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1. Introduction

Searching for geodesics on Riemannian manifolds is an interesting, but rather diffi-
cult problem due to nonlinearity of the geodesic equations. This problem is particularly
interesting when the manifold in question is a homogeneous space. There is vast lit-
erature devoted to the study of integrability of geodesic flows on some of them, cf.
the well-known work | ; ; | as well as | , Chapter 3] for general
information about geodesics on homogeneous spaces.

There are also articles on non-commutative integrability, e.g. | |: here the main
ideas and the connection with ordinary integrability are described in [ ]. Other
questions related to geodesics have also been studied, for example, the case when the
manifold is a space of geodesic orbits | |. In addition, topological obstructions to

integrability are considered in | ].



In this paper we are interested in a special class of homogeneous spaces, namely
the flag manifolds. Let us recall the basic notions. A flag is a sequence of nested linear

subspaces in C¥V,
0Ocliclyc...cL,=C", (1.1)

of given dimensions diml, = d,. The flag manifold is the manifold of such nested

subspaces
Firdgody =10cLyc...c L, =C"}. (1.2)

This is a homogeneous space which can be presented as a quotient space of the unitary

group | ]:

U(N)
F - 1.3
Doz = (1) % Ulng) x ... x U(n)’ (1.3)
where n; = d; —d;_1, 1 =1,2,...,m (we set dy = 0). Basic information about flags
can be found in | ].
We say that Fio  n = [%T];[)V is a manifold of complete flags. A point on it can be

parameterized by an ordered set of N pairwise orthogonal vectors {u; € CPY '} . For
convenience, we can assume that the vectors are normalised, i.e. @,ouy 1= Z;V:I ﬂ{lui =
0. Furthermore, since the vectors take values in the projective space, they are deter-
mined up to a multiplication by a phase factor. For generic values of the d;’s Fy, 4,. ...
are manifolds of partial flags.

Geodesics on flag manifolds have also been previously studied in the literature.
In | | it was shown that an arbitrary invariant metric on the flag manifold F; 55 =
% admits a fully integrable geodesic flow if not every geodesic is an orbit of a one-
parameter subgroup of SU(3). In | ] the authors studied those metrics, for which
flag manifolds are spaces of geodesic orbits. Finally, the article | | focuses on the
study of equigeodesics on flag manifolds.

In this paper we consider special metrics on manifolds of complete (or partial) flags,
such that the geodesic equations can be solved explicitly. For these metrics it is shown

that the eigenvalues of the Laplace-Beltrami operator can also be found explicitly. We

'For brevity sometimes we refer to flag manifolds simply as flags, with the hope that this will not
confuse the reader.



note that the so-called normal metric on a flag manifold is a point in the space of
metrics that we study. In this latter case the eigenvalue problem had been previously
solved in [ ].

In order to study geodesics and eigenvalues of the Laplace-Beltrami operator on
Fia,..~n we use the following idea stated in | ]. One should consider an SU(N)-
spin chain, and in a certain ‘infinite spin’ limit its Hamiltonian transforms into the
Hamiltonian of a free particle on the complete flag manifold. The solution of the
classical problem provides the geodesics, while the corresponding quantum problem
allows computing the spectrum of the Laplace-Beltrami operator.

The paper is organised as follows. In Section 2 we describe the geodesics and
the spectrum of the Laplace-Beltrami operator on a sphere in a formalism that can
be generalized to the SU(V) case and is used later on. Before turning to the most
general case, the SU(3) case is studied in detail in Section 3, i.e. all geodesics on the
corresponding complete flag manifold are explicitly determined and the spectrum of
the Laplace-Beltrami operator is calculated. Furthermore, the transition from Fj o3
to the projective space CP? (which, in this context, should be viewed as a partial
flag manifold) is investigated. This method admits a natural generalization to the
case of higher N. The corresponding scheme is described in detail in Section 4. In
particular, in Sections 4.1-4.2 we outline a method for computing the spectrum of the
Laplace-Beltrami operator. Proposition 9 is devoted to the explicit solution of the
geodesic equations by induction in N. Finally, in Section 5 we study the transition

from Fi5 . n to an arbitrary partial flag manifold.

2. SU(2) case

Let us recall the basic properties of the well-known behaviour of a free particle (clas-
sical or quantum) on the sphere 82, which is the simplest complete flag manifold F ».

The ideas presented here are further developed in what follows and applied to Fi 2 . n.

2.1. Spectrum of the quantum Hamiltonian. The case of a quantum particle

on §? can be obtained as a large spin limit of a simple system consisting of two SU(2)



spins. Its Hamiltonian is?
1 a a\2 a Qa

where S¢ (a = 1,2,3) are generators of the su(2) algebra in the representation® 7% of
spin £. Thus, the operator H acts in the tensor product of representations T:QT5.

It is clear that the Hamiltonian (2.1) is proportional to the quadratic Casimir
operator Cy = S%S%, where S* = S + S§ are generators of the su(2) algebra in the
representation considered. In the following SU(N) generalization we will also consider
Hamiltonians associated with quadratic Casimir operators.

A well-known result of representation theory is

lim T2 @T% = li 77 = [*(S? 2.2
Jm T2 @T* = lim @ (5) (22)
where L?(S8?) is the space of square integrable functions on the sphere. Details of the
above facts from representation theory can be found, for example, in | .

Thus, the considered system describes a quantum particle on the sphere S? =~ CP*
in the limit p — oo. The spectrum of H is proportional to the spectrum of the Casimir

operator acting in the space (2.2) and is given by a well-known formula
A= jG+1), jeNy (23)

Clearly, this is also the spectrum of the Laplace-Beltrami operator on the sphere S2.
It is natural to assume that operator (2.1) has the Laplace-Beltrami operator as its
limit when p — o0. We restrict ourselves to this observation for the moment: a proof
of this claim in the general (SU(3) and SU(N)) case will be provided in Section 3.2.

2.2. Geodesics. In order to describe the motion of a classical particle on the sphere,

we will make use of an embedding

CP' — CP' x CP". (2.4)

2In the following we assume summation w.r.t. repeated indices.
3845¢ is a quadratic Casimir operator acting in the irreducible representation T% and therefore
proportional to the identity operator.



Let us assume that each of the spheres on the right-hand side is parameterized by a
unit vector u;, us € C2?, defined up to a phase multiplier. Then the embedding can be

described as the orthogonality condition for these two vectors:
UL O Uy = 0. (25)

In the following it is convenient to assume that these vectors are normalised, i.e. ;o

u; = 0;;. In other words, the matrix

U(2)

T 0D = CP". (2.6)

(uyug )€
In these terms the SU(2)-invariant metric on the sphere can be written as
ds? = |y o dus|® . (2.7)

Since the SU(2)-invariant metric on CP' is unique (up to a constant multiplier), (2.7)
is just an unusual form of the standard metric on the sphere. This formalism naturally
generalizes to more general cases of flag manifolds, which is why we study the two-
dimensional sphere in this less familiar formalism.

The geodesic equations reduce to

D } d , . . .
E(QQOul)z%(quul)—uzoul(uloul—u20u2)=O, (2.8)

where % is a covariant derivative w.r.t. the gauge group U(1)?, which appears in the

denominator of (2.6). In the following we use the gauge fixing condition u; o u; =
lip 0y = 0, so that % = %. Solving (2.8), we get 1y 0 1; = const. Since the vectors uy

and uy form a basis, we can write

?.Ll = ul(ﬂl o 'LL1> + UQ('ELQ o Ul) = Ug(ﬂg o ul),

’IILQ = Ul(l—Ll o Ug) + UQ(I_LQ o Ug) = Ul(’l_“ 9] UQ) (29)

Evolution of these vectors can therefore be easily found:

U1<t) o 0 Agl ul(O)
(u2<t)>_exp (_Agl O>t <u2<o>>’ 210)




where iy 0 1y = AY;.

