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A B S T R A C T

We propose a theoretical method to calculate the bound-state 𝛽-decay half-lives of highly-ionized
atoms, which is based on the combination of the Takahashi-Yokoi model and our recently-developed
projected shell model that can take into account both allowed and first-forbidden transitions of nuclear
𝛽 decay. Three examples that are of much experimental interests, 163Dy66+, 187Re75+ and 205Tl81+ are
taken for calculations. The ground and low-lying states of related nuclei are described reasonably. The
bound-state 𝛽-decay half-lives of 163Dy66+ and 187Re75+ are described within a factor of two and four
by our calculations without and with the quenching factors in allowed and first-forbidden transitions.
The bound-state 𝛽-decay half-life of the last 𝑠-process branching point 205Tl81+ is predicted to be 58
and 305 days for cases without and with the quenching factors in calculations. The presented method
provides a theoretical way to calculate systematically the bound-state 𝛽-decay half-lives of nuclei from
light to heavy ones including odd-mass and even-mass cases for the first time.

Nuclear weak-interaction processes are crucial for nu-
clear physics, particle physics and nuclear astrophysics. For
example, the nuclear 𝛽− decay rates are key ingredients for
understanding the stellar nucleosynthesis by the slow (𝑠-)
and rapid (𝑟-) neutron-capture processes [1, 2]. In the case
of a neutral atom, 𝛽− decay refers to the decay of a neu-
tron in the nucleus to a proton, emitting an electron and an
antineutrino in continuum states, as shown in Eq. (1a). In
stellar environments with high temperature and density, on
the other hand, atoms get highly ionized to be hydrogen-like
or even bare nuclei, so that another exotic decay channel is
possible, that is, the electron is not emitted to the continuum
but occupying directly bound states of electron orbitals of
daughter atoms [3], see Eq. (1b). The latter (former) is re-
ferred to as the bound-state 𝛽− decay, 𝛽b-decay (continuum
𝛽− decay, 𝛽c-decay).

𝐴
𝑍X0+

𝑁 → 𝐴
𝑍+1Y1+

𝑁−1 + 𝑒
− + �̃�𝑒, (1a)

𝐴
𝑍X𝑍+

𝑁 → 𝐴
𝑍+1Y𝑍+

𝑁−1 + �̃�𝑒, (1b)

The 𝛽b-decay concept was first proposed by Daudel et
al. in 1947 [4]. In 1980s, Takahashi and Yokoi presented
a method to calculate the 𝛽b-decay rates of highly ionized
heavy atoms [5] and predicted that the stellar 𝛽−-decay rates
of many 𝑠-process nuclei could be enhanced greatly when
the 𝛽b-decay channel is taken into account further [6]. In
1992, the first 𝛽b-decay was observed by Jung et al. for the
bare 163Dy66+ nucleus in a heavy-ion storage ring [7]. The
163Dy is a 𝑠-process branching point, with its measured half-
life as 47+5−4 days, the 𝑠-process temperature at this branching
point was estimated to be 𝑇 = 0.34(10) GK [3]. In 1996,
Bosch et al. observed the 𝛽b-decay of bare 187Re75+ nu-
cleus [8]. The 𝛽b-decay half-life was measured to be only
33 years, as compared with the very long 𝛽c-decay half-life
of 42 Gyr of neutral 187Re atoms, leading to the 187Re/187Os
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pair as a cosmo-thermometer instead of a nuclear cosmo-
chrononmeter [9]. In 2005, the 𝛽b-decay of bare 207Tl81+
was studied [10], and very recently, the measurement of the
𝛽b-decay of 205Tl81+ was conducted at GSI and the corre-
sponding half-life will be analyzed soon [11], which will be
very helpful for understanding the termination of the 𝑠 pro-
cess as 205Tl serves as the last 𝑠-process branching point.

