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The confinement-induced resonances for trapped bosons in the cigar-shaped and pancake geome-
tries are studied within the generalized Gross-Pitaevskii equations, which are a simplified version
of the Hartree-Fock-Bogoliubov approximation. Although the Hartree-Fock-Bogoliubov method is
considered applicable only for small interparticle interactions, the resonance denominators for the
chemical potential are obtained in both quasi-one and quasi-two dimensions. A useful integral rep-
resentation of the one-particle Green’s function are found for the cylindrical confinement. We find
the position of a smoothed resonance for the chemical potential in the pancake geometry at positive

scattering length.

I. INTRODUCTION

The confinement-induced resonance (CIR) is an effi-
cient tool to tune effective interparticle interactions in
low-dimensional systems of cold gases @—B] The reso-
nance was predicted in the cigar-shaped [EL ] and pan-
cake B, B]] geometries and confirmed experimentally E]
The cases of very tight and anisotropic confinements were
studied in Refs. 6] and [7-], respectively.

The tight cylindrical or flat atomic waveguide creates,
in effect, a low-dimensional system of cold atoms, and
the problem is how to describe the corresponding inter-
actions in low dimensions. The standard approach [m—@]
is to obtain interparticle interactions in low dimensions
from the two-body scattering problem, thus reducing the
effective dimension of the many-body system.

For identical bosons, it seems more attractive to de-
velop a scheme that directly describes the wavefunction
of the Bose-Einstein condensate (BEC) for trapping po-
tentials of arbitrary shape. This is all the more interest-
ing because various optical traps are currently being pro-
duced experimentally, including an optical-box trap %
The well-known Gross-Pitaevskii (GP) equation , |
is not suitabe for this purpose, since it does not reproduce
the resonance denominators for effective interactions in
low dimensions. For instance, in the cigar-shaped geom-
etry, the wavefunction of BEC coincides up to a factor
with the ground state of the trapping harmonic oscillator
in the x — y plane provided its frequency is sufficiently
high. Then one can integrate out the x and y coordi-
nates in the interaction term of the GP functional and
obtain the effective coupling constant in one dimension
[13]: gip = 2h2a/(m1?). This result is valid only away
from the resonance when a < [. Here a, m, and [ are
the 3D scattering length in free space, boson mass, and
length of the two-dimensional oscillator, respectively. On
the other hand, the correct coupling constant contains
the resonance denominator [1], see Eq. B3) below.

In the paper [@], a system of non-linear equations in
both stationary and time-dependent cases was proposed
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and called the generalized Gross-Pitaevskii (GGP) equa-
tions. Apart from the standard one-body wavefunction of
BEC, the equations also contain the two-body wavefunc-
tion of BEC. This approach is nothing else but a simpli-
fied version of the full Hartree-Fock-Bogoliubov (HFB)
approximation (see Appendix[Albelow). The GGP equa-
tions are applicable for arbitrary shape of the trapping
potential. In particular, the resonance denominators
were obtained M] in both cases of cigar-shaped and pan-
cake geometries. However, the resulting denominators of
Ref. |[14], which determine the position of the resonances,
contained incorrect coefficients, since the solutions were
derived with an additional quite rough approximation.
As is shown in this paper, the GGP equations indeed
yield the exact coefficients, which are consistent with the
two-body scattering problem m—@]

The GGP equations are nonlinear, but the effective
coupling constants in low dimensions are determined by
the short-range correlations, where the nonlinearity is not
important. The problem can be reduced to the two-body
problem and the corresponding Green’s functions (GFs).
We find and examine the integral representations for the
one-particle GFs at low energies for the flat and cylindri-
cal harmonic confinements. In the latter case, the equa-
tion for the GF differs from the previously found inte-
gral representation m, |E], which is actually the Fourier
transform of the Feynman propagator for a harmonic os-
cillator with contour rotation in the complex plane. We
believe that the found representation is more convenient
for obtaining the low-energy expansions of the GF.

This paper is organized as following. In the next sec-
tion, the GGP equations are written and discussed in the
case of the tight confinements. In Sec. [IIl the integral
representations and expansions of the GFs are obtained
for the cylindrical and flat confinements. The CIRs for
the effective coupling constant and chemical potential are
found within the suggested scheme in Secs.[Vland[Vl The
main results and prospects are discussed in Conclusions.
In Appendix [A] the GGP are derived through the HFB
approximation.
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II. GENERALIZED GROSS-PITAEVSKII
EQUATIONS

We consider a dilute many-body system of identical
bosons, interacting with a pairwise short—rangeﬁ poten-
tial V(r), in an external field Voys (). For simplicity, the
bosons are assumed to be spinless. The equilibrium prop-
erties of such system at zero temperature are described
by Egs. (16) and (17) of Ref. [14], which can be written
in the form

[H(r1)—p] ¢(T1)+/drz¢(T2)V(|rl —r2|)p(r1,m2)=0,
(1)

[ﬁ(rlHﬁ(rz)—?uW(m,r2)+V(I7’1—7‘2I)<ﬂ(7‘1,rz)—(O;

