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Abstract

We compute the equivariant K-theoretic Donaldson-Thomas invari-
ants of [C?/u,] x C using factorization and rigidity techniques. For this,
we develop a generalization of Okounkov’s factorization technique that ap-
plies to Hilbert schemes of points on orbifolds. We show that the (twisted)
virtual structure sheaves of Hilbert schemes of points on orbifolds satisfy
the desired factorization property. We prove that the generating series of
FEuler characteristics of such factorizable systems are the plethystic expo-
nential of a simpler generating series. For [C?/u,] x C, the computation is
then completed by a rigidity argument, involving an equivariant modifica-
tion of Young’s combinatorial computation of the corresponding numerical
Donaldson—-Thomas invariants.
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1 Introduction

1.1 Orbifold Donaldson—Thomas Theory

Donaldson—Thomas (DT) theory, originally formulated in , studies gen-
erating series of the degrees of virtual classes of Hilbert schemes of curves and
points on a given Calabi-Yau 3-fold. Similarly, one can study the same gener-
ating series for a Calabi—Yau orbifold of dimension three.

We focus here on the invariants for Hilbert schemes of points. For a given

class « in the numerical Grothendieck-group No (&) of O-dimensional sheaves on
X, |OS03] define a Hilbert scheme

Hilb® ()

of substacks Z C X of class [Oz] = a. This Hilbert scheme can be equipped
with a perfect obstruction theory by describing it as a moduli space of ideal
sheaves. Using |[BF97|, this defines a virtual cycle and a virtual structure sheaf

. 1
Ot (x) € K (HiIb%(X)). After twisting by a square root K¢, of the virtual
canonical bundle, we obtain the twisted virtual structure sheaf

~ . . 1
vir — vir 2
Ofibe () = Ofiipe (1) @ Kiip-

This twist was introduced and motivated in [NO14]. We study DT generating

e Z(x)= > q”‘X(Hilbo‘(X),@Vir). (1)

a€Np(X)

Here we take X to be either projective or toric. In the latter case, the Euler
characteristic is defined via localization.

1.1.1 Main Result

Our main theorem is a computation of the equivariant K-theoretic DT generat-
ing series Z ([C®/pir], qos - - - qr)-



Theorem (Theorem . Let T = (C*)3, acting on C3 with weights (t1,t2,1t3).
The T-equivariant K-theoretic degree 0 DT generating series for [C?/u,], with
- acting on C* with weight (1,7 — 1,0), is

z ([Cg/ur]a qo0, - - - aqrfl) = PEXP (FT(Q) + F$Ol(q07 LR >QT71)> y

where
_ [tats][tats][tata] 1
Flg) = S
[t1][ta][ts]  [s1/2q][K1/2q71]
r—1
Fr(q) = Z F (tqiktgk’t;r+k+1t§+1at37q) )
k=0
t1ts] 1 »
Filg) = | s+ ).
[ts] [!/2q][r'/2q~1] O<§<r < ] [M])
where k= titals, ¢ = qo- - Gr—1, Qig) = G-~ G5, (W] = w'? — w12, and

PExp (—) denotes the plethystic exponential, whose precise definition we give in

Section [3.21].

This formula was conjectured in [Cir22, Conj. 2]. In |[CKM23, Cor. 6.2
it was shown to follow from corresponding conjectural formula for 4-folds. We
follow here the notation in [CKM23, Cor. 6.2]. Note that we don’t require a sign
in front of our variable gy as our chosen twist for the twisted virtual structure
sheaf includes the sign (—1)"°.

1.1.2 Colored Plane Partitions

The generating series we study are (equivariant) K-theoretic refinements of more
classical numerical Donaldson—-Thomas invariants

Zvm(X) = Y "X (Hib(X),v), (2)
aE€Np(X)

defined using Euler characteristics weighted by the Behrend function v. If X =
[C3/G] for some finite abelian subgroup G C SL(3), these generating series turn
out to be signed counts of colored plane partitions, as seen in [BY10, Appendix
Al

Plane partitions are finite subsets m of Z3 ), such that if (i+1, j, k), (¢,7+1, k)
or (i, j, k+1) are contained in 7, then so is (i, j, k). By labeling each box (i, j, k)
by the monomial z'y’ z* these correspond to T-fixed 0-dimensional subschemes
of C?, which must be cut out by monomial ideals in C[x,y, 2]. The action of G
on C? corresponds to an action on C[z,y, 2] whose weight spaces are spanned
by Czyiz*. The boxes (i, 7, k) of the plane partition are then colored by the
characters of G of the corresponding Cx'y’ z*.



For G = p, acting with weights (1,—1,0) [BY10] computes the generating
series to be

-1 _
z™™ ([C?/pr), —qo, @1, - - -, qr—1) = PExp e T+ Z <Q[i,j] + q[i,;])
g 0<i<j<r

where ¢ = qo - qr—1, qij) = ¢ -+~ qj, (W] = w'/2—w=1/2 and PExp (—) denotes
the plethystic exponential, whose precise definition we give in Section As
explained in [BY10, Appendix A], the sign in front of the formal variable g
come from relating the combinatorial count of colored plane partitions to the
Behrend-function weighted count. Our main computation, Theorem [5.1] refines
that result to equivariant K-theoretic DT invariants.

1.1.3 Orbifold Crepant Resolution Conjecture

An important conjecture in orbifold DT theory is the crepant resolution con-
jecture |[BCY12]. Given a 3-dimensional Calabi—Yau orbifold X, take a crepant

resolution
X Y
N
X.

This exists using [BKRO1], who also give an equivalence between the derived
categories of coherent sheaves on X and Y. This lets us identify the numerical
Grothendieck groups N (&) and N.(Y'). However, this identification does not
respect the filtration by dimension of supports. For X satisfying the Hard
Lefschetz condition, the crepant resolution conjecture identifies a version of the
DT generating series of X with the one of Y. We state here the conjecture for
the DT invariants of Hilbert schemes of points on X’

Conjecture ([BCY12, Conj. 2]).

25" (X) = 28" (YV)ZEe (V) ZEL(Y).

exc

Here ZUT (Y) is the PT generating series of curves in Y which are contracted
ZPT(Y) is related to it by a change of

to points in the singular locus of X, and Z .

variables.

For numerical DT-invariants the above crepant resolution conjecture has
been shown using wall-crossing in |Call4]. The curve-counting version was
shown in the case of toric orbifolds with transverse A-singularities in [Ros14],
and for general orbifolds using wall-crossing in [BCR22|. It is natural to expect
refined versions of this conjecture to hold as well.

Our main computation gives the equivariant K-theoretic count for the left-
hand side in the case X = [C3/u,]. Moreover, we introduce a general setup
of factorization techniques to study DT invariants of Hilbert schemes of points
on orbifolds, which allows us to show in Proposition that ZET(Y) divides
ZPT(X) in a controlled way for any X'



1.2 Strategy

We use two main tools in computing the generating series of our main result:
A version for orbifolds of the factorization techniques used in |[Okol5| to prove
Nekrasov’s formula, and a semi-equivariant extension of the argument used in
[BY10|, which allows us to compute a limit of the generating series in the equiv-
ariant parameters. By the rigidity principle, introduced in [Okol15|, this deter-
mines our generating series.

1.2.1 Factorization for Orbifolds

In [Okol5] and [KR], factorization for schemes is used in the following way. Take
(twisted) virtual structure sheaves, defined using quiver-theoretic descriptions
of Hilbert schemes of points on X = C3. It is shown that their pushforwards
to Sym"™(X) along the Hilbert-Chow morphism satisfy a factorization property.
That roughly means the following. Take the open locus

U —e— Sym™ (X) x Sym™(X) —— Sym™ 1" (X)

where the two collections of points are disjoint from each other. Then on U we
have R R R
HC.O; KHC.O;) = HC,.O;F

ni+nsz

with certain compatibilities under consecutive splittings. Under this condition,
it can be shown that the generating series of Euler characteristics of the virtual
structure sheaves is the plethystic exponential of a generating series of Euler
characteristics of certain classes G,, on X

Z(X)=1+> q"x (Hﬂb"(X), Aﬁiirlb"(x)) = PExp (Z ¢"x(X, Qn)> :

n>0 n>0

In Section 3] we develop a generalization of the notion of factorizable systems,
which applies in the orbifold setting. One of the difficulties is to figure out a
suitable replacement for the number of points and the symmetric product. For
orbifolds, we use 0-dimensional effective numerical K-theory classes a € No(X)
instead of n € N. Fixing a coarse moduli space of the orbifold 7 : X — X, we
use the symmetric product Sym™ (*)(X), where ,(a) can be identified with an
integer. We find a factorization property for virtual structure sheaves pushed
forward along the morphisms

Hilb®(X) — Sym™ (@) (X).

Importantly, the factorization property is only satisfied with respect to splittings
of the 0-dimensional K-theory class a and not its image 7, (o) in X.

A K-theory class of a substack of an orbifold can potentially be written as a
sum of effective K-theory classes, which are not K-theory classes of substacks.
This is also apparent when thinking of colored (plane) partitions, where we may



have the following situation. The set of boxes of a colored (plane) partition
may potentially be partitioned into two subsets in such a way that the count of
colored boxes in (at least) one of the subsets can not itself be obtained from a
colored (plane) partition, see for example Figure |1l So we have to additionally
restrict to classes in a factorization index set

I:={« | Hilb%(X) # 0},

so that we only allow splittings of K-theory classes into K-theory classes which
also come from the Hilbert scheme of points. This is not necessary in the scheme
case.

A version of our main theorem about such factorizable system is the follow-
ing, which allows us to compute generating series of their Euler characteristics
in a simple way.

Theorem (Corollary [3.24). Let I be a factorization index semigroup. For a
factorizable system Fo on Sym®® (X)), there exist classes [Ga] on X such that

143 ¢ (Sym"@) (X), £ ) = PExp <Z 4“x(X, Q’a)> :

acl ael

The construction of the classes G, involves tracking possible sequences of
splittings of a into various parts. The resulting classes G, in the plethystic
exponential are classes on X, the coarse space of the orbifold X'. One additional
feature in the orbifold case is that the construction of these classes allows us
to restrict the support of many of these classes to the complement of the non-
stacky locus in X. As this is often much smaller, the possible poles of these
functions computed by localization can be restricted.

In Sectionwe prove that (twisted) virtual structure sheaves are factorizable
and obtain a strong result about the generating series of Euler characteristics

Z(X) =1+ q¢x (Hilb“(?f% (5¥fﬁba(;c)> = PExp (Z q*x(X, ga))

acl acl

in Corollary [3.24] Note here a technical requirement that I is closed under
addition, which is satisified in the examples we consider.

Finally, we develop a technique of compatible factorizations, which allows
us to compare the classes G, constructed using different factorizable sequences,
which are compatible along an embedding in a suitable sense. This yields rela-
tions between the generating series for X and its crepant resolution in Proposi-
tion

1.2.2 Limit-Equivariant Slicing

As in |Okol5], we use the rigidity principle to show that, except for certain
fixed factors, which we compute, the functions in the plethystic exponential



depend only on k = titot3 and not on the individual ¢;. This means it suffices
to compute any limit

7 (IC%/m),q) = im 2 (IC%/ ), q)

in the parameters t; that keeps x fixed. [Okol5| suggests a particular limit of
this kind
t1,t3 = 0, |t1] < |t3], & fixed, (3)
which admits a very simple formula in Proposition [5.4]for the limit contributions
of each plane partition, computed using [NO14, Appendix A].
In [BY10], Young uses a slicing argument, where he decomposes a colored
plane partition into monochrome slices, which are partitions. Then, working in a
vector space ( N/?) oV, which has an orthonormal basis given by all partitions

|A), he uses operators
1
I'y(z) =exp (; xlail>

which sum over all possible next or previous slices within a plane partition.
To compute the desired count of colored plane partitions he introduces weight
operators

A
Q1N =aM ),
which multiply by the formal variables ¢;. Computing commutators of these
operators allows the full computation of the generating series

zm™ (IC% ), @) = (@l - AL (DAL (DAL (DA-(1)A-(DA-(1) -+ |g) ,

where |¢) is the empty partition and A (z) = T4 (2)Qr_1 - - T (2)Q1 T+ (2)Qo.

A fully equivariant version of this slicing argument is not known, because it
is not clear that the equivariant weight of each colored plane partition in the
generating series can be computed from certain weights of each slice. However,
using the particular limit , we can compute the limit contributions of each
colored plane partition from simple weights on each slice in Proposition[5.4] So,
we introduce a limit weight operator

Ki|\) = (ﬁl/Q)iM' IA).

into Young’s slicing argument, which allow us to use the argument to com-
pute the desired limit Z ([C®/u,],q) of the generating series in Section to
complete the proof of our main theorem.

1.3 Future Directions
1.3.1 Extension to ps X ps

A similar formula was proven in the unrefined case for [C3?/ug x po] in [BY10],
where G = po X uo acts as the group of diagonal matrices with determinant 1



that square to the identity. Refined formulas were computed in [CKM23|, Cor.
6.2], again assuming a corresponding conjectural formula for 4-folds. It would
be interesting to adapt the techniques of this paper to also compute that case.
The main additional challenge is to adapt the limit-slicing argument to this
case, which seems to be non-trivial.

1.3.2 Calabi—Yau 4-folds

Donaldson—Thomas invariants for Calabi—Yau 4-folds have recently been in-
troduced by [BJ17] and [OT23]. Factorization techniques have been used by
[KR] to compute the equivariant K-theoretic DT invariants of Hilbert schemes
of points on C* confirming a conjecture by Nekrasov and Piazzalunga. They
use a combination of factorization techniques and localization, and finally re-
late a specialization of their generating series to the DT generating series of
Hilbert schemes of points on C3, which is given by Nekrasov’s formula, proven
in [Okol5].

We are working on extending the computation here to the case of [C*/pu,],
with u, acting on the first two coordinates. In fact, following the argument
in [KR], our main theorem must be used in place of Nekrasov’s formula for an
orbifold computation.
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which inspired parts of this work. I would also like to thank Martijn Kool, Nick
Kuhn, and Reinier Schmiermann for helpful discussions related to this project.

2 Setup
2.1 Orbifolds

Definition 2.1. We fix some conventions. Throughout, we write orbifold for
a smooth separated finite type DM-stack with generically trivial stabilizers over
C. We work with various types of orbifolds. We consider an orbifold X to be

o (quasi-)projective if it is (quasi-)projective in the sense of [Kre09) Def.
5.5]. In particular, it has a (quasi-)projective coarse moduli space 7 : X —
X

9

e equipped with a T-action if it comes equipped with an action by a con-
nected reductive algebraic group T, which will often be a torus,

e Calabi—Yau if Ly = Oy. In the T-equivariant case, we write x for the
T-weight of Iy, such that Ky = kOx as T-equivariant sheaves.

o toric if X is a smooth separated toric DM-stack in the sense of [BCS04;
FMN10|. In this case, there is a T = (C*)3-action on X.



In the T-equivariant and the toric cases, we will always assume that the stack
of fixed points X7 is non-empty. If X is Calabi-Yau, that makes x uniquely
defined.

In the toric case, we have the following well-known local description, which
allows us to understand the T-fixed points in the Hilbert scheme of points and
simplify computations.

Lemma 2.2. A d-dimensional toric orbifold X with X7 # () is locally isomor-
phic to [C?/G] for some finite abelian diagonally embedded subgroup G C SL(d).

Proof. Let X be a d-dimensional toric orbifold with associated stacky fan X.
Then
XT £0( < X has a d-dimensional cone.

The < direction follows immediately from |[BCS04, Prop. 4.3]. For the =
direction, if ¥ has no d-dimensional cone, then X = X’ x (C*)* for some k > 0
with T acting by (t4_g41,--.,tq) on (C*)¥ so XT = 0.

Now the lemma follows by combining [BCS04, Prop. 4.3] and [BHO05, Eq.
3)]. O

Definition 2.3. Because we require an orbifold X’ to have generically trivial
stabilizers, there exists an open dense subscheme U in X. We call this the non-
stacky locus. The coarse moduli space 7 : X — X restricts to the identity on
U, making U an open subscheme of X. We denote by S its complement with
the reduced subscheme structure.

Remark 2.4. Throughout, we consider the choice of U and S as given. In
examples, the choice of U will be clear. For example, for any global quotient
orbifold [V/G], we take U to be [U/G], where U is the open subscheme where
G acts freely.

2.2 Moduli Spaces on Orbifolds

Studying generating series of orbifold DT invariants, we encounter various types
of moduli spaces on orbifolds. Let X be an orbifold, possibly equipped with a
T-action.

2.2.1 Hilbert Schemes of Points on Orbifolds

Similar to [BCZ16], Section 5.1], we consider the Grothendieck group K (X)
of Db%(X), the compactly supported objects in the bounded derived category
DP(X) of coherent sheaves on X. The numerical Grothendieck group N.(X) is
K (X) modulo the kernel of the Euler pairing

X(—, =) : K(D2 (X)) x K.(X) > Z

perf

on K.(X). We will focus on No(&X), the subgroup generated by 0-dimensional
sheaves. For a given class a € No(&X'), |OS03| define a Hilbert scheme

Hilb® (¥)



of substacks Z C X of class [Oz] = a. Even though X is an orbifold, this
turns out to be a scheme, as the substacks Z, which it parametrizes, do not
have automorphisms. Although such substacks are more than just collections
of points, we will refer to these Hilb®(X) as Hilbert schemes of points on X,
writing Hilb(X) := |, en, (x) Hilb" (X).

Consider the subset of effective classes

Co(X) :=={a =[F] € Ng(X) | 0 # E zero-dimensional }

Note that by definition, Hilb"(X) is a point, and for o # 0 the Hilbert scheme
Hilb®(X) is only non-empty if « is effective.

Example 2.5. Given a finite abelian group G of order r acting on a variety C?
acting as a diagonally embedded subgroup G C SL(d), we consider the global
quotient stack X = [C?/G]. Its numerical Grothendieck group of 0-dimensional
sheaves is No(X) = Z®". We see this as follows.
Take the G-equivariant embedding of the origin into C? and view it as a
closed embedding
p:BG — X.

As K(BG) = Z¥" spanned by the irreducible representations po, ..., pr—1 of G,
it suffices to show that p, is an isomorphism.

To show that p. is surjective, take the class [F] of a O0-dimensional coherent
sheaf. Any sheaf can be deformed algebraically to be supported at the fixed
point, so we may assume F is supported at the origin. We show it is in the
image of p, by induction on the length of F. This is trivial for length 0. Consider
the short exact sequence

0> F = F = pp*F—0,

where F’ is the kernel of the adjunction. By induction [F’] is in the image of
ps as a sheaf of lower length than F. Hence, [F] = [F'| + [p.p*F] is also in the
image of p..

To show that p, is injective, it suffices to show that p.(p;) # 0 for all i. We
take ¢ : X — BG given by the G-equivariant morphism to the point. This yields
the non-vanishing classes ¢*p;. Using p o ¢ = id and the projection formula, we
get

X (¢"pj; p«pi) = ij,

which shows that the class p.(p;) doesn’t vanish for any .

