Inertia and Activity: Spiral transitions in semi-flexible, self-avoiding polymers
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We consider a two-dimensional, tangentially active, semi-flexible, self-avoiding polymer to find a
dynamical re-entrant transition between motile open chains and spinning achiral spirals with increas-
ing activity. Utilizing probability distributions of the turning number, we ascertain the comparative

I. INTRODUCTION

Active polymers are ubiquitous in biological systems [1].
Biofilaments like microtubules and actin filaments constitute
*the cytoskeleton of the cell, providing its mechanical stabil-
Hity and helping in cell motility and response. On the other
E hand, the main ingredient of chromosomes in the cell nucleus
1 is the semiflexible polymer DNA. These polymers are driven
out of equilibrium by active processes, e.g., treadmilling and
Oactive stress generation by molecular motors in crosslinked
cytoskeletal filaments or the active drive by RNA polymerase
—during DNA transcription. Such active processes involve lo-
cal energy consumption, such as via hydrolysis of ATP or
‘_|GTP, generating directed motion or stress so that equilib-
= rium fluctuation-dissipation relation and detailed balance are
< no longer valid. Another prominent example is bacterial lo-
[N~ comotion, involving the active rotation of flagella [2]. Moti-
LO) vated by such natural examples, a number of reconstituted
\_!or artificial active filament systems have been prepared and
< studied over the last decades [3-8]. One prominent exam-
O ple is molecular motor assay, in which cytoskeletal filaments
<I"move actively under the influence of conjugate molecular mo-
- Ntors attached at one end irreversibly to a substrate, with the
~ other end walking on the filaments [9].
> In micron-sized molecular systems, the typical inertial time
><scale ~ 100ns is much smaller than the typical persistence
time ~ 1s [10], and thus the inertial effect can be ignored.
The microscopic dynamics of cilia or flagella [11-13], actin fil-
aments and microtubules in cytoskeleton [14-16] or artificial
motility assays [17, 18], and in Janus colloid chains [19] are de-
scribable within overdamped motion of active filaments [20-
29]. Cilia-like beating and spiral rotation of overdamped
semiflexible filaments at high enough activity were predicted
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stability of the spiral structure and present a detailed phase diagram within the activity inertia
plane. The onset of spiral formation at low activity levels is governed by a torque balance and is
independent of inertia. At higher activities, however, inertial effects lead to spiral destabilization,
an effect absent in the overdamped limit. We further delineate alterations in size and shape by an-
alyzing the end-to-end distance distribution and the radius of gyration tensor.The Kullback-Leibler
divergence from equilibrium distributions exhibits a non-monotonic relationship with activity, reach-
ing a peak at the most compact spirals characterized by the most persistent spinning. As inertia
increases, this divergence from equilibrium diminishes.

in theoretical studies as observed in earlier motility assay ex-
periments [17, 18, 20, 24, 28, 30-32].

Nonetheless, filamentous objects of macroscopic size, in-
cluding natural examples like millipedes, worms, and snakes
and engineered entities such as granular, robotic, or hexbug
chains, can exhibit significant inertial effects [33-39]. This is
crucial in shaping these systems’ dynamics and steady-state
properties. Recent studies suggest that inertia suppresses
motility-induced phase separation [40, 41] and instability in
active nematics [42] and affects diffusivity, mobility, and ki-
netic temperature in active Brownian particles [43-45]. How-
ever, despite its recognized importance, the role of inertia
in active filament motion is not well-understood, with only
limited studies highlighting differences between inertial and
non-inertial dynamics in flexible chains [46].

In this paper, we carefully study tangentially active semi-
flexible filaments to investigate the impact of inertia on their
conformational states and dynamics. Using extensive numeri-
cal simulations, we obtain a detailed phase diagram as a func-
tion of activity and inertia, identifying the two dynamic and
conformational phases, e.g., the motile open chain (MOC)
and spinning achiral spirals (SAS). We present analytic ar-
guments to describe the observed phase boundaries. In the
MOC state, the filament displays persistent motion, with the
persistence decreasing inversely with activity. In contrast,
the SAS state shows clockwise or counter-clockwise rotation
around the filament’s center of mass. The rotation speed
increases linearly with activity. Our study reveals a remark-
able re-entrant transition for inertial active polymers from
MOC to SAS to MOC with increasing activity, highlighting
the absence of the re-entrance in the overdamped limit.