2

where p is the chemical potential. Here we set by defini-
tion

Y(r1,m2) = @(r1,72) — d(r1)d(r2), (3)
and the one-body Hamiltonian is given by
. H2v2
A(r) = =2 4 Vi (1) — By (1)

with Ep being its ground-state energy. By definition,
o(r) = (U(r)) and ¢(ri,r2) = (U(r1)V(re)) are the
anomalous averages of the field Bose operators. The
derivation of these equations and their relation to the
HFB approximation are given in Appendix [Al

The function ¢(r) is the one-body function of inhomo-
geneous BEC and can be considered as the order param-
eter. The function ¢(r1,72) is called pair wavefunction.
It describes two bosons in the Bose-Einstein condensate,
and this function is not reduced in general to the product
of the one-body functions. The exact definitions can be
done through the one-body and two-body matrices ﬂE
]. The property of decay of correlations dictates the
boundary condition

o(ri,r2) = ¢(r1)d(r2)

where &, is the healing (or coherence) length defined
through the chemical potential: &, = h/,/wm. The sys-
tem of equations (Il) and (2)) is nonlinear due to the pres-
ence of the condensate wavefunction ¢(ry) under the in-
tegral in Eq. ([{l). The GGP equations () and (@), being
a particular case of HFB approximation, are applicable
to weak interactions when the mean distance between
bosons is much smaller than the healing length.

when|r; —ra| > &,  (5)

1 A potential is of the short-range type if it decreases at infinity as
1/r® with the exponent o > 3 or faster (sce, e.g., Ref. [17]). For
such a potential, only the s-wave scattering amplitude survives
in the limit of zero scattering energy. It is called the scattering
length [see Eq. (28) below].

Various solutions for different external potentials were
considered in Ref. [14]. In particular, the 1D and 2D
harmonic CIRs were obtained [see Eqs. (48) and (57) of
Ref. [14]]. However, the used method did not enable us to
obtain the precise coeflicients in the resonance denomina-
tors, which determine the CIR positions. In this paper,
we show that the correct coefficients can be derived from
Egs. @) and (@).

We assume that the radius o of the short-range inter-
action potential V'(r) is much smaller than the charac-
teristic length of the external potential Ve (r) and the
mean distance between bosons. This implies that at low
energies, physical processes are governed by the s-wave
scattering length a of the interaction potential, which is
obtained from the symmetric solution of the two-body
Scrodinger equation at zero energy in free space.

Thus, our task is to get the chemical potential of N
strongly confined bosons at zero temperature as a func-
tion of the 3D scattering length a and oscillator frequency
w in the case of cylindrical and flat harmonic confine-
ments.

IIT. GREEN’S FUNCTIONS OF THE
ONE-BODY SCHRODINGER EQUATION AT
LOW ENERGIES FOR CYLINDRICAL AND

FLAT HARMONIC CONFINEMENTS

To obtain the chemical potentials of the Bose-Einstein
condensates for the cigar-shaped and pancake geometries,
we need to calculate the corresponding GFs for the one-
body Hamiltonian (), which is defined as

Gy =—(H - B)! (6)

with the scattering energy F, which is assumed to be
sufficiently small (see the discussions below).

In this section, we find useful integral representations
for the GFs in the cases of cylindrical and flat harmonic
confinements. These representations are very convenient
for obtaining the low-energy expansions of the GFs.

A. Cylindrical confinement

The cylinder harmonic confinement implies that a par-
ticle is confined in the z-y plane but can move freely in z-
direction with a finite momentum, whose absolute value
is denoted by hp. The one-particle Hamiltonian {) is
given by

m2v?  mow?(2? + y?)

H=—
2m0 2

— Ey, (7)

where the shift Fy = hAw is introduced to get zero ground-
state energy.

It is convenient to use the following notation for radius
vector: r = (p, z) with p = (z,y). We calculate the GF



() in coordinate representation with the radial coordi-
2,2
nate p = y/22 + y2 being equal to zero and E = gnfo :

Gp(z—2) = (2,p =0/Grlp =0,)

. ’
eta(z—2")

1 & >
=—— V. d . (8
o 20 o gy

Here Iy = \/h/(mow) is the harmonic oscillator length,
and p.v. denotes the Cauchy principal value. This kind of
regularization ensures the reality of the GF in coordinate
representation [21).

Here we use the expression for the GF in Dirac nota-
tion (r|Gg|r') = =, (r|k)(k|r") /(Er — E) with |k) and
E}; being the eigenfunctions and eigenvalues of a Hamilto-
nian, respectively. For the Hamiltonian (@), & = (n,m, q)
is a multi-index, where n = 0,1,2,... is the main quan-
tum number, m = 0,+1,£2,... is the orbital momen-
tum in 2D, and ¢ is the z-component of the wavevec-
tor. The eigenvalues and normalized eigenfunctions are

given by Ep = hw(2n + |m|) + 2;0 and @i (p,a,z) =

\‘;—;¢n7m(p, «), respectively. Here ¢ m(p, ) are the
eigenvalues for the 2D oscillator in the polar coordinates
x = pcosa, y = psina. One can show that for an arbi-
trary main quantum number, ¢, o(p = 0, ) = 1/(y/7lo)
and ¢n.m(p = 0,a) = 0 for m # 0. Since we are inter-
ested at the GF of the Hamiltonian (7)) only at p = p’ = 0,
we are left with one sum over the main quantum number
and thus arrive at Eq. ().