Theoretically, calculations of the 𝛽b-decay rates (half-
lives) are basically based on the Takahashi-Yokoi model [5]
where nuclear transition strengths, including both allowed
and forbidden transitions, are indispensable key inputs. How-
ever, in most of the relevant calculations, unknown nuclear
transition strengths are not from sophisticated nuclear many-
body calculations, but estimated empirically by similar tran-
sitions of neighboring nuclei with available data [6, 12, 13],
which may limit interesting predictions. The 𝛽b-decay chan-
nel is expected to enhance to large extent the stellar decay
rates of many 𝑠-process related nuclei, such as 106Ru, 150Nd,
157Gd, 160Gd, 163Dy, 171Tm, 179Hf, 187Re, 194Os, 193Ir, 195Pt,
205Tl, 210Pb etc. [6], which are basically rare-earth nuclei or
nuclei near 205Tl. Therefore, elaborate and practical nuclear
many-body models are expected for studying and predicting
𝛽b-decay rates.

Over the past decade, the traditional projected shell model
(PSM) [14, 15] was developed to include extended large con-
figuration space taking into account high-order quasiparticle
(qp) configurations with the help of the Pfaffian and other
algorithms [16, 17, 18, 19, 20]. Interesting problems of nu-
clear high-spin states had then been studied successfully by
the extended PSM later [18, 21, 22]. In recently years, the
PSM was further developed for describing allowed Gamow-
Teller (GT) transition and stellar weak-interaction rates [23,
24, 25, 26, 27, 28, 29] as well as nuclear 𝛽 spectrum [30].
Besides, very recently, Wang et al., presented a new develop-
ment of the PSM for description of first-forbidden transition
of nuclear 𝛽 decay for the first time [31]. It is then straightfor-
ward to combine the current PSM that can treat both allowed
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GT and first-forbidden transitions, with the Takahashi-Yokoi
model to apply to systematical calculations and predictions
of stellar decay rates of the above mentioned rare-earth nu-
clei or nuclei near 205Tl [6] and other heavier nuclei as shown
in Refs. [12, 13] for which the 𝛽b-decay channel plays crucial
roles. In this work we first present the calculations of the 𝛽b-
decay rates for typical examples of 163Dy66+, 187Re75+ and
205Tl81+ that are actually of experimental interests, i.e.,

163Dy66+ → 163Ho66+ + �̃�𝑒, (2a)
187Re75+ → 187Os75+ + �̃�𝑒, (2b)
205Tl81+ → 205Pb81+ + �̃�𝑒, (2c)

The rate of 𝛽b decay from highly ionized parent 𝐴𝑍X𝑍+
𝑁 to

daughter 𝐴
𝑍+1Y𝑍+

𝑁−1 as shown in Eq. (1b) can be calculated
as indicated in Ref. [5],

𝜆𝛽b
I =

∑

𝐹
𝜆𝛽b

IF =
∑

𝐹

ln 2
(𝑓𝑡)IF

𝑓 ∗
IF(𝑚) , (3)

with 𝐼 labeling the initial state (usually ground state or iso-
mer) and the summation over all final (𝐹 ) states within the
𝑄-value window. One of the most interesting and crucial
properties of 𝛽b decay is that its 𝑄 value is different from
that of 𝛽c decay. For fully ionized atom (bare nucleus), one
can get [3],

𝑄𝛽b
(𝐾,𝐿,⋯) = 𝑄𝛽c

− Δ𝐵𝑒− + 𝐵𝐾,𝐿,⋯𝑒− , (4)

where 𝑄𝛽c
is the 𝛽c-decay 𝑄 value of neutral atoms defined

as the atomic mass difference of the neutral parent and daugh-
ter atoms,𝑄𝛽b

is the 𝛽b-decay𝑄 value of bare nucleus. 𝐵𝐾,𝐿,⋯𝑒−
is the binding energy of the created electron in the daughter
atom depending on which (𝐾-, 𝐿-, or other) shell is occu-
pied. Δ𝐵𝑒− = 𝐵𝑛(𝑍 + 1) − 𝐵𝑛(𝑍) is the difference of the
sum of all electron binding energies for atoms. It is seen
from Eq. (4) that when 𝐵𝐾,𝐿,⋯𝑒− − Δ𝐵𝑒− > |𝑄𝛽c

| as usually
for the case of 𝐾-shell occupation (see Table 1), 𝛽b-decay
has higher𝑄 value with𝑄𝛽b

