refers to people hospitalized at a given time) in much the same way as Osthus ef al.
(2017).

Both Amaro (2023) and Osthus et al. (2017) use information on peak infection value and
time to inform the modeling of a pandemic and epidemic, respectively. Since most modern
monitoring systems approximate the daily number of new cases of a disease, called incidence,
this is not the most practically useful development. The number of infected individuals at any
given time, called prevalence, is typically an unobserved quantity (Noordzij et al., 2010). For
examples of all quantities in an SIR curve on a fixed time axis, see Figure 1. Note that peak
prevalence and peak incidence need not occur at the same time, and that it is mathematically
possible for the incidence to be greater than prevalence (as visualized on the right side of
Figure 1). This being said, in most disease outbreaks of note, prevalence is typically greater
than incidence.

The model in McAndrew et al. (2024) incorporates incidence Qol data by extending the
parameter space to include peak incidence value (PIV) and peak incidence time (PIT) and
by defining a prior on these values using either historic or survey data. While this model
achieves a similar goal to the ultimate goal of this paper, its main distinction is that that
it requires an importance sampling scheme to fit, which we outline here for completeness:
priors on the rate parameters and initial values for the compartmental model are used to
sample proposal values, the entire system is numerically simulated to determine the (PIV,
PIT), then the likelihood of this system is determined via the prior probability of (PIV, PIT).
Note that while this need not be true for the SEIRH model considered in McAndrew et al.
(2024) (since it is not an SIR model), defining both a prior on the rate parameters and on PIV
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and PIT for an SIR model is redundant given the initial values Sy, Iy, and Ry, since a given
set of starting parameters should immediately determine these Qols.

Incorporating historical peak values and times of an outbreak into a Bayesian compart-
mental forecasting model via prior specifications is highly useful to constrain forecasts!, es-
pecially early in the outbreak (see Osthus et al. (2017), Osthus et al. (2019), and McAndrew
et al. (2024)). Relating these historical Qols requires determining a relationship between
historical peak values and times as well as the parameters and initial conditions of the com-
partmental model (e.g., the SIR model). The challenge lies in this relationship. Analytically,
this relationship is known for observed peak prevalence value (PPV) and peak prevalence
time (PPT). However, almost all infectious disease data is of incidence. Despite being princi-
pally unsound, the data application in Osthus ez al. (2017) treated incidence data as if it were
prevalence in order to use the known analytic relationships. In this paper, we make three con-
tributions. First, we develop the methods to map peak values and times of incidence to the
parameters of the SIR model, given the initial conditions. Second, we demonstrate how to
incorporate these new mappings into the model of Osthus et al. (2017) and provide the code
used to do so. Third, we compare the forecasts of the modeling framework of Osthus et al.
(2017) using both incidence data as incidence, and using the misspecified prevalence data.
In addition to comparing these forecasts, we show that if SIR parameter inference is desired,
then mistaking incidence data for prevalence data will result in biased estimation.

This paper is outlined as follows. In Section 2, we review existing methods for mapping
SIR parameters to peak/time of prevalence. In Section 3, we develop identical maps for inci-
dence, then provide methods for inverting these maps for both incidence and prevalence. In
Section 4, we develop and improve upon the modeling framework in Osthus et al. (2017) to
incorporate historic incidence peak/time data when fitting an SIR curve. We apply this model
to influenza data in Section 5.

2. Analytic Solutions to the SIR Equations for Incorporating Prevalence Data. The
system (la)-(1c) can be solved analytically for all time by reparameterizing the time axis to
be instead in terms of the number of individuals removed from the system beyond the initial
amount in the Removed category Ry,

(2a) St = Soe™ T,
(2b) Iy = S + Lo — Soe ™™ —m,
(2¢) Ry = Ro + i,
where 7y is the inverse of the map
T dr’ +
3) tr 1= f —
o |So+ Ig— SoeP™ —~T

where [z]* := max{x,0}. The above form for the SIR dynamics is particularly useful since
it allows one to calculate the number of individuals in each category without numerically
simulating the entire system. The major drawback of this form is that mapping values back
to an interpretable time requires one to approximate the integral in (3), since this integral is
nonelementary. There exist other methods that derive an analytic solution to the SIR system
(Harko, Lobo and Mak, 2014). We use this formulation since it is well-known (having been
originally developed in Kendall (1956)), and because it simplifies the calculation of SIR curve
Qols, such as PPV and PPT. For instance, the maximum of (2b) with respect to 7 occurs at

()

IFor a review of the differences between disease forecasts and disease projections, see Massad et al. (2005).
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which can be derived via straightforward calculus. PPT can then be approximated from (3),
and PPV calculated from (2b).

