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Abstract

We give a new proof of well posedness of the inverse modified scattering problem for the Vlasov—
Poisson system: for every suitable scattering profile there exists a solution of Vlasov-Poisson which
disperses and scatters, in a modified sense, to this profile. Further, as a consequence of the proof, the
solutions are shown to admit a polyhomogeneous expansion, to any finite but arbitrarily high order,
with coefficients given explicitly in terms of the scattering profile. The proof does not exploit the full
ellipticity of the Poisson equation.
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1 Introduction

The Vlasov—Poisson system describes the evolution of an ensemble of collisionless particles, interacting via
a collectively generated gravitational or electrostatic potential force. The system on R?, in the electrostatic
case, takes the form

Xsf =0, (1.1)

Busoltia) = ota).  oftr) = [ Fltaphip, (1.2

where f: I x R? x R® — [0,00), and ¢, 0: I x R® — R, for a suitable interval I C R, and the operator Xy is
defined by, _
X¢ =0 +p'0yi + 8961'(}5(15, 3:)81)7.

This article concerns the inverse scattering problem for the system (LI)—(L2). The first main result is a
new proof of the existence of future-global solutions which scatter in the modified sense to a given asymptotic
profile.

Theorem 1.1 (Inverse modified scattering map). For any smooth compactly supported function foo: R3 x
R? — [0,00), there exists Ty > 0 and a smooth solution f: [Ty, o0) x R x R? — [0, 00) of the Viasov—Poisson
system such that, for all z,p € R3,

Jim f(t, 2 +tp —1ogt Voo (p), p) = foo(x,p), (1.3)

where ¢oo 1S the unique solution of

Adoo(p) = 000(P);  doo(p) 20, aslp| 200, 0co(p) = - . foo(@, p)da. (1.4)

Theorem [[1] was first obtained by Flynn—Ouyang-Pausader—Widmayer [9], using a proof based on a

certain pseudo-conformal inversion of Ry x R3 x Rg. Theorem [[.T] has also recently been generalised to the
Vlasov—Maxwell system independently, with a different method, by Bigorne [3].

Remark 1.2 (Modified scattering). For free transport (namely if [ solves ([(ILI)) with ¢ = 0), the quantity
flt,xz+tp,p) is independent of t. We would say that a solution f of Viasov—Poisson scatters to free transport
if this quantity was to converge to a function independent of t ast — co. We say that the solutions of Theorem
[7 scatter in a modified sense in view of the presence of the logarithmic correction involving Ve in (L3).
See Figurell for a comparison of the trajectories t — x+tp—logt Ve (p) with the free trajectories t — x+1p.
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t— (t,x + pt — log(t) Voo (p))

RS

Figure 1: Trajectories of particles with initial position x and momentum p in the potential ¢.

Our proof of Theorem [[LT] proceeds by constructing suitable approzimate solutions to (LI)—(L2). These
are polyhomogeneous expansions of the form

e (logt)!
fuatzp) => > tgk fri(z —tp+1logt Voo (p),p), (1.5)
k=0 1=0
1 K k 1 1 1 K k 1 1
duglta) = 23S BB (B g = £33 U8, (), (16)
k=0 1=0 k=0 1=0

which are determined explicitly from the scattering profile fo, alone. In fact, we show that these approximate
solutions provide a detailed description the asymptotic behaviour of the solutions in Theorem [Tt

Theorem 1.3 (Polyhomogeneous expansion of modified scattering solutions). For any smooth compactly
supported function foo: R x R3 — [0,00), there are sequences of smooth compactly supported functions

fer: RP xR® - R, Bri, 0r0: R — R, fork=0,1,2,..., and 1 =0,...k,
defined explicitly in terms of foo, with

fo,0 = foos 00,0 = 0oos 0,0 = Poos

such that, for any K € N, there exists Ty > 0 such that the solution (f, 0, ) of Theorem [l satisfies, for all

logt Ko
where fix is given by [LH), and with ¢k and pix| given by (LG),
log t)K+1
V(2. ) ~ Vot )| < CroFi IBD (18)
log t)K+1
ot ) — oy ()] < CreFie 5 (19)



where Cg > 1 is constant depending on K, and Fx is defined in terms of the L? norm of fs, along with
the L? norm of a large number (depending on K ) of derivatives of fo. Similar statements to (I7)—(L3)
hold for, appropriately weighted, higher order derivatives.

Polyhomogeneous expansions of the form (7)) have also very recently been obtained independently,
in a closely related setting, by Bigorne—Velozo Ruiz [4]. See Theorem [[.8 below.

While the explicit expressions for g, ¢r; and fi; are given in the proof of Theorem F.]in Section A4
below, we will discuss the constructions for K = 0 and K = 1 in detail in Section[[.3l The proof of Theorem
[[Tlis based on the existence of expansions of the form (7)—(T9), and thus the proof of both Theorem [I]
and Theorem are established together.

A similar approach, of using approximate solutions to finite order, has been used to obtain inverse scatter-
ing results for nonlinear wave equations in [I4]. Homogeneous asymptotics as in (LL0), and their implications
for the scattering problem for wave equations have recently been considered in [I5]. For another recent
example in general relativity, of the broad strategy of using sequences of increasingly better approximate
solutions to prove existence of solutions of an inverse scattering-type problem, see [10].

Remark 1.4 (Motivation: elliptic and hyperbolic field equations). A motivation to give a new proof of
Theorem[I1lin this paper is to illustrate a method which can be applied to other collisionless kinetic equations,
such as the Viasov—-Mazwell and Einstein—Vlasov systems. In contrast to the ellipticity of the Poisson
equation, the field equations in each of these two examples are, appropriately interpreted, hyperbolic. As
such, we have elected not to utilise the full ellipticity of the Poisson equation in the proof of Theorem [ 1. In
concrete terms, this means that the estimate (Z2) below — which has appropriate analogues for hyperbolic
operators — is used, but not the estimate [23]). We have also chosen, for this reason, to base the proof of
Theorem [I1l entirely on L? estimates.

Remark 1.5 (Simpler proof for small scattering data). The proof given in this paper simplifies considerably
if the scattering profile foo is further assumed to be suitably small. In this case, an approrimation to order
K = 0 suffices; see discussion in Section[L.3.2 below.

The final main result concerns the uniqueness of the solutions of Theorem [Tl which is shown to hold
in the class of solutions agreeing with the polyhomogeneous expansions of Theorem to sufficiently high
order.

Theorem 1.6 (Uniqueness of modified scattering solutions). For any smooth compactly supported function
foo: R3 X R3 — [0,00), the solution (f,0,¢) of Theorem[I1l is unique in the class of solutions which satisfy
an expansion of the form (L) to sufficiently high order.

The work [9] also provides a uniqueness statement as in Theorem[L.@] but without requiring the restriction
to the class of solutions which a priori admit expansions of the form ().
For a more precise statement of Theorem [[LT} Theorem [[L3] and Theorem [[.G], see Section [3] below.

1.1 Scattering results and the small data regime

It is well known that solutions of Vlasov—Poisson ([LT)-(L2), for which f|;—¢ is appropriately small, scatter in
modified sense, meaning that there exists a function f.,: R?xR3 — [0, 00) such that (L3) holds. This insight
is due to Choi-Kwon [6], and an alternative proof was later given by Ionescu—Pausader—Wang—Widmayer [13].

Theorem 1.7 (Modified scattering for solutions with small Cauchy data [6,[13]). For any function fo: R, x
R, — [0,00) which is suitably regular and small, in an appropriate norm, there exists a solution (f,o, })
which exists globally in time, attains the Cauchy data, f(0,-,-) = fo, disperses as t — oo and scatters in a
modified sense. More precisely, there exists a function foo: RS x RS — [0,00) such that [L3) holds for all
x,p € R3.

The part of Theorem [L7 concerning global existence and dispersion is a classical result of Bardos—
Degond [I], for which there now exists a number of alternative proofs and improvements [7, 1], 23] 24],



and has been generalised to certain large dispersive solutions [2I]. Theorem [[L7] has also been generalised
to higher dimensions by Pankavich [I8] (see also Remark below), and to the Vlasov—Maxwell system
by Bigorne [2] and Pankavich-Ben-Artzi [I9]. Furthermore the very recent work of Bigorne-Velozo Ruiz
[4], completed independently, provides a detailed description of the asymptotic behaviour of the solutions of
Theorem [I.7

Theorem 1.8 (Polyhomogeneous expansion for solutions with small Cauchy data [4]). For any function
fo: RS x R% — [0, 00) which is suitably reqular and small, in an appropriate norm, there exist functions
fri REXRS 5 R, dpy, 060 R2 =R fork=0,1,2,..., and 1 =0,...k, such that the solutions of Theorem

[I7 admit polyhomogeneous expansions of the form (L1)-(T9).

A scattering theory for the system (CI)-(T2]) may be formulated in terms of the following questions:

(i) Ezistence of the forward modified scattering operator: For a given time Ty € R, for which classes of
Cauchy data fo = fli=7, does there exist a corresponding scattering state fo.? What can be said
about the forward scattering map Sg: fo +— foo?

(ii) Uniqueness of forward modified scattering states: Do solutions giving rise to the same scattering state
coincide, i.e., when acting on appropriate spaces, is the forward scattering map Sg: fo +— foo injective?

(iii) Asymptotic completeness of the forward modified scattering map: For every f,, does there exist corre-
sponding Cauchy data fc, i.e., when acting on appropriate spaces, is the map Sp: fo — fo surjective?

Theorem [[LT] addresses question (iii), and Theorem [[L6 concerns question (ii). In the small data regime,
Theorem [[LT] gives a resolution of question (i). Despite global existence results for general classes of Cauchy
data [I7, 20 22], question (i) remains open in general.

Due to the time reversibility of the system (LCI)—(LZ), a resolution of questions (i)—(iii) also provides
a resolution of the corresponding questions for the backwards modified scattering operator Sp: fc — f-o.
Such an f_ o : (—o0, =Tp] x R? x R? — [0, 00) satisfies, for all z, p € R3,

i f(t x4 tp—1ogt Vo oo(p),p) = f-oo(,p), (1.10)

where f: (—oo, —Tp] x R? x R3 — [0,00) is the unique solution of the Vlasov—Poisson system attaining the
Cauchy data fc, and ¢_ is the unique solution of (L), after replacing fo, with f_ .

Remark 1.9 (Time reversed analogue of Theorem [[Tl). The time reversed analogue of Theorem [I1l states
that for any smooth compactly supported function f_..: R3 x R® — [0, 00), there exists Ty > 0 and a solution
fi (=00, —Tp) x R? x R? — [0,00) of the Viasov-Poisson system such that, for all z,p € R3, (LIQ) holds.
Similarly, expansions of the form ()-(L3) hold for (t,x,p) € (—oo, —Tp] x R3 x R3.

One can also ask analogous questions of the full modified scattering operator S: f_o — foo:

(iv) Ezistence of the full modified scattering operator: For which classes of past scattering states f_o, does
there exist a corresponding future scattering state foo? What can be said about the full scattering
map S: fooo > foo?

(v) Uniqueness of full modified scattering states: Is the full scattering map, when acting on appropriate
spaces, S: f_oo > foo Injective?

(vi) Asymptotic completeness of the full modified scattering map: Is the full scattering map, when acting
on appropriate spaces, S: f_o — foo surjective?

In the small data regime, affirmative answers of questions (iv)—(vi) are due to Flynn-Ouyang-Pausader—
Widmayer [9].

Alternatively, in view of the time reversibility, Theorem [[.I] can also be combined directly with Theo-
rem [[.7] to answer questions (iv)—(vi) in the affirmative, under the additional assumption that f_. is small:



For any smooth compactly supported function f_..: R3 x R?® — [0,00), which is small in an appropriate
sense, there exists a smooth compactly supported function fs: R?® x R® — [0,00) and a smooth solution
F:RxR? xR3 — [0,00) of the Vlasov—Poisson system ([LI)-([2) such that both (L3 and (CI0) hold.
Moreover, the function f. is quantitatively controlled by f_o.

Finally, we remark that there have been previous “scattering constructions” for Vlasov—Poisson where
the spatial domain is the torus [5] [12].

1.2 Further remarks on the main results

Before we turn to the proof of Theorem [[LJ] Theorem [[L3, and Theorem [[.G] several further remarks are
given:

Remark 1.10 (Repulsive sign not relevant). The proof of Theorem [I1 makes no essential use of the
repulsive sign of the nonlinearity in (LI)-(C2) and thus equally applies, with the obvious modifications to
the statements, to the gravitational Vlasov—Poisson system, i.e. the equation

atf +pzazlf_aml¢8plf =0,
coupled to equation ([L2). Attention is restricted here to (LI)-([L2)) in order to ease notation.

Remark 1.11 (Convergence to scattering data). The convergence ([L3) is shown to in fact hold in a much
stronger sense, with a quantitative rate. In particular, see already the estimate (7)) with K = 0. See also
equation B8) in Theorem [3] for a stronger statement.

Remark 1.12 (Finite regularity). The function fo, in Theorem[I1lis assumed, for simplicity, to be smooth.
The proof also holds, however, for far rougher fo (for example for fo lying in a suitable Sobolev space). No
attempt has been made to optimise the reqularity requirements here.

Remark 1.13 (Higher dimensions). The proof of Theorem[I1l can be adapted to the case of d+1 dimensions,
for d >4, to obtain solutions of Viasov—Poisson which scatter to free transport, i.e. which satisfy

Jim f(t, @+ tp,p) = foo (2, ), (1.11)

for all x,p € R3. The proof, in fact, simplifies considerably, and the 3+ 1 dimensional case should be viewed
as critical, in a certain sense. The borderline t—' behaviour discussed in Section [[.3.2 below is replaced by
integrable >~ behaviour (meaning that, for f(t,x,p) = f(t,x,p) — foo(x — tp,p), inequality (L3T) becomes
E(t) < ]—'ftTf s79T2E(s)ds + Ft=3), obviating the need for the approzimate solutions (L3)-([L8) in the
proof. Recall that the analogue of Theorem [I7 in higher dimensions, where the solutions satisfy (LII)), is
due to Pankavich [18].

Theorem [I.3 also generalises to higher dimensions to give expansions of the form

1 1
) =3 e hile -0+ O ).

k=0

1 1 1 1 1
o(t, z) —dZ ké’k( )+O<th+1>v Vot z) =t—Z—kV¢k ( >+O(td+K)

Remark 1.14 (Voo (p) vs Voo (F)). As will be seen in the proof, in the context of Theorem [L1, p and

X

Z are comparable in the support of f and thus, in the argument of the elements of the expansion (LT,

x—1tp +logt Voo (p) can be replaced with x —tp +1ogt Voo (F), at the expense of further terms (involving
further logt corrections) in the summation ().



