
ar
X

iv
:2

40
4.

15
72

4v
1 

 [
as

tr
o-

ph
.G

A
] 

 2
4 

A
pr

 2
02

4
Astronomy & Astrophysics manuscript no. FPacrosstime ©ESO 2024
April 25, 2024

Galaxies’ properties in the Fundamental Plane across time

M. D’Onofrio1 and C. Chiosi1

Department of Physics and Astronomy, University of Padova, Vicolo Osservatorio 3, I-35122 Padova
e-mail: mauro.donofrio@unipd.it; e-mail: cesare.chiosi@unipd.it

Received February 5, 2024; accepted ...

ABSTRACT

Context. Using the Illustris-1 and IllustrisTNG-100 simulations we investigate the properties of the Fundamental Plane (FP), that
is the correlation between the effective radius Re, the effective surface intensity Ie and the central stellar velocity dispersion σ of
galaxies, at different cosmic epochs.
Aims. Our aim is to study the properties of galaxies in the FP and its projections across time, adopting samples covering different
intervals of mass. We would like to demonstrate that the position of a galaxy in the FP space strongly depends on its degree of
evolution, that might be represented by the β and L′

0
parameters entering the L = L′

0
(t)σβ(t) law.

Methods. Starting from the comparison of the basic relations among the structural parameters of artificial and real galaxies at low
redshift, we obtain the fit of the FP and its coefficients at different cosmic epochs for samples of different mass limits. Then, we
analyze the dependence of the galaxy position in the FP space as a function of the β parameter and the star formation rate (SFR).
Results. We find that: 1) the coefficients of the FP change with the mass range of the galaxy sample; 2) the low luminous and less
massive galaxies do not share the same FP of the bright massive galaxies; 3) the scatter around the fitted FP is quite small at any epoch
and increases when the mass interval increases; 4) the distribution of galaxies in the FP space strongly depends on the β values (i.e.
on the degree of virialization and the star formation rate).
Conclusions. The FP is a complex surface that is well approximated by a plane only when galaxies share similar masses and condition
of virialization.

Key words. Galaxy formation and evolution – Galaxy structural parameters – Galaxy simulations

1. Introduction

The Fundamental Plane (FP), i.e. the mutual correlation be-
tween the effective radius Re, the effective surface intensity Ie

and the central stellar velocity dispersion σ of galaxies (log Re =

a logσ+b log Ie+ c), has been recognized long ago as an impor-
tant tool for understanding the evolution of galaxies (see e.g.,
Dressler et al. 1987; Djorgovski & Davis 1987). In particular,
when the FP was studied using the massive early-type galax-
ies (ETGs), it was recognized as a good distance indicator (see
e.g., Dressler 1987), and as a useful tool for testing the ex-
pansion of the Universe (see e.g., Pahre et al. 1996), for map-
ping the velocity fields of galaxies (see e.g., Dressler & Faber
1990; Courteau et al. 1993), and for measuring the mass-to-light
ratio variations across time (see e.g., Prugniel & Simien 1996;
van Dokkum & Franx 1996; Busarello et al. 1998; Franx et al.
2008). In general the FP and its projections (Ie vs Re, Ie vs σ,
Re vs σ) are diagnostic tools of galaxy evolution.

The main characteristics of the FP of nearby galaxies, es-
sentially all ETGs of large masses (Ms ≥ 109 − 1010M⊙), are
the tilt of the best-fitted plane with respect to the prediction
of the virial theorem (VT) and its small scatter (≈ 0.05 dex in
the V-band). The origin of the tilt has been discussed in several
studies (see among many others, Faber et al. 1987; Ciotti 1991;
Jorgensen et al. 1996; Cappellari et al. 2006; D’Onofrio et al.
2006; Bolton et al. 2007), invoking different physical mecha-
nisms: i) the systematic change of the stellar mass-to-light ra-
tio (Ms/L) (see e.g., Faber et al. 1987; van Dokkum & Franx
1996; Cappellari et al. 2006; van Dokkum & van der Marel
2007; Holden et al. 2010; D’Eugenio et al. 2021; de Graaff et al.

2021a); ii) the structural and dynamical non-homology of
ETGs (see e.g., Prugniel & Simien 1997; Busarello et al. 1998;
Trujillo et al. 2004; D’Onofrio et al. 2008; Oldham et al. 2017a);
iii) the dark matter content and distribution (see e.g., Ciotti et al.
1996; Borriello et al. 2003; Tortora et al. 2009; Taranu et al.
2015; de Graaff et al. 2021a, 2023); iv) the star formation
history (SFH) and initial mass function (IMF) (see e.g.,
Renzini & Ciotti 1993; Chiosi et al. 1998; Chiosi & Carraro
2002; Allanson et al. 2009); v) the effects of environment
(see e.g., Lucey et al. 1991; de Carvalho & Djorgovski 1992;
Bernardi et al. 2003; D’Onofrio et al. 2008; La Barbera et al.
2010; Ibarra-Medel & López-Cruz 2011; Samir et al. 2016); vi)
the effects of dissipation-less mergers (Nipoti et al. 2003); vii)
the gas dissipation (Robertson et al. 2006); viii) the non regular
sequence of mergers with progressively decreasing mass ratios
(Novak 2008); ix) the multiple dry mergers of spiral galaxies
(Taranu et al. 2015). Many authors have confirmed that the ob-
served tilt disappears when the mass FP is considered, i.e. when
the parameters used for the fit are marginally dependent on lumi-
nosity (see e.g. Bezanson et al. 2013; Zahid et al. 2016, for more
infos).

Similarly, the small intrinsic scatter of the plane has never
found a clear and definitive explanation. The invoked possi-
ble effects at play are: 1) the variation of the formation epoch;
2) the dark matter content; 3) the metallicity/age trends; 4)
the variations of the mass-to-light ratio M/L; 5) the mixing of
morphological types (see e.g., Faber et al. 1987; Gregg 1992;
Guzman, R. et al. 1993; Forbes et al. 1998; Bernardi et al. 2003;
Reda et al. 2005; Cappellari et al. 2006; Bolton et al. 2008;
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Auger et al. 2010; Magoulas et al. 2012; Bernardi et al. 2020;
D’Eugenio et al. 2021).

Previous studies have primarily focused on the properties of
the FP derived from massive ETGs at low redshifts. These stud-
ies often treated the analysis of the galaxy distribution in the
FP-space, considering the projections of the plane Ie−Re, Ie−σ,
and Re−σ as independent topics for which different explanations
were often advanced. Within these FP projections, distinct struc-
tural patterns emerge, including areas with pronounced clusters
of objects and significant scatter, as well as regions devoid of
galaxies (referred to as the ’Zone of Exclusions,’ or ZOE), and
regions displaying non-linear distribution patterns.

Such a wealth of information has never been used to infer
a unitary view of the paths followed by galaxies in the various
projection planes of the FP-space during their evolution1. Con-
sequently, a comprehensive and coherent explanation accounting
for the interdependence of structural scaling relations, the pecu-
liar shapes of the observational galaxy distributions in the differ-
ent planes, and the connections between the various FP projec-
tions has remained elusive. This gap in understanding has made
it difficult to fully grasp the causes of the tilt and scatter of the
FP.

The use of the FP-space as cosmological tool for under-
standing galaxy evolution requires a global view of the prop-
erties of the FP and its projections at different cosmic epochs.
Unfortunately, the exploration of the FP at high redshift and
for low-mass galaxies has been notably limited. This limitation
arises from the considerable effort required by the observations
of faint, low-mass galaxies at high-redshift. These observations
require long lasting campaigns and expensive instrumentation.
Existing observational surveys at high redshift typically offer
sparse data, primarily focused on the largest galaxies. Never-
theless, some empirical evidence has emerged, suggesting the
possible variation of the tilt of the FP with the redshift (e.g.,
see the studies by di Serego Alighieri et al. 2005; Beifiori et al.
2017; Oldham et al. 2017b; de Graaff et al. 2021b), as well as
deviations of faint galaxies from the FP of their more massive
counterparts (Held et al. 1997; Bettoni et al. 2016).

Today, thanks to the large efforts in producing reliable cos-
mological simulations, it is possible to guess the properties of
galaxies at different times and follow their evolutionary paths. In
this context, the FP and its associated projections become valu-
able diagnostic diagrams, offering crucial insights into a galaxy’s
evolutionary state and history.

By exploiting the database of model galaxies of Illustris-1
and IllustrisTNG-100, we aim at infering some useful indication
about galaxies evolution looking at the FP and its projections at
different cosmic epochs. These simulations offer the best inves-
tigation tool currently available to us for a successful compari-
son between theory and observations, despite the fact that some
problems still affect the analysis.

The first version of cosmological simulations named
Illustris-1 appeared on 2014 (see e.g., Vogelsberger et al. 2014b;
Genel et al. 2014; Nelson et al. 2015). Several works have later
shown that there are some problems unsolved by this sim-
ulation: it yields an unrealistic population of ETGs with no
correct colours, it lacks morphological information, the sizes
of the less massive galaxies are too large, and the star for-
mation rates are not always comparable with observations
(see e.g., Snyder et al. 2015; Bottrell et al. 2017; Nelson et al.
2018; Rodriguez-Gomez et al. 2019; Huertas-Company et al.

1 Therein after we call FP-space the space of parameters characterizing
a galaxy in which the FP is defined.

2019; D’Onofrio & Chiosi 2023a). Illustris-1 does not seem to
produce a realistic red sequence of galaxies due to insuffi-
cient quenching of the star formation with too few red galax-
ies (Snyder et al. 2015; Bottrell et al. 2017; Nelson et al. 2018;
Rodriguez-Gomez et al. 2019), the number of red galaxies is in
tension with respect to the observed population of ETGs and,
for what concern the internal structure of galaxies, the measured
Sérsic index, the axis ratio and the radii, are in marginal agree-
ment with observations (Bottrell et al. 2017).

Some years later, in 2018, IllustrisTNG (Springel et al.
2018; Nelson et al. 2018; Pillepich et al. 2018a) was released,
a new version of the simulation that seems to produce
much better results (Nelson et al. 2018; Rodriguez-Gomez et al.
2019), in better agreement with observations. In IllustrisTNG
galaxies have much better internal structural parameters
(Rodriguez-Gomez et al. 2019), better colors and radii in closer
agreement with available data at low redshift.

In our previous works we convincingly demonstrated that
these simulations, although not perfect, do reproduce important
features observed in the projections of the FP, and even the tilt
of the FP and the small scatter around it (D’Onofrio & Chiosi
2022, 2023a).

In the present study, using both libraries of galaxy models,
we systematically addressed the FP and its projections at differ-
ent cosmic times. The study of the FP up to z=2 was addressed
by Lu et al. (2020) using the TNG simulations. We will compare
our results with theirs.

However, it is worth clarifying that the main focus of the
present study is not to determine the most correct fit of the FP
across time, but to investigate the distribution on the FP’s at dif-
ferent redshifts of galaxies with different Ie, Re, L, Ms, σ, and as-
sociated parameters β and L′

0
defined by D’Onofrio et al. (2017).

Since in each galaxy, Ie, Re, L, Ms, and σ vary with time (red-
shift), and so do β and L′

0
.

The ultimate goal is to show that it is possible to infer some
useful indications on the degree of evolution of a galaxy by look-
ing at the observed position of it in the FP-space. The goal can be
reached thanks to the new method developed by D’Onofrio et al.
(2017). In brief, they were inspired by the classical Faber &
Jackson relation (FJ; Faber & Jackson (1976)) linking the lumi-
nosity of L with the stellar velocity dispersion σ of galaxies in
the nearby Universe at redshift z≃0. The novelty, however, was
to consider that galaxies in the course of their evolution first
may change both luminosity and stellar velocity dispersion for
many reasons (star formation, mass acquisition by mergers or
stripping events, natural aging of their stellar populations, and
so forth), and second for most of time they are in mechanical
equilibrium, that is they obey the VT. Based on these grounds,
D’Onofrio et al. (2017) first generalized the luminosity-velocity
dispersion relation by explicitly including the temporal depen-
dence

L(t) = L′0(t)σ(t)β(t). (1)

where t is the time,σ the velocity dispersion, and the proportion-
ality coefficient L′

0
and the exponent β functions of time. Second,

they coupled it to the VT, which is a function of Ms, Re and σ,
to obtain a system of two equations in the unknowns log L′

0
and

β whose coefficients are function of the variables characterizing
a galaxy (Ms, Re, L, σ, and Ie). This system of equations is dis-
cussed in detail in Appendix A below.

