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ISOMONODROMY AND PAINLEVE TYPE
EQUATIONS, CASE STUDIES

MARIUS VAN DER PUT AND JAAP TOP

ABSTRACT. There is an abundance of equations of Painlevé type
besides the classical Painlevé equations. Classifications have been
computed by the Japanese school. Here we consider Painlevé type
equations induced by isomonodromic families of linear ODE’s hav-
ing at most z = 0 and z = oo as singularities. Requiring that the
formal data at the singularities produce isomonodromic families
parametrized by a single variable ¢ leads to a small list of hierar-
chies of cases. The study of these cases involves Stokes matrices
and moduli for linear ODE’s on the projective line.

Case studies reveal interesting families of linear ODE’s and
Painlevé type equations. However, rather often the complexity
(especially of the Lax pair) is too high for either the computations
or for the output. Apart from classical Painlevé equations one re-
discovers work of M. Mazzocco, M. Noumi and Y. Yamada. A
hierarchy, probably new, related to the classical P3(Dg), is discov-
ered. Finally, an amusing “companion” of P; is presented.

INTRODUCTION AND SUMMARY

We study families M of connections on a vector bundle on the com-
plex projective line, defined by the data of a finite set of singular points
and for each singular point the type of the singularity. These data give
rise to a monodromy space R which is built from the possibilities for
the topological monodromy, the Stokes matrices and the links.

The Riemann-Hilbert map RH : M — R sends a connection to its
monodromy data. The fibres of RH are the isomonodromic families,
i.e., the (maximal) subspaces of M with constant monodromy. We are
interested in the cases where the fibres are locally parametrized by one
complex variable ¢, called here the time variable. In general there are
more “time variables”.

A family M can be represented by a matrix differential operator
% + A where the entries of the matrix A = A(z,vq,...,v,) are rational
functions in z and depend on a certain number of variables vy, ..., v,.
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If the fibres of RH are parametrized by a time variable ¢, then the
vy, ...,0, are, restricted to the fibre, functions of t. By assumption,
the monodromy, the links and the Stokes matrices of the operator
4+ A(z,u1(t),...,v,(t)) are constant. Let Y(z,¢) denote a funda-
mental matrix. Then £Y(z,t) has the same monodromy, links and
Stokes matrices as Y(z,t) and thus B(z,t) = —4Y(z,t) - Y (z,t)7"
has trivial monodromy, links and Stokes matrices. Therefore B(z,t)
extends to a matrix whose entries are rational in z and locally an-
alytic in ¢. It follows that 4 + B(z,t) commutes with the operator
2L 4+ A(z,vi(t),...,v.(t)). This pair of operators is called a Laz pair.
The knowledge that z-L + A(z,vi(t),...,v,.(t)) is part of a Lax pair
suffices to obtain an explicit system of differential equations

Evi(t) = Ri(vi(t),...,v.(t)), i =1,...7, with rational functions R;.

This is usually called a vector field of Painlevé type. This system has
the Painlevé property, i.e., “local solutions extend to global multivalued
meromorphic solutions”. For more details, see [Sib].

The classical Painlevé equations P, — Py arise from isomonodromy.
There are in fact many isomonodromic families. The Japanese school
has an extensive literature on equations of Painlevé type and also de-
veloped classifications (see for instance [J-M-Ul [K-N-S, [H-K-N-S| K2,
K3, K4, Mil, N-Y], [O1l, [0-O]).

Here, we modestly restrict ourselves to classifying and studying rather
special cases, namely assuming that at most z = 0 and z = oo are sin-
gular and assuming that there is only one time variable. One reason for
this restriction is that the quantum differential equations associated to
algebraic varieties have two singularities z = 0 (regular singular) and
z = oo (irregular singular). A further reason is that the theory and
algorithm of Stokes matrices provide most of the information for R
and M. Furthermore, we are more interested in hierarchies of families
than in individual families. A hierarchy can be obtained by putting a
“natural” condition on the eigenvalues at the singular points z = 0 and
Z = 00.

Now we describe the data for M and R. The point z = oo is
supposed to be irregular singular and z = 0 can be regular or regular
singular or irreqular singular.
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For the convenience of the reader we describe the formal classification
at z = oo of differential modules in terms of tuples (V,{V,}q,7); details
may be found in |[vdP-Sil.

A tuple consists of a complex vector space V of dimension n with
additional structure. The ¢’s denote elements of U,>;2'/"C[z'/"]. For
each ¢ there is given a linear subspace V, € V and V = ®V,. The
etgenvalues are the finitely many ¢, ...,q with V, # 0. The mul-
tiplicity m = m(q) is the dimension of V. The dimension of V is
therefore equal to > m(g;). One writes (q)m, to denote eigenvalue ¢
with multiplicity m.

The ramification index e is the smallest positive integer such that
qj € 2Y¢C[zY/¢] for all j. The degree of g; is the highest (rational)
power of z occurring in g;. The Katz invariant  is the maximum of
the degrees of the ¢;’s. The Galois group of U,>;C((271/7))/C((z~1)) has
a topological generator o which acts by o(z?) = 2™ 2* for A € Q.

Further, v, the formal monodromy, is an automorphism of V' and
has the property v(V;) = V(g for all q.

The classification of differential modules M over C((271)) by the tu-
ples (V,{V,}4,7) is based upon the fact that the solutions of M can
be written as a sum of expressions exp( f q%) - F with ¢ as above and
F' a combination of formal power series in roots of z and log(z). The
V' associated to M is the space of these formal or symbolic expres-
sions. It has a natural decomposition as ®V,. Further, the formal
monodromy -, is given by ¢ applied to the above expressions. The
functor M — (V,{V,},,7) is an equivalence of Tannakian categories.

Let a family of data for eigenvalues qi, . . ., q,, multiplicities and for-
mal monodromies v be given. This gives rise to a family of formal
differential operators zd% + F'. The construction of the space of con-
nections M amounts to computing a family of differential operators
2L + A over C(z) with singular points z = 0 and z = oo. The condi-
tion is that this operator is at z = oo formally equivalent to zd% + F.
Moreover, at z = 0 the operator should be regular, or regular singular,
or formally equivalent to another given formal operator.

Some details on the definition and the construction of the monodromy
space R. For each difference ¢ — q;, k # [ one considers a solution
y # 0 of z% = qr — q;- The singular directions d € R for ¢, — q; are
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defined by y(e?™r) tends to zero for r — +oo with maximal speed
(maximal descent).

The Stokes matrix St; € GL(V') for direction d reads 1y + ), , myy,
where the sum is taken over the pairs such that d is singular for qk —q

and my,; denotes a linear map V' prejegtion Vi -V, CV.

We note that Stq,; = 7 'Styy holds for d € R. Therefore the
Stokes data can be identified with the space of all Stokes matrices Sty
with d € [0,1) and can be identified with a vector space of dimension
N = Zk# deg(qr, — q) - dim Vj, - dim V.

The formal data combined with the data of the Stokes matrices
classify the analytic singularity at z = oco. In particular, mon.,
the topological monodromy at z = oo, is equivalent to the product
v o Sty, 0---0Sty, where d; > --- > dy are the singular directions in
[0,1). This property will be called the monodromy identity. For the
construction of R we have to consider the various cases.

(i) 2 = 0 is regular singular. Given are V =V, @& --- @V, , an action
of o on {qi,...,q}, the singular directions 1 > ds > --- > d; > 0
with the corresponding differences ¢ — ¢;. We note, in passing, that
the highest coefficient of a difference g — ¢; may depend on ¢. In such
a case the singular directions also depend on t. In the cases that we
computed R itself is independent of .

In general, R is defined as the set of equivalence classes of all pos-
sibilities for the Stokes data and the topological monodromies. In the
present case, R consists of the equivalence classes of all possible tuples
(v, Stq,,...,Sty,) € SL(V)*™! where by assumption v is supposed to
have distinct eigenvalues. We now make R explicit.

Let (V,{V,},7,{Sta}) be given. The action of o on the eigenvalues
has orbits (i.e., Galois orbits) @Qy,...,Q, and Q; = {qio;---, i1}
for all i. Let d; = dimV,,,. Put d = >/, d; and as before we write
N = Z deg(%j - qlc,l) ’ dlm(‘/;]”) ' dlm(v;]kz)

Lemma 0.1. R is isomorphic to the quotient of the space (C*)?~ 1 x CN
by the action of a group isomorphic to (C*)4~t. This quotient has
an open, affine, dense subspace isomorphic to (C*)41 x CN=4+1, I
particular dim R = N.

Proof. There is no restriction on the possibilities for the Sty;. This
produces the vector space CV. In order to make the restrictions on ~y
explicit, we consider a Galois orbit, here written as, Q = {qo, ..., q_1}
with dim V,; = f. Choose a basis ey, ... es of eigenvectors for the action
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of v on V,,. Let a, ..., ay denote the distinct eigenvalues. This basis
is unique up to permuting and scaling of the basis vectors. Consider, for
i=1,...,0—1, the basis of V,, to be 7v*(e1),...,7"(es). One concludes
that the data for the matrix of  on the space @V, is equivalent to the
tuple (v, ..., af). Moreover, the set of all /th roots of all «; is the set
of eigenvalues of ~.

Thus the total data for v on V is given by the eigenvalues of 7% on
the space V,, , for7 = 1,...,r. Since, by assumption, v has determinant
1, the space of possibilities for 7 is (C*)~1*+2 4,

The automorphisms of (V,{V,},v) are the 7 € PGL(V) such that
7(V,) =V, for all ¢ and 7y = y7. One concludes that 7 is determined
by its action on all Vi, ;. Furthermore, 7 has on this space the same
eigenvectors as «%. This implies that the group of automorphism is
isomorphic to (C*)4~1. Tt is seen that the group acts faithfully on the
Stokes data. Finally, by scaling suitable Stokes data to 1, one obtains
this affine, open, dense subspace of R. O

(ii) 2 = 0 s reqular. As above in (i), but now with the additional
restriction yo Sty 0---0St;, = 1y. For every candidate a computation
is needed to find out whether R is not empty and to find its dimension.

(i) z = 0 is irreqular singular. Let W denote the solution space at
z = 0. It has similar additional data as V', namely ¢’s, v, Sty, mong.
The link (in [J-M-U] called ‘connection’) is a linear bijection L : W — V/
commuting with the mon,. The space R is the space of equivalence
classes of the data at V', W and the link L.

