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The cosmic-ray spectrum structures help to study the acceleration and propagation mechanism
of ultra-high energy cosmic rays, and these structures were predicted to culminate in a cut-off,
named the Greisen-Zatsepin-Kuzmin (GZK) cut-off, near 5 × 1019 eV as a result of the inelastic
interaction of protons with the 2.73 K black body radiation. The confirmation of the existence
of GZK cut-off was tortuous, leading to activities to explore new physics, such as the cosmic-
ray new components, unidentified cosmic-ray origins, unknown propagation mechanism, and the
modification of fundamental physics concepts like the tiny Lorentz invariance violation (LV). The
confirmation of the GZK cut-off provides an opportunity to constrain the LV effect. We use a
phenomenological framework to restudy the GZK mechanism under the Planck scale deformation
of the proton and pion dispersion relations. Restudying the photon induced pion production of the
proton p+ γ → p+ π0, we predict abnormal threshold behaviors of this reaction under different LV
modifications. Therefore, we can study the LV effects not only from the conventional GZK cut-off,
but also from potentially threshold anomalies of the pion production process. We divide the LV
parameter space into three regions, and analyze the constraints from current observations in each
region. The current observations have set strict constraints on a certain LV region. However, for
others LV regions, further experimental observations and theoretical researches are still needed, and
we also find survival space for some theoretical explorations that permit specific LV effects.

I. INTRODUCTION

Ultra-high energy (UHE) cosmic rays are the highest
energy particles ever observed by human being. The
cosmic rays with energies above 1019 eV were first de-
tected 60 years ago [1, 2]. To study the acceleration and
propagation mechanism of UHE cosmic rays, a variety
of experiments have studied the cosmic-ray spectrum
at extremely high energy. The cosmic-ray spectrum
appears at first to be a simple power law, and this
spectrum exhibits significant structures which can be
used to study the cosmic-ray origins and propagations.
At energy about 1015 eV, the spectrum departs from
original power law and steepens with a break known as
the “knee”. Then the spectrum occurs a second “knee”
near 3× 1017 eV, and above 1018 eV the spectrum has a
dip called “ankle”. All these structures were predicted
to culminate in a cut-off near 5× 1019 eV, beyond which
the spectrum drops abruptly. This cut-off was predicted
in 1966 by K. Greisen, G. Zatsepin and V. Kuzmin [3, 4]
as a result of the inelastic interaction of protons with
the 2.73 K black body radiation. Protons with energies
above 5 × 1019 eV could interact inelastically with
the cosmic microwave background (CMB) photons,
producing pions and secondary hadrons with lower
energies. Integrated over all possible sources in the
Universe, it would produce a well-defined break, dubbed
the Greisen-Zatsepin-Kuzmin (GZK) cut-off.

∗ mabq@pku.edu.cn; corresponding author.

Once, the confirmation of the existence of the GZK
cut-off was a bumpy process as many initial attempts
to detect this spectral feature did not find it. The
pioneering phase, exemplified by experiments such as
Akeno, Haverah Park, Yakutsk and Fly’s Eye, had just
barely enough sensitivity to begin to explore the GZK
region (for a review see Ref. [5]). The Fly’s Eye air
fluorescence experiments measured an extraordinarily
energetic event at 3 × 1020 eV [6], which attracted a
great deal of attention. It was followed by the Akeno
Giant Air Shower Array (AGASA), which claimed
that the cosmic-ray spectrum extends beyond 1020 eV,
and AGASA claimed that they saw more post-GZK
events without candidate sources [7]. Only nearby
sources (closer than about 50 Mpc) could produce
protons which would escape the GZK mechanism, due
to lack of interaction length. However, none of the
post-GZK events were pointed to any known active
galaxy in our neighborhood. The apparent lack of
suitable astrophysical sources for these observed UHE
cosmic rays is the “GZK paradox”.