The new empirical relation (1), although formally equivalent
to the FJ relation for ETGs, has a profoundly different physical
meaning: β and L′

0
are time-dependent parameters that can vary
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considerably from galaxy to galaxy, according to the mass as-
sembly history and the evolution of the stellar content of each ob-
ject. L′

0
is the most important variable parameter of this equation

that empirically mirrors the effects of the evolution while β gives
important information on the paths followed by each galaxy in
the FP-space in the course of time. These parameters are found
to be good indicators of a galaxy’s historical mass accretion, star
formation, and evolutionary processes, offering an immediate in-
sight into its current stage of evolution. Indeed the β parameter
determines the direction of motion of a galaxy in the FP space.
Adopting this new perspective, it was possible to simultaneously
explain the tilt of the FP and the observed distributions of galax-
ies in the FP projections and, at the same time, to understand the
real nature of the FJ relation.

In a series of papers on this subject, we called attention
on some of the advantages offered by the joint use of the VT
and the L = L′

0
(t)σβ(t) law (D’Onofrio et al. 2017, 2019, 2020;

D’Onofrio & Chiosi 2021, 2022, 2023a,b). Accepting the idea of
a variable β parameter, taking either positive or negative values,
yields an explanation of the movement of galaxies in the FP-
space. This approach allows us to simultaneously account for: i)
the tilt of the FP, ii) the existence of the ZoE, and iii) the flip of
galaxies in the FP projections.

In the present study, taking advantage of what we learned
from galaxies at redshfit z≃ 0, we extended the same analy-
sis of the FP and its projections to galaxies at high redshift.
Adopting the data of Illustris-1 (Vogelsberger et al. 2014a,b)
and IllustrisTNG-100 (Springel et al. 2018; Nelson et al. 2018;
Pillepich et al. 2018b) from z=0 up to z=4, we attempted to re-
construct the history of galaxies across time, shading some light
on the main mechanisms at work during the evolution.

The paper is organized as follows: In Sec. 2 we briefly de-
scribe the samples of galaxies (both real and simulated) used
in our work. In Sec. 3 we present the FP-space at z=0 and we
discuss the results for real and simulated galaxies. In Sec. 4 we
analyze the fits of the FP at high redshift for samples including
galaxies of different masses. Here we compare our results with
those obtained by Lu et al. (2020). In Sec. 5 we show how the
FP-space changes when galaxies with different β values are con-
sidered. In Sec. 6 we discuss the problem of the FP scatter and
its relation with the β parameter as a thermometer of the virial-
ization condition. In Sec. 7 we look at the FP-space distribution
of the galaxies as a function of their star formation rate (SFR).
In Sec. 8 we address the problem of the determination of the er-
rors that should be associated to the β parameter. In Sec. 9 we
present our conclusions. Finally, in Appendix A we summarize
the key equations of the new theory of the FP and scale relations,
while in Appendix B we present all the calculations relative to
the errors discussed in Sec. 8.

For the sake of internal consistency with the previous stud-
ies of this series, in our calculations with the Illustris-1 database
we adopted the same values of the Λ-CDM cosmology used by
(Vogelsberger et al. 2014a,b): Ωm = 0.2726, ΩΛ= 0.7274, Ωb

= 0.0456, σ8 = 0.809, ns = 0.963, H0 = 70.4 km s−1 Mpc−1.
Slightly different cosmological parameters are used by for the
IllustrisTNG-100 simulations: Ωm = 0.3089, ΩΛ= 0.6911, Ωb

= 0.0486, σ8 = 0.816, ns = 0.967, H0 = 67.74 km s−1 Mpc−1

(Springel et al. 2018; Nelson et al. 2018; Pillepich et al. 2018b).
Since the systematic differences in Ms, Re, L, Ie, and σ are either
small or nearly irrelevant to the aims of this study, no re-scaling
of the data has been applied.

2. Observational data and model galaxies

Observational Data. The observational data for the real galax-
ies are the same adopted in our previous works on this sub-
ject (see, D’Onofrio & Chiosi 2022, 2023a). The data at red-
shift z∼ 0 have been extracted from the WINGS and Omega-
WINGS databases (Fasano et al. 2006; Varela et al. 2009;
Cava et al. 2009; Valentinuzzi et al. 2009; Moretti et al. 2014;
D’Onofrio et al. 2014; Gullieuszik et al. 2015; Moretti et al.
2017; Cariddi et al. 2018; Biviano et al. 2017). This sample con-
tains only ETGs, generally with stellar mass Ms > 109 M⊙.

The combination of the WINGS spectroscopic and photo-
metric samples used here contains ∼ 1690 galaxies with mea-
sured Re, Ie and σ. A sub-sample of this, made of 270 galax-
ies, containing the stellar mass, the star formation rates mea-
sured by Fritz et al. (2007) and the morphological types given
by MORPHOT (Fasano et al. 2012) is also used for some more
detailed analyses when necessary. The ETGs sample used here
takes also advantage of the data for 24 dwarf galaxies stud-
ied by Bettoni et al. (2016) including objects of lower masses
(Ms ∼ 107−109 M⊙). We explicitly mention the use of this dwarf
sample in the work.

The maximum error on the measured parameters is ≃ 20%.
These are not shown in our plots, because they are much lower
than the observed range of variation of the structural parameters
in the FP-space. The small size of the errors does not affect the
whole distribution of galaxies. The errors are not considered in
our fits of the FP, because the range spanned by the coefficients
of the fitted planes, when different samples are used, is greater
than the uncertainties on the fit induced by them.

Theoretical Models. We adopt the galaxy models of
the Illustris-1 and IllustrisTNG-100 spanning ample ranges of
masses and redshifts. Some preliminary comments on the two
are databases are necessary here.

The sample of model galaxies in Illustris-1 contains ∼ 2400
objects of all morphological types with masses at z=0 larger
than 109 M⊙. We used the data in the V-band photometry, the
mass and half-mass radii of the stellar particles (i.e., integrated
stellar populations), for which Cartesian comoving coordinates
are available. This sample is well discussed in all our previous
works (see e.g., Cariddi et al. 2018; D’Onofrio et al. 2020). For
this sample the values of Re are calculated considering the lumi-
nosity growth curves of the galaxies that are members of clusters,
following the same technique as in the case of real objects. For
the galaxies of Illustris-1 sample, the family-tree of each object
has been reconstructed so that it is possible to follow each object
along the the cosmic time (redshift).

From the IllustrisTNG-100 dataset we extracted four sam-
ples with 1000 objects at increasing redshift from z=0 to z=4,
ordered with decreasing stellar masses. The samples have been
obtained using the online Search Galaxy/Subhalo Catalog2. In
this case the half-mass stellar radius is used instead of the effec-
tive radius Re. This radius is not so different from the effective
radius and its use does not change the conclusions reached here
at all. The list of progenitors of each galaxy across the cosmic
time is in progress.

The choice of using both Illustris-1 and IllustrisTNG-100 has
the following motivations: i) we want to be consistent with our
previous works on this subject; ii) the differences in Ms, Re, Ie, L,
andσ of Illustris-1 and IllustrisTNG do not bias significantly the
results for the FP fit and the values of β and L′

0
in the L = L′

0
σβ

law (see D’Onofrio & Chiosi 2023a); iii) the two data samples

2 see https://www.tng-project.org/data/.
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Fig. 1. Comparison between the data of Illustris-1 and IllustrisTNG-100. The black lines mark the TNG data, while the red ones the Illustris-1.
The histograms are normalized to the total number of galaxies. The dashed lines refer to z=4, while the solid line to z=0.

are in some way complementary: IllustrisTNG-100 has better
measurements of the half-mass radii of the less massive galax-
ies, while Illustris-1 is richer in massive objects; iv) the two sim-
ulations agree in the physical parameters of the massive objects
and produce very similar distribution of galaxies in the FP-space,
apart from the small differences due to the lower Re of the dwarf
galaxies in IllustrisTNG-100; v) the use of both samples gives
an idea of the degree of uncertainty present in our analysis of the
FP-space.

It is important to bear in mind the selection criteria applied
to model galaxies when analyzing the FP-space. Specifically, it
is noteworthy that the Illustris-1 sample gradually excludes low-
mass objects (with masses ≤ 109 M⊙) as we approach redshift

z=0. In contrast, the IllustrisTNG-100 sample, which is approxi-
mately half the size of the Illustris-1 sample, maintains the mass
range of galaxies across all redshifts due to a consistent mass-
based selection criteria. Therefore, the theoretical deficiency of
low mass objects does not reflect a real scarcity of these galaxies,
but rather a consequence of our galaxy selection criteria.

The mass resolution of the models is about 106M⊙. Therefore
galaxies in the low mass intervals (say up to 107M⊙ or so) are
described by a handful of mass points, consequently their radius
Re and velocity dispersion σ are poorly determined. Galaxies
with masses Ms ≤ 107M⊙ are excluded from our analsysis.

The detailed analysis of the differences between Illustris-
1 and IllustrisTNG-100 has not been addressed here because
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it has already been presented in other studies on this subject
(see e.g., Pillepich et al. 2018b,a; Rodriguez-Gomez et al. 2019;
Huertas-Company et al. 2019). One of the major issues of ten-
sion that may be relevant for the present study is the radius
size of the low mass galaxies (Ms ≤ 5.0 × 1010), where the
IllustrisTNG-100 radii are about a factor of 2 smaller that those
of Illustris-1 while above it they are nearly equal (Pillepich et al.
2018b,a; Rodriguez-Gomez et al. 2019; Huertas-Company et al.
2019). We will see later that for the aims of the present analysis,
the effects of such differences do not introduce significant biases
in our interpretation of the FP properties.

In any case, in order to understand the range of the structural
parameters that are involved in this work, in Fig. 1 we present
the comparison between the data of Illustris-1 (red lines) and
IllustrisTNG-100 (black lines) at the redshifts z=0 (solid lines)
and z=4 (dashed lines). It is clear from the figure that the ef-
fective radii of Illustris-1 are systematically larger than those of
IllustrisTNG-100. Another significant difference is found in the
distribution of the total luminosity and total stellar mass. As al-
ready explained, Illustris-1 does not contain objects with mass
lower than 109 M⊙ at z=0. It follows that the distributions in
mass and luminosity are different for the two samples. As far
as the other parameters are concerned, there are also some dif-
ferences between the two samples. We will see later that such
differences in radii, masses, luminosities, and velocity disper-
sions do not compromise the analysis of the FP as well as the
main conclusions. Despite the small differences in the distribu-
tion of galaxies in the parameter space, the global behavior is the
same for the two simulations and suggest the same conclusions
about the physical effects at play in shaping the FP-space.

Other points of weakness in the two libraries of model galax-
ies are of little relevance for our analysis because: i) we do not
make use of the galaxy colors; ii) we have demonstrated (see,
D’Onofrio & Chiosi 2023a) that Illustris-1 and IllustrisTNG-
100 samples produce very similar distributions of the β and L′

0

parameters of the L = L′
0
σβ law; iii) the FP-space at each red-

shift for the two samples is very similar, not in the sense that the
FP coefficients are identical, but in the general distribution of
the galaxies in this space; iv) the point mass view of the galaxies
adopted here secures that our analysis is not too much affected by
the problems affecting the inner structure of the model galaxies
of the two libraries. In fact both for Illustris-1 and IllustrisTNG-
100 we did not use information on the morphology of galaxies.
ETGs and late-type galaxies (LTGs) are mixed together. This
choice originates from the observation that the FP projections of
ETGs and LTGs are almost identical (see, D’Onofrio & Chiosi
2023b). In addition, we will see that the FP defined by massive
ETGs is only part of a more general distribution of galaxies in
the FP-space. In this sense the presence of LTGs in the samples
does not alter none of the conclusions previously reached for the
massive ETGs.

The last remark concerns the completeness of the samples.
This is not critical for the conclusions drawn here. We will see
that the fit of the FP is always performed with a large number
of galaxies and that the observed differences can be clearly at-
tributed to the characteristics of the sample under analysis. This
is somehow independent of the level of precision reached by the
model galaxies of the two samples. In fact what we want to em-
phasize is not the precision reached in the derivation of the FP,
but the general behavior of galaxies in the FP-space as a function
of their mass and the dependence of the observed distributions
on the β parameter.

3. Fit of the FP at z=0

The first step to undertake is to set up the FP and its projec-
tions at z=0 for the galaxies of our observational sample and the
Illustris-1 and IllustrisTNG-100 galaxies to compare them with
other FP’s in literature.

There are different analytical expressions of the FP, we adopt
here the following one

log Re = a log(σ) + b < µe > +c (2)

where < µe > is the mean effective surface brightness expressed
in mag/arcsec2 and all other symbols have their usual mean-
ing and are expressed in suitable units, see also appendix A
and D’Onofrio & Chiosi (2023a,b). 3 The fit of the WINGS data
(mainly massive galaxies with log(Ms/M⊙) > 10) yields the fol-
lowing coefficients of the FP: a = 0.96, b = 0.30, and c = −7.66.
All our 3D fits are based on the statistical regression of the R
program (the free software environment for statistical comput-
ing and graphics).