The parameter space P is defined by data of the topological and
the formal monodromies, more precisely by their characteristic poly-
nomials. By “fibre” we will mean a fibre of R — P, which has the
interpretation as space of initial conditions. Each fibre determines a
Painlevé vector field (or scalar differential equation) of rank (or order)
equal to the dimension of the fibre.

The rules used for composing our list of families of connections.
The requirements concern the formal data at z = oo (and also at z = 0
if this point irregular singular).

R1. The (distinct) eigenvalues ¢y, . . ., ¢, with multiplicity mq, ..., m,
satisfy: all ¢; # 0, > m;g; = 0 and (in case e > 1) invariance
under the Galois group of C((1/z)) over C((1/z)). Further, one
requires that the formal monodromy v is “generic’, meaning
that it has n distinct eigenvalues.
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R2. If 2 = 0 is regular, then the formal data are normalized by the
action of the group {z — az + b}. If z = 0 is singular, the
formal data are normalized using the group {z + az}. For the
description of all formal data at z = co and at z = 0 (if this
point is also irregular singular) only one variable ¢ is needed.
This is the translation of the requirement that the fibres of
M — R are locally parametrized by a single ¢, called the time
variable.

R3. The data should not define a subfamily of a family with more
“time variables”. However, in Section 7?7, we will consider a
“companion of P,”, which is a subfamily of an interesting “two
time variables family”.

R4. The emphasis is on hierarchies and not on individual families.
By hierarchy we mean a sequence of families defined by cer-
tain properties of the eigenvalues. For example, z = 0 regu-
lar singular; e = 1,k = 1 defines the hierarchy given by the
eigenvalues and multiplicities (2)m,, (£2)m,, (—%ﬁ)’mz)m for
my, Mo, M3 > 1.

In § [ a complete list for the cases with multiplicities 1 is presented.
This includes of course the classical Painlevé equations with at most
two singular points. This list extends in an obvious way to a complete
list of hierarchies by allowing multiplicities.

In the next sections, the cases of the list which are not classical, are
studied in more detail.

Details on definition and construction of the space of connections M.

(i) Case z = 0 is regular singular. We start by assuming that the irreg-
ular singularity z = oo is unramified and is given by data (V,{V,},~).

We choose a basis of V', consisting of eigenvectors of v, and ma-
trices w.r.t. this basis. This leads to a choice standard differential
operator zdiz + S where S is a diagonal matrix with diagonal entries
(Q1+a,...,Qn+ ay). The Qq,...,Q, are the eigenvalues ¢, ..., q.,
repeated according to their multiplicities. Thus > Q; = 0. The
ar,...,a, € C satisfy Y a; = 0 and are chosen such that the mon-

odromy of the operator zdilz + diag(ay, . .., a,) equals .

Now we follow [vdP-Si, § 12| and consider the fine moduli space de-
fined by the connections on P! with the properties:
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(a). the vector bundle of rank n is trivial;
(b). z = 0 is regular singular;

c). A formal isomorphism at z = oo with 2+ + S is given.
( ) p dz g

According to [vdP-Si, Corollary 12.15 and its proof], the universal fam-
ily of this fine moduli space is represented by the family of differential
operators Pr(g(z + S)g~') where g runs in the N-dimensional affine
space

{1y + 3 Hom(Vi, Vi) ®c (C2~4 + - 4 Co~ deslaao),
Py,

The notation Pr denotes “principal part” and is defined here as

d k d k
Pr(z%jLZAkz):z%—l— Z Az".

k << 0< k <<

This completes the construction of M for the case z = 0 regular sin-
gular and z = oo is unramified. We note in passing that the above de-
scribes a (co-adjoint) orbit of a linear algebraic group over C. Therefore
M has a natural symplectic structure, see also [Bol.

For the ramified case one considers the cyclic covering of P! of de-
gree e, ramified over 0 and oo. With respect to the variable z'/¢, one
computes the universal family zdilz + A as above. The final step is a
computation of the operator on a o-invariant basis (compare [vdP-Si|

§12.5))).

(ii). The case z = 0 regular. From the data (V,{V,},~) one first com-
putes, as above in (i), a universal family of matrix differential operators
zd% + Zog b <<oo Apz¥. We propose for M the subfamily defined by
the condition that all the entries of Ag are zero. An explicit computa-
tion is needed to verify whether M is not empty and to compute its
dimension.

(iii). The case z = 0 and z = oo irregular singular. One expects
a universal family of differential operators z% +> o e b <<oo A Z*.
For the righthand part > ., . Axz" the method of (i) produces
a proposal. The same holds for the lefthand part Y _ . __ & <o Ak,
Gluing of the two proposals may result in a suitable family. A priori,
it is not clear whether the formal data at z = 0 and at z = co can be
combined to a family M and a corresponding monodromy space R.
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The explicit computation of R works quite well. The computation
of M in cases (i) or (ii) may fail or may lead to a result unsuitable
for further analysis, due to complexity. For case (iii) one needs a good
guess to start the computation.

The number of cases where a complete computation of the Lax pairs
can be given is, again due to complexity, rather small. In case (i), the
differential equations involve N = >, ,deg(qx — ¢q¢) - dimV,, - dim 'V,
functions of ¢. This system is mostly t0o large.

A first step is normalization by scaling the basis vectors of V. A
next step is to reduce this system by the use of invariants, which are
independent of t. The coefficients of the characteristic polynomials of
the formal and the topological monodromy, generate the algebra of in-
variants. Their computation as expressions in the above functions and
elimination some of the N variables is a source of complexity. For the
cases (ii) and (iii) there are similar complexity problems.

A list of the most detailed and interesting explicit cases.
Here n denotes the rank of the connections and the formula gives rep-
resentatives for the Galois orbits of the eigenvalues.

§2 22/ 4+t2Y/" n > 3. The hierarchy of M. Noumi and Y. Yamada.
§5.00 2'/2,t2Y/2, n = 4. Conjectured to be related to P;.
§[ z,tz, (—1 — t)z, n = 3. M. Mazzocco’s equation, related to Fg.
§@ 22, —2%2 — tz,tz, n = 3. Complete results, including an explicit
Hamiltonian. Conjectured to be related to P.
§[M2 2z~ Y/™ and tz'/", n > 2. A hierarchy, probably new, related to
P3(Dg), with explicit description of the Lax pairs.
§ M3 2°/2 4+ tz'/2, n = 2. “Companion of P,”, a variation on P;.

1. LIST OF CASES WITH ONE TIME VARIABLE

With z = 0 regular singular or regular.

The condition “one time variable ¢” implies that there are at most three
Galois orbits of eigenvalues. A regular singular case can restrict to a
regular case, e.g., z,tz, (—1 —1t)z and z = 0 regular exists and produces
trivial Stokes data. In the table representatives for the Galois orbits
of the eigenvalues are given; the rightmost column indicates in which
section this example is discussed and which classical Painlevé equation
P; it relates to (the Flaschka-Newell equation which is equivalent to
Py, is denoted Pypy); see, e.g., [vdP-Sal.
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e One Galois orbit; z = 0 regular singular;

2312 4 212, Py
22le 42l for e > 3. §2
e One Galois orbit; z = 0 regular;
2512 12172, P
243 412203, §3
e Two Galois orbits; z = 0 regular singular;
22 +tz, — (22 +t2); P,
2+ t2/2, —22. 84
ler g2/ for e > ey > 2. §5
e Two Galois orbits; z = 0 regular;
2+ tz, — (2% + t2). §6,
e Three Galois orbits; z = 0 regular singular;
ztz, (=1 —t)z; 87
e tz, —tz with e > 1. §8
e Three Galois orbits; z = 0 regular;
22, =22 —tz, tz. §9
With both 2z =0 and 2z = oo irregular singular.
e1/z,—1/zat z=0and tz, —tz at z = 0. §10, P5(Ds)
o2 Y2 at z=0and tz, —tz at 2z = co. §11, P3(Dy)
e 2 Y™ at 2 =0 and t2/" at z = oo with n > 2. §12, P3(Dg)

More general:
ni,me > 2 and 27" at z =0 and t2V/™ at z = o
(with suitable multiplicities).

We discuss these cases in the indicated sections.

2. 22" 4 t2Y/" >3, HIERARCHY OF M. NOUMI AND Y. YAMADA

We study the structure of the moduli spaces M,,, R,, and the Lax
pair computations, separately for n odd and n even.

2.1. The moduli spaces M, and R, for odd n.

Computations for R.,.
A module M € M,, has the eigenvalues ¢; = 07 (qo) = w? 2%/ +tw’ 21/"
for j=0,...,n—1 at 2 = oo, where w := 2™/

The tuple (V, {V,},~, {Sts}) that classifies M at z = oo has the form
V =Cey®-- - ®Ce,_1 where Ce; =V, for j =0,...,n—1. This basis
is chosen such that v satisfies e — e +— -+ -+ e,_1 — eg.
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The space of the Stokes matrices at z = oo is isomorphic to CV,
where N =n(n—1)-2 = 2(n—1). Since the basis e, ..., e,-1 of V is
unique up to multlphcatlon of all basis vectors by the same constant,
one finds R,, = C2™~Y and dim M,, = 1+ 2(n — 1).

The parameter space P, is the space of the conjugacy classes of SL,,.
This is identified with a space of characteristic polynomials and it has
dimension n — 1. The fibres of R,, — P,, have dimension n — 1. This
can be verified by an explicit computation, as in [CM-vdP].

It has been verified for n = 3 and n = 5 that the combination with
z = 0 regular is not possible.

The fibre for n = 3 is computed in [vdP-T] to be the affine surface
xyz + 2% + p17 + pay + p3z = 0 for certain invariants pi, po, p3. This
hints at a possible relation with P;. A computation of the Lax pair
equations produces indeed this relation.

For n = 5, we present details of the computation. Write w = e2™/?,
g = 220+t g1 = WP+ wtB L = W3+ w4tzl/5
The singular directions in [0,1) are 7/8 for ¢y — ¢2, ¢35 — qu, 5/8 for
Q1 — s, 93 — G2, 3/8 for q1 — @2, g3 — qo and 1/8 for 1 — qo, ¢4 — G
The fibres of R5 — Ps5 are rational 4-folds. After eliminating 3 of the
8 variables for Rj, the affine fibre is given by a degree 5 polynomial
equation in 5 variables and with 4 parameters.