2.2.2 Moduli of 0-dimensional Sheaves on Orbifolds

We additionally consider moduli of 0-dimensional sheaves on orbifolds. For
schemes, [HL10, Ex. 4.3.6] shows that the moduli spaces of 0-dimensional
sheaves are exactly the symmetric products of the base scheme. Following this,
we use moduli of 0-dimensional sheaves on orbifolds as our analogues of symmet-
ric products. The existence of such a moduli space can be collected as follows
from the literature.

10



Proposition 2.6. Let X be an orbifold, possibly equipped with a T-action. Then
there exists an algebraic stack My of zero-dimensional sheaves on X, which is
locally of finite presentation and has affine diagonal. If X is equipped with a
T-action, so is My. Moreover, this stack has a good moduli space

mo — ]\407

which also comes equipped with a T-action, compatible with the good moduli
space maps.

Proof. Note that the T-action on good moduli space is induced by universality
of a good moduli space if one exists.

Note first that the moduli stack of coherent sheaves on X in [Hall7), Section
8] and the moduli stack Mgcon(xy of [AHH23, Def. 7.8] only differ by the
proper support assumption of the former. So, for the substack 9ty of sheaves
with zero-dimensional support these stacks agree. Hence, 91, is an algebraic
stack locally of finite presentation and with affine diagonal by [Hall7, Theorem
8.1].

To show, that M has a good moduli space, we follow the proof of [AHH23,
Theorem 7.23]. As 9y is only locally of finite presentation, the proof needs to
be adapted, so that instead of [AHH23| Theorem A] we use [AHH23, Theorem
4.1], which, over C gives the following conditions for the existence of a good
moduli space:

o My has affine diagonal,
o closed points have linearly reductive stabilizers,

o M is O-reductive with respect to DVRs essentially of finite type over C,
and

e MMy has unpunctured inertia with respect to DVRs essentially of finite type
over C.

We have already seen that 90y has affine diagonal. That closed points have
linearly reductive stabilizers is implied by [AHH23| Prop. 3.47] as in the proof
of [AHH23, Theorem 7.23]. By [AHH23| Lemma 7.16, 7.17] M, is with ©-
reductive and S-complete with respect to essentially finite type DVRs. The
proof of [AHH23|, Theorem 5.3(2)] then shows that 9%, has unpunctured inertia
with respect to DVRs essentially of finite type. O

Given a class « € Ng(X'), we consider the subspace
Mo (X) C Mo(X)
of sheaves on X" of class a. This comes with a Hilbert-Chow morphism

HC, : Hilb®(X) — Mo (X), [2] — [Oz].

11



2.2.3 Coarse Spaces

Let 7 : X — X be a coarse moduli space of X. We assume X is connected.
Pushforward of sheaves maps No(&X') into No(X). For a connected X, we have
No(X) = Z. We write
bla) :=m(a) €Z

for any o € No(X). In fact, 7, admits a section No(X) = Z — No(X) by taking
a point p in the non-stacky locus of X and mapping 1 € Z to [p]. Hence, we get
a splitting B

No(X) = 7.6 No (),
where the projection to the first component is just b = w,. Pushforward of
sheaves induces a morphism

o : Mo (X) = Sym® (X)), [F] — [m.F],

where we use the identification of moduli of O-dimensional sheaves with sym-
metric products from [HL10, Ex. 4.3.6].

Example 2.7. In the global quotient setup of Example b(«) of an integer
vector & = n = (ng,...,n,—1) is exactly ng.
2.3 Virtual Structure

We are interested in computing virtual invariants of the above Hilbert schemes
of points on orbifolds. These are equipped with an obstruction theory, which
yields a (twisted) virtual structure sheaf. Let X be an orbifold, and a € Ny(X)
a given class. We assume X is Calabi-Yau of dimension 3.

2.3.1 Obstruction Theory

Definition 2.8. Let M be a Deligne-Mumford stack. An obstruction theory
is an object E € Dqq,), (M) together with a morphisms

gb E— TzflLM,

such that h%(¢) is an isomorphism and h~1(¢) is surjective. An obstruction
theory is

« perfect if it is a perfect complex of amplitude [—1,0],

o symmetric if E is a perfect complex and there is an isomorphism © :
E = EV[1] (or © : E = xk ® EV[1] in the equivariant case) satisfying
oV[l] =e.

The dual of a perfect obstruction theory is referred to as the virtual tangent
sheaf TV,

12



Identifying the Hilbert schemes of points Hilb*(X') with a moduli space of
ideal sheaves of class [Ox]—a in X, [HT10| gives us a perfect obstruction theory

E = mhiwm,« (Hom(Z,Z)o) [2] = 7>—1Luibe(x),

where 7 is the universal ideal sheaf and Hom(Z,Z), denotes the traceless part.
For a CY3 orbifold X, possibly equipped with a T-action, this perfect obstruc-
tion theory is symmetric by Grothendieck-Verdier duality.

In the case of a global quotient stack X = [IW/G], where G is a finite group,
we can describe the obstruction theory for X using the one on W as follows.
First note that ideal sheaves on X are exactly ideal sheaves on W equipped with
a G-equivariant structure. These correspond exactly to G-invariant subschemes
of W. Hence, we find that Hilb(X) is the G-fixed part of Hilb(W)

Hilb(X') = Hilb(W)€.

The G-action on W equips Hilb(W') with a G-action and the obstruction the-
ory Ey above naturally comes with a G-equivariant structure|Ric21]. We can
naturally identify the obstruction theories

Ex = ]EW|{{ilb(X) . (4)

where EW‘ﬁilb(X) is the G-fixed part of the restriction of Ey, to Hilb(X).

2.3.2 Virtual Structure Sheaf

Given a perfect obstruction theory E on a moduli space as above, together
with a presentation as a 2-term complex of vector bundles E = [E~1 — EY],
[BF97| construct a virtual fundamental class and a virtual structure sheaf. This
turns out to be independent of the specific chosen presentation E®. We are
interested in the virtual structure sheaf. Consider the embedding of the intrinsic
normal cone € — h'/h9(E*V) given by the perfect obstruction theory. Then
by existence of the resolution E*®, we get an induced cone C' C F;. The virtual
structure sheaf is

ovir — @7’07“%1 (Oc, Ox) [i] € DY(X),

where Ox becomes a sheaf on E; via the O-section. Note that [BF97, Remark
5.4] define this as a graded commutative sheaf of algebras, whereas we define
it as an element in the derived category, which is reflected in our notation as
shifts, which are implicit in their notation.

2.3.3 Twisted Virtual Structure Sheaf

For computations, it is useful to consider a twisted virtual structure sheaf, that
is the virtual structure sheaf tensored by a specific choice of line bundle. A
specific choice of such a twist

O = 0" ® det(E)'/? € K (Hilb™ (X))
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allows the use of the so-called rigidity principle, which we will recall and use in
Section [5| This choice and technique were introduced originally by Okounkov
in [Okol5|. There, a quiver-theoretic description of the moduli space is used
to introduce the K-theory class of the desired twist. In our case, we use a
sheaf theoretic description, because this makes it easier to prove a factorization
property of the resulting (twisted) virtual structure sheaves on Hilbert schemes
of points on orbifolds. For this to work, we use a description of this twist as
a line bundle given in [Lev23]. Note that any shift of the chosen line bundle
det(IE)!/2 is still a root of det(E) in DY /o(—) and in K-theory, but the shift makes
the resulting sheaves factorizable. Otherwise, the diagrams which are required
to commute in the definition of a factorizable system might only commute up
to a sign. First, we need the following Lemma.

Lemma 2.9. Let X be an CY3 orbifold, and let Hilb(X) be its Hilbert scheme
of points with universal family Z. Take pz to be the morphism Z — Hilb(X) x
X — Hilb(X). Then

pz+«(0z)
is a locally free sheaf of rank b(c) on the component Hilb®(X).

Proof. To prove this, we consider the following cartesian diagram for a point p
in Hilb™*(X).
Zl, ——— Z
J(pz‘p J{PZ
p — Hilb*(X).

By definition, the family of substacks of X over x(p) is 0-dimensional and Oz
is properly supported and flat over Hilb®(X'). We use [Hall4l Theorem A] to
prove our Lemma. In fact, because pz has 0-dimensional fibers and hence no
higher pushforwards, note that for ¢ = 0, conditions (1)(c) and (2)(a) of [Hall4,
Theorem A] are satisfied, so that

B (p) : pz«(0z)], = (PZI,,)* (0z,)

is an isomorphism and pz.(Oz) is locally free in an open neighborhood of p.
Since p was chosen arbitrarily, this makes pz.(Oz) locally free. We can use the
isomorphism b°(p) to compute its rank

tk (p2+(02)) = dimyy) (p2.(02)], )
=X (p, pz*(03)|p>
=y (p7 (pz|p>* (Oz|p)) (using b°(p))

=X (Zl5,0z,) (pushforward-invariance of ).
Since we have already shown pz.(Oz) is locally free, we may assume p is a closed

point of Hilb®(X), so that Z|, is a closed substack of X with [Oz|,] = a. Then

14



we may again use invariance of y under pushforward along the closed embedding
and the coarse moduli space 7 : X — X to get

rk (pZ*(OZ)) =X (Xa T‘-*OZ\I,) ’
which is just b(«) by definition of b(—). O

Using this Lemma, we can explicitly define the twisted virtual structure
sheaf.

Definition 2.10. Let X be an CY3 orbifold, and let Hilb(&X') be its Hilbert
scheme of points with universal family Z. We define the twisted virtual structure

sheaf as . )
Ovir — Vi ® det (pg*(Oz))_l [b(a)]

in the projective case, and
. . L -1
OV = O ® det (/ﬂpz*(oz)) [b(a)]

in the toric case, where k is the T-weight of the canonical bundle of X.

Remark 2.11. To work with expressions like I{é, we implicitly work in a cover
of the torus T, so that all square roots of T-characters exist.

In the (equivariant) projective case |Lev23] shows that this is a root of the
determinant of the obstruction theory. Note that the computations of determi-
nants (but not necessarily the rank computations) in their proof still work for
projective DM stacks using [Nir09} Cor. 2.10] instead of Grothendieck-Serre du-
ality for proper morphisms of schemes. In the case of toric Calabi—Yau orbifolds,
we show that the twist defined above is a root of det(IE) at T-fixed points of the
Hilbert scheme of points. As T-equivariant Euler characteristics are defined via
localization, this suffices for computational purposes.

Lemma 2.12. Let X be a toric CY3 orbifold. Consider the Hilbert scheme of
points Hilb(X) with its universal family Z. Let E be the T-equivariant obstruc-
tion theory on Hilb(X). For any closed point p in the T-fized locus Hilb(X),
there is a T-equivariant identification of K-theory classes

p‘|

Proof. The proof is similar to the one of [Lev23, Theorem 5.2], except that we
work at a fixed point p = [Z] in Hilb(X) directly making some computations
easier in the toric case. From now on we consider only K-theory classes, omitting
[—] from the notation. Using the push-pull formula, we get

det([E|,)) = | = kP=-(02) et (pz*(Oz))_Q‘ ] = [det (,.gépz,ﬂ(oz))*2

P

E|p = RHOI’H(Iz, Iz)o[Q],
pz.(0z)], = RT(Oz).
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We write x(—, —) for RHom(—, —) and x(—) for RT['(—). Then
RHom(Iz,1z)o = x(Iz,1z) = x(0,0) = x(Oz,0z) — x(0,0z) — x(Oz,0).

Using that Z is of codimension 2, we get det(x(Oz,0z)) = O. It remains to
check the equivariant weight of this trivial line bundle. This is a local compu-
tation at the fixed point, so we may assume X = [C?/G] by Lemma and
Z corresponds to some colored partition 7. We can write the structure sheaf of
the fixed point Z as Oz = > .. t"Oo(pcm)), where pc(y) is the character de-
termined by the coloring of 7. Tensoring the standard T-equivariant resolution
of Oy with an irreducible representation p;, we compute the character

3
X1xc(Oo(pi), Oo(p;)) = pipixT(Oo, O0) = pip; [[(1 - t).
k=1

Together with the presentation of Oy, this gives us

3
X1x6(0z,0z) = x1xc(0z)xTxa(02)" [[ (1 - ti),
k=1

which becomes 1 after taking the determinant.
We have x(O,0z) = x(0Oz) and

X(0z,0) = x(0%) = =~ 'x(0z)"

by equivariant Serre duality for compactly supported sheaves. Putting together
the above identifications to compute determinants, we get

det(E[,) = det(x™"x(O0z)" = x(Oz))
o~ Tk(x(02)) det(X(OZ))_2

ki~ k(P2+(0%)) det (pz*(oz))_2’
p

= det (n%pg*((’)g)) -~

P

2.4 Invariants
2.4.1 Generating Series

With the obstruction theory and twisted virtual structure sheaves above, we are
interested in computing the generating series of degree 0 DT invariants

2(x) =1+ Y o (Hib*(X),07) € K()[Co(X)],  (5)
aeCo(X)
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where ¢ is the standard notation for the semigroup ring element associated to
a € Co(&X). This definition works as stated only for proper X. For a quasi-
compact X with an action of a group T, so that the fixed loci of Hilb*(X) are
proper, we take the equivariant FEuler characteristic yt, which is defined via
localization.

Example 2.13. Continuing Example of global quotient orbifolds, the sum
above simplifies as No([C¢/G]) = Z" and Co([C?/G]) = N" \ {0}.

Z(X) =1+ > qp gy x (Hib"(CY/G)), O°).
neN"\{0}

2.4.2 Localization

In the case of a projective orbifold X', the moduli spaces under consideration
will also be projective, making x well-defined. If X" is not necessarily projective,
but is equipped with a T-action, the moduli spaces have an induced T-action,
and we define y via localization as follows. For a noetherian separated scheme
M with a T-action, the localization theorem [Tho92, Theorem 2.2] tells us that

iv: Kr (MT),  — Kt (M)

lo loc

is an isomorphism, where i : M T < M denotes the embedding of the fixed locus,
and K7(—)oc denotes equivariant K-theory with the equivariant parameters
inverted. If the fixed locus M7 is proper, we define for a K-theory class F on
M

X (M, F):=x(M",i;*(F)) € K1(pt)ioc.

For a T-equivariant morphism 7 : M — N, consider the commutative diagram

- M
MT

bl
N
NT <« N.

By commutativity, we can check i 7] (i)~! = 7., which implies that y defined
by localization is still invariant under pushforward if M and N are proper.

If M is smooth, then we can find an explicit inverse for i,. This is often also
simply referred to as localization. To define this inverse, consider the normal
bundle Ny /pr of MT in M. Then

)
* e(NJWT/M)’

where e(—) is the K-theoretic Euler class defined by setting e(€) := [A® (V)] €
K1(MT) for a locally free sheaf € and extending by e(&; — &) = e(&1)/e(&2).

In the course of this paper, we will evaluate Euler characteristics by local-
ization on coarse spaces X of toric orbifolds X', symmetric products thereof,
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components of moduli spaces of zero-dimensional sheaves on X, and Hilbert
schemes of points on X. For a toric orbifold X, its coarse space X is a toric
variety and hence has isolated fixed points. Consequently, any symmetric prod-
uct of X also has isolated fixed points. The Hilbert scheme of points on X also
has isolated fixed points[BCY12, Lemma 13]. We describe these in the local
case more detail in Section below. Any Euler characteristic on My (X),
which we evaluate will be of a class pushed forward via the Hilbert-Chow mor-
phism making the Euler characteristic well-defined by further pushforward to
Sym®(®)(X).

2.4.3 Virtual Localization

Another case, in which an explicit inverse to i, is known is virtual localiza-
tion|GP99; |ICK09]. Given a moduli space M with a T-action as above, which
is additionally equipped with a perfect obstruction theory E, we can restrict
the perfect obstruction theory to the fixed locus. It splits into a T-fixed and a
T-moving part

E|yr =E[« @ E[pr.

Then IEH;IT turns out to be an obstruction theory on MT and NVi' := EV Ty is
the virtual normal bundle. The virtual localization formula is then

Avir __ i OXIIIT
Mo 0 g(Nvir) |7

where &(—) = e(—) ® det(—)/? is the symmetrized K-theoretic Euler class.

2.4.4 Colored Vertex

We consider specifically the case X = [C3/G], where G is a finite abelian di-
agonally embedded subgroup of SL(3). We consider this equivariantly with the
natural action by T = (C*)3. In this case, the T-fixed locus of Hilb(X') consists
of isolated fixed points, corresponding to plane partitions colored by the irre-
ducible representations of G. This is explained for example in [BY10, Appendix
A.2]. As in Example the color vector corresponds to the K-theory class of
the structure sheaf of the substack. For later use, if 7 is a colored plane partition
corresponding to a fixed point, we denote by 7 the collection of its 0-colored
boxes.

We study the contribution to the generating series Z(X') at each such fixed
point.

Proposition 2.14. Let X = [C3/G] with G is a finite abelian diagonally em-
bedded subgroup of SL(3). For each colored plane partition m corresponding to
a fixed point of the Hilbert scheme of points Hilb(X), there is a subset W (m) of
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the T-weights of EXA[I,,]’ such that we get the local contributions

{@vir} _ Z(_l)\wol [011,1] a(r) € Kv(Hilb(X))1oc,
/w2 — (w/ k)12 K/w
W § IRCTU0 R L RGN § WU/

1/2 _ ,y—1/2
w w
weW weWw

where we write [w] == w'/? —w=1/2,

Proof. If 7 is a colored plane partition corresponding to a fixed point, we let
Oy1,1 be the skyscraper sheaf at the corresponding fixed point [I;]. Then the
virtual localization formula yields

[@Vir} - ; [O11,1] é(E;v\elf?,r]) € Kr(Hilb(X))1oc-

The local contribution (1 can be understood as follows. First, write
e( EY

m

L)
EXA[IW as a sum of its T-weights as a class in K7(pt). Then, as X is Calabi-
Yau, the obstruction theory Ey is symmetric, which means there is a subset
W (r) of the T-weights such that

EXlirg = D (w_ g) :
wew

We have seen in Section that the obstruction theory on Hilb(X') is the
G-fixed part of the obstruction theory on Hilb(C?). Then [Mau+06a), Section
4.5] shows that EY has no trivial T-weights at any fixed point, so E\)ﬂ[ 1,) does
not have any trivial T-weights either. Inserting the above weight decomposition
into the localization formula gives us

(0] = 3" [01] det (EX ;1))

The twist at [I;] can be written in terms of weights as

—1/2 - w? —1/2 o w2
det (Exly,) =] (H n> =™ ] %

weWw weW

~1/2 1 (W)EKT(Hﬂb(X))loc-

1—wt
weW ()

where the sign comes from our choice of shift in Definition of the twist of
the virtual structure sheaf. Multiplying by this twist yields exactly the desired
formula. 0

3 Factorization

The constructions and proofs in this section follow closely the treatment of fac-
torization for schemes in [KR], but the theory for orbifolds is more complicated
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in several ways. We set up a more general framework using 0-dimensional K-
theory classes of an orbifold instead of numbers of points in a scheme. This
applies in the orbifold case, but the combinatorics, which are involved in the
proof of the main Theorem [3.21] of this section, become more complicated.