The process above of calculating PPV and PPT, denoted (I; .+ ), from the initial start-
ing parameters can be reversed for fixed So, Io, Ro. That is, given (I; ,,,t-+), we propose a
method to calculate (3, ). Define p as

&) p="—.
v

The quantity Spp is more widely known as the basic reproduction number, which measures

the average number of additional infections generated by a single new infection (Cadoni and

Gaeta, 2020). Plugging (4) into (2b) gives

1 1 S
(6) It—So-i-Io—p—Og(pO).

P
From here, setting [; := I;_, and solving for p is a (piecewise) convex optimization problem,
which is typically fast and accurate computationally. Note that a change of variables for (3)
gives

BT A +
(7) Bthf —
0o |So+Ilo—See " —7/p

and that 87" = log(pSp). Thus, once the value of p is approximated, (7) can be evaluated to
get Bt.«. Since t -+ is assumed known a priori, the values of § and v can be obtained via
arithmetic.

We introduce the above derivations not only because they will be used in the next Section,
but also to motivate the type of calculation we aim to develop in this paper. While the above
approach still requires computational methods to map from PPV and PPT to the SIR model
parameters, this approach is much more direct than the brute force method of simulating
several (/3,7) combinations until a prevalence curve with a peak sufficiently near (I, , %, )
is discovered (Prangle, 2016).

3. Mapping Incidence Data to SIR Parameters. As mentioned above, a primary focus
of this work will be to develop maps between PIV and PIT and the initial SIR curve parame-
ters. In this direction, one can derive an equivalent formulation of the SIR dynamics in (1a) -
(1c) by replacing (1b) with

(8) ILi=1 1+ BSt—1Li—1 — L.

Putting (8) into words, prevalence is equal to the prevalence at the last time step, plus those
in the infected category that infect those in the susceptible category, minus the number in
the infected category that are removed from the system. The form for prevalence in (8) is
particularly useful for this application since it contains a term that explicitly models incidence
attime ¢t: 58Sy _11;_1.

3.1. Mapping SIR Parameters to Peak Incidence Value and Time. Reparameterizing the
time axis for the term 35 /; using (2a) and (2b) gives the following form

9 B(Soe ™) (So + Iy — Soe ™ — 7).

The value for 7 that maximizes (9) also satisfies the equation,

1
(10) —(So + Ig) +~7 + 2Spe ™ — = 0.
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Solving (10) is also a convex optimization problem on a single parameter, and is thus feasible
and accurate to do numerically. A solution to (10) gives the 7 for the timepoint directly
before the time of max incidence, 74 _1, where t* denotes the timepoint of max incidence.
Of course, this is all that is required to calculate the PIV, 55;_11;_1, by a direct application
of (9). The calculation of PIT is similarly straightforward. Using (2b), the prevalence at 74+ _1
can be directly calculated. The prevalence value for 7;x_1 and (2c) then gives 74+, and (3)
can then be used to calculate ¢*,

o J‘rt* dr! +
N 0 So-i—Io—S()eﬁT/—’yT’ '

3.2. Mapping Incidence Peak Value and Time to SIR Parameters. The proposed method
to map PIV and PIT back to the parameters of an SIR curve solves the following system of
equations implied by (9) and (10):

(11) B(Soe™ ") (So + Iy — Soe ™™ —47*) =PIV

1
(12) — (S + Ip) + y7* +2Spe T — = =0,
p

where 7* solves the equation

T* dT, +
13 = PIT.
(13) f() [So-l—Io—SoeﬁT/—’yT/}

While solving a system of two equations with two unknowns (for 8 and +) is generally
feasible computationally, the major bottleneck for this problem is the need to invert (13). A
brute-force computational approach to solving this system of equations would require one to
both invert and solve (13) for every value of (/3,7) investigated. While experiments in this
direction have proven to be surprisingly fast and accurate, the confounding computational
approximations encourage a more analytic solution, or alternative computational strategies.
We consider three possible alternatives to computationally estimating the integral (referred
to the “Compute Integral” method in the subsequent).