When the scattering momentum is sufficiently small,
p < 2/ly, only the first term in the sum in Eq. (8)
is singular. Separating this term and using relations

00 dq 6iqz o e—u\z\ 'qu - sinp\z\
—o0 27 (¢Z42) — T 23 and p- Vf 00 271' (p2—q%) — 2p
yield

h? 1 |[sinp|z l 2|z|  p2id
_Gp(z)——z[ "—ZOA(M,—TOM, 9)

2mo 7l 2p lo
—&v/n+e
10
Z = (10)
where dimensionless variables & 2|1z|/lp and e =

—p?13 /4 are introduced.

The first term of the GF (@) is proportional to the
one-dimensional GF of a free particle, which obeys the
Lo +p7) Sl = (2).
|z] > lo, the second term of the GF falls off exponentially
as it follows directly from the expansion (I0). Then the
asymptotics of the scattering part of the wavefunction,
proportional to the GF, is essentially one-dimensional, as
expected.

Let us calculate the GF at low momenta |¢] < 1
and small coordinates ¢ < 1. To expand A(,€) in &
and € around zero, we use the identity for exponential

foo ti% e_l/te_””2t/4 and find the integral rep-

relation ( At large distances

resentation
< dt L
7 \/— t3/2 ¢

where @ (z,s,a) =Y ° jx"/(n+ «)® is the Lerch tran-
scendent, or Lerch zeta function [22]. Upon expanding
the mtegrand

Sty (o f ) <2 ) - Seorm

+0(&) + O(e?)

and substituting it into Eq. ([I), we obtain

ME0) = +(1/2)+ 5 = 563/2)+ 06%) + O(e)
+ O(&e) (12)

with ((z) being the Riemann zeta function. The symbol
O(z) is the big O notation, which designates terms of the
order of  or smaller. When |z| < Iy and p < 1/ly, the
expansion of the GF (@) takes the form

h? 1 1z p?lo

Gole) = = o~ e S/ o~ B (3/2

+O0(22/13) + O(|2[ p*lo) + O(p"lg)- (13)

2m0

B. Flat confinement

The flat harmonic confinement along the z-axis is con-
sidered by close analogy with the previous subsection. A
particle, being confined in z-direction, can move freely in
the z-y plane. The Hamiltonian reads

. R2V2Z  mow?z?

H=— — E 14
2m0+ 5 0 (14)

with the shift Ey = fw/2. A complete set of its eigen-
functions is given by pq.n(p,2) = ¢n(2)e'??/(2m) with
¢n(2) being the normalized eigenfunctions of the linear
harmonic oscillator. We need only their absolute values
at z = 0: when n is odd then ¢, (0) = 0, while for even n

1 2K)!

|¢2k(0)|:7rlTlé/2W7 k20,1,2,, (15)

see, e.g., the textbook [23).
Using the same method as in the previous subsection,
we find the expression for the GF at z = 2z’ = 0 and

h2 2
E = ﬁ
Gyllp = p']) = (p, 2 =0|Gilz' = 0,p)
o d?q cia(p—p')
== > 0o ,
2 (@) 2k + o (& — 7P)

(16)



where |¢9;(0)] is given by Eq. (I&). When the mo-
mentum is small, p < 2/lp, only the first term in the

sum is singular. Separating it and using the identities

d’q 1P _ Yo(pp) d?q 1P Ko(xp)
p'V'f (2m)2 p2—q> — 4 f (2m)2 2+q%> — 2w
itive p and s yield

for pos-

h? 1 Yo(p 1 2 P22
—Gp(p) = O( p) - =S _pa =2 )
2mg V7l 4 2m lo 4
(17)
S0 =3 Ko(evi o) 2 (18)
= Ak (k12
with the dimensionless variables & = 2p/ly and ¢ =

—p?l12/4. Here Yp(x) and Ko(z) are the Bessel and modi-
fied Bessel functions of the second kind, respectively (see,
e.g. [24], Ch. 9).

Similar to the one-dimensional case considered in
Sec.[[ITAl the first term is proportional to the GF of a free

particle in two dimensions: (65'—:2 + %6% +p2) % =

5(p). When p > Iy, the second term in Eq. (I7) is expo-
nentially small, which actually implies two-dimensional
scattering.

The relation Ko(z) = [;° dt o—te=2"/(41) enables us to
sum up the series (I8) under the integral and find its
integral representation in elementary functions

= Sen-8) frm -]
19

This relation is a particular case of a more general
equation, which was obtained by another method in
Refs. , ] This general equation is actually the
Fourier transform of the well-known Feynman propagator
for a harmonic oscillator.

It is easy to obtain the expansion

S(&,€) zg +In&+v— \/_—1n2+C—§g —€ln2
+ O(£%) + O(€%) + O(&e), (20)

where v = 0.5772. .. is Euler’s constant and

Cdye Y 1 1
C= +1-—].
/0 2y [\/1 —e V(1+V1—ev) \/y]

Its numerical value is given by C' = 0.8035589 .. ..

