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IMPROVEMENT OF FLATNESS FOR NONLOCAL FREE BOUNDARY
PROBLEMS

XAVIER ROS-OTON AND MARVIN WEIDNER

ABSTRACT. In this article we study for the first time the regularity of the free boundary in the one-
phase free boundary problem driven by a general nonlocal operator. Our main results establish that
the free boundary is C™® near regular points, and that the set of regular free boundary points is open
and dense. Moreover, in 2D we classify all blow-up limits and prove that the free boundary is C*®
everywhere. The main technical tool of our proof is an improvement of flatness scheme, which we
establish in the general framework of viscosity solutions, and which is of independent interest. All of
these results were only known for the fractional Laplacian, and are completely new for general nonlocal
operators. In contrast to previous works on the fractional Laplacian, our method of proof is purely
nonlocal in nature.

1. INTRODUCTION

Free boundary problems arise in several areas of applied mathematics, such as in probability, fi-
nance, and control theory, but also in elasticity theory, combustion theory, material sciences, and
fluid dynamics. Moreover, they have constituted a central topic of research in pure mathematics
and especially in PDE theory for the last fifty years. The most intriguing and challenging question
in this area is the study of the regularity of free boundaries, which was initiated by the pioneering
work of Caffarelli [Caf77] on the obstacle problem. Subsequently, numerous techniques have been
developed for different kinds of free boundary problems, and they are illustrated for example in
[Fri82 [CaSa05l, PSU12l [FeRo22]. See also [Caf98], [CSV18], [FiSel9] for further results on the free
boundary in the obstacle problem.

A important class that has received an increasing amount of attention in the last 20 years is the class
of nonlocal free boundary problems, which arises as a natural model whenever long range interactions
need to be taken into account. Let us give a short overview of the literature on the nonlocal obstacle
problem, which has been studied extensively. In comparison to the classical obstacle problem, here
the Laplacian is replaced by a general stable integro-differential operator L of order 2s for some
s € (0,1). In case L = (—A)® is the fractional Laplacian, the regularity theory for this problem has
been developed in the articles [ACS08, [Sil07, [CSS08]. A key tool in the study is the Caffarelli-Silvestre
extension (see [CaSi07]) which allows to identify the fractional obstacle problem with a local problem
(“thin obstacle problem”), where the obstacle, and therefore also the free boundary, is contained in a
hyper-plane. We refer to [Fer22] for a survey on the thin obstacle problem.

After the seminal works [ACS08| [Sil07), [CSS08] the case of nonlocal obstacle problems driven by more
general nonlocal operators than the fractional Laplacian has remained an open problem for almost a
decade. Since in this case no identification with a local problem is possible, the study of this question
is particularly challenging. Finally, in [CRS17, [FRS23] the problem has been solved, and entirely
new techniques have been developed therein to establish the regularity of solutions and of the free
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boundary. See also [AbR020], [RTW23|, [RoWe23|, [RoTo24], [RoWe24a|] for further results in this

direction.

Another classical free boundary problem that is widely studied in the literature is the so-called one-
phase free boundary problem (“Bernoulli problem”). This problem deals with the analysis of mini-
mizers of the energy functional

/ Vul? de + [{u > 0} N Bil.
B1

The one-phase problem was introduced by Alt and Caffarelli in [AICa81]. It arises as a model for
flame propagation and jet flows, and it is also related to shape optimization. The study of the free
boundary d{u > 0} has been initiated in [AICa81] and the series of papers [Caf87) [Caf89] [Caf8§].
Further landmark contributions on this topic are [CJK04], [DeJe09], [JeSal5], [DeS11], and we refer
to [CaSa05l [Vel23| for comprehensive overviews of the theory.

A nonlocal version of the one-phase free boundary problem has been introduced in [CRS10], replacing
the H'(B;) seminorm in the energy functional by the H*(B;) seminorm. This model is particularly
relevant in case turbulence or long range interactions are taken into account. While in [CRS10] the
authors establish basic properties of minimizers, such as the optimal C*® regularity and non-degeneracy,
the study of the free boundary for the fractional one-phase free boundary problem is carried out in
a series of works [DeRol2, DeSal2] DeSal5bl DeSalbal in case s = %, and in [DSS14] [EKPSS21] for
general s € (0,1). See also [DeSa20, [AISm24] for results on almost minimizers. All of the proofs in the
aforementioned articles heavily rely on the Caffarelli-Silvestre extension, which reduces the fractional
one-phase problem to a local one-phase problem with a “thin” free boundary.

As in the case of the nonlocal obstacle problem (see [CRS17]), a natural research question is to analyze
the one-phase free boundary problem for a general 2s-stable integro-differential operator. However,
as opposed to the obstacle problem, apart from our recent work [RoWe24a|, where we establish the
optimal C* regularity and non-degeneracy of minimizers (see also [SnTe24]), there are currently no
results available in the literature. In particular, nothing is known about the regularity properties
of the free boundary. In parallel to the narrative for the nonlocal obstacle problem (see [CRS1T]),
the lack of an extension formula calls for the development of purely nonlocal techniques in order to
tackle the question of regularity for free boundaries. In this spirit, in [EKPSS21, p.1974] the authors
write that “/...[ at the moment, it seems to be impossible to tackle one-phase problems involving more
general operators than the fractional Laplacian. The main point is we do not know how to prove any
kind of monotonicity for general integral operators.”