Figure 2 shows the FP at z=0 (solid black line) for
the WINGS sample to which the 24 dwarf ellipticals of
Bettoni et al. (2016) are added (black dots and asterisks, respec-
tively) and compare it with the data of Illustris-1 (red dots) and
IllustrisTNG-100 (blue dots). The comparison is made by corre-
lating the Re of a galaxy (either model or real) with the Re we
would obtain from eqn. (2) representing the FP. The dotted line
is the one-to-one correlation (i.e. perfect coincidence between
the two values of Re for each object). The four panels plots the
distributions for different ranges of the stellar mass. It is clear
from the plots that if the coefficients of the FP derived from the
whole WINGS database are used also for the fainter, lower mass
galaxies, these latter deviate from the main trend. This occurs
in particular with the IllustrisTNG-100 dataset. The plume-like
features pointing toward directions above the plane are well ev-
ident and quite similar in both samples of model galaxies (there
is however a small offsets due to the different values of Re in the
two databases). For IllustrisTNG-100 there are also objects that
deviate in the opposite direction: these are likely objects with
very small Re and high effective intensity Ie. The opposite for
the upward plume-like features (larger Re and lower Ie). This
point will be much more clear when the projections of the FP
are shown. These features are nearly absent in the last panel of
Fig.2 at the bottom right where only galaxies more massive than
1010 M⊙ are displayed.

It is also important to note that the deviation observed for
the low mass model galaxies is present even in the sample of
real galaxies. Here we used the small sample of faint ETGs stud-
ied by Bettoni et al. (2016) (black asterisks). These objects starts
to show the progressive shift from the FP of massive galaxies
along the same direction suggested by both libraries of theoreti-
cal models, that is toward lower values of Ie (upward shift). The
smaller shift shown by real objects with respect to that seen for
models is likely due to the small number of dwarfs (24 only)
available in our sample and to selection effects: only the bright-
est dwarf ETGs with similar Ie have been detected and studied
(i.e., have measured σ). Their smaller range of Ie is at the origin
of the observed deviations.

In summary, the models suggest that the galaxies with
masses lower than ∼ 109 M⊙ do not share the same FP of the

3 Usually the effective specific intensity Ie is expressed in L⊙/pc2.
However, limited to the FP, we express Ie as < µe >, the mean surface
brightness, in mag/arcsec2 .
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Fig. 2. The FP seen edge-on for the full WINGS sample of ∼ 1600 ETGs (black open circles), Illustris-1 (red filled circles) and TNG-100 (blue
filled circles) at z=0. The four panels show the distribution of the galaxies in the FP when different range of mass are considered: Ms ≥ 107 M⊙
(upper left panel), Ms ≥ 108 M⊙ (upper right panel), Ms ≥ 109 M⊙ (lower left panel) and Ms ≥ 1010 M⊙ (lower right panel). The full black solid
line is the best fit of the galaxies of the whole WINGS sample (no lower mass limit). The dashed line is the one-to-one correlation.

more massive ETGs. The galaxies with low Ie extend toward
larger Re, while those with high Ie, should correspond to those
with short Re. This confirms previous results already obtained
during the study of the FP (see e.g. Hyde & Bernardi 2009, as
an example).

Furthermore, these plume-like features should not depend on
the galaxy morphology; we cannot prove this statement because
the information on morphology is missing, but we guess that
even for a sample of pure ETGs the trend should be the same. It
is only the range spanned by the specific intensity Ie the ultimate
cause of the plume-like features. Since ETGs and LTGs span
approximately the same range of Ie (Capaccioli et al. 1992, see,),
they should also exhibit the same features.

4. The FP at high redshift

D’Onofrio & Chiosi (2023b) demonstrated that Illustris-1 and
IllustrisTNG-100 are in quite good agreement with the obser-
vational data of the FP-space at z=0. The same is also true
for the FP at redshift z=1, at least looking at the data of
di Serego Alighieri et al. (2005) at z∼ 0.8, and those at z=2 ac-
cording to Lu et al. (2020).

We need to clarify that passing from the FP at z=0, for which
we have used a sample of galaxies selected according to some
criteria, the same galaxies are not traced back to high redshifts,
but galaxies that are present at high redshift are reselected ac-
cording to the same criteria. In other words we do not use the
family-tree becasuse it is not avalable for both galaxy samples
(Illustris-1 and IllustrisTNG-100). Fortunately, this is less of a
problem because we are not interested in reconstructing the FP
for objects belonging to the same family-tree, but only in dis-
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cussing the statistical properties of the FP at different redshifts.
In other words, the main results of our analsysis are not signi-
cantly affected by this type of selection.

Based on the two libraries of model galaxies to our disposal,
we examined the FP at different redshifts, using different mass
intervals of galaxies. In addition to this, we compared the edge-
on distribution of galaxies using two representations of the FP:
i) at all redshifts the FP is supposed to be the one derived at
z=0, that is no evolution of the FP; ii) at each redshift a new FP
is derived using galaxies at that redshift. The FP changes with
redshift (time). Also here, all 3D fits are based on the R method
(we have already for the case of z=0).

Figure 3 shows the edge-on view of the FP at different red-
shifts for all model galaxies of Illustris-1 and IllustrisTNG-100
with mass greater than log(Ms/M⊙) > 7. More precisely, in Fig.3
(and all following ones with the same layout) for each object we
plot the correlation between the true radius Re (x-axis) and the Re

we would obtain from the fit of the FP (y-axis). The dotted lines
is the one-to-one correlation. The FP on display refers to mas-
sive galaxies (log(M/M⊙) ≥ 10 derived from the WINGs data (it
is often referred to as the “reference FP“).

Two groups of ten panels are displayed. In the top group,
the FP is supposed not to change with redshift. The FP deter-
mined at z=0 is supposed to hold at all redshifts (no FP evolu-
tion with time). In the bottom group the FP is let change with
the redshift (FP evolves with time). In each group, the top row
of panels shows the Illustris-1 data (red dots) while the bottom
row of panels shows the IllustrisTNG-100 data (blue dots). In
each panel we also display the redshift z, the total number N of
galaxies, the coefficients (a, b, and c) of the FP fit, and the dis-
persion ∆ of galaxies around it. In each panel, the dotted line is
the one-to-one relationship, while the black solid line is the FP
fit associated to the that panel. The redshift goes from z=4 to z=0
in steps of −1. Note that the reference FP given in each panel is
different for the Illustris-1 and IllustriTNG-100 datasets.

A careful inspection of all panels reveals that: (i) When the
FP is kept fixed to the z=0 values obtained with the massive
galaxies (log(Ms) > 10), a progressive deviations from the one-
to-one correlation is observed, in particular when the sample
of less massive galaxies is considered. (ii) In the case of the
Illustris-1 galaxies, the FP of massive galaxies is given by a =
1.08, b = 0.21, c = −5.87. The dispersion ∆ slightly decreases
with redshift passing from ∆ = 0.08 at z=0 to ∆ = 0.04 at z=4.
For IllustrisTNG-100, the FP is given by a = 1.18, b = 0.22,
c = −6.38, while the dispersion decreases from ∆ = 0.1 at z=0
to ∆ = 0.02 at z=4. The agreement of the two determinations of
Re is not satisfactory in particular for the low number of massive
IllustrisTNG-100 models at high redshift. (iii) The situation im-
proves when the FP is calculated independently for each galaxy
sample at each redshift. The FP coefficients vary with redshift
and the dispersion around it significantly smaller with respect
to those calculated when the FP is fixed. Notably in this case
the galaxies are always close to the fitted planes. (iv) The anal-
ysis clarifies that the FP plane of the galaxy models varies with
the redshift. The details depend on the models in use and the
adopted selection criteria. In general, the agreement between the
observed distribution and the FP at varying the redshift is poor
if the FP holding at z=0 is supposed to hold at all redshift, while
the agreement is good if the FP is left vary with redshift.

The same analysis was repeated changing the lower mass
limit for the galaxies. Now they are those with mass greater than
log(Ms/M⊙) > 10. The results are shown in the two groups of
panels of Fig. 4. All other assumptions and symbols meaning are
the same of Fig. 3.

This analysis demonstrated that the coefficients of the fitted
FPs vary both with the redshift and with the mass interval in use.
As in the case of Fig. 2, when the FP coefficients are fixed, the
less luminous and less massive galaxies deviate from the plane
of the bright massive objects. On the other hand, when at each
redshift the galaxy populations in place at that redshift are used
to derive the FP pertinent to the epoch under consideration, a new
FP is found with a fairly small scatter. In addition we note that:
i) the scatter around the plane decreases with increasing galaxy
mass (it is smaller for the massive galaxies), and ii) the rotation
coefficient b of the plane changes by a factor of ∼ 2 when high
and low mass objects are separately analysed. The main driver
for this change of the rotation coefficient is the effective surface
intensity Ie that varies by several order of magnitudes across the
sample.

Another point to keep in mind is that the number of galaxies
of different masses varies with redshift. There are two sources of
variations. One is real and it depends on the progressive increase
of the galaxy mass at increasing cosmic time. The other is an
artifact of the selection criteria we adopted to set up the sample
of galaxies to examine and also the assumptions made for the
mass distribution of the calculated models. All this may some-
what bias the coefficients of the FP we have determined. The FP
coefficients may somewhat depend on the size of the galaxy sam-
ple (see e.g., D’Onofrio et al. 2008). However, this effect is only
marginally relevant here, because the fits for the FP coefficients
are always performed using more than about 30 galaxies.

To somehow cope with this uncertainty affecting the FP co-
efficients, we performed a series of fits of galaxy distributions in
the FP-space by randomly extracting a fixed number of galaxies
from each data sample (each time 200 objects were extracted,
and the whole fit procedure was repeated 500 times). In this way
we can derive the mean values of the FP coefficients and their
scatter, thus providing an estimate of the possible variations in-
duced by the bias 4.

Figure 5 shows the average coefficients of the FP obtained
for the Illustris-1 sample (left panel) and for the IllustrisTNG-
100 sample (right panel) using the above procedure. For each
redshift, we calculated the average values of the coefficients and
their scatter around the mean. We also tested the effect intro-
duced by varying the mass interval of the selected galaxies. This
is indicated by the color code of the plotted dots.

It is soon evident that the variation with redshift of the FP
coefficients is different for the two databases of galaxy mod-
els. In Illustris-1, the coefficient a increases from z=0, where
a ∼ 1.0 at z=0 to a ∼ 1.4 at z=2 and remains nearly constant
thereafter. This is true for all the mass intervals, with exception
of the highest masses (red dots), where a slightly departs from
the general trend, most likely because of the small number of
galaxies at higher redshift. Conversely, in IllustrisTNG-100 the
coefficient a has smaller variations: it is ∼ 1.2 at z=0 and a bit
smaller at higher z. At z=4, the coefficient a is very different for
the different mass intervals, increasing progressively as the mass
increases. In Illustris-1, the coefficient b is very similar at all cos-
mic epochs (b ∼ 0.2) with a small scatter around the mean value.
This is not the case for IllustrisTNG-100, where the scatter of the
coefficient b is much larger, reaching a variation of a factor of
∼ 2 when the low and high mass intervals are used. This differ-
ence is likely due to the selection of the galaxies that is different

4 A problem arises when the number of galaxies is lower than 200. This
may occur with the most massive objects. In this case, an acceptable
way out is to count massive objects more than once. Clearly, the final
value of the coefficients turns out to be somewhat biased by it.
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Fig. 3. The edge-on FP at different redshifts for the Illustris-1 and IllustrisTNG-100 datasets. All panels with red dots are for Illustris-1, and all
panels with blue dots are for IllustrisTNG-100. In each panel we show the redshift z, the total number N of galaxies, and the coefficients a, b, c of
the FP and the dispersion ∆ around it. The low mass limit of the galaxies is log(Ms/M⊙) > 7. The dotted lines mark the one-to-one relations. The
black solid line (when present) is the fit of the FP. In the group of panels at the top side, the FP at z=0 is supposed to hold also at all other redshifts,
while in the group of panels at the bottom side the FP varies according to the redshift. See the text for all other details.
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Fig. 4. The same as in Fig.3 but for galaxies with masses greater than log(Ms/M⊙) > 10.

for the two samples. Illustris-1 progressively looses the low mass
and faint objects that are characterized by low surface bright-
ness. It follows that in this case the values of b, which strongly
depend on Ie, are always very similar. The coefficient c (the zero
point of the plane) depends on the coefficient a and shows much
larger variations in both datasets. The values of the coefficients c
at each redshift are very different for the different samples with
different masses. Notably at z=4, Illustris-1 predicts very similar

values of c for the samples, while IllustrisTNG-100 gives differ-
ent values of c for the different samples with different masses.

Considering that the Illustris-1 sample is biased toward large
masses at z=0 and that the galaxy radii are systematically much
larger, we are inclined to trust more on the results obtained with
the IllustrisTNG-100 data. However, the situation is not fully
clear with the present data and it requires a deeper analysis in
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which the bias introduced by the selection effects is taken into
account.