Many exotic theoretical ideas were proposed to explain
this apparent “paradox”. Some hypotheses suggested
new components of cosmic rays, such as magnetic
monopoles [8], “Z-boson bursts” [9], and decay products
of hypothetical super-heavy relic particles [10]. Some
theories proposed that these cosmic rays above the GZK
cut-off come from unidentified cosmic-ray origins. Some
theories explained that these post-GZK events originate
from the propagation effect, such that these cosmic rays
experience a large deflection under the extragalactic
magnetic field structure [11]. There are also possibilities
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that these post-GZK events could be signals of Lorentz
invariance violation (LV) [12–19]. Tiny departures from
Lorentz invariance might have effects that rapidly in-
crease with energy and kinematically prevent cosmic-ray
nuclei from undergoing inelastic collisions with CMB
photons. Coleman and Glashow proposed a perturbative
framework, in which the tiny noninvariant terms were
introduced into the standard model Lagrangian [12, 13].
These possible violations from strict Lorentz invariance
can suppress or forbid inelastic collisions of cosmic-ray
nuclei with CMB photons, and cause the GZK cut-
off relaxed or removed. Giovanni Amelino-Camelia
presented a general phenomenological framework for
the description of Lorentz invariance deformation,
and proposed that the LV effects could be induced
by the nontrivial short-distance structure of space-
time [14, 15]. Amelino-Camelia showed that a Planck
scale deformation of the relativistic dispersion relation
can explain the observations of post-GZK events, and he
obtained constraints on LV effects from observation data.

With the improvement of observation precision, the
existence of GZK cut-off has been confirmed. In 2004,
the High Resolution Fly’s Eye (HiRes) had produced
data which clearly show the existence of a termination
in the cosmic-ray flux, consistent with the GZK cut-off
prediction [20–23]. With more and more observation
equipments being put into use, the existence of GZK
cut-off has been further confirmed. Recently, Pierre
Auger Observatory reported a measurement of the
cosmic-ray spectrum above 2.5 × 1018 eV based on
215030 events (from 2004/01/1 to 2018/08/31) [24, 25].
Auger presented the steepening of the spectrum at
around 5 × 1019 eV [24, 25]. Auger presented that the
spectral index changes from 2.51±0.03(stat)±0.05(syst)
to 3.05 ± 0.05(stat) ± 0.10(syst) at about 1.3 × 1019 eV
before increasing sharply to 5.1 ± 0.3(stat) ± 0.1(syst)
above 5 × 1019 eV [24, 25]. Besides, Telescope Array
reported the cosmic-ray spectrum observational data
above 1017.5 eV from 2008/04/01 to 2017/11/28 [26].
Through fitting of the spectrum to a series of broken
power law models, Telescope Array indicated the GZK
cut-off at 1019.8 eV [26]. Fig. 1 shows the highest-energy
cosmic-ray spectrum from data of the Pierre Auger
Observatory [24, 25] and the Telescope Array [26]. The
observation of the GZK cut-off also set strong constraints
on Lorentz-Violation parameters of the proton from
theoretical studies [27–29].

The confirmation of the GZK cut-off provides an
opportunity for us to constrain the LV effect. We use
a phenomenological framework to restudy the photon
induced pion production of the proton p + γ → p + π0.
Considering the Planck scale deformation of the disper-
sion relation, we predict abnormal threshold behaviors
of the pion production under different LV modifications.
Therefore in addition to the conventional GZK cut-off,
we can also explore the LV effects of proton and pion

from potentially threshold anomalies, in similar to
the photon case discussed in the literature (see, e.g.,
Refs. [30–34]). We get the corresponding constraints on
different proton and pion LV effects from the current
observations, meanwhile, we also reveal survival space
for some theoretical explorations that permit specific LV
effects.

FIG. 1. The highest-energy cosmic-ray spectrum from data
of the Pierre Auger Observatory [24, 25] and the Telescope
Array [26]. The differential energy spectrum has been mul-
tiplied by E2.6 in order to display the features of the steep
spectrum that are otherwise difficult to discern.