3. SU(3) case

This section generalizes the main ideas from the previous section to the SU(3) case
and to the manifold Fj 53 accordingly. To this end we analyze a specific SU(3) spin

chain and exhibit its relation to the free particle problem on Fi o 3.

3.1. SU(3) spin chain consisting of three spins. Consider a system of three

SU(3) spins with Hamiltonian of the form
H = aSTSy + 55555 + 5755 + const, (3.1)

where «, 3,7 are real, non-negative numbers. For convenience, we introduce an addi-
tional additive constant by analogy with equation (2.1). Generators S¢ (a = 1,...,8)
of the su(3) algebra are taken in the p-th symmetric power of the associated funda-
mental representation, Sym(p). This corresponds to a Young diagram with one row of

length p. Thus, H acts in the space

1 2 3
V(p) = L ® S ® . = Sym(p)®*. (3.2)
» » »

Based on the analogy with the sphere (2.2), eventually it becomes necessary to take

the limit p — co. Specifically, we will show that

pll_{g) V(p) = L*(Fi23),
which is a natural generalization of the statement (2.2) for the sphere §? = F ,.

Let us introduce Irr(Sym(p)®”) — the set of Young diagrams corresponding to ir-
reducible representations in Sym(p)®". Note that for each diagram in Irr (V(p)) there
is a diagram in Irr (V(p + 1)) with an additional column of three boxes. They both
correspond to the same representation. Thus, Irr(V(p)) < Irr(V(p + 1)). All of this
follows from the rules for multiplying Young diagrams and mapping those to irreducible

representations, cf. | , Appendix A.1].



3.2. Derivation of the metric on F;3. In this section we find a connection
between the considered spin chain and the free particle problem on Fj 5 3. In particular,
it is shown that the spectrum of the Hamiltonian H coincides (in the limit p — o)
with that of the Laplace-Beltrami operator on Jj 53 with a certain metric.

The proof is based on the formalism of path integration®*. We are interested in

~™) and we work with generalized coherent

the spin chain partition function Try,)(e
states to write out the path integral (see [ | for general information on coherent
states and | | for an application to spin chains). In our case, these states are
parameterized by the set (21, 22, 23) € (CP?) a

One can write an expression for the partition function as a path integral with an

action of the form [ ]

T Z10Z] Z902Zy Z30%
S=ipfdt(1 21+2 22+3 23)
0 |21 |22 |23

T _ 2 — 2 — 2
—p2f dt <a|21022‘ +5|22023‘ +7|21023| )) (33)

\2‘1|2|Z2|2 \2‘2|2|Z3|2 |21|2’Zs\2

where z; € CP?, and periodic boundary conditions should be imposed: z;(t+7) = z(t).

Further consideration is based on the following proposition:

Proposition 1 (| 1). Fi2s is a Lagrangian submanifold of (CP* x CP* x CP?, ),

where the symplectic form ) is a sum of Fubini-Study forms.
Recall the proof:

Proof. As before in Section 2, assume that a point in (CP?); is parameterized by the
unit vector u; € C3?, determined up to multiplication by a phase factor. Let us write
out the momentum map p : CP? x CP? x CP? — su(3) corresponding to the diagonal
action of SU(3):

3
p= > u @i —Id (3.4)
=1

Obviously, the manifold p~!(0) is invariant under the action of the group. Moreover,

it is well-known that every orbit of the group action lying in p~*(0) is isotropic. How-

4The formalism of path integration was applied to finite-dimensional systems, for example,
in [ ].



ever, (3.4) is a ‘partition of unity’, so that in our case p~*(0) consists of pairwise
orthogonal vectors in CP? x CP? x CP?, which is nothing but Fi23. Since Fig3is a
homogeneous space of SU(3), 1 ~1(0) consists of a unique orbit. Therefore Q},rl(O) = 0.
Due to the fact that dim F; 53 = 6, it is clear that this isotropic submanifold is La-

grangian. O
There is even a more general fact at play:

Proposition 2. Let X < CP? x CP? x CP? be the set of all triples of lines in C* passing
through the origin and not laying in the same plane (i.e. such that Det(z1, 29, z3) # 0).
Then X is symplectomorphic to an open subset of T*Fio3.

Proof. Let Z := (z1,29,23) be a nondegenerate matrix (i.e. Z € X). Assume the
columns are normalised: |21|> = |23|> = |23/2> = 1. In this case the symplectic form on
CP? x CP* x CP? can be written as follows:

3

Q=i > dznde,=iTr (dZ" A dZ). (3.5)

k=1

According to the polar decomposition theorem, Z can be uniquely represented as Z =
UH, where U is a unitary and H a positive-definite Hermitian matrix. Obviously, here
H = (Z'2)"? (the square root is well-defined) and U = Z(Z7Z)~'/2. Note also that,
due to the normalization of the vectors z;, the diagonal elements of K := H? are all
equal to 1. Substituting this decomposition into (3.5), after some simple manipulations

one obtains

3
Q=idTr (KU'dU) =i Y diyg A duy, +id (Z Kjy ajduk> , (3.6)
k=1 j#k
where u; are the columns of U. The first term in this equation vanishes because
Fia23 is Lagrangian (Proposition 1). The second term is the standard symplectic
form on a cotangent bundle. However, note that the matrix elements Kj, are not
completely arbitrary, since the matrix K is positive-definite by construction. This

condition distinguishes the open subset of 7% F; o 5. ]

A straightforward generalization of this statement is obviously true for the embed-

ding Fi ., C (C]P’”_I)X”. In the case n = 2 the positive-definiteness condition of the



matrix K takes the specially simple form |[Kj3| < 1 (i.e. the open subset is a disc

subbundle in this case).

Let us use the main ideas of the proof of Proposition 2 to simplify the action (3.3).
Consider the matrix Z := (21, 29, 23) composed of the vectors featuring in (3.3) and
assume that Z is non-degenerate, i.e. Z € X. In terms of the path integral this
assumption can be justified by the fact that the set X is dense in CP? x CP? x CP2.
Therefore the value of the integral does not change if we replace CP? x CP? x CP? with
X in the domain of integration.

Let |21|> = |22]® = |23]> = 1, use polar decomposition Z = UH and introduce
K := H? asin the proof. Let u; be the columns of the unitary matrix U, i.e. @;0u; = d;;.

With these definitions, (3.3) can now be rewritten in the form
S=ip J dt Tr (HH + KUT U) — p? J dt (aK 15Ky + BKy3Ksy + vK13Ks). (3.7)
0 0

The first term is a full derivative and the corresponding integral vanishes due to peri-

odic boundary conditions. As previously noted, the diagonal elements of K are all equal

to one. Therefore one can isolate in (3.7) the term ipf dt (@ ouy + g o Ug + Uz © Ug),
0

3
whose integrand is a full derivative as well, since d (Z uidui) = 0. To deal with the
=1

1=

remaining terms, one can make the substitution pK;; — Kj;, 7 # j and integrate

over K;;. As a result, one arrives at

S_ det |j12|2 n |J'23|2 . U13’2 (3.8)
0 « B 7 7

where jij =y o U; . (3.9)

A reservation is in order, though. When integrating over K,;, we have assumed that
there are no restrictions on these variables. However, this is not generally true, since the
matrix K is positive-definite. Nevertheless, the conditions on the integration domain
are lifted in the limit p — oo.

