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By using the Krylov subspace technique to generate the spin coherent states in kicked top model,
a prototype model for studying quantum chaos, the accessible system size for studying the Husimi
functions of eigenstates can be much larger than that reported in the literature and our previous
study Phys. Rev. E 108, 054217 (2023). In the fully chaotic kicked top, we find that the mean Wehrl
entropy localization measure approaches the prediction given by the Circular Unitary Ensemble.
In the mixed-type case, we identify mixed eigenstates by the overlap of the Husimi function with
regular and chaotic regions in classical compact phase space. Numerically, we show that the fraction

of mixed eigenstates scales as j ¢

, a power-law decay as the system size j increases, across nearly two

orders of magnitude. This provides supporting evidence for the principle of uniform semiclassical
condensation of Husimi functions and the Berry-Robnik picture in the semiclassical limit.

I. INTRODUCTION

At the very beginning of quantum chaos it was Per-
cival [1] who proposed to distinguish between the regu-
lar quantum eigenstates and the chaotic ones, associated
with classical regular and chaotic regions in the phase
space, respectively. They should be distinguished by the
nature of their energy spectra, namely by their sensi-
tivity with respect to small perturbations. This line of
thought led to the semiclassical eigenfunction hypothesis
by Berry [2], which is crucial for understanding quantum
eigenstates. It proposes that in the semiclassical limit,
quantum eigenstates concentrate on compact phase space
regions explored by typical trajectories in the long time
limit. In integrable systems, these are the invariant tori,
while in ergodic dynamics, eigenstates equidistribute on
the energy surface. In mixed-type systems with both
regular and chaotic motions in phase space [3], eigen-
states concentrate either on regular or chaotic regions.
This hypothesis finally develops into the so-called prin-
ciple of uniform semiclassical condensation (PUSC) of
Wigner functions (or Husimi functions) [4]. This prin-
ciple, in turn, directly leads to the eigenstate thermal-
ization hypothesis conjecture by Srednicki [5], which is
now recognized as an explanation for the emergence of
thermodynamic equilibrium in isolated quantum many-
body systems [6-8]. Moreover, as a consequence of this
principle, the spectral statistics for regular and chaotic
states in the semiclassical limit are separately described
by Poissonian statistics [9] and random matrix theory
[10-12], while the entire spectrum is effectively captured
by the Berry-Robnik picture [13].

Regarding the behavior of quantum eigenstates in
mixed-type systems away from the semiclassical limit,
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one expects various tunneling processes between differ-
ent phase-space structures. Among these are the chaos-
assisted tunneling between different regular regions [14—
16], the flooding of chaotic states into regular islands [17],
and the so-called resonance-assisted tunneling between
the regular island across the chaotic sea [18-21]. The gen-
eral behavior of quantum states approaching the semi-
classical limit is not well studied [22]. Through the over-
lap of the Husimi function with both regular and chaotic
regions in classical compact phase space, mixed eigen-
states can be identified, distinct from regular and fully
chaotic states. Very recently, in quantum billiards [23],
it was found that the fraction of mixed states shows a
power-law decay as the semiclassical limit is approached,
across two orders of magnitude. In quantum kicked top
(QKT), a prototype Floquet model for studying quan-
tum chaos [24, 25|, our previous study [26] also showed
a power-law decay for mixed-type QKT, but only within
a relatively small range of system sizes. This limitation
arises from our method used to generate the spin coherent
state (SCS), where a direct calculation of large factorials
are unavoidable.

In this addendum paper, we use the Krylov subspace
techniques [27-30] to generate the SCS and avoid the
factorials. This allows for a significantly larger accessible
system size for studying Husimi functions, compared to
that reported in literature and our previous study. In the
fully chaotic QKT, we find that the mean Wehrl entropy
localization measure (ELM) approaches the prediction
given by the Circular Unitary Ensemble (CUE). In the
mixed-type case, we show a power-law decrease of the
fraction of mixed eigenstates as system size increases over
nearly two orders of magnitude, corroborating the PUSC
and the Berry-Robnik picture in the semiclassical limit.

The paper is organized as follows. In Sec. II, we intro-
duce QKT and analyze the transition to chaos for both its
classical correspondence and quantum case. In Sec. III,
we give the definition of the SCS and apply the Krylov
subspace technique to generate them. We then establish
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a consistent transition to chaos using the mean Wehrl
ELM, compared to other indicators of chaos. In the fully
chaotic QKT, we study the mean Wehrl ELM versus the
system size. In Sec. IV, we analyze the joint distribution
of the phase-space overlap index and Wehrl ELM, and
show as the system size increases, how the distribution
of the former evolves, as well as the fraction of mixed
states. We draw our conclusion in Sec. V.