II. RESEARCH AND DISCUSSION

To review the GZK cut-off mechanism, and for conve-
nience, we use the dispersion relations of proton, photon
and pion to restudy the reaction p + γ → p + π0

E2
p = p2p +m2

p proton;

ϵ2 = q2 photon;

E2
π = p2π +m2

π pion.

(1)

FIG. 2. The diagram of the high-energy proton collision with
a photon into a secondary proton and a pion.

The diagram of p + γ → p + π0 is shown in Fig. (2),
where the angle between the incoming proton and
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photon is α and the angle between the outgoing proton
and pion is β. From special relativity, this reaction has
a low threshold, which occurs when α = π and β = 0.
Because of this threshold occurrence condition, only
considering the modulus of the momentum is reasonable.

A high-energy proton (Ep, pp) scatters with a pho-
ton (ϵ, q) and produces a secondary proton (E′

p, p
′
p) and

a pion (Eπ, pπ). The energy-momentum conservation re-
lation of this reaction is{

Ep(pp) + ϵ = E′
p(p

′
p) + Eπ(pπ);

pp − q = p′p + pπ,
(2)

and expanding to the leading-order of (m/k)2, we get

pp +
m2

p

2pp
+ q = p′p +

m2
p

2p′p
+ pπ +

m2
π

2pπ
. (3)

For a high-energy proton with energy Ep, the minimum
energy of the photon is 1

ϵmin =
1

4Ep
[(mp +mπ)

2 −m2
p]. (4)

Correspondingly, for the CMB photon with energy ϵ, the
proton threshold is

Ep =
1

4ϵ
[(mp +mπ)

2 −m2
p]. (5)

This threshold occurs where the outgoing particle energy-
momentum distribution is{

E′
p =

mp

mp+mπ
· Ep;

Eπ = mπ

mp+mπ
· Ep.

(6)

For CMB photon, the target photon energies obey a
thermal distribution with temperature T = 2.73 K,
or ω0 ≡ kT = 2.35 × 10−4 eV. If we simply consider
the CMB characteristic energy as the photon reaction
energy, the corresponding proton reaction threshold is
Ep,0 = 2.88 × 1020 eV. Above this threshold, protons

should experience extensive collisions to lose energy,
resulting in a sharp decrease in the spectrum.

To get the threshold behavior of the reaction p + γ →
p + π0 under the LV effects, we modify the dispersion
relations. The proton dispersion relation in LV case is

E2
p = F (Ep, pp;mp, ηp,n)

= p2p +m2
p − ηp,np

2
p

(
Ep

EPl

)n

, (7)

and the pion dispersion relation in LV case is

E2
π = F (Eπ, pπ;mπ, ηπ,n)

= p2π +m2
π − ηπ,np

2
π

(
Eπ

EPl

)n

, (8)

where EPl ≃ 1.22 × 1019 GeV is the Plank scale. Since
the LV effects are very tiny, we generally expect that LV
effects could have observable effects in only extremely
high energy region, and the LV modifications would
be suppressed by the Planck scale 2. ηp,n and ηπ,n
are the nth-order LV parameters of protons and pions
respectively. For convenience, if we only consider the
linear modification, we set ηp,1 ≡ ηp, ηπ,1 ≡ ηπ. Due
to the low energy of background photons, we do not
consider the modification of the photon dispersion
relation. For a threshold reaction, the threshold occurs
when the final particle momenta are parallel and the
initial momenta are antiparallel [37]. So it is reasonable
for us to only consider the modulus of the momentum
p = |p⃗|. Currently, there are many theories that can
induce the violation of Lorentz symmetry [38], and these
theories may cause ambiguities when we study the LV
effects. By choosing this phenomenological framework,
we can study the proton reaction with photon under LV
effects model-independently. Next, we discuss different
threshold behaviors under different LV modifications
and the corresponding constraints on LV parameters
from the observations.