3.2.1. Taylor Approximation. Given a candidate (3,~) in any numerical solver, we ap-
proximate 7* by taking the second degree Taylor expansion of the integral in (13) and solving
for 7 algebraically (Murray, 2002). This leads to the following closed-form approximation,

2

(14) T*:ﬂ[(p50_1)+,€tanh (’W(PIT)_¢>] R
S 2

where

k= \/(Sop —1)* + 2SpIop?,
b= ! arctanh [Spp — 1].
K

Using this approximation for 7*, we numerically solve the system of equations expressed by
(11) and (12).

3.2.2. Single ODE Approximation. Instead of using a Taylor approximation to estimate
T* it is possible to do so by numerically solving an Ordinary Differential Equation (ODE).
Using the definition of 7, we combine equations (2a) and (2c) to get

(15) Sy = Spexp (—p(R: — Rp)) -
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From here, we use (1c) and the assumption that [; = 1 — S; — R; to get the ODE,

@ _ —p(Ri—Ry)
(16) — _7[1 Soe Rt].

The authors in Cadoni and Gaeta (2020) point out that while (16) is a transcendental equa-
tion, it can be solved numerically, and has a single, unique solution by the general existence
and uniqueness theorem for the solutions of ODEs. Using this approximation for 7*, we
numerically solve the system of equations expressed by (11) and (12).

3.2.3. Full ODE Approximation. As a final computational method for mapping PIV and
PIT to 8 and -, we numerically solve the system of ODEs described in (1a) - (I¢). In an
optimization algorithm, this would require the ODE to be solved for every possible (3,~)
pair queried. Much like the brute force computational method, we expect this method to be
accurate, but to come at a high computational cost.

3.2.4. Comparision via Simulation. We compare all the above approaches via simula-
tion, repeating the following steps 1000 times:

1. Sample a (PPV, PPT) from the bivariate normal A/ (u, ) where p = (0.0144,17.9),

5 0.000036 0.0187
~ \ —0.0187 16.09

truncated so that PPV € (01,,1) and PPT € (1, 35). This corresponds to the set of feasible
values and sampling distribution described in Osthus et al. (2017);

2. Use the method from Section 2 to map this back to (3,), then numerically simulate the
system in (1a)-(1c) to get the “true" values for PIT and P1V;

3. With PIT and PIV, use each method described above to find appr0x1mate values ( B, A);

4. For all approximation methods, compare the estimated PIT and PIV (gotten by numeri-
cally simulating the system from the appropriate (6 ,7)) against the true PIT and PIV.

We outline the results from the above simulation in Table 1. While the fastest method is
the Taylor approximation, this method is also the least accurate. This is as expected, since
this approximation is only accurate for sufficiently small values of p(R; — Ry) (Murray,
2002). The Single ODE approximation method is slightly more accurate than the Taylor
approximation, but at a higher computational cost. The Compute Integral and the Full ODE
approximation are comparable, with the Compute Integral method being more accurate and
the Full ODE method being faster.

While the Compute Integral method is the slowest of these approaches, it is still somewhat
fast (taking around half a second on average), and it is the most accurate overall (since the
Taylor approximation and Single ODE methods are greatly off for PIV). Since the data sizes
for PIT and PIV data are not exorbitantly large, this computational burden would be accept-
able in converting a data set of (PIV,PIT) values to (3,4) values. For the applications in
this paper, we will use the Compute Integral method. Future work might examine alternative
approximation methods, especially for approximating the inverse of the integral in (13).