Construction of M,, and the Lax pairs.

We make the method explained in the Introduction and Summary,
explicit. A differential module M € M, over C(z) is replaced by
N := C(z"/")® M. Let D denote the differential operator V o on M.

Now D extends uniquely to a differential operator, also Called D, on
N. This D commutes with the semi-linear automorphism o : N — N,
induced by the automorphism o of C(2'/"), given by oz!/" 1/n,
Thus the M € M are replaced by pairs (N, o), as above.

= Wz

Let e, ..., e, be a basis of N over C(z!/") such that the map o
satisfies o : eg > €1 +— -+ -+ €,_1 > eg. The operator D is determined
by D(ep). The formula D(eg) = (22" + t2"")eq + 3207 (a; + bz/™)e;
is supported by [vdP-Si, §12.3-12.5] (compare the Introduction and
Summary). For the operator £ := £ + B such that {D, E} forms a
Lax pair, one makes the guess that E is the o-invariant operator with
E(eg) = z"meq + 317 ¢je;.



ISOMONODROMY AND PAINLEVE TYPE EQUATIONS, CASE STUDIES 11

One deduces from this the matrix of D with respect to the ba-
sis Bo,..., By of M := N<°> where B; := Y.1_0 o*(27/"e) for
0<j<n-—1and B, := zBy, B,;1 := zB;. The formula is

n—1
D(BJ) iLB +Za2w ZJB +tBJ+1+ZbW Wt )Bj+1+Bj+2.
1=1

The formula for E on this basis is E(B;) = Bj1 + (31— w ™ e)B;.
Put ¢; = £ + ZZ LawT fi=t+ Z?z_ll biw™¥. The operator D is

e 0 0 = * z zfo
f1 €1 O O * O z
d 1 fa e O * * 0
Z— + 1 f3 e 0 * * ,
dz x % % x * * *
x* % % 1 fho_9 €pn—2 0
* * 0 1 fnf 1 €n—1

note that ) ¢; = ”T_l and ) f; = nt. The €, ...,€,_1 are the param-
eters of the family. The {e*™} are the eigenvalues of the topological
monodromy at z = 0. These can be seen as parameters for R,. For
an isomonodromic family the €; are constant and the fo,..., f,—1 are
analytic functions of the parameter t.

The operator E reads on the above basis

go O 0 0 =« * z
1 g 0 0 =« * 0
d 0 1 g2 0 =% * 0
— + * * * % % * *
dt * * T * *
0 0 0 0 1 gno 0

o 0O 0 0 O 1 Gn—1

with g; = (37—, w™¢;) and 3 g; = 0. For an isomonodromic family,
the {g;} are functions of ¢ and are in fact eliminated by the Lax pair
condition DE = ED.

For n =5, the Painlevé type differential system for this Lax pair is

fi=Ffi(=fi—2fs—2f1+1) + 261 + &2 + €3 + €4,
fo=fo(=2fi+ fo—2fs —1t) — e + e,
fo=fs(=2fi— f3—=2fs+1) — €+ €5,
fi=faRA+2fs+ fa—1) — €3+ ey
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Forn =7, one has ) f; =7t, > ¢; =3 and

fo=fo(=fi+ fo—fa+ fa—fs+ fs) + e — e+ 1,
fi=hfo—fot fos—fa+ fs— fo) —co+ e,
fo=fal=fo+ fi—fa+ fa—fs+ fs) — e+ e,
fa=fs(fo—fi+fo—fa+ fs— fo) — 2+ €3,
fi=fa—fot+t fi—fot fs—fs+ fs) —e3 +eq,
fE=Ff(fo—fi+tfo—fo+ fi—fo) — €1 +es,
foe=Tfe(=fo+t fi—fot fs—fit+f5) =€+ €.

The general case for odd n is similar.

Observation. Apart from small changes the above is the symmetric Lax
pair introduced by M. Noumi, Y. Yamada et al.(see [N-Y][S-H-C]). The
changes are:

(a). €; is changed into €; — "Q—_nl in order to obtain a matrix with trace
zero. This corresponds to a small change in the definition of D, namely

n—1
n—1

o ) € + Zl(al + bizl/") €;.

D(eg) = (2™ +t2!/m —

(b). A notational change of ¢ into L.

(c). Transposing the matrix. This is due to the relation between a
covariant solution space and a contravariant solution space.

An alternative method for n = 3, i.e., the Noumi- Yamada form for Pj.
The Lax pair equations are equivalent to ED(ey) = DE(eg). The
normalized operator D given as

2
Deg = (227 +t2'° + g)ﬁ’o + (a4 b12")er + (az + b2z'/?)es,

where a1, as are constants and by, by are functions of ¢, commutes with
the operator E such that E(ey) = z"3ey + creq + coey (for suitable
functions ¢y, ¢o of t) if and only by, by satisfy the differential equations

V) =a;(1 —w)+bit(2w+ 1) + b3(—2w — 1),
by = as(w +2) + 022w + 1) + bot(—2w — 1).
This is in fact a Hamiltonian system b} = g—g, by, = —g—g with w = 27/3
and H = — (4 + B)(2w+1) + bybyt(2w + 1) — ban(w +2) — byay (w —1).
After a linear change of variables this Hamiltonian coincides with
Okamoto’s standard Hamiltonian for P, (see [O1, p. 265]).
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2.2. The moduli spaces M, and R, for even n.
We proceed as in §2.1. Write n = 2m and w = e*™/™. The eigenvalues
at z = oo are q; = wl/MZL/™ 4 WIPME2M for §=0,...,2m — 1.

Now N := Zi# deg(qi — qj) = 4m — 3, Ray =2 CV and My, has
dimension 1 + 4m — 3. The parameter space Ps,, for the monodromy
space consists of the characteristic polynomials of the monodromy at
2z = 0. Since A?*™M is trivial, this monodromy has determinant 1.
Thus dim Py, = 2m — 1. The fibres of Rs,, — Po,, have dimension
2m — 2. We make the method of construction a differential operator,
a Lax pair and Painlevé type equations explicit for n = 4. The general
case is discussed after that.

2.2.1. The case n = 4. We expect, based on [vdP-Si, §12.3-12.5|, that
the differential operator D has on the basis eg, e1, €2, e3 the formula

t
D(eo) = (21/2 + 121/4 — 3/8) €0 + (a1 —|—b121/4) €1 —I—a2 €9 + (CLg +b321/4) €3,
and D commutes with o defined by oe; = e;y for 7 = 0,1,2 and
oes = eg and 0z'/* = iz'/*. Consider the following basis of invariants:

BO =e€9t+et+extes, Blz 21/4(€0+7;€1—|—7;2€2+’i363),
BQ = 21/2(60 —e1+éx— 63), Bgz 23/4(60 —ie; — ey + i€3).

The matrix of D with respect to this basis is

—2+a1+az+as 0 z z(% 4 b1 + bs)
i_ibl + ibs —%—ial—ag—l—iag 0 z
1 %—bl—bg %—al—kag—ag 0
0 1 L +iby — ibs 3 +ia1 — az —ias

ec 0 2z zfo

fl €1 0 z

1 fo e 0

0 1 f3 €3

with Y- €; =0, fo+ fo = fi+ fs = 5. The €, ..., €3 are parameters.
The operator D is completed to a Lax pair by the differential op-

and D is equal to the differential operator -2 +

erator £/ w.r.t. %. This operator, written on the basis eg, e, ey is
o-invariant and has the form E(ey) = z'Y/%eq + Z;’:l hje; for suit-
able functions hq, hs, hy of t. On the basis By, By, B, one obtains
go 0 0 z
1 0 0 . .
E=4+| . 9 o o | With >~ g; = 0. The assumption that E
0 0 1 gs

commutes with D produces equations for the derivatives of fy, f1, fa2, f3,
seen as functions of ¢. These formulas are similar to those derived by
Noumi-Yamada. Moreover, combining the differential equations for fj
and f; leads to the standard Ps equation, see [N-YI [S-H-C] for details.
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An alternative computation is a consequence of the observation that
isomonodromy is given by DFE(eq) = ED(eg) and with aq,as, a3 € C.
This produces equations with parameters aq, as, as:

dby

at - —= = —16ib3b3 + t2byi + 16ib3 — 4iayt + 4art — 32a9bs
db3 .13 . 2 2, . .
4¢ - o —16tb] 4 16tb1b5 — t7b3t + 4iast — 32a2b1 + 4ast,

hy = —iby /2 + b1 /2, t- hy = 2b%i — 2b3i + 4agy, hs = b3i/2 + bs/2.

One observes that the equations for by, b3 form a Hamiltonian system
with
dby OH dbs OH

P = 2 —

dt — Obs’ dt b’

(02 — b2)2 ithiby  4ag(b? — b2
L t o) —+ a( y D (14 Dhaghs + (1= i,
Comments. The above Hamiltonian H and the differential equations
for by, bs coincide, after a linear change of variables, with Okamoto’s

standard polynomial Hamiltonian for Ps, see [O1, p. 265].

The fibers of Ry — P4. The eigenvalues at z = oo are:

qo = zl/2+tz1/4, Q= —z1/2+itzl/4, Qo = zl/z—tzl/‘l, q3 = — 22t /4,
The differences qo —q1, go—¢s, g2 —q1, ¢2—qs have the form 22"/ +. ..
and further gy — ¢ = 2tz"/* and ¢ — ¢35 = 2itz"/*. There is one singular
directions in [0, 1) for the terms +22/2. For the terms £2tz'/4, £2iz'/4
there is only one singular direction in [0,1). This leads to the mon-
odromy identity

-1 1 1
B 1 1 Y r1 1 x9
MONse = 1 1 1
1 1 T3 g 1

One observes that mon,, cannot be the identity. Thus for the data
considered here, z = oo singular with eigenvalues z'/? + tz'/* and its
conjugates and z = 0 regular cannot be combined.