1 The minimum photon energy is the reaction threshold of the
photon. Studying the photon threshold behavior can constrain
the LV effect of the GZK process. For example, under the LV as-
sumption the photon energy threshold increases abruptly above
an energy, and this phenomenon means that the LV effect will
increase the GZK energy, resulting in UHE particles observable
above the GZK region [35]. In our work, we mainly study the
threshold behavior of protons, which is beneficial for us to make
better constraints from the spectrum structure.

2 Since the LV effects are very tiny, it is important to choose an

appropriate method to characterise the LV effect. Some studies
choose to measure the cosmic particle average free path in the
CMB photons [36]. When the LV effect lengthens the proton av-
erage free path, it means that the LV effect makes particles higher
than GZK energy more easily observable. This method can more
conveniently locate the origin of particles. In our work, we choose
to use the proton threshold behavior to characterise the LV effect,
which allows us to intuitively see the proton anomalous threshold
performance in different LV parameters, thus obtaining a better
understanding of the spectrum structure.
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A. Proton LV effect

If we only consider the LV effect of the proton, we set ηp ≡ η for convenience, and the energy-momentum conservation
relation Eq. (2) means that

pp +
m2

p

2pp
− η

p2p
2EPl

+ q = p′p +
m2

p

2p′p
− η

p′
2
p

2EPl
+ pπ +

m2
π

2pπ
. (9)

We get:

η = η(Ep) =
(mp +mπ)

2

(mp +mπ)2 −m2
p

· f(Ep) =
(mp +mπ)

2

(mp +mπ)2 −m2
p

· 4EPl ·

[
ϵ

E2
p

−
(mp +mπ)

2 −m2
p

4E3
p

]
, (10)

where we define a function f(Ep). The proportion coef-
ficient between f(Ep) and η(Ep) is (mp +mπ)

2/[(mp +
mπ)

2 − m2
p]. The threshold behaviors are equivalent to

study the solutions of Eq. (10). Studying the properties
of the function f(Ep) helps us investigate the relation
between η and Ep.

FIG. 3. The trend diagram of f(Ep). There are three reaction
regions for proton LV parameter η and proton energy Ep.

The image of f(Ep) is represented schematically in
Fig. (3), and the useful properties of f(Ep) are as fol-
lows:

• There is only one zero point Ep,0 = [(mp +mπ)
2 −

m2
p]/4ϵ, which is the threshold derived in the classic

case.

• The function tends to zero at Ep → +∞, and tends
to −∞ at Ep → 0.

• There is a maximum at the critical point

Ep,c =
3[(mp+mπ)

2−m2
p]

8ϵ with the maximum fc =

maxf(Ep) = f(Ep,c) =
256ϵ3EPl

27[(mp+mπ)2−m2
p]

2 .

There are three regions in Fig. (3). Because f(Ep) and
η(Ep) are linearly proportional, we will show that these

three regions represent three different reaction thresh-
old behaviors. The shade part is where the reaction oc-
curs. We get the properties of η(Ep) from the proper-
ties of f(Ep). Intersection point between shaded part
and η = 0 is (Ep,0, 0), where Ep,0 = 4ϵ/[(mp + mπ)

2 −
m2

p] is the proton collision energy in the classic situa-
tion. The highest point of η(Ep) is (Ep,c, ηc), where

Ep,c =
3[(mp+mπ)

2−m2
p]

8ϵ and ηc =
(mp+mπ)

2

(mp+mπ)2−m2
p
· fc =

(mp+mπ)
2

(mp+mπ)2−m2
p
· 256ϵ3EPl

27[(mp+mπ)2−m2
p]

2 . In these three regions,

the threshold behaviors are different:

• Case I, η < 0. Similar to the classic situation, there
is only a low threshold of the reaction p + γ →
p + π0. Above this threshold, the reaction occurs
and results in a drop on the cosmic-ray spectrum.
Different from classic situation, the threshold varies
with the proton LV parameter η. The proton LV ef-
fect is more obvious when η is more far from η = 0,
i.e., the threshold is more low, and the subsequent
cosmic-ray spectrum cut-off energy is more low.