The rest of the paper is structured as follows. In section II,
we describe the model and the dimensionless control param-
eters. After that, in section III, we present the numerical
analysis and results, scaling arguments, behavior of excess
kurtosis, the unwinding process in the model, and size and
shapes. Finally, section IV summarizes the main results with
concluding remarks.
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II. MODEL

We consider an extensible, semi-flexible, self-avoiding poly-
mer (Fig.1(a)) of N-beads described by monomer positions

ri, ra,.., ry, and bond vectors b; = rip1 — 1 (i =
1,2,..., N — 1) with local tangents t; = b;/|b;|. The chain
connectivity is maintained by a stretching energy,
o N1
- ?6 Z b - TOt ) (1)

i=1

where kg is the spring constant and rg is the equilibrium
bond length. The semi-flexibility is described by the bending
rigidity « and the local bending energy cost
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The self-avoidance is modeled by the short-range Weeks-
Chandler-Anderson (WCA) repulsion between the non-
bonded pairs of monomers i and j,

12 6
1e] (=)= () +1}, for r;; < 21/50,
Ewea(rij) = [ i i * !

0, otherwise,

where € sets the strength of repulsion and o the size of repul-
sive core. The total energy cost & = &5+ &, + Z;; Ewca(rij)
describes the equilibrium semi-flexible polymer, where the
last sum is over all non-bonded pair of monomers.

The activity is implemented via the self-propulsion force
F,, which is expressed in terms of the constant magnitude f,
along the local tangent, such that

N-1 .
= fabi. (4)
=1

This implementation is the same as [20] and differs from [24]
in which the magnitude of the active force depends on the
local bond length.

The dynamics of the filament are described by the under-
damped Langevin equation for each monomer,

mv; = —y(v; — vow;) — Vi& + V2D m;(t), (5)
where v; is the velocity of i-th particle, and u; = (fi,1 +fi)/2
with i = 2,..., N — 1, with the boundary terms u; = t;/2,
uy = EN_1/2. Note that the tangential self-propulsion act-
ing along the bonds leads to this effective active force on
individual monomers. Moreover, the equilibrium diffusion
constant D = kgT/v, and the Gaussian random noise obeys
(n:(t)) = 0 and (n;(t)®n;(0)) = 6;;6(¢)1. In the above equa-
tion, we used f, = yvg with vy denoting the self-propulsion
speed. The length, energy, and time scales are set by o, kT,
and 74 = y02/kgT, the time to diffuse over o. The dynam-
ics is controlled by the microscopic inertial relaxation time

Tm = m/7, and active time 7, = o/vp, which can be ex-
pressed in terms of the following two dimensionless control
parameters

Tm kaT
M = ?d = W, a,nd (6)
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We perform numerical simulations of N = 64 bead chains in
two dimensions (2d) using the velocity-Verlet scheme. We use
€ = kpT and ro = o for simplicity. The choice of spring con-
stant k, = 10kpT/r2, keeps the relative mean-squared fluc-
tuation of bond lengths 1/(6b2) /ro < 4% for a chain of mean
length L = (N —1)rg, where b is the deviation of bond length
from ry. For the worm-like chain model of semiflexible poly-
mers, the equilibrium persistence length ¢, = 2x/kpT in two
dimensions. The persistence parameter v = L/¢, controls if
the chain behaves like a rigid rod (u & 1) or flexible chain
(u =~ 10). In the intermediate parameter values, the effect
of semiflexibility is most pronounced, e.g., in 2d, the regime
3 < u < 4 displays clear double minima in the Helmholtz free
energy corresponding to the coexistence of rigid-rod and flex-
ible chain behaviors in the equilibrium [47, 48]. We choose
u = 3.33 in this study.

We express Eq.(5) in the following dimensionless form, to
perform the numerical simulations

@,

7 ViU + (1), (®)

=—(V; — Pew;) —
where ¥; = virg/o, t = t/74, Vi = oV, U = &/(kpT),
and 7; = /747m;. In the integration, we use a time-step size
ot = 107 in all the simulations. The results presented in
this paper used simulations over 10'° time steps with gaps of
10* steps to obtain uncorrelated statistics.

IIT. RESULTS

In the Pe-M phase space, we observe spontaneous spiral
formation in a wide range of parameter values. The spi-
rals characterized by the turning number (Fig. 1(b)) ¥y =
(1/27) (05 00
by the local tangent t; = cos 0;& + sin ;9. The quantity ¥y
calculates the number of turns the chain takes between two
ends, with ¥y = 0 denoting an open chain configuration.
The negative and positive values of ¥ denote clockwise and
counter-clockwise turns in the spiral.