3.1 Factorizable Systems
3.1.1 Setup

We develop a theory of factorization for orbifolds. This works equivariantly with
respect to a group action on the underlying orbifold, for example the action of a
torus. For clarity, we suppress this equivariance from the notation. The proofs
in the equivariant setting are the same. Following |Okol5| 5.3], factorization
for schemes X is a property of systems of sheaves F,, on Sym"(X), which al-
lows us to compute 1+ - x(Sym"(X), F,,)¢" as the plethystic exponential
of a series Y, o, x(X,G,)¢™ where G; is a sequence of sheaves on X. This
simplifies the problem as X is easier to work with than Sym”(X). Moreover,
in the equivariant case, x(X,G,) can be computed as the product of a fixed
localization contribution with a Laurent polynomial in the equivariant param-
eters. As described in Section the definition of y in the equivariant case
is slightly more involved. In this section, we set up a theory of factorization for
orbifolds. In the T-equivariant case, the T-equivariant structure of the sheaves
is preserved by all constructions of this section. In Corollary [3.:24] x is defined
via localization in the equivariant case.

We will define a notion of a factorizable system in a more general setup. To
motivate this, we consider the following morphisms

(X% /Sp(a)]
lp (6)

HCey () — Symb@)(X).

Hilb® ()

Recall from Section that b(a) is the pushforward of a to X. The vertical
map is the quotient morphism. In the cases we are interested in, we will show
that the twisted virtual structure sheaves yield a factorizable system of sheaves
Ovir on Hilb® (X). By then pushing forward, we obtain a factorizable system
on Symb(o‘)(X). Finally pulling back to the stack [Xb(o‘)/Sb(a)}, we obtain a
factorizable system of Sy(,)-equivariant sheaves on X b(@) " This third factoriz-
able system will be used to prove the main result of this section, Theorem [3.21
about generating series of K-theory classes of factorizable systems of sheaves.

Before we formulate our notion of factorization, we define the notion of a
factorization index set.

Definition 3.1. Given a subset I of Co(X), an element « of I is called I-
indecomposable if there are no elements «;, as in I such that o = a; + as.
A subset I of Cy(X) is called a factorization index set if
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o b(a) > 0 for every o € I, and
« every I-indecomposable element « has b(a) = 1

Note that we don’t require I to be closed under addition. If I is closed under
addition, we call I a factorization index semigroup.

Take a point p in the non-stacky locus of X and write A; for the subset
Z0|Op] of Co(X).

Remark 3.2. Let I C Cy(X) be a factorization index set. By the first con-
dition, any decomposition of some o € I into a3 + as with «; € I must

have b(a;) < b(«). This in turn implies that for every factorization index set
I C Cy(X):

e Any a € I with b(a) = 1 must be I-indecomposable, since any decompo-
sition would require a summand with b(—) = 0.

e Any a € I can be written as a finite sum of I-indecomposable elements,
because b(—) > 0 on I.

The condition for a factorization index set roughly says that an I-indecomposable
class can only have one underlying point in the coarse space, possibly together
with some stacky contribution. We will use this in the proof of Theorem [3.:21] be-
low, to guarantee the existence of splittings of classes a in I whenever b(«) > 1.
The reader should have the following example in mind, which is the example we
use in all applications.

Lemma 3.3. For an orbifold X, set
I :={a | Hilb*(X) # 0}.
This is a factorization index set. If X = X' x C, then I is closed under addition.

Proof. The first condition of a factorization index set holds immediately, be-
cause, by definition, all classes o € I can be written as a = [Oz], where Z is
some substack. Take a class @ = [Oz] in I, which is I-indecomposable. Any
morphism f: Oy — Oz gives us a splitting

a = [Oz] = [im(f)] + [cok(f)].

Both [im(f)] and [cok(f)] are in I as im(f) and cok(f) are sheaves with sur-
jective morphisms from Oy. By I[-indecomposability of «, im(f) or cok(f)
must vanish. Hence, every non-zero morphism f € Homy (Ox,Oz) must be
surjective. By the adjunction of ¢ : Z — X, which preserves surjections, this
means that every non-zero morphism f € Homz (Oz,Oz) must be surjective.
Using finite length of Z and additivity of the length function on the short exact
sequence

0= ker(f) = 0z L Oz = cok(f) = 0
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associated to f, we see that f is surjective if and only if it is injective. So, every
non-zero morphism f € Homz (Oz,Oz) must be an isomorphism, which gives
us Homz (Oz,0z) = C as in [HL10, Cor. 1.2.8]. Therefore,

b(a) = h°(Oz) = dimHomz (0z,0z) = 1.

To prove the second part, take a3 = [Og,] and as = [Oz,] in I. As X
is X’ x C, we may move Z; and Z, apart along the trivial direction without
changing the K-theory classes a;, so that we may assume the Z; are disjoint.
Then [Oz,,z,] has class a1 + a2 and is contained in [. O

T

T

e

Figure 1: Possible splittings of the class (2,1,1) in terms of decompositions of

colored plane partitions. A splitting into invalid colored plane partitions is not
a splitting in I.

Example 3.4. If we consider colored plane partitions by studying an orbifold
[C3/G], then color vectors of plane partitions correspond to K-theory classes,
and I will contain all color vectors which occur in this setup. For example the
box (0,0, 0) is always colored with the color 0, so the vector (1,0,0,...) isin I,
but the vector (0,1,0,0,...) is not. The restrictions on splittings of K-theory
classes imposed by the factorization index set from Lemma [3.3|are visualized in
Figure|l|above. The class (1,1, 1) can not split off a class (0,1,0) in I, because,
while this is the class of a O-dimensional sheaf on X = [C?/u3] x C, it is not the
structure sheaf of a O-dimensional substack. This is reflected by the associated
box not being a valid colored plane partition when split off.

3.1.2 General Factorizable Systems

Now we give a general definition of a factorizable system. In practice, we only
use this definition in the various ways explained in Section [3.1.3] Factorizable
systems in the below definitions consist of (possibly 2-periodic) complexes of
coherent sheaves, i.e. elements of CoCh(Coh(—)) or CoChgz 5 (Coh(—)).

Given complexes of sheaves Fi, ..., F, on any scheme, an operation ©® €
{®,®}, and a permutation o € Si, we denote by

S:FIOOF S Foy @ O Fary
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the standard isomorphism.
Definition 3.5. Consider the following data:
e Let I be a factorization index set.

e Let e: I — E be an additive morphism to a subset F of a monoid, in the
sense that, for any a; + as = a in I, e(a1) + e(az) equals e(«) and is in
particular in F.

e For any e € E we have a scheme M, (X) with an action of a finite group

Ge.
e For any e; + ez = e in F, we have an embedding G, x G¢, C G..

e For any e; +e2 = e in E, we have G, X Ge,-equivariant open subschemes
Ueres © M, (X) X M, (X). Taking >._,e; = e in E, set U, ... C
[1; Mc,(X) to be the intersection of the pullbacks of all the Ue,.;. Then we
assume that there are G, x- - - x G -equivariant flat morphisms U, . ., —

M. (X) and for any permutation 7 natural isomorphisms 7 : U, . —
Ue,, ...e., making the diagram

commute.
o Fix [ to be either X or H.

With this data, a collection {Fy}aer of (possibly 2-periodic) complexes of
sheaves on Me(o)(X) is called factorizable with respect to this data if there
exists a collection of morphisms of Ge(a,) X Ge(ay)-€quivariant complexes of
sheaves for av; + a0 = v in I

¢Ol10tz : (fal Elfaz) - ‘F’C’4|Ue

|Ue<a1>e<a2> (ap)e(az) ’

such that for any o € I and e1,es € E with e; + e2 = e(«), the morphism

@ Paras @ (Fou D}-@?”qu - ]:0‘|Uele2 (8)
a1 tas=a a1 tas=a
e(ai):ei e(ai):ei

is an isomorphism of G., x G¢,-equivariant complexes of sheaves. Moreover, we
require the ¢, o, to satisfy the following requirements.

o Associativity: Given aq, s, a3 € I, such that all sums of them are in I,
we have

¢041+04270¢3 © ((balaZ o id]:t)tg) = ¢C¥1,0¢2+C¥3 © (id]:al o ¢0120¢3)
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as morphisms

(-Fal Elfozg BJ:OL:;)‘U

e(aj)e(az)e(az) - Fa1+a2+a3 |U

e(aj)e(ag)e(ag) |

o Commutativity: Because the diagram commutes (here we use r = 2),

o~

we get an isomorphism v : 7* (—)|ch£1 = (_)|Uc1c2' We require that

the diagram

baras

(Fa, ‘FQZ)‘Ueml)e(w) (a1)e(az)

| e

((Fas O For)| R Ry
T a2 @1/ Ug(ag)e(ar) T @1+ 2 Uq(az)e(ar)

‘Fa1+(¥2 |Ue

commutes, where the first vertical arrow arises by composition of the nat-
ural isomorphisms S and v.

3.1.3 Examples

We explain the various examples of Definition [3.5] which we use in this paper.
For applications, we consider only the factorization index set given by Lemma
but for the following examples, the specific choice of factorization index set
is unimportant.

Note that virtual structure sheaves, as defined in Section [2.3.2] are elements
of D%/Z(Coh(f)) of the form @, H'(€)]i] for some & € D%/Q(Coh(f)). For the
purpose of factorization, we can view them as genuine complexes @, H'(€)[i]
with trivial differential and all factorization morphisms from Section (1] are
well-defined morphisms of complexes.

Remark 3.6. More generally, we have a functor

DY, 5 (Coh(-)) 3 € @Hi(é)[i] € CoChy,y(Coh(—)),

which preserves the class of £ in K(Coh(—)). We can then define factorizable
systems of objects in DY /2(Coh(—)) in an analogous way and use the above
functor to prove the main result for such systems.

Example 3.7. We consider factorization for moduli M, (X) of 0-dimensional
sheaves from Section Here, we take e = id, G, the trivial group, and the
operation [J = XK. The open subsets Uy, .. o, in My, (X) X - x M, (X) contain
the points (Fi,...,F.), where the F; have pairwise disjoint support. The flat
morphisms are induced by the natural direct sum morphism

k

Mo, () - My~ ().

i=1
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Example 3.8. To examine factorization properties of obstruction theories and
virtual structure sheaves, we consider factorization for Hilbert schemes of points
Hilb*(X). We take e = id, G, the trivial group, and either operation [ €
{8, X}. The open subsets and flat morphisms are defined by fiber product, as
shown in the commutative diagram

v

J

/\

Tayay —2— Hilb® (X) x Hilb® (X) Hilb®+02 ()

! l |

UO¢1CE2 —o— Mal (X) X MOC2 (X) — Ma1+@2 (X)

with cartesian squares.

Passing to the coarse space along 7 : X — X, we need to take e = b from

Section 2.2.31

Example 3.9. We also consider factorization on Symb(X ), where we take e = b,
G the trivial group, and the operation [J = K. Viewing Symb(X ) as a moduli
space of 0-dimensional sheaves on X, following [HL10, Ex. 4.3.6], the open sub-

sets Uy, .y, in Sym® (X) x - x Sym® (X)) contain the points (Fi,...,F,), where
the F; have pairwise disjoint support. As in Example [3.7] the flat morphisms
to Symbﬁ'"““ come from the direct sum morphism.

Example 3.10. For the proof of the main factorization theorem below, Sj-
equivariant factorization on X plays an important role. Here, we take e = b,
Gy, = S, the symmetric group. The open subsets Uy, of X% x X2 ex-
actly contain the points (y1, ..., Ys,, 21, - - - » 2b, ), Where the two subsets of points
(y1,---,Yp,) and (z1,...,2p,) are disjoint. The flat morphisms are induced by
the identity X7 x X2 = X040z,

3.1.4 Pushforward & Pullback Compatibility

We establish that, under some hypotheses, factorizable systems are preserved
under pushforward and pullback.

Lemma 3.11. Let I be a factorization index set and [1 € {H,X}. Lete: I —
E, Mc(X), Ge, Ueye, and € : I — E', Ne/(X), G, Uerey be two collections
of factorization data. Let f : E — E’ be a surjective additive morphism such
that foe =¢€'. Let f&: G, — G’f(e) be a group morphism and fM : M. (X) —
Ny (ey(X) be a morphism that is equivariant with respect to fE. Assume for every
e1+ ez = e in E mapping to €} + e5 = €' in E' under f, the open subschemes
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and flat morphisms are given by fiber product as follows

fejen —
Uel eo Ue’l el

Ne (X> XNe/Q(X) Ne’(X)v

i
where the left- and right-most squares are cartesian, ic,e, is an embedding of
connected components, and all ic,e, jointly cover Ue e . Then
(a) Take 11 = K. If {Fa}ocr i @ Geay-equivariant factorizable system

of sheaves on Me(q)(X), and all ( éV(fa)) Fo are complexes of coherent

sheaves, then {(fé\(/[a)) . fa}ad is a G'f(e(a))-equivariant factorizable sys-
tem of sheaves on N(e(a)) ().

(b) Take f = id, so that e = €' and ic,e, = id by the condition on iee,

above. If {Fa}ocr s a G;(a)—equivariant factorizable system of sheaves

on Ne(a)(X), then {(fé\{a)> .7:@} , is a Ge(a)-equivariant factorizable
aec
system of sheaves on Me(q)(X).

Proof. The proofs of both statements are analogous, so here, we only show the
more complicated case of pushing forward with [J = X. For the operation X,

we have ( é\f X égf )* commutes with X as follows
(S > 12, R =) = (£21), ()R (f), (), (11)

by using the pullbacks in the definition of X.
As pushforward preserves isomorphisms and commutative diagrams, the only

statement to check is how pushing forward along é\{a) interacts with the direct
sum splitting in . Consider the base change fgl ¢, Of the morphism P]\f X P]\f .
We push the factorization morphisms ¢q,q, forward along er(al)e(aQ). Take a
given « and €} + e, = €’ in E’ with ¢ = €'(a). Take e; such that f(e;) = €.

By assumption, on the components U, ,, we have the isomorphisms

@ ¢o¢10¢2 : @ (JT'.Ozl IX‘F.Ol2)|U6162 - ‘/—'.04|U6162 :

aitoaz=a aitoaz=a
e(ai)=e; e(ai)=e;

Now sum these isomorphisms over the various components U, ., of ﬁe; e, for
any splitting e; + e = e with f(e;) = e}. We get isomorphisms

@ @ ielez*¢a1a2 . @ @ i€162* ((‘7:&1 |Z|]:0¢2)|U8162> - fa‘ﬁc/l

e1tex=e a1 +az=« e1tex=e aitaz=a
flei)=e; e(ai)=e; flei)=e; e(ai)=e;
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Reorder the double direct sum to a direct sum over «; with e(a;) = e;, and use
the uniquely determined e; = e(«;). We also push forward along fgle,Q to obtain

isomorphisms
U
@ (fe(m)e(az)) . Paras
a1tas=«
e’ (ai)=¢]
between
M M M
D (o x filen) @ F)| = (), 5], -
a}(+a)2fec ejey el el

where we use the push-pull formula along the cartesian squares above. Using the
canonical isomorphism on the left-hand side yields the desired factorization
isomorphisms. O

We use this Lemma for pushing forward and pulling back along the mor-
phisms in the diagram @ as follows.

Example 3.12. We first consider the morphism
Na = €q 0 HCy : Hilb®(X) — Sym® @ (X).

A quasi-projective orbifold (in our sense) X admits an open embedding into a
projective finite type DM-stack X by [Kre09, Sec. 5], which in particular has
projective coarse moduli space X. As coarse moduli are Zariski-local, we get a
cartesian diagram

| —

P X

—o—

which in turn yields the cartesian diagram

Hilb(X) —e— Hilb (X)

b !

Sym(X) —e— Sym (X).

By [0S03, Theorem 1.5], the Hilbert scheme of points Hilb (X) is projective,
making 1 proper.

Hence, 7, preserves coherence and Hilb®(X) and Sym®®(X) come with
factorization data from Examples and respectively.

Taking f = b, we argue that the conditions of Lemma [3.11] are satisified, so
that we may push forward factorizable systems from Hilb®(X) to Sym®(® (X).
The only thing to check are the conditions on the open subschemes in diagram
(10). By Example the open subschemes for the Hilbert scheme are defined
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via pullback from the ones for moduli of 0-dimensional sheaves in Example
so we may consider these. B

Recall the fixed isomorphism Ng(X) = Z @ No(X). Write o = (b(r), &)
for classes on &, and consider factorizable systems on the moduli M, 4)(X)
as in Examples For given o € I and by,be, the loci Uy, a,),(bs,80) i
M, 6,)(X) X M, 6,)(X) are exactly the subschemes of two 0-dimensional
sheaves with disjoint support of classes (b;, @&;). The coarse moduli space 7 :
X — X is bijective on geometric points, so the supports of two 0-dimensional
sheaves on X is disjoint if and only if the supports of their pushforwards to X
are disjoint. Hence, Uy, 4,),(b,,a0) are exactly the fiber product in the left carte-
sian square in . Analogously, the fiber product in right cartesian square in
(10) is the filled in by the disjoint union of the U, 4,),(bs,4.), Varying a; and
Ao, as required.

Example 3.13. With f = id, the quotient morphism X% — Symb(o‘) satisfies
the conditions of Lemma b), so that we may pull back factorizable systems
from Symb(a) to Sp(a)-equivariant factorizable systems on X {ON

3.1.5 Extension to More General Morphisms

We note here, that the above theory of factorization extends to the following
setting. Take a morphism
f:y—=X

from an orbifold ) to a connected scheme X. Then Nyo(X) = Z. Take
Nexe(Y) = {a € N(Y) | fi(a) € No(X)}.
We assume there is a splitting of fi : Nexe()) = No(X), such that

Nexe(Y) 2 Z ® Nexe(V),

where the first projection is just f, and is denoted by b(—). Then we can
analogously define a factorization index set to be a subset I C Cex()) satisfying
the same two conditions of Definition Similarly, we can define factorizable
systems on Symb(o‘)(X) and on [Xb(a)/Sb(a)] as in Examples and

As the proof of the main factorization Theorem [3.21] below works entirely
on Sym®® (X) and on [Xb(a)/Sb(a)], we get an analogous result in this more
general setting. For example, this applies to the following interesting situations:

e For f the coarse moduli space of an orbifold, this recovers the above notion
of factorization for orbifolds.

e For f the crepant resolution of an orbifold, this allows us to factorize
generating series indexed by exceptional classes.

e For f a fibration, this allows us to factorize generating series indexed by
fiber classes.

We plan to explore these applications in future work.

28



3.2 Plethystic Exponentials & Generating Series
3.2.1 Plethystic Exponentials

First, we define two notions of a partition of «, which will come up in the state-
ment and proof of Theorem One should think of the difference between
partitions of an integer n and the set [n].