• Case II, 0 < η < ηc. In this situation, there are
two thresholds Ep,low and Ep,high. Above the low
threshold Ep,low, the reaction occurs and results in
a drop on the cosmic-ray spectrum. But different
from classic situation, there is an additional high
threshold Ep,high, above which the reaction does
not occur. It renders cosmic rays above this high
threshold can be observed. From the cosmic-ray
spectrum, there is a cut-off at the low threshold
and a reappearance at the high threshold.

• Case III, η > ηc. There is no threshold. In this sit-
uation, the proton LV effect is obvious enough, and
the collision reaction does not occur. There is no
cut-off can be observed in the cosmic-ray spectrum.

In Case I, η < 0, and it corresponds to the proton
superluminal LV effect. Because the threshold behavior
in this region is similar to that in classic cases, with
only a shift of the cut-off energy to a smaller value, it
is difficult to detect its signal from the spectrum. This
also means that this proton LV parameter has not been
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strictly excluded from the experiment, which may leave
living space for some theories that allow for some specific
proton LV effects. If the future GZK region observation
show that the GZK cut-off energy is smaller than the
theoretical GZK cut-off value, it may be the signal of
this LV effect, and it would be very inspiring for the
quantum gravity and grand unified theories, especially
those still permit the existence of some specific LV
modifications.

In Case II, there is an abnormal threshold behavior
– the reappearance of extremely high energy protons,
that has been discussed for the first time for the proton
case. In Case II, 0 < η < ηc, and it is a tiny proton
subluminal LV effect. In this case, the spectrum breaks
at the lower threshold and reappear above the upper
threshold. If future observations reveal proton cosmic
rays with energy higher than the GZK cut-off energy
or even higher, it may be a signal of this LV effect.
It should be noted that Case III may also lead to the
emergence of high-energy photons above the GZK-cutoff
energy. It requires further observation to determine
whether spectrum breaking at the lower threshold exists.
We should note that observing this phenomenon has a
strict demand on the source: the astrophysical sources
can accelerate protons to the corresponding energy range.

Case III corresponds to the strictly constrained
area after the GZK structure is determined. In Case
III, the GZK cut-off observations set strict proton
parameter constraint: η < ηc. If we consider the CMB
characteristic energy ω0 ≡ kT = 2.35× 10−4 eV, we get
corresponding constraint: η < ηc ≃ 8.6 × 10−17. This
constraint on proton parameter means that the proton
LV energy scale is 17 orders larger than the Planck scale.
The previous constraints obtained from Pierre Auger
Observatory roughly correspond to the strict constraint
η < 10−12∼−10 [35, 39], indicating that our constraint is
very strict.

To sum up, there are strict constraints on LV effect
in Case III from the current GZK region spectrum
detection, but there is still space for the existence of the
LV effect in Case I and further investigation is needed
to testify the possible phenomenon predicted by the
LV effect in Case II. From a theoretical perspective,
it can be seen that although previous experimental
observations have set strict constraints on the LV
effect, it actually only means a strong constraint on the
LV effect in Case III. For the Cases I and II, it still
allows us to explore the quantum gravity and grand
unified theory that allow for the LV effect, and this
requires us to handle them more carefully and rigorously.