In any case, independently on the reliability of the FP coef-
ficients at each redshift, the basic result obtained here from both
databases is that at any epoch massive and dwarf galaxies do not
share the same FP. This is well clear in particular for the rotation
of the plane that is implicit in the different values of the coeffi-
cient b when galaxies of different masses are used.

However, it is worth noting that at any redshift there is a
mean FP for all mass intervals that is always characterized by a
small scatter. This issue is discussed in great detail in the next
sections.

4.1. Comparison with literature data

We compare here our results with those obtained by Lu et al.
(2020). In order to frame the comparison in the right context we
should remind that: 1) The equation of the FP they adopted is

log(Re[kpc]) = a + b log(σ[km/s]) + c log(Ie[L⊙/kpc2]) (3)

2) The IllustrisTNG-100 data they consider have stellar masses
log(Ms) > 9.7. This limit was chosen to take into account the
mass resolution of the simulation (1.4×106M⊙). 3) Their photo-
metric data are in the r-band.

The comparison is shown in the two panels of Fig. 6 for dif-
ferent values of the redshift, that is z=0 (left panel) and z=1
(right panel). In the left panel we show the FP’s for the WINGS
data (black dots), the Illustris-1 simulations (red dots) and the
IllustrisTNG-100 simulations (blue dots) at z=0. The solid lines
are the FP’s for the three cases whose coefficientes (a, b, and
c) are indicated at the top of the panel according to the adopted
color code. Finally, at the bottom of the panel we display the co-
efficients of the FP of Lu et al. (2020). The same comparison is
also made in the right panel of Fig. 6 for models and observa-
tional data at redshift z=1 (same color code). WINGS data are
of course missing. The result of this comparison is that in the
case of the IllustrisTNG-100 data, the coefficients of the fitted
distributions (FP’s) are quite similar. The small differences can
be easily explained in terms of the different number of galax-
ies, the different bands (V vs r), and the different strategy used
for the fit. We conclude that our analysis confirms the results of
Lu et al. (2020).

5. The scatter around the FP

At any redshift, the scatter around the FP is always small when
the fit of the galaxy sample is made for galaxies at that redshift
and no particular mass interval is selected. In other words, the
classical FP discovered and derived for galaxies at z=0 is not the
same at all epochs, but most likely it changes with time (see e.g.
Lu et al. 2020). Extending and using it as it is at z=0 back in time
is not correct. Each epoch has its own FP and the scatter around it
is small. In this sense only, the FP is a universal property, whose
physical origin is still elusive.

In Figs. 2, 3, an 4 we have presented the FPs, the com-
parisons of these with observational data and model galaxies,
and quoted the dispersion ∆ of data and models around the FPs
without discussing the definition of dispersion we have adopted.
Given the FP represented the straight line of eq. 2 (formally the
line R:aX +bY+c), we measure the dispersion of data with re-
spect to this line by the mean value of the distance dp of all data

points with coordinates Xp, Yp from the line R:aX +bY+c. For
any arbitrary point the distance dp is:

dp =
|aXp + Yp + c|
√

a2 + b2
(4)

and the mean dispersion < ∆ > for all the N data points is

< ∆ >=
1

N

∑

dp (5)

In our analysis we adopt this definition.
Another way of defining the mean dispersion is to look for

any data point at the difference between the observational posi-
tion O on the FP and the one indicated by P it would take if eq.
2 is applied. Therefore we have

< ∆ >=
1

N

∑
√

(O − P)2 (6)

This definition is used to compare our results with those in liter-
ature.

Finally, in order to highlight the side with respect to the ref-
erence FP the deviation occurs, in the discussion below we oc-
casionally use the simple expression:

< ∆ >=
1

N

∑

(O − P) (7)

which may take both positive and negative values.
Figure 7 shows, with different colors for the different mass

interval of the galaxies from which the FP is derived, the scatter
∆ expected at different redshifts for models galaxies taken from
the Illustris-1 (top panel) and IllustrisTNG-100 (bottom panel)
libraries. The two data-sets yield slightly different results. In the
left panels the ∆’s are calculated according eq. 5, while in the
right panels according to eq. 7 to better show that the FP holding
at z=0 cannot be extended to higher redshifts.

If we take IllustrisTNG-100 as the reference sample, because
it is less biased in mass, the scatter around the FP is system-
atically lower for cases with a high mass limit. In any case,
the mean value of the scatter is quite small (maximum value
∆ ≤ 0.1) and similar for both libraries of model galaxies. A pos-
sible cause of systematic differences, in this case, could be that
the number of galaxies of large mass progressively decreases at
increasing redshift.

The situation changes completely if the FP determined at
z=0 is supposed to hold at all redshifts and it is used to infer
the scatter of galaxies around it. Figure 7 (right panel) shows
the values of ∆ we would expect in such a case. The results
are presented both for Illustris-1 (red dots) and IllustrisTNG-100
(blue dots) and limited to two values for the galaxy mass limits,
namely log(Ms/M⊙) ≥ 7 (all galaxies are used, top panel) and
log(Ms/M⊙) ≥ 10 (only the massive ones, bottom panel). The
scatter is measured by the difference of the observational log(Re)
and the value calculated using the expression of the FP whose co-
efficients are derived from the galaxies at z=0 with masses larger
than 1010M⊙ (the classical FP). We note that now the scatter is
much larger than before, both at changing the redshift and vary-
ing the mass limit. Furthermore, in the top panel, the mean scat-
ter is negative, because too many objects would acquire too large
Re if calculated with the expression of FP derived for z=0. The
negative values for the scatter in this case can be explained by
the presence of a large number of objects with mass smaller than

Article number, page 10 of 27



M. D’Onofrio and C. Chiosi: Galaxies’ properties in the Fundamental Plane across time

Fig. 5. The coefficients of the FP at different redshift for Illutris-1 (left panel) and IllustrisTNG-100 (right panel) obtained from 500 fits of the FP
created with a random sample of 200 galaxies. The color of the dots indicate the values for different range of masses: red dots (log(Ms/M⊙) > 11),
blue dots (log(Ms/M⊙) > 10), green dots (log(Ms/M⊙) > 9), black dots (log(Ms/M⊙) > 8), magenta dots (log(Ms/M⊙) > 7).

Fig. 6. The fits of the FP for our data compared with those of Lu et al. (2020). Left panel: The FP coefficients obtained at z=0 for the WINGS
and Illustris data fitted in the same mass interval chosen by Lu et al. (2020). The black dots mark the WINGS data, the red ones the Illutris-1 and
the blue ones the IllustrisTNG-100 data. The FP coefficients obtained by Lu et al. (2020) are listed at the bottom of the panel and the dashed line
visualizes the relation. Right panel: The same as in the left panel but for the data and relationsips at z=1. The dashed line is the FP of Lu et al.
(2020) FP whose coefficients are also displayed in the panel for the sake of clarity.

1010M⊙ which have radii smaller than predicted by the adopted
FP of reference (for galaxies more massive than 1010M⊙ at z=0,
the classical FP). In contrast, in the lower panel, when the sam-
ple includes only galaxies with mass M > 1010 M⊙, the scatter
becomes positive going toward high redshifts.

The scatter we have estimated is comparable with the results
found by Lu et al. (2020) and (Cappellari et al. 2013). Our val-
ues are, however, somewhat smaller than those found those au-
thors. The reason resides in the different definitions of scatter
that are used. We adopt the distance method given by relation
(5) while they used difference method expressed by relation (6).

In any case, it is worth recalling that the scatter we are talking
about cannot be mistaken with the scatter deriving from uncer-
tainties affecting both the theoretical simulations (Lu et al. 2020)
and observational results (Cappellari et al. 2013). The scatter in
question here is caused by the uncorrect use of the FP for mas-
sive galaxies at z=0 all over the whole mass range and at all
redshifts.

In summary, the analysis of the FP at different redshifts done
with the two libraries of model galaxies suggests that: 1) at each
cosmic epoch there is a best fitting plane in the FP-space; 2)
this plane is not the same across the whole range of masses, but
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Fig. 7. Left panel: The scatter around the FP for Illutris-1 (upper panel) and IllustrisTNG-100 (lower panel) obtained from simulations. The dots
of different colors mark the values of the scatter obtained for different range of masses: red dots (log(Ms/M⊙) > 11), blue dots (log(Ms/M⊙) > 10),
green dots (log(Ms/M⊙) > 9), black dots (log(Ms/M⊙) > 8), magenta dots (log(M/M⊙) > 7). The colored lines give the average scatter across time
for each mass sample. The ∆’s are calculated according eq. 5. Right panel: The scatter around the FP for Illustris-1 (red dots) and IllustrisTNG-100
(blue dots) at different redshift. In this case the scatter is obtained from the difference of the measured log(Re) and the value calculated using the
expression of the FP with fixed coefficients given by the sample at z=0 with masses larger than 1010 M⊙. The ∆’s are calculated according eq. 7.
The upper and lower panels show the scatter for the two samples of models with different low mass limit.

slightly changes with the mass interval; 3) the scatter around the
plane is always quite small (likely a bit larger if the galaxy mass
interval is large) when the coefficients of the plane are those de-
rived from galaxies at the redshift under consideration; 4) on the
contrary, the scatter can be significantly large if coefficients of
the FP are those derived from galaxies at z=0, in other words the
classical FP is used at any redshift. These conclusions agree with
and confirm similar results presented in other recent studies (e.g.
Hyde & Bernardi 2009; Lu et al. 2020).

6. The FP-space and the β parameter

D’Onofrio & Chiosi (2023a) and D’Onofrio & Chiosi (2023b)
already demonstrated that the behavior of galaxies in the
FP-space is tightly related to the value of β in the L = L′

0
(t)σβ(t)

law. More specifically, the direction of motion of galaxies in this
space varies with β, because this parameter encodes the effects
of galaxy evolution in terms of merging events, star formation,
and many other possible physical processes. Aim of this section
is to quantify the above statement that the distribution of
galaxies in the FP-space changes with β.

The reference case: the WINGS galaxies at redshift z=0
and Ms > 109 M⊙. The equation of the FP for this case is

log Re = 0.92 logσ + 0.28 < µe > −7.15 .

when the dwarf galaxies of Bettoni et al. (2016) are not included.
Figures 8, 9 and 10 display the FP-space, both in its edge-on
view and its projections, for a sample of galaxies at redshift z=0
with masses exceeding 107 M⊙ and β falling in different inter-
vals. The three figures are organized in groups of four panels (or
physical cases). The group leader is the panel showing the FP on
its ordinate (the solid black line) and is labeled with the value
of redshift and range of β of the model galaxies in use (e.g. z=0

and −5 < β < 5, first top left panel in Fig.8). The dotted line
is the one-to-one relationship for comparison. The other panels
surrounding the leader (at the top right, immediate bottom left
and bottom right) show the projections of the FP, that is Ie vs Re,
Ie vs σ, and Re vs σ in the order. In each group of four panels
the intervals of β are different. Finally, in each panel we dis-
play the observational data of WINGS (black filled squares), the
Illustris-1 models (red filled squares) and the IllustrisTNG-100
models (blue filled squares).

The careful inspection and mutual comparison of the vari-
ous groups of panels (physical cases) reveals that position and
even the occurrence of galaxies in general and/or particular sub-
groups of these on the FP and on its projections find tight cor-
respondence in the values and/or range of values spanned by the
β parameter. In other words, we found that some features of the
galaxy distribution in the afore mentioned planes come and go
according to the underlying values of β.

To illustrate the point let us look at the case of the faint galax-
ies. In Fig. 8, they are the objects with log(Re) ≃ 0.5 (in Kpc)
and−1 < log Ie < 3 (in L⊙/pc2) in the top right panel of the first
group with −5 < β < 5 and corresponds to the plume-like struc-
ture above the FP shown in the top left panel of the same group.
They disappear moving to the second group of the same figure
and same panel but in which β falls in the range 5 < β < 10.
Conversely, as β becomes larger and more negative, it is well
visible only the downward deviation from the FP of the bright
galaxies. The same faint objects deviate from the FP in the first
panel of the first group but are absent in the same panel of the
second group. Furthermore, the galaxies with β in the range −5
to 5, show both objects along the classical edge-on view of the
FP (black solid line), that is the upward deviation typical of the
faint galaxies. This deviation is not evident for galaxies with β
ranging from 5 to 10, while it is the only feature visible when
−5 < β < 0. As β decreases further and reach large negative

Article number, page 12 of 27



M. D’Onofrio and C. Chiosi: Galaxies’ properties in the Fundamental Plane across time

values, the IllustrisTNG-100 sample begins to exhibit a down-
ward deviation in the edge-on view of the FP. Remarkably, when
β falls below −10, the upward deviation disappears.