Definition 3.14. Given a factorization index set I, an I-partition of o € I is
a multiset A = {o,...,ar} C I, such that >, a; = a. We denote the set of I-
partitions of a by Pr(«) or just P(«) if the factorization index set is clear. The
length of a partition A = {aq,...,ax} is k. We denote the set of I-partitions of
a of length k by Py i(a).

Definition 3.15. Given «a, denote by [a] the tuple ([b(«)],&). Given a factor-
ization index set I, an I-partition of [a] is a collection

{(Bla dl)a ceey (Blmdk)}v

where B; C [b()], such that {By,..., B} € P[b(a)], and &; € No(X) classes
such that the collection {(|B1|, 1), .., (|Bk|,ax)} is an I-partition of v in the
above sense.

We denote the set of I-partitions of [a] by Prla] or just P[a] if the factor-
ization index set is clear. The length of a partition E = {(B1, 1), ..., (Bk, dr)}
is k.

Given an element = = {(B1, 1), ..., (B, ax)} of Prla], we denote by B(E)
the underlying partition {Bj, ..., Bx} of [b(«)].

Note that an element = = {(By,&1), - - -, (B, &)} of Pr[a] yields an element
IZ| = {(|B1],&1), -, (|Bk|, &x)} of Pr(a) by definition. We write P [a] = {Z €
Pila] | 2] = A}.

Now we can define a K-theoretic version of the plethystic exponential. Note
that throughout this paper, we consider the K-theory class of a (possibly 2-
periodic) complex of sheaves to be the class in K(Coh(—)), rather than one in
K (CoCh®#/2 Coh(-)).

Definition 3.16. Let = = {(B1,d1), ..., (Bk,ax)} be a partition of [a]. For
each 3 € I, let Gg be an Sy (g)-equivariant complex of sheaves on X b(A) | Assume
= is ordered such that min(B;) < --- < min(By). We define

Gz = G(Bi,an) B B G(B|an)

as a complex of sheaves on X?(®) | where each pullback is along the map Pry i
Xe) 5 xIBil specified by the subset B; = {b},..., béi }, where we order B; such
that b} < --- < bl

For a partition A € P(a) of a, we define the complex of sheaves on X (@)

= P 9=

ZePM ]
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which inherits a natural Sy(,)-equivariant structure, as Sy() permutes the var-
ious projections X% — XIBil by permuting the partitions {B;}; of [b(a)]
realizing the partition {|B;|}; of b(a). For compatibility with constructions in
Section [3:3.3] the equivariant structure involves an additional sign. We will ex-
plain this sign and details about the equivariant structure in more generality in

Definition 330
Analogously, we make the following definition on the symmetric product.

Definition 3.17. For each 8 € I, let Gz be a complex of sheaves on Symb(a)(X).
Let A = {a1,...,a;} in P(a) be a partition of a. Take a partition E =
{(B1,@1),...,(Bk,ax)} in PMa]. Assume Z is ordered such that min(B;) <
-+- < min(By). Set

—_
=

Gz :=G(Bi,a) B B G(B.|an)

as a complex of sheaves on Hle Sym!Zi(X). Take SP to be the group [, S,
where [; is the number of occurrences of «; in A. It acts on Hle Sym!Zil(x)

by permuting the blocks SymlB i'(X ) with the same «;. Gz carries a natural
SB_equivariant structure. We have the composition of morphisms

k
=1

a; EX

where the product in the second term goes over every «; in A viewed as a set
instead of a multiset, the first morphism is the coarse space, and the second
morphism adds up the different points in X. Set

g)\ = 19* (gE) .

We will see in Lemma b) below that the construction of Gy is independent
of the choice of =.

We now show some important compatibilities and properties of the previous
two constructions.

Lemma 3.18. For each § € I, let Gz be a complex of sheaves on Symb(o‘) (X),
and let Eg be an Sy(g)-equivariant complex of sheaves on XPB) . Let X =
{aq,...,ax} in P(a) be a partition of a. By abuse of notation, denote the
quotient morphism [X™/S,]| — Sym"(X) by p for every n. Then

(a) ps (Ex) = (pE)y,

(b) G = pu ((P"G)A),

(¢) s (Ex) = ps (P"PE)N), and

(d) the operation {Gs} — Gy descends to K-theory.
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Proof. Note first that the coarse space p satisfies that the adjunction p,p* = id
is a natural isomorphism. Assuming (a), we show (b), (¢), and (d). For (b), we
see

P (P"G)N) = (p«p™G)\ = G,

where we first use (a) and then the adjunction isomorphism. For (c), we see

Px (D" P<E)2) = (P puE) 5 = (:E)y Z P (E1),

where we first use (a), then the adjunction isomorphism, and then (a) again. For
(d), note that the construction of Gy in Definition involves only pullbacks
along flat morphisms and a pushforward along 19, which is the composition of
a finite morphism and a proper coarse moduli space, making ¥, exact. Hence,
the operation {G,} — G, descends to K-theory.

It remains to prove (a). Take = = {(By,d1),...,(By,ar)} in P*a] and
assume = is ordered such that min(B;) < --- < min(By). Consider &= on
X0 Tt comes with a natural I1; Sb(a.)-equivariant structure, where []; Sy(a,)
acts on X b permuting the indices within the blocks indexed by the B;. As
in Definition @ S /{3 acts on X% by permuting entire blocks with indices B;
and Bj; with oy - aj. Define the subgroup

Sz

to be the subgroup of Sy(,) fixing the partition Z. £z comes with a natural
S=-equivariant structure. We can identify this group as

Sz = (T1; Sb(as)) * SX-

By Proposition E the inclusion of Sz in Sy,) gives us a morphism ¢z :
(Xt /S=] — [XP(®) /Sy)]. We have a bijection Sy(a)/Sz = P*(a) given by
[0] = o(Z), which together with Proposition gives us an isomorphism

(g=), &= = &x. (12)

Details about the equivariant structures are explained in Remark |3.31] after the
equivariant structure of G, is introduced in detail in Definition Consider
the commutative diagram

(5, sym!”1(3)) /5%

L

[Xb(a)/SE} N Haie/\ Symli (Symb(ai)(X)>

- L

(XY@ /S0y ——L—— Sym"@(X).

This gives us

P« (Ex) Zps (g2), (E2) =20 ([Lip), (&2) -
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But by construction ([]; p), (€=) is the same as (p.€)z, finishing the proof of
(a). O

Using the pieces in Definitions and together with Lemma d),
we can now define plethystic exponentials in K-theory.

Definition 3.19. For a system G, of Sy(,)-equivariant complexes of sheaves on
X% we define the plethystic exponential to be

PExp’ (Z qa[ga]> =1+ an Z (Gl

ael ael AEP(a)

where 1 denotes the unit in the K-theory of X° = pt.
For a system G, of complexes of sheaves on Sym®®(X), we define the
plethystic exponential to be

PExp’ (Z q“[%]) = p.PExp’ (Z q“[p*%]) :

acl a€el

where p : [Xb(a)/Sb(a)] — Sym®@ (X) denotes the quotient morphism. Here we
use Lemma d) for well-definedness in K-theory.

For a system G, of complexes of sheaves on X, we define the plethystic
exponential to be

PExp’ (Z qo‘[ga]> := PExp! (Z q“ [i*ga]> ,

acl acl

where i : X — Sym*® (X) denotes the diagonal embedding.

The plethystic exponential defined above can in general depend on I, which
is reflected in the notation PExp!. We will show its relation to the definition in
|Okol5|. If the factorization index set I is closed under addition, as is the case
for schemes, the definitions agree.

Lemma 3.20. For a system G, of complezes of sheaves on Sym®(®) (X), we

have
X (PEXPI (Z qa[ga]>> =s* (Z q“x([%))

acl acl

)

I

where S® denotes the morphism in K-theory induced by the symmetric product
of vector spaces, and —|; restricts the right-hand side to all terms (---)q® with
a € 1. In the T = (C*)3-equivariant case, this identification gives us the explicit
computational formula

XT (PEpr <Z q* [%])) = exp <Z % Z q”axT([ga},t?,tg,t§)>

acl n>0 acl

b

I
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where t1,ta,t3 is a basis for the characters of T. For I closed under addition, for
example in the scheme case of Lemma the restriction —|; is not necessary.

In particular, in this case x PEpr (=) ) is multiplicative under addition of the

argument. If I is closed under addition, by abuse of notation, we will sometimes
write PExp for the function S®.

Proof. Take a € I, A = {a1,...,ax} in P(a), and = € P*|a]. By invariance
of Euler characteristics under pushforward and Lemma (b), we obtain the
identity

X (PExpf (Z qa[ga]>> —1+) 0 > ([(Isym* 0 (x)) /5¥] =)

acl acl AEP(a)
(13)

where we’ve chosen a representative = for every A.
The coefficient of ¢ in S* (3, c; ¢%x ([Ga])) is

S ILx(Ga)™

AEP(a)

where we have again chosen a representative = € P*(a) which determines the
order of the product. As above, S/\B acts by permuting the various multiples
of the same factors and we take the SD-invariant part. Evaluating the Euler
characteristics in the right-hand side of is the same as taking the SP-
invariant part of the pushforward of the class of G= to BS}?. Summing over
A € P(w), this yields exactly the terms of S® (3=, c; ¢*x ([Ga])) above, proving
the first identification.

We can now use that both sides behave the same under addition of argu-
ments. So, we may assume all x ([G,]) are simply characters t*=. Then we have
by definition

Y (PEXPI <Z qa[ga}>> -1+ an Z tzaiex Mo
a€el ael AEP ()
We can rewrite this sum as

I D @ e=)* )| = J] =gt

acl \k>0 I acl

)

I

where we identified the geometric series. The formal power series of the loga-
rithm now allows us to rewrite this in the desired form.

x <PExp’ (Z ¢ [%])) — exp (Z ! qut%>

acl n>0 «a€l

I
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3.2.2 Factorization Theorem

Now we can state the main result of this section.

Theorem 3.21. Let I be a factorization index semigroup. For a factorizable
system F, on Sym® ™ (X)), there eist classes [Ga] on X such that

I+ Z ¢ [Fal = PEXPI (Z qa[ga}>

acl ael

in @e; ¢ K(Sym" @ (X)).
Let U be the non-stacky locus, and let S be its complement in X. If the
system is given such that for any « € I\ Ay, ]-"a|symb(a)(U) vanishes, then the

classes [Go] can be chosen so that they are supported on S C X for a € T\ Ay.

The second case of the theorem is fulfilled for pushforwards of virtual struc-
ture sheaves from the Hilbert scheme, which is our main application.

Remark 3.22. Note we require I to be closed under addition. The dependence
on this condition is subtle, and we plan to study the necessary corrections to
the above Theorem to make it work with I that are not closed under addition.

Remark 3.23. The last part of the above theorem would work for any subset
that is closed under addition instead of A; and any subscheme of X.

By applying Euler characteristics on both sides, we obtain the following
computational formula, which can be combined with Lemma to compute
the left-hand side in simpler terms.

Corollary 3.24. Let I be a factorization index semigroup. For a factorizable
system F, on Sym® ™ (X)), there eist classes [Ga] on X such that

1+ ¢°x (Symb(a)(X), }'a> = PExp’ <Z *x(X, ga)> :

acl acl

where the right-hand side can be computed using Lemma [3.20,

As in the theorem above, if the system is given such that for any o € T\ Ay,
fa|symb<a)(U) vanishes, then the classes [Go] can be chosen so that they are
supported on S C X fora € T\ Ay.

3.3 Proof of Theorem [3.21]

The proof will work with an Sp(4)-equivariant factorizable system on X b(e) By

Lemma and Example a factorizable system on Sym®®)(X) gives this
by pullback.
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3.3.1 K-Theory Class

The (2-periodic) complexes of sheaves of the given factorizable system F,, factor
into simpler parts according to partitions of a. Roughly, the G, are defined as
(double) complexes tracking the possible splittings of « into smaller parts by
systems of subordinate partitions. For now, we will only define the complexes
Go with trivial differential and examine their K-theory classes. Later in Section
we will introduce a non-trivial differential and use that K-theory classes
are independent of the differential.

From now on, we will assume given a certain choice of factorization index
semigroup I and suppress it from the notation whenever reasonable.

To keep track of the different ways to split [@] into smaller parts by different
partitions, we use the following notion of an a-index tree.

Definition 3.25. An a-index tree is a rooted tree, with each non-leaf having
at least two children, together with a tuple (B, d;) for every leaf [ such that
{(Bi, @) | I leaf} is an I-partition of [a]. We denote the set of all a-index trees
by T («), and we denote the set of a-index trees with exactly k non-leaf nodes
by T (a, k).

For every node v, we set B, to be the union of all B; with [ a leaf descendant
of v. Similarly, we set &, to be the sum of all &; with [ a leaf descendant of v.

Given a partition 2 = {(By,641),. .., (Bk, &)} of [a], we denote by T=(«)
the set of a-index trees with partition = at the level of root children.

For several constructions we need a specified ordering on the index tree or
on a given partition of [a].

Definition 3.26. An ordering of an a-index tree is a total order on its set
of nodes, compatible with the tree structure in the following way. If v is a
descendant of w, then we require v < w, and if v; and vy are siblings with
v1 < v, then we require all descendants of v; to be smaller than all descendants
of V2.

Definition 3.27. Let <;, <, be two orderings on an index tree 7. Order the
relevant nodes of T such that v; < --- <1 vg. There is a unique o € Sy such
that v,(1) <2 - -+ <2 Vs(r) (the one defined by exactly this condition). We define
s(<1, <2) = sgn(0).

Definition 3.28. The standard ordering of an a-index tree T, which we denote
by <7, is defined recursively as follows. Take the root and make it the unique
maximal node. Order the root children {vy,...,v;} by

v; <7 v; 1 min(B,,) < min(B,,).
For each root child v;, order all its descendants recursively as above (pretending

that v; is the root node). Finally for any pair of root children v; <p v; order
all descendants of v; to be smaller than all descendants of v;.
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Example 3.29. Note that given a partition E = {(B1,&1),. .., (Bg, ag)} of [a],
the standard ordering on the a-index tree

o]
T T
(Bi—1, Gp—1) (Br, o)

(Bi,an1) (B2, &)

defines an ordering of the k subsets of the partition. From now on, when we
specify a partition £ = {(By,d1),...,(Bk,ax)} of [a], we will assume, the
(B;, &;) are ordered by this standard ordering.

Definition 3.30. Given an ordered index tree (7, <) with leaf partition Z =
{(B1,@1),...,(By,ax)} of [a] ordered by <, and a system of Sy g)-equivariant
(2-periodic) complexes of sheaves Gz on X () we define

Or,< =9(B,a1) B BG( B, 60)

as a complex of sheaves on X®(®) | where each pullback is along the map Pry it

X)) 5 XIBil specified by the subset B; = {b},..., blii}, where we order B; such
that b} < --- < bl

Given a partition Z = {(B1,&1),..., (Bk,ax)} of [a], and a system of Sp(g)-
equivariant (2-periodic) complexes of sheaves Gg on X b(F) we define

= :=0r<

as a complex of sheaves on X(®) where (T, <) is the standard ordered index
tree associated to the partition Z from Example [3.29
For a partition A of «, we define

Gy = @ G=,

EcPXa]

which inherits a natural Sy(,)-equivariant structure as follows. An element o of
Sh(a) Permutes the various projections X% — XIBil by acting on a partition
= = {(B1,&), .. (Be,dn)} of [a] by 0 (2) = {(0(B1), G1), ., (o(Br), e -
This induces a permutations o(T, <) = (0(T"),0(<)) of the standard ordered
index trees (T,<) associated to the partitions =, which permutes the labels
while preserving the ordering. The Syg)y-equivariant structure of the Gz on

X?) then induces canonical isomorphisms
o* (Gr.<) = Go(1,<)- (14)

The Sy(o)-equivariant structure on Gy is defined as the sum over = € P*a] of
the compositions

* ~ s(0(£),)-8
0" (Gr,<) = Go(1),0(<) Ho(2):2)5, Go(1),<> (15)

where S is the standard reordering isomorphism to obtain the standard ordering
< ono(T).
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Remark 3.31. We explain the identification of the above equivariant structure
with the induced equivariant structure in the proof of Lemma [3.18

o For a given partition E = {(By,&1),..., (B, &)} with associated index
tree T, the order on the B; in the definition of Gr < together with the
standard order on the index tree T fix a specific choice of G=, which
is related to other possible choices by pulling it back along the action
morphisms of elements in Sz.

e The isomorphisms in correspond to the isomorphisms to pull-
backs of the components along the action morphisms of elements in S=.
The first isomorphism corresponds to the action of [ [, Sy(a,), and the
second isomorphism s(o (<), <) - S corresponds to the action of SE.

e To match the sign in under the isomorphism (12)), we must also
introduce the corresponding sign into the Sz-equivariant structure of G=.

Note that the above definition of G= and G agrees with the one of Definition
Now we can define the following complex, which is the central object in
the proof of Theorem [3:2I] While it is defined with trivial differential for the
current study of its K-theory class, we will later equip it with a non-trivial
differential.

Definition 3.32. Let I be a factorization index semigroup, and let 73 be a
factorizable system of Sy g)-equivariant (2-periodic) complexes of sheaves on
X For o € I, k > 0, we define the complex of sheaves on Xb(®)

g;k = @ fT,ST)

TeT (a,k)
where we recall that T (o, k) is the set of a-index trees with exactly k non-leaf
nodes, and <r is the standard ordering of a given index tree. We define the
(double) complex
ga = (g:w 0)
with trivial differential.
We equip this complex with an Sy(,)-equivariant structure as follows.

Definition 3.33. The Sy(,)-equivariant structure on is induced as in Definition
An element o of Sy(,) permutes the partitions = = {(By, &1), ..., (By, )}
of [a] by o () = {(0(B1),d1),...,(0(Bk), &)}t This induces permutations
o(T,<) = (06(T),0(<)) of the index trees (T, <) by permuting the labels while
preserving the ordering. The Sy(,)-equivariant structure on G, is defined as the
sum over T' € T («, k) of the compositions
0" (Gr,<) = Go(1),0(<) o225, Go(T),<>

where the first isomorphism is the canonical isomorphism induced by the Sy(g)-
equivariant structure of the Fg on X bP) and S is the standard reordering
isomorphism to obtain the standard ordering < on o(7T). The sign s(o(<), <)
makes the complex a complex of Sy(,)-equivariant sheaves.
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For the proof of Theorem [3.21] we need to express the K-theory class of
the (2-periodic) complexes of sheaves Fg of the factorizable system in simpler
terms. The next lemma allows us to do exactly that by establishing a relation
between the K-theory classes of 5 and the complexes G, defined above.

Note here, that G, is a double complex. Its K-theory class is the K-theory
class of its total complex, which is the same as a signed sum of the classes of
the complexes G¥.