B. Proton and pion linear LV effects

If we consider the linear LV effects of proton and pion, we use the linear LV parameters ηp and ηπ. The energy-
momentum conservation relation Eq. (2) means that

pp +
m2

p

2pp
− ηp

p2p
2EPl

+ q = p′p +
m2

p

2p′p
− ηp

p′
2
p

2EPl
+ pπ +

m2
π

2pπ
− ηπ

p2π
2EPl

, (11)

and we get

ηp ·
(mp +mπ)

2 −m2
p

(mp +mπ)2
− ηπ · m2

π

(mp +mπ)2
= f(Ep) = 4EPl ·

[
ϵ

E2
p

−
(mp +mπ)

2 −m2
p

4E3
p

]
. (12)

We notice that, Eq. (12) has the similar form with
Eq. (10). The properties of f(Ep) are also useful to
study the properties of LV parameters of proton and
pion. Different from only proton LV case, the proton
and pion LV parameters are coupled together and have
the similar relation with Ep.

The constraints on proton and pion parameters from
spectrum observation are still divided into three regions.

In Case I, ηp · (mp+mπ)
2−m2

p

(mp+mπ)2
− ηπ · m2

π

(mp+mπ)2
< 0,

and the threshold behavior in this region is similar to
that in classic cases. It is difficult to distinguish these

LV effects from spectrum observations. In Case II,

0 < ηp · (mp+mπ)
2−m2

p

(mp+mπ)2
− ηπ · m2

π

(mp+mπ)2
< fc. If the

proton and pion parameters are configured appropri-
ately, we might observe the reappearance of extremely
high energy photons above the upper threshold. The
spectrum might break at GZK cut-off and reappear at
higher energy. In Case III, the confirmation of GZK
cut-off means the strict constraint: f(Ep) < fc, that
is to say, the corresponding parameter constraint space

is ηp · (mp+mπ)
2−m2

p

(mp+mπ)2
− ηπ · m2

π

(mp+mπ)2
< fc. With the

CMB characteristic energy ω0 ≡ kT = 2.35 × 10−4 eV,
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the strict constraint set by the GZK structure is
0.24 · ηp − 0.02 · ηπ < 2.04 × 10−17. In this constraint,
the constraints of proton and pion modifications are
combined, because we consider both linear modifications
simultaneously 3.

If the proton and pion have the same LV effect (ηp =
ηπ), the energy-momentum conservation relation Eq. (2)
means that

ηp · 2mpmπ

(mp +mπ)2
= f(Ep). (13)

Under this special assumption, the proton and pion LV
parameter constraints are similar to the previous results.
The parameter constraint space can also be divided into
three regions. It is worth noting that the assumption,
that the proton and pion LV parameters are the same,
is a highly restrictive constraint, and we usually do not
make such assumption.

C. Proton and pion n-order LV modification

If we consider the n-order modification of the proton and pion dispersion relationE2
p = p2p +m2

p − ηp,np
2
p

(
Ep

EPl

)n

;

E2
π = p2π +m2

π − ηπ,np
2
π

(
Eπ

EPl

)n

,
(14)

the energy-momentum conservation relation Eq. (2) means that

pp +
m2

p

2pp
− ηp,n

pn+1
p

2En
Pl

+ q = p′p +
m2

p

2p′p
− ηp,n

p′
n+1
p

2En
Pl

+ pπ +
m2

π

2pπ
− ηπ,n

pn+1
π

2En
Pl

. (15)

Then, we get:

ηp,n ·
(mp +mπ)

n+1 −mn+1
p

(mp +mπ)n+1
− ηπ,n · mn+1

π

(mp +mπ)n+1
= fn(Ep) = 4En

Pl ·

[
ϵ

En+1
p

−
(mp +mπ)

2 −m2
p

4En+2
p

]
, (16)

where we define a function fn(Ep). We notice that, when
n = 1, Eq. (16) turns to Eq. (12), and f1(Ep) turns to
f(Ep). Studying the threshold behaviors in n-order mod-
ification is equal to study the solutions of Eq. (16). The
properties of fn(Ep) are useful to help us to investigate
the constraints on n-order proton and pion LV param-
eters from the cosmic-ray spectrum observation. The
properties of fn(Ep) are similar to f(Ep):

• There is only one zero point Ep,0 = [(mp +mπ)
2 −

m2
p]/4ϵ, which is the threshold derived in the classic

case.