The polymer dynamically transits between spiral and open
states at adequately high activity. Fig. 1(c¢) shows a typical
time series of ¢y where three possible states appear: an open
state where ¥y fluctuates around zero, and clockwise and
anti-clockwise spiral states with equal and opposite values
of 1. In the absence of chirality, both kinds of spirals are
equally likely.

Gi]), where 0; is the angle subtended
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Figure 1. (colour onlie) (a) Schematic diagram of tangentially driven polymer in two dimensions. (b) Calculation of the differential
turning number of the chain between two consecutive monomers. (c¢) Typical time series of the turning number with different steady-
state representations. (d) M vs. Pe phase diagram. Cross (X) denotes stable open and meta-stable spiral phase. Circle-dot (®) denotes
stable spiral and meta-stable open phase. Background colors denote the excess kurtosis (}Cy, ) with a color bar showing the numerical
values. Configurations of stable states of corresponding points are shown. In the phase diagram, the green dashed line approximately
denotes the transition from the meta-stable spiral to the stable spiral phase, and the pink dashed denotes the transition from the stable
spiral to the meta-stable spiral phase, showing the scaling obtained in Eq.(15). Black solid line at Pe = 0.1 denotes the Pe. obtained
in Eq.(12). (e) The variance (1% ) as a function of Pe at different values of M denoted in the figure legend. The non-monotonicity at

higher M indicates re-entrant transition.

One can calculate the steady-state distributions of ¢ from
the time series at different Pe and M values. For the achi-
ral system under consideration, this distribution is symmet-
ric around ¥ = 0 and, in general, shows three maxima,
one at ¥y = 0, denoting the open state, and the other two
maxima of equal heights at ¥y = 4\, denoting the clock-
wise and counter-clockwise spiral states. We identify two
distinct phases from the relative weights: (a) motile open
chain (MOC) in which the open state is more probable, and
(b) spinning achiral spirals (SAS) in which the spiral state is
more probable.

A. Pe— M phase diagram

Fig. 1(d) shows the phase diagram for the active polymer
with the variation of control parameters Pe and M. The
phase diagram shows regions of two phases, SAS and MOC,
having two boundaries: (a) The first boundary at lower Pe
is independent of M. This line characterizes the transition
from a stable MOC to a stable SAS. (b) The second boundary
at higher Pe which depends on M as 1/M marks a re-entrant
transition from stable SAS to stable MOC.

The phase diagram also shows a heat map of the excess

kurtosis of turning number Ky, , defined as

_ W
o =302

As we show later, the vanishing and positive ICy, regimes
correspond to MOC, and the negative values denote SAS. A
detailed analysis of kurtosis and its relevance in accurately
identifying the phases is presented in Sec.III B.

The first phase boundary describing the onset of spiral for-
mation can be estimated using the torque balance condition.
For a SAS of radius R, it reads Tw = f,R — /R interpreting
fa as the self-propulsion force acting on each monomer, and
using I' to represent the rotational drag and w denoting ro-
tational speed of the spiral. At the onset of SAS, w = 0, we
obtain the condition

9)

flo = k/R2 (10)

This corresponds to a critical Péclet, Pe. (gc)o /kpT, which
determines the onset of spirals for Pe > Pe.. This value
depends on the bending rigidity x but is independent of M.
Such a prediction agrees with the small Pe phase boundary
in Fig. 1(d).



For larger f, the spiral will start to rotate. At the be-
ginning of the rotation, the viscous drag I'w = R(f, — éc))

leading to

R

w%f(fa_fc(f))’ (11)

a behavior corroborated in Fig. 4(c). For a single turn of spi-
ral R = L/2x. Therefore, at the onset of the spiral formation

éc)a Ao 2mlo (12)

Pe, = .
T YsT  2R2  ul

with w = L/{,,. For the choice of u =3.33 and L = (N —1)o
with N = 64, we get Pe. ~ 0.1. This estimate agrees well
with the fitting of Fig.4(c). This is the minimum Pe required
for spiral formation, but spirals become a dominant state at
a far higher Pe ~ 1, as indicated in the phase diagram.