The space P, is parametrized by py, ps, p3, where the characteristic
polynomial of mone, is written as T4 +psT3+pyT?+p; T+ 1. For a suit-
able choice of elimination of two variables (e.g., x1,x2), the fibres are
described by a cubic equation in three variables y, x3, 4 and parameters
p1, P2, p3. The equation reads vy vyvs +*v? + %03 + %0y +*Vy +*v3+% = 0
for suitable affine expressions *’s in the parameters pq, po, p3. The cubic
equation for the monodromy of P5 has the same features.
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2.2.2. The general case with n = 2m.

Consider the C(t)[z'/?™]-lattice with basis e, . . ., €am_1, provided with

the action of o given by the formulas: 02* = €™ 2* and oe; = €;14

for j =0,...,2m — 2 and oey,,_1 = €y. The operator D (with respect

to the derivation zd%) representing Mao,,, is o-invariant and is given by

2m—1

)60 + Z (aj + bj21/2m)€j,

Jj=1

t 2m — 1
D _(A/m U 1em
(e0) = (/™ + 2mz .

with varying a;,b; € C and where b, = 0.

On the basis By, . .. Ba,,—1 of invariants, D has the form z% +Ag+2zA;.
We make this explicit for n = 6, m = 3. The general n = 2m case is
similar.

€0 0 0 0 A ()
+fi @ 0 0 0 2
d 1 L + f2 €9 0 0 0
— = 6

P==z71 o (R AN 0 0

0 0 1 L+fi o« 0

0 0 0 1 é + f5 €5
The €; are linear combinations of ay, . . . , a5 satistying > " €; = 0, and the
fo, ..., f5 are linear combinations of by, by, by, b5 such that the relations

Jot+ fot+ fa=fi+ fs+ f5 =0 hold.

One observes that the data of the eigenvalues of A, are equiva-
lent to aq,...,a2,-1. Thus for an isomonodromic family the a; are
constant and the by, ..., by,_1 (with the condition b,, = 0) are func-
tions of ¢. The differential equations for the b; are derived from a
Lax pair zd% + Ao + zA;, % + B with an, a priori, unknown matrix
B depending on t and z. The action of the operator % + B on the

C(t)[z"/?™]-1attice with basis eg, . . ., €gpm_1 is called E. It is o-invariant
and we make the “correct” guess
2m—1
E(eg) = Z2meq + Z hje;, for certain functions hy, ..., hoy—1 of t.
j=1

We make this explicit for n = 6, m = 3 (again, the general case n = 2m
is similar).

g9 0 0 0 0 =z
1 g0 0 0 0 0
d 01 g 0 0 0 3
E=2+1 0 01 g 0 0 and » g; =0.
000 0 1 g4 0
00 0 0 1 g
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The Painlevé type equations are similar to those in §2.2.1.

An alternative computation. From the equation DE(eg) = ED(e)
and all a; are constants, the differential equations for by,..., byym_1
follow. For the case n = 6, m = 3 one obtains the following Painlevé
type equations for by, by, by, bs (bs = 0, w = €2™/6)

—18t DL = 288b1bobyw — 2612w — 24babstw — 288b3bsw + 18a;tw
—144b1boby + b1t? + 12bobst + 144b3bs — 18ast + 216a3b4,
—6tDL2 = —4b2tw + 96b1babsw — 2bat?w + 1263w — 96bsbZw + Gastw
—I—Zb%t — 48b1bobs + b2t2 — 6bit + 48b4b% — 12ast + 72a3bs5,
—6tDL1 = 96b2byw — 96b1babsw — 12b3tw + 2bat*w + 4bZtw — bastw
—481)%[)2 + 48b1bgbs + Gb%t — b4t2 — ngt + 72a3b1 — 6ayt,
—18t%s = 88b1b3w + 24bybatw — 288babsbsw + 2bst*w — 18astw
—144b1 b3 — 12b1byt + 144bybybs — bst? + 216a3bs.

There is a Hamiltonian function H such that
dbs OH dby O0H dby OH dby, OH

& @ o @ ok At o
with H defined by 3tH =
(w — 1/2)(b2bs + b1bs/3)t% + ((—2w + 1)b3 + ((2b2 — 3as)w — b2 — 3a4)by
—I—(l — 2w)bi + ((2b%—3a2)w — b% + 6&2)b4 — (3a1b5 + 3(15()1)’[0 + 3a1b5)t
+12(—b1b2 + b4b5)((—b1 (2w — 1)b2 + b5(2w — 1)b4 — 3(13),
27ri/6‘

where w = e

3. 243 4 22/3 AND REGULAR 2z = 0.

The gy = 2¥3 + 223, ¢ = w23 + W23, gy = W23 + wt?/3
with w = e?™/3 are the eigenvalues. First we assume that z = 0
is a regular singular point. Then the monodromy space R is iso-
morphic to C3. The monodromy mon at z = oo (or equivalently
at z = 0) is a product of the formal monodromy and 8 Stokes ma-

15 13 11 9 7 5 3 1

trices. The singular directions in [0,1) are {¢, 15, % 167 16> 16> 16° 16

for 1 — ¢2.q1 — 90,2 — G0, %2 — q1:90 — 1,90 — G2, @1 — G2, 1 — Qo
Each Stokes matrix has one nontrivial entry and these are in the

same order x19, T19, T20, L21, o1, L02, Y12, Y10- A computation shows that
R — Sl3(C) is birational. Moreover, the preimage of 1 € Sl3(C) is one
point, namely

xo1 = —1L,xo2 = 1,210 = 1,012 =—1, 90 =—1, 291 = 1,410 = 1,y12 =—1.

The rather curious conclusion is that the monodromy space, for the

case that z = 0 1s reqular, consists of one point.
2

1
—3 tz =z
3
The formal matrix differential operator is zd% + z 0 tz |. The
t z 1
3
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guess that M is represented by the family of operators of the form

0 3 2
2
44l 10 % is verified by a Lax pair computation.
0 1 0

One concludes that the Stokes matrices, which are nontrivial, in this
family do not depend on t.

4. z+4tV20 2 5 —1/221/2 _922 AND REGULAR SINGULAR 2 = 0.

The above formulas are the eigenvalues qg,q1,q2 at z = oo. For
t € R,t > 0, the singular directions in [0,1) are 1/2 for ¢y — ¢2, ¢1 — ¢2
and 0 for ¢; — qo,¢2 — G0, @2 — ¢1. The monodromy identity is

0 -1 0 1 0 0 1 x10 w20
mon = 1 0 O . 0 1 0 . 0 1 =xo9
0 0 1 o2 T12 1 0 0 1

This presentation is unique up to scaling the third basis vector. One
has dimR = 4, dim P = 2 and the fibers are affine cubic surfaces with
an equation of the form z xox3 + 23 + x11 + *x9 + *x3 + * = 0. This
suggest that the corresponding Painlevé type equation is equivalent to
Py. The data do not match with z = 0 regular, since mon = 1 has no
solution.

In order to simplify the computation, the eigenvalues at z = oo are
replaced by z'/2, —2'/2 tz. This is similar to the case z +t/221/2 —2z.
The method of [vdP-Si, §12.5] (especially, the proof of Corollary 12.15
and Lemma 12.16) produces an explicit formula for the universal family
with these data. It depends on 5 variables. By scaling of the basis
vectors, one of the variables is normalized and the resulting operator
has the form zdilz + A with

—26L1 z a4t — as
A= 1 2&1 + a,gt agt
—(ay +2ag)t — 1 tz tz — ast
The Lax pair formalism produces a set of differential equations % = R,
for i = 1,3,4,8 where the R; are rational functions in aq, as, ay, ag, t.
The eigenvalues of the residue matrix of A at z = 0 are indepen-
dent of £. One of the eigenvalues is 2a; + ast. Adding the equation
W = 0 to the above system of equations eliminates a4 and pro-
duces: a1 = ¢1,a3 = ¢/t with constants c¢;, co and a Riccati equation
for ag. In particular, the Painlevé type equation for this family is solv-
able by classical functions.
We have no explanation of this computational result. In contrast,
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a computation of the monodromy space for the case +z'/2 tz pro-

duces again a 2-dimensional family of affine cubic surfaces of the type
T1ToT3 + 22 + %11 + *15 + %23+ * = 0. This corresponds to the P, case.

5. zl/er tzl/e2 e > ey > 2 AND REGULAR SINGULAR z = 0.

Fore; > ey > 2, one hasdimR = 3e;+ey—3 and dim P = e;+e5—1.
For the smallest case e; = 3,e5 = 2 one has dimR = 8, dim P = 4,
R — P is (generically)surjective and the fibres have dimension 4. The
formulas for the fibres are complicated. This makes the computation
of M and the Lax pair nearly impossible.

Fore; =es =m > 2, n=2m, one has dimR = %—1:271—3,
dim P = n—1. For the smallest case m = 2 one has dimR—dim P = 2.
The computation in § 5.1 below produces a second order Painlevé equa-
tion which is probably a pull back of the classical P, equation.

5.1. The case z'/? t2'/?. The monodromy space R.
The eigenvectors are q; = 2%, qp = —2"% g3 = t2'2,q4 = —tz
with a basis fi, fo, f3, f1 of eigenvectors is such that v permutes the
two pairs {f1, fo} and {fs, f1}. There are 6 variables present in the
Stokes matrices. Now f; and f3 can be scaled independently and so
dimR = 6 — 1 = 5. Further P = C? is the space of the characteristic
polynomials 7% — psT® + poT? — pi T + 1 of the elements of SLy.
For the case t = i, the singular directions in [0, 1) are 0 for g, — ¢,
i for ¢, — g4 and for g3 — g1, % for q3 — qu, % for ¢ — q4 and for ¢3 — ¢o.
The topological monodromy mon, which has the above characteristic
polynomial, is equal to the product

1/2

1 1 T14 1
1 1 23 1
1| 1 ' 1
1 1 T43 1
13 1z
1 1
1 ' 1
T 42 1 1

The fibres of R — P have the following data. Assume that x4 # 0
(note that z45 = 0 implies reducibility). After eliminating x5, x93 there
remains one cubic equation in the variables x4, 42, 43, 13, namely

2
T14T42T43 — P3T43 + T13Ta2 + Ty3 + p2 + 2 = 0.

After normalizing x5 to 1 (note that x13 = 0 produces a similar cubic
equation), the cubic equation is almost identical to the one for P,



ISOMONODROMY AND PAINLEVE TYPE EQUATIONS, CASE STUDIES 19

(JvdP-Sal) which is z1zow3+1% —(s3+5183) 11 — S50 —S3x3+ 5545155 = 0.
Therefore one expects a relation with the classical P;.