Indeed, one sees that further terms are necessary in such an expansion in view of the following fact. Since
foo, and hence ¢oo, is smooth and, as will be seen in the proof of Theorem [l x — tp + logt Voo (p) is
uniformly bounded in the support of the solution, it follows that

foo(x— tp+1ogtv¢oo(%),p) = foo(® — tp+10gt Voo (p), D)

n (logt)

030 P)0:036 1) O )~ 1+ o5t T p).9) + O (21 )

Thus, if v —tp+logt Voo (p) is replaced with x —tp +logt Voo (7) in the argument of the elements of the

(log t)?
t

expansion, it is necessary to include a term in the expansion (which is not present in (1) ).

Remark 1.15 (Convergence of the series). Under alternative assumptions on fo, such as analyticity, one
may hope to show that the infinite series

oo k
Sy ™ (08 1)' & (& — tp+ logt Vo (v). ).

k=0 1=0

converges to the solution of Viasov—Poisson of Theorem [Tl Such convergence is not considered here.

1.3 Overview of the proof

In this section an overview of the proof of Theorem [[T]is given. As noted above, the proof of Theorem [[.3]is
established at the same time. The approximate solutions of Theorem [[L3] are discussed in Section [L31] and
in Section it is outlined how the approximate solutions are used to prove the existence of a solution of
attaining the scattering data f.,, which moreover agrees with the approximate solutions to increasing order.

1.3.1 The proof of the main results — the approximate solutions

In the logic of the proof of Theorem [I1] the first step is to give explicit definitions of the functions fx 1, ¢k,
0k, in terms of foo. Each ¢y is defined in terms of the corresponding gj,; as the unique solution of the
Poisson equation

ARS(;S;CJ = QOk,1, qﬁk,l(w) — 0, as |w| — 00, (1.12)

for which there is a well known representation formula for solutions, and so it remains to define fi; and g ;.
Given such functions define fix), 0k, and @[], for each K > 0, by (LI)-([LE). The functions
(fix)> 0[k]» ¢1x)) are said to be an appmmmate solution of order K if, for each x,p € R3,

logt)'+K logt)X
Xy J1r) (2, p) = O((tT)K> /RS T (2, p)dp — o) (t, @) = O(%) (1.13)

The functions fy, and gy are defined simply by inserting the expressions (LH)—(L0) into the Vlasov—
Poisson system (LI)-(L2) as an ansatz and solving order by order so that (f{xJ, 0[], $[k]) is an approximate
solution of order K. Remarkably, after inserting these expressions, though o ; appears in the expression
for fi:, the quantity fi; does not appear in the expression for g,; and so each quantity can be explicitly
defined. In order to illustrate the procedure, the cases K = 0 and K = 1 are presented here explicitly. The
full details are given in Section[d See, in particular, Theorem 1]

The fact that each approximate solution (fix], ¢[x], 0|x]) agrees with the true solution to order K is only
later shown, as part of the proof of the existence of the true solution (see the discussion in Section
below).

In order to simplify expressions, the notation

y=y(t,x,p) =z —tp+logt Voo (p), (1.14)



is used. Since f is compactly supported, the function y is uniformly bounded by a constant M > 0 in the
support of f and in the support of fix for all K > 0. In particular, it follows that, if Ty is suitably large,

ly(t,z,p)| < M, |x| < 3Mt, [p| < 2M, in supp(f) and supp(fix))- (1.15)

For fixed p and y, the trajectory t — y + tp — logtVd is as depicted in Figure[Il Fixing y and p can be
viewed as identifying a particle trajectory in phase space.
It follows from (LIH) that, for each t,z, the p-supports, supp(f(t,z,-)) and supp(fix(t, z,-)), are con-

tained inside a ball centred at ¢ + lotgtqﬁoo(%) with a radius of order t~1 (cf. (LIY) below) and so

1
,/]]{3 ]lsupp(f)(tuxup) + /]1&3 ]lsupp(f[K])(tvwap)dp 5 t_g (116)

It also follows that the right hand sides in ([LI3]) also satisfy the support properties (L15).

For functions h: R3 x R® — R, such as the functions fy, for i = 1,2, 3, the notation d,:h is always used
to denote the derivative with respect to the i-th component, and the notation 0,:h is used to denote the
derivative with respect to the ¢ + 3-th component.

The case K =0

It is convenient to first consider the case K = 0. Defining

f0,0(yap) = [ (yap)a Q0,0(w) = O (w)7

so that
1 T 1 T
f[O](tvxup) = fOO (y(t7x7p)7p)7 (ZS[O](tu:E) = g(boo (;) ) Q[O](tux) = t_ggoo (?) y
with y(t, x, p) defined by (LI4), we check that (LI3]) holds for K = 0. One computes
1 x
Ko F10)(t2,0) = 7 (9i000(p) = 06 (T ) ) (O Foc) (4 ) (1.17)
logt x 1 x
+ t—zaj¢oo (?)6zaj¢oo(p)(am1foo)(yup) + t_gaz(boo (?) (6;0I foo)(yup)
For y in the support of foo, so that (LI5) holds,
x M logt||Veeol Lo
iPoo| 7| — Oi%o < V2ooll Lo ( — + 222, 1.1
sp (090 (5 ) = 9idep)] < 1920l (T + =55 (1.18)

which ensures that there is a cancellation in the first line of (LI7) and one indeed has

logt
Xy flo1(t; 2, p) = O(t—2)

For ¢ suitably large, the expression (LI4]) can be inverted to give p as an implicit function of ¢, z,y, and
so one moreover checks

[tttz = o (5) = [etwmae Lay+ 5 [ 1 (5 F) =0 (%), a9

where the uniform boundedness of y, and fact that det g—z is equal to —t 3 to leading order (see Proposition
below), has been used.



The case K =1
Consider now the case K = 1. Recall fj;j and ¢py; defined by (L3)-(LG), so that

logt 1 1 x logt x 1 x
ot z,p) = fooly, p) + Tfl,l(yap) + Zfl,o(yap), op)(t,x) = ¥¢oo (?) + t—2¢1,1 (?) + t—2¢1,o (?) ,
for some smooth functions f1 1, f1,0, ¢1,1 and ¢1,0. Revisiting (II7) one sees that, in order to ensure that

Xo fuy(t, @,p) = O((lotg—3t)2), it is necessary to not only exploit the cancellation (LIf]), but to moreover

take into account the higher order terms in an expansion (whose coefficients are functions of y and p) for
Voo (2/t), in the region |y| < M. Replacing x/t using the expression (ILI4]), and Taylor expanding around
p, one computes, for |y| < M,

Vo(t,2) = 5 Vo () + 5 (V01.1(0)~ T () V20 0) 35 (Vor000) - P ) 40 (L5 )
(1.20)

It thus follows that

(logt)? ) log t

Ko fy(t, 2, p) = (9< 3 t 0 [ — [11(y,p) = (8:01,1(p) — 20; ¢ () 010 P (p))(azifoo)(y,p)}

425 [1000) ~ F1000:9) — (0:610(0) + 9700650 (1)) (Ot foc) () + Do (P) Oy o) 1)

and one sees that the former of (LI3]) holds for K = 1, provided the functions f1 1, f1,0, ¢1,1 and ¢1 o satisfy

J11(Y,p) = (20;000 (p)0:0; b0 (p) — 0i91,1(D)) (O foo) (4, D), (1.21)
fro(.p) = fr1(y,p) — (8i61,0(p) + 47 0:0;000(P)) (D foc) (Y, P) + Dithoc (P)(Oyi foo ) (y, D). (1.22)

Once p1,1 and 91,0 — and hence ¢1; and ¢ — have been defined, fi; and fi ¢ will indeed be defined
by (L2I) and (L22) respectively. Observe that, regardless of how ¢ 1 and ¢; are defined, the terms in
(C21)-([C22) involving the functions ¢1,; and ¢1 0 vanish upon integration in y:

/ fra(yp)dy =0, / Fro(y, p)dy = Adoo(p) / Foo(y,p)dy + Bi60 (1) / (O foo) (. p)dy. (1.23)
R3 R3 R3 R

3

This observation is returned to below.
Turning now to the latter of (ILI3]), one similarly sees, upon revisiting (IL.I9), that it is necessary to not
only exploit the fact that det g—z is equal to —t~3 to leading order, but to moreover take into account higher

order terms in an expansion for det g—z. One computes
1 logt

op B x (logt)?

for |y| + |x/t] < M. Similarly one has (recalling that (II4) can be inverted to give p as an implicit function
of t,z,y), for |y[ + [x/t| < M,

Pttt = e (1:5) + 2000 (5) et (0.5) - s () - o 55

Recall now o) defined by (LG), so that

1 x logt x 1 x
Q[l](tax) = t_ggoo (?) + t—4Q1,1 (?) + t—4Q1,0 (?) )



for some smooth functions g1 ; and ;0. It follows that
8 fuy (8, p)dp — opy(t, )
= o () Lo ) ars0n (5) [ 1 (0 ) -0 (5) [ 00501 () ]
i [ (e Lo (o5 [ (nF)a] - o 5T)

The latter of (II3) then holds if

o11(w) = — [ fuay,w)dy — Adoo(w) / Foo(y,w)dy + Biboo (0) / O fo) o)y, (1.25)
R3 R3 R3
ero(w) = = [ frolwmwddy+ [ 5@t 0y (1.26)

Thus, (f1, 0117, ¢17) is an approximate solution of order 1 if fi11, f1,0, 01,1, and g1,0, satisfy both (L2T)—
(C22), and ([C25)-(C20). Remarkably, as noted above, the terms involving ¢ 1 and ¢1,0 in (C2I)-(T22)
vanish upon integration in y and thus, when the integrated expressions ([23)) are inserted into (I2H]), one
obtains explicit expressions for g; 1, and 91 0:

01.1(0) = ~Bboc(w0) [ Frltpw)dy = Ooc) [ (O o)) (1.27)
e100) = ~Bboc(w) [ frlnw)dy =) [ O fdww)dy+ [ 5O mw)ds. (129

RS
One therefore defines g1 1 and 91,0 by (L27) and (I28)) respectively, and then defines f11 and f10 by (L21)
and ([L22)) respectively (recalling that ¢ 1 and ¢y are defined explicitly in terms of p; 1 and g1, as the
unique solutions of the Poisson equation (LIZ)).

The case K > 2

For K > 2, one proceeds inductively by similarly inserting the expressions (LH)—(L8]) into the Vlasov—Poisson
system (LI)-(LZ2) as an ansatz and solving for fy;, and g, order by order so that (fix, o[x], ¢[x]) is an
approximate solution of order K. Higher order analogues of the steps discussed in the K = 1 case above are
required. These steps form the content of Section Hl

In Proposition [4.2] a higher order analogue of the first order expansion (L20) for V¢ is given. The
coefficients of the expansion for Vo, are denoted Wy, ;.

In Section (see [A22)—-([@23)) higher order analogues of the explicit expressions (LZI)-(22) for
fry are given in terms of Wy, (which are in turn given explicitly in term of ¢ in (AI0)-EII)) and in
Proposition it is shown that, if these expressions are satisfied for all 0 < k < K, 0 < [ < k, then the
former of (LI3]) holds. Moreover, an analogue of the observation (L.23]) — namely that, upon integrating
the expression for fj; with respect to its first argument, the terms involving ¢y, ; all vanish and only terms
involving ¢y 17, for K’ < k — 1, remain — persists to higher orders. See Remark .4

Turing again to the latter of ([LI3)), one sees that a higher order analogue of the first order expansion
([24)) for det(dp/dy) is required. Such an expansion is given in Proposition[L.6 where the coefficients of this
expansion are denoted Ji ;. Higher order analogues of the expressions (L25])-(L26) for o, are then given in
terms of fr; and Ji ;. See [@38)-(L33). The analogue of the observation (L23)), discussed in Remark 4]
means that these expressions, together with the expressions (L22)—Z23)) for fx,, define each gx,; and fx,
explicitly. In Proposition L8 it is then shown that, with these definitions, the latter of (LI3) holds.

The reader is referred to Section [] for more details.
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1.3.2 The proof of the main results — existence of the solution

The existence part of the proof of Theorem [IT] proceeds by considering some arbitrarily large time 7', and
considering an associated “finite problem” for each such time. One defines “final data” at time ¢ = T to
coincide with the approximate solution fx)(T},-,-) (discussed in Section [L3.1):

Fle=zy = fuc)(Ty ), (1.29)

for some sufficiently large K, to be determined later. One then shows that the corresponding solution of
Vlasov—Poisson exists on the interval [Ty, T¢], for some T which is independent of Ty. The main step in
the proof is in establishing uniform estimates for the solution on this interval, with constants independent
of Ty. Once such estimates have been established, the proof of the existence of a solution on [Ty, o) follows
from considering, on their common domain, the differences f(77) — f (T#) of such solutions corresponding to
different final times 7'y < T', and showing that such differences vanish in the limit 7y — oo (see Section [f).
The prescription (L29), for each Ty, ensures that the limiting solution on [Ty, co) attains the scattering data
foo in the sense (3.

The solution is not estimated directly but, for some fixed appropriate K > 0, the quantity

f[K](tvxvp) = f(t,x,p) - f[K](tvxvp)a

is considered, where fi is the approximate solution discussed in Section [L31] (see equation (LH)). This
quantity satisfies an inhomogeneous equation of the form

Xofik) = Flx)s (1.30)

where

M>7 (1.31)

Fig) = =Xy fix) = =001 (¢ — d1x1)0pi f1x) + 0( TR

by virtue of the fact that (fixj, o[k, ¢[k]) is an approximate solution of order K (see (LI3)). The definition
(C29)) of the “final data” ensures that

fua)(Ty,2,p) = 0, (1.32)
for all z,p € R3. For fixed N > 6, L? based energies of the form

N

Ery(t) = Z 1L (¢ 8p)” iyt )l L2 L2 (1.33)
[T|+|J|=0

are considered, where I, J are multi-indices and L is an appropriate collection of vector fields (see Section
23 below).

In the remainder of this section, the estimates for f[K] via the energy (I33)), on the interval [Ty, TY]
are outlined. After describing the procedure for obtaining L? based estimates, the case that f., is assumed
to be small, in an appropriate sense, is discussed. When f., is assumed to be appropriately small, it is
only necessary to consider the energy (L33]) for K = 0 (and the thus the approximate solutions (L5])—(L6)
are only considered up to order zero). It is helpful to present first this simpler case. The case for general
foo is then presented, which involves considering the energy ([33) for K suitably large, depending on an
appropriate norm of f.