Lemma 3.34. In Ksb(a)(Xb(O‘)) we have the identity

[ga] - [-7:04} - Z [gk]a

AEP(a) non—trivial

where the last term is equipped with its standard equivariant structure, defined
as in Definition [3.10

Proof. By definition Gy = =P o] G=, so our strategy will be to find a fil-
tration of G, that allows us to split its K-theory class into pieces of the form
—[g=].

Consider the filtration F;G, of subcomplexes of G, consisting of sums over
all trees with < [ root children. Let Q;G, be the quotient complexes of the
filtration, so the subcomplexes exactly consisting of sums over all trees with
exactly [ root children. We get

(Gl = [Fal + ) _[QiGal.
>0
Note that the Sy(,)-equivariant structure is preserved by the above filtration,
so this equality holds in Kg, (X)),
We can split this further into parts with fixed partition at the level of root
children. Given E € Pla] of length [, we let QFG, be the subcomplex consisting

of the sums over all trees with partition Z at the level of root children. For a
partition A € P(«), define

Q0o = P QFGa,
ZePMa]

with its natural Sy,)-equivariant structure defined analogously to Definition
@ By definition of the Sy(q)-equivariant structure of G, we get an equality

[Ga] = [Fal + 2150 ZAePl(a)[Ql)\ga}
= []:Ol] + ZAGP(&) non—trivial [Q?(A)ga] (16)
in Kg,, (X).
Now we examine the pieces Qfga further. As the differential of G,, is defined
as 0 for now, we can ignore it in this proof. Note that these have no Sy.)-

equivariant structure, but the Sy(4)-equivariant structure of Qfga is induced in
the same way as the one of Gy. We want to show

Qiiz)Gall] = G=.
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Let [ = [(Z). The complex QFG, is given by

Qb= P Fre.

TeTz(a,e)

Let == {(B1,d1),...,(B;,a;)} be ordered by the standard ordering. Then we
have

D Fro= D D  Fren®BFng,

TeT=(a,k) ki+-+ki<k—1T;€T((|Bil,&:),k:)
1<i<l
Here we take k1 + --- + k; < k — 1 as we remove the root node in the process
of passing from left to right. As a complex this is the same as shifting, so we
obtain
Qroall] = . Fry<p B W Fp <o
ki+---+k <e

T €T ((1Bil,&i)ki)
1<i<l

We can distribute to get

QlEga[l] = @ ‘FTI,STl X-- X @ ]:TL’STL ’

ki, T1€T ((|B1l,61),k1) ki, TLeT ((|Bil,é1),k1)

where the degree k part on the right-hand side is exactly given by the terms
where k1 + - -- + k; < k. But this is exactly

Q7 Ga[l] = G(By1.a) B W G5, ,a) = O=

identified as complexes. By summing over partitions = with |Z| = A we get an
Sp(a)-equivariant isomorphism of complexes of sheaves

Ql)\ga[l] - g)u

since the Sp(,)-equivariant structure is induced in the same way on both sides.
In particular, we get [Q1'Go] = —[G,]. Inserting this into gives the desired
equality in K, (X)), O

The previous Lemma [3.34] tells us that in order to understand the generating
series of K-theory classes of a factorizable system, we can express this in terms
of the K-theory classes of the G. To prove Theorem we equip G, with a
differential and study the support of the resulting complex. Note that modifying
the differential leaves the K-theory class unchanged, and hence the above Lemma
still holds for the resulting complex.
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3.3.2 Level Systems

The terms of G, are Fz for [a]-partitions = associated to leaves of various a-
index trees. We want to construct the differential of G, from the factorization
morphisms ¢ by splitting [a]-partitions into smaller parts. To do this, we need
to extend our morphisms to be defined over the whole domain. We now make
this precise.

Definition 3.35. Let Z; be the [a]-partition {(B1,al),..., (B}, di)}, and let
Z5 be the partition {(B?,a3),...,(B? &)} of [a]. We say =; is subordinate
to Zg, denoted Z; < Ey, if any Bj is contained in some B}, and additionally
for BJZ = U,c4 B! (such a union must exist by the previous condition) we have

~1_ =2
Diea & = aj.

Instead of using the entire factorizable systems, we use a part of it to define
a system in the following sense.

Definition 3.36. We consider the scheme X°(®) together with its Sp(a)-action.
For each element B of P[b(a)], we a get locally closed subset Xp of points
(w1, ,Zp(a)) € X such that x; = x; if and only if 4 and j are in the same set
of B. We have a partial order on P[b(«)], for which A < B if B is a refinement
of A. P[b(a)] carries a natural Sy(o)-action with o(Xp) = X, (p). Define

UA = U XB.
B>A

For use below, for A and B in P[b(«)], we write ANB € P[b(«)] for the partition
obtained by taking all intersections of sets in A and B. For every A € P[b(«)],
we can define an equivalence relation on P[b(a)] by By ~4 By if and only if
Bi N A is the same partition as By N A.

Now consider P[a], which carries a natural Sp(,)-action. This also comes
with a partial order, for which Z; < Z, if Z; is subordinate to Z5 (note the
flip of the order compared to the order on P[b(«)]). For every B € P[b(«)]
we can define an equivalence relation on Pla] by 21 ~p Z5 if and only if the
partitions B(Z1) N B and B(Z2) N B agree as partitions of [b(a)]. The Sy(q)-
action respects the partial ordering and the equivalence relations. Moreover,
we see immediately that for A < B in P[b(a)], E1 ~4 Eo implies E1 ~p Ea,
and that for =; < =5 < =3, =1 ~p Z3 holds if and only if both Z; ~5 =5 and
EQ ~B 53 hold.

Given the above data, we define an a-level system to be a collection of
Sp(a)-equivariant complexes of coherent sheaves {.7-"5}Ee Pla] O1 X)) together
with, for each Z; < =y in Pla] and B € P[b(a)] such that =1 ~p Z3, a morphism

bz,2,8 ¢ Fuily, = Faalu,

compatible with the Sy(,)-equivariant structure, such that
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(a) Any two morphisms ¢z,=,4 and ¢g,=,4 agree on Uy N Up whenever they
exist. As a consequence, the morphisms glue to

¢5152 : ]:EllUc =, — ]:52|U= =, 0

=152

==
where Uz, =z, = UB:EWBE2 Usg.

(b) For any Z; < Ep < =3 we have over Uz, =, NUz,z, = Ug, =,
¢E253 © ¢5152 = ¢5153'
(¢) ¢=z= is the identity for any = in P|a].

We additionally assume that given 25 € Pla] with a refinement B of B(Zs),
for every A with B ~4 B(Z,)

@ ¢5152A : @ ‘7:51 — ‘7:52|UA (17)

=, <E,,B(E1)=B E1<E3,B(E1)=B Ua

is an isomorphism.

Morphisms between a-level systems (F,¢) and (F',¢') are given by mor-
phisms Fz — FL that commute with the ¢ and ¢’ in the obvious way on the
open subschemes, where they are defined. Denote the category of a-level sys-
tems by Syst®.

Remark 3.37. Note that an a-level system is an Sy(,)-equivariant system in
the sense of [KR] with the exception of one axiom and a modified isomorphism
requirement . The missing axiom is used to prove their isomorphism prop-
erty is preserved by the functors D in Definition [3.40] below. We will show
that our modified isomorphism property is preserved by these functors in
Lemma [3.41] using a modified version of the missing axiom, which is satisified
in our case.

A factorizable system gives us an a-level system for each « in I as follows.
The definition of the differentials of G, will only depend on this level system,
rather than the entire factorizable system.

Example 3.38. Now take the given S g-equivariant factorizable system {Fp} ser
on X*#) with morphisms ®s,8, for any 1 4+ B2 = B in I. Now consider again
our fixed « for which we study G,. We want to define an a-level system from the
factorizable system {Fs}, ;. Given a partition Z in P[a], we have the complex
of coherent sheaves

J=
on X% This defines the complexes of sheaves in our level system. Any pair
of subordinate partitions Z; < Z5 in P[a] together with B € P[b(«)] such that
=1 ~p 2o, gives us a morphism

bz,2,8  Faily, = Felu, -
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The morphisms ¢=, =, 5 are constructed by tensor product,so we may assume =y
is just [a. In this case, £1 ~p Z2 = [ just means B is a refinement of B(Z).
So, we may assume B = B(Z;). But then, using the associativity property
of the factorizable system {Fs},_;, the morphisms ¢g, 4, of the factorizable
system compose to give the desired morphism ¢=,=,5-

The axioms of a level system follow from the construction of the ¢=,=,5,
together with the equivariance requirements and the associativity and commu-
tativity axioms of a factorizable system in Definition [3.5] The isomorphism
property follows from the isomorphism property of the factorizable
system.

Definition 3.39. We say the a-level system is strict if for every =1 < =3 in

P[a] there exist morphisms ¢z =, : F=, — F=,, which restrict to ¢=,=, on

Uz, =, and such that for any =1 < Zy < =3 we have
¢5253 © ¢5152 = ¢5153'

We want to find a way to replace the level system of Example[3.38 by a strict
one without changing its K-theory class. For this, the following constructions
are central.

Definition 3.40. Take a fixed A € P[b(«)] and let j4 be the locally closed
embedding of X 4 into X(®), Let (F, ¢) be an a-level system. We define a strict
a-level system (Da(F), Da¢) as follows. We show that this is well-defined in
Lemma [3.47] below.

For E € PJa], set

Da(Flz==im| P Fo— P iadaFz —iadiF=|,

E~AEEI<E E~AEEI<E

where the first morphism consists of adjunction morphisms and the second one
is the sum of all ja.¢d=54.
For 21 < Z in Pla] and B € P[b(«)] we define

Da(®)ziz.8 + Da(Fzly, = Da(Fzly,

as follows.

o« If B £ A, then Ug N X4 = 0, so that Da(F)z, |y, and Da(F)z,ly,
vanish. Then we set Da(¢)=,=,8 = 0.

o If B< A, but E1 £ 4 Es, then we set D (d)z,=,5 = 0.

e If B< A and Zy ~4 Zy, then the commutative diagram

@ I, B<Ey ]:E’ ” jA*jszl

l lumslsﬂ (18)
SPEEN

(1

/§E2 f':/ —_— ]A*]Z.FEQ

(1
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induces a morphism between the images of the morphisms of the top and
bottom rows, which we set as the morphism D 4(¢)z,=,5-

Note that we put no restriction on B € P[b(«)], so the morphisms D 4(¢)z,=, are
defined globally making the level system D 4 (F, ¢) strict. That the Da(¢)=,=,8
glue and give well-defined morphisms is shown in [KR].

For each E € Pla] we get a morphism I4 = : F5 — Da(F)z by inclusion of
F= in @E’NAE,E/<E F=s in the definition of D4 (F)z=.

Lemma 3.41. D4 gives a well-defined functor Syst® — Syst® and I 4 defines
a morphism of a-level systems. In particular, D4 preserves the isomorphism

property .

Proof. As our level systems are special cases of equivariant systems in the sense
of [KR], their proofs apply to show D4 is a functor and I4 a morphism. The
only thing left to check is that our isomorphism property is preserved by
D,. Take E9 € Pla] with a refinement B of B(E3) and fix C' € P[b(«)] with
B ~¢ B(E2). We want to show that

b Da(d)z,z,c : b Da(F)z, — Da(Fz, |y,
E1<E,,B(31)=B E1<E,,B(31)=B U
(19)
is an isomorphism. Note that by B ~¢ B(Z2), for all £; in the sum above, we
have By ~¢ Z2. Hence, in the definition of D4(¢)z,z,c we are either in the
first case, where we trivially get an isomorphism as both sides are 0, or in the
third case, where C < A and E; ~4 Hy. Let us now consider this third case.
We take the direct sum and insert it into the commutative diagram (18) to

get on Ug

@D=.<=..BE= )= Fzr —— P =,<=, jadiF=,
E'~aELE<E B(E1)=B

l J{@ T1<E, JAxP=i=p4a (20)
B(E1)=B
z<z, Jo —— jaxdats,.

Clearly, the image of the morphism in the lower row contains the image of the
morphism in the upper row under the isomorphism on the right side. Take
2 ~4 B with 2 < Zy but 2 £ Z;. We want to show that the image of

= under the morphism in the lower row is also contained in the image of the
morphism in the upper row. Consider the following part of the direct sum in
the upper left corner

® == @
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Here the equality holds, because: we sum over all Z;, so that all 2’ on the

right-hand side are also present on the left-hand side, using that I is closed

under addition; the conditions B(Z;) = B and Z"” < Z; determine Z; uniquely
=/

given Z"; and we have Z; ~4 S5 by assumption. Now note that for =" in this
direct sum

B(E)NC=BE)NBEYNC=BNBE)NC=BE")NC,

where the first equation holds because Z’ is subordinate to =5, the second one
holds by the assumption B ~¢ B(Zs3), and the last one holds by the condition
on Z” in the above sum. Hence, we have 2’ ~¢c Z'. By C < Aand &' ~4 Z5 by
assumption, we get 2’ ~ 4 E automatically. So, the above direct sum is just

S
E/<E/,B(E")=BNB(T’)
1

Since we have Z
gives us that

@ ¢=r=rc @ Fan - Fzrly,,

E/<=/,B(2")=BNB(Z') E/<E/,B(E")=BNB(Z') U

~¢ Z' for every summand, the isomorphism property

(21)
is an isomorphism. This commutes with adjunction and by assumptions (a)
and (b) of the level system (F, ¢), it commutes with the ¢4 in the commutative
diagram . But that means, using the isomorphism , the image of F=/
under the morphism in the lower row of is also contained in the image of
the morphism in the upper row of . Therefore, the desired isomorphism

property holds for (D(F), D(9)). O

Lemma 3.42. Toking K-theory classes of level systems to be defined as the
collection of K-theory classes ([F=|)=z, we have that the K-theory of level systems
is generated by strict level systems.

Proof. As our level systems are special cases of equivariant systems in the sense
of |[KRJ, their proof of this generation applies. It remains to check that our
modified isomorphism property is preserved by the steps in their proof.
Their proof uses the exact sequence

0 — ker (I4) = (F,¢) 225 D4 (F,¢) = cok (I4) — 0,
which allows us to express the K-theory class [F, ¢] as
[F,¢] = [Da (F, )] — [cok (Ia)] + [ker (14)].

Now D 4 (F, ¢) is strict by definition, and both cok (I4) and ker (I4) are ”smaller”
in a way [KR] make precise. Then a Noetherian induction argument finishes
the proof.
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For us, it simply remains to check that D4 (F,¢), cok (I4), and ker (I4)
all satisfy the modified isomorphism property . For D4 (F,¢) we already
checked this in the previous Lemma Since kernels and cokernels are taken
for each = individually, cok (I14) and ker (I4) also satisfy (I7). O

3.3.3 Acyclicity

Note that the complex G, was defined only using the elements of the a-level
system defined in Example [3.38] not the entire data of the factorizable system.
By Lemma [3.42] we may assume that this a-level system is strict, while still
satisfying the computation of the K-theory class of G, in Lemma [3.34 Note
that using Lemma [3.42] means that we may no longer use that the Fz were
constructed as X of pieces Fg.

In the constructions that follow we have to consider the root node, leaves,
and the following different types of nodes of an index tree.

Definition 3.43. Nodes in an index tree can be of the following different (but
not disjoint) types:

¢ A node is exceptional if it is not a leaf, but all of its children are leaves.
Note that the root can be exceptional.

¢ A node is ordinary if it is neither the root, nor a leaf, nor exceptional.
¢ A node is relevant if it is either ordinary, or exceptional, but not a root.

We need to define some signs to keep track of the ordering under tree mod-
ifications.

Definition 3.44. Let (7, <) be an ordered index tree, and let v be a node of
T. We set s<(v) = (—1)*, where k is the number of relevant nodes in T strictly
smaller than v.

We now consider possible contractions of an index tree. When we consider
an a-index tree as a way to track sequences of subordinate partitions of [«],
then the contractions are exactly the operations, which modify one part of this
sequence.

Definition 3.45. Let T be an a-index tree and let v be a relevant node of T.
We define the ordinary contraction O(T,v) to be the a-index tree, which is
obtained from T by deleting v and connecting all of its children directly to its
parent.

Let T be an a-index tree and let v be an exceptional node of T'. Let vy, ..., v%
be the children of v with associated labels (By, &), .. ., (Bk, ax). We define the
exceptional contraction E(T,v) to be the a-index tree, which is obtained
from T by deleting all children of v and labelling v, which is now a leaf, by
(Uf:1 B, Zle @;) of all its children’s labels.

If T has an order <, denote by <, the order obtained by restriction to the
ordinary or exceptional contraction.
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Definition 3.46. Let (F,¢) be a strict a-level system and (7, <) an ordered
a-index tree.

Given a relevant node v in T, we define the ordinary contraction homo-
morphism to be

s<(v)id
O(T, S,U) : fT7§ ‘S(—)—% fO(T,v),S,y

Given an exceptional node v in T, let (E(T,v), <,) be the exceptional con-
traction. Let =; be the partition of [a] associated to the leaves of the index
tree T, and let Z5 be the partition associated to the leaves of E(T,v). Note
that Z; is subordinate to Z by construction, and that < and <, order the
partitions in a compatible manner. We define the exceptional contraction
homomorphism to be

—s< (”)¢Ela2

e(T,v) : Fr< = Fz, ———— Fz, = FE(T0).<.-

With these contraction homomorphisms we can define the following complex,
which we also denote G, by abuse of notation. Note here that the terms of the
complex below are the same as for the complex from Definition [3:32] except
that the Fr <, have been replaced using the results of Section @ to make
(F, ¢) astrict a-level system. So we may no longer assume Fr <, to be a tensor
product of various Fg, but have to treat them like abstract Sy(q)-equivariant
(2-periodic) complexes of sheaves on X b(@) with certain homomorphisms ¢=,2,,
which we can use to define the differential.

Definition 3.47. Let I be a factorization index semigroup. Take a € I, and
let (F, @) be a strict a-level system. For k& > 0, we define the complex of sheaves

on X ()
g,;k = @ FT,ST’
TeT (a,k)

where we recall that T (o, k) is the set of a-index trees with k& non-leaf nodes,
and <7 is the standard ordering of a given index tree. We define the (double)
complex

Ga = (Ga,d),

where the differential is given by the sum of all possible ordinary and exceptional
contraction homomorphisms.

Lemma 3.48. (G2,d) is a complez, i.e. d*> =0.

Proof. The proof relies purely on tree combinatorics and sign computations, so
the proof in [KR] works verbatim. O

When modifying the a-level system to be strict using Lemma we pre-
served the K-theory class, so Lemma still holds for this redefinition of G,,.
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3.3.4 Acyclicity
We can now study the support of the complex G, with its differentials.