Observation. The monodromy identity depends strongly on t. For
instance, if ¢ € Rog,t # 1 then there is only one singular direction in
[0,1). The fibres of R — P are again rational surfaces. The dependence
of these surfaces on t is somewhat mysterious.

The space of connections M.

A differential module M over C(z) in this moduli space can be consid-
ered as a differential module N over C(z'/?) with an automorphism o
satisfying o 0 21/ = —2'/2 0 ¢ and 0% = 1. Now N can be given a basis
e1, s, e3,e4 such that o permutes the two pairs {ej,es} and {es, eq}.
The corresponding module M over C(z) has the basis

Bl =€ + 62,32 = 21/2(61 — 62),33 = €3 + 64,34 = 21/2(63 — 64).

Let D denote the operator of the form z-4 + (a matriz) acting upon
N. This operator commutes with ¢ and is determined by Dey, Des.
The formal part D of D is given by De; = 21/2¢;, Des = t2'/2e3. Using
[vdP-Sil §12| one concludes that D is given by the formulas

1/2 1/2
De; =z / e1+ aijes + ases +asey, Des =tz / es + aqe1 + ases + agey

with constants aq,...,as. For the generic case one can normalize to
as = 1. A computation of D on the basis B,..., B; produces the
operator (normalized to trace equal to zero) zd% + A with

a; —1/4 z as + as 0
. 1 —a;+1/4 0 a4 — as
o ag + as 0 ag — 1/4 tz
0 g — asg t —ag + 1/4
As mentioned above one may normalize to a; = 1. Further the

coefficients of the characteristic polynomial of residue matrix at z = 0
are the parameters. We conclude that for fixed parameters, the above
family of operators has dimension 2 (not counting the variable ). This
is in agreement with the computation of the fibers of R — P.

The operator zd% + A is extended to a Lax pair by an operator of
the form % + B with B = By + Byz for matrices By, B; depending
on ¢ only. The property <4(A) = z4L(B) + [A, B] yields a vector field,
represented by differential equations %aj =R;, 7=1,2,3,4,6 with R;
rational expressions in aq, .. .ay4, ag, t. The characteristic polynomial of

the residue matrix at z = 0 is written as T* + P,T? + P,T + Py. We
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have used the formulas for P;, P, and another invariant Py = a1 + ag to
eliminate (stepwise) the functions as, ag, as. For the remaining aq, a4
one obtains the equations

da; _ (2P1a3+(—4P§+(8a1+2)Py—8a3 —4P2)as+2P)

e (a3-1)(12-1)) ’

das _ ((—203+2)a1t?+2(a3+1)(Po—2a1)t+2(as—1)(as+1)(—a1+P))
dt (t3—-t) ’

The second equation can be used to write a; as an expression in a4 and
%. Substitution in the first equation yields an explicit (and rather
long) second order differential equation for as. The poles w.r.t. ¢ are
0,1, —1,00. We did not find a relation to a classical Painlevé equation.
A possible approach could be to search for a Hamiltonian and apply

the ideas used in |[D-F-L-S].
6. (2% +12)my, (502 (2° +t2))m, AND REGULAR 2 = 0.

The case my = my = 1. Then q; = 23 + tz,qp = —(2® + t2); the
singular directions for ¢; — ¢y are 1’%’5; the singular directions for ¢ — ¢;

are %. The monodromy identity reads
mon = (J l/Og) (10 7) (9514 01) (10 ) (:clz 01) (10 7) (xlo 01)’

The equation mon = ((1) (1)) and division by G,, (made explicit by nor-
malizing x5 = 1) produce an explicit R of dimension 3. Furthermore

dim P = 1 (parameter g). This is in fact the standard family for P;.
Casemy =2,my =1, 22 +tz, 23 +tz,—22% — 2tz and z = 0 is reqular.

Description of R. The Stokes matrices are described by 12 variables,
there are 2 variables describing the formal monodromy. The topological
monodromy is supposed to be the identity. This produces 8 equations.

Actual computation, using the monodromy identity produces a space
of dimension 6. Dividing by the action of G2, due to scaling the basis
vectors, produces dimR = 4. Moreover dimP = 2 and the fibers of
R — P have dimension 2. One expects a relation with a classical
Painlevé equation with at most two singularities.

We follow the discussion of the cases (i) and (ii) on pages [6HTl for the
construction of the matrix differential operator z% + A. The formal
operator ST := z% +diag(Z+tz+ay, 22 +tz+ay, —22° =2tz —ay —ay)
is conjugated with the matrix 1 + M, where M =

0 0 bl/Z+b2/Z2+bg/Z3

0 0 by/z + bs /2% + bg /23
br/z + bs/2% +bg/2% bio/z + b11/2? + bia/23 0
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This produces an operator z- +A= Prin(zL+(14+M)ST(1+M)™).
Then A is obtained from A by adding the eight equations given by
A(0) = 0. After scaling the basis vectors one has by = 1,b;; = 1 and the
matrix A depends only on the variables by, bs, b7, bs. The substitution
bs = Bsbg removes some denominators. The characteristic polynomial
of the formal monodromy at z = oo is written as 7% + pT + ¢. The

Lax pair equation together with the equations % =0, % = 0 produce
a differential system
dB db
d—; =0, d—tl = —6B5b%b; — 6b3b; — 3b°t — 3,
o (OT82(By + 1)26 + 18¢br(Bs + 1)by + 3¢ B
E_( 7(Bs + 1)7b7 + 18tb7(Bs + 1)b1 + 3t° — p) /(3B5 + 3).
This is a Hamiltonian system dditl = g—g, % = —g—g, depending on
parameters Bs,p, with H = —3(Bs + 1)b2b} — 3tb;b? + g?j:gbl — 3bs.

There is no evident relation between this Hamiltonian and Okamoto’s
list of polynomial Hamiltonians in [O1]. Possibly the method described
in [D-F-L-S| can be applied here.

7. z,tz,(—1 —1t)z AND M. MAZZOCCO

7.1. Computation of Stokes data and monodromy space R.
The formal solution space V at z = oo has a basis eg, €1, e5 such that
the formal differential operator has the form

Z+ ag
zd—+ tz+aq
z (=1 —t)z—ap—ay

The formal monodromy and the Stokes matrices are given with respect
to this natural basis. The basis is unique up to multiplying each e;
by a scalar. Since z = 0 is regular singular, one has dimR = 6. The
formal monodromy at z = oo is the diagonal matrix diag(gi, g2, g3)
with g1g2g93 = 1 and g, = 2™ g, = 2™,

The singular directions depend on t. For ¢ close to ¢, the singular
direction dy; € [0, 1) for ¢ — q; are approximated by

0.93, 0.83, 0.62, 0.43, 0.33, 0.12 for dyy, do1, do1, do2, di2, dio.

This determines the order of the six Stokes matrices in the monodromy
identity, which states that the topological monodromy mon at z = 0
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is, up to conjugation, equal to the product

g1 1 1 1 o1
92 1 1 1
%}2 T20 1 T21 1 1
1 02 1 1
1 . 1 T12 . 10 1
1 1 1

If z = 0 is regular (i.e., mon = 1), then the Stokes matrices and the
formal monodromy are equal to the identity. This case is uninteresting.

Suppose now that z = 0 is regular singular. Then dim’P = 4 and
the basic parameters are g;, go and the coefficients of the characteristic
polynomial of mon. The fibers of R — P are affine cubic surfaces with
equation zyz + 2% +y2 + 22 + prx + poy + psz +psy = 0 with py, ..., ps
expressions in the parameters. This is an indication that the Painlevé
type equation is related to FPs. We will compute M and the Lax pair.
Due to the complexity, we did not find an explicit relation with Fj.

M. Mazzocco ([Maz]) studied the equivalent situation in which the
eigenvalues at z = oo are 0, z,tz. The matrix differential equation has

0 0 0
the form zd% +1 0 tz 0 |+ W, where the “constant” matrix W has
0 0 =z

a rather special form involving 4 parameters. This form is chosen in
order to produce a relation with Pz and its parameters by means of
explicit formulas connecting the solutions of the two equations. The
proof of this equivalence uses Fourier-Laplace transforms and Stokes
matrices.

7.2. Constructing the connection and the Lax pair.
A Zariski open subset of the moduli space of connections M is obtained
by considering the family of differential operators of the form

d ap My ma 10 0
Zd— —+ ms aq my + z 0 t O
o ms Mg —Qag — a1 0 0 —1-—t¢

(compare [vdP-Sil Theorem 12.4]). Each of the basis vectors for this
presentation can be multiplied by nonzero elements and the family
has to be divided by this action of G2,. A Zariski open part of the
quotient space is obtained by assuming mgm, # 0 and normalizing
mg = my = 1. In this way one obtains the following explicit description
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of an open part of M in terms of

d Z+ag (%1 (]
Zd— —+ 1 tz + aq 1
o U3 Uy (=1 —t)z—ap—ay

This operator (with vy, ..., v, as functions of t) is completed to a Lax
pair with the operator 4+ By (t)+ 2B (t). The assumption that the two
operators commute leads to a set of differential equations for vy, ..., vy,
namely
o — —3vgv1 +3vava (6t 4+ 3)v3 — 3vs(t — 1)ve — 3ui(t + 2) + (—9aot + 9a1)v2
YT 2245042 213 + 312 — 3t — 2 ’
, (3t = 3)vE + (=6t — 3)vavs + (Yaot — 9a1)vs + 3va(t +2)  ,  3vzvi — 3vavs
v 205 + 312 — 31— 2 T T2
In a monodromic family the topological monodromy is constant and
then also the characteristic polynomial of the residue matrix is con-

stant. This means that there are constants dg, 01, explicitly

Vg =

—CLg — Qo1 — CL% — VU3 — V1 — Vg = 51,

a%al + CL(]CL% + A1V2V3 — QU1 + AgUg — A1V — V1V3 — VoUy = (50.
The algebra of functions on the parameter space for the connection is
generated by ag, ay, dg,d;. They correspond to the 4 parameters for
the moduli space R of the analytic data. Using these equations one
eliminates v; and v4 and one is left with the two differential equations

(2ap + a1 —vg + 7)3)(2153 +3t% — 3t — 2)Ué =
= (=6t — 3)v3 + ((2lag + 6a; + 6v3)t + 6ag — 6a; — 6v3)v3
+{(—21a + (—12a; — 12v3)ap — 3a} — 6ayvs — 3v3 — 38;)t — 6a3
+(12a1 4+12v3)ag + 3a? + 6ajvs + 3v3 — 631 Jvo + 3(ad + agdy + &) (t + 2),

(2a0 + a1 — vg + v3) (22 + 32 — 3t — 2)v}y =
(3t — 3)v3 + ((15a0 + 3a1 — 12v9)t — 6ag — 12a; — 6ve)v?
+{(15a3 + (6a1 — 24v2)ag — 3a? — 12a1v2 + 603 — 351)t — 6a3
—(24a; + 12v9)ag — 1543 — 6ayvy + 3v5 — 601 }v3
—3(t + 2)(a + 3aa1 + (3a3 + 61)ap + a3 + a161 — &p).