For simplicity, only the estimate for the energy (L33) with N = 0 is discussed in the present overview.
In the proof of Theorem [[1]it is important, however, to estimate derivatives of f and, in order to control
the nonlinear terms arising from commuting the equations, derivatives up to order N > 6 are estimated.
As noted above, a collection of vector fields {L1, Lo, L3}, are introduced. These vector fields are defined in
terms of the scattering profile ¢, so as to have good commutation properties with the Vlasov equation. See
Section

11



L? estimates

We have chosen, in this work, to make all estimates L? based (see Remark .4 and note further the simplicity
with which (L34) and ([[33) are derived). For any smooth, suitably decaying function f, and any smooth
¢, one has

atf2 +plawlf2 + aml¢ap1f2 = 2fX¢f7

and, since the second two terms on the left vanish after integrating in x and p,

Ty
19 Mazag ST lazn + [ 1%ed o, g (1.34)
t
Moreover, for any smooth function ¢, multiplying A¢ by ¢ and integrating by parts gives,
[ 1wokde =~ [ onods < ol lradlzo S V62 lradlse
R R

where r(z) = |z|, and a Hardy inequality (see Proposition 2] below) is used in the last step. Thus, if A¢ is
supported in the region |z| < ¢, one has

IVo(t, iz S tIAG(E, )|z (1.35)

Small f,, and the case K =0

One already sees the utility of the quantity f[ K] for K = 0, in that f[o] leads to an estimate for f, independent

of Ty, provided fo is small in an appropriate norm. Indeed, define f= f[o], and consider the equation (L30)—
(L3I). The approximate solution fig has the property that, for all ¢ € [Tp, TY],

1
swp ([ Woufattp)Pdn)” <ot (1.36)
zER3 R3

where F is a constant depending on an appropriate norm of the scattering data f... The final term on the
right hand side of (31 is supported in (ILI5) (and so in particular satisfies (LI6])). Hence

()

Applying the inequality (C34) with f and setting K = 0 in the final condition (I32), it follows that the
energy &£ = &), defined by (L33) with N = 0, satisfies, for all Ty <t < Ty,

pmgf?< (1.37)
zp

. T T . log t Ty log t
E05 [ WA lzds SF [ 5 HITablolads + FEL S F [ s ot pads+ FOE
t t t

where the last step uses (35). Using the Cauchy—Schwarz inequality and the fact (II6), it follows that the
energy £(t) satisfies, for all Ty < ¢ < T,

S@gf/ngﬂ%+f- (1.38)

S =’

where F is a constant depending on an appropriate norm of the scattering data f.,, and the — in ¢!~
indicates a logarithmic loss. The Gronwall inequality (see Proposition [2.6) then implies that

5 FooF Mo
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If F is sufficiently small — which can be achieved by making the relevant norm of the scattering profile f
suitably small — then this inequality gives

; F+ F?
E(t) < i

as desired. For larger F, however, this inequality fails to provide an estimate for & (t) which is uniform in
Ty.

General f,, and the case K > 1

In order to obtain uniform estimates of the solution without assuming any smallness on the scattering data
foo, one considers the energy &k (t), for general K > 0. Consider the equation (L30)-(L3T).
The approximate solution fix) retains the property (L30), i.e. for all ¢ € [Ty, TY],

1
2 _1
sup (/ |0p f12) (2, fc,p)Ide) <t F,
z€R3 R3

and, further, the final term on the right hand side of (L3T)) satisfies (L37) with (log#)'** /¢>*% in place of
logt/t?. Revisiting the steps above one therefore sees that the energy &k (t) satisfies an inequality which,
in the case N = 0, takes the form

. Ts Ex(s) F
(K]
(1) < ]:/t s ds + K+1=
(see the proof of Proposition B4 in particular equation (BI9]), for the inequality satisfied by S[K] (t) for
general N > 6). Note the improvement, compared to (L38). The Gronwall inequality (see Proposition [2.6])
then gives

x FoooF 1

Now, if K is chosen to be suitably large, with respect to F (and hence to the size of f), it follows that

. F 4 F?
Eix(t) < prenet

as desired.

1.4 Outline of the paper

Section [ concerns certain preliminaries, including various inequalities which are used throughout, along
with a collection of vector fields used in the proof of Theorem [[.Tland a discussion of their basic properties.
In Section [3 more precise versions of Theorem [[LT] Theorem and Theorem are stated. Section [4]
concerns the the functions fy i, ok, ¢r,1, which define approximate solutions of the Vlasov—Poisson system
(CI)—(@T2), as outlined in Section [3above. In SectionBla sequence of “finite problems” is introduced, and
the approximate solutions of Section ] are used to obtain estimates on the solutions of these finite problems,
as outlined in Section above. Finally, in Section [G the proof of the precise versions of Theorem L]
Theorem [[.3] and Theorem [}, stated in Section [ are given using the solutions of these finite problems and
the estimates obtained in Section
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2 Preliminaries

This section contains certain preliminaries which will be used throughout the remainder of the article. In
Section [Z.1] some functional inequalities, such as Sobolev and Hardy inequalities, are collected. Section
contains basic L? based estimates for the Vlasov equation and the Poisson equation. In Section
a collection of vector fields is introduced and their commutation properties with the Vlasov equation are
discussed. Further, a weighted Sobolev inequality, which features these vector fields, is shown. Finally, in
Section 4], conventions for the constants appearing in this work are stated.

2.1 Functional inequalities

Define the norms, for any smooth function h: R? — R,

[B]l o @sy = sup [A(z)],  [|Al|72s) :/ |h(z)|?de,
zER3 R3

130 ) = /|a“8;28” @Fdz, Wy = Y [ 1080303 s,

11,22,13=0 i1,i9,i3=k

Functions h: R® — R of both = and p will also often be considered and so, for emphasis, we also write
51y o= ey = [ [ o) Pdpda,
RS JR3

The first result is the following L>—L? Sobolev inequality.

Proposition 2.1 (L>°—L? Sobolev inequality on R?). There exists a constant C such that, for any function
h € H?(R3),
1 3
||h||L°°(R3) < CHthz(RS)HhHEz(Rs)'
Proof. First note that
7]l oo ey < RN L2rz) + 7]l o (gs))- (2.1)

Indeed, since h € H?(R?) the Fourier inversion formula holds and so, for any € R3,

x>|s/RB|f<5)|d£§(/Wlds)%(/|f<s>|2dé)§+(/lgl -ae)* ([ ierierae)”

The proof of ([21) then follows from the Plancherel formula and the fact that

/ €] 4de < oo,
[¢]>1

in 3 dimensions.
Now, for any A > 0, define
ha(z) = h(Az).
It follows that
_3 _1 1
[hallzz@s)y = A7 2| L2 (ws), ||h/\Hﬁp(R3) =AT2 ||h||ﬁ[1(]R3)a Hh/\”ﬁ]z(RS) = Az ||h||1f12(R3)=
and thus, applying (2I)) with h) in place of h,
_3 1
[Pl sy = [[hallLoegs) < CAT2[[hl[L2rs) + A2 Rl g2 (gsy)-

The proof follows from setting A = ||h||L2(Rfg ||h||H2 2%
0). O

(and noting that the inequality is trivial if ||A|| f2(re) =
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Remark 2.2 (Sobolev inequality with weighted derivatives). In the proof of the main results of this article
weighted operators of the form tV, will often be considered, and so the Sobolev inequality of Proposition [2]]
) x R3 - R,

will typically be used in the form, for any appropriate function h: [Ty,
3

% ||h(t7 ')”22(]1{3) Z ([ (£0,:0) (03 )t ')ng(Rs)

ij=1

3
= (I sy + D (E00) (100t Ve )

i,j=1

1
[t; M oo msy < CIAE ) L2 @ 1 (2 )IIHZ(RB) =

<

wlw| Q

where the final step follows from Young’s Inequality. See, in particular, the use of this fact in the proof of

Proposition [222.
Similarly, one has the following Sobolev inequality which can be applied to functions a: R3 x R? — R

L? Sobolev inequality on R%). There exists a constant C such that, for any function

Proposition 2.3 (L

a € HY(RS),
lall oo sy < CHaHLz RS) ||a||H4 @sy S Cllall e gs).-

Consider also the following Hardy inequality.

Proposition 2.4 (Hardy inequality on R®). For any function h € H'(R?)
|z|2h%dx < 4/ |Vh|?dz.
R3 R3

Proof. Consider polar coordinates (r,0',6%) on R?. For fixed (01, 60?), since h € H*(R?), there is a sequence
rn such that lim, o (rh?)(r,, 0%, 0%) = 0. Integrating 9,(rh?) between 0 and r,, and taking n — oo, it
follows that - -
0= / Op(rh®)dr = / h? + 2rhd,hdr,
0 0

and so, by the Cauchy—Schwarz inequality,
/ h2dr < 2(/ hzdr> (/ (8Th)2r2dr) .
0 0 0
The result follows after dividing by ( fooo h2dr) 3, squaring, and integrating over S2 O

The following form of Taylor’s Theorem will be used
Proposition 2.5 (Taylor’s Theorem). For any smooth function h: R™ — R, any xo € R™, and any K >0

K 1 .
Z E T — LL‘Q (LL' — ,To)zk (61'1 .. 81,6 h)(,To)
k=0
1 i i ! K
+ ﬁ(:zr —x0)" .. (x =)t [ (1 —=5)" (04, ... 0ig, h)(sT)ds,
: 0
where (z — x0)" € R denotes the i-th component of v — xo = ((z — x0)*, ..., (x — z0)") € R™.

Finally, the following Gronwall type inequality will also be used
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Proposition 2.6 (Gronwall inequality). Suppose 0 <T < Ty and v: [T,Ty] — R satisfies

Ty
v(t) < b(t) +/ a(s)v(s)ds,
t
for all T <t <Ty, for some a,b: [T,Tf] — [0,00). Then
Ty o
’U(t) S b(t) +/ (L(S)b(s)eft a(s’)ds dS,
t

forall Ty <t <T.

Proof. First note that

d

Integrating between Ty and t gives
Ty T ’ ’ Ty T ! !
/ a(s)v(s)ds e e Ta(shas < / a(s)b(s) eI T a(s"ds ds,
t t
and the result follows.

2.2 Elliptic and transport estimates
The following gradient estimate for the Poisson equation will be used.

Proposition 2.7 (Gradient estimate). For any function h € H?(R3),
VA2 S [[rAh] L2

Proof. Integrating by parts,
Vh|dz = —/ hAhdz < 7= b g AR 2,
R3 R3

where r(x) = |z|. The proof then follows from the Hardy inequality, Proposition [Z4]

Tf T T Tf T
— (/ a(s)v(s)dse I “(Sl)ds/) = —a(t) i T ")’ (v(s) - / a(s)v(S)dS) > —a(t)b(t) e~ Je " a6
dt\ J, p

O

Remark 2.8 (Full elliptic estimate). In addition to Proposition [2.7, one also has the full elliptic estimate

3
> 10i0;h] 2 S Az,

ij=1

(2.3)

which holds for all functions h € H?(R3). In order to illustrate an approach which can be applied to other
equations, we have elected not to use the estimate (Z3) in this work (see Remark[1F)). In particular, the
estimate [2.2) has appropriate analogues — in terms of number of derivatives appearing on each side of the

inequality — for hyperbolic operators, in contrast to the full elliptic estimate [2.3]).

The next result is an L? estimate for the Vlasov equation.

Proposition 2.9 (L? estimates for inhomogeneous Vlasov equation). Let a: [T,Tf] x R2 x Rf; — R be a

suitably decaying smooth function satisfying

Ora +pi81ia + 8Ii¢8pia = H,
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for some smooth H: [T, Ts] x RS x R} — R and some smooth ¢: [T, Ts] x RS — R. Then a satisfies the L?
estimate,

Ty
lalt,+lazss S Ny aze + [ 1H (s, zzzds,

t

for allt € [T,Ty], where
latt - Bze = [ [ lattap)Pdpd
e RS JR3
Proof. First note that a? satisfies
oa® +p'0ya® + (9551'(;5(91,1’@2 = 2aH,

and so
8tHa(ta K )H%iLg = /3 /3 —p- Vz(|a(ta Iap)|2) - Vng ' VP(|a(t7$7p)|2) + 2a(t,:c,p)H(t, I,p)dde
R3 JR

Since a decays, it follows that the first two terms on the right hand side vanish and so, by Cauchy—Schwarz,
for any t < tg < TY,

Orlla(t, -, )H%ng
2Malt, - 2z

The result follows after integrating from ¢ to 7. O

Allalt, -, )r2rz = < HE, )2 re.

2.3 Vector fields and multi-index notation
Suppose a smooth function ¢o.: R? = R is given. For k = 1,2, 3, define vector fields

logt

L, = t&mk + 8pk + T(’)k&qﬁm (p)api. (24)

Given a multi-index I = (I, I, I3), with I, I, Is > 0, define the operators
L' = (L) (L) (La), (47'9,) = (47 9 (61 0,0) 2 (7 0p)"%,  (800)T = (t0,0)" (t0,2)" (00"

The main reason for introducing the vector fields Ly, is due to the form of the commutator [X, L], given
in the following proposition. See the discussion in Remark 2.12 below. The vector fields Ly also behave well
when applied to functions of x — tp + log tVoo(p) and p. See Remark below.

The vector fields L; and t_lapi have the following commutation properties with the Vlasov equation.

Proposition 2.10 (Commutation of the Vlasov equation with L;, and t_lapi). For i =1,2,3, the vector
fields L; satisfy,

[X¢,Li] - (t*?&iamm(p) - taﬂam(t,x))apk - l‘z—ftaiajqﬁm(p) (t0ys + Oy ) (2.5)
8L, 0(1,2) i1 1) Dy
and t~10,: satisfy,
(X710, = —t%(tawi +0,0). (2.6)
Proof. The proof is a direct computation. |
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Remark 2.11 (Corrections to vector fields). Note that the vector fields obtained by setting ¢oo = 0 in
@A) commute with the free transport operator (i.e. the operator Oy + p'0,:). The logarithmic corrections
in Z4) are crucial in ensuring the good commutation properties of Proposition (see Remark [212),
and the boundedness property of the right hand side of (Z8) below. Corrections to vector fields with good
commutation properties of the linearised part of the equation, of this form, played a central role in the proof
[23], and the works [8, [16] on the stability of Minkowski space for the Einstein—Viasov system. In fact, it is
exactly because the solutions only scatter in a modified sense in 3 + 1 dimensions that corrections to these
vector fields are required in these works. Note that these corrections are, in a sense, simpler in the present
setting since they are defined directly with respect to the scattering profile ¢oo.

Remark 2.12 (Good commutation properties of L;). In order to understand the improvement that the
corrected vector fields L; have over the non-corrected vector fields 10, + O, it is a helpful exzercise to
assume the conclusions of the main results, in particular that solutions satisfy the pointwise estimates

Flogt
7

ILifl+ [t 0 fl < F, V29| < V29yq)| < (2.7)

_t37

where (;3[0] (t,x) = ¢(t, ) —t Lpoo(x/t), and check the behaviour of the respective commutators when applied
to a solution. Indeed, assuming (21), the commutators [2.3)), when applied to a solution f, have the property
that

logt
3V 1L f]

(log t)*

|[Xo: L) 1| S 219260 160,11 +

log t log t

+ [V20us [t 0p f | + —5- V2 0o [Vt 0p | S —5-F.

Contrast with the borderline behaviour exhibited by the commutator of Xy with the non-corrected vector fields
(obtained by setting ¢ = 0 in (23])):

[%e. (100 +0,0] 1] < 21926116 0,71 < 7

This borderline behaviour would lead to a logarithmic divergence upon integrating globally in time.