(𝐾,𝐿,⋯) > 𝑄𝛽c
. On one hand,

the increased𝑄𝛽b
would enable transitions to more low-lying

states of the daughter nucleus, which may lead to totally
different 𝛽b-decay rate compared with 𝛽c-decay rate, as for
187Re in Table 1. On the other hand, stable atom with neg-
ative 𝑄𝛽c

would become unstable nucleus with positive 𝑄𝛽b
as for the two 𝑠-process branching points 163Dy and 205Tl
(see Table 1). Actually, even for some nuclei with negative
𝑄𝛽b

, thermal population of low-lying states of parent nuclei
in high-temperature stellar conditions would lead to opening
of 𝛽b-decay channel.

In Eq. (3), 𝑓 ∗ is the lepton phase volume function in the
Takahashi-Yokoi model [5],

𝑓 ∗
IF(𝑚) =

∑

𝑥
𝜎𝑥(𝜋∕2)

[

𝑔𝑥 or 𝑓𝑥
]2 𝑞2(𝑚)𝑥, (5)

with𝑚 = a, nu, u labeling allowed, non-unique first-forbidden
and unique first-forbidden transitions, with selection rule for
spin-parity difference as Δ𝐽Δ𝜋 = 0+, 1+, = 0−, 1− and 2−
respectively. 𝜎𝑥 describes the vacancy of the electron or-
bital 𝑥 which lies between zero and unity (unity is adopted

Table 1
The 𝑄 values between ground states (g.s.) for 𝛽c decay of
atoms and 𝛽b decay of nuclei, where atomic masses and elec-
tron binding energies are taken from Refs. [32, 33] respectively.
See the text for details.

Decays 𝑄𝛽c Δ𝐵𝑒− 𝐵𝐾
𝑒− 𝑄𝛽b (𝐾) 𝐵𝐿

𝑒− 𝑄𝛽b (𝐿)
(g.s.→g.s.) (keV) (keV) (keV) (keV) (keV) (keV)

163Dy → 163Ho -2.9 12.5 65.137 49.737 15.746 0.346
187Re → 187Os 2.5 15.2 85.614 72.914 20.921 8.221
205Tl → 205Pb -50.6 17.3 101.336 33.436 24.938 -42.962

here).
[

𝑔𝑥 or 𝑓𝑥
]

is understood as the larger component of
the (dimensionless) electron radial wave functions for orbital
𝑥 evaluated at the nuclear radius 𝑅, i.e.,

𝑓𝑥 =
𝑃 (𝑅)
𝑅

𝜆3∕2, 𝑔𝑥 =
𝑄(𝑅)
𝑅

𝜆3∕2, (6)

where 𝜆 = ℏ∕𝑚𝑒𝑐 is the reduced Compton wavelength of
electron, 𝑃 and𝑄 are the upper- and lower-component radial
functions of the electron Dirac wave function in the Coulomb
field of the daughter atom as,

𝜓𝐸𝜅𝑚(𝒓) =
1
𝑟

(

𝑃𝐸𝜅(𝑟)Ω𝜅,𝑚(�̂�)
𝑖𝑄𝐸𝜅(𝑟)Ω−𝜅,𝑚(�̂�)

)

, (7)

where Ω(�̂�) labels the corresponding spherical spinor, 𝐸 is
the energy of electron and the quantum number 𝜅 reads as,

𝜅 = (𝑙 − 𝑗)(2𝑗 + 1), (8)

with

𝑗 = |𝜅| − 1
2
, 𝑙 =

{

|𝜅| − 1 if 𝜅 < 0,
|𝜅| if 𝜅 > 0. (9)

where 𝑙, 𝑗, 𝑚 are the quantum numbers of orbital angular
momentum, non-relativistic total angular momentum and its
projection respectively.