To find the GF at p < lp and p < 1/ly, we substi-
tute the expansions 20) and Yy(z) = 2In(ze?/2)/7 +
O(2?Inz) into Eq. (IT) and finally arrive at

h? 1 1 3132
= Gylp) =— — 1 .
2my P =~ T, T ey n< 2B )
L [p In2,, 22
— | E—-—=p2|+0 1
Slo [lo Vs + O(p”p” Inpp)

+ O(p? /1) + O(pp*lo) + O(P™13),  (21)

where we put by definition
B =2mexp[2(C — /)] = 0.904916 . . .. (22)

The first two terms of GF (2I)) were first calculated in
B] with the constant B being equal to one. In the subse-
quent paper [@], its numerical value was estimated to be
0.915. Further, the value of B being equal to 0.9049 was
obtained in Ref. [15], which is consistent with Eq. (22).
We believe that this is the most accurate estimation.

IV. CONFINEMENT-INDUCED RESONANCE
IN ONE DIMENSION: CYLINDRICAL
GEOMETRY

A. The tight confinement

When the bosons are trapped in the z-y transverse
direction with the axially symmetric harmonic potential
Vext (p) = mw?p? /2, the order parameter depends only on
the transverse coordinates, but it is homogeneous along
the z-axis.

The tight confinement implies that the chemical po-
tential is small in scale of fw, that is, [ < &, in terms
of the oscillator length [ = \/h/(mw). Then with a good
accuracy one can put for the wavefuncton of BEC m]

2 2
¢ = ¢(p1) = nipgo(p1) with ¢o(p1) = %\}w
being the ground state wavefunction of the one-particle
Schrodinger equation with Hamiltonian @), and nip is
the linear density of the Bose-Einstein condensate. Thus,
the nonlinear term in Eq. () is treated as a perturbation,
and the chemical potential is obtained by multiplying
Eq. @ by ¢o(p1) and integrating out over r:

p=1 [[ drdrson(on)nton)V (ira-raetr.ro),
(23)

where L is the length of the system along z-axis.

To take the integral (23)), we need to examine the prop-
erties of the pair wavefunction. In the case of transverse
confinement, Eqgs. (1) and (@) are translationally invari-
ant under a spatial translation z; — 21 + b, 20 = 20+ b
for any b, which yields ¢ = ¢(p1, p2,|21 — 22|). More-
over, for the harmonic confinement, the spatial variables
in Eq. (@) are separated into the center-of-mass position
and relative coordinates by analogy with the two-body
problem. We can look for a solution in the form

e(r,m2) = plp 2 exp [~ (o1 + p2)*/(413)] (24)

and the same relation for ¥(p1, p2, 2), see Eq. (3). Here
p = p1— p2 and z = z; — z5 are the relative coordinates,
and p = |p|. The boundary conditions (@) read ¢(p, z) ~
nip exp[—p?/(41%)]/(w1?) when z > &,.

In the range r < [, one can use the approximation

n
o(p2) = neip(r) 3 (25)



since ro < . Here r = /p? + 22, and goé%)(r) is the
3D solution of the two-body Schrédinger equation in the
center-of-mass system at zero energy

— (2 /m)V2 R (r) + V (r)ei (r) = 0.

The solution is assumed to be regular in the vicinity of
the origin and obeys the boundary condition when r > rq

cpg%) (r)y~1-—a/r (26)
0= [aVORRm. e

Substituting Eqs. 24]) and (23]) into Eq. ([23) and using
the difference of the scales ro < [ and Eq. (27)), we are
left with

2h%a

Here the point is that the constant n # 1, which is
crucial for the appearance of CIR. This constant can be
recovered from Eq. (2.

B. The application of the Green’s function

Substituting Eq. ([24)) into Eq. (@), we arrive at the
equation for the wavefunction ¢(p, 2):
h2v2 m0w2p2
2m0 2

By m] b(p.2) = ~V(r)e(p.2)
(29)

with mo = m/2 being the reduced mass. It is sufficient
to find the wavefunction ¢(p, z) at p = 0. According to
Eqgs. 23) and (20), it has the asymptotics

n1p a
=0,2)n— |1 — — 30
r=02=0"2 (1-4) @
in the short-range regime ro < |z| < L.

The solution of Eq. ([29) can be found with the
Green’s function (GF) at E = 2 = %pj as (p,z) =
[dr'(z, p|Glp', ")V (' )e(p',2'). In the short-range
regime |z| < [ and at low energies p < 1/I, the GF
at p = p/ = 0 was obtained in Sec. [ITA] and given by
Eq. @3). At mo = m/2 and Iy = \/h/(mow) = V21, we
get

Plo=0.2)= 2 +.Gy(2) [ V(o).

where Eq. @) is used: p(p = 0,2) = nip/(7l?) + ¢ (p =
0,z).

The potential V(r) is localized within r < rg, where
the wavefunction ¢(p, z) takes the form (25). Using the
relation ([Z7) and the first two terms of Eq. (I3]) for the
Green’s function, we find

=28 oo (12 42)].

Comparing this asymptotics with Eq. (B0) finally yields

n= (1+%)_1, (31)

where ((1/2) = —1.46035 . . .