Remark 2.13 (Functions of x — tp + logtVs(p)). Many of the objects considered in the following are
functions of x — tp + log tV oo (p) and p, and the vector fields L; also have good properties when applied to
such functions. Indeed, for any smooth h: R® x R?® — R,

L; (h(:v —tp+1og Ve (p), p)) (log t)?

0k 0) D) + (85 + 2 0016 (0)) D), (2

and the coefficients of the derivatives of h are not growing in t. Contrast with the non-corrected vector fields
t0yi + Opi. Note also that

(t7'0p ) (h(z — tp + 10g tV dso (p), D)) = (— ik + lo—gtakazaﬁoo( ))( o h) (Y, p) + 6 (O h) (y,p). (2.9)

These facts are in particular used in the proofs of Proposition[{.9 and Proposition [{.3 below.

One also has a weighted version of the Sobolev inequality in which the derivatives are taken with respect
to the above vector fields.

Proposition 2.14 (Sobolev inequality with vector field derivatives). There exists a constant C such that,
for any function h € H*(R} x R3) and any t > 1,

1 3 2 " 3
sup (~/]R'* |h($,p)|2dp) < t% Z Z (k)Tgt||aIA¢ooHL°°) Z HLJhHLiL%

3
veR |I|=1n=0 1 7]=0
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Proof. First note that, for any smooth compactly supported function h: R x R?) — R,

[ renn] <SS S (Eiotaoai)” S [ [ e g e

|1|=1n=0 17]=0

sup
zER3

Indeed, for any z = (x', 22, 2%) € R3,

3

/ h(z,p)dp = l/ tazs(/ h(xl,:CQ,:i?’,p)dp)di3
R3

t) o s
1 Il IQ IS ) i
—5 [ [ [ woaeomeas( [ w@ ). (2.11)

13 —o00 J —00 J —c0 R3

Now,
logt
tawi(/ h(a:,p)dp) :/ L;ihdp + Tg/ 0i Ao (p)h(x, p)dp,
R3 R3 R3

where

[ ottndr=0. [ o (006 o)hle) dp =0,

is used. The estimate (ZI0) follows from repeatedly applying to ([2ITI).
Replacing h with h? in ([ZI0), and using the fact that

3

3
S L (b p)?) | < C Y L b p)

|1]=0 [7]=0

the proof follows. O

2.4 Constants
In what follows a constant B > 0 will be fixed and the assumption that
supp(foo) C {(z,p) € R® x R? | |2] + |p| < B}, (2.12)

will be made. An integer N > 6, corresponding to the number of derivatives of the solution which are
estimated, will also be assumed fixed. Recall the approximate solution, (fix],0[x],®[k]), introduced in
(C3)—(TH). The notation K € N will be used to denote the order of this approximate solution (also denoted
k € N in Section [)).
The notation
a b, (2.13)

will be used when there is a constant C' > 0, which may depend on B and N, such that
a < Cb.

This constant C' implicit in ([2I3)) is not allowed to depend on K. Any constants which depend on K will
be denoted Ck.

3 Precise versions of the main results

In this section, more precise versions of Theorem [[LT, Theorem [[L3] and Theorem are stated.
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Define first, for any given sequence {n(n)}2°, for any smooth compactly supported function f: R3 x
R3 — [0,00), and n > 0,

Fo= Fallednl = 3 (1050] foluzes + 1005 3875 ). 31)
+]J]<n

The sequences considered will always be increasing and have the property that n(n) € N and n(n) > n for all
n. In order to ease notation, the dependence of F2 on fs, and the sequence {n(n)}, is typically suppressed.
In expressions to follow, the sequence {n(n)} may change from line to line.

Recall the function ¢ : R* — R, defined to be the unique solution of

A¢eo(p) = 000 (D), Poo(p) = 0, as |p| — oo, 000(p) = —/RS foo(y,p)dy.

Note that, assuming that fo, satisfies (Z12)) for some B > 0, for any n > 2, the Sobolev inequality (see
Proposition ) and the gradient estimate (Z2]) imply that

n—2 n n
S 10" Voolle £ >0 10" Vool £ D 1107 0collze S Fii- (3.2)
|7]=0 |1]=0 |1]=0

Given functions fi;: R3xR? — Rand gg;: R® = Rfork =0,1,2,...and [ = 0,...k, define ¢ ;: R> - R
to be the unique solutions of the Poisson equation sourced by o,

A]R“bk,l = 0Okl qﬁk,l(w) — 0, as |w| — 00, (3.3)

and define functions, for K > 0,

logt)!

=
=

o
S

i
M)~
M»

o fra(z —tp +1ogt Voo (p), p), (3.4)
k=0 =0
1 K E loet) 1 E F oep)
ok (t, ) = 5 kzlz (Otgk ) Okl (%) R ISICEIRSS n kzlz (Oti ) Pkl (%) : (3.5)
—01=0 =0 1=0

The following theorem is a precise statement of Theorem [l

Theorem 3.1 (Inverse modified scattering map — precise statement of Theorem [[LI]). Consider a smooth
compactly supported function foo: R3 x R? — [0,00), satisfying @I2) for some B > 0, and some N > 6.
There exists ki = k (FXT1) large and Ty = To(FYT2k-+4) € R large such that:

e Existence of solution: There exists a solution (f,0,¢) of the Viasov—Poisson system (1) (L2 on
[Ty, 00) x RS x Rg which attains the scattering data fo in the sense that, for all t > Ty,

2 3 _ FN+4(logt)?
107 (f(t,x + tp —10gt Voo (p), D) — foo(,p) )| dpda)” < T2 (3.6)
|IH;N(// 7 ( )| aviz) t
and
sp (0107 (F(ta+tp—1ogt Vo p)p) — fula))| s 2B )
ZPERY | 1 [ J]<N—4 t

For any t > Ty, [ satisfies the support property
supp(f(t,-,)) C {(z,p) CR* x R® | |z — tp + logtVeo (p)| < 2F% + B,|p| < 2B},  (3.8)
where B > 0 is as in (Z12).
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The proof of Theorem [LLT]is based on a sequence of approximate solutions of the Vlasov—Poisson system,
defined explicitly in terms of the scattering profile f.,. The following theorem concerns the existence of these
approximate solutions, along with their key properties.

Theorem 3.2 (Explicit approximate solutions). Under the assumptions of Theorem [31):
e Approximate solutions: There are sequences of smooth functions
fer: R x R3 = R, ok R® = R,

for k =0,1,2,... and | = 0,...k — defined explicitly in terms of foo — such that (fix), 0[], P1K]),
defined by BA)-BH), is an approximate solution of order K, in the sense that, for all t > Ty,

LI(19.)7 (X b < O (FN+2K+3 o (logt)' ¥
Z || ( b) ( ¢[K]f[K])(H)HLng— K (Foo ) 2+K

[T|+[JI<N
I Narcps (logt) S
S 602! ([ st = ot < CreFi 2o BB
II|<N R t

and the scattering data foo is attained in the sense ([B).
The functions fi; and ok, satisfy the support property

supp(fe,1) C {(z,p) € R* xR* | |z| < B, |p| < B},  supp(ok,) C {z € R*| |z| < B},

and the estimates

> 010 frallrarz < CRFXTE, > llokekille + 105V ralle < CRFXTE. (3.9
[+ J|<N |+ J|<N

The functions fj; and gk, are defined in Section H] where the proof of Theorem is given. See in
particular Theorem ] which also contains further properties of the approximate solutions.

The next theorem is a precise statement of Theorem [[L3] on the polyhomogeneous expansions satisfied
by the solutions of Theorem [B.11

Theorem 3.3 (Polyhomogeneous expansions — precise statement of Theorem [[L3)). Under the assumptions
of Theorem [31l:

e Polyhomogeneous expansion in L2?: The approzimate solution (firx)> 01> 1)) of Theorem [3.2
agrees with true solution, of Theorem [31, to order K in the sense that, for any K € N and t > Ty,
the difference satisfies the L? estimates

2 (log t)HK

Z L1t 10,)” (f = fi))(t, -, Mirzrz < Ci (FHEHY) B (3.10)
[I|+|J|<N
logt)'+E
S 169" (0 — o)t Moz < Creryr2csa O8N (3.11)
I <N b2
log t)1 5
S 100"V (6 = ot e < e w2+ LB (3.12)
[II<N

e Polyhomogeneous expansion in L*>°: For any K € N and t > Ty, the difference moreover satisfies
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the L°° estimates

2 (log t)HK

Z sup |[L'(t710,)7 (f = fu))(t, 2, p)| < O (FETHH) TR (3.13)
|1]+]J| <N -4 %PER?
logo t 1+K
sup [(t0:)" (e — o1 (1, 2)] < CK-FOJZ+2K+4(§T)K’ (3.14)
[1]<N—2 7R
log t)'+%
> sup [10.)/V(0 - duo)t.0)] < 2 BER o

[I|<N—2

Finally, the next theorem is a more precise statement of Theorem [[LG] on the uniqueness of the solutions
of Theorem [31]

Theorem 3.4 (Uniqueness of modified scattering solutions — precise statement of Theorem [[L6]). Under
the assumptions of Theorem [T 1L

e Uniqueness of solution: The solution (f,0,$) of Theorem [Z1 is unique in the class of solutions
which agree with the approvimate solution (fix), 0ix), ¢(x)) of Theorem [3.2 for sufficiently large K.
More precisely, if (f',0',¢") is another solution such that there is a constant C satisfying

logt)! 5
(" = fir) (& )2 rz SC(tT)Kv (3.16)

for some K = K(FNT1) and for all t sufficiently large, and moreover f' satisfies the support property
B), then (f',0',¢") = (f,0,0).

The proofs of Theorem B.I] and Theorem are based on a sequence of “finite problems”, which are
discussed in Section Bl The proofs of Theorem 3.1l and Theorem [3.3] using the results of Section [l are then
given in Section [6 where the proof of Theorem 4] is also given.

The reader interested only in seeing how the approximate solutions are used to establish Theorem B3]
Theorem 3.3 and Theorem [3.4] who is willing to accept the statement of Theorem (or rather the version
with additional statements, in Theorem 1] below) without seeing the details of the construction, may skip
ahead to Section

4 Approximate solutions

In this section explicit definitions of f;: R?* x R® — R and gg;: R® — R are given, for k = 0,1,2,...
and [ = 0,...k, and the corresponding (fix], 0k}, ¢[x]), given by B.3)-(B.3), are shown to be approximate
solutions to the Vlasov—Poisson system (LI)—(T2).

Recall the definition 1) of F2[feo, {n(n)}] and the convention that the dependence on the sequence
{n(n)} is omitted, and moreover that this omitted sequence can change from line to line. This convention is
used throughout this section.

The main result of this section is the following.

Theorem 4.1 (Approximate solutions). Let N > 6 be fized and consider a smooth compactly supported
function foo: R? x R3 — [0, 00) satisfying Z12) for some B > 0. There exists Ty > 0 and smooth functions
fri: R3XR® 5 R and ¢p, 060: R3 - R for k=0,1,2,... and 1 = 0,...k, defined explicitly in terms of fso
with

Jo,0 = foo, 00,0 = Qo) $0,0 = Poo,
such that:
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o The functions fix, ok and ¢y, defined by B3) @A), are an approvimate solution of the Viasov—
Poisson system (LI)-(L2)) of order K, in the sense that, for any K > 1 and for all t > Ty,

14 s (logt)1+&
Z HLI(t 131))](X¢[K]f[l<])(t='=')HL3L2 < CK(-FOJXHKH)QWa (4.1)
[I|+]J|<N !
logt K+1
S 60" ([ st o — oy 4:)) |5 < Coc e LB (12)
[I[<N R : £z
o The functions fix) moreover satisfy the esimtates, for all t > Ty,
CxFN K logt
Z ||L1(t_lap)Jf[K](ta'a')||L§L2 S]:£+ Koofoga (43)
[I|+]J|<N !
_ Crx FY+ K logt
[T+ J|<N
o Finally, each fi,; and each oy, satisfies
supp(fi1) C {(x,p) € R® x R® | [2| < B,[p| < B}, supp(ory) C {z € R® | [a] < B},  (4.5)
along with the estimate, for k > 1,
> 1080 frallrarz < Cu(FXFTF)?, > N0kekillz: + 10iV ekl < CoFXTE. (4.6)

|I|+|J|<N |I|+]J|<N

Throughout this section, it is supposed that a smooth compactly supported function fo,: R®xR3 — [0, c0)
is given, and B > 0 is such that (ZI2]) holds. It is also assumed that N > 6 is fixed.

In Section 1] notation is introduced which is used throughout.

In Section[1.2] for the purpose of an inductive argument, the definitions of fj; are given for k¥ < K, under
the assumption that smooth functions ¢ ; are given for all k¥ < K. The properties (£I)), (Z3)—(4) and
the former of (LX) and ([@6) are established, assuming that ¢y satisfy the latter of (@6]). These properties
hold independently of how ¢y, ; are defined.

In Section[£3] it is assumed, for the purpose of the inductive argument, that K > 1 is such that functions
fr1 are given for k < K — 1 and satisfy the former of (@3] and ([@6]). Functions fx ; are defined, along with
functions gy, for all k¥ < K. These functions are shown to satisfy (£2), along with the latter of ([@H) and
(£4). Again, these properties hold independently of how fy;, for k < K — 1, are defined.

Finally the proof of Theorem [£1]is given in Section 4] using the results of Section and Section 3]
together with an induction argument.

The reader is referred to the discussion in Section [[L3.] for explicit treatments of the K =0 and K =1
cases of Theorem [£1] and a guide to the K > 2 case.

4.1 Notation

The following notation will be used throughout this section. First, y: [Ty, 00) x R? x R? — R? will denote
the function

y(t,z,p) =z — tp + 1og tV oo (p). (4.7)

Next, for any X € R3, define
QX =X®...0X,
—_—

k times
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and for Xi,..., X} € R3, with X; = (X{, X2, X}) etc., and any function ®: R?® — R3, define

3
X, 9. 0Xy VE® = Z X X0, ... 0;,® € R,

For a given subset A C N, let 14 be the indicator function of this set

ta(k) = {1’ ke, (4.8)

0, otherwise.

4.2 The approximate solution fx

For the purpose of an inductive argument, given later in Section 4] suppose that K > 1 is such that some
smooth functions ¢y ; are given, for k = 0,..., K, [ = 0,...,k, with ¢90 = ¢, Which satisfy, for some
constants C,, i, for all n > 6,

D 10"V kil < CppFutr. (4.9)

[I|<n

Let ¢[x) be defined in terms of these functions by (B.5)). In this section the functions f.; are defined in terms
of ¢r; and it is shown that, under the assumption that ¢y ; satisfy [@3)), the Vlasov equation is satisfied by
Jix) and @[k to order K, in the sense that the estimate (1) holds.

First it is shown that, for p € R?, if the function y(¢, , p) is bounded then, in the coefficients of Voik(t,x)
— i.e.in V¢y ;(x/t) — the argument can be replaced using ([@7)) and Taylor expanded to give a series whose
coefficients are functions of y(t, z,p) and p. See ([L20) for the example of the K =1 case.