For bound states the following normalization holds,

∫

∞

0

[

𝑃 2(𝑟) +𝑄2(𝑟)
]

𝑑𝑟 = 1. (10)

and in this work the 𝑃 (𝑟) and 𝑄(𝑟) functions for different
electron orbital 𝑥 in Eq. (5) are calculated numerically by
the recent RADIAL subroutine [34].

In Eq. (5) 𝑞 = 𝑄𝛽b
∕𝑚𝑒𝑐2 is the dimensionless 𝑄 value,

and the spectral shape factors (𝑚)𝑥 to the lowest order are
given by [5],

(𝑚)𝑥 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 for 𝑚 = a, nu and 𝑥 = 𝑛𝑠1∕2, 𝑛𝑝1∕2,
𝑞2 for 𝑚 = u and 𝑥 = 𝑛𝑠1∕2, 𝑛𝑝1∕2,
9
𝑅2 for 𝑚 = u and 𝑥 = 𝑛𝑝3∕2, 𝑛𝑑3∕2,
0 otherwise.

(11)

In the Takahashi-Yokoi model [5], the comparative half-
life, (𝑓𝑡)IF in Eq. (3), corresponds to the terrestrial value.
The partial half-life, 𝑡, can be calculated by [31, 35],

𝐾0
𝑡

= ∫

𝑄IF

1
𝐶(𝑊 )𝐹0(𝑍 + 1,𝑊 )𝑝𝑊 (𝑄IF −𝑊 )2𝑑𝑊 , (12)
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where𝐾0 = 6144±2 𝑠 [36],𝑊 and 𝑝 =
√

𝑊 2 − 1 label the
dimensionless total energy and momentum of the electron in
units of𝑚𝑒𝑐2 and𝑚𝑒𝑐 respectively. 𝐹0 is the Fermi function,
and 𝑄IF denotes the actual (dimensionless) 𝑄 value of the
specific transition as,

𝑄IF = 1
𝑚𝑒𝑐2

(𝑀𝑝 −𝑀𝑑 + 𝐸𝐼 − 𝐸𝐹 ), (13)

with 𝐸𝐼 (𝐸𝐹 ) being the nuclear excitation energy of initial
(final) state for parent (daughter) nucleus with nuclear mass
𝑀𝑝(𝑀𝑑). In Eq. (12) 𝐶(𝑊 ) is the shape factor for the tran-
sition, and the phase-space integral 𝑓 in Eq. (3) corresponds
to the integral in Eq. (12) without the 𝐶(𝑊 ).

For allowed transitions with𝑚 = a, 𝐶(𝑊 ) has no energy
dependence [35], and is dominated by the Gamow-Teller (GT)
transition [37, 38, 39],

𝐶(𝑊 ) = 𝐵(GT−)IF =
( 𝑔𝐴
𝑔𝑉

)2

eff

⟨

Ψ𝑛𝐹
𝐽𝐹
‖

‖

‖

∑

𝑘 �̂�𝑘𝜏𝑘−
‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩2

2𝐽𝐼 + 1
, (14)

where �̂� (𝜏−) is the Pauli spin (isospin lowering) operator,
the summation runs over all nucleons, and Ψ𝑛

𝐽 represents
the 𝑛-th eigen nuclear many-body wave function for angu-
lar momentum 𝐽 . (𝑔𝐴∕𝑔𝑉 )eff is the effective ratio of axial
and vector coupling constants with corresponding quench-
ing (of the transition operator and/or wave function) for the
GT matrix element [40, 41, 42, 43, 44],

(

𝑔𝐴
𝑔𝑉

)

eff
= 𝑓𝑞(GT)

(

𝑔𝐴
𝑔𝑉

)

bare
, (15)

where (𝑔𝐴∕𝑔𝑉 )bare = −1.27641(45) [45], and 𝑓𝑞(GT) is the
quenching factor for GT transition. Eqs. (12, 14) indicate
that for allowed GT transition, (𝑓𝑡)IF = 𝐾0∕𝐵(GT−)IF.

