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4-dimensional Space forms as determined by the
volumes of small geodesic balls
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Abstract

Gray-Vanhecke conjectured that the volumes of small geodesic balls could de-

termine if the manifold is a space form, and provided a proof for the compact

4-dimensional manifold, and some cases. In this paper, similar results for the 4-

dimensional case are obtained, based upon tensor calculus and classical theorems

rather than the topological characterizations in [6].
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1 Introduction

Let M be a Riemannian manifold. Let p ∈ M and Br(p) = {q ∈ M | d(q, p) ≤ r} be

a geodesic ball centered at p of radius r and VM(p, r) be the volume of Br(p). In this

study, we investigate how the volume of a small geodesic ball determines the geometry

of the manifold.

One interesting avenue of inquiry is to investigate how the volume of a small geodesic

ball is related to the curvature of the underlying manifold. There is a vast literature

on this subject; we refer to [1, 3, 4, 5, 6, 10] and the references cited therein for further

details. In this context, Gray and Vanhecke [6] posed the following conjecture:

Conjecture. Let M be an n-dimensional Riemannian manifold and suppose that

VM(p, r) is the same as that of an n-dimensional manifold of constant sectional cur-

vature c for all p and all sufficiently small r > 0, then M is also a space of constant

sectional curvature c.

By rescaling the metric, we let S
4 := (S4, g+1) be the sphere of constant positive

sectional curvature 1, H4 := (H4, g
−1) be the hyperbolic space of constant negative

sectional curvature −1 and T
4 be the flat torus. Let χ(M) be a Euler characteristic of

M . In this paper, we shall prove the following Theorem.
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Theorem 1 Let (M , g) be a 4-dimensional compact Riemannian manifold.

(1) Let Br(p) ⊂ M , Br(q) ⊂ T
4. If VM(p, r) = VT4(q, r) for all sufficiently small r and

for all p ∈ M , q ∈ T
4, and if χ(M) ≥ 0, then M is flat.

(2) Let Br(p) ⊂ M , Br(q) ⊂ S
4. If VM(p, r) = VS4(q, r) for all sufficiently small r and

for all p ∈ M , q ∈ S
4, and if χ(M) ≥ 3

4π2 vol(M, g), then (M, g) is a space of constant

sectional curvature 1. In addition, if vol(M, g) ≥ vol(S4), then (M, g) is S4.

(3) Let Br(p) ⊂ M , Br(q) ⊂ H
4. If VM(p, r) = VH4(q, r) for all sufficiently small r

and for all p ∈ M , q ∈ H
4, and if χ(M) ≥ 3

4π2 volg(M), then (M, g) is a space of

constant sectional curvature −1, so isometric to H
4/Γ, where Γ is a discrete cocompact

torsion-free subgroup of isometries on H
4.

In this paper, the author provide a simple proof using tensor calculus and classical

theorems rather than using topological characterizations in [6].

2 Preliminaries

In this section, we prepare some notations. Let M = (M, g) be an n-dimensional

Riemannian manifold and X(M) the Lie algebra of all smooth vector fields on M .

We denote the Levi-Civita connection, the curvature tensor, the Ricci tensor, and the

scalar curvature of M by ∇, R, ρ, and τ , respectively. The curvature tensor is defined

by

R(X, Y )Z = ∇[X,Y ]Z − [∇X ,∇Y ]Z

for X , Y , Z ∈ X(M). The Weyl tensor is defined by

Wabcd = Rabcd −
1

n− 2
(ρacgbd + ρbdgac − ρadgbc − ρbcgad)

+
τ

(n− 1)(n− 2)
(gacgbd − gadgbc).

Then, by direct computation, we obtain

| W |2=| R |2 −
4

n− 2
| ρ |2 +

2

(n− 1)(n− 2)
τ 2, (2.1)

where |R|2 = RijklR
ijkl, |W |2 = WijklW

ijkl and |ρ|2 = ρijρ
kl. Let p ∈ M and let

Gr(p) = {q ∈ M | d(p, q) = r} and Br(p) = {q ∈ M | d(q, p) ≤ r} be a geodesic

sphere and a geodesic ball centered at p of radius r, respectively. Volume of Br(p) is

represented by

Vol( Br(p)) =

∫

Br(p)

dvg =

∫ r

0

∫

Gt(p)

dθdt
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where dvg =
√

det(gij)(p)dx
1 · · · dxn is the Riemannian volume element with respect to

local coordinates {x1, · · · , xn} of M around p and dθ denotes the volume form on Gr(p)

induced from M . Gray proved the the following holds for any Riemannian manifold

M and any p ∈ M [6]:

VM(p, r) =
(πr2)

n

2

(n
2
)!