The action (3.8) describes free particle motion on Fj 23 with the metric

_ |ty Odu2\2 N |tig © du3]2 N |ty o du3\2

ds?
a o} Y

(3.10)

10



Thus, we have shown that the spin chain (3.1) leads to the free particle problem on
the flag manifold as p — o0. Remarkably, our calculation provides an explicit relation
between the metric coefficients in (3.10) and the Hamiltonian coefficients in (3.1). In

other words, the following statement holds:
Proposition 3. Let H be the Hamiltonian (5.1) acting in the space V(p). Then

—TH)

lim Try ) (e = Trro(r, 4 (€ emtice) | (3.11)

p—®0

where 7 > 0 is a parameter, Hpamicle 15 the quantum mechanical Hamiltonian corre-

sponding to classical action (3.8). In other words,
7_[particle = _Aa (312)

where /\ is the Laplace-Beltrami operator for the metric (3.10) on the flag manifold
[ , Section 3].

In (3.11) we have chosen the additive constant in the Hamiltonian #H such that the
ground state of the spin chain corresponds to the zero eigenvalue (see Section 4.2).
As a result, it follows from the equality of partition functions that the spectrum of H

coincides with that of —A as p — o (see, for example, | , Chapter 3]).

3.3. Case of v = 5. In the following we restrict ourselves to the special case where
v = (. As the set {u;}?_; forms an orthonormal basis in C?, it follows that there is a

‘partition of unity’
U Uy + Us @ Us + uz @ ug = Id. (313)
Thus, in this case the metric (3.10) can be rewritten in the form
o _ 1 o 1 _ _
ds® = — |ty o dus|” + BdU3 (Id — 13 ® ug) dus . (3.14)
«
In particular, one can clearly see the structure of the forgetful map® (bundle)

Fioz — CP?, (3.15)

5See Section 4.3 below for more information on forgetful maps.

11



defined by the map (uj,us,u3) — us. The terms in (3.14) containing ug correspond
to the Fubini-Study metric on CP?, whereas the first term in (3.14) corresponds to
the metric in the fiber CP' parameterized by the vectors (u,us) (orthogonal to us),
see (2.7). Therefore the size of the base and the size of the fiber are determined by
%3 and %, respectively. Somewhat more formally, this means that the map (3.15) is a
Riemannian submersion (see, for example, | ]), when Fj 53 is equipped with the
metric (3.14) (as opposed to the case of the general metric (3.10)).

Let us mention some special cases of the metrics (3.14). First, there is the normal
metric | ], which corresponds to the case o = . The case of 8 = 2a is another
interesting possibility: this is the Kihler-Einstein metrict | : |. Finally, in
the limit é — 0 one arrives at the Fubini-Study metric on CP* (which is, of course,

Kéhler and might be thought of as a degenerate metric on Fj 5 3).

3.4. Spectrum of the Hamiltonian for v = . Let us start by rewriting H in

the more convenient form
H = (a—0)S1Ss + B(S7Sy + 5555 + S1S%) + const. (3.16)

Here S¢ stand for the su(3) generators, so that [Sf, Sf’] = faeS¢ where fo are

the structure constants; a,b,c = 1,...,8. One can easily show that
[Sng, SbSh 4+ 558+ Sng] = 0. (3.17)

Note that S = S§ + S§ + S§ are the su(3) generators in the tensor product repre-
sentation V(p) defined in (3.2), and S* = S§ + S¢ are the su(3) generators in the
representation Sym(p)®2. Thus, up to a factor of % and terms proportional to the
identity operator, S759 and S{S§ + S§S§ + S{.S§ are quadratic Casimir operators in
Sym(p)®* and in V(p), respectively.

Let us describe the algorithm for finding the spectrum of H. Initially, one can mul-
tiply the first two factors of Sym(p) in V(p) and choose an irreducible representation,
which we call A. This way we determine the eigenvalue of S{S$: denote it by A;. Next,
one can multiply A by Sym(p) and choose an irreducible representation in the decom-
position: call it B. This determines the eigenvalue of S{S§ + 5559 + S{55: denote

6 Apparently, Kihler-Einstein metric does not belong to the class of metrics described below with
‘nested’ structure on F1 5 n, N > 4 (see Section 4.2).

12



it by Ag. The corresponding eigenvalue of H is then (o — S)A; + fAg, its degeneracy
being given by the dimension of B. To find the entire spectrum o(#,p), one should
consider all possible pairs (A, B).

Let us illustrate this algorithm on the example of p = 1. In this case

vin=[ ][ o |= ® ol |@

It follows that every irreducible representation in V(1) corresponds to a certain irre-

ducible representation in Sym(1)®? (coloured green). The same holds for higher p.
Consider a Young diagram Y (pi, pe, p3) with row lengths p; = pa = p3 = 0. In-

troducing s; = p; — %Z?Zl pj, one can calculate the value of the quadratic Casimir

operator for the corresponding irreducible representation using the formula | ]

3
02(]91,172,]93) = Z Sj(sj - Qj)- (3-18)
j=1

We are thus in a position to write out an explicit formula for the eigenvalues of H:

Proposition 4. The eigenvalues of H, for a fized value of p, take the form

p a—pf
A= 5Co(p? 95, 05) + =5 [Ca (993, 0) = Calp.p,0)]. (3.19)
where p+p3 = 2p, pi < p < pf and pP+pB+pP = 3p, pP < pt < pB, pf < pg < PE.

Proof. According to the algorithm described above, we need to identify certain irre-
ducible representations A in Sym(p)®? and B in V(p) such that B is contained in the
decomposition of AQSym(p) into irreducibles. These representations correspond to cer-
tain Young diagrams Y4(pi, ps', pg') € Irr(Sym(p)®?) and Yp(pf, p¥,p¥) € Irr(V (p)),
in terms of which the spectrum can be easily described.

The rules for multiplying by Sym(p) are quite simple. For instance,

Sym(p) ® Sym(p) = P : (3.20)

Irr (Sym (p)®2)

13



where the sum is taken over diagrams with row lengths (p7!, p4') satisfying the conditions
pi+ps =2p, Py <p<pi (3.21)

Take any diagram Y, on the r.h.s. of the equation (3.20). Multiplying it by Sym(p),
one gets diagrams Yp with three rows of lengths (p1, p2, p3) subject to the conditions
1 y <P (3.22)

pr+py +pY =3p, py<p!<p’, py<p

For each pair of diagrams Y, and Yp, satisfying the conditions (3.21)-(3.22), the eigen-
value of the Hamiltonian can be calculated using the formula
s a—p

Ay = 5

As mentioned above, the degeneracy of A is equal to the dimension of B. To find the
entire spectrum, one needs to search for all possible values of the row lengths of Y4
and YB. ]

Note that the additive constant in H has been chosen as —a—ng(p,p, 0). This is
necessary to ensure that the eigenvalues have a limit as p — 0. Indeed, upon changing
p — p+ 1 the Young diagrams Y (p{,ps',0) € Irr(Sym(p)®?) and Yp(p?, p%,p¥) €
Irr(V(p)) are mapped to the new diagrams Y} (pf! + 1,p3' + 1,0) € Irr(Sym(p + 1)%?)
and Y (pf +1,pF +1,p¥ +1) € r(V(p+1)), respectively (see the end of Section 3.1).
It turns out that the values Ay for (Ya,Yp) are the same as those for (Y}, Y}) (see
Section 4.1.3), so that o(H,p) < o(H,p + 1). As a result, in the limit p — oo one
finds the entire spectrum of the corresponding Laplace-Beltrami operator. Let us also
mention that, with this particular choice of the additive constant, the energy of the

ground state of the Hamiltonian is zero. For more on this see Section 4.1.