For first-forbidden transitions, 𝐶(𝑊 ) has explicit energy
dependence, which is approximated as [46, 35, 47]

𝐶(𝑊 ) = 𝑘(1 + 𝑎𝑊 + 𝑏∕𝑊 + 𝑐𝑊 2), (16)

for non-unique transitions, and [47]

𝐶(𝑊 ) = 𝑘(1 + 𝑎𝑊 + 𝑏∕𝑊 + 𝑐𝑊 2)
[

𝑞2 + 𝜆2𝑝2
]

, (17)

for unique transitions, where 𝑞 is the energy of the neutrino
and 𝜆2 =

𝐹1(𝑍,𝑊 )
𝐹0(𝑍,𝑊 ) with 𝐹1 being the generalized Fermi func-

tion [48]. The coefficients 𝑘, 𝑎, 𝑏 and 𝑐 depend on the fol-
lowing reduced nuclear matrix elements for first-forbidden
transition (see Refs. [35, 31] for details),

𝑤 = −𝑔𝐴
√

3

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘 𝑟𝑘[𝑪𝑘
1 ⊗ �̂�𝑘]0𝜏𝑘−

‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
, (18a)

𝑥 = −

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘 𝑟𝑘𝑪𝑘
1 𝜏

𝑘
−
‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
, (18b)

𝑢 = −𝑔𝐴
√

2

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘 𝑟𝑘[𝑪𝑘
1 ⊗ �̂�𝑘]1𝜏𝑘−

‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
, (18c)

𝑧 = 2𝑔𝐴

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘 𝑟𝑘[𝑪𝑘
1 ⊗ �̂�𝑘]2𝜏𝑘−

‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
, (18d)

𝑤′ = −𝑔𝐴
√

3

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘
2
3𝑟𝑘𝐼(𝑟𝑘)[𝑪

𝑘
1 ⊗ �̂�𝑘]0𝜏𝑘−

‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
,

(18e)

𝑥′ = −

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘
2
3𝑟𝑘𝐼(𝑟𝑘)𝑪

𝑘
1 𝜏

𝑘
−
‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
, (18f)

𝑢′ = −𝑔𝐴
√

2

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘
2
3𝑟𝑘𝐼(𝑟𝑘)[𝑪

𝑘
1 ⊗ �̂�𝑘]1𝜏𝑘−

‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
,

(18g)

𝜉′𝜈 =
𝑔𝐴

√

3
𝑀0

⟨

Ψ𝑛𝐹
𝐽𝐹

‖

‖

‖

∑

𝑘[�̂�𝑘 ⊗ 𝛁𝑘]0𝜏𝑘−
‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
, (18h)

𝜉′𝑦 = − 1
𝑀0

⟨

Ψ𝑛𝐹
𝐽𝐹
‖

‖

‖

∑

𝑘 𝛁𝑘𝜏𝑘−
‖

‖

‖

Ψ𝑛𝐼
𝐽𝐼

⟩

√

2𝐽𝐼 + 1
. (18i)

where 𝑪𝑙𝑚 is proportion to the spherical harmonics, and 𝐼(𝑟)
is the radial function that is related to nuclear charge distri-
bution [35, 31].

As in the allowed GT transition of 𝛽 decay [40, 41] and
in the double 𝛽 decay [42, 43], quenching factors for nuclear
matrix elements (transition operators and/or wave functions)
of first-forbidden transitions in Eq. (18) may be introduced
as well [35]. In Ref. [35] the following quenching factors
are adopted,

𝑓𝑞(𝜉′𝜈) = 1.266, 𝑓𝑞(𝑤) = 𝑓𝑞(𝑤′) = 0.66,
𝑓𝑞(𝑥) = 𝑓𝑞(𝑥′) = 0.51, 𝑓𝑞(𝑢) = 𝑓𝑞(𝑢′) = 0.38,
𝑓𝑞(𝑧) = 0.42. (19)