Define smooth functions Wy ;: R3 x R® — R3, for k=0,...,K,1=0,...,k, by

Vo,0(y:p) = Voo (), V11(y:p) = Vo1,1(p) — Voo (p) - Vs (p), W10(y,p) = V10(p) +y- Ve (p),

(4.10)
and, for k > 2,
k2 (=1)= ko1
Vi) = D |, T Okata ¥ Bt Voo (p) - VI 61 1 (p). (4.11)
kitha=k N2
li+l=1

where, in all summations in this section, unless explicitly stated otherwise, 0 < Iy < k; and 0 <y < ko. It
is helpful to also rewrite the expression ({11 with the k; = k term isolated,

ko\ (—1)k
Uiy, p) = Véra(p) + Y (l2> ( 3 ? Oka—tz Y Oty Voo () - V201 1, (). (4.12)
kytha=k N 2 z
l1+la=1
ko <k—1

Proposition 4.2 (Expansion for Ve(t,z)). Consider some K > 0 and smooth functions ¢r;: R? — R
satisfying @A) for all k =0,...,K,1=0,...,k. The explicit functions Vy;: R — R3, defined by {@I0)-
@EID), for k=0,1,2,...,1=0,...,k, satisfy, for any p € R3, any B > 0, and any t > Tp,

K k
1 (log t)!
sip N [E 0 (Vadu (o) - —QZZ 50w,y (u(t..0).0)|
ly(t,z,p)|<B [T]|+|J|<N =0 1=0
lo tK+1
gCK}'O]Z“K”(fKi)H. (4.13)
Moreover, for all n > 2,
Z ”aI\I]k,l”Lng < Cn)kf:;rk. (4.14)

[I|<n
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Proof. First note that

t

1 x K& (logt)! x
Vo (tz) = t_2[v¢oo (—) +33 Vo (—)} (4.15)
k=1

Note also that the assumption ([£9), along with the Sobolev inequality of Proposition BTl implies that, for
any n > 2,

Z 107V 1|l L < CrpFrotk.

[I|<n—2
Now,
T y logt
o+ LBV ),
F=pt s = Vo (p)

and so, for any function ®: R® — R3, by Taylor’s Theorem (see Proposition 25) and the Binomial Theorem,

T
WE
M»

swp [ (5) = |20
ly(t,z,p)|<B t k=1 1=0

: <k> (_kl!)l ®k—1Y @1 Voo (p) - v’@(p)} ‘

logt Ko
; .

Using this expression with ® = V¢, and & = Ve, for k =1,..., K, [ = 0,...,k, after inserting into
(@13 it follows that there is a sequence {n(n)} such that

< (B + Vool 1o )+ V510 (

1 (logt)! ko (—1)
Vou (o) = 5 > tk > L) Tl Skt ¥ ®la Voso(p)- V¥ 61,0, (p)
k=0 1=0 k1+ki=k
lo+lo=l
arc 13 (logt) K1
S Fe TiR+3

and the zeroth order part of the proof of ([£.I3]) follows. The estimates for the higher order derivatives follow
similarly, using Remark 213 and the fact that L;(27/t) = &7 for all i,j = 1,2, 3.

Finally, the proof of (@I4]) follows from the assumption (£9) and the Sobolev inequality of Proposition
211 using the inductive definitions ([@I0)—(@IT). O

We will now give explicit definitions of fi;, in terms of Wy, to arrange that Xy, f(x] vanishes to
sufficiently high order, in the sense that ([@I]) holds (see also (L2I)—(L22) and the surrounding discussion
for the k =1 case).

Proposition 4.3 (Properties of fi ;). Consider some K >0 and smooth functions ¢y;: R® — R satisfying
@) for allk =0,...,K, 1 =0,...,k. The functions fr;: R x R® — R defined by @Z2I)-E23) below
(with the functions Uy, ; defined explicitly in terms of ¢, by (@I0)-EII) ), satisfy,

supp(fr1) C {(z,p) € R* x R® | [z < B, |p| < B}, (4.16)
and, for all k > 1 and any n > 6,

Z Haiagfk,lHLng < Cp o (FI)2. (4.17)
[T]+]J]<n
For any t > Ty, the function fix): [To,00) x RS x R — R, defined by BA), satisfies
_ Crx FN+Klogt
Z L (71 0p)” fim (t, -, ')”Lng <FXH ng, (4.18)
[T]+]J[<N
_ Crx FN+EK logt
[T]+[J[<N
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and
o (log )5

Tp—19\J N+2K+3
Z HL (t ap) (X¢[K] f[K])(tu K )‘ L2z < CK(]:oo+ * ) 12+ K (420)
+]JI<N o
The functions fx;: R* x R® - R, for k =0,...,K,1=0,...,k, are defined by
f0,0(yap) = foo(yvp); (421)

and, inductively, for 1 < k < K,

1 i 1 .
ey, p) = — ¢ > (Ou frrt) W 2) Wiy 1, (0, 0) + A > Oui frrt) s 0) Y, 1, (4, 9)i0; 000 (D),
k1 +ko=k k1+ko=k—1
l1+lo=k li+lo=k—1
oy <k—1
(4.22)
and, for [ =k —1,...,0,
l+1 1 i
Fia@.p) = ——=Frina@p) = 1 D O frn )W) ¥y 1, (v:P) (4.23)
k1+ko=k
11+12=1
for <hi—1
L1 j 1 j
+ ? Z (aw"fkhh)(yup)\yi%b (yvp)6i8j¢00 (p) + E Z (apifkhll)(yup)\l]?@,lg (yup)aiaj¢w (p)v
ki+ko=k—1 k1+ko=k—1
l1+1lo=1—-1 l1+12=1

where ¢ is defined by ([@8]). Note that k1 = k is excluded from each of the summations in ([@22]) and [@23)),
and so the definitions are indeed inductive.

The relevant aspect of the form of these expressions — apart from the fact that they achieve exact
cancellations in the following proof — is explained in Remark [£4] below.

Proof of Proposition [[.3 The proof of (£I6) and (ZIT) follow from the definitions [@2I)-23) by a
straightforward induction argument, using ([LI4]) and the Sobolev inequality of Proposition 23] for ([IT]).

The estimates (ZI8) and (@IJ) follow from the properties (ZB)—(23) of the vector fields L; and t~'9),
acting on functions of y and p, and the Sobolev inequality of Proposition 23] using also (£I4]) and (ZI7).
For (£20), note that, with y(¢, z,p) defined by (@7]),

Koy (00, )7) = (5 0i600 (p) — Duspscy(1,2)) + Toat sy (1, 2)0i0 60 (1),
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K & -1 _ l
Ko g = 33 [0 )+ L2000, 0) 0y o) 00
g

+ {( 0ipoo(p) — 3mi¢[1q(f=$))+10gt3mi¢[1q(f=$)5i5j¢oo(p)}(f%ifk,z)(yap)}

(logt)!
- Z Z tkg-i-l { =k fri(y.p) (l+1)fk,l+l(y7p))Lk§K (4.24)
k=0 =0
N Z b, k2<K(8 fkl ll)(y p)\llszz (y p) + x>t Z LkhszK(azifkl,ll)(yvp)‘lj?g%lz (yvp)8i8j¢m (p)
kitko=k kitka=k—1
l1+l2=1 l1+la=1l-1
ko>1

S Lkl,kzgxwpifkl,ll><y,p>w;2,l2<y,p>aiaj¢oo<p>}

ki+ko=k—1
l1+12=I
1 & (logt)!
(8 Py () — ) ZZ m 3o (4, P))apif[K](t,l’,p)-
k=0 1=0

After inserting the definitions (ZZI)-{23)), the terms in the first summation corresponding to k = 0,..., K
all vanish. Recall now (@14 and (@I7). It follows from the properties (28)—(23) of the vector fields L; and
t_lapi acting on functions of y and p, and the Sobolev inequality of Proposition 23] that, for any k& > K +1
and | < k and ky,ke < K, l1,15 such that ky + ke =k, [1 + 12 =1, and any N > 6,
_ (logt)! ; (log t)K+!
oL o) (ot i1 Or e ()Y, 4, ) 222 < CK(}"OJZMHFW
[I|+]|JI<N

Similarly for all but the final term on the right hand side of ([@24]). The final term is estimated using
Proposition 2] and (I8,

I—1\J _ 1 - (logt)! ,
> [ E e (owsu ) = 5 30D SR (w.0)) e it )|

1212
HI+IJ|<N k=0 1=0 ap
(logt)'+"
< Ck (f£+2K+3)2 W
The proof of ([@20) then follows from Proposition A2l O

Remark 4.4 (Leading order term in fj ; vanishes upon integration in y). For fired1 <k < K and 0 <1 <k,
the expressions [A2IN)—E23) for fi, involve ¢y p for all 0 < k' < k and 0 < I’ < k'. Note however that,
upon integration in y, the terms involving ¢y vanish, for all I’ = 0,...,k — regardless of how ¢, are
defined — and only the terms involving ¢ 1 with k' < k and 0 < I < k' remain. See [[L23), and the
surrounding discussion, for this observation in the special case k = 1.

Indeed, considering the expression (A12), it follows that the integral of [@22) takes the form

[ fatwpi=7 ¥ / (O )0 PV, 1, (0:2)0i0; 60 (p)y (4.25)
R3

k) (—1)k
B % Z Z ( 4) ( ki? /]R3 Oky—14Y Dy V(boo (p) ' Vk4+1¢k3,ls (p)(amifkhll)(yap)dya

l
kn+ho=k ks+ha=ky N T
Li+lo=k I3+l4= lz
ka>1 ka>1
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and the integral of ([A23)) takes the form, forl=k—1,...,0,
I+1
fk 1y, p)dy = / frea+1(y, p)dy (4.26)

+ Ll/? Z (Ot frr) (W P) WY, 4, (4, 2) 005000 (p)dly

ki +ko—k—17R?
l1+lo=1-1
1

+ Z / 8 fkl 11)(y p)\pkz lz(y p)a 8J¢OO( )

k1+ko=k—1
l1+la=1

ka) (Z1" kat1
Z Z ( ) ~/]R’* Oky—1,Y D1y Voo (p) VA ¢k3,l3 (p)(aml fkl,ll)(y,p)dy.

ly ky!
ki1+ko=k kz+ka=k2
Li+le=l I3+ls=l2
ko>1 ka>1

Note again that terms of the form ¢i. 1 are precluded from the final summations of (L20) and [E20) by the
condition that kqs > 1.

This fact that the top order ¢y, terms vanish upon integration in y is used in the proof of Theorem [{.]]
in Section [{.4] below. See also Section [{.3.3 below.

4.3 The approximate solution gk

Throughout this section suppose, for the purpose of the inductive argument given in Section 4] that K > 1
is such that some smooth functions fj; are given, for k =0,..., K —1,1=0,...,k, with fo o = fs, which
satisfy the support property ({3 and, for some constants C,, j, for all n > 6,

> 1020 frillzrz < CopFit. (4.27)
[T]+]J[<n
In this section there are two main aims:

e The first aim is to give explicit definitions of g ; in terms of f;, for 0 <k < K —1and 0 <[ <k, so
that gx_1) defined by (B.0]) is approximately equal to the spatial density of the function fix_;) defined

by [B4), i.e. so that

K-1 k

1ogt /sz (t,z,p),p)dp — 3le(t))=0<%>, (4.28)

or, more precisely, so that the estimate [2) holds for K — 1. This property is equivalent to the
requirement that the relations ([@35]) below hold, and it is indeed the relations ([E35]) which are used
to define the functions gy ;.

k=0 [=0

e The second aim is to give explicit definitions of functions fx,; and gk, for [ =0,..., K, in terms of
the functions fr;, for 0 <k < K—1,1=0,...,k. Using the observation of Remark 4] these functions
can be defined in such a way that the relation (@38 also holds for &k = K, and thus that the property
([£28) moreover holds for K in place of K — 1. See Remark [L.7] below.

Both of these aims are achieved together in Proposition below.

4.3.1 Expansions for p(t,z,y) and det(dy/9dp)

Before giving the definitions of g, certain properties of the expression 7)) for y(¢, z, p) are established. A

computation gives
0 . . .
det 8_1y) = —t° + t?log t.Jy (p) + t(logt)*J2(p) + (logt)*J5(p), (4.29)
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where

Ji=Aboo,  Jo = (0102000) + (0103¢00) + (22030000 )? — D2 P00 02 o — 2 P D3 o — D2 eV b, (4.30)

and

Js = 0230003600020 + 20102600 01030000203 b0 — Do (D2060)? — D3 boc (D103b0)® — B3 boc (91200 ).
(4.31)
It therefore follows from the Implicit Function Theorem that, for bounded p, if T} is sufficiently large, the
expression (L7) can be inverted to give p(t,x,y) as a function of ¢, x and y.
In order to define the expansion for p it is helpful to first provide an expansion for this function.

Proposition 4.5 (Expansion for p(t, z,y)). There are explicit functions pg;: R3 xR — R3, fork =1,2,..
1=0,...,k, such that, for any K > 1, the function p(t,z,y) satisfies, for any B > 1 and for all t > Ty,

K k 1 K+1
sup ‘p(t,x,y) - [% + ZZ (logt) Pk, (%ay)} S (IOTgt> :

k
|o/t|+]y|<B o= U

*)

Proof. The expression (1) can be rewritten

x y logt

P = ; + ; + TV(boo(p) (4.32)

Rather than give an explicit expression for the (k,)-th element of the expression, the general procedure for
obtaining such an expression is described. Expression ({32 moreover gives

_z Yy logt T Y logt
PETTIY T v¢“(t+t+ ¢ V¢°°(p)>’

and, for any K > 1, by Taylor’s Theorem,

z y  logt T s y logt - T logt) X+
ot = [T+ P o (§) + e (§+ TEvon) o ()] 5 ()

The explicit expressions are obtained by iteratively inserting the expression ([32]) for p.
The first elements of the sequence {py;} take the form

pl,l(way) = V¢OO(’U}), pl,O(way) =Y,
p22(w,y) = Voo (w) - Voo (w),  poi(w,y) =y-Véo(w),  pao(w,y)=0.
O

One similarly has an expansion for the Jacobian of the change p — y(t, x, p). See (L24) for a discussion
of the first terms in this expansion.

Proposition 4.6 (Expansion for detg—z). There are explicit functions Ji;: R® xR3 — R, for k=0,1,2,...,
l=0,...,k, such that, for any K > 1 and any B > 1, the determinant of g—ﬁ satisfies, for all t > Ty,

x (logt)K+1
Tea(G0)| < e

K k
sup det ?(t, x,y) — B Z Z (log 1)

3 k ’
|/t +|y|<B Y it t
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Proof. Recall [@29)-(3T). It follows that, for any K > 1,

K
dp 1 1
sup det —(t,z,y —[———— (
ja/tl+[u|<B ay #re

logt - (logt)? . (logt)? - k (logt)K+1
TJl(P)"' 02 Ja(p) + 43 J3(P)) ” S TR

The proof then follows from using the expansions for p(¢,z,y) from Proposition The first elements of
the sequence {J;} take the explicit form

Joo(w,y) = —1, Jii(w,y) = —Ji(w), Jio(w,y) =0,

Jaa(w,y) = —Ja(w) — (J1(w))? = Voo (w) - VJi (w), Joa(w,y) = —y - VJi(w), Ja0(w,y) = 0.