Continuing the inspection of the various panels in Fig. 9 and
10, the list of features that come and go depending on the range
of β′s under consideration gets longer and longer. In general
we observe that the most massive galaxies are found along the
classical FP quite independently from the value of β. The only
difference we can note among all these possible situations is in
the number of objects present in each interval of β. Notably for
−10 < β < −5 only one galaxy is found, while in the interval
−5 < β < 5 there are galaxies along the FP and the classical
tail of the Ie − Re plane. For large positive and negative β’s, we
always find galaxies along the classic FP, but the distributions
in the FP projections may change significantly. The tail in the
Ie−Re plane is better visible for low values of β (−10 < β < 10).
The obvious conclusion is that at z=0, galaxies more massive
than 107 M⊙ are distributed in a different ways in the FP-space
according to their mass and evolutionary conditions that are here
indicated by the β parameter. Variations of β correspond to in-
cluding or excluding galaxies of different mass and/or different
evolutionary conditions.

Looking for a plausible physical explanation of this other-
wise odd behaviour of galaxies at varying β, we suggest here
that it could be ascribed to the effective surface brightness Ie

and its interplay with Re. When Ie is low and Re is large, β gets
close to 0. The opposite if Ie is high and/or Re is small or nor-
mal. Equation A.15 in appendix A clarifies why β can assume
different values, either positive or negative, either small or large.
The reason is that L′

0
depends on the quantity 1 − 2A′/A (see eq.

A.12 in appendix A), that is on the ratio between 2 log(σ) and
the combination of Ie and Re in log units. When 1 − 2A′/A ap-
proaches zero, L′

0
diverges and consequently β does the same.

Values of β close to 0 means that 1 − 2A′/A is significantly dif-
ferent from 0. The brightest galaxies have in many cases large
values of β because 1 − 2A′/A ∼ 0. Many others, in particular
the ETGs along the bright tail of the Ie −Re relation, have values
of β ∼ 0. These objects are believed to continuously experience
minor dry mergers that increase their radius and decrease their
effective surface brightness. Such combination yields 1 − 2A′/A
significantly different from zero.

D’Onofrio & Chiosi (2023a) argued that galaxies with
β close to 0 are far from "full virialization", whereas those
with large either positive or negative β′s are much closer to
this condition. A brief comment on what we really meant
with “full virialization”, is mandatory here to avoid any
misunderstanding. Indeed, galaxies are always close to the
mechanical equilibrium (any momentary deviation from this
condition by interaction with another is soon wiped off on a
short dynamical timescale), that is for most of time they are
very close to virialization. However, when light is used to
derive the galaxies’ structural parameters, the main effect of
it is that their distribution appears tilted in the FP-space with
respect to the virial prediction. Several studies have already
demonstrated that, when the half-mass radius and surface-mass
density are used as parameters, the tilt disappears (see e.g.,
Cappellari et al. 2006). This means that light introduces an extra
information, different from that provided by the mass. When
we observe galaxies with large values of β (either positive and
negative), it means that the combination of Ie, Re, and Ms/L
nearly exactly matches 2 log(σ), the condition of virialization
written using the light structural parameters, those derived from
the luminous component of galaxies. The light parameters Ie

and Re do not trace perfectly the mass parameters. The term

"full virialization" is used here to say that galaxies are in
such peculiar condition, where 2 log(σ) ∼ A. Many galaxies
are far from this condition and have β ∼ 0. Indeed their com-
bination of Ie and Re does not match such condition (see Fig. 12).

Figures 11 and 12 provide an explanation of the increase of
β across time. Many galaxies of larger dimension and mass can
reach the condition of "full virialization" (i.e. 1−2A′/A ∼ 0) and
their β increases on both negative and positive sides, depending
on the sign of L′

0
. The remaining galaxies of similar dimensions

and mass with 1 − 2A′/A , 0 have β ∼ 0.

Changing the lower mass limit. For the sake of complete-
ness, we briefly discuss the case in which the lower mass limit
of galaxies is pushed up to log(Ms/M⊙) = 10). It is obvious that
the number of galaxies to disposal drastically decreases (both
observational data and model galaxies). The equation of the FP
for this case is

log Re = 0.89 logσ + 0.27 < µe > −7.04 ,

not much different from the previous one. Figures 13 and 14
illustrate the situation. The layout of the figures and their sub-
panels is exactly the same as before. Compared to the reference
case there is not much to say, but the overall conclusions we
reached are similar although more difficult to defend because of
the paucity of data.

Going to high redshift. The situation does not change going
to high redshifts. For the sake of brevity we limit the discussion
to redshifts z=1 and z=4 (and z=0, for comparison). The lower
mass limit of galaxies is now back to log(Ms/M⊙) = 7) while the
FP is the one of the WINGS data at z=0. Contrary to what amply
discussed in Sec. 4, instead of using the FP equation holding
good for the new samples of data (observations and models with
fewer massive galaxies), we kept also here the same equation
for the FP of the reference case at z=0. The uncertainty implicit
in this approximation is not relevant in the present qualitative
context. Furthermore, to simplify the analysis and presentation
of the results we split the data in two groups those with β >
0 and those with β < 0. For the sake of comparison we also
consider the case z=0, Figures 15, 16, and 17 shows the FP and
its projections at z=0, z=1, and z=4, respectively. The layout of
the figures is always the same. Galaxies with β > 0 are indicated
with filled squares those with β < 0 with open squares. The
color code has remained the same (black: WINGS; red: Illustris-
1, blue: IllustrisTNG-100). It is clear that objects with β > 0 and
β < 0 do not share the same distribution.

The distribution of the galaxies changes considerably with
respect to that of the WINGS galaxies at z∼ 0. Figure 17 shows
that at z=4 the galaxies with mass greater than 107 M⊙ and β > 0
are below the FP, while those with β < 0 are above the plane of
the WINGS galaxies at z=0.

The β parameter changes also with redshift, but does not
seem to much affect the scatter around the FP. At z=0 only a
modest scatter around the plane is indicated by the model galax-
ies of both Illustris-1 and IllustrisTNG-100 databases.

In order to check the relevance of the β parameter as a proxy
of the degree of evolution (either in terms of galaxy dynamics
that in terms of mass accretion and stellar evolution), we present
a plot showing the stellar mass versus the SFR for the Illustris-1
galaxies at z=0.

Figure 18 shows the Main Sequence (MS) relation. Colors
mark different β values. It is apparent from the figure that in dif-
ferent intervals of β we can find only galaxies of certain masses.
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Fig. 8. The FP edge-on and its projections for galaxies with masses greater than log(Ms/M⊙) > 7. Left Panel: the sample at z=0 for WINGS
(black dots), Illustris-1 (red dots) and Illustris TNG (blue dots), and β in the interval −5 < β < 5. Right Panel: the same as in the left panel but for
5 < β < 10. The solid line and the dotted line in leader panel (top left) are the FP and the one-to-one relation, respectively.

Fig. 9. The FP edge-on and its projections for galaxies with masses greater than log(Ms/M⊙) > 7. Left Panel: the sample at z=0 for WINGS (black
dots), Illustris-1 (red dots) and Illustris TNG (blue dots) and β in the interval −10 < β < 10. Right Panel: the same as in the left panel but for
−30 < β < −10. The solid line and the dotted line in leader panel (top left) are the FP and the one-to-one relation, respectively.

In such intervals galaxies might have different values of the SFR.
Note in particular: 1) the absence of several negative β’s along
the MS at small masses; 2) the small values of β for few big
massive galaxies going toward the quenching state of evolution.
These objects have likely experienced in the near past episodes
of gas accretion and star formation, well testified by the β pa-
rameter.

We conclude that β gives an indication of the stellar mass
and the SFR of a galaxy. This information, coupled with the fact
that β provides the direction of motion of a galaxy in the FP
space, gives this parameter the status of a quantitative proxy of
galaxy evolution.

Scatter around the FP. Figure 19 shows the scatter ∆
around the FP against β for objects of different masses at
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Fig. 10. The FP edge-on and its projections for galaxies with masses greater than log(Ms/M⊙) > 7. Left Panel: the sample at z=0 for WINGS
(black dots), Illustris-1 (red dots) and Illustris TNG (blue dots) and β in the interval −5 < β < 0. Right Panel: the same as in the left panel but for
50 < β < 200.

Fig. 11. The β − Ie relation for the Illustris-1 galaxies at four different
redshift. Note the progressive increase of β and the average decrease of
Ie when z=0 is approached.

different redshifts. The figure displays two groups of sixteen
panels. The group at the left side shows the case of the Illustris-1
model galaxies, while the group at the right side does the same
for the IllustrisTNG-100 data. In each panel is indicated the
low mass limit of galaxies and the redshifts (z= 0, 1, 2, and 4).
The red areas visualize the spread while the horizontal, black,
solid lines show the mean scatter. In both groups, the spread of

Fig. 12. The quantity 1−2A′/A versus log(Ms). The less massive galax-
ies progressively deviate from the "full virialization" condition.

β increases with redshift. Furthermore, while at z=4 only small
values of β are possible, at z=0 both large positive and negative
values of β exist. The mean scatter around the plane does not
change very much in all the redshift. In any case, examining the
data and results shown in this figure, one should always remind
that the number of massive galaxies becomes smaller going
toward high redshifts.

Concluding this section, we can say that the classical FP is
far from being the universal planar distribution valid for all stel-
lar systems. The distribution of galaxies in the FP-space changes
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Fig. 13. The FP edge-on and its projections for galaxies with masses greater than log Ms/M⊙ > 10. Left Panel: the sample at z=0 for WINGS
(black dots), Illustris-1 (red dots) and Illustris TNG (blue dots) and β in the interval 5 < β < 10. Right Panel: the same as in the left panel but for
−20β < −10.

Fig. 14. The FP edge-on and its projections for galaxies with masses greater than log Ms/M⊙ > 10. Left Panel: the sample at z=0 for WINGS
(black dots), Illustris-1 (red dots) and Illustris TNG (blue dots) and β in the interval −10 < β < −5. Right Panel: the same as in the left panel but
for −5β < 5.

when objects with different physical conditions and evolution
(star formation, mergers, etc.) are taken into account. Each ob-
ject has its own peculiar position in the FP-space and its projec-
tion planes according to its peculiar history of mass accretion,
star formation, and luminosity evolution. The effects of these
processes are parameterized by the value of β (and L′

0
).

The old idea of a universal FP is approximately true for the
distribution of the large and massive ETGs, objects that are well

virialized and may have large positive and negative values of β.
The fit of these galaxies in the FP-space does not coincide how-
ever with the expectation of the theoretical virial plane, because
the fit only gives a sort of average value of the possible values
of β (see D’Onofrio et al. 2017, for more details). The light-
measured structural parameters do not match the mass-derived
parameters.
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Fig. 15. The FP edge-on and its projections at z=0. Left Panel: the sample of WINGS at z=0 (black symbols), and the samples of Illustris-1 (red
symbols) and Illustris TNG (blue symbols) at z=0. All galaxies with mass log(Ms/M⊙) > 7 and β > 0 are considered. Right Panel: the same as in
the left panel but for β < 0; galaxies are indicated by open squares with the same color code.

Fig. 16. The FP edge-on and its projections at z=1. Left Panel: the sample of WINGS at z=0 (black symbols), and the samples of Illustris-1 (red
symbols) and Illustris TNG (blue symbols) at z=1. All galaxies with mass log(Ms/M⊙) > 7 and β > 0 are considered. Right Panel: the same as in
the left panel but for β < 0; galaxies are indicated by open squares with the same color code.

The Illustris galaxy models suggest that at each redshift a
nearly flat distribution in the FP-space is observed for the galax-
ies in all mass intervals. In the present framework this simply re-
flects the fact that the global structural parameters of galaxies are
not so far from those achieved by galaxies when the perfect virial
equilibrium is reached. The real situation is that galaxies con-
tinuously move in the FP-space because of mass accretion, star
formation and luminosity evolution, but the mechanical equilib-
rium is not very far. The β parameter helps us to have an idea of
the effects of such evolution (D’Onofrio & Chiosi 2023a).

While the high massive galaxies always follow the classical
FP (they are in general very close to the virialization and have
large β values, either positive and negative), the smaller galaxies,
easily deviate from the ideal virial condition, being their struc-
tural parameters strongly affected by feedback effects, mergers
and all the other possible physical mechanisms at play during
evolution. The most sensible parameter is the effective surface
brightness Ie that easily may induce a strong rotation of the FP
via its coefficient b. Dwarfs might have very different Ie and thus
easily change their position in the FP-space.
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Fig. 17. The FP edge-on and its projections at z=4. Left Panel: the sample of WINGS (black symbols) at z=0, and the samples of Illustris-1 (red
symbols) and Illustris TNG (blue symbols) at z=4. All galaxies with mass log(Ms/M⊙) > 7 and β > 0 are considered. Right Panel: the same as in
the left panel but for β < 0; galaxies are indicated by open squares with the same color code.

Fig. 18. The Main Sequence (MS) relation at z=0 for the Illustris-1
galaxies. The different colors of the dots mark the different intervals
of β (listed in the figure). The upper panel considers only the positive
values of β, while the bottom panel the negative ones. The black solid
line is the fit of the data as proposed by Popesso et al. (2023).