II. QUANTUM KICKED TOP
The QKT is described by the Hamiltonian [24]

_ Y g2 =
H—an+2—sz > 6t —n), (1)

n=-—oo

where the dynamical variables of the top are three com-
ponents of the angular momentum operators of the spin-
7 system, can also be expressed in terms of 25 collective
Spin-% Pauli operators, for example J, = i]: 1 ng) /2.
The dimension of the Hilbert space is N = 2j+1, and the
squared angular momentum is conserved, J? = j(j + 1)
with j integer or half-integer. The first term in Eq. (1)
describes a precessional rotation about the z-axis with
angular frequency «, the second term denotes a torsional
rotation around the z-axis with strength v (with the pe-
riod set to unity).

The dynamical evolution of the QKT is governed by
the Floquet operator

F= exp(fizljjzz) exp(—iay), (2)

is invariant under rotation by the angle 7 along the z-
axis R, = €™/= which suggests the even or odd parity
of the quasi-energy. Using this symmetry, the (25 + 1)-
dimensional unitary matrix F' in the representation of
the Dicke states {|j,m),|m| < j}, i.e. eigenstates of J,,
can further be reduced to two unitary matrices

Fni@,m’ = <j’m7:|:|F|jam,7:|:>7 (3)
where |j,m,+) = (|j,m) & |j,—m))/V2, 1 < m < j for
the odd parity, and 0 < m < j for the even parity where
|7,0,4) is not normalized. It should be noted that at
a = 7/2, the QKT has a further symmetry [25]. In this
addendum paper, we set o = 117/19, the same as the
previous work.

The Heisenberg equation of motion is given by the
map Jipt1 = F‘LJi’nF7 where J; , = J;(n) denotes the
time-evolved operators at ¢t = n. Using Baker-Campbell-
Hausdorff (BCH) formula for the expansion of the map,
one has

1 - - -
Jomi1 = §[an +iJy ] exp { (2Jyn + 1)] + h.c.,

i

2j
1 - = Y s

Jynt1 = Z[Jx,n + ZJy,n] exp Z?j(QJz,n +1)| + hee,

Jz,n-i—l = Jz,rm (4)
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FIG. 1. (a) A stroboscopic map of the classical dynamics
generated from 20 random initial conditions of 5 x 10 itera-
tions (top panels). (b) The corresponding logarithmic values
of SALI (bottom panels) on the parametrized phase space
(0, ¢) discretized by 200 x 400 grids of square cells, of same
area, after 300 kicks. The initial conditions colored dark blue
correspond to chaotic orbits, the yellowish indicates ordered
motion, and the intermediate suggests sticky orbits. From left
to right, the kicking strength v = 2,4,6 and o = 117/19.

Vyhere Jon = Joms Jyn = Jyncosa — J, psina, and
Jon = Jynsina+ J, 5 cosa.

A. The transition to Hamiltonian chaos

The classical map emerges in the classical limit as j —
oo where noncummutivity is negligible and the rescaled
Heisenberg operators x,, = x(n) = J,/j tend to a unit
vector with commuting components. From Eq. (4), the
classical equations of motion follow

Tp41 = T COSYZp — Yn SINYZp,

Ynt+1 = T SINYZp + Ypn COSVZn,

Znt1 = Zn, (5)
where T, = %, ¥ = YncOsSa — z,sina, and Z, =
Yn sina + z, cosa. This classical map x,41 = f(x,) is

restricted on the unit sphere S? and the Jacobian matrix
af /0%, = Q, - Ry, where

COSYZp, —SINYZ,, —YTpSINYZ, — YYn COSYZn
Q, = | sinyz,, cosvZ,, YTy COSYZ, — YYnSinYZ,
0 0 1
1 0 0
R,=10 cosa —sina | . (6)
0 sina cosa

The stroboscopic dynamics of the classical kicked top
(CKT) is symplectic since det(df/0x,) = 1, and S? as
the phase space of the classical top can be parametrized
as: x = sinfcos ¢, y = sinfsin ¢, z = cosf, with z and



¢ being the canonical pair. This map undergoes a tran-
sition from integrability to chaos with increasing kicking
strength ~, as illustrated in Fig. 1(a) the Poincaré sec-
tion of the classical map, for different values of . In the
classical phase space, regular orbits predominate at small
values of v. As the kicking strength increases, mixed dy-
namics emerge, characterized by the coexistence of reg-
ular orbits and chaotic motion. Eventually, for larger ~,
the system transitions into full chaos, as illustrated in
the rightmost panel of Fig. 1(a).