C. The chemical potential

The chemical potential is given by Eqgs. ([28) and (1))

M= g1DN1D, (32)
2h%a 1
91D = —5 ———— 75 (33)
12 a¢(1/2)
mes 1+ ol
Taking into account the relation gi1p = —mQZjD for the

coupling constant in 1D, we arrive at the expression for
the effective 1D scattering length a;p in the two-body
problem (see, e.g., Ref. [17]), first obtained in Ref. [1]

a 21

V. CONFINEMENT-INDUCED RESONANCE
IN TWO DIMENSIONS: FLAT GEOMETRY

A. The tight confinement

The flat confinement of identical bosons is provided by
harmonic forces along the z-axis: Vi (2) = mw?22/2.
The order parameter is homogeneous within the z-y
plane, and in the case of the tight confinement [ < &y, one
can put with a good accuracy ¢ = ¢(z1) = \/nappo(21)
with the oscillator ground-state wavefunction ¢g(z1) =
exp[—22/(21%)]/(1"/?7'/*). Here nop is the 2D density
of the Bose-Einstein condensate. The chemical poten-
tial can be obtained from Eq. ([Il) by analogy with the
previous section

= é// dridrago(z1)¢o(22)V ([r1—ral)e(re, m2),
(34)

where S is the area of the system occupied in the z-y-
plane.

The pair wavefunction is invariant under translations
along the a-y plane: ¢(r1,7r2) = ©(21,22,p). It can
be written for the harmonic confinement as o(ry,r2) =
(2, p) exp [~ (21 + 22)%/(41%)].

The approximation for the pair wavefunction for r < [

— . (0) (112D
w2 p) =095 (1) (35)
is analogous to Eq. (28). In the same manner, we find

from Eqs. 21), (B4) and (35)

4rh?
= NapU, (36)
m




where we introduce a more convenient dimensionless pa-
rameter

na

The prefactor 1 can also be found by analogy with
Sec. V1

(37)

B. The application of the Green’s function

On the one hand, in the shot-range regime ry < p < [,

Egs. (28) and (B8] yield

n2p

¢(z=0,p) = (1— %) (38)

One the other hand, one can use the GF for Eq. (@) (see
Sec. [IIB)) and obtain in the same regime

Pl = 0.0) 22+ Gy () / 'V (Y )

oD nap 4mh%a

= +GP(P)777ET (39)

with the GF (21)), where 2u = np?

2mg ’
V21 = \/2h/(mw).

mo = m/2, lo =

C. The chemical potential

In the quasi-1D condensate, considered in the previous
section [Vl the GF remains finite in the limit p — 0.
By contrast, in the quasi-2D condensate, the GF (2I))
exhibits a logarithmic divergence as p — 0. This implies
that the chemical potential should be determined self-
consistently. Indeed, comparing Eq. B8) with Eq. (39)
and using the definition ([B7) yield the algebraic equation
for u

1 +Inu =24, (40)
u

2 2
5=V [8” nan] } , (41)

where the constant B is defined by Eq. (22). Thus, the
chemical potential is given by Eqgs. (36), (#0), and (&I]).

Equation (#0) has no real solutions when ¢ < 1 and
two solutions when § > 1: one is greater than 1, and the
other is less than 1. It follows from the thermodynamic
stability condition 82‘2‘ — = %13—“ > 0 that only the
solution v < 1 is physical. This fits well with the con-
dition of weak coupling, which tells us that the healing
length should be at least smaller than the mean distance

between bosons on the plane: \/% > \/7127D’ see Eq. (30).

When the dimensionless parameter ¢ is big then u ~ 1/

1,00 T T T T T T T T

exact u

- u=1/5

v
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075"
.
S 0,50

0,25

0100 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10
(a) )
1,00 T T T T
2
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(b) l/a
FIG. 1. (a) The solution of Eq. {@0), u(d) (blue solid
line). The parameter u is the chemical potential in units

of 4wh*nep/m, see Eq. BB). At large §, the function
u(0) asymptotically approaches 1/ (dashed red line). (b)
The chemical potential in the pancake geometry [in units of
4wh®*nap /m|, obtained from Eqs. @0) and @I, vs. the os-
cillator length I of the trapping potential [in units of the 3D
scattering length a] (blue solid line). The same diagram in
the approximation u ~ 1/§ is shown in dashed red line. This
approximation overestimates the values of the chemical po-
tential. The absolute value of a and 2D density nep are sup-
posed to be fixed, while the sign of a can change. When a is
negative, the CIR is observed: the chemical potential grows
rapidly with increasing of the oscillator length, because the
parameter § [Eq. (I))] decreases. When the scattering length
is positive, one can also observe a kind of smoothed reso-
nance behaviour of the chemical potential with the maximum
at [/a = 0.7978 ..., see Eq. [@3). The position of the maxi-
mum is independent of the 2D density.

and we arrive at the weak-coupling relation for the chem-
ical potential

N Amh%nap

= ; (42)

mé
which allows us to interpret 4, given by Eq. (I]), as the
resonance denominator. Note, however, that this approx-
imation overestimates the values of the chemical poten-
tial, see Fig. [Th.

The CIR arises (see Fig. [Ib) when the 3D scattering
length is negative while the 2D density is sufficiently



small for § to be positive and close to 1, which is its
minimum possible value within our approach. At posi-
tive scattering length, a reminiscent of the resonance is
also observed, when the dimensionless chemical potential
reaches the local maximum at

Lo \/? =0.7978.... (43)
a T

as it follows from Eq. (£I). This differs from experimen-
tally found [5] value I/a = 1.19(3), at which the CIR is
realized at positive scattering lengthes.