7. The FP-space and the SFR

In this section we tried to understand whether star formation can
influence the distribution of galaxies in the FP-space. The SFR
of the real WINGS galaxies was measured by Fritz et al. (2007)
and it refers to stellar activity that occurred in the last 20 Myrs.

For Illustris-1 and IllustrisTNG-100 we used the SFRs provided
by the libraries of model galaxies.

Figure 20 shows the FP-space for galaxies of all possible βs
(−1000 < β < 1000) and different SFRs. The SFR is measured
in M⊙/yr. The organization of the figure is similar to those al-
ready adopted in previous sections. The low mass limit of galax-
ies is log(Ms/M⊙) = 7 and the redshift is z=0. The left panels
are for SFRs in the interval 0 to 1 M⊙/yr, while in the right pan-
els the SFR is between 1 to 5 M⊙/yr. We note that at z=0 when
the SFR increases (SFR > 1 M⊙/yr), the upward extension char-
acteristic of the small model galaxies disappears and only few
objects with high mass are visible in the FP-space. This is a se-
lection effect due to the small number of galaxies with high SFR
at z=0. Only the galaxies with large masses have the possibility
of reach SFR>1 M⊙/yr. Note that few dwarf galaxies with large
Ie and SFR>1 M⊙/yr are still visible below the plane of the large
mass galaxies. Most likely, these objects have experienced recent
bursts of star formation or mergers or both that have increased
the luminosity and the effective surface brightness.

In Fig. 21 we restrict the interval of β to −10 < β < 10.
The figure has the same layout of Fig. 20. Also here we note
that when the SFR<1 M⊙/yr all possible masses (> 107M⊙) are
present, while when the SFR>1 M⊙/yr only galaxies with high
mass are visible. Once more, we note that in general the star
forming galaxies are situated along the FP and not far from this.

Going to higher redshifts this behaviour does not change. At
any epoch the galaxies with the lowest SFR are those forming
the upward tail above the edge-on FP, while those with highest
SFR fall in general below the plane.

In analogy to what already found and commented for the dis-
tribution of galaxies in the FP and its projections at varying the
parameter β, choosing the galaxy sample on the basis of the mea-
sured SFR generates different distributions of galaxies in the FP-
space. Our conclusion here is that the FP and its projections are
good indicators of the evolutionary conditions of galaxies.
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Fig. 19. The scatter around the FP as a function of the β parameter for different intervals of mass and at different redshift epochs. Left Panel: the
Illustris-1 data. Right Panel: the IllustrisTNG-100 data. In the panels the redshft increases from the top to the bottom, while the low mass limit of
galaxies decreases from left to right. The red little squares show the scatter around the FP, while the solid lines show the mean value of it.

Fig. 20. The FP-space distribution of galaxies with different star formation rates (SFR) in units of M⊙/yr and any value of β in the interval
−1000 < β < 1000. Two groups of models characterized by different values of SFR are shown. In each group of panels are shown the FP at top left
plus three projections planes as indicated. The black points are the WINGS data, the red and blue points the Illustris-1 and IllustrisTNG-100 model
galaxies, respectively. The lower mass limit of galaxies is log(Ms/M⊙) = 7). The redshift is z=0. Left Panel: SFR in the range 0 < S FR < 1. Left
Panel: SFR in the range 1 < S FR < 5.

There are two obvious remarks that could be made to the
above analysis and conclusion. The first one is why we did not
follow galaxy by galaxy of the theoretical samples the merger
tree of a candidate galaxy for which the progenitors are known
across the cosmic time (redshift). In such a case, all the physical
variables L, Re, Ie, Ms, σ, β, L′

0
, and SFR would be known (al-

beit at discrete redshifts) so that the position on the FP at that red-
shift would be known. This kind of analysis was already made in
D’Onofrio & Chiosi (2023b), however limited to a small number
of objects (about ten) taken from Illustris-1 sample and limited
to the correlation SFR-β. The result was that β remained small
at all redshifts for most of the objects, with the exception of two
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Fig. 21. The same as in Fig. 20 but for different interval of SFR and β. FP-space distribution for small values of β and different SFRs. Left Panel:
SFR in the range 0 < S FR < 1 and β in the interval −10 < β < 10. Left Panel: SFR in the range 1 < S FR < 5 and β in the interval −10 < β < 10.

of them in which β got very large (both positive and/or negative)
only at low redshift. As already anticipated, the merger three is
not yet available for the IllustrisTNG-100 suite of models to our
disposal (work is in progress). To cope with this, in the present
study, we adopted a different strategy, that is to use all the ob-
jects contained in the samples at each redshift, to select them
according to the mass, SFR, and β, and to plot the filtered ob-
jects on the FP at the redshft under consideration. In such a case,
the simulations show that models with different SFR and β oc-
cupy different regions of the FP. In this sense β is a tracer of the
mean SFR history in galaxies of a certain mass. The SFR history
is traced on statistical sense and not object by object.

The second objection, is that the SFR taken from the simula-
tion catalogs is an instantaneous measure of the SFR. If the SFH
is bursty because of the mergers, there is no reason to believe
that this value should be related to the structural properties of
the galaxies, especially at high redshifts when mergers are likely
more frequent. Although this objection sounds correct, it is ill
posed and may arise misunderstanding. A merger of two galax-
ies of given mass may cause star formation in addition to that
already taking place in a galaxy due to internal reasons (induced
versus spontaneous star formation). The induced star formation
can be parametrized by two timescales and a specific intensity.
The first timescale is the duration of a merger (the SF trigger),
this time is of the order of the dynamical timescale, or the cross-
ing time scale, or the free-fall time scale. Current estimates set
this timescale at about a few 108 years. Compared to the typical
evolutionary timescales of stellar populations in a galaxy, it can
be neglected, The star formation trigger can be considered as an
instantaneous event. The second timescale is the time required to
evolve the burst down to the typical age of the background stars
already in situ. This can be estimated to be about 1 Gyr (i.e. the
lifetime to pass from a turnoff mass of 20 M⊙ to a turnoff mass
of about 1.5 M⊙). Finally, we have the intensity of the burst that
can be measured by the amount of gas mass converted into stars.
Since a burst of star formation is ultimately detected and mea-

sured by the variation (increase) of the luminosity of the galaxy,
it is important to know how the total luminosity of a galaxy re-
sulting from a merger varies as a function of time. The key quan-
tity to look at is the luminosity per unit mass of a generic event
of star formation: this luminosity decreases with increasing time,
it may vary by a factor of thousand over the timescale of about
1 Gyr (see above). The fading rate of a star formation event is
very rapid at the beginning and it slows down as it gets older.
Chiosi et al. (2023) and D’Onofrio & Chiosi (2023b) have de-
veloped a simple model providing the correct final variation in
the luminosity caused by a typical merger. In brief, a merger with
induced star formation is thought of as three-players game the
two merging galaxies of mass and luminosity M1 and L1(t) and
M2 and L2(t), respectively, plus the newly born star with mass
and luminosity M3 and L3(t). The total mass and luminosity are
M =

∑

M j and L(t) =
∑

j L j(t) where j = 1, 2, 3. Introducing
the fractionary masses m j and luminosities l j(t), the definition of
which is obvious, the effect of a merger with new star formation
will depend on m j and l j(t). In a typical merger of two objects the
mass ratio is M1 : M2 = 10 : 1 (or higher) while M3/M1 = 0.01
(or smaller). Apart from exceptional circumstances (e.g. very re-
cent merger-burst), the majority of mergers would produce very
little effect of the total luminosity emitted by the complex. The
only case in which a sizable effect on L would be present is a
merger among objects of nearly equal mass (a rare event) or just
an ongoing burst of star formation. The Illustris simulations pro-
vide data at increasing time intervals in general longer than about
1 Gyr, so that it is extremely unlikely to catch a model galaxy at
the peak of the SF burst. In conclusion, the SFR provided by
the model simulation is the value in a situation far from ongo-
ing mergers and/or bursts. In any case, both continuous and/or
bursting SFR change L, Ie, M, Re and σ, and in turn β and L′

0
and

therefore the position of the galaxy on the FP. In other words, the
position of a galaxy on the FP can hint the value of the underly-
ing β and SFR.
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8. The robustness of the β parameter

We established that the β parameter is a reliable indicator of a
galaxy’s historical star formation and evolutionary trajectory. A
value of β near zero suggests that the galaxy is significantly far
from full virial equilibrium. This can be attributed to various fac-
tors such as AGN or SNe feedback effects, galaxy interactions,
mergers, or environmental influences.

On the contrary, both large positive and negative values of β
imply that the galaxy is much closer to full virial equilibrium,
indicating that evolutionary effects play a less significant role.

This leads us to rise question of the robustness of the β pa-
rameter obtained from the solution of the fundamental equa-
tions of the VT and the L = L′

0
(t)σβ(t) of appendix A (see also

D’Onofrio & Chiosi 2023a, for more details): We developed two
distinct methods to estimate the uncertainty associated with β.

In the first approach, we introduced random errors in each
of the parameters in eqns. (A.12) and (A.12), ranging from ap-
proximately 0% to 20%. The mathematical details on the ran-
dom perturbation of the input parameters of observed galaxies
(WINGS data, 479 objects) are given is the appendix B. Using
this technique we generated 200 simulations with these varying
errors, and obtained the number frequency distribution of the β
parameter, along with its average value and standard deviation.
The results are shown in Fig. 22 which presents the histogram
of the expected percentage change of β due to the introduction
of these errors (the solid the black line). It is soon evident that β
can fluctuate within approximately a 10% interval in both pos-
itive and negative directions, with a mean variation of around
−2%.

The blue and green lines in the same Fig. 22 shows the re-
sults of our second method, which assesses potential variations
of β due to errors in the structural parameters. This method re-
lies on the error propagation theory and requires the calculation
of the partial derivatives of the formal relationships for β and
log L′

0
with respect to the parameters Ms, Re, L, Ie and σ recall-

ing that all other parameters L, Re and Ie are each other related
by the definition of Ie ∝ L/Re2 and Ms, Re and σ are related by
the VT. The methods requires also the calculations of variances
and co-variances. All details of the errors evaluation, analytical
passages, and calculations are provided in the appendix B. Two
cases are considered for the random error distribution. In the first
case we adopt a Gaussian random distribution mimicking the
PSF of the photometry (blue solid line in Fig. 22). In the sec-
ond case, we adopt a flat random distribution of the uncertainties
affecting the observational parameters (green histogram in Fig.
22). See the Appendix B for all details. The agreement between
data and simulations is fairly good. Notably the gaussian and flat
cases give approximately the same uncertainties.

Figure 23 highlights the expected mutual correlations among
these derivatives. The high correlation is a consequence of these
derivatives being linear combinations of the various structural
parameters. Furthermore, while the absolute values of these
derivatives are high, they tend to cancel each other out, resulting
in a percentage variation in β that closely follows the simulation-
based results. This secures that the expected percentage frequen-
cies of the values for β are on solid ground.

9. Discussion and conclusions

In this study we investigated the evolution of the Fundamen-
tal Plane and its projections on the Ie-Re, Ie-σ, and Re-σ
planes across cosmic times (redshifts). The analysis has used the
Illustris-1 and IllustrisTNG-100 libraries together with the ob-

Fig. 22. The percentage change of the β parameter. The black histogram
shows the results of our Montecarlo simulations of the errors affect-
ing the observational parameters (Ms, L, Re, σ, Ie and their effects on
log L′

0
and β). The blue histogram shows the variations with the ana-

lytical method and Gaussian random distribution of the uncertainties
affecting the characterizing parameters of each galaxy that is described
in Appendix B obtained from the calculus of the derivatives. The green
histogram shows the results obtained using the analytical method with
the flat random distribution of uncertainties (see also Appendix B).

Fig. 23. The mutual dependence of the derivatives of β with respect to
all the structural parameters.

servational WINGS data of real ETGs for comparison. Finally,
the observational and theoretical data L, Re, Ms, Ie and σ have
been used to derive the theoretical parameters that encode the
past evolution of a galaxy, namely L′

0
and β that are derived

from coupling the VT with the generalised luminosity-σ rela-
tion L = L′

0
(t)σβ(t).