This Painlevé vector field of dimension 2 can be transformed, as
follows, into a second order differential equation. The equation for vj is
used to eliminate ve. This introduces a quadratic extension of C(t, v3).
Substitution of this formula for vy and its derivative in the equation
involving v4 produces an implicit order two equation P (v}, v, vs,t) = 0,
of degree 2 in v4. Interchanging the roles of v, and v3 produces a similar
result. The formulas are too complicated to present here.

Remarks. There are explicit formulas for reducible loci and the cor-
responding Riccati equations. These turn out to be hypergeometric
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differential equations, which is again an indication of a relation with F.

3(2t+1)v2 —3(t4+2)v1 +9(—aot+a1 )v
Example: v3 = vy = 0 and v = 0, v} = 2+ Z(t—gt)J(rzt)Ji)JEtJ(rz)OH L)v2

7.3. The hierarchy (2)m,, (£2)m, (T™5-"22) s

The mq,me,mz > 1 stand for multiplicities. A computation shows
that “z = 0 is regular” leads to trivial Stokes matrices and formal mon-
odromy. Consider the case m; = 2, my = m3 = 1. Then dimR = 10
and dimP = 6. According to [vdP-Si Exercise 12.5, p. 300], the uni-

versal family is

Z+ ap 0 1 To
d 0 z 4+ ag T3 T
Z— +
dz T Tg tz + as Ty
xTs T9 T10 (—2 — t)Z — a; — ag — as

Consider a normalization, say, rs = x9 = x19 = 1, obtained by restrict-
ing to the open subspace defined by xgzgriy # 0 and multiplying the
base vectors by scalars. The Lax pair consists of the above operator and

% + By + 2B;. An easy computation produces a system of differential
equations (or vector field) % € Clay,...,aq,21,...,27), j=1,...,7.
Using three coeflicients of the characteristic polynomial of the residue
matrix at z = 0, one can eliminate xs, x4, 7 in a rational way. The
resulting vector field of rank 4 is a Painlevé type system. It is unfortu-
nately too complicated. The system contains, of course, many closed
subsystems corresponding to z,tz, (—1 — t)z, that produce equations

related to F.

8. zl/¢ tz,—tz, e > 1 AND REGULAR SINGULAR z = 0.

Write qi, ..., q. for the conjugates of z'/¢; write r and s for ¢tz and
—tz. The value of the integer N (i.e., the dimension of the Stokes
data) is equal to e(e — 1)+ (for the g, — ¢) plus e + e 4+ e + e (for
Q=TT —qQr, @k — S, S—qx) plus 2 (for r—s, s —r) and sums up to 5e+1.
The formal monodromy -~ depends on 1 parameter. Normalization
by the action of G2, results in dimR = 5e. The parameters are the
e + 1 coefficients of the characteristic polynomial of the monodromy
at z = 0 and the eigenvalues of . This leads to dimP = e + 2 and
dimR — dim P = 4e — 2.

The case e = 2. For t = 1 the singular directions in [0, 1) are d = 1/2
forr—qi,r—qa, 1—s, @p—s,r—sand g2—q1, 1 =7, 2=, 5—q1, =Gz, s
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for d = 0. This leads to a matrix formula for the topological mon-
odromy

-1 1 1 1 L6 Ty
1 1 ) 1 T8
mong = . .
0 g 1 rg w10 1 211
1/g x3 w4 x5 1 1
One may normalize to 19 = x1; = 1. The parameters are ¢ and

three coefficients of the characteristic polynomial of mong. A Maple
computation verifies that the fibres of R — P are birational to A°.

For the differential operator zd% + A we propose the following guess
(based on [vdP-Sil, §12|)

a z * *
1 —a * *

A= x % tz+b * ’
* % * —tz—b

where a,b and * are variables. Since two of the constants can be nor-
malized to 0, this is a family of dimension 10 (over the field C(¢)). The
invariants are three coefficients of the characteristic polynomial of the
residue matrix at z = 0 and b at z = oc.

The Lax pair {zd% + A, % + B} has the form B = By + B;z, where
By, By are traceless matrices depending on ¢ only. The Lax pair calcu-
lations for the case e = 2 produces a rational Painlevé vector field of

dimension 6 which is too large to be presented here.

9. 22, —2% —tz,tz AND z = 0 REGULAR.

The assumptions: z = 0 is regular and z = oo is unramified and has
Katz invariant 2 produces the eigenvalues (22),,,, (@222 +a12)my, (012)ms
such that the my, my, ms satisfy my2? + ma(ag2? + a12) + msbiz = 0.
Then dim R = (n — 1)2, where n = m; + my + mz > 3.

We present computations for the case m; = mo = m3 = 1. Then
dim’R = 4 and dimP = 2. The fibers of R — P are affine cubic
surfaces, which have, after an affine linear change of the variables, the
equation zyz + x +y+ 1 = 0. We recall from |[vdP-Sal, that in the P,
case, the parameter space P is one point and that R is the affine cubic
surface with the equation zyz + x +y + 1 = 0. This suggests a strong
relation between P; and the case under consideration.
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We propose a normalized differential operator

d z a1 1
7 + 1 —z—1 a
o as Qg t

The reasoning for this proposal is the following. Observe that

zd—+ 0 —22 —tz 4y 0
< 0 0 tz —c1 — ¢

has at z = oo the universal deformation

d Z2+Cl * *
zd—+ * 22—tz 4y *
z
* * tz —c1 —Cy

Here the *’s are arbitrary polynomials in z of degree < 1. The as-
sumption that z = 0 is regular implies that ¢; = ¢ = 0 and the * are
elements of Cz. Finally, in the general case one can, by a change of the
basis, arrive at two entries being 2. Dividing by z produces the above
proposal.

For the Lax pair situation aq,as,as, a, are functions of ¢ and the
above operator is supposed to commute with % + B(z,t), where B(z,t)
has degree 1 in the variable z. The resulting differential equations are

ay = =3ayasas + 3as, ah = —3a1a3 + 3ajaz — Sast — 3/2,
/

ay = %agalag — %a4, a, = %a4a1a2 — 3agasasz + %&1&3 + ga4t.
The two parameters describing the parameter space P are p; = a1+ 2a3
and pe = ay + as + agay (thus pj = 0,p, = 0). Elimination of ay, a3
leads to the system of differential equations

/3 3 9p1—12p3 2 _ 9ast

ay, = 3(_p1+2p2'2)(_p2+p1) + %a4 + (=9p1 + 12py)asay — 9a3az.

The first equation can be used to write ay as rational expression in
as, ah. Substitution in the second equation yields an explicit second
order equation. The Hamiltonian H is equal to

23 91 —12p2 4 3p? — 9p1p2 + 6p3 3 9azay

—3aja ———Caqas — as + —aq4 + t.
4 2 2 2 2 2
where a) = g%, ay = —gTi and p;, py are parameters (constants).

We did not find a relation with some P.,.
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10. 1/z,—1/z AT z =0 AND tz, —tz AT z = 0.

The data above is the m = 1 case of the hierarchy M,, defined for
m > 1 by the eigenvalues (27!),,, —mz"" at z = 0 and (tz),,, —mtz at
z = 00. One shows that dimR,, = 4m and dimP = 2m. The case
m = 1 is the family for P3(Ds).

For m = 2 a computation reveals that R — P is surjective with fibres
of dimension 4. A computation of M, indicated in the “Introduction
and Summary”, and a choice of normalizations give rise to an operator
zd% + A representing an open affine subset of M, with A =

1 0 O c 0 —3my 1 0 O
01 0 |+ 0 & -3 +tz-P-[{ 01 0 |P7H
0 0 -2 3 3m3 —C1 — C2 0 0 -2

1 0 T
where P = 0 1 =z |. A straightforward Lax pair compu-
T3 T4 1

tation produces formulas for %,z’ = 1,...,4, as rational functions in

Ty, T9, T3, T4,t. These are however too large to be displayed here.
The computation does show that indeed in an isomonodromic family
c1, C2, M3, My are constant.

11. 272 AT 2 =0 AND tz, —tz AT z = 00.

The above defines the usual family for P;(D;). By attaching multi-
plicities, e.g., (272, (t2)m, (—t2),, and m > 1, one obtains a hierar-
chy. For the case m = 2, the space R is given by the equation

L o mong = mone, o L with L : V(0) — V(c0) a linear bijection

where mong : V(0) — V(0), mons : V(c0) = V(00) are the topologi-
cal monodromies. The link L is considered up to multiplication by C*
and the matrices of mong and mon., have the form

* 1 * ok
_ * 1 *x x
mong = 1 . 1 ,

1 1

* 1 * 1
* 1 %

MoMeo = * 1 * % 1
* 1 * % 1

After normalization one obtains dim R = 12 and dim P = 4. Therefore
the relative dimension of M over C(t) is also 12. The construction of
M and the Lax pair computations seem to be out of reach.



28 MARIUS VAN DER PUT AND JAAP TOP

12. z7'/™ AND tz'/™, A HIERARCHY RELATED TO P3(Dg).