Lemma 3.49. Let U be the non-stacky locus as an open subscheme of X, and
let S be its complement. Assume that the factorizable system F, is given such
that for any o € I\ A1, Faolyv) vanishes. Then, for o € I'\ Ap, the complex
G, constructed above also vanishes on Uble),

Proof. Take v € I\ Ay. First note that any partition of a must have at least
one element in I\ Ay, so all elements Fz of the a-level system of Example m
vanish on U%®). The functors D4 and morphisms 4 of Definition preserve
such vanishing on an open subscheme U®) of X  Hence, the procedure in
Lemma m preserves this vanishing, so that the the K-theory class of (F, ¢) is
a sum of K-theory classes of strict level systems vanishing on U*(®). Therefore,
the complex G, also vanishes on U ba), O

Lemma 3.50. Away from the small diagonal X — X" the complex Gy is
acyclic.

Proof. First note that acyclicity is independent of the Sy(,)-equivariant struc-
ture, so we may only work with the underlying complexes of sheaves here. Sec-
ondly, there is nothing to show for o with b(«) = 1, so we may assume b(«) > 1.
Now let p € X% be a point away from the small diagonal. That means,
there exists a partition B = { B, Ba} of [b()] (we assume it is standard ordered)
such that p is in the the open subscheme Ug s, =Ugin X0(a),
In order to prove acyclicity at p, we want to construct a map

T T ()= J

from T («) to a totally ordered set (J, <), such that for every contraction T — T”
we have Y(T') > T(T"). Such a map gives us a filtration of G, with subquotients
of the form, each for some j € J,

QiGn = @ Fr<s)

TeY1(4)

with differentials given by the sum of all contractions preserving T. We want to
find such a function Y so that all such subquotients are acyclic. As extensions
of acyclic complexes are acyclic, this would imply acyclicity of G, at p. Note
that the function T may depend on p.
Set 3 }
ol .= {(B,B) | 2 € Pilal, (B,B) € E}.

Wri 5 3 5 [(1B11,81)]

rite (Ba, f2) C (B1, /1) if Bo € By and (B, f2) € 25 . Choose a total

ordering on 2[10‘], such that for any (B1,B1) € 2[10‘] and (Ba, f2) C (By, 1) we
have (Bs, 32) > (B1,01). We take our totally ordered set to be

J =2l x 74
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with the lexicographical total order. Now we define the desired function
T =(Yo,T1,Y2, Y3, Ty): T(a) = J.
Let T € T («) be an a-index tree. Set
B(T) = {(By.a,) |ve T} c 2y,
and consider the subset R(T) C B(T) where B, is neither contained in B; nor
Bj. Take d(T) to be the node of T for which (Bgy(r), &u(r)) € 2[10‘] is in R(T)

and maximal in R(T) with respect to the total order on Q[Ia]. Since the root
node is always contained in R(T"), this is well-defined. We set

Yo(T) := (Bacry, dacry) -

For two nodes v,v’ in T, write v < v’ if v is a proper descendant of v'. To
define the other components, note first that for every descendant v < d(T),
we have (B, &,) C (Bd(T),dd(T)) and in particular (B,,d,) > (Bd(T),dd(T))
by our choice of the total order on Q[Ia]. Hence, (By,d,) cannot be in R(T)
by the defining maximality assumption of d(7). This means, every descendant
v < d(T") satisfies either

B, C El N Bd(T) or B, C EQ N Bd(T)~ (22)
This lets us define
Ti(T)={veT|vAdT )}\7
TQ(T) ‘{U < d )
T3(T) == To(T) - |[{v < d(T) | B, € BaN By }|
T4(T) |{'U~<d )|Bv QEQHBd(T)H-

Now we examine this map and its induced filtration on G,. First, we show
that for every contraction ' — T” we have Y(T') > Y(T"). Take a contraction
T — T'. Then we have B(T") C B(T), giving us Yo(T) > To(T") immediately.
Assume Yo(T) = Yo(T"), which just means (Bd(T),dd(T)) = (Bd(T/)7dd(T/)).
Now we consider where the contraction could be. If it contracts a node v A
d(T), then Y1(T) > YT1(T") directly by definition. If d(T') is contracted, then
by (Bd(T),dd(T)) = (Bd(T/),dd(T/)), the contraction must be exceptional, so
T1(T) = Y1(T"). But in this case, we also directly get Y;(7") = 0 for i = 2, 3,4,
which gives Y(T') > Y(7”). Contracting a node v < d(7") also immediately gives
Y1(T) =T1(T"). In this case, we get

{(Bu, 6ur) |0 < d(T")} G {(Bo, ) | v=<d(T)},

which implies Y;(T") > Y,;(T”) for i = 2,3,4. In particular, we see that for a
contraction T'— T” with Y(T') = T(T”), the contraction must be either

exceptional at d(T') or at v < d(T). (23)
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Hence, T defines a filtration on G, with subquotients of the form, each for
some j € J,

QRj%a = @ Fr<r,
)

TeY-1(j

with differentials given by the sum of all contractions preserving Y. The fol-
lowing Lemma [3.51] shows that the differential of Q;Gn, which is built from
the sums of T-preserving contraction homomorphisms, is an isomorphism at p,
making the subquotients ;G acyclic at p. This means G, is acyclic at p. [

Lemma 3.51. Take notation as in the above proof of Lemma[3.50. The con-
tractions preserving T come in collections of contractions T, — T5, such that

o no Th has an Y-preserving contraction T" — Ty j,

o T 1 has no other Y-preserving contractions Ty j, — 1",
o T, has no Y-preserving contraction Ty — T', and

o Ty — Ty are all T-preserving contractions into Ts.

The sum of the associated contraction homomorphisms

@le,k — ng
k

s an isomorphism at p.

Proof. Take a tree T and study its possible T-preserving contractions. In the
previous proof in , we noted that a contraction T — T preserving T must
be either

(A) exceptional at d(T'), or
(B) a contraction at some v < d(T).

In case (A), d(T") is the leaf that d(T") is contracted to, so that Y;(T") = 0 for
i =2,3,4. As Y is preserved, that means T;(7T") = 0 for i = 2, 3,4. By definition,
this means every v < d(T) must have B, = B; N Byry or B, = B N By(r). But
that means d(7T") must have exactly two children v, and vg, both leaves, with

Bvi = El N Bd(T)-
In case (B), To(T) = YTo(T") implies that the contraction is either
(B1) ordinary at a node v with B, = B N Ba(ry, or

(B2) at a node v with B, C By N Bg(r) by .
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In case (B2), we have
|{’U < d(T) | B, QEQ de(T)}| > |{’U < d(T/) | B, QEQ an(T/)}| R

but this, together with Yo(T) = To(T") and Y3(T') = T5(T"), by definition of
T3, implies Y;(T) = T;(T7) = 0 for ¢ = 2,3. But then Y4(T) = T4(T’) implies
that the contraction must be ordinary at a node v with B, = By N By We
now show that these cases cannot happen at the same time. First, since both
(B1) and (B2) are ordinary contractions at proper descendants of d(7") neither
of them can occur at the same time as (A). Secondly, if (B1) occurs, then, as
the contraction is ordinary at a node v < d(T) with B, = B; N By(ry, it must
have descendants v’ with B, C B1N Bary, such that To(T') # 0, contradicting
case (B2). Analogously, if (B2) occurs, then by To(T") = 0, there must be a leaf
vy < d(T) with B,, = By N Byr). In summary, we have three distinct possible
cases for contractions preserving Y:

(A) An exceptional contraction at d(7T') if d(T) is exceptional with two children.

(B1) An ordinary contraction at a relevant v < d(T') with B, = By N By if
one exists.

(B2) An ordinary contraction at a relevant vo < d(T') with B,, = B2 N Byt if
one exists and there is a leaf v1 < d(T') with B,, = By N By(r).

If a tree T is in any of the above cases, and it admits an Y-preserving contrac-
tions from another tree T’, the tree T' again has to satisfy one of the above
cases. We can check case-wise that this is not possible, so no tree T in the
above cases admits an Y-preserving contraction 77 — T. If T falls into neither
of these categories, then we have three distinct possibilities

(CA) d(T) is a leaf.
(CB1) d(T) is not a leaf, but no v < d(T) has B, = By N Byr).

(CB2) There is a leaf vy < d(T) with B,, = By N By(r), but no vy < d(T') with
By, = By N Bd(T)-

In each of the cases (CB1) and (CB2) there exists a unique tree 7" that fits into
cases (B1) and (B2) respectively, together with a contraction 7" — T. Here we
use that I is closed under addition. In case (CA), consider By and ayg(ry-
For every splitting &1 + &2 = @gq(r), there exist a unique tree T” of type (A)
with a contraction to 7. The tree T” is built from T by attaching two children
v1,v9 to the leaf d(T') with B,, = B; N Bgycry and @&, = &;. Here we use that,
by definition By7y contains at least two elements, one in B, and one in Bs, so
that such splittings &y + &2 = g7 exist by I being a factorization index set.
These are all possible trees T’ contracting to 7" while preserving Y.

It remains to check that the associated (sums of) contraction homomor-
phisms are isomorphisms. Take T" — T’ an Y-preserving contraction of case
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(B1) or (B2). Because the contractions in cases (B1) and (B2) are ordinary,
their associated contraction homomorphism Fr» — Fr are global isomorphisms.

Consider a tree T” in case (CA), together with all contractions T, 4, — 1"
in case (A), indexed by splittings &1 + &2 = ag(r). Take Z' to be the partition
of [a] defined by T and Zg, 5, the partition of [o] defined by T, 4,. Then
by construction B (Zs,,4,) = B(Z') N B, so by definition B (s, ,a,) ~5 B(Z').
Then the sum of contraction homomorphisms

@ ./":.T&ljY2 — fT/

a1 +as :&d(T’)

is an isomorphism at p by the isomorphism property of the level system,
because p is in Uz by assumption. O

Now we can prove Theorem [3:21]

Proof of Theorem[3.21. Given a factorizable system F, on Sym®(®) (X), by Lemma
and Example we can pull back to [X*(®)/Sy,] to get a factorizable
system of Sy(4)-equivariant (2-periodic) complexes of sheaves Fooon X0 Let
G be the Sp(a)-equivariant complexes defined Fo in Definition @ By defi-
nition of the plexthystic expontential and Lemma [3.34] we have

PEXPI (Z qa[ga]> = ZaeI q” Z)\eP(a) [GA]

= Yaerd” XzeplVe]

= 1+ Zael q°[Fal-

Now we push forward along p : [Xb(a)/Sb(a)] — Symb(o‘)(X) again to get

1+ ¢ [pep"Fol = 1+ Y ¢°p.[Fa] = p.PExp’ (Z q” [ga]> (24)

acl acl acl

by Definition [3:19] Now p.p*F, is just F, by general properties of the coarse
moduli space p.

Now we want to study the support of the complex G,. We may focus on
each « individually. Each G, may be constructed from just the a-level system
of Example [3.38] instead of the entire factorizable system. By Lemma we
may assume this level system is strict and equip G, with a differential as in
Definition @ while preserving the K-theory class identity .

By Lemma @, G., is supported on the small diagonal. Hence, the pushfor-
wards p.G, are also supported on the small diagonal. So, by dévissage [Weil3,
Appl. 6.4.2], there exist classes [G,] on X such that

ix [ga] = Dx [aa]a
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where i : X — Symb(o‘) (X) is the diagonal embedding. This gives us

1+ an[}—a} = p*PEXpI (Z qa[ga]>

acl acl

PEXPI (Z qap* [ga]>

acl

PExp' (Z q” i w)

acl

= PExp’ (Z q“[@]) :

acl

where we used the identity for the first equality, Lemma a) for the sec-
ond equality, dévissage for the third equality, and the definition of the plethystic
exponential in Definition [3.19] for the last equality.

Additionally, if the factorizable system F, satisfies that for « € I\ Ay,

falSymb(”)(U) vanishes, then ]—'a‘Ub(a) also vanishes and Lemma shows
that G, vanishes on U@ for o € I\ A;. Note that the intersection of the small
diagonal with the complement of U*®) is just S. So, by dévissage [Weil3], Appl.
6.4.2] as above, the classes [G,] are pushed forward from S in this case. O

3.4 Compatible Factorization

We now want to compare factorizations of sheaves on different orbifolds in some
way. We have the following example in mind.

Example 3.52. We consider X = [C3/u,] with u, acting with weights (1,7 —
1,0). Let Y be a crepant resolution of X. Let U be the non-stacky locus of X. Tt
also embeds an open subscheme in Y. This gives us the following commutative
diagram

Hilb™ (V) —— Hilb"(U) —~= Hilb{"") (U) —— Hilb("")(X)

l l l l

Sym"(Y) — Symn(U) —= M(n _____ n)(U) —_— M(n ’’’’’ n)(X)

Now the twisted virtual structure sheaves Hilb™(Y') and Hilb"™~™ (X) are com-
patible under this identification, meaning they pull back to isomorphic sheaves
on Hilb™(U). In this section, we develop machinery to compare the classes

[gT}L/}U:I’ [93]7 |:g(U7vL,..4,n):|’ and [g()’fl,...,n) U:| of Theorem 3.21

Consider an open embedding j : Y — X of stacks. Take Y and X to
be the coarse moduli spaces of V and A& respectively. They come with an
open embedding ¥ — X, which we also denote by j by abuse of notation.
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Assume that j, restricts to an embedding of factorization index semigroups
I : Iy — I = Ix, so that

i J

NO 4> NO

\ l

commutes. We assume that if o + aq is in Iy, then a3 € Iy or ag € Iy implies
the other is as well. We assume further that for @ € Iy, the pullback of K-
theory classes j*a lands in Iy. From now on we identify Iy with a subset of
I = Iy via the above embedding.

We consider factorizable systems in the sense of Example [3.9] We have an
open embedding morphism

M(j) : Sym(Y') — Sym(X),

)=7Z

such that, for any b € Z, the component Symb(Y) gets sent to the component
Sym®(X).
For by, by € Z, we naturally get a morphism U(j) making the diagram

Sym® (V) x Sym®* (V) «+—— U}, —e— Sym”**(Y)
%M(j)xM(g‘) ﬁum £M<j> (25)

Sym® (X) x Sym”(X) +e— Uy, —o— Sym® b2 X)

commute, with both squares cartesian.

Definition 3.53. In the above setup, given two factorizable systems {€, }aer,
on Sym” @ (Y) and {Fulaer on Sym®®(X), we call them compatibly fac-
torizable with respect to j if for any a € T\ I, we have M (j)*F, = 0, and
for any o € Iy C I, we have an isomporphism &, : &, — M(j)*Fa, so that
the factorization morphisms ¢ of Definition are compatible with pullback,
meaning the following diagram commutes

0oy Mooy
(5041 X gaz)‘ngaﬂb(az) ( ) (Fal X ]:az)|Ub(u1)b(a2>
J/d)anxz J,U(])*¢Zlu2 (26)
dag+ag -\ %
5a1+a2 |nga1)b(a2> M(]) (‘Fa1+a2)|ngal)b(a2)

Remark 3.54. Note, that the condition that for any a € I\ I, we have
M(j)*F, = 0 is automatically satisfied if the factorization index set is the one
from Lemma and the factorizable systems are pushed forward from Hilb())
and Hilb(X) respectively, because for « € I\ Iy, Hilb%(Y) is the empty set.
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For compatible factorizable systems, we can compare the resulting systems
from Theorem [3.211

Theorem 3.55. In the above setup, let {Eq}aer, on Symb(a) (Y) and {Fa}tacr

on Symb(a)(X) be two factorizable systems, which are compatibly factorizable
with respect to j. Then the classes [gﬂ and [gf] from Theorem satisfy

J* [gf] = [gg] for acin Iy.

Proof. The proof of this theorem consists of checking functoriality of the con-
struction of the [G,] under pullback. The first step in proving Theoremwas
to pull back to [Xb(o‘)/Sb(a)} to get factorizable systems £, and F, of Sp(a)-
equivariant (2-periodic) complexes of sheaves on Y@ and X respectively.
This step preserves the isomorphisms 4.

The complexes ?i and Eaf are constructed from the a-level systems asso-
ciated to the factorizable systems in Example By the morphisms of
the level systems are compatible with the isomorphisms §, which hence induce
isomorphisms between the level systems on Y% for a in Iy. Note here, that
for a ¢ I), we have M (j)*F, = 0, which ensures that the terms of both systems
are non-zero only for the same partitions. By Lemma [3:42] we may assume the
level systems are strict. The proof of Lemma [3.42] is a noetherian induction
using the functor D4 and morphism 4 defined in Definition [3.40] Both of
these preserve the isomorphisms between the level systems on Y% for o in

Iy. Hence, for a in Iy, the resulting complexes ?i and G.. are isomorphic over
Y@,

The final step of the proof of Theorem is using dévissage |Weil3| Appl.
6.4.2] to get the classes [gg] and [gf ] on Y and X respectively. This respects

the isomorphisms over Y(®) | giving us j* [gf] = [gg] for a in Iy. O

4 Factorization for Orbifolds

4.1 Factorizability of Virtual Structure Sheaves
4.1.1 Untwisted Virtual Structure Sheaves

Now that we have developed the necessary factorization machinery for moduli
spaces of zero-dimensional sheaves on orbifolds, we show that the (twisted)
virtual structure sheaves we consider yield factorizable systems, and hence that
Corollary lets us simplify our generating series of interest.

As tensor products of factorizable systems are again factorizable, we can
deal separately with the virtual structure sheaves O¥' and its twists.

Proposition 4.1. Let X be a smooth three-dimensional orbifold. Consider the
factorization index set I C No(X) of Lemma[3.3 Then

{0 }

acl
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is a factorizable system on Hilb®(X) in the sense of Deﬁnition and Example
5.5

Proof. By adapting [BF97, Prop. 5.7] to virtual sheaves, we see that additivity
of obstruction theories results in multiplicativity of virtual structure sheaves, in
the sense that the virtual structure sheaf defined by E,, HE,, on Hilb® (X") x
Hilb®?(X) comes with a natural isomorphism

vir ~ myvir vir
O]EalEaIEaz = OEal X O]E%-
The resulting isomorphisms naturally preserve associativity and commutativity

in the sense of Definition so that it suffices to show the obstruction theories
E. make a H-factorizable system. More specifically, we want isomorphisms

(]Eal EEEm) ’N’> ]Ea1+a2|U (27)

[ s
which are associative and commutative as in Definition 3.5

Take a1 + as = a in I and consider the universal family Z of Hilb®(X),
pulled back to U, x X. We denote this by Z. Over Uaya, X & this splits
as Z = Z; U gg, where 21- are disjoint families of substacks of & of class «;.
Consider the following commutative diagram.