Increasing Pe generates higher torque, leading to more
compact spirals. Such compaction reduces available space at
the center of a spiral, reducing the probability of the leading
tip turning stochastically in the wrong direction and opening
up. As a result, the stability of the spirals increases as we
increase Pe from small to intermediate values; see Fig. 1(e).
The absolute turning number (|¢n|) of the spiral increases
with Pe, and the spiral gets tighter (see Appendix-A). How-
ever, a further higher Pe destabilizes the spirals, reducing the
probability of their appearance and leading to a re-entrant
transition to MOC at a higher Pe. The mean turning num-
ber (|1)n]) of the spirals decreases with M (see Appendix-A).
We must carefully consider their dynamic unwinding mecha-
nism to understand the spiral instability.

Fig. 2 shows snapshots of the spiral unwinding process.
The clockwise rotating leading tip, denoted by the black ar-
row, turns around spontaneously in the anti-clockwise direc-
tion, destabilizing the spiral. This eventually unwinds the
whole spiral. For the leading tip turnaround, it is necessary
to have enough open space at the center of the spiral. In the
presence of inertia, high activity leads to enhanced inertial
recoil, allowing the self-propelling tip to move away from its
propulsion direction, creating more space and opportunities
for the turnarounds that destabilize the spiral.

To understand this behavior, we must consider the effect
of inertial recoil on the spiral. As we increase activity, 7,
decreases, increasing the collision frequency. Collisions of the
leading tip with the nearest segments impart force. This
picture is similar to a ball bouncing on a wall in the presence
of gravitational force. Within this setting, the equation of
motion of the leading tip having mass m can be expressed as

m% = -+ fa - faTcé(t - Tc)a (13)

with collision time 7, =~ ¢/vg x 7, for a gap ¢, and assuming
that the opposite impulse at collision is given by the active
force f, due to the surrounding particles. A straightforward
calculation shows,

_ % _ fj;c oxp (= (t = 70)/Tm) ; (14)

v(t)

t=18.9

Figure 2. (colour online) Unwinding dynamics for M = 1 and
Pe = 3. The chain’s color gradient denotes the chain’s monomer
index, with red as the head and blue as the tail. Black arrow-
heads show the propulsion directions of the polymer head. Violet
arrows indicate the particle’s direction of motion that triggers the
unwinding process. The red arrow in the last panel points out the
head.
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Figure 3. (colour onlie) Mean-squared displacement for (a) M =
0.05 and (b) M = 0.5 at different Pe-values mentioned in the plots.
Black dashed lines plot guide to eye for ~ ¢ scaling.

where the inertial relaxation time 7,, = m/7y. The recoil
allows the velocity to change sign at collision, ¢t = 7, to give
fa(1/v—£/vom) = 0. Using £ = o, this leads to the condition
muvg/yo =1, i.e., 7 /7 = 1.

As long as 7, > T, inertial recoil does not affect the dy-
namics, and active motion is regained between consecutive
collisions. In the presence of finite inertia, as we increase Pe,
T decreases, and the probability of turnarounds due to recoil
increases. As a result, SAS state gets destabilized as 7, < 7y,

~

This leads to the estimate of the re-entrant phase boundary,

Pe x 1/M. (15)

This prediction shows reasonable agreement with the upper
phase boundary in Fig. 1(d).

On the other hand, in the overdamped limit of 7,, = 0,
the terminal speed vy = f,/v is regained instantaneously
after every collision. In the absence of recoil, this does not
allow for the change in orientation and thereby suppresses
any possibility for re-entrance.



1. Dynamical characterization: center of mass motion

Here, we use the mean-squared displacement (MSD) of
the filament center of mass (COM) to characterize the dy-
namical properties of the chain in various phases (Fig.3).
The initial evolution of all the MSD at non-zero Pe shows
ballistic-diffusive-ballistic crossovers.  The first ballistic-
diffusive crossover is determined by the inertial relaxation
time M. Thus, it shifts to a later time for higher inertia;
see Fig.3(b). Asymptotically, at time scales beyond all cor-
relation times, one expects effective diffusive behavior [30].
The details of such crossovers can involve the relaxation of
an emergent COM persistence and fluctuations in effective
COM speed [30]. For the current purpose, it suffices to note
that the second ballistic regime is due to the active drive and
is absent in the equilibrium chain. It is dominated by the per-
sistent transport of the pure or coexistent open-chain state.
It’s value increases with Pe. At Pe ~ 1, where the dominant
state is spiral, the COM of spirals undergoes effective diffu-
sion. However, the overall MSD, even at this phase, shows
the second ballistic regime due to the coexisting open chains.
Thus, the open chain state in this study is characterized by
the motile open chain (MOC).