O
4.3.2 The definitions of g5 ; for k < K —1
The definitions of g, for k < K — 1, are now given. For smooth functions h: R? x R® — R, define,
Ho,o[h](w,y) == h(y,w)
and, for k> 1 and 0 <[ <k,
b
Hyg[h)(w,y) = — > Phyty (W, 4) @ . @ Pry 1,0 (0, ) - (V') (g, w), (4.33)
m=1 ]cll—Ji-r -j—rllcmfk
1+... =

1<ki <k, 0<1;<k;

where V,h denotes the gradient of h with respect to the second argument, and the functions py; are as in

Proposition
Define now,
alw) =~ [ Ly w)dy, (4:31)
and, for 1 < k< K-1,1=0,...,k,
ok (w) = > / Higg 1, [ frer 02 ) (W, ) T 1 (W, y) dy. (4.35)
ky+kotha=k R
li+la+13=l

0<k;<k, 0<l;<k;

Property (£30) is the relation required to achieve cancellations of the form ([28). See the proof of Propo-
sition [.8] below, where these cancellations are exploited to show estimate ([@.A4T]).

4.3.3 The definitions of fx; and ok

Functions fx; and gg,, for 0 < I < K, are now defined — explicitly in terms of the functions f;;, for
0<k<K-1,0<1<k— so that the property ([£35) moreover holds for k¥ = K. This fact ensures that
cancellations of the form ([@28)) are in fact achieved with K in place of K — 1.

First define smooth functions ¢y ;: R> = R, for k =0,...,K — 1,1 =0,...,k as the unique solution of
the Poisson equation (B3] sourced by gk, as defined above. The functions ¢y ; are expressed explicitly in
terms of the functions gy via the well known representation formula for the Poisson equation

T (4.36)

4w s |y — w7
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Define a smooth function Px r: R?* — R by setting Pr x (p) to be equal to the right hand side of (2]
with & = K. Next define P ;: R?® — R inductively, for | = K — 1, K —2,...,0, by setting Px (p) to be
equal to the right hand side of ([@20]) with k¥ = K. (Recall the discussion in Remark 2] — these definitions
of Pr,; indeed only involve fx; and ¢ up to order K — 1, and so Pg,; are well defined.)

Define now, for [ =0,..., K,

i) = Praw)+ Y [ Hnlfo a0 (0 0)d (437)

ki+ko+ks=K
li+la+i3=l
0<k; <K, 0<l; <k;,
<K-1, h<I-1

Finally, define a smooth function fx r: R? x R® — R by equation (22)), and define fr;: R® x R? = R
inductively, for I = K — 1, K — 2,...,0, by equation [@23]), with ¢x; defined by [B3)) sourced by ox ;.

Remark 4.7 (The formula [@35]) also holds for gk ;). Note that, with these definitions, fx 1 satisfy

fra(y, w)dy = Pr(w), (4.38)
R3
and thus [@30) also holds for k = K. This important property is used in the proof of Proposition [{.8 below.

4.3.4 The main properties of g

The main result of this section is the following proposition, which concerns properties of the functions gy
as defined above.

Proposition 4.8 (Properties of o). Consider some K > 0 and smooth functions fi: R® xR?® - R
satisfying @) for allk=0,...,. K —1,1=0,...,k.
The functions ox;: R? — R defined by @E34)-E3D) and @E3D) satisfy, for allk =0,...,K,1=0,...,k
and any n > 6,
> ll0okekillze < CopFit*,  supplors) C {z € R® | |2 < B}. (4.39)

[I|<n

The functions ¢r;: R® — R, as defined above, satisfy, for allk=0,...,K,1=0,...,k and any n > 6,

> 0"V erallze < CorFr™. (4.40)
|1]<n

For any t > Ty, the function ok): [To, 00) X R3 — R, defined by [B.5), satisfies

logt K+1
S 60" ([ et = a8, < Crcryr (B0 (4.41)

[I|I<N
where fix is defined by (B.4), with fx1 as defined above.

Proof. Consider first the properties ([£39). For k =0, ..., K — 1, the properties [@39) follow from the fact
that each fr, for k=0,...,K —1,1=0,...,k, satisfy the support property ([@LH) the estimates (L.27).
The property (£40), for k =0, ..., K—1, then follows from (£39]) and the gradient estimate of Proposition
217 applied to the Poisson equation ([B3]).
For k = K, the fact that (L40), the support property ([@H) and the estimates (£27) hold for k =
0,...,K — 1 imply that Pk satisfy, for all n > 6,

supp(Pr.1) C {z € R | 2| < B}, D 10iPrllzz < Co i (FLHE)?. (4.42)
[<n
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It also follows, from Proposition 3] that fx; satisfies the support property (£3]) and the estimate (ZL2T]).

These facts imply that the properties ([{39) also hold for k = K. The property (£40) for k = K then follows
again from the gradient estimate of Proposition 27

Consider now the estimate (ZZI). First note that, for any smooth h: R3 x R?® — R, satisfying
supp(h) C {(z,p) € R’ x R® | |z < B,|p| < B}, (4.43)
by Taylor’s Theorem (see Proposition 2.5]), using the notation of Section ET]

h(y,p) = h(y, %) + i % ®n (p - %) - (Vph) (y %) + % RK4+1 ( — %) : /01(1 — ) (Vi h)(y, sp)ds.
n=1

Thus Proposition implies that

X
h(y.p) = h(%‘)
K K k
1 " (logt)hit-Fin x x " x K41
+ Za )ID DD ml’km(—ﬂ) ®---®Pkmln(;vy) 'Vph(yv;) + B,

t

0
—nfu - (logt)! - 1 r my, B+
DRSS o (2 )

1=0 m=1 kit km=k
Lt lm =l
K &k
B T (logt)l T Kl
=0 3) + 203 S malhl (o) + B,

where Hy, ;[h] is defined by [@33)), and E,?H(y(t,x,p),p) satisfies

(logt)&
s |Eflf+1(y(t,w,]9)ap)|dp S TR Z /|8I y,p(t,x,y) |‘det—’dy

[[|<K+1
(log )+ o (logt)®™
S T RA Z sup3 |8 h(y, p)| dy) ~~ W Z ||3;€h||L§L§, (4.44)
|1|<K+1PER [T|<K+3

where the support property ([@43]) is used, along with the Sobolev inequality of Proposition 211 Moreover,
supp(Ey, " (y(t, - p),p)) C {w € R? | |2 < (2B + F3)t}, (4.45)
which follows from the fact that |z| < B +tB + logtF2 if |y| < B and |p| < B. Thus

/h(y(tvﬂc,p),p)dp: /h(y,p(t,xvy))detg—Z(t,I,y)dy

K K

1 logt l1+l2 " .
-8B Z Z Z T fkitka /aHkl’ll[h](?’y)szxlz(;d/)dy—i-/Ef“dp

k1=011=0 ko=012=0

1 L (logt)l x T Kl
= 3 Z tk Z /]1@3 Hm17n1[h](?7y>‘]’lﬂ2,’ﬂ2 (?,y)dy—F/Eh + dp,

k=0 1=0 mi+mo=Fk

where E/* ! varies from line to line, but always satisfies (44 ([@45). Applying with h = f;, the definitions
(@32 —E30) of ok, for 0 < k < K — 1 and the fact that g, also satisfies ([L35) (see the definition ([€37)
and the important property (£38), discussed in Remark 7)) imply that

k K k
3o Loel) [ otz dp—tgzz (oet) ) (2) + 3030 B uttap)on)

k=0 1=0 k=0 1=0 k=0 1=0




The properties ({44 and (£4H) imply that, for each k, I,

K 1
H/3 Efk-‘;_ a ap)vp)
R 1| <K+3

where the final inequality follows from ([@27). The proof of the zeroth order part of ([AIl) then follows.
For the part of ([@4I]) involving higher order derivatives, it suffices to show that, for each |I| < N, there
exists Q[IK] such that

(log )"+ 1 (log )5+ 4 ke is
< 7tK+% Z Hapfk,l”LgL% S W]:OO )

logt o . N2k 43 (logt) K T!
(t0,) /f;q p)dp) kZlZ ofa(ll 2 < ChFXPRI T (146)
0 0

It then follows that Qi)l = 0% o1, and thus that (@A) holds.
To check that there are functions satisfying ([L4g]), consider first the case |I| = 1, so that there is
i € {1,2,3} such that 9. = 9,:. Note first that, for any smooth h: R? x R?* = R,

tazi(/w h(y(t,w,p),p)dp) - A3(t5mih)(y(t,w,p)7p)dp- (4.47)

Moreover,

0= /api (h(y(t,w,p),p))dp
- / (8,:h) (., p)dp + logt / 3ii oo (1) (D1 0) (3, p)ip + / (9 ) (y. p)dp, (4.48)

and so, adding to (@41 gives,

ta””(/Rg h(y(t, =, p), )dp) 10gt/88k¢oo( ) (0 h) (y, p)dp+/(3pih)(y(t,x,p),p)dp-
One can continue:

0= 2" [0, (0.000 (p)hy(t,2.0). ) dp

o 2
=~ 108t [ 00160 ) Ot .2V + CEL [ 0016011010116 0) 010 ) . )y

+ 2L [ 80 (p) - ly,1) + 000 () By ) . P
and more generally, for any [ > 0,
0= 1°fljf+l / Oypss (Dih, 6o Hak O, 1100 () Byt ,),p) ) dp
j=1
=BT [ oinomiy )T 4y () Dy ) ) (4.49)
j=1
o) 2 [ o060 )T 00 00y 0 (0,00 ) )
j=1
N (lotglt)l /[8pkz+1 (01, 0 (v Hak Ory11020 () - hly, D)

l
+ 0iy 620 (0) [ | 90,0y 00 () (0,02 D) (v, p)

Jj=1
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where TI9_, 9k Ok, ., ¢oo (p) := 1. Summing A7), {IT), along with @ZT) for [ =0,..., K 41, gives

o /R h(y(t,x,p)vp)dp)_lil (loit)l /[%“ (9101, 0 (v Hak Ohy 1162 (p) ) - hly, D)

=0 Jj=1

l
+ 001, Goo (D) [ [ Oy Oy 1 600 (9) (0,1 1) (y,p)] dp + / (Opi 1) (y, p)dp
j=1

lo t K+3 K+2
+ ( th+2 /(9 Oy Do (p H 6’€ ak]+1¢00( )(6 krcvs ) (Y, p)dp.

Jj=1

Thus, if one defines

Golh](y,p) = Opr (6iak¢oo (p)) “h(y,p) + 0i0kPoo (P)(Oprh) (Y, p) + (0yi h)(y, ),

and, for [ > 1,

l
GillI(y:7) = D, (D:Dhs Do NIC )) 1y, p) + 0,0k, e (p) T Ok, 001600 ()@, 1) (0 ),

j=1 j=1
it follows that
K logt
}tazi(/ h(y(t, =, p), ) > / (h(y(t, z,p), dp’
R? 1=0
- (logt) YKL (logt)K+3 s (logt)K+1
S TR+ ‘/ y(t x,p),p)dp’ + W}—got 2 ||Vph”L§Lg° S Wfé‘ollvphlhmo,

where the latter holds for ¢ > T} if Tj is sufficiently large. Hence

k
(lo t
tazz / S (y(t, =, p),p dp) ZZ g Oy / Jra(y(t, z, p), )dp)
k=0 1=0
satisfies
K k
logt)t [ - logt)K+1
k=0 1=0
where
fealy,p) : Z /G [fira=m](y, p).
i

Revisiting the zeroth order case, with fk,l in place of fi, it follows that (£46]) holds where Qi)l is defined

by replacing fr; with fi; in E35).
The cases involving higher order derivatives follows similarly.

4.4 Approximate solutions: the proof of Theorem [4.1]
The proof of Theorem [£1] can now be given.
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Proof of Theorem [{.1] The first step in the proof of Theorem [ Ilis to give explicit definitions of the functions
fer: R3xR3 = R, and Gty 0k R = R, (4.50)
for k=0,1,2,...and [ = 0,...k. Define first

fo,0 = foos 00,0 = 0oos 00,0 = Doo-

Next suppose, inductively, that K > 1 is such that ([@50) have been defined — and satisfy ([@35]) and (6]
—forall 0 < k< K —1and 0 <! <k. Define smooth functions

Pri: R® = R, 0<I<K,

by first setting Pk i (p) to be equal to the right hand side of [2H) with k = K. Then define Pk ;: R — R
inductively, for | = K — 1, K —2,...,0, by setting P 1(p) to be equal to the right hand side of ([£.26]) with
k = K. (Recall the discussion in Remark .41 — these definitions of Pk ; indeed only involve ([@E0) up to
order K — 1 and so Pk, are well defined.)

Define now, for [ = 0,..., K, functions gk, for 0 < [ < K, by equation (£37). The functions ¢,
are then defined as the unique solutions of the Poisson equation (3] sourced by ox,;. (Recall that ¢x
are expressed explicitly in terms of o by the well known representation formula (£36) for the Poisson
equation.) Finally, define fx x: R? x R® — R by equation (@22)), and define fr;: R? x R?* — R inductively,
forl = K —1,K —2,...,0, by equation ([L23)) (where Uy ; are defined in terms of ¢, by (EI0)—-EII).
Recall that these definitions imply that (£3H) holds with & = K (see Remark [7]) which is an important
component of the estimate (£41]) of Proposition [18

The proof of [@2) and the latter of ([@A]), and the estimate for ox; in (@HG), for &k = K, follow from
Proposition[ .8 The gradient estimate of Proposition 27 then implies that ¢ ; satisty (£9) (or, equivalently,

the estimate for ¢k in ([@G)). The proof of properties ([@I)), (L3)—(Z2) and the former of (£3) and (@G,
for k = K, then follow from Proposition L3l O

5 The finite problems

In this section solutions of Vlasov—Poisson will be considered on certain finite intervals of the form [T, Ty].
“Remainder quantities”, defined by subtracting the approximate solution of Section [ will be considered,
and the solutions are defined so as to have trivial “finite data” for the remainder at time ¢ = 7. These
problems are referred to as “finite problems” in view of the finite length of the interval [T, T]. The proof of
the main results, in Section [6] will follow from considering these finite problems and letting Ty — oco.

Throughout this section, suppose a smooth compactly supported function f..: R? x R? — [0, 00), satis-
fying (2ZI12) for some B > 0, and large times Ty > T > 1 are given, where Tp is assumed to be suitably
large so as to satisfy the hypothesis of Theorem Il Suppose also that N > 6 is fixed. Recall the functions
fie: [To,00) X R¥ X R* = R, gy, dp 2 [To,00) x R? — R — defined, for all k > 1, explicitly in terms of foo
— of Theorem (1]

Given a solution (f,0,¢) of the Vlasov—Poisson system ([LI)-(L2), define, for each k£ > 1, functions
fir e [To,00) x R3 x R® = R, and gy, ¢pr : [To,00) x R® — R, by

f[k](taxap) = f(t,I,p) _f[k](taxap)v é[k](tax) = Q(t,I) - Q[k](tax)a (b[k](tax) = gf)(t,:l?) _Qb[k](tvéb) )
5.1

These functions are referred to as “remainders”.