3.4.1. Reduction to CP?. The limit & — o is also of interest. In this case, as
discussed in Section 3.3, the metric on Fj 53 degenerates. As the fiber size tends to
zero, the metric converges to a metric on the base, that is, on CP?. It follows from
the formula (3.19) for the spectrum and from Appendix B that the eigenvalues, which
are bounded as o — o0, correspond to the states for which C5 (pf‘,pf, O) = Cy(p,p,0)
holds. Thus, out of the set of Young diagrams A only rectangular diagrams of the

14



following form should remain in the limit:

(3.24)

v~

p

The corresponding representations are symmetric powers of the representation con-

jugate to the fundamental, i.e. Sym(p). In the limit p — oo we obtain the correct

identification of Hilbert spaces:

L* (CP?) = lim Sym(p) ® Sym(p). (3.25)

In this case the analogue of Proposition 1 is that there exists a Lagrangian embedding
CP? — CP? x CP? given by the map z — (z, 2). Complex conjugation in the second
factor intuitively corresponds to taking the conjugate representation in (3.25).

In fact, the system on Fj o3 becomes equivalent to a system on the partial flag
manifold 7,3 =~ CP? as a — oo. Indeed, the rectangular Young diagram (3.24) leads
to coherent states parameterized by points on the Grassmannian F53. This means
that, in this limit, the pair of vectors (u,us) describing Fj o3 is only defined up to a
U(2) gauge transformation. As a result, the gauge group is enlarged from U(1) x U(1)
to U(2).

3.5. Geodesics in the case of v = 3. Previously, we derived the spectrum of the
quantum Hamiltonian (3.1) for the case § = +, thereby solving the quantum mechanical
problem on Fj 2 3. The classical problem corresponding to the action (3.8) is equivalent

to the geodesic problem on this manifold. Let us state the main proposition:

Proposition 5. The general solution to the geodesic equations on Fi o3 with the met-
ric (3.14) has the form

109 0 éAgl %A& u1(0)
us(t) | = G(t)exp | | —LAY, 0 5A% Bt [ u2(0) |, (3.26)
us(t) _%A& —%fng 0 u3(0)

15



where

0 A
(—éfl%l 0 )““ﬁ )t] 3.2

and AY,, AY,, AY, are the initial data.

Proof. Our model’s action takes the form (3.8) with § = . The Lagrangian can be
rewritten by analogy with the metric (3.14) as

1. 1. iy
L= aﬂg o (Ul ®ﬂ1> o 112 + Bﬂg o (Id — Uus ®ﬂ3) o 1'1,3 + /\”(ﬂi ou; — (Sij), (328)

where A\Y are Lagrange multipliers imposing orthonormality of the vectors uy.
U@3)

U()xU(1)xU(1)°

model (3.28) is invariant under the action of the gauge group U(1)3. Gauge transfor-

The flag manifold F; 53 is the quotient space and, as a result, the
mations take the form u; — €()y;. The natural gauge conditions that we use are
azouz = O,Z = 1,2,3.

Let us introduce the following notation: Ag(t) := @; o u;(t), AY; := 1; o 11;(0). Due
to the orthonormality of the vectors u; we have A;; = —flﬂ. As in the SU(2) case
(see (2.8)), the equations of motion lead to equations on A;;(t) (for more details see

Appendix A):

Ly =0, L <A31) R ’ - (a R E) A (A?’l) , (3:29)

dt dt A32 —B (é — %) A12 0 32
with the solution
Az 0 L A9 AY
Ay (t) = const = AY, | = ex I N 3L
21( ) 21 <A32> p [<_§A81 0 ( 5) A§2
(3.30)

Knowing A,;, one can find the evolution equations of u;, as the vectors {u;}?_; form

an orthonormal basis in C? at every instant of time. From the ‘partition of unity’ (3.13)
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it follows that

d 251 0 Ay Az Uy Uy
% Ug | = —14_121 q Agg Uo | = A(t) U |- (331)
Us —Agy1 —Asy 0O u3 us

The formal solution can be written in the form of an ordered exponential, but it is
also possible to obtain an explicit expression. To this end we need to recall the gauge
invariance of the system of equations (3.31). Consider the equation £z = Mz and
make the substitution z = G(t)y, where G(t) is a unitary transformation. This gives
%y = M'y, where M' = GTMG — GT%G.

Let us take the matrix (3.27) for G. In this case the equation becomes

d Uy 0 §A81 %A& Uy
7 G'lu||=7 —éf_lgl 0 %AgQ G | s | (3.32)

Therefore the solution has the form (3.26).
[

3.5.1. Special cases. Having the explicit form of the solution at hand, one can

study several interesting special cases.

o AY = A%, = 0. In this case

U1 (t) 0 A(2)1 0 U1 (0)
up(t) | =exp | | =49, 0 0]t [u(0) |- (3.33)

It can be seen that the solution is a rotation in the (u;, us) plane. In other words,
it is a great circle on the sphere CPP', i.e. in the fiber of the forgetful bundle (3.15).
It follows that the fibers are totally geodesic submanifolds.
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o AY, =0. Then

uy (1) 0 0 AY u1(0)
us(t) | = exp 0 0 A% |t | u20)]. (3.34)
us(t) _Agl _Agz 0 u3(0)

This is the horizontal lift to Fj 23 (satisfying the condition @y 0 4y = 0) of a
geodesic from the base CP?. It is a well-known fact that, in the case of a Rie-
mannian submersion, the horizontal lift of a geodesic from the base space is a

geodesic in the total space (see | , Theorem 3.31})

The explicit solution (3.26)-(3.27) provides the description of arbitrary geodesics, not
necessarily ‘vertical’ or ‘horizontal’ ones. Let us also discuss special cases of metrics

for which the solution can be simplified:

e o = [ (the normal metric). As can be seen from (3.26), in this case all geodesics
are orbits of one-parameter isometry groups. This is a general property of normal

metrics | ].

e o — o (the Fubini-Study metric on CP?). This limit has already been studied

in the context of the spin chain at the end of Section 3.4. In this case we obtain

uy [=exp || A}, 0 0[t]exp 0 0 A% |t] |u|(0).

(3.35)

As noted above, the vectors (up,us) are defined up to an action of U(2). Ac-
cordingly, up to an additional gauge transformation, (3.35) is a geodesic in CIP?

(again, this is an orbit of a one-parameter subgroup of SU(3)).

4. Generalization to higher N

This section provides a natural generalization of the constructions described in
Section 3 to the SU(N) case, where N > 3.
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4.1. Spin chain Hamiltonian. First of all, one should note a basic property of the
Hamiltonian (3.16), namely that it can be written as a sum of two commuting Casimir
operators. One of these operators acts in Sym(p)®?, while the other acts in Sym(p)®?.
In the following we use this observation to construct the generalization.

Consider a system of N SU(N)-spins. In order to describe the Hamiltonians (as
well as the metrics on flag manifolds later on) it is convenient to use the graphical

notation
I I+1 I+J

(4.1)

where each node corresponds to a ‘copy’ of Sym(p, N), the p-th symmetric power of
the fundamental representation of SU(N), representing a spin at that site. The bracket
denotes the addition to the Hamiltonian of the quadratic Casimir operator constructed
on these spins, taken with some multiplier. In turn, we refer to this multiplier as the

coefficient of the bracket. For example, the above picture is represented by the operator

1 1+J 1+J
O[]’(]H[’J =ag g [5 (Z Sf) (Z Sj) + COIlSt] s (42)
i=I

j=I

where S¢ = ZZI:IJ S¢ is a generator of su(lN) taken in the representation
Sym(p, N)®+1) " For convenience we have also included an additive constant in the
definition of the Hamiltonian, whose significance will be discussed later on.