To qualitatively demonstrate the transition to chaos in
the classical map, in this addendum, we use the smaller
alignment index (SALI) [31-33] which rely on the evo-
lution of deviation vectors from a given orbit, to detect
regular and chaotic motion of the symplectic map. For
chaotic orbits, it was proved that SALI(t) o e(~f1—L2)t
[34], with L;, Lo being the two largest Lyapunov expo-
nents (LEs). While in three-dimensional symplectic map
Ly = 0, therefore for CKT, the SALI is directly related
to the largest LE as SALI(t) x e, Fig. 1(b) illus-
trates the logarithmic SALI values after 300 kicks for
grid points, at each point plotted using an assigned color
according to its value. Upon comparing with the corre-
sponding Poincaré sections in Fig. 1(a), in addition to
the resemblance, we also acquire a much more detailed
picture of the regions where chaotic or regular motion
occurs, and at the borders between these regions we find
intermediate colors which correspond to sticky orbits.

To further quantify the degree of chaos, we define the
chaotic fraction pu. as the relative area of the chaotic part
of the phase-space as

1
pe= 1 / Xe(0, 6) sin 06do, (7)

where x.(0, $) denotes the characteristic function of the
chaotic component, which takes the value of 1 on chaotic
region and zero otherwise. The chaotic fraction u. can be
used as an indicator of chaos. It measures the transition
from integrable dynamics with p. = 0 to the fully chaotic
(ergodic) pe = 1. Our criterion for the classification of
initial conditions belonging to a chaotic region is that
SALI(t) < 1078 at t = 300, implying that the deviation
vectors have been aligned. Calculated from 200 x 400 ini-
tial grid points on the parametrized phase space (0, ),
Fig. 2(a) illustrates the dependence of the chaotic frac-
tion u. on 7y, for CKT. The value of u. remains near 0 for
v < 2 and increases thereafter until it saturates to 1 for
~v 2 4.4. Tt should be noted that the transition point at
~ ~ 2 obtained by the chaotic fraction . from the SALI
method is consistent with the transition point from the
Kolmogorov-Sinai entropy given in Ref. [26].

B. The transition to quantum chaos

The transition to Hamiltonian chaos, as indicated by
the variation of p. versus the kicking strength in Fig.
2(a), would also be manifested in the quantum realm
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FIG. 2. (a) Chaotic fraction p. of the classical phase space as
a function of v, calculated from 200 x 400 initial grid points
on the parametrized phase space (0, ¢). (b) The normalized
mean spacing ratio r. averaged over the odd and even parity,
versus vy for QKT with j = 2'2. In both figures, the lower
and upper (red) dashed lines denote the value 0 and 1, and
the parameter o = 117/19.

due to the quantum-classical correspondence. There are
several methods to diagnose quantum chaos, statisti-
cally or dynamically. One is the short-range statistical
properties of spectra, particularly the nearest-neighbor-
level spacing distribution, denoted as P(s), where s de-
notes the spacing between two unfolded consecutive en-
ergy levels. In the quantum integrable case, this dis-
tribution follows the Poisson distribution P(s) = e~%,
whereas the quantum chaotic case with the time-reversal
symmetry is the well-known Wigner-Dyson distribution
P(s) = (n/2)sexp(—ms?/4) from the random-matrix
statistics.

To avoid the numerical spectral unfolding, we consider
instead the spacing ratios, defined as [35, 36]

. Sn Sn—1
=m 8
Tn ln( Sp_1 ) Sn )7 ( )

with s,, = v, — V1 the consecutive level spacing, from
{vn} an ordered set of quasienergy levels, that F|v,) =
e |v,). The approximate formulas for the distribution
of P(r) can be derived from random matrix statistics.
For the Poisson level spacing, the resulting mean spacing
ratio (r) is (r), = 2In2—1 ~ 0.386, whereas for Circular
Orthogonal Ensemble (COE) statistics, (r)cor ~ 0.527
[37). We can then define a quantity 7. the normalized
mean spacing ratio as an indicator of quantum chaos,
namely

(r) = (rp

(r)cor —(r)p’

9)

Te =

Clearly, r. = 0 corresponds to the integrable case, while
r. = 1 signifies full chaos. As discussed in Ref. [25], in



QKT, there exist two antiunitary time reversal operators
Tl — eiOszeiﬂ'Jz}'{7 T2 — e—ianeiﬂ'JyK, (10)

where K denotes the conjugation in the eigenbasis of J,.
These operators satisfy 77 = T3 = 1 and time rever-
sal property Ty FT, = ToFT, = F'. One can therefore
expect that in the fully chaotic regime, the statistics of
quasienergy of F' must be given by COE. As depicted in
Fig. 2(b), the variation of r., averaged from both par-
ities, with kicking strength ~ illustrates that it remains
close to 0 for v < 2, gradually increasing thereafter until
it reaches a plateau near 1 for v > 4.4. This behav-
ior precisely aligns with the chaotic fraction u. versus y
depicted in Fig. 2(a), as well as with the mean Wehrl
entropy localization length of eigenstates, which we will
demonstrate in the following.