It is seen that to calculate and predict the 𝛽b-decay rates
and half-lives, the key nuclear inputs are the different re-
duced nuclear matrix elements in Eqs. (14, 18), where nu-
clear many-body wave function Ψ𝑛

𝐽 should be written in the
laboratory frame with good angular momentum and parity
as the transitions have strong selection rules. In recent years
the PSM was developed by Wang et al. to calculate these
reduced nuclear matrix elements for both allowed and first-
forbidden transitions with large model and configuration spaces
[24, 31], where exact angular-momentum projection is adopted,
i.e.,

|Ψ𝑛
𝐽𝑀⟩ =

∑

𝐾𝜅
𝑓𝐽𝑛𝐾𝜅𝑃

𝐽
𝑀𝐾 |Φ𝜅⟩, (20)

where Φ𝜅 includes the many-body qp vacuum and various
qp excitation configurations in the intrinsic frame [17, 24]
and the angular-momentum-projection operator reads as,

𝑃 𝐽𝑀𝐾 = 2𝐽 + 1
8𝜋2 ∫ 𝑑Ω𝐷𝐽∗

𝑀𝐾 (Ω)�̂�(Ω), (21)
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Figure 1: The calculated excitation energies for low-lying
states of 163Dy and 163Ho as compared with the data [49].
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Figure 3: Same as Fig. 1 but for 205Tl and 205Pb.

where 𝐷𝐽
𝑀𝐾 (�̂�) is the Wigner 𝐷 function (rotation op-

erator) with respect to the Euler angle Ω [19, 20] with 𝑀
(𝐾) being the spin projection in the laboratory (intrinsic)
frame. 𝑓 in Eq. (20) labels the expansion coefficients that
can be obtained by solving the corresponding eigen equa-
tion. The projection operator transforms the description of
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Figure 4: The decay scheme for neutral and fully ionized 163Dy
with calculated Log𝑓𝑡 with and without quenching factors.
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Figure 6: Same as Fig. 4 but for 205Tl.

nuclei from the intrinsic to the laboratory frame. In this
work we combine the current PSM that can treat both al-
lowed GT [24, 29] and first-forbidden transitions [31], with
the Takahashi-Yokoi model so that the 𝛽b-decay rates and
half-lives of candidate nuclei, especially for the rare-earth
nuclei and heavier nuclei, can be calculated and predicted
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Table 2
The calculated Log𝑓𝑡 and half-lives for bound-state 𝛽 decays of 163Dy66+, 187Re75+ and 205Tl81+ with and without the quenching
factors in allowed and first-forbidden transitions as compared with available data [7, 8].

Nuclei Transition Type Exp. 𝑓 ∗
IF Theo.(PSM)

(𝐽 𝜋𝐼 → 𝐽 𝜋𝐹 ) Log𝑓𝑡 𝑇1∕2(𝛽−b ) Log𝑓𝑡(w/o) 𝑇1∕2(𝛽−b ) (w/o) Log𝑓𝑡(with) 𝑇1∕2(𝛽−b ) (with)
163Dy → 163Ho 5∕2− → 7∕2− a 4.99 47+5

−4 d [7] 0.02266428 5.115 66.54942 d 5.364 118.07127 d
187Re → 187Os 5∕2+ → 1∕2− u 11.195 32.9+2

−2 y [8] 0.00111926 12.26561 17.92503 y 13.01911 119.80085 y5∕2+ → 3∕2− nu 7.87(3) 0.07223268 7.611267 8.435861
205Tl → 205Pb 1∕2+ → 5∕2− u — — 0.00013751 10.69247 58.43007 d 11.44598 305.13646 d1∕2+ → 1∕2− nu — 0.02785158 5.147932 5.865505

by elaborate nuclear many-body method.
In Figs. 1, 2 and 3 we show the calculated excitation en-