We will be considering Hamiltonians whose diagrams do not contain partially over-

lapping brackets. For example, the following configuration is forbidden:

.2]e]e

...... (4.3)

In other words, the brackets, from which the Hamiltonian H is built, must be
‘embedded’ into each other. In this case the corresponding quadratic Casimir operators
H; ; commute with each other. We also note that #H acts in the space Sym(p, N)®V¥
by construction.

We also impose the following condition on the coefficients ay ; of the brackets:

the coefficient in front of each S'S¥ term” in H must be positive. This convention is

"Which is the sum of coefficients of all brackets that contain SfS¢.
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explained in Section 4.2.

4.1.1. Examples. Using this notation, we may represent the Hamiltonian (3.16) of
the SU(3) spin chain by the diagram
1 2

==} "

The first bracket has the coefficient o — 3, whereas the second bracket has the coeffi-
cient (.

As another illustration, consider an example of six spins with the diagram
1 2 3 45 6

[lo_o _ojje oje
I—I (4.5)

In this case the Hamiltonian takes the form

H=oi13H1 3+ assHys+ oy sHi 5+ ar16Hig. (4.6)

4.1.2. Spectrum of the Hamiltonian. The algorithm for calculating the eigen-

values of H for a particular p is as follows:

1. Find the brackets that contain no smaller ones. Choose one of them and con-
sider the corresponding term H; ;. Multiply the representations Sym(p, V) cor-
responding to the given bracket and choose an irreducible representation in the

decomposition®. The eigenvalue of oy sHy s is given by

!
% (Ca(pr, .- pN) = Cops -+ s prs1 = p,0,...,0)) , (4.7)
where p; are the lengths of rows of the diagram (it is clear that p; = 0 for

j>(J+1)) and

N N
. . 1
Co(prs.--,pN) = ;:1 sj(s5 —27), with Si = Pi — N ]E:lpj ) (4.8)

81t is convenient to use Young diagrams for this purpose. Recall that Sym(p, V) is matched by a
diagram with p boxes arranged in a single row.
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is the eigenvalue of the quadratic Casimir operator of SU(N) [ ]. The sub-
traction in (4.7) makes use of the possibility of adding a constant to the Hamil-
tonian (4.2). It turns out that, with this choice, the ground state has eigenvalue
zero (see Section 4.1.3 below and Appendix B). For each bracket we use this

method to find the corresponding eigenvalues.

2. Find the brackets containing no smaller ones, this time ignoring the ones from
step 1. Let us take a look at one of these. Some of the brackets from step 1 fall
inside this bracket, and at step 1 we have picked from each such smaller bracket
a Young diagram corresponding to one of the irreducible components. Tensor-
multiply all of these irreducible representations, as well as with the Sym(p, V)
representations at the nodes that did not fall into any of the brackets from step 1
but fall into the new bracket. Again, choose a Young diagram corresponding to
an irreducible component and find its eigenvalue using (4.7). For each bracket

found at this step, add the obtained values to the result of step 1.
3. Continue until all the brackets are exhausted.

At each step, a particular irreducible component is picked from the tensor product
of representations determined at the previous step (and, possibly, Sym(p, N)). In order

to find the whole spectrum of H, one should consider all possible combinations.

4.1.3. Spectrum stabilization. In the following, we define the Hamiltonian H by
taking into account the subtraction introduced in equation (4.7). To explain this, let
us analyze the behavior of the spectrum o(#,p) of the Hamiltonian as p increases.
Similarly to the case of SU(3), after the transition p — p + 1 a Young diagram of an

J+1

irreducible representation in Sym(p, N)”*! maps to a Young diagram with an additional

column of J + 1 boxes, i.e. to a certain irreducible component in Sym(p + 1, N)7*L.
In this case the eigenvalues of H; ; in H increase, but the differences between them

remain unaltered. Indeed, let us show that

Cg(pl,...,pJ+1,0...,0)—CQ(p,...,p,O,...,O) =
=Cg(pl+1,...,pJ+1—l—l,O...,O)—Og(p+1,...,p—|—1,0,...,0). (49)
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Subtracting the r.h.s. of equation (4.9) from the L.h.s., upon some simplification we get

2 (1 - %) Jf(pi —p)=0. (4.10)

=1

This holds true, since, according to the rules for multiplying Young diagrams,
J+1

2 pi=(J+1)p.
i=1
However, the ground state energy is always zero due to the subtraction in (4.7) (see

Appendix B). Thus, the spectrum stabilises, i.e.
o(H.p) = o(H.p+1). (4.11)
Specifically, the eigenvalues are essentially independent of p (for sufficiently large p).

4.2. Metrics on Fi5  n. As with Fj 3, there is a connection between an SU(N)

spin chain in the limit p — o0 and a free-particle problem on Fi 5 n.

-----

First, let us recall the most general metric on a complete flag manifold (see

also | ]). This is a natural generalization of (3.10):
1
ds® = Z — |a; o du;|*. (4.12)
i#j Y

1

we are dealing with a homogeneous space, it is sufficient to study the corresponding

This metric is non-degenerate under the condition

> ( for all 7, 7. Indeed, since

quadratic form near any point, e.g. U := (uy,...,un) = Id € Fi5  n. Using the
decomposition U = Id + ¢ H + ..., with H Hermitian, we have u; o duy = idHj;, + ...

to the leading order. So dSQ‘U:ILN -y Lj |dH;;|?, so that the requirement a—lj > 0
is obvious.

i#] o

The recipe for deriving a metric from a spin chain Hamiltonian is the same as that

described in Section 3.2. Let us formulate a generalization of Proposition 3:

Proposition 6. Let H be the Hamiltonian of an SU(N) spin chain with N spins,
acting in the space V(p, N) := Sym(p, N)®N. Then

lim Trv(p,N)(e_TH) = Trr2 7, N)(e_THPar“Cle) , (4.13)

P—00 3250,

22



where 7 > 0 is a parameter, H = —/A 1is the quantum mechanical Hamiltonian for
a free particle on Fr.. N, and A the Laplace-Beltrami operator corresponding to the

metric constructed from H.

It follows from the equality of partition functions that the spectrum of H coincides
with that of —A as p — .

Let us explain why the subtraction introduced earlier in (4.7) is also necessary
for the validity of (4.13). Obviously, —A is a non-negative operator with zero eigen-
value corresponding to constant functions. On the other hand, as discussed above, the
Hamiltonians H; ; with the chosen subtraction are also non-negatively defined, and,
as follows from (4.7), their zero eigenvalues correspond to rectangular Young diagrams
of size p x (J —1+1).

By successively considering all brackets at each step, we see that the zero eigenvalue
corresponds to a rectangular diagram of width p and increasing height. At the last step
we arrive at the diagram of size p x N, which is the singlet (the trivial representation).
It is clear that the singlet corresponds to constant functions as p — co.

One can formulate the following statement based on the results of Section 4.1:

Proposition 7. The spectrum of the Laplace-Beltrami operator /\, corresponding to

the Hamiltonian H under consideration, can be described explicitly.

In order to obtain the metric from the Hamiltonian, it suffices to replace the term
S{'S$ in the Hamiltonian H with |@; o du,|* and all of the coefficients in H with their
inverse values. This is the same process that was used for Fi o3 (see the formulas (3.1)
and (3.10)). It is clear that the metric obtained through this process has a ‘nested’
structure inherited from the original Hamiltonian. Therefore one can use the graphical

representation described in Section 4.1. The corresponding diagram

(4.14)

will again be called a bracket, as in Section 4.1.

The bracket above corresponds to the term #J Zfi}] . ;;11 |tj0du,|? in the metric,
where the orthonormal set of vectors {uy}4_, parameterizes the flag under considera-
tion, as in the case of Fj 5 3. Each node, which previously had its own spin, now has its

own vector u;. We refer to %J as the coefficient of the bracket. One can relate these
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coefficients to the oy ; coefficients in H. As noted above, the coefficients in front of
S¢S¢ and |u; o du;|?* are inverses of each other, but one should bear in mind that the
interaction of the form S7'S7 may fall into more than one bracket. In this case the final
coefficient for this interaction is the sum of coefficients of all such brackets.