2. Dynamical characterization: active rotation of spiral

In the spiral state, the chain spins either clockwise or
counter-clockwise depending on the sign of ¢n. The spin-
ning spiral’s rotational velocity w can be directly extracted
using the dynamics of the local tangent t;(¢). We employ the
two-time correlation ((t) - (0)) := xi7 Som (8:(t) - £:(0)).
While the chain spins in the spiral state, this correlation is
expected to show sinusoidal oscillations with an amplitude
that decays due to an eventual loss of persistence. Moreover,
as the chain dynamically transits between the open and spiral
states, we also expect a contribution from the open state in
which the correlation is expected to decay exponentially with
a persistence time. Using a probability for the spiral state p;
and of open state 1 — pg, we use the following expression

Cu(t) = (1 — ps) exp(—=Dpt) + ps exp(—D;t) cos(wt),
(16)

for the correlation and fit it to simulation results, to extract
the inverse persistence times D? and D;, along with p, and
the rotational speed w; see Fig. 4(a). As Fig. 4(b) shows, the
probability of spiral state ps varies non-monotonically with
Pe and decreases with M. The rotational velocity increases
linearly with Pe at high activity; see Fig. 4(c). Moreover,

the data shows good fit to w = C(Pe — Pe.), a form same

as Eq.(11), with the proportionality constant C = % =0.27
and the spiral onset boundary Pe. = 0.11. This agrees well
with the analytic estimate of Pe. =~ 0.1 obtained in Sec.IIT A.
Increasing activity renders increased directional noise in the
open state. As a result, D?, the inverse persistence time
in the open state increases as ~ Pe (Fig. 4(d)). On the
other hand, it varies non-monotonically with Pe in the spiral
state (Fig. 4(e)). The initial increase in spiral persistence
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Figure 4. (colour onlie) (a) Two-time correlation of mean unit
tangent vector, (0(¢).01(0)). Points denote the numerically calcu-
lated results for M = 0.50 at different Pe values, Pe = 0.3 ([),
Pe = 0.6 (®), and Pe =1 (A). Corresponding solid lines plot the
fitting of numerical results with Cq(¢) in Eq.(16). (b) The proba-
bility of spiral state ps as a function of Pe at different M values,
M = 0.05 (&), M =0.20 (®), M = 0.35 (A), M = 0.50 (Vv),
M = 0.65 (&), M = 0.80 (0), and M = 1.00 (e). ps varies
non-monotonically with Pe and decreases with M. (¢) Rotational
speed of spirals as function of Pe for different M values, M = 0.05
(&), M =0.35 (®), M =0.50 (A), M =0.65 (), M =1.00 ().
The black solid line plots w = C(Pe — Pe.) treating C and Pe. as
fitting parameters. (d), (e) Effective rotational diffusivities, Dy
and D; in Eq.(16), respectively, as functions of Pe for different M;
ie., M =0.05 (&), M =0.20 (®), M =0.35 (A), M = 0.65 (V),
M =1.00 (). Lines in these two plots are guides to the eye.

(1/Dg) is associated with its initial compaction. The SAS
state is most stable with the highest spinning persistence near
Pe ~ 1. The subsequent decrease in persistence (1/DZ) at
higher activity is due to the inertial recoil that destabilizes
the spiral.

B. Excess kurtosis

Irrespective of the state, due to chiral symmetry in the sys-
tem, the mean turning number (¥)5) = 0. To quantify the de-
parture of ¢y distributions from the Gaussian nature, we cal-
culate the excess kurtosis of this quantity with mean zero as
defined in Eq.(9). The value K, = 0 characterizes a Gaus-
sian distribution. In the case of unimodal distributions, pos-
itive Ky, corresponds to long-tailed distributions with tails
asymptotically approaching zero more slowly than Gaussian,
and negative ICy, suggests a finite support for the distribu-
tion, with less extreme outliers than Gaussian. This simple
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Figure 5. (colour onlie) (a) Excess kurtosis as a function of Pe for different M mentioned in the legend. Dashed line plots Ky, = 0,

which is true for a typical Gaussian system. Lower solid lines plot Ky, = —2/3 and Ky, = —1/3.