12

g = 21 ] 22 —o— Z
Hilb®! (X) x Hilb (X) x X <o Un,a, x X <o Hilb*(X) x & (28)
Hilb*' (X)) x Hilb*?(X) +—e—— Uyy0, —o— Hilb*(X).
The composition
Z — Usyay X X <o Hilb® (X) x Hilb™ (X) x X 23 Hilb® (X) x X
is just the universal family Z; restricted to the image of Uy, q, in Hilb® (X).
Using this, we obtain a natural isomorphism
J'pIEa, = Rpy.RHom (121’1-211)0 2], (29)

where py is the projection of Uy, e, X X onto the first factor. We also have a
natural isomorphism

j/*Ea1+ag = RpU*RfHom (Iz,zz*)o [2] (30)
Using disjointness of Z~1 and 22, we get a canonical natural isomorphism
RHom (12712)0 =~ RHom (1.2?1’121)0 @ RHom (122,122)0 ,

which yields the desired isomorphisms by combining with and .
Note here, that this isomorphism couldn’t exist without taking the traceless
part. Using similar decompositions of the universal family, the required com-
mutativity and associativity properties for these isomorphisms can be shown
analogously. O
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4.1.2 Twisted Virtual Structure Sheaves

Now we see that the twisted virtual structure sheaf of Definition [2.10| make a
factorizable system. In contrast to the untwisted virtual structure sheaf, we
have to pass to the coarse space X to prove factorizability of the twist.

Proposition 4.2. Let X be a smooth quasi-projective three-dimensional Calabi—
Yau orbifold with coarse space X. Consider the factorization index set I C

No(X) of Lemmal[3.3 Then

Avir
{ Hilb‘*(/’\f)}ael
is a factorizable system in the sense of Definition[3.5 and Example[3.8

Proof. Factorization properties are stable under tensor products, and the desired
property for Oﬁiirlba( X) has already been shown in the proof of Proposition
Take a1 + a2 = a in I and consider the diagram with cartesian squares.
We want to compare the sheaves j*pipz,.(Oz,) with j*pz.(Oz), where Z; are
the universal families of Hilb® (X') and Z is the universal family of Hilb*(X).
Repeatedly applying the push-pull formula yields natural isomorphisms

j*p:pzi* (Ozz) = PUayay+ (Ozz) ’
j*pZ* (OZ) = pUblbz* (OZ) .

As illustrated in the diagram , Z splits into Z~1 U 22. This gives us natural
isomorphisms

pUb1b2* (Oz) = pU”l(’z* (051) @pUﬂlﬂz* (052) '

Because this natural isomorphism is essentially just the splitting of a sheaf
into its restriction to connected components of its support, these isomorphisms
satisfy the associativity and commutativity assumptions of Definition [3.5] with
H. Multiplying by the constant factor k2 in the equivariant case is compat-
ible with these isomorphisms. Taking determinants preserves these isomor-
phisms, but the commutativity diagram @ only commutes up to the sign
(—1)“‘(1’21*(021))rk(pzz*(022)), which by Lemma m is exactly (—1)b(a1)b(°‘2).
The degree shift of b(a;) of our 2-periodic complexes in Definition intro-
duces an additional sign (—l)b("“)b(o‘?) in the commutativity of the diagram @D,
which exactly cancels the previous sign, and hence makes the twist factoriz-
able. O

Remark 4.3. The strategy in the above proof to first show H-factorizability and
then taking determinants works more generally and is implicitly already used
in [Okol5] 5.3.10]. The shifts must be introduced, because taking determinants
makes the commutativity diagram only commute up to sign, which can be fixed
using these shifts.

96



Remark 4.4. The shift, which is required to make the diagrams commute,
coincides with signs in the literature. For example, in [CKM23| Cor. 6.2], the
same sign (—1)™ is introduced as a sign of the formal variable gg instead of
being part of the twisted virtual structure sheaf as in our Definition [2.10] The
above lemma shows that this sign is exactly the sign making the system of
twisted virtual structure sheaves factorizable.

Lemma 4.5. Let X' be a smooth three-dimensional orbifold, and let U be its non-
stacky locus. Consider the factorization index set I C No(X) of Lemma . By
Proposition[{.4, Lemma[3.11 and Ezample[3.12, we have the factorizable system

fa = a*HCa* Avi_r a } .

{ 13 Hilb® (%) f

It satisfies that for any a € I\ Ay, F, vanishes on Symb(a)(U),
Proof. Set 1, = €4 0o HC,. We have the cartesian diagram

Hilb®(U) ——e— Hilb™(X)

b b

Sym” @ (U) —e— Sym"@(X).

Hilb“(U)) ’

but any substack of U has class in A; by definition. So, for a class a € I\ Ay,
Hilb®(U) is emtpy, proving fa|symb(a)(U) vanishes. O

This gives us

~ U Avir
]:a|symb<a>(U) = (na)* ( Hilb® (X)

4.2 Orbifold Generating Series
4.2.1 Orbifold Generating Series

For a given smooth quasi-projective Calabi—Yau orbifold X of dimension three,
we apply the factorization theorem to simplify its generating series of (equiv-
ariant) Donaldson-Thomas invariants. Let I be the factorization index set of
Lemma As Hilb®(X) is empty for a ¢ I by definition, it suffices to sum
over a € I in the generating series Z(X'). As seen above, the pushforwards of
the twisted virtual structure sheaves OV on Hilb®(X) to Sym”® (X) yield a
factorizable system of sheaves.

We assume from now on that I is closed under addition. Note that the
factorization index set of Lemma [3.3]is closed under addition for orbifolds of
the form X = X’ x C, which we are mainly interested in. By Theorem
there are classes

(Ga] € K(X) for a € A;, [Ga] € K(S) for a ¢ Ay,
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such that the generating series equals

2(2) =1+ 3 g*x (Hilb®(X), Oty ) )
acl

= PExp anx(Xﬁa)-i— Z q“x (S,Ga)

a€EAT acl\Ar

4.2.2 Crepant Resolutions and Compatible Factorization

Recall that we are working with a fixed coarse moduli space 7 : X — X. Let
v:Y — X be a crepant resolution. Let U be the non-stacky locus and let S
be its complement in the coarse moduli space. Note that U also openly embeds
into Y. Let FE be its complement in Y. Take a fixed point p in U to define
A7 = N[O,]. We can compute the equivariant K-theoretic generating function
for Hilb"(Y") using Nekrasov’s formula |[Okol5, Theorem 3.3.6]. We have the
following identification

Hilb™(Y) + Hilb™(U) = Hilb™9|(U) — Hilb"O) (x).

The obstruction theories agree under this isomorphism, since the deformation
theory of sheaves restricts naturally to open substacks. This gives us the re-
quired isomorphisms for compatible factorization, so the twisted virtual struc-
ture sheaves are compatibly factorizable along the embeddings U <— Y and
U — X respectively. Pushforward along the open embeddings embeds the fac-
torization index semigroup Iy = N into Iy = N by the identity and into Iy by

n = n[Op).
Again, we assume that Iy is closed under addition. Applying Theorem [3.55]
we get
x Y
(920, ] = [971.].

Hence, the class [Qrﬁop]} — [u*g}:] is supported on S. By dévissage [Weil3,
Appl. 6.4.2], it must be the pushforward of some class [QS[OP]} € K(S). By
invariance of x under pushforwards, we obtain
X (X, fo[op]) =x(Y,0y) +x (5> gf[op]) :
Putting all these parts together, we obtain the following form.

Proposition 4.6. Let 7 : X — X be the coarse moduli space, and let v :
Y — X be a crepant resolution. Let U be the non-stacky locus and let S be its
complement in the coarse moduli space. Assume that the factorization index set
Iy of Lemma@ is closed under addition. We have the equation

2(X) = PExp (2,200 (X (V.0Y) + X (8.950,)) ) + Laena, *x (5,6%))

= Z(Y,q°)) - PExp (Zn>0 q"rlx (S’ gg[%]) + Xaena, X (5, gé())
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where Z(Y,q) is the equivariant K-theoretic generating function for the Hilbert
schemes of points on'Y .

5 Rigidity
5.1 Orbifold Computation

Now we specialize to our specific situation with g, acting on C® with weight
(1,7 — 1,0). Let T = (C*)? act by (t1,t2,t3) on C3. In this section, we will
prove the following theorem.

Theorem 5.1. The T-equivariant K-theoretic degree 0 DT generating series for
[C3/ ], with p, acting on C3 with weight (1,7 — 1,0), is

z ([CS/MT]a q0; - - - aQTfl) = PEXP (F’r(q) + F:OI(q07 s ,qT71)> ’

where

_ [tats][tats][t1 o] 1
Flo) = [t1][ta][ts]  [K1/2q][K1/2q71)

r—1
Fr(q) = > F (8RR a7 h 4l g q)
k=0

col - [tltg] 1 .. —1
Fio(q) = [ts] [K1/2q][x'/2¢ ] Z (q[l’J]—i_q[iJ]) ’

0<i<j<r

where ¢ = qo - qr—1, Qi) = ¢ - 5, (W] = w'/? —w=Y2, and PExp (-) denotes
the plethystic exponential. Note that the factorization index set I of Lemma[3.3
is closed under addition in this case.

The proof occupies the remainder of the section. As p, acts trivially on
the crepant resolution of [C?/pu,] is given by Y = A,_; x C, where A,_; is
the minimal resolution of [C?/u,.]. A toric description of A,_; can be found in
|CLS11), §10.1]. From this description we obtain r charts of Y isomorphic to
C® with weights (] %57, ¢7" ¥+ 1451 ¢5), where 0 < k < 7 — 1. Localization
together with Nekrasov’s formula [Okol5, Theorem 3.3.6] then lets us compute

Z(Y,q) = PExp (F.(q)) -

By computing the Euler characteristics in Proposition [£.6] via localization
on S, and by inserting the above formula for Z(Y, q), we obtain the following.

Proposition 5.2. For u, acting on C3 with weight (1,1 — 1,0), we have

Z(IC*/pr], @) = PExp (F. () - PExp (W Zq“hn> , (31)

[ta] =

with hy in Z[E? 452 5V
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Proof. We insert the Z(Y,q) of the crepant resolution computed above into
Proposition Then we note that S is the coarse moduli space of [pt/u.] x C,
which is just C, with T acting just by ¢3. So, localization on S gives us

yA ([CS/MT]7q) = PEXp (Fr(q)) ’ PEXp (1_1“ anhn> )
3 nerl
for some hy, in Z[tiﬁl/Q,tQﬂ/Q,t;ﬁlﬂ].

To show the proposition, we claim that all B(nmnl) are divisible by t1to — 1.
By invertibility of the plethystic exponential, it suffices to prove that any local-
ization weight in Z ([Cg/ur], qo, ql) is divisible by t1t; — 1. By the localization
weights a(m), which we computed in Section we need to check that tqto
has negative coefficient in the class of the virtual tangent space at w. By the
natural identification , the virtual tangent space at 7 is exactly the u,-fixed
part of the virtual tangent space of Hilb(C?) at the fixed point corresponding to
the underlying plane partition of 7. Now [Mau+06b, Lemma 5] shows that the
virtual tangent space of Hilb(C?) at each fixed point has negative coefficient of
t1ts. Taking the p,-invariant part retains this negative coefficient. O

Applying Okounkov’s rigidity principle, we can refine this proposition as
follows.

Lemma 5.3. The functions hy in Proposition are in Z[kT], that is, they
are only dependent on k, not ty,ts,ts.

Proof. We follow the proof of [Okol5, Prop. 3.5.11]. For any T-weight w, the
fraction
[/ w]

[w]

remains bounded for any limit tfﬂ — oo that keeps k fixed. That means
all terms of the first factor in as well as the local contributions a(w) to
Z([C3/u,]) from Section @ and [t[g]g] in the second factor of remain
bounded under any such limit.

If we can prove that all h, from Proposition [6.2| remain bounded under
any limit tfﬁ1 — oo that keeps x fixed, then as Laurent polynomials, they only
depend on k and not on the ¢;. To show this, we work by induction in /. For
any I-indecomposable element n in I, the coefficient of g™ in the right-hand

side of is just

[t1to]
[t3]

plus a term coming from the first factor of the right-hand side of ifne Aj.

As the other terms of the equation resulting from taking q™-coefficients in ,
[t1t2]

[ts]
In particular, we have shown this property for n with |n| = 1.

B,

as well as

are bounded under limits tiﬂ — oo keeping k fixed, so is hy.
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Assume the desired limit property is shown for all I-indecomposable n and
all n with |n|] < N. If n in I is not I-indecomposable with |[n| = N, the
q™-coefficient in the right-hand side of consists of one term

[t1t]
[t]
plus other terms, which are products of [tﬁ;]z], hn with |n| < N, and terms from

the first factor of . All of these other terms, q™-coeflicient in the left-hand

side of (31)), as well as [tﬁ:]ﬂ remain bounded under limits ¢* — co keeping &

fixed. So, the same holds for hy,. O

b,

5.2 Equivariant Limit Computation

We want to compute the equivariant K-theoretic Donaldson-Thomas partition
function from the result of Proposition 5.2 To determine the functions Ay,
in Proposition [5.2] using Lemma [5.3] it suffices to compute a limit in the T-
parameters which fixes k. We modify the computation of colored plane partition
counts in [BY10] to compute this limit.

Following the proof of Nekrasov’s formula in |[Okol5| 3.5.12], we compute
the limit in the equivariant parameters t1, s, t3, which sends

t1,ts — 0, |t1| < |t3|, k fixed. (32)

We denote the limit of the generating series under this limit of equivariant
parameters by

7 (IC /). q).

In order to compute this limit using the argument in [BY10], we need the fol-
lowing result from |Okol5| 3.5.17].

Proposition 5.4. The contribution of the colored partition 7 to the T-equivariant

K-theoretic count in the above specified limit of its parameters is (—m1/2)index( ),

where
index(m) = Z sgn(ia — i1),

O=(i1,i2,iz)enS
where we recall that 7€ denotes the 0-colored boxes of .

Proof. As computed in Section the contribution of the colored partition
7 to the T-equivariant K-theoretic count is

weW
where W is a subset of the T-weights of the virtual tangent space at m, such
that T = >, cy (w — £). The limits of [”[éf]”] can be computed

w

1/2

—K w — 0.

[k/w] —k12 w— oo,
] %{
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Hence, the limit of a(7) becomes
a,(’/T) N (_I€1/2)inde><(7r)7
where we set
index(m) = {w eW |w— 0} — [{weW | w— oo}.

Now we want to find the above expression of this index. Note first, that, since
x is fixed by the limit, the weights w and &+ of the virtual tangent space have
opposite limits. To compute this limit, we want to use the index computation in
INO14, Appendix A]. For a T-representation V', given as a linear combination
of weights V = %" c,w with ¢, € C, their index is defined as

index(V) =3, cwindex(w),
index(w) = {

1, w—0,
0, w — oo.

Inserting TY' . = > ey (w — £), we have
index(7) = index (T%";) -
By (@), TY', is the p-equivariant part of T and [NO14, Appendix A] show

index (’]I‘E;Tr) = index (t5V — t;kVV) for k sufficiently large, but such that still

|t1| < |ts|". Here, V is the character of O .
We want to show a similar identity for the p.,.-invariant parts index (']I“)’(”ﬂ) =

index (t5VHr — tgk(VV)“*). Note that the claim of the proposition follows im-
mediately from such an identity, because

Hr —114—124—13
Vhr = > g
O=(41,i2,i3)en’
and
it e i 0 19 > i
e I
00, 12 <11,
which gives us

index ( }lrﬁ) = index(t5VFr — tH(VV)Hr) = Z sgn(is — 171).

O=(41,i2,i3)en’

To prove index(TY4", ) = index(t§V#r — t7%(VV)#r), we cannot directly use
the result of [NO14, Appendix A], but we will follow their proof. Note first,
that since, the k is fixed in the limit, the index is independent of the value of
Kk, so may work with the subtorus A = {x = 1} C T. In [NO14] A.1.3], they
identify the A-characters

W= (1= t)N2(Ze) + 5V — 157V,
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where N3(Z,) is the character of the tangent space of a moduli space of framed
torsion-free sheaves on C2. There is a symplectic form on this tangent space,
which matches weights t$t5t5 with 75 37!, and hence attracting and re-
pelling weights of its character, except for possibly the matched weights 1 and
t3'. Then [NO14, Lemma A.1] shows that N3(Z;)* = 0, and hence neither
weight 1 or t3 can come up in the character. The symplectic form is p,-invariant,
so it matches p,-invariant weights with u,-invariant weights. Here, we used that
p only acts on the first two coordinates. Using N3(Z)* = 0 and the match-
ings of weights by the symplectic form w, we can match weights of N5(Z,) and
tsNa(Z,) as follows

No(Zy) i A S e e
—1
o > I
tsNo(Zy) - 145ttt ty 5 V5 C.

Since w matches attracting and repelling weights in Ny(Z,), attracting and
repelling weights in t3N5(Z;) are also matched. This matches p,.-invariant
weights with p,-invariant ones, so index (((1 — t3)N2(Z;))# ") = 0. O

The above result allows us to adjust the weight operator in the argument
of [BY10] and compute the limit of the generating series to finish the proof of
Theorem We recall now the setup of [BY10], which is based on the setup
in [Oko01, Appendix A]. We consider a plane partition as a collection of slices,
which are partitions {(a,b) € Z2, | (a + k,a,b)} consisting of the boxes with a
fixed iy — i, = k. With our specific y,-action a colored plane partition is then
sliced into monochrome slices. This is pictured in Figure [2 below.

This slicing can be used for counting by starting with empty partitions on
the right and left side and iteratively applying operators, which give weighted
sums of possible next slices moving inwards. We explain now how to formally
set this up. We work in to charge-zero subspace of the infinite wedge space

( /\OO/ 2 ) oV, where V' is a vector space with a basis labelled by the elements of

Z—l—%. The vector space ( /\OO/ 2 ) oV has an orthonormal basis given by partitions
|A)-

There are operators

I'y(z) =exp (Z xllaﬂ>
1

acting on (/\OO/2 )OV, which act on a partition |[A) by giving a weighted sum
of possible partitions in the next smaller /bigger slice of a plane partition if the
current one is A.

To compute the partition function, we consider weight operators

Qi N =My,
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st b

Figure 2: Slicing of a ps-colored plane partition.

whose role it will be to count the contribution to the partition function of each
slice. We now modify the argument as follows. In the limit of the equivariant
parameters specified in , by Proposition each slice \ has a fixed contri-
bution 1 if the slice doesn’t have color 0, as only the boxes in 7& contribute,
and the slices of color 0 have a fixed contribution

()N (=2 iy >y,
(=) (=k2)= N gy < iy
Here multiplied by the additional sign (—1)/*l. This comes from the sign (—1)"°
in the contribution of each partition, which comes from our definition of the
twisted virtual structure sheaf and is usually manually introduced, as discussed
in Remark [£:4] Since we consider slices A with fixed i; — iy this contribution is
well-defined for each slice. We use this to define an additional equivariant limit
weight operator
K [N = (£/2)5 ).

We can now use the operators to define
Ay (2) =Ti(2)Qr1 - T ()i T+ (2) KL Qo,
so that
Z(C/p)a) = (6] A (AL (DAL (A (WA ()A_(1) - |g)  (33)

computes the desired limit of the partition function, where ¢ denotes the empty
partition. To compute this partition function, we want to compute the commu-
tators of the operators involved and then reorder them. Note that we wrote an
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infinite product of operators, which should be interpreted as follows. For any
given finite order, we can make this a finite product of operators, such that
computes the limit generating series up to that given finite order.