• The function tends to zero at Ep → +∞, and tends
to −∞ at Ep → 0.

3 By starting from the proton reaction threshold conditions, the
proton and pion LV parameter constraints can also be ob-
tained [40]. The threshold conditions include the energy-
momentum conservation relation and positive particle energy
values.

• There is a maximum at the critical point Ep,c =
n+2
n+1 · (mp+mπ)

2−m2
p

4ϵ with fn,c = maxfn(Ep) =

fn(Ep,c) =
4n+2(n+1)n+1

(n+2)n+2 · ϵn+2En
Pl

[(mp+mπ)2−m2
p]

n+1 .

Correspondingly, the constraint space on n-order
proton and pion LV parameters are also divided into
three regions. In Case I, fn(Ep) < 0, and the threshold
behavior is similar to the classic cases. In Case II,
0 < fn(Ep) < fn,c. When there is an appropriate
configuration of the n-order proton and pion parameters,
we might observe the reappearance of extremely high
energy protons. In Case III, the GZK cut-off means
the strict constraint: fn(Ep) < fn,c, that is to say, the
n-order proton and pion LV parameters are constrained
strictly. With n = 1 and the CMB characteristic energy
ω0 ≡ kT = 2.35× 10−4 eV, we get the linear constraints
of proton and pion 0.24 · ηp − 0.02 · ηπ < 2.04 × 10−17,
which is same to the result in Section II B. When
we consider n = 2, we get corresponding constraint:
0.33 · ηp,2 − 0.002 · ηπ,2 < 6.13 × 10−10, which is the
quadratic constraints on proton and pion from the GZK
structure. We can derive constraints for higher-order
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modifications. According to the expression of fn,c, we
find that fn,c will increase with the increase of n, which
means that the constraints will weaken under higher-
order. For example, for n = 4, f4,c = 6.94 × 105, which
means a very broad constraints on proton and pion, and
we need to obtain 4-order constraints from other studies.
According to Eq. (16), considering the coefficients before
the proton and pion LV parameters ηp,n and ηπ,n, we find
that the coefficient before ηp,n increases as n increases,
but the corresponding coefficient before ηπ,n decreases.
This means that for higher-order modifications, the
constraint on the proton LV parameter ηp,n is stronger
compared to that on the pion parameter ηπ,n.

Our research has an important assumption: the
proton pion producation process dominates the struc-
tural changes in the cosmic-ray GZK region. This
assumption is influenced by two factors: the acceleration
mechanism of the astrophysical sources and the energy
loss during propagation. It is generally believed that
the cosmic rays above the “ankle” originate outside the
Milky Way, and the acceleration process at the sources
gives the initial values of the cosmic-ray components.
Generally, the acceleration efficiency is proportional
to the nucleus charge, i.e., the heavier elements are
boosted to higher energies than light elements, but all
these elements are limited by some maximum energy.
Our hypothesis requires that the astrophysical sources
can accelerate protons beyond the GZK energy range,
which has a weak requirement for the maximum velocity
of protons at the source. This means that the proton
spectrum changes in the GZK region is a propagation
effect. At the same time, the requirement for protons
to dominate means that the main high-energy particles
at the source are protons, or other atomic nuclei will be
disappeared through their propagation in the Universe
by the interaction with the background lights.