{1−
τ

6(n+ 2)
r2 +

1

360(n+ 2)(n+ 4)
(−3 | R |2 +8 | ρ |2 +5τ 2

− 18∆τ)r4 +O(r6)}p.

Let ρ̃ = ρij −
τ
n
gij be the traceless Ricci tensor. Then

| ρ̃ |2=| ρ |2 −
1

n
τ 2. (2.2)

Then, by using (2.1) and (2.2), we may express Gray’s formula

VM(p, r) =
(πr2)

n

2

(n
2
)!

{1−
τ

6(n+ 2)
r2 +

1

360(n+ 2)(n+ 4)
(−3 | W |2 +(8−

12

n− 2
) | ρ̃ |2

+
2

n(n− 1)
τ 2 − 18∆τ)r4 +O(r6)}p,

(2.3)

holds for sufficiently small r.

For the proof of the Theorem 1, we refer the following theorem.

Theorem 2 ([9],[2]) Let M be a complete Riemannian manifold of even dimension

with constant sectional curvature K =1, Then it is isometric to the sphere S
n or the

real projective space RP
n.

3 Proof of Theorem 1

Now, we let M = (M, g) be a 4-dimensional compact Riemannian manifold. Then, by

the Chern-Gauss-Bonnet formula, it is known that Euler characteristic χ(M) of M is

expressed by the following integral formula

χ(M) =
1

32π2

∫

M

{|R|2 − 4|ρ|2 + τ 2}dvg, (3.1)

where |R|2 and |ρ|2 are the square norms of the curvature tensor and the Ricci tensor,

respectively. By using using (2.1) and (2.2), we get

| ρ̃ |2=| ρ |2 −
1

4
τ 2,
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| W |2=| R |2 −2 | ρ̃ |2 −
1

6
τ 2. (3.2)

We remark that (M, g) has constant curvature if and only if | W |2= 0 and | ρ̃ |2= 0.

Now, by assumption VM(p, r) = VT4(q, r), by taking account of (2.3), we have

τM(p) = τT4 = 0.

For n = 4, by (2.3), we obtain

−3 | W (p) |2 +2 | ρ̃(p) |2= 0. (3.3)

By using (2.1) and (2.2), the Euler characteristic (3.1) can be expressed

χ(M) =
1

32π2

∫

M

| W |2 −2 | ρ̃ |2 +
1

6
τ 2dvol. (3.4)

From (3.4), by taking account of the assumption χ(M) ≥ 0, and τM = τT4 = 0, then

we obtain

0 ≤

∫

M

| WM |2 −2 | ρ̃M |2 dvol.

By using (3.3), we have

0 ≤

∫

M

(−2 +
2

3
) | ρ̃M |2 dvol.

This implies that |ρ̃M |2 = 0. Consequently, |WM |2 = 0 by (3.3). From (3.2), since

τM = 0, (M, g) is flat.

To prove the assertion 2, If volumes of small balls VM(p, r) equal spherical balls

VS4(q, r), by (2.3), we obtain τM(p) = τS4 = 12. Consequently τM is constant and the

terms ∆τ and τ 2 play no role. Since W = ρ̃ = 0 on S
4, for n = 4, by (2.3), we again

obtain

−3 | WM(p) |2 +2 | ρ̃M(p) |2= 0. (3.5)

Now, from (3.4),

32π2χ(M) =

∫

M

(−2 +
2

3
)|ρ̃M |2dvol + 24 vol(M, g). (3.6)

So, in (3.6), by taking account of the assumption 32π2χ(M) ≥ 24vol(M, g), then we

get |ρ̃|2 = 0. So, |WM |2 = 0 by (3.5). Thus, (M, g) has constant sectional curvature 1.

By Theorem 2, then (M, g) is a round sphere S
4.
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To prove assertion 3, we note that if (M, g
−1) is compact Riemannian manifold of

negative constant sectional curvature −1, then (M, g
−1) is isometric to H

4/Γ, where Γ

is a discrete cocompact torsion-free subgroup of isometries on H
4 [7, 8]. From (3.1),

the Euler characteristic (H4/Γ, g
−1) is given by

χ(H4/Γ) =
3

4π2
vol(H4, g

−1). (3.7)

Now, if volumes of small balls equal volumes of hyperbolic balls, then τ = τ
−1 = −12,

and we obtain again (3.5) and (3.6). Similarly as in the proof of assertion (2), we can

prove the assertion (3). Considering assumption 32π2χ(M) ≥ 24vol(M, g),

32π2χ(M) =

∫

M

(−2 +
2

3
)|ρ̃M |2dvol + 24vol(M, g) ≥ 24vol(M, g).

then we have that equality hold and (M, g) is a compact hyperbolic manifold of sectional

curvature −1. This completes the proof of Theorem 1.
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