Before passing to conclusions, we call attention on a few
points of this study that could be subject to criticism:
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i) In real galaxies, the light emitted by their stellar popula-
tions can be attenuated by the dust component of the their gas
content. The same may happen to the light emitted by galaxies
traveling across the cosmic medium toward the observer. In other
words, internal and external dust can attenuate the light emitted
by a galaxy thus affecting the luminosity and all other variables
that are luminosity dependent (i.e. Ie, Re, Ms, SFR, etc.) thus af-
fecting the determination of the FP and β in turn. Unfortunately,
the current observational and theoretical data do not take dust
into account. This indeed is a point of uncertainty that cannot be
easily cured at the present time.

ii) The observational data we are using to compare our theo-
retical predictions are somewhat old and limited to redshift z ≃0.
In literature, there are observational data exploring the FP at
z>0 that could be used in our analysis, see for instance Lu et al.
(2020), de Graaff et al. (2021a, LEGA-C Survey), Sánchez et al.
(2022, SDSS-IV MaNGA), van de Sande et al. (2013), and
Stockmann et al. (2020). However, in this paper, first we used
the WINGS data for the sake of continuity with previous papers
of this series, second a tight comparison with observational data
at all redshifts was somehow beyond our aims as the main fo-
cus was to highlight the potential ability of the β-L′

0
method in

tracing the SFR history of galaxies.
iii) To derive β and L′

0
for the Illustris-1 and IllustrisTNG-

100 simulations, we kept the virial factor kv constant; see the
equation of appendix A. This quantity depends on the Sersic in-
dex n that is not given in the Illustris-1 and IllustrisTNG-100
databases. Considering the typical range spanned by the Sersic
index in real galaxies we have taken the mean value of n = 4. The
maximum uncertainty introduced by kv is about 0.5 in log units.
In any case uncertainties of this order on β are not enough to
explain the large range of values spanned by β. Furthermore, the
analysis of the uncertainties on β and L′

0
caused by uncertainties

on all other parameters (L, Ie, Re, etc.) shows that the overall ef-
fects on β is rather small. Therefore, the large dispersion shown
by β ought to be real and due to physical causes (Ie is likely the
main driver).

Given these premises, the main results of this study can be
summarized as follows:

1. At any cosmic time there is a plane best fitting the distribu-
tion of galaxies in the FP-space;

2. The best fitting plane, i.e. the FP, is not the same for galaxies
of different masses: low mass galaxies do not share the same
plane of massive galaxies;

3. The coefficients of the best fitting plane, i.e. the FP, change
with the mass of the considered objects and the redshift;

4. The best fitting plane obtained at each epoch is the FP hold-
ing at that epoch, the analog of the FP plane inferred from
objects at z=0;

5. The scatter around the FP is approximately the same for both
simulations and does not change significantly with the cos-
mic epoch;

6. The scatter around the plane of the large massive galaxies is
in general smaller than the scatter of the smaller low mass
galaxies;

7. The distribution of galaxies in the FP-space changes with the
mass of the galaxies considered and with the values of β, the
parameter that gives a quantitative idea of the evolutionary
stage and physical condition reached by a galaxy.

8. There is a tight correlation between the rate of star formation
and the existence and position of galaxies in the edge-on FP.
When the star formation is low (roughly lower than 1 M⊙/yr)
galaxies of any mass (above log(Ms/M⊙) < 7) are visible in

the FP-space, while for S FR > 1 M⊙/yr only the massive
galaxies are visible along the edge-on FP. In any case, the
scatter around the plane is small.

9. About 50% of galaxies in the sample have the β parameter
confined in the interval −20 < β < 20, all the rest falls out-
side this range (on both positive and negative side). Since
galaxies are supposed to be in perfect virial equilibrium (i.e.
their Ie, Re, L, MS are compatible with the velocity disper-
sion), they should have very large values of ±|β|. Our results
suggest instead that this fraction of objects is still far from
such condition. Since the classical mechanical equilibrium
expressed by the VT is likely secured for most of time, this
implies that the variations in luminosity (and hence Ie) that
follow recent episodes of star formation (in which Ms and
likely Re have also changed) are still on the way back to re-
cover the equilibrium condition. In other words the velocity
dispersion derived from the combination of the photometric
parameters is not exactly equal to the value derived from the
Virial Theorem.

10. Full understanding of the relationship between L′
0
, β, and

fundamental physical phenomena taking place in a galaxy,
e.g. mergers, star formation both spontaneous and induced,
natural evolution of the stellar content, and others is still
missing despite the many available hints. In brief we know
that: (i) β depends on the galaxy mass and evolutionary sta-
tus; (ii) β spans an ample range of values going from say
-1000 to +1000, preference goes to the interval -20 to 20;
(iii) The variation of β among galaxies is mirrored by their
position on the FP. In general the position of galaxies with
β < 0 is different from those with β > 0 (this is in gen-
eral true at all redshifts); (iv) Furthermore, also the relation
between the value of β (sign and absolute value) and posi-
tion on the FP seems to change with the redshift; (v) More
precisely, typically β ≃ 0 at high redshift (z=4) nearly all
over the range of Ie, there is an important tail toward large
positive beta for log Ie > 2 at z=2; there is a growth of the
positive tail and onset of an important tail of large negative
values for log Ie > 1.5 at z=1; finally, we note an impor-
tant tails of negative and positive values of β all over the
range of log Ie from 0 to 3 at z=0. (vi) β is strongly related
to the star formation rate; (vii) Last, in a galaxy the value of
β expressed by its stellar content, mass, radius, etc. should
also change with time as indicated by simple galaxy models
(D’Onofrio & Chiosi 2022, 2023a,b); (viii) Finally, the spe-
cific intensity Ie seems to drive the value of β. Despite all
these hints, clear understanding of the rules determining the
value of β (and L′

0
in turn) is still missing. Work is progress

to hit the target.

In conclusion, large scale cosmological simulations of
galaxy formation in hierarchical scheme indicate that galaxies
at any epoch are quite close to the mechanical equilibrium and
distribute on a nearly planar surface in the FP-space. This surface
is well approximated by a plane when the galaxy sample satisfy
the condition of “full virialization”, that in general is achieved
by the massive galaxies at the present epoch.

The variation of the FP-space with redshift and with the β
parameter gives to these scaling relations the role of cosmologi-
cal tools. Indeed, the peculiar distributions of galaxies observed
at any epoch in this space might now be linked with the physical
mechanisms affecting galaxies in their evolution.
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Appendix A: The basic equations of the new theory

It may be useful to refresh here the formalism and key
results reached by D’Onofrio et al. (2017, 2019, 2020) and
D’Onofrio & Chiosi (2021, 2022, 2023a,b). In the following we
drop the explicit notation of time dependence for the sake of sim-
plicity. The two equations representing the VT and the L = L′

0
σβ

law are:

σ2 =
G

kv

Ms

Re

(A.1)

σβ =
L

L′
0

=
2πIeR

2
e

L′
0

. (A.2)

The first equation is the Virial Theorem, where G is the grav-
itational constant, and kv a term that gives the degree of struc-
tural and dynamical non-homology. The presence of kv allows
us to write Ms (stellar mass) instead of the total mass MT . kv is a
function of the Sérsic index n, that is kv = ((73.32/(10.465+ (n−
0.94)2)) + 0.954)) (see Bertin et al. 1992; D’Onofrio et al. 2008,
for all details). In the two equations, all other symbols have their
usual meaning. In these equations, β and L′

0
are time-dependent

parameters that depend on the peculiar history of each object.
Slopes of some basic FP-projections. From these equations

one can derive all the mutual relationships existing among the
parameters Ms, Re, L, Ie, σ characterizing a galaxy. We find:
(i) The Ie − Re plane:

Ie = ΠR
γ
e (A.3)

where

γ =
(2/β) − (1/2)

(1/2) − (1/β)

and Π is a factor that depends on kv, M/L, β, and L′
0
. It is given

by

Π =















(

2π

L′
0

)1/β (
L

Ms

)(1/2) (
kv

2πG

)(1/2)














1
1/2−1/β

.

(ii) The Ie − σ relation:

Ie =

[

G

kv

L′
0

2π
MsΠ

3/γ

]

β−2

1+3/γ

σ
β−2

1+3/γ . (A.4)

(iii) The Re − σ relation:

Re =

[

G

kv

L′
0

2π

Ms

Π

]

σ
β−2

3+γ . (A.5)

(iv) The Re-Ms relation:

Re =

[

(
G

kv

)β/2
L′

0

2π

1

Π

]

2(β−2)

β2−6β+12

M

β2−2β

β2−6β+12

s . (A.6)

It is important to note that in all these relationships the slopes
depend only on β. This means that when a galaxy changes its lu-
minosity L, and velocity dispersion σ, and has a given value of β
(either positive or negative), the effects of this change in the L−σ
plane are propagated in all other projections of the FP-space. In

these planes the galaxies cannot move in whatever directions, but
are forced to move only along the directions (slopes) predicted
by the β parameter in the above equations. In this sense the β
parameter is the link we are looking for between the FP and the
observed distributions in the FP projections.

The individual FP of galaxies. In addition, the combination of
eqs. (A.2) gives us another important equation. It is now possible
to write a FP-like equation valid for each galaxy and depending
on the parameters β and L′

0
:

log Re = a logσ + b < µ >e +c (A.7)

where < µe > is the mean surface brightness < Ie > expressed in
magnitudes and the coefficients:

a = (2 + β)/3 (A.8)

b = 0.26

c = −10.0432+ 0.333 ∗ (− log(G/kv) − log(M/L)

−2 ∗ log(2π) − log(L′0))

are written in terms of β and L′
0
. We note that this is the equa-

tion of a plane whose slope depends on β and the zero-point on
L′

0
. The similarity with the FP equation is clear. The novelty is

that the FP is an equation derived from the fit of a distribution
of real objects, while here each galaxy independently follows an
equation formally identical to the classical FP, but of profoundly
different physical meaning. In this case, since β and L′

0
are time

dependent, the equation represents the instantaneous plane on
which a generic galaxy is located in the FP-space and conse-
quently in all its projections.

The solution for β and L′
0
. Finally, the equation system (A.2)

allows us to determine the values of β and L′
0
, the two basic evo-

lutionary parameters. Let us write the above equations in the fol-
lowing way:

β[log(Ie) + log(G/kv) + log(Ms/L) + log(2π) + log(Re)] + (A.9)

+2 log(L′0) − 2 log(2π) − 4 log(Re) = 0

β log(σ) + log(L′0) + 2 log(σ) + log(kv/G) − log(Ms) +(A.10)

− log(2π) − log(Ie) − log(Re) = 0.

Posing now:

A = log(Ie) + log(G/kv) + log(Ms/L) + log(2π) + (A.11)

log(Re)

B = −2 log(2π) − 4 log(Re)

A′ = log(σ)

B′ = 2 log(σ) − log(G/kv) − log(Ms) − log(2π) −
log(Ie) − log(Re)

we obtain the following system:

Aβ + 2 log(L′0) + B = 0 (A.12)

A′β + log(L′0) + B′ = 0 (A.13)

with solutions:
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β =
−2 log(L′

0
) − B

A
(A.14)

log(L′0) =
A′B/A − B′

1 − 2A′/A
. (A.15)

The key result is that the parameters L, Ms, Re, Ie and σ of a
galaxy fully determine its evolution in FP-space that is encoded
in the parameters β and L′

0
. Given this premise, we proceed now

to show the basic scale relationships at increasing redshift, that
is at decreasing time.

Appendix B: The errors of β

Appendix B.1: Useful definitions

Suppose we have a sample on Nmax objects (galaxies), each of
which is characterized by the following parameters: luminosity
L in some passbands and solar units, stellar mass Ms in solar
units, effective radius Re in kpc or pc, velocity dispersion σ in
km/s, and specific intensity Ie = L/2πR2

e (where by convention
Re is expressed in pc).

First of all, for the sake of convenience, all these parameters
are expressed in logarithmic form and in order to simplify the
notation they are replaced by M = log(Ms), R = log(Re), S =
log(σ), L = log(L), I = log(Ie). Finally, a generic object of the
sample is indicated by the index i = 1, 2, ......Nmax.

With the aid of these parameters, the VT yielding the velocity
dispersion as a function of the mass Ms and effective radius Re,
and the relation L = L′

0
σβ, we set up a system of equations, the

solution of which is represented by equation (A.15) and (A.12)
providing the values of β and L′

0
. It is obvious that β and L′

0
vary from galaxy to galaxy, and for each galaxy with time. Fur-
thermore, since the parameters L, Ms, and so forth, are surely
affected by some observational uncertainty, the natural question
arises: “How stable are β and L′

0
? ”. In addition to it, we con-

sidered the characterizing parameters as independent quantities.
However this is not the case, for instance the total luminosity de-
pends on the mass, the determination of the effective radius Re

depends on the luminosity (and mass) profile across the galaxy,
the velocity dispersion σ, derived from the virial theorem, de-
pends on the mass and radius, finally the specific intensity Ie

depends on the luminosity and the radius.