From the non-degeneracy of the metric it follows that the coefficient in front of each
term |u; o du;|* must be positive. Since it is the inverse of the coefficient in front of
S¢S§ in H, this explains the positivity conditions introduced in Section 4.1.

As in the case of Hamiltonians, configurations with partially overlapping brackets
are forbidden (this assumption is made throughout the rest of this paper). We refer
to such metrics as having ‘nested’ structure. In the following section we will establish

their relation to forgetful maps of flag manifolds.

4.3. Forgetful bundle. Let us briefly recall the construction of a forgetful bundle

on Fiao. N[ : ]. Tt is given by the projection
Fi,2,...,
Fio..N LA, Fio, MM+K,. N- (4.15)

Speaking informally, we ‘forget’ part of the fine structure of the flag, i.e. subspaces of
certain dimensions. In (4.15), these are subspaces of dimensions M +1, M +2,..., M +
K — 1. The fiber of the bundle is Fi5 k. In terms of the set of vectors {u}fy:l
parametrizing a point in Fj oy, we simply choose a subset of K vectors and consider
these to be defined up to an U(K) transformation (since {uy}4_, are orthonormalized).
In other words, we ‘remember’ only the plane spanned by these K vectors.

We can as well forget another set of dimensions:

Fi,2,.. K Fi,2,...,L
Fio..Nn ——= Fia. MM+K,..N ——— Fi2,  PP+L,. ,MM+K,. N- (4.16)

Any partial flag manifold can be obtained using this method.

Now we can define more precisely the notion of metric with ‘nested’ structure.
Each bracket of the form (4.14) in a metric diagram (regardless of its internal struc-
ture) corresponds to a forgetful map with fiber 715 ;_;1. If the bracket has internal
structure, it means that the manifold 75 ;741 itself can be represented as an anal-

ogous bundle’. The ‘nested structure’ of a metric is marked by the fact that each

,,,,, ¢ can be viewed as a bundle over CP® ~ Fs5.6 with
5 may be viewed as a bundle over Fs 5 ~ F3 5, with fiber F7 o 3 x Fj 2.

9For example, the diagram (4.5) means that 7
fiber F1 . 5. Additionally, F;

.........
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forgetful map is a Riemannian submersion. As it turns out, in this case fibers of the
corresponding projections turn out to be totally geodesic submanifolds (see the proof

of Proposition 9).

In relation to forgetful maps, let us recall the following result | | (see
also | )):
Proposition 8 ([ ). Let
(Exsar, G) = (By. ) (4.17)

be a bundle over the base By, with fiber Fy; (the indices denote dimensions of these
manifolds). The total space Enypr and the base By are equipped with metrics G and g,
respectively. Suppose additionally that the map (4.17) is a Riemannian submersion with
totally geodesic fibers. Then the Laplace-Beltrami operator on En iy can be decomposed
into a sum of ‘horizontal” and ‘vertical” Laplacians. These operators commute with each

other.

Proof. Let us pick coordinates z',...,2" on By and y',...,y™ on F);. Furthermore,
let (ds?)p = gap(x)drz?dz® denote the metric on the base, and let the following be the

metric on the total space:
(A5%) 5 = (d5*) + has(y) (dy” — AS(2)da*) (dy’ — AG()da®) . (4.18)

In this case the map (4.17) is a Riemannian submersion. One can verify by ex-
plicit calculation that the Laplacian constructed using this metric has the form (here
g := Det(gap) and h := Det(hag))

1

1
g\2p12 1172

Bi/2
where Dy = 04 + A5 0,. (4.20)

Ap = D4 (¢"2h"2g*P D) + —0, (h'/*h*P05) | (4.19)

The requirement that the fiber Fj; be totally geodesic can be expressed as the

condition'®

1
Iy = —§gABA%(7ahg,y =0. (4.21)

10 A well-known example of a bundle with totally geodesic fibers is the Hopf fibration $2*+! — CP”".
In this case M = 1 and hq1(y) = const, so that condition (4.21) is satisfied.
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In this case the two terms in (4.19) (the so-called ‘horizontal” and ‘vertical’ Laplace

operators, respectively | ]) evidently commute with each other. O]

In the case of forgetful bundles this proposition is a complete analogue of our

statement about the commutativity of quantum Hamiltonians in the limit p — oo.

4.4. Geodesics. We have described the relation between an SU(N) spin chain and a
free-particle problem on the manifold of complete flags. Previously, we have developed
an algorithm for calculating the eigenvalues of spin chain Hamiltonians and of the
corresponding Laplace—Beltrami operators for metrics with ‘nested’ structure. This
resolves the quantum version of the free-particle problem on Fj 5 n. What remains
is to solve the classical problem, i.e. the geodesic equations.

Before passing to the solution, let us first of all simplify the concept of metrics with

‘nested’ structure:

Lemma 1. Metrics with ‘nested’ structure can be represented by diagrams of the fol-
lowing types: in each bracket there are either strictly two other brackets or none at all.

In other words, the following two situations are allowed:

(4.22)

(By the same rules as above, additional brackets can also be nested within the inner

brackets in the diagram on the left'!.)

Proof. An arbitrary metric with ‘nested’ structure can contain structures of the form

(4.23)

The structure of the inner brackets is not specified.
In order to convert this diagram to a diagram of the type described in the statement

of the Lemma, we add ‘fictitious’ brackets whose coefficients in the final formulas will

HHere is an example of such metric on the flag manifold Fio,.. 12
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be set to zero:

(4.24)

This completes the proof. O

In solving the geodesic problem we will be using the bracket structure described in
Lemma 1. The action describing geodesics in F o .y is constructed from the metric by
the formal substitution du; — 1;, in analogy with formula (3.8). This action inherits
the metric structure. From the equations of motion of the vectors u; one can easily
derive the equations for the evolution of the scalar products ; o u; (see the example
in Appendix A). Knowing these, one can determine the evolution of the vectors w;
themselves. Indeed, using the ‘partition of unity’ (which is a generalization of (3.13)
for N vectors), we have the following identity: 4; = (u; o u;)@;, which can be seen as

a system of equations on the vectors @; (i = 1,..., N). The main result is as follows:

Proposition 9. One can construct explicitly the general solution to the geodesic equa-

tions for metrics on Fi o, n with ‘nested’ structure.

Proof. First, let us write down the equations of motion for the most general met-

ric (4.12). To do this, we introduce two matrices

1 = . .
. L. — a—ijUjOUi, 1#)
wij = ujoui, ij =

(4.25)
0, =]

For brevity, let us write L = é (w). Tt then follows from the equations of motion'? that

dL
— = |L,w]. 4.26
These are generalized Euler equations'® (in mechanics, w and L are the angular velocity
and angular momentum of a solid body, respectively).