4. A Bayesian State-Space SIR Model. In this section, we introduce the Dirichlet-Beta
state-space model (DBSSM) from Osthus et al. (2017) and update it to incorporate historic
PIV and PIT data. The original formulation of the DBSSM was to answer an observed issue
associated with using the SIR model for early-pandemic forecasting tasks. Namely, that two
SIR curves that reasonably fit early count data may lead to drastically different PPV pre-
dictions. In a simulation example, Osthus et al. (2017) show two such SIR curves that have



H Quantity Compute Integral ~ Taylor Approx. Single ODE  Full ODE H

Avg. PIV Error 4.07e4 1.51e4 136e~%  16.02e74

Std. Dev. PIV Error 1.836e % 0.566e % 0.660e~%  6.848¢ %
Avg. PIT Error 0 3.209 2.236 0

Std. Dev. PIT Error 0 1.888 1.647 0
Avg. Runtime 5.626e 1 0.035¢ ! 2017e~1  0.605¢!

Std. Dev. Runtime 2.060e ! 0.015¢ 0.510e~1  0.324e~ !

TABLE 1

Errors and runtimes (in seconds) for the four approximation methods described in Section 3.2, using the
simulation study described in Section 3.2.4. The methods are the Compute Integral approach (top of 3.2), the
Taylor approximation (3.2.1), the single ODE approximation (3.2.2), and the full ODE approximation (3.2.3).

peaks that differ by 30% of the entire population, even though they have a nearly-identical fit
to the early-pandemic data observations (see Figure 3 in the cited paper). To address this sta-
bility issue, the DBSSM incorporates historic PPV and PPT data into the prior specifications
to discourage SIR curve fits with peak values that are greatly above reasonable expectations.
As mentioned previously, this incorporation of prevalence data is not the most practical ap-
proach, since incidence data is generally the observed quantity. A further shortcoming in the
original DBSSM formulation is that it learns a map between PPT and the SIR curve param-
eters, rather than using an analytic map. After introducing this model, we will identify ways
that the methodology developed in this paper will improve these issues for the DBSSM.

Let y; be the observed proportion in a population that tested positive for some disease at
some timepoint ¢, and let 6; = (S, I;, R;)'. Then the DBSSM is defined as,

(17) yt|0r, & ~ Beta (AIng, A(1 — Iny))

(18) 9t|9t—17 (rb ~ Dirichlet (Lf(et—h Bary)) )

where ¢ = {Sy, I, Ro, 5,7, A\, t}, A, ¢ are variance control parameters, and f is a map that
propagates the SIR system determined by (6;—1,3,7) forward one step according to (1a)-
(Ic). Note that, by this set up, the set of parameters 6., = {6p,01,...,0y} is a first-order
Markov chain, and that for all s # ¢, the data observations ¥y and y; are independent given 6;.
The variable In; denotes the incidence of the system at time ¢; in the original formulation of
this model, the prevalence — I; — was used here. The incidence at time ¢ is directly calculated
using 0; and (8).
The conditional expectations of the model described by (17) and (18) are unbiased,

(19) E(yt|9tv¢) = Iny

(20) E(gtyet—h ¢) = f(et—hB’FY)

while their respective variances reduce to zero as A, ¢ — 00. Of course, the conditional mean
in (20) is dependant upon the accuracy of f in propogating the latent space 6;_; forward one
time step. The authors in Osthus et al. (2017) used a fourth-order Runge-Kutta approximation
and observed reasonable accuracy.

We review the full Bayesian framework of the DBSSM and provide the prior specification
in Appendix A. The main innovation of this model is that the parameter space is expanded
to include the latent variable z = (PPT, PPV'), and this latent variable is given a prior that
incorporates historic PPT and PPV data. In the following, we review this prior, 7(z|6p), and
the mechanism by which this prior informs the SIR parameters 8 and . These priors are then
each updated according to the theory developed in this paper.
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4.1. Specification of m(z|6p). The prior on 7(z|6p) in the DBSSM is a minimal-
assumption distribution on historic data on PPT and PPV. Note that this is the mechanism
by which the authors in Osthus et al. (2017) directly address the aforementioned stability
issues with fitting an SIR curve with early pandemic data. They do so by fitting a normal
distribution to historic influenza Qol data, truncated to enforce that an epidemic will occur
(the lower bound on PPV was set to Ij) and so that the peak happens within the influenza
forecasting season (PPT was required to be between the 15 and 35" weeks). While some-
what loose, this prior gives very small (or zero) probability to values of (PPV, PPT) that
are drastically outside of historically observed pandemics.