III. HUSIMI FUNCTION AND LOCALIZATION
OF EIGENSTATES

By employing spectral statistics, we have demon-
strated in Sec. IIB the transition to quantum chaos,
which aligns with the classical route to chaos. In this
section, we introduce the SCS and employ the Krylov
subspace technique to numerically calculate the SCS. No-
tably, by avoiding the problem of large factorials, the
accessible value of j can be several orders of magnitude
higher than those reported in the literature, including
our previous work [26]. Following this, by analyzing the
Husimi function of eigenstates based on SCS, we can ex-
plore the localization of these eigenstates, especially the
Wehrl entropy [38] and the corresponding entropy local-
ization measure (ELM), to a deeper semiclassical regime.

A. Spin coherent state and Husimi functions

The spin coherent state |6, ¢) from SU(2) [39-41], can
be obtained as a rotation on the Dicke manifold, ex-
panded in the Dicke basis |j,m) as

‘03¢> - R(0,¢)|Jaj> = exp(lu"]— - M*J+)‘]7]>

o 2 12
—aigh T S (P ) e,

m=—j

(11a)

where 1 = 4 exp(ig), £ = tan(%) exp(i¢) with 6 € [0, 7]
and ¢ € [—-m,7m), Jx = J, £ iJ,. The SU(2) generalized
coherent states |0, ¢) are overcomplete that

The Husimi function of the eigenstate |v,,) of the Floquet
operator F' is then given by

Qn(97¢) = |<97¢|Vn>|27 (13)

with the normalization condition

2j +1

/ sin 0d0de Q,(0,¢) = 1. (14)

Numerical studies of Husimi functions in the past usu-
ally employed Eq. (11b) for the SCS representation of
quantum states. However, the presence of large factori-
als in this equation imposes limitations on the attainable
values of j, typically only a few hundred. A further exam-
ination of Eq. (11a) shows that the SCS can be obtained
directly from a unitary transformation of the polar state
|6 = 0,¢) = |j,7). This unitary transformation is an ex-
ponential of a sparse matrix, because in the Dicke basis

Jeljom) =G Fm)GEm+1)jmE1). (15

Exponential of sparse matrix on vectors can be effec-
tively computed using Krylov subspace technique (see
Ref. [28]), this alternative approach bypasses the prob-
lem of large factorials and enables the attainment of sig-
nificantly larger value of j (differing by several orders of
magnitude, depending on the sparsity), compared with
the previous studies. One can take an initial look at the
Husimi functions of eigenstates provided in Sec. IV A
and more illustrations in the Appendix, where j = 212,

B. Localization of eigenstates

One common way for defining the localization of eigen-
states is via Shannon entropy. The eigenstates from odd
parity |vn)odq that are expressed in the basis of unper-
turbed Hamiltonian, as

J
Hn - Z |Vnm|21nlynm|2a Unk = <xm‘y’”>0dd’ (16)

m=1

where |z,,) is the eigenbasis of the unperturbed Floquet
part exp(—iaJ;), i.e., the eigenbasis of J, in odd par-
ity. For the even parity, it can be defined in a same way,
and we have verified that the statistics of H,, is nearly
identical for both parity. This is also referred to as the
eigenvector statistics. The Shannon ELM is then defined
as L, = e /Nygq with Nogq = 7, and the mean lo-
calization measure is denoted as (L). Apart from this
basis-dependent method, another approach for measur-
ing the localization of eigenstates is basis-independent,
relying on the Wehrl entropy of eigenstates. It is defined
as

S = 2j+1

/ in0d0d (6, 6)In Qu(6,9). (1)

The Wehrl ELM is £,, = e%» /N, with N = 2j+1 and (L)
denotes the averaging. It’s worth noting that Wehrl con-
jectured that the minimum of Wehrl entropy is attained
for coherent state [42]. Lieb originally proved the conjec-
ture [43], later extended it to SU(2) and SU(N) coherent
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FIG. 3. Mean Shannon ELM (L) from the odd parity and
mean Wehrl ELM (L), versus v for QKT with j = 2'? and
a = 117 /19. The dashed horizontal lines indicate the mean
Shannon ELM of COE and Wehrl/Shannon ELM of CUE.

states [44-46]. However, the problem of the uniqueness
of minimizers in some cases is still open [47].