ergies for low-lying states of the related parent and daughter
nuclei. It is seen that for the deformed heavy odd-mass nu-
clei in the rare-earth region, 163Dy, 163Ho, 187Re and 187Os,
the corresponding ground states are reproduced by our PSM
calculations with correct spin-parity assignments. Besides,
the ground-state rotational bands for these nuclei are described
reasonably. For the heavier near-spherical odd-mass 205Tl
and 205Pb, both the ground-state spin-parity assignments and
the low excitation energies of the first-excited state are well
reproduced. This indicates that the many-body wave func-
tions of related nuclei are well described by our PSM cal-
culations. With these wave functions, the calculated Log𝑓𝑡
values for related allowed and first-forbidden nuclear transi-
tions are shown in Figs. 4, 5 and 6, where calculations with-
out and with the quenching factors are shown in red brace
and green parenthesis, respectively (the quenching factor of
allowed transition is adopted as 𝑓𝑞(GT) = 0.75 as in Ref.
[41]), and compared with available data from Refs. [7, 8].

For neutral 163Dy atom, as seen from Fig. 4(b) and Ta-
ble 1, 𝑄𝛽c

is negative so that the common 𝛽c decay can-
not occur. While in stellar finite-temperature environments,
163Dy may be fully ionized and then 𝛽b-decay channel to
both 𝐾 and 𝐿 shells is open as seen from Fig. 4(a) and Ta-
ble 1, which makes 163Dy as one of the important 𝑠-process
branching points. In this case, the related nuclear transition
between ground states are allowed transition and the transi-
tion strength is measured to be very strong with small Log𝑓𝑡
value, which is well reproduced by our PSM calculations
when no quenching factor 𝑓𝑞(GT) is adopted. By analyzing
the corresponding wave functions of ground states, we found
that the 5∕2− ground state of 163Dy has relatively pure (about
90.3%) 𝜈5∕2−[523] configuration originating from 𝜈1ℎ9∕2
orbital, and the 7∕2− ground state of 163Ho has relatively
strong mixing of 𝜋7∕2−[523] configuration (about 82.8%)
and many other higher-order qp configurations (but all of
them include 𝜋7∕2−[523] and 𝜋5∕2−[532] levels that orig-
inate from 𝜋1ℎ11∕2 orbital). The GT transition operator is
expected to have large matrix element between 𝜈1ℎ9∕2 and
𝜋1ℎ11∕2 orbitals [50], which makes that our calculated tran-
sition is strong with small Log𝑓𝑡 ≈ 5.12 (≈ 5.36) value
without (with) quenching, as seen from Fig. 4(a).

With our calculated 𝑓 ∗ value shown in Table 2 and the

above calculated Log𝑓𝑡 values for 163Dy, the 𝛽b-decay half-
life of 163Dy is derived to be about 66 days (118 days) with-
out (with) quenching as seen from Table 2. This indicates
that the measured 𝛽b-decay half-life of 163Dy can be described
within a factor of two (three) by calculations without (with)
quenching.

For neutral 187Re atom, it is unstable for 𝛽c decay with
very small 𝑄𝛽c

value so that only transition between ground
states exists which is unique first-forbidden transition, as seen
from Fig. 5(b) and Table 1. When fully ionized, 𝛽b-decay
channel is open and transition to the 3∕2− low-lying state of
187Os becomes possible, which is non-unique first-forbidden
transition, as seen from Fig. 5(a) and Table 1. The wave
function of the 5∕2+ ground state of 187Re is found to has
𝜋5∕2+[402] from the 2𝑑5∕2 orbital as the main configuration
(about 54%) and strong mixing of many other higher-order
qp configurations. The wave functions of the 1∕2− and 3∕2−
states of 187Os are found to be very similar so that they form
the ground-state band. 𝜈1∕2−[510] from the 3𝑝3∕2 orbital is
found to be their main configuration (about 60%) with strong
mixing of many other higher-order qp configurations. For
the 5∕2+ → 1∕2− unique first-forbidden transition, all the
terms in Eq. (18) vanish except for the nuclear matrix el-
ement involving tensor operator of rank two, i.e., 𝑧 in Eq.
(18d). The single-particle matrix element of such a transi-
tion operator is found to be small between 𝜋5∕2+[402] and
𝜈1∕2−[510] states, which lead to that our calculated tran-
sition strength is small with large Log𝑓𝑡 ≈ 12.27 without
quenching by which the data can be described reasonably, as
seen from Fig. 5(a). For the 5∕2+ → 3∕2− non-unique first-
forbidden transition, all the terms in Eq. (18) contribute in a
complicated way analytically and numerically [31], the cal-
culated transition strength is found to be larger with smaller
Log𝑓𝑡 ≈ 7.61 without quenching, which can well reproduce
the corresponding data as seen from Fig. 5(a). With the cal-
culated Log𝑓𝑡 and 𝑓 ∗ values, the derived 𝛽b-decay half-life
of 187Re is shown in Table 2, where it is seen that the mea-
sured 𝛽b-decay half-life of 187Re can be described within a
factor of two (four) by calculations without (with) quench-
ing.