In the formulation of the DBSSM developed in this paper, the same prior used on PPT and
PPV is now used on PIT and PIV. To connect this constraint into the model, we must next
define how the assumption on this latent space affects the learning of the SIR parameters (3
and 7.

4.2. Specification of 7(f3,7|z,6p). With the addition of the latent variable z, the prior
needed for the SIR parameters is 7 (3, v|z, 6p). In the original formulation of the DBSSM, this
prior is reparameterized according to (p,y), then factorized. Thus, priors are instead given
to 7(p|z,00) and 7(vy|p, z,00). This additional formulation is done to utilize the following
analytic relationship from Weiss (2013),

21 PPV = g1(S0, Io, p) = 1o + So — Sop[log(So) + 1 —log(Sop)] -

By inverting this relationship, samples from the latent quantity z immediately determine the
corresponding value of p. The appropriate prior on this quantity would then be

(22) m(plz,00) o 5(Sop — g1 ' (PPV, So, Io)),

where ¢ is the Dirac delta function. For the prior on +, the map between « and PPT is esti-
mated using a simulated data set of 5250 SIR curves. This map,

(23) PPT:Q2(307]07/)7'7)7
was then used in lieu of any analytic form, and the prior on  was set to
(24) W(P‘Zﬁo) OC5(500—92_1(PPV750aIOaP))7

We reiterate that there are two major shortcomings to the above prior specifications. First,
the above priors assume that there is access to historical PPV and PPT data, which is typ-
ically not the case, as public health data are generally on incidence, not prevalence. In the
original paper, incidence data were used instead of prevalence data without explicit justifi-
cation. Second, a map between PPT and the SIR parameters is estimated even though an
analytic map between these quantities exists (see (3) and (4)), unnecessarily introducing a
source of uncertainty.

The methods developed in this paper correct the limitations found in the original formula-
tion of the DBSSM, since they provide maps to replace g1, g2 above with

(25) (PIV, PIT) = h(So, 1o, 8,7),

where h~! denotes the algorithm discussed in Section 3.2. Thus, the joint prior used for 3,y
in this updated version of the DBSSM is

(26) m(B,7|2,600) o 6 ([1(8,7) — h~(PPV, S0, 1o)||1),

where || - ||1 is the 1-norm.
The naive treatment of incidence data as prevalence data (as was done in Osthus et al.
(2017)), need not necessarily lead to a loss of forecasting accuracy in the final model. An
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incidence curve can well approximate, or even be equivalent to, a prevalence curve. For
instance, consider the SIR model constrained so that v = 1, which corresponds to the Reed-
Frost model (Abbey, 1952). In this case, incidence is precisely equal to prevalence, and thus
either method for incorporating historic Qol data should yield an equivalent model. This
insight leads to the following Remark:

REMARK 1. Using incidence Qol data in place of prevalence Qol data naively leads to
an SIR curve where the I compartment — which normally corresponds to prevalence — now
models the progression of incidence. Using historic incidence Qol data in the way outlined
in this manuscript uses the incidence curve to model incidence as is desired. While either can
be viable for the purposes of forecasting, only the method described in this paper leads to
rate parameter estimates that can be interpreted as infection and recovery rates.

5. Application to Seasonal Influenza Data. We recreate the data application from Os-
thus et al. (2017), using the updated model from Section 4. The aim of this application is not
to improve the forecasting in the original formulation of the DBSSM (see Remark 1). Rather,
we will demonstrate that the forecasting capabilities of this model remain the same, while
we also observe different estimates for the infection rate 3, the recovery rate + and the basic
reproduction number p.