(b) — (g) represent probability

distributions of the turning number, p(|n|), for M = 0.5 at different Pe-values mentioned in the plots. The associated Ky, values are

also mentioned.

interpretation does not apply in the presence of multimodal-
ity. The results of our model show two qualitatively distinct
possibilities — open-chain conformations with unimodal dis-
tributions p(¢y) with the maximum at ¥y = 0, or coexis-
tence of this behavior with distinctly non-equilibrium spiral
conformations with equal probabilities for clockwise and anti-
clockwise spirals. This second, more generic state shows three
maxima, one at ¥y = 0 and two others at ¥y = £A. For
different Pe and M, the relative probabilities of spiral and
open states change.

To gain an insight into the observed properties of Ky,
let us consider a linear combination of three Gaussian dis-
tributions having maxima at 0 and £\ to approximate the
trimodal distributions of ¥ at coexistence,

A
2

p3(UN) = 5 [G-ro.(¥N) + Gro. (¥n)] + (1

—A) Go.o, (V)

Substituting these expressions in Eq.(9), we obtain

A (3ot + 60227 + X) + (1 — A) 302
3[A (02 +A2)+ (1 - A)o2]?

’Cd)N =
(19)

For the pure open chain state with the single central Gaus-
sian, A = 0, we get Ky, = 0. In the other limit of pure

spiral state, A = 1, we obtain the following simple form
224
Kyy = T 3(\Zt02)2

In the Dirac-delta function limit of the distribution of spi—
ral state, o, — 0, this expression reduces to Ky, =
When both the splral and open states are equally probable

setting A = 1/2 and 0, = 05 we get Ky, = MW
This expression, in the simplifying limit of three Dirac-delta
functions with o5 — 0, leads to the estimate Ky, = —%, an
intermediate value lying between the purely open chain value

Kyy = 0 and purely spiral state value Ky, = —%. These

(17)three limiting values set useful points of comparison and are

with, G ,(¥n) denoting Gaussian distribution with mean
A and variance o. Here, we use A and (1 — A) to denote
probabilities of the spiral and open state, respectively. Thus,
within this theoretical approximation, we expect A = p,,
with ps as used in Eq.(16). We still use two different symbols
for these two quantities as they are only theoretical approxi-
mations of a more complex phenomenon. However, as we find
later (Fig.9 in Sec.B), the numerical values of A and ps closely
follow each other, reinforcing confidence in the approximate
theoretical picture developed here.

Using the properties of Gaussian distribution, we get

W) = A (e2+X) + (11— A)o?,
(x) = A(30t+6022% + A*) + (1 — A)30s.  (18)

indicated in Fig.5(a).

We study the excess kurtosis of the turning number in more
detail in Fig. 5(a). It shows non-monotonic variations of ex-
cess kurtosis with increasing Pe at different inertia. The cor-
responding variation of the probability distribution of turning
number amplitude p(|¢n|) with increasing Pe is also shown
at a representative inertia value M = 0.5; see Fig. 5(b)—(g).
For small Pe, the excess kurtosis is vanishingly small, and
the probability distribution remains approximately Gaussian
with the mode at |¢| = 0, corresponding to an open chain.
As Pe increases, a small local maximum in the distribution
arises at non-zero |¢y| corresponding to spiral, increasing the
excess kurtosis to a positive value. This behavior is approx-
imately similar to the appearance of a non-Gaussian longer
tail in an unimodal distribution. The excess kurtosis value
starts to decrease as the spiral maximum gets more promi-
nent. It eventually becomes negative and reaches a minimum.



Note that the minimum value stays between K,, = —3

3
and Ky, = f%, corresponding to the idealized Dirac delta-
function limits of coexistence, having equal probability of the
two states, and pure spiral. Beyond this point, with in-
creasing Pe, the spiral state gets destabilized, the non-zero
|| maximum starts to decrease, and KCy,, starts to increase
again. This sets the onset of re-entrance. Further, note that
the excess kurtosis of the polymers with different inertia val-
ues are not distinguishable at low Pe < 0.3. They diverge
from each other at higher Pe. Similar emergence of different
physical properties in other systems with activity and inertia
have been observed in other recent studies [41, 46].