One may anticipate that a random eigenstate will tend
to the uniform distribution that |v,x|?> = 1/Nyqq and
Qn(0,0) = 1/N, resulting in the maximum value of
both entropy H, = In N,qq and S,, = In N, as well as
ELMs L, = £,, = 1. For a random pure state |R) from
COE/GOE [48, 49], it was proved that mean Shannon en-
tropy (H)r = ¥(N/241)—¥(3/2) ~In N+, +In2-2 ~
In N—0.7296, with ¥(z) the digamma function and . de-
notes the Euler constant, where the approximation is for
the asymptotic limit N — oco. Additionally, the mean
Shannon/Wehrl entropy of a random pure state from
CUE is (S)r = UY(N+1) —¥(2) ~InN+~v - 1=
In N —0.4228 [50]. The random pure state statistics then
gives (L)r = 0.482, and (L)r = 0.655 for large N.

In Fig. 3, we study the mean Shannon ELM (L) in
the basis of J,;, for the odd parity (we found for the even
parity, it is the same) and mean Wehrl ELM (L). We
computed the Wehrl ELM using a grid of IV, = 200 x 400
points in the (6, ¢) space, with each point holding a co-
herent state, where all the Husimi functions are normal-
ized according to the discretization of Eq. (14), as

27+ 1)m .
W;Qn(ei,gsj)smei =1. (18)
It shows that the Shannon ELM saturates to the COE
value (L) g for v 2 4.4, and before that, it exhibits two
different types of growth: for v > 2, it grows faster than
for v < 2. While the transition versus 7 is more pro-
nounced in the mean Wehrl ELM. For v < 2, it main-
tains a value equal to (L), ~ N~'/2  representing the
mean Wehrl ELM of the operator J, (see numerical re-
sult shown in Fig. 9 and proof in Appendix A), which is
close to 0 for large N. It then increases until it saturates
for v 2 4.4, to a value close to (£)g from CUE.

Numerical computations show that the mean Wehrl
entropy of COE is slightly smaller than that (S)z from
CUE, and it was conjectured in Ref. [50] that the differ-
ence vanishes in the asymptotic limit N — co. However,
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FIG. 4. Mean Shannon entropy (H) and mean Wehrl entropy
(S), versus N for QKT, with v = 8 and a = 117/19, where
for the former N = N,qq = j and the latter N = 2j+ 1. Two
dashed lines are from best fitting. Two insets show two mean
ELMs versus N, respectively, where the dashed lines indicate
(L)r from CUE (top left) and (L)r from eigenvector statistics
of COE (bottom right).

both a numerical verification at larger N and a formal
mathematical proof for this conjecture is lacking. In Fig.
4, using the Krylov subspace technique generated coher-
ent states, we study the mean Shannon entropy (H) and
Wehrl entropy (S), of the KT at v = 8 where the sys-
tem is fully chaotic. The eigenvector statistic reveals that
(H) ~1InN — 0.7322, is nearly equal to (H)g for COE.
Similarly, for Shannon ELM, (L) ~ (L)g, as shown in
the inset (bottom right). On the other hand, the mean
Wehrl entropy (S) ~ In N — 0.4573, is close to (S)g for
CUE, while the inset in the top left illustrates that (L)
approaches the CUE value (£)z with increasing system
size. We have examined (L) against N with a further
increase in grid points to N, = 250 x 500, and it exhibits
a similar trend.

IV. PHASE-SPACE OVERLAP INDEX

The Husimi functions of eigenstates in quantum maps
[51, 52], are precise analog of the classical Poincaré sec-
tion. From this correspondence, the Husimi functions of
eigenstates can be used for the identification of regular,
mixed, and chaotic eigenstates, by the criterion of overlap
with the classical Poincaré section, where one can employ
the SALI method to identify whether an initial condition
belongs to the classical chaotic or regular regions. As it
was introduced and implemented in previous works [53—
55], for eigenstate |v,,), the overlap can be quantified by
the overlap index M,,, defined as

2j+1

M, = 22 [sinodods f:)Qu0.0). (19)
where f(x.) = 1if x. = 1, and f(x.) = —1if x. = 0.
Here, x.(f,¢) denotes the characteristic function of the
chaotic component, as defined in Eq. (7).

According to PUSC in mixed-type systems, for Husimi
functions of eigenstates, M should be either +1 or —1
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FIG. 5. (a) A joint distribution (£, M) for 8193 eigenstates of QKT Floquet operator, with v = 2.6, a = 117/19 and j = 2'2.
Husimi functions of eigenstates isolated by boxes at different positions are plotted from panel (al) to (d3), the darkest blues
show the area where Q,, < 1075, (b) Logarithmic values of SALI for the corresponding CKT, on the parametrized phase space

(0, ¢) after 300 kicks.

in the strict semiclassical limit, corresponding to chaotic
or regular eigenstates, respectively. However, since the
semiclassical limit is not easily reached in practice, M
actually varies between —1 and +1. Upon approach-
ing the semiclassical limit, a reduction in the fraction
of mixed eigenstates with |M| < 1 would occur, as ev-
idenced first in the billiard system [23], particularly ex-
hibiting a power-law decay with increasing energy, i.e.
decreasing effective Planck constant. In the following,
we analyze quantum eigenstates of Floquet operator in
mixed-type QKT by studying the joint distribution of
Wehrl ELM and overlap index. Then, we extend the
analysis of the power-law decay of the fraction of mixed
eigenstates as system size increases, as conducted in Ref.
[26], up to j = 2'3. For numerical calculation of Husimi
functions, we use a grid of N, = 200 x 400 points in the
(0, ¢) space, with each point holding a coherent state.