Let us now show that, for metrics with ‘nested’ structure, these equations can be

solved by induction. According to Lemma 1, the diagram we are interested in has the

12Gee Appendix A for the explicit derivation in the SU(3) case.
13The conditions for Liouville integrability of such equations have been studied, e.g. in | ]
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form N K

\_/ (4.27)

where brackets 1 and 2 can contain sub-brackets according to the rules above. In this

case w and L may be split as follows:

L 1
w= | ), L= ), (4.28)
—wl Wy *EWT L,

1 1
where L, = a(wl) and Ly = —(wo). (4.29)

Note that here % stands simply for multiplication by the coefficient of bracket 3. The

equations of motion (4.26) are accordingly split as follows:

dL dL

d_tl = [Lh wl] y d_tz = [LQ, LUQ:I y (430)
1 dw 1 1
Sl () —w (Ly——ws ). 4.31
£ dt < 1 £w1> W—w ( 2 ng) ( )

Thus, equations for w; and wy have decoupled. Moreover, the last equation is linear
in w. Solutions with w = w; = 0 or w = ws = 0 correspond to the motion in the fibers

of two natural forgetful bundles

Flo. N+K
Ve N\
Fio,. KN+K Fr,. N+K
It thus follows that the fibers are totally geodesic submanifolds.
Let us continue with the proof by induction. Suppose the equations for w; and
ws have been solved. We also assume that the following representations have been

constructed:

wi = =397 ", Wy = —Gags ", (4.32)

where g; o are explicitly known unitary matrices. In the first step of the induction

we assume that there are no additional brackets inside brackets 1 and 2. Therefore,
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1

the operators - and 5 are multiplications by scalars. It then follows from equa-

1
B
tion (4.30) that w; = const and ws = const, so that representation (4.32) holds, with

w wat

gr=e"1" gy =¢"
Next, we show that, under the inductive assumption, the equation for w can be
solved explicitly, and the entire matrix w can be expressed in a form similar to (4.32).

To do so, we substitute w = ¢;&g; *. Equation (4.31) is transformed into

1dw
-—=A0w—-0B 4.33
where  A=g'Ligi and B = g;'Lyg. (4.34)

However, it follows from equations (4.30) and (4.32) that % = 98 = 0 je. A and B

are constant skew-Hermitian matrices. Therefore the solution is

EA

Q= Qe B, (4.35)

Simple transformations can be used to bring w to the desired form:

— (10951 — oy !

AL ~
where G = g 0 c 0 exp | — fAT w0 t].
0 g 0 B —w, ¢B

By the definition (4.25), it follows that the matrix u = (uy - - - un4 )" composed of the

o A 1 _
w = ( Do G ) — GG, (4.36)

vectors u; satisfies the equation 4 = —wu = GG 'u. Hence
u(t) = G(t)uy . (4.37)

We have now completed the induction step and, in particular, found the evolution of

the vectors w;. This proves the proposition. O

Let us emphasize that the algorithm for constructing all solutions follows directly
from the proof. As an example of the considered technique, we describe geodesics on

the flag manifold F; 534 in Appendix C.
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5. Partial flag manifolds

In this section we adapt the above construction to the case of partial flag manifolds.
The core idea follows the concept introduced in Section 3.4.1: it suffices to consider a
particular limit for the problem on the complete flag manifold F 4 .

Consider an SU(N) spin chain with N spins. Suppose part of the diagram of its

Hamiltonian A is of the form

(5.1)

In the Hamiltonian, bracket 1 corresponds to the operator oy ;. ;Hy 14 acting in the
space Sym(p, N)®U/+1),

Consider the limit a;;y; — oo. By the algorithm described in Section 4.1,
it follows that H has finite eigenvalues for the unique irreducible representation in

Sym(p, N)®U+1)  corresponding to the Young diagram

J+1 —— — := Rec(J + 1,p, N). (5.2)

S —
p

As a result, in this limit the Hilbert space is reduced to
V(p) = Sym(p, N)®™D @ Rec(J + 1,p, N) ® Sym(p, N)®N1=7 - (5.3)

since other states correspond to infinite eigenvalues. Note that when one multiplies sev-
eral representations Sym(p, N) in Sym(p, N)®+1 the diagram (5.2) occurs uniquely
when each Sym(p, N) factor is attached as a new row of length p. Therefore, if bracket 1
contains nested brackets within it, corresponding terms in the Hamiltonian automat-
ically vanish on these representations due to the subtraction defined in (4.7). This

means that, if the coefficient of any bracket tends to infinity, the inner structure of this
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bracket becomes irrelevant.
Based on the relation between metrics and Hamiltonians described in 4.2, all terms

|u; o duj|?, i,j = I,1+1,...,1 +J in the metric are suppressed'* as ayr,; — o0.
Thus, the set of vectors {u; ZI;“IJ enters the metric via the projector Ii] u; @ U; onto
the subspace spanned by these vectors, i.e. in an explicitly U(J + 1)—ini1;1riant manner.
Thus, in the limit p — o0, the vectors {u; fij] corresponding to bracket 1 are defined
up to a U(J + 1)-transformation. In other words, just as in the case of Fj 5 3, the gauge
group is enlarged from U(1)7*! to U(J + 1), and the full set of vectors {uy}Y ; now
parametrizes the partial flag manifold ;71747 . nN-

The procedure described above can be continued to obtain an arbitrary partial flag
manifold. In this case the reduction of Hilbert space of the type (5.3) can be interpreted
in terms of Lagrangian submanifolds, similar to what was done in Section 3.2. First, we
note that the rectangular diagram (5.2) corresponds to coherent states parameterized
by points in the Grassmannian Gr(J + 1, N) (see, e.g. | ] and [ ]). Therefore
this time, when the coefficients of several terms in the Hamiltonian tend to infinity,
the phase space of the spin chain is a product of Grassmannians instead of (CPY 1)V,

Consequently, there is a natural generalization of Proposition 1:

Proposition 10 ([ ; |). There exists an embedding

fd17d27-'~7dm:N —> H Gr(ni, N) s where n; = dl — difl, do =0. (54)
i=1
Moreover, this embedding is Lagrangian w.r.t. a natural symplectic structure on the

product of Grassmannians.

The embedding is given by the condition that planes corresponding to the Grass-
mannians in the r.h.s. are pairwise orthogonal. The rest of the proof proceeds parallel
to the proof of Proposition 1.

The metric with ‘nested’ structure on a manifold of partial flags is obtained from
the metric with nested structure on the complete flag manifold F; 5 n by taking the

limit described above. This leads us to the main result of this section:

Proposition 11. Suppose a manifold of partial flags is equipped with a metric with

‘nested’ structure. In this case the general solution to the corresponding geodesic equa-

1480 that this metric is degenerate, if viewed as a metric on the complete flag manifold.
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tions and the spectrum of the associated Laplace-Beltrami operator can be found explic-

itly.

Proof. This follows directly from the considerations above and from Propositions 7

and 9 for complete flags.

I+J

Let us make a brief remark. As arri; — o0, all contributions from {u; o u;}; 7=,

in the solution (4.37) are suppressed, except for one that corresponds to the term et

1+J

with the constant matrix & = ||u; o w[[;;Z; = const. This term acts as a rotation

of the vectors {u; ZILJ , which is a pure gauge transformation and therefore can be
excluded, just as in the case of the transition from Fj o3 to CP? discussed earlier in

Section 3.4.1. O

6. Conclusion and outlook

In this paper, two related problems are considered, namely, the description of
geodesics and the calculation of the spectrum of the Laplace-Beltrami operator on flag
manifolds. It is shown that for metrics with ‘nested’ structure the solutions to both
problems can be found explicitly. As an intermediate step, we also construct auxiliary
SU(N) spin chains whose Hamiltonians provide finite-dimensional approximations to
the Laplace-Beltrami operator.

The above two problems are closely linked. Essentially, the Laplace-Beltrami op-
erator can be seen as a quantum Hamiltonian corresponding to the classical geodesic
problem. However, fully understanding this connection is not an easy task and requires
the use of quasi-classical techniques (see, for example, | ; ).