Relations ([B4]), @), and (Il should be used with some
caveats. First, the quasi 2D regime imposes the restric-
tion on the oscillator length: the characteristic wavevec-
tor of bosons p ~ /nap should be smaller than 2/1 as
discussed in Sec. [IIBl This yields £ < njD which

for the chosen parameter ngpa® = 0.05 in Fig. Ob is of
order of 9. Second, we assume that the range of interac-
tion potential is much smaller than the oscillator length:
ro < [. Thus, in the vicinity of [ = 0, the approximation
of zero-range interactions (rop = 0) is used. We believe
that the extremely tight confinement ry 2 [ also can be
described by means of the GGP equations with methods
similar to those considered in Ref. Ia]

a2’

VI. CONCLSUSIONS

Using the GGP equations (Il) and (), we obtained the
correct resonance denominators, which determine the po-
sitions of CIRs in the cigar-shaped and pancake geome-
tries, see Eqgs. (32), (B3), and (@), (@2).

The GGP equations, being a particular case of the
HFB approximation (see Appendix[A]), are applicable for
a weakly interacting Bose gas, strictly speaking. Never-
theless, the GGP equations correctly reproduce the effec-
tive coupling in the low-dimensional geometries. The rea-
son is that these equations describe well the short-range
correlations even inside the radius of interaction poten-
tial. This confirms that the GGP equations can be con-
sidered as a universal tool for describing BECs in various
regimes. For instance, the method has good prospects
for studying the extremely tight confinements, crossover
between 3D and 2D or 1D regimes, and the dipolar BEC
in various regimes, including quantum droplets [@]

In addition, the integral representation for GF was
found for the cylindrical confinement [Eqs. @), ()],
which is valid for small scattering wavevectors p < 2/l
and arbitrary values of coordinates. It is convenient for
obtaining the low-density expansion (I3) of the GF.

Within our approach, we found the position @3] of
the smoothed resonance at positive scattering length in
the pancake geometry. The position is independent of
the density. This is nearly two-third of the experimen-
tally observed value B] The discrepancy might be at-
tributed to condensate depletion at finite temperatures
or to many-body effects that are beyond the used weak-
coupling approximation.
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Appendix A: Hartree-Fock-Bogoliubov
approximation

Let make some remarks about the Hartree-Fock-
Bogoliubov (HFB) method. We consider only the sta-
tionary HFB theory at zero temperature. The HFB ap-
proximation for fermions was suggested by Bogoliubov
m] as a variational scheme formulated in terms of the
normal and anomalous averages of two Fermi-field oper-
ators. These scheme can be simplified @@] if we note
that these averages are given by bilinear forms of u and
v parameters of the Bogoliubov transformation. Then
the variational procedure can be reformulated directly in
terms of v and v parameters, and the resulting equations
are called Bogoliubov-de Gennes equations.

For bosons, the relations analogous to the Bogoliubov-
de Gennes equations can be written down , |. They
are called the Bogoliubov equations. In addition to the u
and v parameters, these equations contain the wavefunc-
tion of the inhomogeneous Bose-Einstein condensate.

On the other hand, one can also formulate the HFB
method for bosons as a variational scheme with three
variational functions: the condensate wavefunction and
normal and anomalous averages of two Bose-field oper-
ators. Below we follow this scheme ] and derive the
generalized GP equations by further simplifying the HFB
scheme.

1. Hartree-Fock-Bogoliubov approximation for
bosons in the variational formulation

The ground-state energy and mean number of inter-
acting bosons in an external field is given by (see, e.g.,

textbooks [32, [33])

h2

E=- o dz V2 (0T (2')¥(z))

+ / 0 Vo () (81 (2) ()

+ % /dxldxg V(xy, z) (W (20) U (20) U (22) W (1)),
(A1)

N = / dz (U (2)0(2)), (A2)

respectively. Here 2z = (r, o) are the coordinate and spin
of a particle, respectively, and [dz--- = > [dr---.

The brackets (---) stand for the ground-state average.
The Bose field operators are denoted as W(z) and Wi (x).



The Bose-Einstein condensation implies that the global
gauge symmetry is broken. Then one can separate the
condensate contribution to the field operators: W(z) =
o(x) + 9(z) and Ui(z) = ¢*(2) + J1(2). Here ¢(z) and
15(:10) are the numerical and operator parts, respectively,
for which we have ¢(x) = (¥(z)) and (J(x)) = 0. Then
the two-boson correlators read

The normal two-boson correlator (A3) is nothing else but
the one-body density matrix, and the anomalous corre-
lator (Ad)) can be treated as the two-body wavefunction
of the Bose-Einsten condensate ﬂE, ]

The diagonal part of the two-body density matrix,
which determines the interaction term, can also be found
by separating the condensate part and using Wick’s the-
orem for the correlators of 9 and 97 operators

+ G(1) ¢ (w2) (0 (1)0(w2)) + 6" (w1)d(2) (9T (w2) D (1))
+ (0 (20)0 () (9 (w2 ) (1))
+ (0 (0)0(21)) (9 (w2) D (22))
+ (0F (21) D (w2)) (9T () D (1)) (A5)

Wick’s theorem is applicable, since the effective HFB
Hamiltonian contains only a bilinear form of creation and
annihilation operators [31].