The assumption that z = 0 and 2z = oo are both irregular singular
and totally ramified leads, after normalization, to the Galois orbit of
2z~Y" at z = 0 and the Galois orbit t2'/™ at z = co. In the sequel we
replace ¢ by t'/". The moduli spaces will be denoted by M,, and R.,.
The standard isomonodromic family for Ps(Dg) is derived from M.
First we study the structure of R,,.

12.1. The structure of the monodromy space R,,.

We refer to [vdP-Si, § 8,9] for notation and results. For a connec-
tion M € M,, the solution space V(00) at z = oo has the structure:
V(o0) = @7, Ce; with Ce; = V(00),,, q; = o’ (t1/m24/m) = ¢jtt/nzt/m,
where ¢, = €2™/". The basis {e;} is chosen such that the formal mon-
odromy 7y () acts by eg > eq > -+ > e,y = (—1)" e,

By Lemma 0.1, the space of the Stokes data at z = oo can be iden-
tified with C*~!. The monodromy identity for the topological mon-
odromy mons, at z = 0o has been studied in detail in [CM-vdP] p. 146-
147]. The surprising property is:

Let the Stokes data be (x1,...,2, 1) € C*'. Then the characteristic
polynomial of the topological monodromy mon., s

T"+z, T+ T+ (1)

Thus the map from the Stokes data to the characteristic polynomial of
mong is bijective.

The local solution space V(0) at z = 0 has a similar description. The
map from the space of the Stokes matrices to the (non trivial) coeffi-
cients of the characteristic polynomial of the topological monodromy
mong at z = 0, is bijective.

The monodromy space R, consists of the local analytic data at
z = oo and z = 0 together with a link which glues the solution
space above P!\ {oo} to the solution space above P!\ {0}. More
precisely, the link L : V(0) — V(o0) is a linear bijection such that
Lo (mong)™! = mong, o L. The “inverse sign” reflects the difference in
directions of the paths for mong and mon.

It follows that all the structure of V(0) is determined by mon,, and
the link. In particular, mong ! has the same characteristic polynomial
as mony,. Furthermore, the Stokes matrices at z = 0 are the same as
those at z = 0o, however taken in the opposite order.
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Let Ly be a fixed choice for the link. Any other link has the form
M o Ly where M = (m; ;) € GL(V(00)) commutes with mons. Then
R, can be identified with the tuples (M, z1,...,x,_1) as above and M
taken modulo multiplication by a scalar (since the basis of V(0) and
V(o00) can be scaled).

A computation, using the formulas in [CM-vdPl § 3.3, § 3.4| for
Mon«, shows that M is determined by its last row (my, 1, . .., My,) and
that this space can be identified with the open subspace of P*~! x An~!
consisting of the tuples

(M1t imyy), (T1, ..., Tn_1)) € Pt x AnL

such that the determinant F' of the matrix M is not zero. One easily
sees that F' is homogeneous of degree n in the n variables m,, 1,...,my
and its coefficients are polynomials in zq,...,7,_1. In particular, R,
is smooth, connected, quasi projective of dimension 2(n — 1).

Ezrample Rs. The local analytic data at z = oo are:

V(oo) = V(o0) ;@ V(c0)_yz = Ceg + Cey, v : eg — €1 = —ep. The
singular directions depend on t'/2. For ¢'/? in a neighbourhood of 1,
the monodromy identity is: mon., = (01 _01) (916 ?) = (_f 51).

As above, there is a surjective morphism Ry — A' = Spec(Clx]).
The fibres consist of the (b3 : by) € P! such that the determinant
F = —bsbyx + b% + b3 of the matrix M = (2; zj), commuting with
MOoNs, is nonzero. Thus Ry C P! x A! is the complement of the
quadratic curve F' = 0 over Al

We note that the description in [vdP-Sal of monodromy space for the
classical case P3(Dg) is slightly different. There the link L is normalized
by the assumption det L = 1.

Ezrample R3. The local analytic data at z = oo are

V(o) = Cey + Cey + Cey with Ce; = V(o0),, for j = 0,1,2 and
qo = tY32Y3, gy = G323 gy = (Y3213 and (3 = €*™/3. The basis
vectors ey, €1, e are chosen such that the formal monodromy - satisfies
eg — €1 — es — eg. The basis ey, e1, e is unique up to a simultaneous
multiplication by a scalar.
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For t'/? equal to 1, the topological monodromy mon. at z = oo is
MONs = 7y - Sty - St1/4 which is explicitly

0 01 1 0 0 1 o1 0 0 o1 1
MONse = 1 0 0 0O 1 O 0O 1 0 ]= 1 291 O
010 0 x21 1 0 0 1 0 1 O

The characteristic polynomial of mons is X2 — 201 X% — 29; X — 1.

The space A? of the topological monodromies at z = oo, consists of
the pairs (o1, 221) € C2. The fibres of the obvious map R3 — A? con-
sist of the elements (ms 1 : m32:Mm33) € P? such that the determinant
F of M is invertible. Explicitly,

F = adx179 + a2agx? + a2agx3 + ara3a91To — aZagTy + aZagly
—2azairy + 2a7a3T9 — aZagry + agazry + ai — 3azagag + ai + ag,

where (CL7,CL8,CL9) = (m371,m372,m3,3) and T1 = Tp1, T2 = T2;1- Thus
Rs C P? x A? is the complement of the cubic curve over A? with
equation F' = 0.

12.2. Construction of M,, by using a cyclic covering.

The space M,, will be represented by the “universal” matrix differ-
ential operator L = zd% + A of size n x n over C(z). This operator
has only at 2 = 0 and 2z = oo singularities and these are given by the
Galois orbits of z2=/" at z = 0 and t2"/™ at z = co. As in § 2], we use
the n-cyclic covering of P* to produce explicit formulas.

Now L is seen as a map on a vector space V' of dimension n over
C(z). Let o denote the automorphism of C(z'/") over C(z), given by
o(2/") = wz'/" with w = €*™/™. Then o acts as semi-linear map on
W = C(2/") ® V and L extends uniquely to a derivation D on W.
The operator D has no ramification. Define the trace tr : W — V by

tr(w) = 327 o/ (w).

We apply the method of [vdP-Sal, Chapter 12|, to construct a universal

family. One considers a basis e, €1, ...,e,_1 of W over C(z'/") such
that o acts by eg — ey — -+ — e,_1 +— ¢y and D has, w.r.t. this
basis, poles of order 1 at z'/" = 0 and at 2!/ = 0o and no further sin-

gularities. By construction, D commutes with o. In particular, D(ep)
determines D and D(ep) has the form Z;:é(ajz_l/" +bj + c;zH™)e;
where the a;,b;, ¢; are variables, parametrizing the family.
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Define the V-basis {By, By, ..., B,_1} by B; = tr(z//"ey) for all j.
In the computations, we change B,_; into z~'B,_;. The given data
for D(ep) induces a formula zdilz + A for D on the basis By, ..., B,_1.

It is seen that the matrix A has at most singularities at z = 0 and
z = oo (in fact poles of order at most 1). The characteristic polynomial
of A is seen to have the form T"+p, 1 T" 1+ -+p,T+po— (o271 +52)
with all entries po, ..., pn_1,a, 8 are in Clayg, by, ¢, . .., bp—1,Cn—1]. In
particular, there are explicit expressions # 0 for a and §. In the family
given by A we require that a and f are invertible. Indeed, this implies
that z = 0 and z = oo are totally ramified and have Katz invariant %

d
for the operator z- + A.

The resulting affine family of operators zd% + A is parametrized by
the spectrum of Clay, by, ..., Cnr—1, é, %] Next, we make the following
restrictions and normalizations. We require that A has trace zero. This
is equivalent to giving by the value ?’z_—n" The variable z is scaled such
that « = 1 and we write t for 5. The next step is to divide by the
action, by conjugation, of the group of the (constant) diagonal matri-
ces on the differential operator zdilz + A. In examples this is done by
replacing (n — 1) suitable entries of A by 1 (for example, resulting in
a; =1,a3 =+ =a,_1 =0). One sees that the dimension of the final
family (not counting t) is 3n —1—2—(n—1) = 2n —2 (—1 for by and
—2 for «, f and —(n — 1) for conjugation). This is in accordance with
dimR, =2(n—1).

We do not attempt to describe the full moduli space M,,, but claim
that the constructed family D = zdiz + A describes an affine open
subset. The operator E := % + B such that {D, E'} forms a Lax pair is
also considered as o-equivariant operator on W and is determined by
E(ep). One computes E(ey) = 2/ Z;:g c;jej, under the assumption
that ag = 1,4, = --- = a,_1 = 0. Below, the above construction is
made explicit for n = 3, extended to n = 4 and to general n > 3. For
n = 2, it is compared to the classical formula.

12.2.1. Case n = 3. The matrix of D w.r.t. the basis By, By, 2 ' B, is

bo + b1 + b ap + ap + ao co+c1+co
co + crw? + cow % +bg + biw? Fbow 27 ag + a1w? + asw)
ag + a1w + agw?®  z(co + ciw + cow?)  —1/3 + by + byw + bow?

with a = (ag + a1 + a2)(ap + arw + asw?)(ag + a1w? + asw) and
B = (co+c1+ c2)(co + crw + caw?)(co + crw? + cow).
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Normalization: (ag+ai+az) = (ap+a1w+aw?) = (ag+aw?+asw) = 1
(thus ag = 1,a7 = ay = 0), by = 0 and § = t. This produces

d d 1 fo
= fi di | with fofifo=tand do+di +do = 0.

1 foz do
0 0 fo
It is completed to a Lax pair by t% + fi 0 0 |. The Painlevé
0 fQZ 0
type equations are
! / /
t%:do—dg, t%:dl—do, t%:dg—dl—l—l,

tdy = f1 — fo, tdy = fo — f1, tdy = fo — fo.

The system of equations has symmetries p and o defined by

P an.flaf? = flaf2>.f0 and dOadladZ — dl - 1/3ad2+2/3ad0 - 1/3a

o fo, fi, fa— fi, fo, f2 and dy, d1, do — —dy, —d2, —d;,

and generating D3 = S5.

The above formulas are very similar to the ones of Kawakami [K3,
p. 35]. In the latter the trace of the operator is +1 instead of 0 and
the entries of the matrix are written in terms of canonical variables
D1, P2, q1, 2 for a certain Hamiltonian.