The source data modified and then used for this application are counts of patients seen in
the US with an influenza-like illness (ILI), where ILI is defined as having a temperature of
at least 100 degrees Fahrenheit, a cough and/or a sore throat, and no known cause for those
symptoms other than influenza (CDC, 2024). These data are collected weekly, where more
than 3400 outpatient healthcare providers report to the CDC the number of patients with ILI
they treated (CDC, 2023).

The number of patients reported as having ILI will naturally also include cases of respi-
ratory illnesses other than influenza. Following the approach of Shaman et al. (2013), we
use virologic surveillance data (where patients are actually tested for influenza) to estimate
the proportion of ILI patients with influenza, then multiply ILI data by this proportion. This
corrected data is referred to as ILI+. For more details on this adjustment, see Shaman et al.
(2013). Note that the ILI+ data estimates the weekly incidence of influenza cases — not preva-
lence.

To fit both versions of the DBSSM, we use ten influenza seasons: the seasons that started
in the years 2002-2007, and the seasons the started during 2010-2013. The years 2008 and
2009 were omitted to be consistent with Osthus et al. (2017); these two years correspond
to a pandemic and the focus of that work was to forecast seasonal influenza. Each season is
defined as 35 consecutive weeks starting on roughly the first week of October (epidemiology
week 40, treated as t = 1).

For a estimated proportion of individuals in a population infected with influenza at time-
points T = {1,...,T}, suppose only the ILI+ data up through ¢’ € T are observed. Given this,
we simulate 62500 from the posterior 7(601.¢, ¢|y1.+) for four separate chains, discarding
the first 12500 as burn-in and thinning out all but every tenth observation in the remaining
samples. Given these draws from the posterior distribution, the posterior predictive density,
T(Y(p+1):7|Y1:1), is used to estimate “future" observations of ILI+ data.

We perform two separate fits of this posterior model, on the first thirteen days (¢’ = 13)
and on the first twenty two days (¢’ = 22), for the considered ILI+ data for the 2010 influenza
season in the United States. These fits are performed both using the original formulation of
the DBSSM, which naively uses incidence data directly in place of prevalence data, and using
the new formulation developed in this paper, which uses the new maps developed in Section
3 for a more principled treatment of incidence data. These fits and forecasts are outlined in



INCORPORATING INCIDENCE PEAK AND TIME DATA FOR SIR FORECASTING APPLICATIONS11

® DBSSM Model with Prevalence Maps > DBSSM Model with Prevalence Maps

2 0.0251 2

B 0.020

£ 0.015-

_é 0.010 N

S 0.0051 .y

° te.

&U.OUO ] 1 1 : DL_OOOO I I ! .
0 10 20 30 0 10 20 30

Weeks Weeks

o DBSSM Model with Incidence Maps @ DBSSM Model with Incidence Maps

2 0.025] 3

= % 0.0151

ﬁ 0.020 §

£0.0151 TR £0.0104

c . c

£0.010 Z o 8 0.005 7

. B 1

§.0.005 ’_—"“/ ."o § ..".

£ 0.000; | ! o £ 0.000+; . ! o
0 10 20 30 0 10 20 30

Weeks Weeks

F1G 2. The DBSSM fit to the 2010 US nationwide influenza outbreak starting at week 13 (left column) and week 22
(right column). The top plots reproduces the forecasting model of Osthus et al. (2017), which incorrectly treated
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FIG 3. Infection rates, recovery rates, and reproductions numbers drawn from the Gibbs sampler used to fit the
DBSSM using both specifications of incidence data. Using incidence data specified as prevalence leads to different
estimates for these parameters. These values were calculated using the data up through timepoint 22 ( t' =22).

Figure 2. The dark shaded grey regions prior to ¢’ mark the 95 percentiles of the posterior
density, while the lighter grey shaded regions after ¢ make the 95% prediction intervals. The
forecast using incidence data up until ¢ = 13 has a narrower prediction interval than the
one using prevalence data; each of the forecasts that use data up through ¢’ = 22 are laregly
comparable.

In addition to the slight improvements on forecasting we observe in Figure 2, this method
also has strong implications for the interpretability of 3, for the fitted model. Indeed, only
the updated version of the DBSSM developed in this paper leads to realizations of these
parameters that can accurately be interpreted as the infection rate (/3), recovery rate (), and
the basic reproduction number (Spp).