The normal (Jf(2)d(z’)) and anomalous (J(z)d(z'))
averages are not independent quantities. The relations
between them at zero temperature can be obtained M]
using the fact that the HFB ground state is the quasi-
particle vacuum. The relations do not depend explicitly

on parameters of the Hamiltonian and take the form

+ [ da (0T (21)d(@) (01 ()0 (a2)),  (A6)
/dﬂc W (@)D (@) (D (@)d(x2)) = | dx ((a1)d(x))
x (0" ()0 (22)) (A7)

Finally, the stationary HFB equations can be obtained
by means of variation of E—puN, given by Egs. (A1))-(A%),
under the conditions (A€) and (AZ). The variational
functions are ¢(z), ¢*(x), (I (z)0(2)), (9T ()1 (2/)), and
(9 (x)d(2")). We do not write explicitly the resulting
equations.

The full HBF scheme is rather cumbersome, and ad-
ditional simplifications of Eq. ([&5) are often used [34].
The simplest approximation is to neglect all the quan-
tum correlators and leave only the wavefunction of the
condensate. Then we arrive at the well-known GP func-
tional with the help of the pseudopotential.

2. Generalized Gross-Pitaevskii equations as a
simplified version of the Hartee-Fock-Bogoliubov
approximation

The GGP equations can be obtained [@] from the full
HFB theory when the normal two-boson terms are com-
pletely neglected in Eq. (AR)

<¢’T(I1)‘iﬁ($2)‘i’($2)‘i’($1)> ~ ¢* (1) (22)" d(x2)P(71)
+ G(@1) () (DT (2107 (w2)) + ¢" (21)¢" (w2) (I (w2) D (21))
+ (0 (21)0 (22)) (I (w2) D (1)).

Besides, if the condensate depletion is small, one can ne-
glect the second term in the r.h.s of Eq. (Af]), which is

of the next order of the condensate depletion. Thus, we
are left with the relation

(07 (21)d(22)) 2/daf (0 (21)9" (@) () (2) D (w2)). (A8)

In the approximation (AS), Eq. (A7) turns into identity.
Then the variational procedure yields [14] the GGP

equations (I)-(@l).

[1] M. Olshanii, Atomic scattering in the presence of an ex-
ternal confinement and a gas of impenetrable bosons,
Phys. Rev. Lett. 81, 938 (1998).

[2] T.Bergeman, M. G. Moore, and M. Olshanii, Atom-atom

scattering under cylindrical harmonic confinement: Nu-
merical and analytic studies of the confinement induced
resonance, Phys. Rev. Lett. 91, 163201 (2003).

[3] D. S. Petrov, M. Holzmann, and G. V. Shlyapnikov,


https://doi.org/10.1103/PhysRevLett.81.938
https://doi.org/10.1103/PhysRevLett.91.163201

Bose-Einstein condensation in quasi-2D trapped gases,
Phys. Rev. Lett. 84, 2551 (2000).

[4 D. S. Petrov and G. V. Shlyapnikov, Inter-
atomic collisions in a tightly confined Bose gas,
Phys. Rev. A 64, 012706 (2001).

[5] E. Haller, M. J. Mark, R. Hart, J. G. Danzl, L. Reich-
sollner, V. Melezhik, P. Schmelcher, and H.-C. Négerl,
Confinement-induced resonances in low-dimensional
quantum systems, Phys. Rev. Lett. 104, 153203 (2010).

[6] P. Naidon, E. Tiesinga, W. F. Mitchell, and P. S.
Julienne, Effective-range description of a bose gas
under strong one- or two-dimensional confinement,
New J. Phys. 9, 19 (2007).

[7] S.-G. Peng, S. S. Bohloul, X.-J. Liu, H. Hu, and P. D.
Drummond, Confinement-induced resonance in quasi-
one-dimensional systems under transversely anisotropic
confinement, Phys. Rev. A 82, 063633 (2010).

[8] W. Zhang and P. Zhang, Confinement-induced reso-
nances in quasi-one-dimensional traps with transverse
anisotropy, Phys. Rev. A 83, 053615 (2011).

[9] V. S. Melezhik and P. Schmelcher, Multichannel effects
near confinement-induced resonances in harmonic waveg-
uides, Phys. Rev. A 84, 042712 (2011).

[10] R. Lopes, C. Eigen, N. Navon, D. Clément,
R. P. Smith, and Z. Hadzibabic, Quantum deple-
tion of a homogeneous bose-einstein condensate,
Phys. Rev. Lett. 119, 190404 (2017); N. Navon, R. P.
Smith, and Z. Hadzibabic, Quantum gases in optical
boxes, [Nat. Phys. 17, 1334 (2021).

[11] L. P. Pitaevskii, Vortex lines in an imperfect Bose gas,
Zh. Eksp. Teor. Fiz. 40, 646 (1961), [Sov. Phys. JETP
13, 451 (1961)].

[12] E. P. Gross, Structure of a quantized vortex in boson
systems, Nuovo Cim. 20, 454 (1961); Hydrodynamics of
a superfluid condensate, |[J. Math. Phys. 4, 195 (1963).

[13] L. Pitaevskii and S. Stringari, Bose-Einstein Condensa-
tion and Superfluidity (Oxford University, Oxford, 2016).

[14] A. Yu. Cherny and J. Brand, Self-consistent calculation
of the coupling constant in the Gross-Pitaevskii equation,
Phys. Rev. A 70, 043622 (2004).