One substitutes F' = fy, G = f; and obtains the equivalent system

(F')* F FG-2F? 1
T
F ¢ 2 G

F// —

(G"? G FG-2G? 1
-ttt —.
G t 2 tF
For a solution (fo, f1, f2, do, d1,ds), invariant under the symmetry
fo <> f1, one has F' = GG and the resulting equation is close to P;(Ds),
namely

Gl/ —

(F1>2 F/ _F2 N 1
F t 12 tF’

The invariant solutions under D3 = S5 are F' = G = (t'/? with ¢3 = 1.

Fl/ —

A computation of the infinitesimal symmetries at the invariant solu-
tion fo = f1 = fo = t'/3 produces ugly formulas.
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12.2.2. The general case. We make the following normahzatlon
D(eo) = (z_l/"+b0+cozl/")eo+z (b +C] 1/ )6n 1, bo 2n , ﬁ =1
and E(eg) = 2'/" Zj o ¢j€¢; and basis By, ..., B, 2,2 'B,_;.

For general n > 3, the formulas for the Lax pair are:

do 1 0 . 0 fo 0 0 0 . 0 fo
fiod 1.0 0 i 00 . 0 0
d 0 fo d» . 0 0 d 0 fo 0O 0 0
S o Ptat o 0
0o . fooadn o L 0 . . faz2 0O 0
1 0 . 0 forrz dua 0 0 . 0 faiz O
with > d; =0, [[ f; =t. The Painlevé type equations are
o S 1
t— =do—dy1, t7- =dy — do, -~ =dp-1—dp—2+1,
fO fl .fn 1
tdy = f1 — fo, tdy = fa— f1, - Jtd, = fo— fa1-

The symmetries observed for n = 3 generalize to n > 3 as follows:

D (fos froo oo fam1) = (frs fos oo oy fama, o),
C(dodys o dpey) = (A= 2 ds — L 2 g — L)

and
g (anfb .- -afn—l) = (fn—1>.fn—2a .- '>.flaf0)>

combined with o(d;) = dﬂ(])+c] for a permutation 7 satisfying 72 = 1
and constants ¢; € {—2, %=1} such that ) c; = 0. These symmetries
generate the dihedral group D,, of order 2n.

Taking D,-invariants fo = ... = f,_; := t'/" and corresponding d;’s
produces algebraic solutions of the Painlevé type equations.

Case n = 4. For invariant solutions under fy <> fi, fo <> f3 one has

(fo,fl fz,f4) (f, £, ¥) and do = =1/8,dy = t& —1/8,d, = 3/8,
ds = —tL — 1/8 and the equation
S S P
- f t 2 $3/2°

This is again close to the equation for P3(Dg). The Ds-symmetric so-
lutions are f = fy = fi = fo = f3 = (tY/* with ¢* = 1.

Case n = 5. Consider solutions invariant under fy <> fi, f1 < f3.
Then (fo, f1, f2, f3, f1) = (f, g, fz —,9, f). Moreover,

o2 f 2 "9 3 f 3 =2
do.dy dy, dy. dy) = (12 1L 82 WS90 3 3 .
(07 1, 42, 43, 4) ( f 5 f_'_ 5 f g+57 f+57 5)
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The system of equations for f, g reads

//:(f/)2_£_|_fg_f2 g//:(g/)2_g_/_|_fg_292+ 1
f t 2 g t t2 figt
The Ds-invariant solutions are f = g = ¢t/ with ¢® = 1.
The presented examples for small n suggest that subgroups of D,, pro-
duce interesting subsystems.

For completeness we consider also the case n = 2.

The Lax pair is zd% + (fifjﬂ;ol), t% + (?lzfoo) with fofi = t and

dy + d; = 0. The equations are

Jo A
t22 =dy —do, 5+ =do—dy + 1, tdy = f1 — fo, tdy = fo— fi.
Jo J1
One observes that ¢ = fy satisfies the classical equation for Ps(Dg),
\2 /
namely ¢’ = % - L 2%22 — % There is a symmetry p, given by

fo, fi = f1, fo and do, dy = dy — 1/2,do + 1/2.
The symmetry means that if ¢ is a solution, then so is g. Further
the invariant element r = ¢ + 2 satisfies the equation

" r ( ,)2 r? - 2rt — 16tr? + tr + 32t2
r'’ = r')e — T
t(r? — 4t) t2(r2 — 4t)

r2 — 4t
The symmetric solutions are g = ++/t and r = +2+/1.

13. A COMPANION OF P;.

What we like to call the companion of P; is the family M of con-
nections, given by the set of differential modules M over C(z) with
dimension 2, A?M is trivial, z = 0 is regular singular and the general-
ized eigenvalues at z = oo are w with w = 2% + Lz'/2. This is the
Py case except for allowing a regular singularity at z = 0.

Description of R. The singular directions at z = oo, lying in [0, 1) are
1,2 for the difference of eigenvalues w— (—w), and 0, 2, 1 for (—w) —w.
Thus R = A5. Let mon : R — SLy(C) denote the morphism which
sends the Stokes matrices to the monodromy matrix at z = 0.

The fibre of mon above (z 2) € Sl is given by the monodromy
identity

(0 G DG ED G = (o)

One eliminates z1, 9 by 11 = —c(z3 + o5 + z32425) — a(1l + z324) and
xe = d(14 x4x5) + bry. Since ad — be = 1 we are left with the equation
d(x3 + x5 + x3x475) + b(1 + x374) + 1 = 0.
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For d # 0, the fibre is as usual an affine cubic surface with three
lines at infinity. In fact this is the cubic surface “associated to” P, (see
[vdP-Sa]).

For d = 0 the equation of the fibre reads z3z4 = —b~! —1 and x5 has no
relations. For b # —1 it is the surface C* x C. In particular, R — SLs
is surjective. Furthermore, the parameter space P has dimension 1.

Description of M. Since the fibres of RH : M — R are parametrized
by ¢, one has dim M = 6. The isomorphy classes of the residue matrix
at z = 0 form the parameter space. It can be shown that the family
d 01\,3 | (0 ba) 2 ai b ao b
il N R Gy Kl G ER S G

with ¢ = by — b3 + cg, is the universal family of connections M. We
eliminate b; by by = t + b3 — ¢o. Furthermore, py := a2 + bycp is the
basic parameter.

For the Lax pair computation we suppose that the above operator

2
commutes with <4 + (;31 _yyzl) - Z(yy64 _y;) and that w = 0. This

eliminates v, ..., ys and produces the equations
a6 = QbQCO—bQ, 66 = —4a0b2, a/l = —36§+200—t, b/2 = —2(1,1, 06 = 2(1,0.

For ¢y = 0, and also for a fixed residue matrix (i.e., aj = b}, = ¢{, = 0),
one obtains the P, equation. For ¢y # 0 one eliminates by = (pg—a3)/co
and b, = (—2apayco — (po — ag)cy)/c2. This results in the Painlevé type
vector field

2
Po — Qg

Co

ay = 2byco — , ¢y = 2ag, dy = —3b5+2c —t, by = —2a,.
One eliminates ag, a;, and ¢y in the above equations by:

4 = =1, o = L4+ 362 — 10, ag = L + 3byb, — Lb5Y. The remain-
ing equation produces the following fourth order explicit differential

equation for f := by:

—2(6f% — f@ 420) f W = 288° —240f° fP 192t f* —24 £ f P £ £ 327( )2 8ot f £
+32f1% + 24(f V)2 f@ —a8(fV)? 4811V + (1) — 4 4 64po + 4

with [ = by, fO) = (%)ﬂ@) for j =1,2,3,4.

We note that the denominator of the formula for f® is the equation
for Pi. It seems probable that the field C(t)(ba, Lbo, ()%, (£)3by)

dt
has, for generic pg, transcendence degree 4 over C(t). This would fit

with the observation that the fibres of R — P have dimension 4.



36 MARIUS VAN DER PUT AND JAAP TOP

Comments. There are two reasons why this “companion of P;” is not in
the classical list P, — Fs. The Painlevé type equations describe in fact
a vector field of rank 4 (written above as explicit differential equation
of order 4).

Secondly, the monodromic family is a subfamily of the natural mon-
odromic family with “¢two time variables” given by the data: z = 0 is
regular singular and z = oo is irregular singular with generalized eigen-
values +(2%/2 + 4232 + 12,1/2) with time variables t;,¢,. We extend
our computations to this case.

Isomonodromy and Lax pairs for ¢ = (2°/% + %23/2 + %21/2).
As in the case ¢ = z%/% 4+ £2'/2 the familly of connections z-£ + A can
be normalized to

d 01 3 0 b2 2 aq b1 ap bo
ZE_'_(O 0).2 T 1 0 S c1 —a 2T CcCo —Qo ’

where ¢y = b3 — byt + it% — by + 1ty and ¢ = —by + t;. The vari-
ables ag, ai, by, b1, by are seen as functions of ¢1,t,. The Lax pairs are
expressed by [zdiz + A, L 4+ B] =0fori=1,2and B; a matrix de-

) dt;
pending on t1, t5, 2 and polynomial in z of degree < 2. One obtains the
following system of closed one-forms for d(ayp), - -, d(bs)

1
d(ao) = E{16b;"—16b§t1+4b2ﬁ—t;"—481;11;5+32blbzztl—4blzt§+32b§zt2—16bzzt1tz—16b0b2+

3byt? 3
+—+42b1by—bit1 —2bato+t1ta+bo Fdio

8bot1+3207 —48b1 ta+16t5 ydt1+{—2b3+3b3t, — 1

1
d(al) = ﬂ{—16bg+20b§t1—4b2t§—t?+16b1b2—16b1t1—16b2t2+12t1t2+8b0}dt1
—|—{b§ — 2boty + 3/4(t%) + 2by — tz}dtz

1
d(bo) = 6{—4a0b%+a0t%+8a0b1—4a()t2—4a1b0}dt1—|—{(4b2—2t1)ao}dt2
d(bl) = %{—4a1b§+a1t%+4aob2—2a0t1+4a1b1 —4a1ta+2bs —tl}dt1+{4a1b2—2a1t1—|—2a0—|—1}dt2

1
d(bz) = 5{—a1t1 +2a0+2}dt1—|—2a1dt2.

Note that py := a2 + byco satisfies d(py) = 0 and py is a generating
parameter for this system.
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