Further, we fit p3(¢n) in Eq.(17) to numerically calculated
distribution functions to obtain the probability of spirals A
and thereby obtain estimates of the excess kurtosis using
Eq.(19). The following tables provide (Table-I) a compari-
son between the excess kurtosis obtained using this method
and from direct measurements from simulations, and (Table-
IT) lists the values of 4. Note that an independent estimate
of spiral probabilities ps; can be found from Eq.(16). This
estimate closely follows the dependence of A on Pe (Fig.9 in
Appendix-B), suggesting that they correspond to indeed the
same measure.

Pe

. . 1. 4.
» 0.3 0.6 5 5

0.05 || 1.21 (1.18) |-0.28 (-0.28) | -0.56 (-0.56) | -0.47 (-0.47)
0.50 || 1.42 (1.35) | 0.00 (0.00) |-0.50 (-0.49) | 0.56 (0.57)
1.00 || 1.45 (1.38) | 0.00 (0.00) |-0.30 (-0.28) | 7.34 (7.61)

Table I. A table of excess kurtosis values: numbers outside brack-
ets are estimated from the fitting of simulated distributions to
Eq.(17). The directly measured excess kurtosis values are shown
in the parenthesis for comparison.

Pe

. . 1. 4.

M 0.3 0.6 5 5
0.05 A =0.10 A =0.45 A =0.76 A =0.62
0.50 A =0.08 A=0.31 A =0.66 A =0.20
1.00 A =0.08 A =031 A =0.46 A=0.01

Table II. Probabilities of spirals A extracted from the fitting of
Eq.(17) with direct numerical measurement.

C. Size and shape

Associated with the open-to-spiral transitions, in this sec-
tion, we characterize the size and shape of the polymer with
the help of (a) the end-to-end separation and (b) the radius
of the gyration tensor.

1. End-to-end separation

In Fig. 6(a), (b) we show the distributions of scaled end-to-
end separation, 7. = r./L where r, = |r(L) —r(0)|, for differ-
ent Pe at small and large inertia values M = 0.05 and M =1
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Figure 6. (colour onlie) Scaled end-to-end distance, 7. = r./L.
(a), (b) are distributions of 7. for for M = 0.05 and M = 1.00,
respectively. Legends in the plots define the Pe values. (c),(d)
Mean-squared end-to-end distance, (Fg), and, Kullback-Leibler di-
vergence, D, as function of Pe for different M values mentioned
in the legend.

respectively. The end-to-end distribution function p(7.) is
normalized as fol dre 2m7. p(7e) = 1. At equilibrium Pe = 0,
the distribution shows a shallow maximum near 7. = 0.8
corresponding to the open chain due to the semiflexibility of
the chain. A second maximum at 7. = 0 possible for the
ideal worm-like chain [47, 48] is suppressed due to the self-
avoidance of the polymer we considered. As we increase Pe, a
new and more pronounced maximum appears near 7, < 0.1.
This maximum corresponds to a coexistence of the open chain
with the SAS state. In the overdamped limit of M = 0.05,
the position of this maximum shifts toward smaller 7. val-
ues, and the peak height increases as the spiral shrinks and
gets tighter and more stable with increasing Pe. In contrast,
for larger inertia M = 1, the location and height of this sec-
ond maximum near 7. =~ 0.1 varies non-monotonically with
increasing Pe, associated with the re-entrant transition. At
small Pe, the spiral gets tighter as in the overdamped case;
however, beyond Pe ~ 1, the spiral peak position shifts to
higher 7., and the peak height decreases as the spirals start
to open up.

We also show in Fig. 6(c) the non-monotonic variations of
(72) with Pe for different M values. At first, with increasing
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Figure 7. (colour onlie) Scaled radius-of-gyration, (Rﬁ), and shape

anisotropy, (R2) as functions of Pe for different M values men-
tioned in the legend.

activity, the open chain gets destabilized towards the spiral
state, and (72) reduces until Pe ~ 1. Beyond that, the inertial
chain shows swelling and consequent onset of instability of the
spiral structure towards the open chain with increasing Pe,
and (72) increases. This second instability disappears in the
overdamped limit of M = 0.05, and (7?) saturates. With
increasing M, the compaction of (72) deep inside the spiral
state near Pe ~ 1 gets less pronounced.