Since the “ankle” is traditionally thought of as the
energy region where extragalactic origins begin to
dominate the spectrum, it is necessary to consider the
interaction that protons and other atomic nuclei have
experienced in the background light field 4. Besides the
adiabatic losses due to the expansion of the Universe,
protons mainly suffer from the electron-positron pair
production mechanism, whose energy threshold with
CMB photons is around 1018 eV (the early work was
carried out by Hillas [42] and Blumenthal [43]), and
pion production, which is the commonly known GZK
mechanism. The interactions experienced by nuclei with
photon backgrounds are different from the protons (for
a review see Ref. [44]). There are three categories of
nucleus energy loss processes: the adiabatic expansion,

4 Besides CMB photons which represent the densest photon back-
ground, protons and nuclei interact mainly with infrared, optical
and ultra-violet photons (see a review see Ref. [41]).

the pair production mechanism and the nucleus pho-
todisintegration process. For the photodisintegration
process, the energy threshold is proportional to the
element mass, and different processes become dominant
at different energies: the dominant processes with
energy from ground to high are giant dipole resonance 5,
quasi-deuteron process 6 and photopion production pro-
cess 7. As a result of the very fast photodisintegration
with CMB photons, elemental groups should simply
disappear from the spectrum at high energy one after
the other (see for instance [45] for a more complete
discussion). High resolution measurements of the
composition have been allowed by recent experiments
like HiRes [46], the Pierre Auger Observatory [47, 48],
and Telescope Array [49]. However, there is no unified
opinion on the quality composition of the GZK region:
HiRes and Telescope Array results are compatible with
light primary scenario resembling mostly protons, while
the Auger results shows an indication towards heavier
composition. From the results of HiRes and Telescope
Array, our assumption, that protons dominate the
cosmic-ray structure in the GZK region, is valid, while
the results of Pierre Auger Observatory, that indicate an
evolution of the composition toward heavier elements,
mean our assumption needs to be used with caution.

From the above discussion, we see that the current
GZK region observations have set strict constraints on
the Case III parameter space. However, for the Case
I and II regions, further experimental observations and
theoretical researches are needed. From the observa-
tional perspective, the sources and energies of UHE
cosmic rays need to be further investigated. In classic
case, the proton mean free path in the CMB photons
decreases exponentially with energy (down to a few
Mpc) above the GZK limit. In LV case, the accurate
detection of the cosmic-ray source distances contributes
to further study on the LV effects of proton and pion.
In theoretical researches, the further considering of the
proton and photon reaction channel is useful, such as
p+ γ → ∆(1232).

5 The giant dipole resonance is the lowest energy and highest cross
section process, which is the collective excitation of the nucleus
in response to electromagnetic radiation between 10 ∼ 50 MeV.

6 Around 30 MeV in the nucleus rest frame, the quasi-deuteron
process becomes comparable to the giant dipole resonance and its
contribution dominates the total cross section at higher energies.

7 The photopion production (or baryonic resonances) of nuclei be-
comes relevant above 150 MeV in the nuclei rest frame (e.g.,
∼ 5 × 1021 eV in the lab frame for iron nuclei interacting with
the CMB).
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III. CONCLUSION

Using the LV modification framework of the proton
and pion dispersion relations, we get different thresh-
old behaviors of pion production off the proton. We
obtain the corresponding constraints on proton and
pion LV parameters for linear, quadratic, and n-order
cases. Besides the conventional GZK cut-off, we also
predict abnormal threshold behaviors under different
LV situations, in similar to the photon case as discussed
in the literature [30–34]. The LV parameter space
has been sorted into three regions. For Case I, the
threshold behavior is similar to the classic case, and
the LV effect is difficult to be detected from spectrum
observations. In Case II, there are two thresholds for
the proton collision reaction, and we might observe the
reappearance of extremely high energy protons. This

cosmic ray spectrum structure need further observation
to testify its existence. In Case III, the LV effects are
obvious, and current GZK region observations have
set strict constraints on the space of LV parameters.
Although previous experimental observations have set
strict constraints on the LV effect, it actually only means
a strong constraint on the LV effect in Case III. For the
Cases I and II, there is still space to explore the quantum
gravity and grand unified theory that allow for some
specific LV effect. Further experimental observations
and theoretical researches are needed to constrain the
LV effects around GZK regions.
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