12

6. Discussion. The main contribution of this paper is the development of methods to
map the time and value of peak incidence to the SIR curve parameters, and vice versa, for the
purpose of forecasting tasks and inference on disease rate parameters. We do this by com-
putationally solving a system of equations ((9) and (10)). There are several impactful uses
of these maps in the context of previous literature. First, much like how the peak prevalence
value (PPV) and time (PPT) are useful for public health response to an epidemic (Weiss,
2013), the analogous quantities for incidence are also useful, since they describe the influx
new patients entering the hospital system on a given day. Second, this work improves upon
existing work that uses historical prevalence data to model epidemics by creating a map from
PIT and PIV to the SIR parameters, since incidence is typically the data that is available
for ongoing epidemics (Osthus et al., 2017; Amaro, 2023). In the case of the application in
Osthus et al. (2017), where incidence data were used in place of prevalence data without
justification, we have shown that this leads to biased SIR parameter estimates (see Figure 3).
Furthermore, our results indicate that forecasts performed using the erroneous data specifi-
cation leads to larger prediction intervals earlier on in the outbreak, although this forecast
is largely comparable for the correct specification later on in the outbreak (see Figure 2 and
Remark 1). Of course, it remains more correct in principle to use incidence data appropri-
ately when fitting compartment models for forecasting with ongoing incidence data (Nsoesie,
Mararthe and Brownstein, 2013; Chowell et al., 2016; Abolmaali and Shirzaei, 2021). We
have provided a modeling framework that incorporates this data appropriately (see Section
4). Lastly, while the methods discussed in McAndrew et al. (2024) do incorporate incidence
data to fit forecasting models, this paper uses a Bayesian framework and importance sam-
pling. Since the maps developed here are deterministic, they can be used in both a Bayesian
and a Frequentist framework.

As a direction for future work, it would be useful to investigate better approximations
for the solution to (13). The Taylor Approximation in Section 3.2.1 was by far the fastest
computationally, but it came with the highest error on PIT. Finding a fast and accurate ap-
proximation to this equation would greatly increase the runtime for applications where the
map between the SIR parameters and PIT/PIV must be evaluated several hundreds of thou-
sands of times. However, for most applications (including the one in this paper), the Compute
Integral approximation is sufficiently fast.

As a second direction for future work, it would be interesting to investigate the analogous
maps for more complicated compartmental models, such as the SEIR model, the SIRS model,
and the SEIRH model.
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follows:

(27) 7"'(elzt’v ¢|yl:t’) o 7T(¢)7T(y1:t’a 0.4

¢) =m() | [ L(wil61, $)7 (011011, 6),
1=1

where 7(¢) is some prior on ¢, £(y;|0;, ¢) is the data likelihood determined by (17), and the
distribution 7(6;|60;—1, ¢) is determined by (18). To perform forecasts on observations y .7,
where 7' is the final timepoint of the outbreak, one uses the posterior predictive distribution,
where the model and latent-space parameters are integrated out:

(28) (Y 1)1 lv1e) = JJW(y(turl):T, 1.7, Ply1.1)dbr.7, dop.

To complete the specification of the DBSSM, one must determine what priors to put on the
model parameters in ¢. It is here that the authors in Osthus et al. (2017) directly address the
aforementioned stability issues with fitting an SIR curve with early pandemic data. Define
the latent variable z = (PPT, PPV), and let ¢ be the expanded model parameter vector that
includes z. We factorize the new prior distribution on ¢ to get

(29) (@) = w(L)w (M) (00|, )7 (2]60, A, )7 (B, 7|2, 00, A, 2).
Several modeling assumptions on this conditional distribution give the abbreviated form,
(30) (@) = w()m(N)7(00)7(2]00)7 (B, |z, 00).

Specification of the individual distributions in (30) is what remains to fully define the DB-
SSM. The priors 7(¢),m(\), and 7(6y) remain unchanged and can be found in the original
paper. In Section 4, the priors on 7(z|6y) and 7(3,7|z,6p) are described and updated, when
necessary, with the theory developed in this paper.
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