Now we compute commutators of the various operators, so that we can
reorder them in to compute the generating series. The commutator

P (@), T ()] = 1= (34)

was already computed in [BY10, Lemma 3.3]. Moreover, Young computes

[y (2)Qi = Qil'y(2qi), Qil—(z) =T _(2q;)Q:-

Using the same formula [BY10, (4)], we can similarly compute

I (2)Ky = K T <m1/2) , K.T_(z)=T_ (x;fl/“') K_.

Finally, by definition, the operators (); and K4 commute with each other. Writ-
ingg=gqo---¢r—1 and Q@ = Qo ---Q,_1, we can then rewrite AL (z) as follows.

I‘Lr(x) = QK. Iy (ﬁqﬁl/Q) Iy (QJQ[o,rfz]Hl/z) R A (JJQO/‘?l/Q) )
A_(z)= T_(2)T_ (xgr—1) - T (vq,r—1) T (zqur—1) K-Q.
We set
Ap(z) = Ty (xq/‘él/z) Iy (HI[O,T—QWI/?) eIy ($QOK1/2) )
A (z):= T (&)l (xgr—1)--- T (2qp2,—17) T- (2qp1,—1)) -

Now iteratively using the commutators of 't from we can compute
Ap(@)A_(y)= T4 ($Q[o,r—1]/€1/2) Iy ($Q[0,r—2]f€1/2) Ty (55(1[0,0151/2) )
I (yq[oﬁiu) I (yq[o,3—2]> oI (yfuc?,u) - (yfug,o])
- A AT (1-weletw2) " (35)

To simplify notation, we write

r—1 —1
q[0,i
Cr(z,y) =[] (l—xyq[o_]ﬁsm) :

i,j=0 q[OvJ]

Now we can compute the partition function in the same way as [BY10]. Note
that as a product of I'y, moving @ and K4 past the A4 works in the same way
as simply for I'y.. After moving them to the outside, they act trivially on the
empty partition.

Z(C/wla)= (8- A ()AL (DA,
(] QKL A4 (1 )QK+A+
— <¢|... ( Kkl1/2

A_(1)A_(q(k~1/?)

DA-()A_(1)A_(1)---|9)
DA-(HK-QA-(WK-Q---|¢)
?) Ay (a(sM?)) A1 (1) -

A (@ (712)?) o) .

~— —~
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Now we can move the operators A4 past each other using to get

7 (IC/u)q) = I1om0 Cr (4% (K1/2)%, ¢"(k71/2)) (9] A_(1)A_ (q(x71/?)) -
A (P(712)%) - Ap (@ (512)%) As (g(8172)) AL (1) |9)
— HZ?b:O Cr (qa(/il/Q)a,qb(K_l/Q)b) ,
where we used that the operators A4 act trivially on the empty partition
Ay (z)|¢) = |¢) and (¢| A_(z) = (9], as in [BY10, p. 14]. Now we can simplify
this expression using standard formulas for the plethystic exponential. These

formulas can be derived similar to the proof of Lemma [3:20] They are also
discussed in [DOS20, p. 4]. We compute

i—j+1

-1
) 1 .
? ([(Cd/ur]’ q) = HZ?b:O H;j:o (1 _ gttt %,{ % )

r—1 nl/Qq q[0,i]
Hi,j:o PExp ((1—f€1/2q)(1—ﬁ*1/2(1) q10.4)

_Kl/2 r—1 i
= PExp <[nl/2q]ﬁil/2q*1] Zi,j:() %) . (36)

By splitting into parts with ¢ = j, ¢ < j, and ¢ > j, we see that
r—1 Q[ |
0, -1
Do =T D i Ty
i.7=0 410.4] 0<i<j<r
so that is exactly the desired limit
. 1/2
k -1
PExp [1/2q][r1/2¢1] T+ Z 9.5 T 9 5

0<i<j<r

of PExp (F,(q) + F¢°'(qo, - .., ¢r—1)). This determines the functions hy, in Propo-
sition [5.2] by rigidity, see Lemma [5.3] completing the proof of Theorem [5.1}

A Quotient DM Stacks

We state and prove a few simple facts about quotient DM stacks for use in
Lemma [3:200 We consider the following setup. Let U be a scheme, and let
i : H — G be finite groups acting on U, such that

GxU 25U

HH
ixid]\ /

HxU

commutes. We get the following induced morphism of DM stacks.
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Proposition A.1. There is a morphism of DM stacks
n: [U/H] = [U/G],
induced by the inclusion i : H — G.

Proof. An object of [U/G] over a scheme T is a principal G-bundle P — T and
a G-equivariant morphism P — U. The morphism 7 is then concretely given by

(T,P—>T,P?U) — (T,G ¥y P,G xHP?U).

Here G xy P = [(G x P)/H] with the anti-diagonal H-action h - (g,p) =
(gh,h='p), and G xg P = U is the composition ug o (id x (P - U)), which

descends to G x g P as it is H-invariant. O

The pushforward along this morphism is just the induced representation
construction.

Proposition A.2. Let n = [G : H]| and take a full set of representatives
91, --,9n of left cosets in G/H. Given an H-equivariant sheaf £ on U, we

have .
€ = Poi€
i=1

as G-equivariant sheaves on U.

Proof. We consider the following cartesian diagram|Alp23| Section 2.3.7]

GxU —"L U

Jm l (37)

U —"°- [U/q),

where 7 is the quotient morphism U — [U/G]. All morphisms are H-equivariant
with respect to H acting via pg on U on the left side, acting anti-diagonally on
G x U, and trivially on U and [U/G] on the right side. Quotienting by H then
gives us the cartesian diagram

GxpU —"1 U

2 j (38)

U/H] —— [U/G].

n+& as a G-equivariant sheaf on U is just 7§n.£ with its natural G-equivariant
structure induced by the cartesian diagram . By the cartesian diagram
, this is isomorphic to p5&, with its natural G-equivariant structure, pushed
forward along the G-equivariant morphism 7.
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As g1,...,gn is a full set of representatives, any g € G has a presentation as
9 = gi(g)h(g). This gives us a natural isomorphism

n
GxpU = |_| 9:U, [9,4] = gi(g) (h(g) - u).
i=1
Again using that g1,..., g, is a full set of representatives, for any g € G and g;,
there exists a j(i,g) and an h(i, g) € H, such that gg; = g;(;,4)h(i,g). The above
isomorphism induces the G-action g - gju = g;(; 4)(h(4,g) - u) on the right-hand
side.

Under the above isomorphism, 77 becomes just the action morphism ¢;U —
U,giu — ¢; - u on each component. Under this isomorphism p3€ is just a
copy of £ on every component. The natural G-equivariant structure of p3&
under this isomorphism is the following. For every g € G and g; the action
g U 9U = LU, 9:U restricts to h(i,g) : iU = gju,U. On every
component ¢g;U the isomorphism ¢*p5E = p3€ is given by the isomorphism

h(i,g)" € =€,

coming from the H-equivariant structure of £ on U. Pushing this forward along
71 yields exactly the desired isomorphism

n
1=1

with the G-equivariant structure given by the isomorphisms

h(i, 9) (9i6.9)€) = gi€. (39)
Note that the g; in @), ¢;€ are purely formal for tracking the various copies
of €. 0

References

[AHH23] J. Alper, D. Halpern-Leistner, and J. Heinloth. “Existence of mod-
uli spaces for algebraic stacks”. In: Inventiones mathematicae 234.3
(Dec. 2023), 949-1038. 1SSN: 1432-1297. DOI: 10 .1007 /500222~
023-01214-4|

[Alp23] J. Alper. Lecture Notes: Stacks and Moduli. Accessed: 12.01.24.
2023.

[BCR22] S. V. Beentjes, J. Calabrese, and J. V. Rennemo. “A proof of
the Donaldson—Thomas crepant resolution conjecture”. In: Invent.
Math. (Apr. 2022).

[BCS04] L. Borisov, L. Chen, and G. Smith. “The orbifold Chow ring of
toric Deligne-Mumford stacks”. In: Journal of the American Math-
ematical Society 18.1 (Nov. 2004), 193-215. DOI: [10.1090/50894~
0347-04-00471-0.

68


https://doi.org/10.1007/s00222-023-01214-4
https://doi.org/10.1007/s00222-023-01214-4
https://doi.org/10.1090/s0894-0347-04-00471-0
https://doi.org/10.1090/s0894-0347-04-00471-0

[BCY12]

[BCZ16]

[BF97]

[BHO5]

[BJ17]

[BKRO1]

[BY10]

[Call4]

[Cir22]

[CK09]

[CKM23)]

[CLS11]

[DOS20]

J. Bryan, C. Cadman, and B. Young. “The orbifold topological
vertex”. In: Advances in Mathematics 229.1 (2012), 531-595. I1SSN:
0001-8708. DOI: https://doi.org/10.1016/j.aim.2011.09.
008.

A. Bayer, A. Craw, and Z. Zhang. “Nef divisors for moduli spaces

of complexes with compact support”. In: arXiv e-prints, arXiv:1602.00863
(Feb. 2016), arXiv:1602.00863. DOI: 10 . 48550 / arXiv . 1602 .
00863. arXiv: |1602.00863 [math.AG].

K. Behrend and B. Fantechi. “The intrinsic normal cone”. In: In-
ventiones Mathematicae 128.1 (Mar. 1997), 45-88. DOI: [10. 1007/
s002220050136.

L. A. Borisov and R. P. Horja. On the K-theory of smooth toric
DM stacks. 2005. arXiv: math/0503277 [math.AG].

D. Borisov and D. Joyce. “Virtual fundamental classes for mod-
uli spaces of sheaves on Calabi-Yau four-folds”. In: Geometry &
Topology 21.6 (Aug. 2017), 3231-3311. DoOI: |10.2140/gt . 2017 .
21.3231.

T. Bridgeland, A. King, and M. Reid. “The McKay correspondence
as an equivalence of derived categories”. en. In: J. Amer. Math.
Soc. 14.3 (Mar. 2001), 535-554.

J. Bryan and B. Young. “Generating functions for colored 3D
Young diagrams and the Donaldson-Thomas invariants of orb-
ifolds”. In: Duke Mathematical Journal 152.1 (2010), 115-153. DOTL:
10.1215/00127094-2010-009.

J. Calabrese. On the Crepant Resolution Conjecture for Donaldson-
Thomas Invariants. 2014. arXiv: [1206.6524 [math.AG]l

M. Cirafici. “On the M2-Brane Index on Noncommutative Crepant
Resolutions”. In: Letters in Mathematical Physics 112.5 (Sept.
2022). DOI: [10.1007/s11005-022-01579-2.

I. Ciocan-Fontanine and M. Kapranov. “Virtual fundamental classes
via dg-manifolds”. In: Geom. Topol. 13.3 (Mar. 2009), 1779-1804.

Y. Cao, M. Kool, and S. Monavari. “A Donaldson-Thomas crepant
resolution conjecture on Calabi-Yau 4-folds”. In: Transactions of
the American Mathematical Society (Sept. 2023). DOI: [10.1090/
tran/9027.

D. A. Cox, J. B. Little, and H. K. Schenck. Toric Varieties. Vol. 124.
Graduate Studies in Mathematics. American Mathematical Soci-
ety (AMS), 2011.

B. DAVISON, J. ONGARQO, and B. SZENDROL. “Enumerating
coloured partitions in 2 and 3 dimensions”. In: Mathematical Pro-
ceedings of the Cambridge Philosophical Society 169.3 (2020), 479—
505. DOI: |10.1017/50305004119000252.

69


https://doi.org/https://doi.org/10.1016/j.aim.2011.09.008
https://doi.org/https://doi.org/10.1016/j.aim.2011.09.008
https://doi.org/10.48550/arXiv.1602.00863
https://doi.org/10.48550/arXiv.1602.00863
https://arxiv.org/abs/1602.00863
https://doi.org/10.1007/s002220050136
https://doi.org/10.1007/s002220050136
https://arxiv.org/abs/math/0503277
https://doi.org/10.2140/gt.2017.21.3231
https://doi.org/10.2140/gt.2017.21.3231
https://doi.org/10.1215/00127094-2010-009
https://arxiv.org/abs/1206.6524
https://doi.org/10.1007/s11005-022-01579-2
https://doi.org/10.1090/tran/9027
https://doi.org/10.1090/tran/9027
https://doi.org/10.1017/S0305004119000252

[FMN10] B. Fantechi, E. Mann, and F. Nironi. “Smooth toric Deligne-Mumford
stacks”. In: Journal fir die reine und angewandte Mathematik
2010.648 (2010), 201-244. DOI: doi:10.1515/crelle.2010.084.

[GP99] T. Graber and R. Pandharipande. “Localization of virtual classes”.
In: Invent. Math. 135.2 (Jan. 1999), 487-518.

[Hal14] J. Hall. “Cohomology and base change for algebraic stacks”. In:
Math. Z. 278.1-2 (Oct. 2014), 401-429.

[Hall7] J. Hall. “Openness of versality via coherent functors”. In: Jour-

nal fir die reine und angewandte Mathematik (Crelles Journal)
2017.722 (2017), 137-182. DOI: doi:10.1515/crelle-2014-0057.

[HL10] D. Huybrechts and M. Lehn. The Geometry of Moduli Spaces of
Sheaves. 2nd ed. Cambridge Mathematical Library. Cambridge
University Press, 2010. DOI: [10.1017/CB09780511711985.

[HT10] D. Huybrechts and R. P. Thomas. “Deformation-obstruction the-
ory for complexes via Atiyah and Kodaira—Spencer classes”. In:
Mathematische Annalen 346.3 (Mar. 2010), 545-569. 1SSN: 1432-
1807. DOI: |10.1007/s00208-009-0397-6.

[KR] M. Kool and J. V. Rennemo. Proof of a Magnificent Conjecture.
In Preparation.
[Kre09] A. Kresch. “On the geometry of Deligne-Mumford stacks”. In: Al-

gebraic Geometry: Seattle 2005. Ed. by D. Abramovich, A. Bertram,
L. Katzarkov, R. Pandharipande, and M. Thaddeus. Vol. 80. Pro-
ceedings of symposia in pure mathematics 80,1. Algebraic Geome-
try, Seattle 2005 : 2005 Summer Research Institute, July 25- August
12, 2005, University of Washington, Seattle. Providence, Rhode
Island: American Mathematical Society, 2009, 259-271. 1SBN: 978-
0-8218-4702-2.

[Lev23] M. Levine. Orienting the Hilbert scheme of points on a spin three-
fold. 2023. arXiv: 2305.15513 [math.AG]!|

[Mau+06a] D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande.
“Gromov-Witten theory and Donaldson-Thomas theory. I”. In:
Compos. Math. 142.5 (2006), 1263-1285. 1sSN: 0010-437X. DOI:
10.1112/30010437X06002302.

[Mau+06b] D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande.
“Gromov-Witten theory and Donaldson-Thomas theory. II”. In:
Compos. Math. 142.5 (2006), 1286-1304. 1sSN: 0010-437X. DOL:
10.1112/50010437X06002314!

[Nir09] F. Nironi. Grothendieck Duality for Deligne-Mumford Stacks. 2009.
arXiv:|0811.1955 [math.AG].
[NO14] N. Nekrasov and A. Okounkov. “Membranes and Sheaves”. In:

arXiv e-prints, arXiv:1404.2323 (Apr. 2014), arXiv:1404.2323. DOI:
10.48550/arXiv.1404.2323. arXiv: [1404.2323 [math.AG].

70


https://doi.org/doi:10.1515/crelle.2010.084
https://doi.org/doi:10.1515/crelle-2014-0057
https://doi.org/10.1017/CBO9780511711985
https://doi.org/10.1007/s00208-009-0397-6
https://arxiv.org/abs/2305.15513
https://doi.org/10.1112/S0010437X06002302
https://doi.org/10.1112/S0010437X06002314
https://arxiv.org/abs/0811.1955
https://doi.org/10.48550/arXiv.1404.2323
https://arxiv.org/abs/1404.2323

[OkoO1]

[Okol5]

[0S03]

[0T23]

[Ric21]

[Ros14]

[Tho00]

[Tho92]

[Weil3]

A. Okounkov. “Infinite wedge and random partitions”. In: Selecta
Mathematica 7.57 (2001). DOI: [10.1007/PL00001398.

A. Okounkov. Lectures on K-theoretic computations in enumera-
tive geometry. 2015. DOI: [10.48550/ARXIV.1512.07363.

M. Olsson and J. Starr. “Quot Functors for Deligne-Mumford
Stacks”. In: Communications in Algebra 31.8 (2003), 4069-4096.
DOI: [10.1081/AGB-120022454. eprint: https://doi.org/10.
1081/AGB-120022454.

J. Oh and R. P. Thomas. “Counting sheaves on Calabi-Yau 4-
folds, I”. In: Duke Mathematical Journal 172.7 (2023), 1333-1409.
DOI: 10.1215/00127094-2022-0059.

A. T. Ricolfi. “The equivariant Atiyah class”. en. In: C. R. Math.
Acad. Sci. Paris 359.3 (Apr. 2021), 257-282.

D. Ross. “Donaldson-Thomas Theory and Resolutions of Toric
Transverse A-Singularities”. In: arXiv e-prints, arXiv:1409.7011
(Sept. 2014), arXiv:1409.7011. pOI: |10.48550/arXiv.1409.7011.
arXiv: 1409.7011 [math.AG].

R. P. Thomas. “A holomorphic Casson invariant for Calabi-Yau
3-folds, and bundles on K3 fibrations”. In: J. Differential Geom.
54.2 (2000), 367-438. 1sSN: 0022-040X.

R. W. Thomason. “Une formule de Lefschetz en K-théorie équivariante

algébrique”. In: Duke Mathematical Journal 68.3 (1992), 447-462.
DOI: 10.1215/S0012-7094-92-06817-7.

C. A. Weibel. The K-book: An Introduction to Algebraic K-theory.
Vol. 145. Graduate Studies in Mathematics. American Mathemat-
ical Society (AMS), 2013.

71


https://doi.org/10.1007/PL00001398
https://doi.org/10.48550/ARXIV.1512.07363
https://doi.org/10.1081/AGB-120022454
https://doi.org/10.1081/AGB-120022454
https://doi.org/10.1081/AGB-120022454
https://doi.org/10.1215/00127094-2022-0059
https://doi.org/10.48550/arXiv.1409.7011
https://arxiv.org/abs/1409.7011
https://doi.org/10.1215/S0012-7094-92-06817-7

	Introduction
	Orbifold Donaldson–Thomas Theory
	Strategy
	Future Directions
	Acknowledgements

	Setup
	Orbifolds
	Moduli Spaces on Orbifolds
	Virtual Structure
	Invariants

	Factorization
	Factorizable Systems
	Plethystic Exponentials & Generating Series
	Proof of Theorem 3.21
	Compatible Factorization

	Factorization for Orbifolds
	Factorizability of Virtual Structure Sheaves
	Orbifold Generating Series

	Rigidity
	Orbifold Computation
	Equivariant Limit Computation

	Quotient DM Stacks