Finally for the near-spherical 205Tl with small oblate de-
formation, neutral 205Tl atom is stable to 𝛽c decay with nega-
tive𝑄𝛽c

, while fully ionized 205Tl81+ becomes unstable to 𝛽b
decay where transitions from its ground state to the ground
and very low-lying states of 205Pb are available as seen from
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Fig. 6. This makes 205Tl as the last 𝑠-process branching
point that decays to 205Pb which is 𝑠-only nucleus and is
potential chronometers of the last 𝑠-process events and be-
comes probe of the corresponding stellar conditions. The
1∕2+ ground state of 205Tl is found to have single-particle
(qp) state of the 𝜋3𝑠1∕2 orbital as the main configuration
(about 67%) of its wave function with strong mixing of many
multi-qp configurations. The wave function of the 5∕2− ground
state of 205Pb is found to has single-particle state from the
𝜈2𝑓5∕2 orbital as the main configuration (about 78%) and
strong mixing of multi-qp configurations while the one of the
1∕2− low-lying state is pure to has single-particle state from
the 𝜈3𝑝1∕2 orbital as the main configuration (about 94%).
The first-forbidden transition to the 5∕2− ground state (1∕2−
low-lying state) is predicted to be weak (strong) with large
(small) Log𝑓𝑡 value as seen from Fig. 6. The 𝛽b-decay half-
life of 205Tl is predicted to be about 58 days and 305 days de-
pending on if quenching factors are adopted or not, as shown
in Table 2.

In summary, bound-state 𝛽 decay is a crucial decay mode
for nuclei in stellar environments, especially for the case of
𝑠 process. We provide a theoretical method to calculate and
predict the bound-state 𝛽-decay half-lives of highly-ionized
atoms so that the bound-state 𝛽-decay half-lives of nuclei
from light to heavy ones including odd-mass and even-mass
cases can be described systematically in a microscopic way
for the first time. The method is based on our projected
shell model that is developed very recently to take into ac-
count both allowed and first-forbidden transitions of nuclear
𝛽 decay, and combined with the traditional Takahashi-Yokoi
model. We take three examples that are of much exper-
imental interests, 163Dy66+, 187Re75+ and 205Tl81+ as the
examples for the first application. The ground states, low-
lying states and available allowed and forbidden transition
strengths of related nuclei are found to be described reason-
ably by our calculations. The bound-state 𝛽-decay half-lives
of 163Dy66+ and 187Re75+ are described within a factor of
two (four) when the corresponding nuclear matrix elements
are not quenched (quenched) in our calculations. Besides,
we predict that the bound-state 𝛽-decay half-life of the last
𝑠-process branching point 205Tl81+ is about 58 and 305 days
for cases without and with the quenching factors in calcula-
tions.

Near-future works include combining the method pre-
sented in this work and the Saha equation that is useful to de-
termine the population of variously ionized states of heavy
elements in realistic stellar conditions, after which it then
would be possible for us to update the data table of 𝑠-process
effective stellar 𝛽-decay rates [6].
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