The main result of this section is the following.

Theorem 5.1 (Estimates for solutions of the finite problems). There exists k. = k.(FX11) large such that
the following holds.

For any fized k > k., suppose there exists a solution f: [T,T¢] x R® x R?® — [0,00) of Vlasov—Poisson
CI) @2, for some Ty <T < Ty, which satisfies the final condition

f(Tf’va) = f[k](Tervp)7 (52)
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i.e. f[k} (Ty,-,-) =0, and suppose moreover that f[k} satisfies the bootstrap assumption

sup D ||E (T 0p) Fig(t )] o < (FRTEEH, (5.3)
LEMTr) | 410 <N

and that ¢ satisfies the bootstrap assumption, for all T <t < Ty,

T FN+2k+4
sup [Vo(t,o) — 2V ()] < =22 (5.4)
zER3 t t2
Then, if Ty is sufficiently large (with respect to k and FX12+4) the solution in fact satisfies
_ p log t)'**
Z HLI(t 1817)Jf[k] (tu ) ')HL%L% S Ck(f£+2k+4)2(tT)k’ (55)
|+ J|<N
log t)t+F
S 11680 gt Yz < Oy +2ers 8D (56)
[I]<N : t2t
and
- log t)t+F
S 1(t02) Vi (8l e < Cﬁﬁ”’”‘*% (5.7)

[I|<N

In particular, if Ty is sufficiently large, then (B3) holds with the right hand side replaced by %(fojg*‘%*“l)?

]_—N+2k+4

and ([B.4) holds with the right hand side replaced by ~5zr—. Finally,

where B > 0 is as in (2.12).

An overview of the main aspects of the proof of of Theorem [5.1]is given in Section

Recall again the convention, discussed at the beginning of Section[3] for the suppressed sequence appearing
in F. We remark, in particular, that if {n(n)} is the suppressed sequence appearing in ([.3)-([E4), then
the suppressed sequence in (B3)-(E7) will be a different sequence {n’(n)}, where n’(n) > n(n) for all n.

The results of this section will all be in the above setting. In particular, N > 6 will be assumed to be fixed
throughout, and the dependence of constants on N is suppressed. In Section [5.]] the system of equations
satisfied by the remainder quantities is obtained. In Section [(.2lthese reminder quantities are estimated, and
in Section the proof of Theorem [5.1]is completed.

5.1 System of equations for remainders

The proof of Theorem 5.1l will proceed by considering the remainders (5.I). Recall that the final condition
(52)) is defined so that the remainder fj;) vanishes at time ¢ = T}:

f[k} (Ty,xz,p) =0, for all z,p € R3. (5.9)
The remainders satisfy the system of equations,
X fie) = Fligs Ay = Oy o (t, ) — /3 S (t, 2, p)dp = Py, (5.10)
R
where the functions Fjy): [Tp, 00) x R? x R? = R and Py, : [Tp, 00) x R* — R are given by

Fury = Xo fii) = —Xofis) = =0t by Ot f1r) — Xy Fins (5.11)
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and
Py (t,x) = oy (t, ) — /3 St 2, p)dp = —opy (t, ) + /3 fiw (t, 2, p)dp.
R R

The relevant properties of Fjy and Py are given by the following proposition, which is a consequence of

Theorem (1]

Proposition 5.2 (Estimates for Fjy and Py;). For each k >0, if To = To(FX+R) is sufficiently large, the

Junctions Fj) and Py satisfy, for all t > Ty,

CfN +1 T 5 (logt)1t*
o ) Rt e s < D t02) by (1) 2+ Cu(FLTHH)? 20—, (5.12)
[I|+]J|<N [1]=1
where the constant C' does not depend on k, and
loo ¢t 1+k
Z H(tam)lp[k] (tu ')HLz < Ck]:£+2k+3 ( Ogg_zk . (513)
[II<N : b
Proof of Proposition[224 The estimate (5I3) follows immediately from Theorem ] (see (£2)).
For (B12)), consider first the first term on the right hand side of (&I1]). Note that, since N > 3,
I(p— J )
DI A G R CRERIR ) (R P
[I|+|JI<N
N-2
Z sup ’ ta (b[k](tv)’ Z HLl(t_lap)Jf[k](tv'7')HL§L2
|7]=1%€R° ]+ J|<N+1 .
|J]>1
N+1 )
+ Z H(taz)l(b[k](ta)HLi Z sup HLI t 18 ) f[k](tvxv')Hsz
7]=1 |1]+]J| <N—2 €R? !
[J]>1
It follows from the Sobolev inequality — see Remark — that
sup Z |(t02)! by (1, )| < Ct 2 Z 1(02)" Dy (£, ) 22,
z€R3
[1]=1 [1]=1
and similarly, by Theorem 1] (see (£3))) and the Sobolev inequality of Proposition [2.14]
sup t3 HLI t719,)’ Jim(t, z, )HL§ + Z HLl(flap)Jf[k] (. ')HLng
1]+ J|<N—2 7€ I]+|7|<N+1
S CngFl + Ok]:oj\é:k 10gt S C‘/__.ngl,

where the constant C' does not depend on k, and the latter inequality follows after taking T suitably large.
The second term on the right hand side of (BIT]) is estimated in Theorem ] (see (@1])). The proof of (BI2)

then follows.
In the following proposition the size of the support of f[k} is estimated.
Proposition 5.3 (The support of f[k]). If Ty = To(FNT2k+4) is sufficiently large, then

supp(fix (s, ) € {(2,p) C R x R® | |z — tp + log t Vo (p)| < 2F2 + B, |p| < 2B}
C {(z,p) CR3 x R? | |z| < 2F3 + 3Bt,|p| < 2B}.
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Proof. Theorem [AT], in particular the property (I, implies that
supp(fix)) C {(2,p) CR® x R | |z — tp +10g Voo (p)| < B, |p| < B}.
Consider, therefore the support of f. Note that, for fr,(x,p) := f(T},,p),
[z —Typ+1log Ty Voo (p)| < B, forall (z,p) € supp(fry),

which follows from the definition (5.2)) of fr, and the fact that each f; satisfies (.5). Define the charac-
teristic curves of X, denoted X, P: [T, Tf] x [T, Tf] x R? x R® — R3, as solutions of

dX(s,t,x,p) dP(s,t,z,p)
ds ds

along with the initial conditions

:P(s,t,x,p), = (V¢)(S,X(S,t,$,p)),

X(t7t,x,p):x7 P(t7t,x,p):p'
Clearly, for any x,p € R3, T < s < T},

f(saX(Sarfava)u P(87Tf7 ZC,p)) = f(Tf?xvp)u
and so
supp(f) = {(s, X (s, Ty, 2,p), P(s, Ty, 2,p)) | (x,p) € supp(fr,), T < s < Tr}. (5.14)
We proceed by subtracting from X and P suitable approximate solutions of the characteristic equations and

estimating the difference (cf. [16], where similar approximate solutions of the characteristic equations are
introduced in the context of the Einstein—Vlasov system). Define

X(s.t,2,9) = X (s, t,2,0)~ (2= (t=s)p—log (3) Vou(p),  Plost,0) = Plsst,2,0) ~ (b=~ Vo)),

so that

dX(s,t,z,p) = dP(s,t,x,p)
dS —P(S,t,.’[],p), dS

along with the initial conditions

= (Vo). X(ssta,p) = 5 Vo) (515)

1
X(tt,x,p)=0,  P(tt,z,p) =7 Vo(p).
Consider some (z,p) € supp(fr;), T <t < s < Ty. Using the fact that

x

Volt,a) ~t*Vou (7)] <

N+2k+4
T 7T

s (V0w () + V20 (D)) S Fi,

sup 5
t2 pER3

zeR3
(see the bootstrap assumption (54]) and the fact (8:2)) and,

'X S7T 7x7p — ~
‘% —p‘ =s X (s, Ty, 2,p) —log s Voo (p) + @ — Typ + log T1 Voo (p)|

|X(57Tf=x=p)| +10g3 B

Fo+ =,
S

A

s S
it follows that
‘ dﬁ(sv Tfa Iap)

ds ' N '(V(b)(S,X(S,Tf’x,p)) - S%(vgboo) (

(Vo) (FETEED) — (9o )0)

< g Ko Trmp)l | B FLB o)
S

X(Sa Tja Iap)) ‘
S

1
Tz

ot

83 S
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Integrating the equations (5.15) backwards from time T, the fact that

/Tf /Tf |Y(S/7Tfaxap)|ds/ds — /Tf(s —t) |Y(S7Tf7x7p)|ds
t s (s') t s3

3

then implies that

ds

— FN+2k+4 3 (B +1logtF3) Ty |Y(s Ts,z,p)
X(t,Tr,2,p)| < |V o o o ]—‘3/ SR ALE el
|X(t, Ty, 7,p)| < |Vooo(p)| + Tt . + ~ |

3

Tf v
g—_}'g’o+cfé”o/ w
2 . s

52

ds

3

if Ty is suitably large. The Gronwall inequality, Proposition [2.6] then gives

3
— — 3 Tr 1 e 0Fl o 3 CO(F3 )25
X0 Ty + AP Ty )| < SF% + OFL)? [ el S s < Sy o SRS
t
It then follows that
| X (t, Ty, 2, p) — tp + 108tV oo (p)) | + t|P(t, Ty, 2, p) — p| < 2F3, + B,
which, by (EI4]), completes the proof. O

5.2 Estimates for remainders

In this section the remainder quantities f[k}, O[x]» Ppx) are estimated. The main result of this section is the
following estimate for f[k}.

Proposition 5.4 (Estimates for L! (t—la,,)Jf[k]). Under the assumptions of Theorem[51, if k is sufficiently
large (k > (C + 1)FN+1 — 1 suffices, where C is the constant from ([BIZ)), and To is sufficiently large
(depending on k and FXT2+4) then, for all T <t < Ty,

LIt Folt. ... < O (FN+2k+4 o (log t)'+* 516
S L0 Byt sy < O 8D (5.16)

[T|+]|J|<N

The reader is again referred to Section [[3.2] for an overview of the proof of Proposition (.4l The proof
requires the following preliminary results.

Proposition 5.5 (Estimates for (t[)z)lqg[k]). For any multi-index I such that |I| < N, for all k > 0 and all
T <t<Ty, )
IV (t02) g (£, )l 22 S 2l (802)" Bpsg (2, ) 2

Proof. Recall that

Ags ) = Opr-
The proof follows from Proposition 7 and the fact that |z| < 3Bt in supp(gj)) (see Proposition 53] and
the property ([@3))), since t0,: commutes with Ags. O

Proposition 5.6 (Estimates for (t9,)!gj). For any multi-index I such that |I| < N, for all k >0 and all
T <t<Ty,
(log t)1+k

1¢00) 3y (1 Mz S 2L fg (2, Wrzrz + CRFIHHH? P
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Proof. Recall (see Proposition [£.2)) that

o (t,z) = /3 Sy (t, 2, p)dp + Py,
R
where Py satisfies (B.13)). Since
‘/]R3 8piLJf[k] (t,x,p)dp =0,
for ¢ = 1,2, 3 and each multi-index J, it follows that, for any multi-index I,

(60,) 6 (1, ) = /R L gt p)dp + (10, Py, ).

Hence
I~ Ir 2 % I
(0 awg (a2 S ([ ([ L0 Fuattpdp) de) + 60 Pt )2
R3 R3
S ( 1 (t,z,p)dp | |L' fiy (t,x,p)|2dpd$) o 01(t00) P (£, ) 2
R3 JR3 [ R3

Note now that ( 5 )3
14+ (F5,
[ Vst (i s ===

which follows from the fact that

logt 3F3 +2B . ;
’? —V¢oo( ) —p‘ <= —— i supp(fix))-
See Proposition 53 (and cf. Proposition L5]). The proof then follows from the estimate ([EI3]). O

In the following proposition, the terms arising from commuting the equation (5I0) for f[k] with the vector
fields of Section are estimated, using the bootstrap assumption (5.3)).

Proposition 5.7 (Commuted equation for f[k]). If the bootstrap assumption ([B.3) holds, then

Z ||X¢(Ll(t_1ap)Jf[k})||L§Lf,S Z HLI(f_lap)JF[k}HLng

[T|+[J|<N [T|+|J|<N
Ck]:£+2k+3 log )2 N B Jlogt N+1
+ v UoBt) S~ L 10,) fagllas + (P22 L S 40,) Kl (517)
[1]+]J|=1 3 |K|=1

Proof. Recall Proposition 210, which implies that, for i = 1,2, 3,

log t 1ogt

(Ko, Li| = = 200,000 () Ly + [t (0001000 () = 0016 (T ) ) +

, (ogt)” (log t)?

al(boo( ) aiakal(boo (p)

——0,0; oo (P )8j8k¢oo (p) — 0 (9qu3[0] (t, .’L‘) + log t 0;0101000 (P) (9Iz(;v5[0] (t,z) tilapk,

and

1 log t

[xd),t*lapi} =~ Li+ =200 ()t Oy

Note that, for any smooth h: R? — R,

logt

Li(h®) = h(3)) = @n)p) = @0:h) (T ) + =2=0:0:60 () Och) p),
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and so
2B + F3 logt

t

F2 logt

VR

sup
ly(t,z,p)|<B

x
Li(n(p) = (%)) | S 1920l
It follows from a simple induction argument, along with ([B2)) and the fact that, for any n > 0 and any
multi-indices I, J such that |[I| 4 |J] < n,

n

- _ Fr(logt ;o .
X6 (L (t710p)” fiag Nirzrz < IL"(t"0, )JFk]||L2L2 +Ct(7) Z IL" (¢ 0,)” Sullzre

[I7]+]J7|=1
10gt n+1 LTLTMJ _
+ O+ F ) 2 (N 100 ol D I @0 fg e
|K|=1 [T+ J'[=1
[242) } n ) .
+ 310 bl > IE (0 fiwllizez), (5.18)
|K|=1 ||+ J'|=1

The Sobolev inequality of Proposition 214 and the fact 2] (since N > 3), implies that the right hand side
of (EI8) is controlled by

Z L (¢ 8p)” Figg | 2 2

[I|+|J|<N
F3(logt)? log ¢ o N B 3
H (0 ST 0 dlas) Y 1670 sz
|K|=1 [I]+]J|=1

Note now that ¢E[0] = qvb[k] + (¢ — ¢y0)), and that Proposition 5.5 and Proposition 5.6 imply that

N+1 N+2k+3
1 CrpF5y logt
> 100) (bpg — b))t )2 S Y I (g = fo) (b llzars < =222 el
11=1 <N &
where (£4]) has been used. It follows that
S XK 0 fudllezrz S D L (E10) Fygll ez
I+ TSN I+ JI<N
Cp FN+2+3(log t)? logt s N _ y
+( > L+ FN) 2SN 0 dgllez) DS IE (0, Fallaans.
KI=1 11+171=1

The proof of (BI7) follows from inserting the bootstrap assumption (GE.3]).