It would as well be interesting to generalize our results to other systems. Specifically,
although we have studied a wide range of metrics on flag manifolds, these metrics do
not cover the entire space of invariant metrics in general. The obvious question is
what happens for other metrics and whether explicit solutions exist in those cases.
Furthermore, we have only considered the SU(NNV)-case, but it is likely that similar
methods could be applied to flag manifolds of O(n) and Sp(n) | ]

One of the main motivations for investigating the integrability of geodesic equations
in this paper is in the possible two-dimensional generalization to the case of sigma
models. The most well-studied case is that of symmetric target spaces | ; ;

| (see the reviews | ; ]), where the metric is unique up to scaling,

and geodesics correspond to the orbits of one-dimensional subgroups of the isometry
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group. As we have seen above, in the case of non-symmetric target spaces, such as flag
manifolds, there are metrics for which the explicit solution to the geodesic equations
can still be found in a relatively simple way. In this context, a curious question arises:
are there similar integrable two-dimensional sigma models with metrics different from
the normal one (where integrability seems to occur | : )? For example,
integrability has been proven for the case of odd-dimensional spheres with an arbitrary
size of the Hopf fiber | ]. On the other hand, it is well-known that metrics for
which geodesic equations are integrable do not always lead to integrable sigma models

(see, for example, | ; ]). We plan to return to these questions in the future.

Acknowledgments. Sections 1-2 were written with the support of the Foundation
for the Advancement of Theoretical Physics and Mathematics «<BASIS». Sections 3-6
were supported by the Russian Science Foundation grant Ne 22-72-10122. We would
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A. Equations of motion

The equations of motion for the theory with Lagrangian (3.28) are

1. .

U - —ﬂg(?jl 9 UQ) + sz‘)\ll = 0,
!

Uz~ (@1 (tig 0 ur) + @ (U2 © ) + U (g 0 ur)) — WA = 0, (A1)
1 . . . . . KR - _ . — 1

ug B (s — 1(ttg © ug) — Utz © Uz) — gz © ug) + Uz (U3 0 it3)) — N = 0.

Here we have omitted the conjugate equations. By scalar multiplying the above

equations by the vectors uq, ug, uz, we obtain evolution equations for the scalar prod-
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ucts A;; = u; o u;:

d . . . .
E(ﬂQOUl)_ﬂgoul(’aloul—ﬂ2ou2>207

1d . 1. . 2., . .

BE (ﬂg @) Ul) + BUg o Uq + E(U3 (@) U3)<U3 @) ul) + a(Ug (@) UQ)(UQ @] ul) = O, (A2)
1d . 1. . 2. . .

Ea (g oug) + Bug o Uy + E(Ug o tg)(u3 o Ug) + a(u:z, o1y)(uy otg) = 0.

It is useful to note that, given the gauge fixing conditions @; o 1; = 0, one can write

Uz o Uy = (A.3)
= —(ugouy)(uy ouy) — (3 o tg) (g o ty) — (Uz 0 ug)(uz 0 Uy) = —(ug o uz) (U 0 uy),
Uz 0 Uy = — (3 0y (U o Uy).

Thus, the system (A.2) takes the form

%(Woul) 0,
S o)+ (5 - 5) @oi@mon) =0, (A1)
S o)+ (5= 5) oo -0,

which, given the notation, is equivalent to (3.29).

B. Ground state

In this Appendix we will identify the ground state (i.e., the state of lowest energy) of
the system described in Section 4.1. A natural assumption is that it corresponds to the
singlet in Sym(p, N)®¥, whose Young diagram consists of N rows of length p. To this
end, according to the algorithm for computing the eigenvalues of H (see Section 4.1),

if the coefficients of all brackets are positive!'®, it is sufficient to show that

Co(pry- 304, 0,...,0) = Co(py =p,...,p, =p,0,...,0) =0 (B.1)

15This strengthens the requirements on the coefficients as compared to those introduced in Sec-
tion 4.1. In the general case one can use an alternative proof based on the connection with the
Laplace-Beltrami operator and the non-negative definiteness of the latter.
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for all sets p1 = po

0, such that ) p; = ap, and the inequality is saturated
i=1
if and only if p; = p for all i.

By definition (4.8), it follows that equation (B.1) can be rewritten as

Z (0p; — 1) 2) = 0,
where 0p; = p;

(B.2)
p. Let us find the minimum of the L.h.s
following constraints on dp;

of (B.2) subject to the

(B.3)

(B.4)
It is convenient to start by considering the first condition and then move on to the
second one.

The minimum of (B.2) under condition (B.3) is reached when

. +1
5p,-=5p?:=z—a

=1, .
2 9 ? 9

ca.

(B.5)
In this case (B.4) is not satisfied, though. However, the expression that we seek to
minimize can now be reduced to

a

> ((6ps — op))”

))? + (0p) —i)* — %) . (B.6)
i—1
This takes into account that Y. (dp; —dp?)(dp) —i) = —2tL 3 (6p;—0p?) = 0 (see (B.5))
=1 i=1
Dropping the constants and using the notation j(7) : 1 — 4, one may rewrite (B.6)
as
[a/2]
> ((0pi = 6p9)* + (dpjs) —
i—1

0D5)?) + OD(as1)2:

(B.7)
where [a/2] is the integer part of a/2 (the last term is present only if (a + 1)/2 is an
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integer). Removing the brackets and using dp] = —dp},), we get

fa/2]
> (002 + 603y + (090" + (90l)” + 20, (9pi = 0p30) ) + Py (BS)
i=1

The term 251)?(1‘) (6p; — 0pj)) = 0, since 5p2(i) > 0 and dp; = 0p;(;) for i = 1,...,[a/2]
(see (B.4), (B.5) and the definition of j(7)). Thus, (B.8) reaches its minimum at dp; = 0.
In other words, the minimum value of the L.h.s. of (B.1) is zero, and is reached when

p; = p for all 7, which completes the proof.

C. Flag manifold Fj234

Let us use the flag manifold Fj 234 to illustrate the method for finding geodesics

described in Section 4.4 (see the proof of Proposition 9). Consider the metric corre-

E5SM e

sponding to the diagram

This metric is of the form
) _ 9o 1, 2 - 2
ds® = —|uy o dus|” + 3 (|ag o dus|” + a1 o dus|”) + (C.2)

_|_

LR = Q|+~

(|73 o dua|? + | © dug|? + |1 © dua]?) |

where we have redefined the coefficients of the brackets for convenience.

Let A;; := @; 0%;. Then, Aj; = —flij. The evolution equations for A;; are given by
d
%Agl =0, (C.3)
d [ Asn) _ , 0 ) (1-2) Az (As 7 (C.4)
dt \ As, (2—1) Ay 0 Asy
L (An 0 (1=2) A (1-3)A4n)\ /4,
% A42 = (% - 1) /_121 0 1-— % A32 A42 . (CE))
A43 (% — 1) 12131 (% — ) A32 0 A43
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Let Agj = Aij’ 1o and introduce the matrices

0 L A9
Mi=e e 2 — Bt C.6
1 Xp (_éAgl O)( 5)] (C.6)
ooy
My = exp _éA(Q)l 0 %Agz B=7t], (C.7)
BT
0 A% A5 AL
—L A9 0 LAY, LAY
M;s = exp ¢ ,(2)1 — pra2 7 32 (y—=0)t]. (C.8)
—gdn —pdn 0S4
AL AL AL 0
Then the solutions to the equations (C.3)-(C.5) are
A21 = Aglv (Cg>
A A
=M (3, (C.10)
Asy Az
A\ 3
A42 = 1 MQ A42 . (Cll)

A Al

Finally, the system of equations for the evolution of the set of vectors {u;}}_,

d
can be solved explicitly:
Uq _/\/l1 M (75}
U U
o) = 1 ( ? ) M | 2 [ (0). (C.13)
us 1 1 us
Uy Uyg

In particular, it can be seen that smaller complete flag manifolds (fibers of forgetful

bundles) are totally geodesic submanifolds.
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