A. The overlap index and Wehrl ELM

From the definition of Wehrl ELM following Eq. (17),
regular eigenstates characterized by an overlap index of
M = —1 and condensing on invariant tori are localized,
yielding lower values of £. In contrast, chaotic eigen-

states with M = 41 can be either strongly localized
or extended. Previous studies have numerically shown
that the probability distribution P(L) of chaotic eigen-
states indeed follows a beta distribution [56-58]. As the
system approaches the semiclassical limit, it tends to-
wards a delta distribution 6(£ — (£)z). It is impor-
tant to note that in mixed-type systems, to verify this
distribution, the Wehrl ELM of the chaotic eigenstates
should be further renormalized by the relative area .
of the chaotic component in the phase space. In addi-
tion to strictly regular and chaotic states, there would
exist mixed eigenstates with |M| < 1 in mixed-type sys-
tems, exhibiting varying degrees of localization. This is
illustrated in Fig. 5(a) the joint distribution (£, M) for
KT at v = 2.6, alongside selected representative Husimi
functions of eigenstates from different regions of the pa-
rameter space, as shown in Fig. 5(al)-(d3). Moreover,
Fig. 5(b) presents the SALI plot from the corresponding
classical dynamics at v = 2.6 in phase space, for com-
parison. At the border of the regular islands and chaotic
sea, visible stickiness are denoted by intermediate colors.

Fig. 5 shows that states predominantly cluster at both
ends of the overlap index, one end representing regular
states and the other chaotic states, while mixed states
sparsely distribute in between. This clustering is more
evident for QKT at v = 3, as shown in Fig. 11 (see Ap-
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FIG. 6. Histograms of P(M) for increasing system size, from left to right. In panels (al)-(a4), the kicking strength is set to
~v = 2.3. In panels (bl)-(b4), it is v = 2.6, and in panels (c1)-(c4), it is v = 3.

pendix B the gallery of states), where larger values of v
correspond to increased p. the fraction of chaotic com-
ponents, and a simpler structure of classical phase space.
Examining Husimi functions of the chaotic eigenstates
plotted in Fig. 5(al)-(a3), alongside the corresponding
SALI plot, a reduction in the area of the darkest blue
regions (with @,, < 10716) belonging to regular islands
can be observed. The most extended state shown in Fig.
5(a3), infiltrates into the regular islands due to quantum
tunneling, and exhibits a minor overlap with the outer
tori of the regular islands. The state with the maximum
overlap index, as plotted in Fig. 5(al), is strongly lo-
calized around and avoids the outer tori of the regular
region. Similar observation extends to another layer of
overlap index M ~ 0.5 for states illustrated in Fig. 5(b1)-
(b3), and to M ~ 0 in Fig. 5(c1)-(c3), except that the
most localized ones now live in the vicinity of the regular
islands, with smaller contribution from the chaotic sea.
Fig. 5(d1)-(d3) illustrate states from the bottom layer of
overlap index. Particularly, Fig. 5(d1) shows a state pre-
dominantly localized at a chain of regular islands, which
exhibits tunneling between these regular islands. In Fig.
5(d2), the state also resides in the vicinity of the regular
island, with visible stickiness surrounding it, appearing
more extended. The most localized state shown in Fig.
5(d3) is located exactly at the fixed points.

In summary, the joint distribution (£, M) offers a com-
prehensive overview of mixed-type QKT eigenstates. The
study of Husimi functions shows that, mixed states pre-
dominantly occupy chaotic regions with M > 0, flooding
into regular areas, while states concentrate in regular is-
lands with M < 0, displaying tunneling between them.

Furthermore, among states with a smaller overlap index,
the Wehrl ELM shows a narrower range.

B. The fraction of mixed eigenstates

In the semiclassical limit, it is expected that mixed
states gradually disappear in accordance with the Berry-
Robnik picture and PUSC. This is supported by the his-
tograms depicted in Fig. 6, which illustrate the dis-
tribution P(M) of the overlap index M as the system
size j increases, at different kicking strengths. As the
semiclassical limit is approached with increasing j, we
observe that: (i) Increasing values of j lead to a more
pronounced alignment of eigenstates with either regular
or chaotic clusters. Specifically, at v = 2.3, the kicking
strength closer to the integrability breaking at v ~ 2
the chaotic cluster centers around M =~ 0.8, correlating
with a much more complex phase space structure (see
Fig. 10 in Appendix B) and the possible classical par-
tial transport barriers [59-64]. (ii) Fluctuations among
intermediate values of M decrease as the system size j
increases. (iii) Increasing v enhances chaos and ., re-
flected in P(M) with a higher peak at M = 41 and
a lower peak at M = —1, and reduced fluctuations for
|M]| < 1.