In Fig. 6(d), we present the Kullback-Leibler divergence
from equilibrium using the end-to-end distribution functions
by calculating,

Dxr = /0 1 d. p(7e) In [ p(7e) ] : (20)

Peq(Te)

where Dy, is, by definition, positive. This is a measure of
how the non-equilibrium distribution p(7.) is different from
the equilibrium distribution peq (7). With increasing Pe from
zero, D, initially increases to reach a maximum in the SAS
state near Pe ~ 1. This denotes the most non-equilibrium
state, with the most compact spirals (smallest (7)) spin-
ning with the highest persistence (smallest D?). At higher
Pe, as the spirals open up, Dk decreases. However, inertia
suppresses the difference from equilibrium — with increasing
inertia, the magnitude of Dy even in the SAS state near
Pe ~ 1 decreases. This is another example of inertial equi-
libration found in other contexts in recent studies of active
matter [41, 43-45].

2. Radius of gyration tensor

Here, we consider the radius of gyration tensor to analyze
the polymer size and shape further. This is given by

1 Zz(‘rl - xcm)Z Zz(zl — Tem) (Yi
Zl(l'z - mcm)(yi - ycm) Zv(yl - ycm)2

- ycm)

where r; = (z;,y;) denotes the instantaneous position of i-
th monomer and re,, = (Zem,Yem) denotes the position of
the polymer center of mass re,, = (1/N)>_,r;. The larger
and smaller eigenvalues of the matrix are AT and \™, re-
spectively. They can be used to determine the polymer size
RZ = AT + A~ and shape anisotropy R = AT — A7, with
R? = 0 denoting a circular shape. In Fig. 7 we show the
variation of scaled mean quantities <é3> = (R2)/(R2)pe=0,
and (R2?) = (R2)/(R2?)pe—o, with Pe for different M. Both
size and shape show a non-monotonic, associated with the
re-entrant transition to spiral and open chain. Lower inertia
stabilizes the non-equilibrium spiral structures better, which
is why, with increasing M, the minimum value of both the
size and shape anisotropy increases.

IV. CONCLUSION

In summary, we presented a detailed phase diagram iden-
tifying the influence of inertia in the activity-induced transi-
tion to a spinning achiral spiral (SAS) state of a semi-flexible,
self-avoiding chain. Inertia destabilizes SAS towards a motile
open chain (MOC) at higher activity. We presented analyt-
ical arguments identifying the motile open chain (MOC) to
SAS transition and the SAS to MOC re-entrant transition.
This second transition is entirely an inertial effect and was
absent in the overdamped limit. The dynamics at different
states were analyzed using the mean-squared displacement
of the center of mass and the evolution of the mean local
tangents. We identified the SAS state to be the most out-of-
equilibrium state using a Kullback-Leibler divergence mea-
sure from the equilibrium end-to-end distribution. As our
calculations showed, with increasing inertia, the SAS gets
more and more destabilized, and the difference from equi-
librium conformations decreases. It will be interesting to
determine entropy production to characterize the notion of
departure from equilibrium, further [49-51]. Our predictions
are amenable to direct experimental verification using macro-
scopic active chains, e.g., chains of hex-bug nano [39].
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Appendix A: Mean turning number for spiral state

We calculate the mean absolute numerical values of the
turning number, ¥y, for spiral state only, which denotes the
degree of winding of the spiral structure as functions of Pe

(21)and M. As Fig. 8(a) shows, the average magnitude of turning
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Figure 8. (colour onlie) Mean absolute turning number for spiral
state, (|¥n|)s, (a) as function of Pe for different M values, and
(b) as function of M for different Pe values are plotted with cor-
responding legend.

number (|in]|) increases as a function of Pe for every M,
which means higher activity increases the turning number,
creating a more compact structure of spirals. In Fig. 8(b),
we observe that (|¢n|) decreases with inertia at a given Pe
because of the swelling due to inertial recoils. The relative
change is more prominent at higher Pe values.

Appendix B: Estimates of spiral state probability
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Figure 9. (color online) Comparison between the probability of
spiral state extracted from fitting the numerical data with Eq.(17),
A, and from the fitting of two-time correlation of Eq.(16), ps, as a
function of Pe for different M values. Legends in the plot denote
the corresponding M.

In this section, we compare the two independent estimates
of the spiral probabilities, A and p, extracted from two dif-
ferent measurements mentioned in the main text: (1) fit-
ting of Eq.(17) to the numerically calculated distributions
of ¥y, and (2) fitting of Eq.(16) with numerically calcu-
lated two-time tangent correlation. They follow each other
closely (Fig. 9), thereby indicating the two measures are of

indeed the same quantity, the probability of the spiral state.
This vindicates our approximate theoretical description de-
veloped in the main text.
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