[15] Z. Idziaszek and T. Calarco, Analytical solutions for
the dynamics of two trapped interacting ultracold
atoms, Phys. Rev. A 74, 022712 (2006); Z. Idziaszek,
K. Jachymski, and P. S. Julienne, Reactive collisions in
confined geometries, New J. Phys. 17, 035007 (2015).

[16] J.-J. Liang and C. Zhang, Two ultracold atoms in a com-
pletely anisotropic trap, Phys. Scr. 77, 025302 (2008).

[17] P. Jeszenszki, A. Yu. Cherny, and J. Brand, s-
wave scattering length of a Gaussian potential,
Phys. Rev. A 97, 042708 (2018).

[18] A. Yu. Cherny, Pair wave functions in a Bose liquid
(2000), |arXiv:cond-mat /9807120 [cond-mat.stat-mech|

[19] A. Yu. Cherny and A. A. Shanenko, Short-
range particle correlations in a dilute Bose gas,
Phys. Rev. E 62, 1646 (2000).

[20] A. Yu. Cherny and A. A. Shanenko, Dilute bose gas:
short-range particle correlations and ultraviolet diver-
gence, [Eur. Phys. J. B 19, 555 (2001).

[21] A. Yu. Cherny and A. A. Shanenko, Dilute Bose gas
in two dimensions: Density expansions and the Gross-
Pitaevskii equation, [Phys. Rev. E 64, 027105 (2001).

[22] A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tri-
comi, Higher Transcendental Functions, Vol. 1 (Krieger,
N.Y., 1981) pp. 27-31.

[23] L. D. Landau and E. M. Lifshitz, Quantum Mechanics
(Non-relativistic Theory), 3rd ed., Course of Theoretical
Physics, Vol. 3 (Pergamon, N.Y., 1977).

[24] M. Abramowitz and I. A. Stegun, Handbook of Mathe-
matical Functions, With Formulas, Graphs, and Mathe-
matical Tables (Dover Publications, Incorporated, 1974).

[25] D. S. Petrov, G. V. Shlyapnikov, and J. T. M. Walraven,
Regimes of quantum degeneracy in trapped 1D gases,
Phys. Rev. Lett. 85, 3745 (2000).

[26] F. Bottcher, J.-N. Schmidt, J. Hertkorn, K. S. H.
Ng, S. D. Graham, M. Guo, T. Langen, and
T. Pfau, New states of matter with fine-tuned in-
teractions: quantum droplets and dipolar supersolids,
Rep. Prog. Phys. 84, 012403 (2020).

[27] N.  N. Bogoliubov, The compensation
ciple and  the  self-consistent  field
Sov. Phys. Usp. 2, 236 (1959)!

[28] P. G. de Gennes, Boundary effects in superconductors,
Rev. Mod. Phys. 36, 225 (1964).

[29] P. G. de Gennes, Superconductivity of Metals and Alloys
(Benjamin, N. Y., 1966).

[30] M. Baranger, Reformulation of the theory of pairing cor-
relations, Phys. Rev. 130, 1244 (1963).

[31] A. L. Fetter, Nonuniform states of an imperfect Bose gas,
Ann. Phys. 70, 67 (1972).

[32] R. P. Feynman, Statistical mechanics: a set of lectures,
Frontiers in physics: a lecture note and reprint series
(W.A. Benjamin, Reading, Mass., 1972) Sec. 6.8.

[33] N. N. Bogoliubov and N. N. Bogoliubov, Jr., Introduc-
tion to Quantum Statistical Mechanics (World Scientific,
Singapore, 1982) p. 219.

[34] A. Griffin, Conserving and gapless approximations for
an inhomogeneous Bose gas at finite temperatures,
Phys. Rev. B 53, 9341 (1996).

prin-
method,


https://doi.org/10.1103/PhysRevLett.84.2551
https://doi.org/10.1103/PhysRevA.64.012706
https://doi.org/10.1103/PhysRevLett.104.153203
https://doi.org/10.1088/1367-2630/9/1/019
https://doi.org/10.1103/PhysRevA.82.063633
https://doi.org/10.1103/PhysRevA.83.053615
https://doi.org/10.1103/PhysRevA.84.042712
https://doi.org/10.1103/PhysRevLett.119.190404
https://doi.org/10.1038/s41567-021-01403-z
http://www.jetp.ras.ru/cgi-bin/e/index/e/13/2/p451?a=list
https://doi.org/10.1007/BF02731494
https://doi.org/10.1063/1.1703944
https://doi.org/10.1103/PhysRevA.70.043622
https://doi.org/10.1103/PhysRevA.74.022712
https://doi.org/10.1088/1367-2630/17/3/035007
https://doi.org/10.1088/0031-8949/77/02/025302
https://doi.org/10.1103/PhysRevA.97.042708
https://arxiv.org/abs/cond-mat/9807120
https://doi.org/10.1103/PhysRevE.62.1646
https://doi.org/10.1007/s100510170301
https://doi.org/10.1103/PhysRevE.64.027105
https://doi.org/10.1103/PhysRevLett.85.3745
https://doi.org/10.1088/1361-6633/abc9ab
https://doi.org/10.1070/PU1959v002n02ABEH003122
https://doi.org/10.1103/RevModPhys.36.225
https://doi.org/10.1103/PhysRev.130.1244
https://doi.org/https://doi.org/10.1016/0003-4916(72)90330-2
https://doi.org/10.1103/PhysRevB.53.9341