Following these observations, to quantify the decay of
the fraction of mixed states with respect to the increasing

system size j, we define
XM:N(ME []\40,]\41])/]\[7 (20)

as the fraction of eigenstates within an interval of the
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FIG. 7. Decay of the fraction of mixed eigenstates x s with
respect to j, at three kicking strengths v = 2.3 (squares),
~v = 2.6 (circles) and vy = 3 (triangles). The mixed eigenstates
criteria here is M € [—0.9,0.5]. The dashed lines show the

power law decay of xar ~ j7¢.

overlap index My < M < M, given the total number of
states N = 2j+1. In Fig. 7, we show the case where M €
[—0.9,0.5] and plot xas as a function of j for different ~.
This behavior is well described (fitted) by a power-law
decay, xar ~ j ¢, with the power exponent ¢ being very
similar for different . Here, the range of j we considered
is expanded by two orders of magnitude compared to the
previous study [26], which only examined j up to 400,
resulting in substantially improved fitting.

The decay exponent ( certainly depends on the interval
we consider for M. The interval should not be too small,
lacking sufficient states for good statistics, or too large
to show little variation across different intervals. In Fig.
8, we illustrate the variation of the decay exponent when
considering small intervals M € [M —AM/2, M+AM/2],
with AM = 0.3, for different . The inset displays the
goodness of the best-fitting, indicated by R?, the coef-
ficient of determination. Disregarding a few imperfect
fittings, the data suggests a decay exponent range of
0.2 < ¢ < 0.45. Given the similar power-law decay ob-
served in the fraction of mixed eigenstates in both bil-
liards [23] and quantum Henon-Heilés system [58], along
with the Dicke model [65], we conjecture that this be-
havior is a universal property of mixed states, as the sys-
tem approaches the semiclassical limit. A more profound
open question is whether there exists an upper bound of
the decay exponent.

We emphasize that in Ref. [22], the hierarchical states
were introduced as a new class of eigenstates in mixed-
type systems, distinct from the regular and chaotic ones.
These states, observed in the quantum kicked rotor with
much simpler phase space structure, predominantly live
near the regular islands, with only a minor contribution
in the main part of the chaotic sea. They also demon-
strate a power-law decay A% (« > 0), attributed to the
transport properties associated with stickiness between
regular islands and the chaotic sea. From this definition,
the hierarchical states mostly are highly localized states
as shown in Fig. 5(bl), (c1), (d1) (or the same labeled
states in Fig. 10-11). While the overlap index captures
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FIG. 8. Power-law decay exponent ¢ for M € [M —

AM/2, M + AM/2], with AM = 0.3, across different inter-
vals. The inset shows the goodness of all best-fittings, indi-
cated by the coefficient of determination R?.

all the mixed states across different degrees of localiza-
tion, it is influenced also by the flooding of chaotic sea to
regular islands or the tunneling between regular islands,
not directly related to the effects of classical stickiness.
So it would be interesting to study the behavior of mixed
states in systems without classical stickiness, like certain
lemon billiards [66, 67].

V. CONCLUSIONS

In this work, we employed the Krylov subspace tech-
nique to generate spin coherent states, thereby extend-
ing the investigation of the statistics of Husimi functions
of eigenstates in the kicked top, a prototype model for
studying quantum chaos. Notably, we explored system
sizes up to j = 23, a significant advancement compared
to previous studies of Husimi functions limited to j in
the range of a few hundred. We examined the transition
to chaos in both classical and quantum case. All the in-
dicators show a good quantum-classical correspondence,
specifically the mean Wehrl entropy localization measure
in the statistics of eigenstates. With this new spin coher-
ent states generating method, we also demonstrated that
the mean Wehrl entropy localization measure of the fully
chaotic quantum kicked top, which follows the COE spec-
tral statistics, approaches the CUE value as the system
size j increases, which is surprising [50].