The proof of Proposition [5.4] can now be given.

Proof of Proposition[57) If Ty = To(FXT2k) is suitably large so that the coefficient of the final term in
Proposition [5.7] satisfies
(]:OZX+2k+4)210tgt < FN+L,

then Proposition and Proposition [5.7] imply that,

N+1
B - (1Ogt)1+k JTN+1
> IXKe(L (T 9) fig) ey < Cu(FRTH+)2 2000 > 10 pg (8, )| e
[T+ J|<N [1]=1
CrFN+2k+3(1og 1)2 N B B
QP QB S 19, Fgliz .
[1+]71=1
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Now Proposition and Proposition imply that

N+1 § ) } (log t)'+*
>0 by (t)le St2> 1 NE firg(ts - )llzr + CRFRTHFHI 22—
|I|=1 [I|<N o tat

Thus, if Ty = To(FY 2843 k) is suitably large so that

PR _ o
then
- ; CFIH! - : log t)t+F

Do IR 0) f)llzry < = S I 0, fuglliare +Ck(f;g+2k+4)2(tT)k
[T|+[J|<N [T|+|J|<N
Defining

N
5[k](t) = Z HLI(t_lap)Jf[k](ta K ')HL%L?N
[1]+]J]=0

and noting that the vanishing of f[k] at time Ty (see (0.9)) implies that c‘f[k] (T¢) = 0, Proposition [2.9] then
implies that, for all T < ¢ < T,

. log t)1 1k g
Eug(t) < C(Fravrayp 0Bl > D peFyn / —““]S(S)ds. (5.19)
t
Defining
a) = CL=0 g = oyl

t itk
it follows that
oJi alshds” _ (f

CFN+?
)

Thus, if k > CFN+L —1,

Ty s N N+1(N+2k+4\2 Ty 1 1+k N+1( EN+2k+4)2 (160 )1k
/ a(s)b(s)edi atas g < CFoo (Foo ) / (log s) < OFo (Foo )*(logt)
t t

tCF% §2+k—CFNFTTT = Tk ’

and the Gronwall inequality, Proposition [2.6] implies that
g[k] (t) < Ck (]:£+2k+4)2(1 + FN+1)

which completes the proof of the estimate (BI6) (after increasing the elements of the sequence {n(n)}
appropriately).
|

This section is ended with the following proposition, which will be used to recover the bootstrap assump-

tion (B4).

Proposition 5.8 (Estimate for Vgﬁ[o]). Under the assumptions of Proposition[5.4), for all T <t < Ty},

N1 N42k+4

- CrLF logt
S 11(t00) K gl 2 S —Eroe 0BT, (5.20)
|K|=1 ‘ t2
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Proof. Proposition and Proposition imply that

N+1
) (St Mz St Y I ot ) lrare
|I]=1 [I|<N
1 y Cp FN+2k+4 100 ¢
<t2 > (I gty 2z + 1L (fg = fio) (8- )lz2rz) < T :
t2
I|<N
where the final inequality follows from Proposition (4] and Theorem AT (see ([@4)). O

5.3 Estimates for the finite problems: the proof Theorem [5.1]
The proof of Theorem [5.1] can now be given.

Proof of Theorem [51l The estimate (53) follows from Proposition (41 The estimate (56) follows from
Proposition 5.6 and the estimate (B.5]), and the estimate ([B.7) follows from Proposition 5.5 and the estimate
ED).

The bootstrap assumption (5.3) clearly holds with the right hand side replaced by £ (FXT2F4)2 if T,
is sufficiently large. For the improvement of (54), note that Proposition .8 and the Sobolev inequality of
Remark imply that, for all T < ¢ < T,

N+1
y . Cp FN+2k+4 100 ¢
sup (Voo (t,2)| < = Y [[(td:) dollz2 < 5 ; (5.21)
zER3 t2 =1 t
. . . . . . FN+2k+4
and so, if T} is sufficiently large, (54) holds with the right hand side replaced by S
Finally, the property (B.8) follows from Proposition (5.3 O

6 The proof of the main results

In this section the proofs of Theorem Bl Theorem B3], and Theorem B4 are given. The following (non-
optimal) local well posedness theorem will be used.

Theorem 6.1 (Local existence for Vlasov—Poisson). There is k such that, for any to € R and any smooth
compactly supported function fo: R3 xRS — [0,00), there exists T = T(||f0||H§prc) > 0 and a unique smooth

solution (f, 0, ¢) of the Viasov-Poisson system (LI)-@2) on (to — T,to +T) x RS x R? such that

f(thIap) = fo(xvp)a
for all (z,p) € R® x R3.

Let Ty > 1 be sufficiently large so as to satisfy the assumptions of Theorem [£.1]and Theorem [5.11 Before
the proofs of Theorem [3I], Theorem B3] and Theorem [3.4] are given, Theorem [5.] is used to establish, for
each Ty > Tp, the existence of a solution of Vlasov—Poisson on the interval [Ty, Ty| with trivial remainder
f[k] at t =T7.

Theorem 6.2 (Existence of solutions of the finite problems on [Ty, Ty]). Let k > k. be as in Theorem [5.1]
For any Ty > Ty, there exists a solution f: [Ty, T¢] x R? x R® — [0,00) of Vlasov—Poisson ([([LI)-([L2) such
that

f|t:Tf = f[k](Tfaa)a (61)
which satisfies the estimates (5.0)-(G1) and the support property (B.8) for all t € [To, Ty].
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Proof. Let B C [Ty, T¢] be the set of times T' € [Tp, T¢] such that a solution f: [T, Tf] x R3 x R3 — [0, 00) of
Vlasov—Poisson ([LI)-(L2) exists on [T, Ty] satisfying the final condition (G.I) and the estimates (5.3)—(E.4).
The set B is a non-empty, closed subset of [Ty, T], by Theorem[G.Iland the fact that fi)(7y,-, ) = 0 and

OkFN+2k+4 log Tf ]:N+2k+4
TP a1yt

for Ty as in Theorem [B.1] (see, for example, the estimate (B.21))). If T € B satisfies T' > T, Theorem [6.1]
implies that there is 6 > 0 such that the solution extends to the interval [T — 0, 7T%]. Theorem [l implies
that the inequalities (B3)-(E4) in fact hold with better constants and thus, by continuity, continue to hold
for all t € [T — §,TY] if ¢ is sufficiently small. The set B is therefore open, and hence equal to [T, Ty], and
the proof follows from Theorem [5.11 O

)

sup |V (Ty,z)| <
z€R3

The proofs of Theorem [3.1] and Theorem [3.3] can now be given. It is convenient to give both together.

Proof of Theorem [31] and Theorem [3.3. The proof of Theorem Bl and Theorem is divided into several
steps. First, the main part of the proof — namely the existence of the solution (f, 0, @) — is given. Then
properties of the solution, including the expansions of Theorem and the support property ([B.), are
established. Finally, the part of Theorem [3.I] concerning the fact that the solution attains the scattering
data foo — in the sense that the estimate ([B:6) holds — is shown.
The existence of the solution: Consider some T]/c > Ty > Ty. By Theorem[6.2] there exist corresponding
solutions

FOD [T, TH x R® x R® = [0,00),  fT9: [T, Ty x R® x R® — [0, 00),
of the Vlasov—Poisson system, which each satisfy the estimates (B5)—(5.1) and the support property (B.8]).
The differences

Fo= T p(Ty), ¢ = ¢TH) — p(T1), 0= o) — o1,
satisfy the system - ~ -

Xgf = 0,00, fT, Apsop =03, (6.2)
on [T, Ty], where ¢' = (b(T} ), along with the final condition

F(Ty,z,p) = f[(k?)(Tf,:E,p), (6.3)

for all z,p € R3.
The proof proceeds by estimating this difference on [Tp, 7], in a manner similar to the proof of Theorem

B Indeed, using the latter of (6.2) and the fact that fsatisﬁes the support property (G.8]), minor adaptations
of Proposition [5.5] and Proposition [5.0] give, for any multi-index I, and any Ty <t < T,

IV () 3t )2 < t(t02) 8t ) |2 S 472 | L Flts, )z rz. (6.4)

Thus, minor adaptations of the proofs of Proposition (.21 and Proposition [5.7] using the fact that f (T$) and
fT5) satisfy the estimates (5.5)-(5.0), give

B fN 1 R FN+3(logt)? Cip g
Yo UKL ) Pllrars S >l t)lee + = > L0 fllrzrs
I+ TI<N 1=1 I+ TI<N
]:OJ\O/Jrl B ~
S > L '9p)” fllLaz-
I+ T]<N

Thus, using the estimate ([&.3]) for the final condition (G3]), Proposition 22 gives that

g(t) = Z HLI(tilap)Jf(tv K ')”Lng

[T]+|JI<N
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satisfies, for all Tp <t < T%,

~ log Ty)'+F Tr o pN+1
)< C FN+2k+4 2( f / 00 £ ds.

( ) = k( S ) (Tf)1+k \ S (S) s
The Gronwall inequality, Proposition 2.6, with

ay = Sy = ey (08T

s 0 (Tf)l—i-k

then gives

=5 ].OgT 1tk C]‘—OJZ—’_l Ty N+1_
E(t) < Cr(Frmapel (Tf)fllk T / s s ).

Thus, provided k > CFN+1 41,

Ch (f01\£+2k+4)2

sip ST L9, (D — fIOY, - ars < T

To<t<Ts 114 171<N

Returning to (@4]), one has similar estimates for ¢(TJ/‘ ) — ¢(Tr) and Q(TJ/‘ ) — o(TH) . Tt follows that, for any
increasing sequence T} — oo, the sequence {(fT) ¢T7) oI} is Cauchy on their common domains of
the elements, in the above norms, and thus converges to a unique limit (f, ¢, 0) (independent of the sequence
{17} chosen) which moreover satisfies the estimates (B.0)-(E.7) and the support property (5.8) on [T, c0)
and solves the Vlasov—Poisson system (LI)—(T2) on [Tp, 0o).
Properties of the solution: The fact that f satisfies the support property (B8] follows from ([@3]), along
with the fact that each f(77) satisfies (G.5).

Consider now the estimates (BI0)-BI2) and recall k, from Theorem Bl For K > k. the estimates
BI0)-BI2) follow immediately from the fact that (f, o, ¢) satisty (EH)—(E1). For 0 < K < k., note that

ke k

. . - (logt)!

fiatz,p) = fatz,p) = > Z g fra(z —tp +1ogt Voo (p), p),
k=K+11=0

and thus (L0) and (EX) imply that

k
_ < (log t)1+h- < (logt)*
S L 0, Fuat - Mlrars < . ((f£+2k*+4)z L.

[I|+]J|<N k=FK+1

and I0) follows if Ty is suitably large. Similarly for (BI1)-B12]).
The L estimates [3.I3) follow from the L? estimates (BI0) and the Sobolev inequality of Proposition

2.3 and the L* estimates (B.I4)—(BI5) follow from the L? estimates I1)-([BI2) and the Sobolev inequality
of Remark 2.2

The scattering data is attained: In order to see that the data f. is attained — in the sense that the
estimate ([B.6]) holds — first note that, for

y(t,z,p) = = — tp +1og tVeoos (p), g(t,xz,p) = x +tp —logtVeo(p),

one has

//|f(t,g(t,£,p),p) - foo(x,p)|2dpdx = //|f(t,$,p) - foo(y(taxap)vp)dedIa
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and so the zeroth order part of the estimate ([B.6]) follows from setting K = 0 in (BI0). For the terms
involving first order derivatives, recall first Remark [Z13] (considering, in particular, [28)) and (23] with
h = foo) and note also that

O (F(t,3(t,2,p). 7)) = (O (L (t,2.).p),

O (£(1,5(t,2,0),9)) = (555 — 5107 60e () (L), 3 2.9). )

(logt)?

- 07 ;600 (D)03 oo (P) (t " Oy ) (£, 3(L, 2, p), D),

and
(0 foo) (y(t, 2, p),p) = — (t70p0) (foo (y(t, 2, 1), D))
8 D010 (D)D) (1, . 9).) + 1Oy Foc) (1,7, ), )
(apifoo)(y(tvxvp)vp) (foo( (t x,p),p))

LB e (0) O o) 01,1 ) — 2

akaz¢m( )(8pkfoo)(y(t,:17,p),p)
It follows that

(amlf)(uxap) - (azlfoo)( (t € p) p) = _(tilapi)(f(tv'rvp) - fm(y(tvxvp)ap))

+ %(aﬂﬂl + tapi)f(t T p) - lo—gtakaz¢oo( )(azkfoo)(y(tvxvp)vp) - t_l(apifoo)(y(tvxvp)vp)'

Hence

/ / 10, (F(1, (. 2.0).0) — oo, ) " dpdc = / / |0 ) (122, ) — (Dt foo) (5t 7, p), p) [P dpd

3 N-+4
//}t Y0, (f(t,2,p) — foo(y(t,x,p),p))| dpd:c—i—}—"otl()gt < Foo tlogt,

and similarly,

//|8Pl (f(t7g(t7$7p)ap)_foo('r7p>)‘2dpd$

3 2 N+4 2
S [ [ 105 0) =ttt ), ) Ppt - L0 T (0Bl

by BI0) with K = 0. The part of (80) concerning higher order derivatives follows similarly. The L*°
estimate ([B.1) follows from (B8] and the Sobolev inequality of Proposition 23 O

Finally, the proof of Theorem [3.4]is given.

Proof of Theorem[3]] Consider the solution (f, 0, ) of Theorem Bl and suppose that (f/, ¢, ¢') is another
solution which satisfies (310) for some K = K(FXT!) and for all ¢ sufficiently large, and f’ satisfies the
support property (B3.8)). It follows that the difference of the two solutions satisfies the system

X¢/(f_f/)zazi(¢_¢/)8pif7 AR3(¢_¢/>:Q_Q/-
Since

L CFY

sup (|0 f (¢, 2, ) 22
z€R3 t2

IV =) SHle— &)t ee SEEIN = £ ) 2z
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where the latter follows from the support property [B.8)) (see Proposition 5.5 and Proposition 5.6, it follows
that N
CFY
R (f = )& M2z < == = £ ez s
Proposition2.9and the Grénwall inequality, Proposition L6 with a(t) = t 1CFY, b(t) = || (f—f)(T, -, M2z
then imply that, for any 7" large and ¢t < T,

CFN (T opn_
107 = £ Mgy < 10 = T Mazng (1 e | 507 as)
(log T)' 5 CFL

< C’K(l T (]:OZ\OI+2K+4)2) L

where the latter follows from ([BI0) and the assumption [B10). If K > CFY, letting T' — oo, it follows that
the left hand side vanishes for all ¢, and thus (f’, o', ¢') = ([, 0, ¢). O
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