Appendix B.2: Simulations of the errors for the galaxies in
the sample

The Nmax galaxies in the sample have characterizing parameters
L, Ms, Re, σ, Ie whose value has been measured only once and
is surely affected by some uncertainty that is difficult to assess
for each object. To cope with it and be able to apply the error
propagation theory on β and L′

0
of each object, we simulate arti-

ficial errors for each quantity by artificially generating for each
galaxies of the list a number of virtual objects whose parame-
ters have been slightly varied with respect to the original ones
by some random correction in this way mimicking different sets
of measurements. The number of moke measurements is Nerr,
whose value has to be suitably fixed (say around 50). The range
of uncertainty for each value is of the order of 10 to 20% at max-
imum. Since we are using variables expressed in the logarithmic
scale, uncertainties of 10 to 20% correspond to uncertainties of
0.042 to 0.079 in the logarithms, indicated here by θ. Looking at
the mass as an example (we used here the logarithmic variables

in compact notation), the procedure is a follows: given any mass
M0 this is perturbed by ∆M, M = M0 + ∆M so that

M = M0 + ∆M = M0 + (R − 0.5)θ (B.1)

whereR is a random number from 0 to 1, and θ the adopted max-
imum uncertainty. In this way the correction ∆M can be positive
or negative and the total maximum range for ∆ is ±θM0. The
same procedure is repeated for R and L. Recalling that the ve-
locity dispersion is derived from the VT and the specific lumi-
nosity Ie ∝ L/R2

e (the variables are correlated each others), we
can simply write

∆S = (∆M − ∆R)/2 and ∆I = ∆L − 2∆R (B.2)

With new perturbed values we calculate log L′
0

and β. The same
procedure is repeated a number of times (Nerr) for each galaxy
of the sample and for all galaxies of the list. The resulting fre-
quency (or percentage) distribution of the β′s was already shown
in Fig.22.

Another alternative formulation for the errors affecting the
parameters is a gaussian distribution mimicking the mathemati-
cal behaviour of the point spread function (PSF) used to measure
the luminosity profile of the source galaxy out of which the other
variables Re and Ms are derived. To this aim we adopt

F(x) =
1

σ
√

2π
exp[− (x − µ)2

2σ2
] (B.3)

where F(x) is the normalized distribution relative to the expected
ideal case µ and σ the standard deviation (although the same
symbol is used, it should not be mistaken with the velocity dis-
persion), and finally x is the distance both positive or negative
with respect to the position of the maximum of F(x). In our case,
the obvious choice for µ and σ are µ = 0 and σ ≃ θ. In order to
take the observational uncertainty into account, σ ≃ 0.5 or 0.1.
With these choices F(x) ≃ 0 at x = ±0.5 (actually it is zero also
at smaller values of x. Any contribution beyond these limits can
be ignored for practical purposes. Therefore, the range of interest
is −0.5 ≤ x ≤ 0.5. The maximum F(x) for x = 0 is F(0) = 1

σ
√

2π
.

To determine x, we start from the relation

x = (R − 0.5)

where R is the random number in the interval 0 to 1, derive F(x),
use the assigned difference F(0) − F(x) divided by F(0) as the
fraction at uncertainty with respect to its maximum value θ, and
finally multiply all this by θ to get the real uncertainty at x. Again
taking the mass as an example, we alter its value (in logarithmic
scale) as follows

M = M0 + ∆M = M0 +
x

|x| ×
(

(F(0) − F(x′)

F(0)

)

× θ (B.4)

the uncertainty increases going toward the edges of the interval
permitted to x and is zero at the center of the gaussian distri-
bution. The definition of ∆M is straightforward. The same pro-
cedure is repeated for R and L. Also here, uncertainties for the
velocity dispersion sigma ∆S and the specific intensity ∆I are
derived from ∆M, ∆R and ∆L. Finally, the whole procedure is
repeated a number of times (Nerr) for each galaxy of the sample
and for all galaxies of the list.
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Appendix B.3: Elements of the error propagation theory

Let start defining the following auxiliary quantities:
(1) SL =

∑

i Li, SM =
∑

i Mi, SR =
∑

i Ri, Sσ =
∑

i σi, and
SI =

∑

i Ii, where i = 1, 2, ......Nerr;

(2) SSL =
∑

i(Li)
2, SSM =

∑

i(Mi)
2, SSR =

∑

i(Ri)
2,

SSσ =
∑

i(σi)
2, SSI =

∑

i(Ii)
2, where i = 1, 2, ......Nerr;

(3) SSSML =
∑

i(Mi × Li), SSSMR =
∑

i(Mi × Ri),
SSSMS =

∑

i(Mi × S i), SSSMI =
∑

i(Mi × Ii),
SSSLR =

∑

i(Li×Ri),SSSLS =
∑

i(Li×S i), SSSLI =
∑

i(Li×Ii),
SSSRS =

∑

i(Ri×S i), SSSRI =
∑

i(Ri× Ii), SSSS I =
∑

i(S i× Ii),
where i = 1, 2, ......Nerr;

(4) Averages: ML =
∑

i Li/Nerr = SSL/Nerr,
MM =

∑

i Mi/Nerr = SSM/Nerr,MR =
∑

i Ri/Nerr = SSR/Nerr,
MS =

∑

i S i/Nerr = SSS /Nerr, and MI =
∑

i Mi/Nerr =

SSI/Nerr, where i = 1, 2, ......Nerr;

(5) Variances: VAL = SSL/Nerr −ML, VAM = SSM/Nerr −
MM , VAR = SSR/Nerr − MR, VAS = SSS /Nerr − MS , and
VAI = SSI/Nerr −MI;

(6) Co-variances: CVML = SSSML/Nerr − MM × ML,
CVMR = SSSMR/Nerr − MM × MR, CVMS = SSSMS /Nerr −
MM × MS , CVMI = SSSMI/Nerr − MM × MI , CVLR =

SSSLR/Nerr − ML × MR, CVLS = SSSLS /Nerr − ML × MS ,
CVLI = SSSLI/Nerr −ML ×MI , CVRS = SSSRS /Nerr −MR ×
MS , CVRI = SSSRI/Nerr − MR × MI , CVS I = SSSS I/Nerr −
MS ×MI .

Appendix B.4: Derivatives of β and log(L′
0
) with respect to

the parameters Ms, L, Ie, Re, and σ

We start from relations (A.15) and (A.12), however recast in the
compact notation keeping the same units, and in which we have
introduced ca = log(G/kv), cb = log(2π), and cd = ca + cb.
For the purposes of this analysis we keep constant the structural
parameter kv. Relations (A.15) and (A.12) become

log(L′0) = [(−4R − 2cb)S − (I + M − L + R + cd) ×
(2S − M − I − R − cd)]/

[(I + M − L + R + cd) − 2S ] (B.5)

β = [1/(I + M − L + R + cd)] ×
{[2(4R + 2cb)S + 2(I + M − L + R + cd) ×
(2S − M − I − R − cd)]/

[(I + M − L + R + cd) − 2S ] + (2cb + 4R)} (B.6)

Secondly, we calculate the partial derivatives of log(L′
0
) and β

with respect to log(Ms), log(Re), log(σ), log(L), and log(Ie), us-
ing the same compact notation. The derivatives are

∂ log L′
0

∂M
= (2cbS + c2

d + 2cd(M + R − 2S − L + I) +

M2 + 2M(R − 2S − L + I) + R2 − 2RL + 2RI +

4S 2 + 2S L − 4S I + L2 − 2LI + I2)/

(cd + M + R − 2S − L + I)2 (B.7)

∂ log L′
0

∂R
= (2cbS + c2

d + 2cd(M + R − 4S − L + I) +

M2 + 2M(R − 4S − L + I) + R2 − 4RS − 2RL +

2RI + 12S 2 + 6S L − 8S I + L2 − 2LI + I2)/

(cd + M + R − 2S − L + I)2 (B.8)

∂ log L′
0

∂S
= −(2(cb + 2R − L)(cd + M + R − L + I))/

(cd + M + R − 2S − L + I)2 (B.9)

∂ log L′
0

∂L
= (2S (−cb + cd + M − R − 2S + I))/

(cd + M + R − 2S − L + I)2 (B.10)

∂ log L′
0

∂I
= (2cbS + c2

d + 2cd(M + R − 2S − L + I) +

M2 + 2M(R − 2S − L + I) + R2 − 2RL + 2RI +

4S 2 + 2S L − 4S I + L2 − 2LI + I2)/

(cd + M + R − 2S − L + I)2 (B.11)

and

∂β

∂M
= −(2(cb + 2R − L))/(cd + M + R − 2S − L + I)2 (B.12)

∂β

∂R
= −(2(cb − 2cd − 2M + 4S + L − 2I))/

(cd + M + R − 2S − L + I)2 (B.13)

∂β

∂S
= (4(cb + 2R − L))/(cd + M + R − 2S − L + I)2 (B.14)

∂β

∂L
= −(2(−cb + cd + M − R − 2S + I))/

(cd + M + R − 2S − L + I)2 (B.15)

∂β

∂I
= −(2(cb + 2R − L))/(cd + M + R − 2S − L + I)2 (B.16)

Although it is not indicated in the notation, each partial
derivative with respect to some variable is calculated keeping
constant all other variables. The total variations of log L′

0
and β

are expressed by

∆ log L′0 = (
∂ log L′

0

∂M
)∆M + (

∂ log L′
0

∂R
)∆R + (

∂ log L′
0

∂S
)∆S +

(
∂ log L′

0

∂L
)∆L + (

∂ log L′
0

∂I
)∆I (B.17)
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∆β = (
∂β

∂M
)∆M + (

∂β

∂R
)∆R + (

∂β

∂S
)∆S +

(
∂β

∂L
)∆L + (

∂β

∂I
)∆I (B.18)

These relations are derived for each object of the sample (i =
1, 2, .....Nmax), and for each object i for all perturbations of its
parameter set to simulate the uncertainty ( j = 1, 2, ....Nerr),

Particular care is paid to evaluate the variations ∆M, ∆L, ∆R,
∆S , and ∆ to be inserted in relations (B.17 and (B.18). Since they
all are written in logarithmic scale, their absolute value cannot
be larger than the uncertain θ = 0.04. In reality it can be signifi-
cantly smaller than this, depending on the method used to perturb
the original values, either uniform-random or gaussian-random
distributions.

Appendix B.5: Variance and co-variance of log L′
0

and β

If for the same galaxy we had many measurements of their char-
acterizing parameters and an estimate of their errors, we could
apply the technique of variances and covariances for correlated
variables and obtain an estimate of the propagation of errors on
L′

0
and β, the target quantities of our analyses. To this aim we

introduced the simulations of errors affecting the parameters (M,
L, R, S, I, compact notation is used) and derived the associated
variances and co-variances for each characterizing parameter of
each object in the sample. Thanks to it variance and co-variances
of log L′

0
and β of each galaxy and its simulations can be calcu-

lated. They are

(VAlog L′
0
)2 =

∑

J

(
∂ log L′

0

∂J
)2VAJ +

+2
∑

J,K

(
∂ log L′

0

∂J
)(
∂ log L′

0

∂K
)CVJ,K (B.19)

(VAβ)
2 =

∑

J

(
∂β

∂J
)2VAJ +

+2
∑

J,K

(
∂β

∂J
)(
∂β

∂K
)CVJ,K (B.20)

where J = M, L,R, S , I and K = M, L,R, S , I, J , K, all terms
with J,K and K, J are equal and must counted only once. The
terms VAM , VAL, VAR, VAS , VAI are the variances, and CVML,
CVMR, CVMS , CVMI , CVLR, CVLS , CVLI , CVRS , CVRI , CVS I the
co-variances. Finally,

(VAlog L′
0
) =

√

(VAlog L′
0
)2 and (VAβ) =

√

(VAβ)2

(B.21)

Lastly, the percentage change ∆Π of β and log L′o are given
by

∆Πlog L′
0
=

((abs(∆ log L′
0
+ log L′

0
) − abs(log L′0))

(abs(log′L 0)
100

∆Πβ =
((abs(∆β + β) − abs(β))

(abs(β))
100 (B.22)

Appendix B.6: Summary of the whole procedure

Given a galaxy with characterizing parameters, M = log(Ms),
R = log(Re), S = log(σ), L = log(L), I = log(Ie), we cal-
culate 20 sub-cases whose characterizing parameters are artifi-
cially changed by random amounts always smaller than the esti-
mated maximum uncertainty of 20% or 0.08 in logarithmic scale,
that is ±0.04 the unperturbed values. The generic parameters are
here indicated by X where X stands for M, R, S , L, and I. For
these moked objects we calculate the quantities: mean values
MX = SSX/Nerr , variances VAX = SSX/Nerr − MX , and co-
variances CVXX′ = SSSXX′/Nerr −MX ×M′X , where X′ has the
same meaning of X′, the combinations X , X′ are retained, and
the combinations XX′ = X′X are counted only once. Then we
derived for the original and moked objects the formal solutions
of the system of equations giving log L′

0
and β and their par-

tial derivatives, eqns. (B.7) through eqn.(B.11) and eqns.(B.12)
through (B.16). With the aid of these, we derive the uncertain-
ties affecting log L′

0
and β and the propagation of uncertainties

(errors in the estimates) for correlated variables. Finally, we de-
rive the variances and co-variances of the solutions log L′

0
and β,

eqns (B.21). Lastly, we calculate the percent variations of log L′
0

and β. The results were presented and commented in Sect. 8.
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