More importantly, in the case of a mixed-type kicked
top where regular islands and chaotic sea coexist in the
classical compact phase space, we examined mixed eigen-
states using a joint distribution of the overlap index M
and Wehrl localization measure £. M = +1 indicates
chaotic states, while M = —1 indicates regular ones. We
extended the study of mixed eigenstates with |[M| < 1 in
our previous investigation [26] from j = 400 to j = 213,
confirming the power-law decay of the fraction of mixed
states across two orders of magnitude in j. This provides
supporting evidence for the PUSC and the Berry-Robnik
picture in the semiclassical limit. Based on this result
from quantum kicked top, and similar results from other



models [23, 58, 65], we conjecture that the power-law de-
cay is a universal property for mixed eigenstates. This
hypothesis merits further theoretical scrutiny.
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Appendix A: Mean ELM in integrable QKT

In Fig. 3 we have shown that the mean Wehrl ELM (L)
of KT maintains a value equal to the mean Wehrl ELM
of the unperturbed Hamiltonian (L) ;_, for v < 2, which
is almost integrable. Fig. 9 shows that at v = 1, the
mean Wehrl entropy (S) ~ % In N and accordingly in the
inset (£) ~ N~1/2. When contrasting with the uniformly
chaotic systems where (S) ~ In N and (L) ~ 1, the dis-
tinction between integrable and chaotic cases becomes
apparent (see Fig. 4 for the behavior of (S) and (L) at
~v = 8). In integrable regimes, eigenstates tend to cover
a thin band around a circle on the sphere, whereas in
chaotic regimes, eigenstates exhibit delocalization across
the entire sphere [24].
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FIG. 9. Mean Wehrl entropy (S), versus N = 2j+ 1 for QKT
with v = 1 and a = 11x/19. The inset is for mean Wehrl
ELM (L). The dashed lines indicate the best fittings.

To derive the scaling of the mean Wehrl entropy of J,,
it is first necessary to prove that (S); = (S),.. While

eigenvectors |j,m), of J, is a unitary transformation of
eigenvectors of J,, i.e. the Dicke basis |j, m), as

|j7 m>x = eXp(—iWJy/2)|j, m>
= R(-m/2,0)|j,m) = _d .. (7/2)|m’), (A1)

where R(6,¢) is given in Eq. (11a), &/ ,(f) is the
Wigner d-matrix. Moreover, R(w,0)|j,m) = |j,—m)
while R(m, 0) K is the conventional time-reversal operator

and K is the complex conjugation on Dicke basis. The

summation of the mean g-moment of Husimi functions of
all the eigenvectors of J, can then be written as

JIV;W?), = 4;; [ 5106, ol m). P
2q
= 417T;/dQ’UJRT(9,¢)R(—72T,0)|j,m) , (A2)

where dQ2 = sinfdfd¢p, and N = 2j + 1. Following Eq.
(11b), we can further expand Eq. (A2) with the prop-
erties of the Wigner d-matrix: d’ , ,(0) = d’,,.(—0) =

(—1)m/_mdfn,m(0), for integer ¢. It yields
i 2\—j 2.7 % j—m' 37 E 2q
w2 el S, 2,) e G
== [anlavie () e

4 — Jj+m

m/’

_ 1 2 L (a)
—M;/MWWMW—N;WM

Considering the equivalence of mean g-moments, we es-

tablish that (S),, = (S).., as S} =t InW %), While

for Dicke states, it was proved that [68]

(A3)

2 _ 2j . .
Simy = 5+ 1 In (]_m> +250(25+1)
—+m)PG+m+1) = (G —m)¥(G —m+1), (Ad)

where ¥(z) denotes the digamma function, and obviously
Smy = S|—m)- Therefore,

1 2 .
(S)s, = N P Im) = T In(25)! + 27 By;
2 . .
F e S G =GB (A

where B, = 2221% ~ Inn + .. Applying Stirling’s
approximation to factorials Inn! ~ nlnn + %n —n, for
j — 00, one then gets (S);. ~ 1InN. Consequently, the

mean ELM (L) scales as N~1/2, the same scaling as the
width of effective Planck cell j=1/2 oc N=1/2.

Appendix B: Gallery of states

Here, we provide additional examples of the joint dis-
tribution (£, M) for mixed-type QKT, along with repre-
sentative Husimi functions of eigenstates from different
regions of the parameter space, at two kicking strengths
v = 2.3 and 3, accompanied by corresponding SALI plots.
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FIG. 10. Analogous data as in Fig. 5, but for v = 2.3. The darkest blues in the plots of Husimi functions from (al)-(d3) show
the area where Q,, < 107'%. The most localized state (d3) precisely located at the (trivial) fixed point (6, ¢) = (/2,0), while
the state (al) of the maximum overlap index, is strongly localized around and avoids the outer tori of the regular region.

log,nSALI(t)
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FIG. 11. Analogous data as in Fig. 5 and 10, but now for v = 3. Compared with v = 2.3, in this case, the fixed point at
(0, %) = (7/2,0) becomes unstable, which is clearly shown in the SALI plot. Interestingly, the most localized state (d3) occupies

identical fixed points, akin to when v = 2.6.
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