The goal of this work is precisely to establish for the first time fine regularity results for the free
boundary of minimizers to the nonlocal one-phase problem for general nonlocal operators. To be
precise, we consider minimizers of the functional

Ta(u) := //ann (u(z) — u(y))2K(x —y)dydz + |{u >0} N Q| (1.1)

in a bounded domain © C R™ with prescribed exterior condition u = g > 0 in R™ \ Q. The kernel
K :R"™ — [0, 00] is assumed to satisfy
_ K(n/|h])

AR|T"2 < K (h) < Alh|7"2%, K(h) = K(—h), K(h) = |28

(1.2)
for some 0 < A < A and s € (0,1). This class of kernels (I.2]) gives rise to integro-differential operators

Lu(z) = 2 pv / (u() — u(y)) K (= — y) dy. (1.3)

n
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This family is the natural class of symmetric 2s-stable integro-differential operators and contains as a
special case the fractional Laplacian (—A)® which corresponds to K (k) = c(n, s)|h|~"~25.

1.1. Main results. Our main results establish the regularity of the free boundary for minimizers of
the nonlocal one-phase problem (L1]) governed by a general kernel K satisfying (I.2]).

Our first result shows that the free boundary is of class C1® for any a € (0, 3) near any point
zo € 0{u > 0}, where the free boundary is sufficiently flat, i.e., trapped between two parallel hyper-
planes that are close enough. Such result is well-known for the fractional Laplacian (see [DeRol2],
[DSS14]), but completely new for general kernels (L2]).

Theorem 1.1. Let K € C'=25%8(S"=1) for some B > max{0,2s — 1} and assume (L2)). Let u be a
minimizer of Io with By C Q). Then, there exists 6 € (0,1), depending only on n,s, K, such that if
0 € 8{u > 0} and for some v € S*~! it holds

{z-v<=6}NB C{u=0}NB; C{r-v<45§nNBHB;y, (1.4)
then, 8{u > 0} € C* in B, for any o € (0, %), and moreover,
u
— <C n
‘ ds llce(Tu>0ynB,) — el g

for some C,p > 0, depending only on n,s, K, «.

Remark 1.2. As in the case of the one-phase problem for the fractional Laplacian (see [DeSal2l
DeSal5b]), we believe that the C'1® regularity of the free boundary near points satisfying (IL4]) can
be improved, at least for sufficiently smooth kernels K. Establishing higher regularity of the free
boundary for general nonlocal operators is an interesting question that certainly requires new ideas
(see also [AbRo020|] for the nonlocal obstacle problem). We plan to investigate this question in the
future.

Our main result [Theorem 1.1] can be interpreted as an analog to the main results in [DeRo12), [DSST4]
for the fractional Laplacian. This theorem is crucial to the understanding of the free boundary for
minimizers of Zq, as it reduces the question of regularity of the free boundary near a point zg € 9{u >
0} to determining whether the free boundary is flat near x.

We will show in [Proposition 5.1|that the free boundary is flat near oy € 9{u > 0} in the sense of (I.4])
if the blow-up limit

Up g0 (T) = M satisfies  u; =0, A(v)(x-v) locally uniformly in R" (1.5)
for some v € S"!, where
1
~32
A(V) = cps ( K(0)6-v)* d0> . (1.6)
S§n—1

A is chosen in such a way that A(v)(z - v)% is a solution to the nonlocal one-phase problem in the
half-space {x - v > 0} (see [Proposition 3.1} and also |[CRS10, [FeR024b]).

In the light of this observation we can define the set of reqular free boundary points to consist of all
points g € d{u > 0} for which (LH) holds true. A natural question is then to determine the size of
the set of regular points, in order the quantify the portion of the free boundary that is smooth. Let
us now present our two main results in this direction.

Our first result establishes that the set of regular points is an open and dense subset of the free
boundary. We show that any free boundary point zy € d{u > 0} admitting a tangent ball inside
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{u > 0} is a regular point (see [Proposition 5.1[iv)). As a consequence, we have the following result,
which is, again, completely new for general nonlocal operators, and was only known for the fractional
Laplacian (see [DeRol2 IDSS14)):

Theorem 1.3. Let K € C'=25%8(S"™1) for some 8 > max{0,2s — 1} and assume ([L2)). Let u be a
minimizer of Lo with Q@ C R™. Then, there exists an open, dense set O C 0{u > 0} N Q such that for
any o € O there exists p > 0 such that d{u > 0} is C1* in B,(zy).

Another way to understand the set of regular points is to classify all possible blow-up limits lim, g 4.
In fact, for the classical one-phase problem (s = 1), and for the one-phase problem for the fractional
Laplacian, one can show with the help of a monotonicity formula that all blow-up limits must be
homogeneous of degree s € (0,1]. Therefore, the classification of blow-ups reduces to the study of
minimal cones. In case s = 1, it was shown in the celebrated works [CJK04, [DeJe09, [JeSal5] that all
blow-ups in dimensions n < 4 are half-space solutions, and therefore every free boundary point is regu-
lar. For the fractional Laplacian, this property is only known in case n = 2 (see [DeSal5al [ EKPSS21]),
and the higher dimensional case is wide open (see [FeRo024b| for the classification of axially symmetric
cones in case n < 5).

In case of general kernels (L2), no monotonicity formulas are available, and therefore establishing
homogeneity of blow-ups seems to be out of reach with current techniques. Still, in this paper we
show that all blow-ups are of the form (L) when n = 2 (see [Theorem 5.6). Our proof is a nonlocal
version of the competitor argument for the thin energies in [DeSal5al Theorem 5.5|, [EKPSS21]
Theorem 6.1]. Instead of homogeneity, we make crucial use of a purely nonlocal term appearing in the
corresponding nonlocal energy estimate, which was already employed in [CSV19| [FiSel9] in a different
context.

Since all free boundary points are regular in case n = 2, we can establish that free boundaries are
everywhere C1® in two dimensions:

Theorem 1.4. Let n = 2. Let K € C*(S') and assume (L2). Let u be a minimizer of Iq with
Q C R™. Then, {u > 0} is CH in Q.

As was mentioned above, [Theorem 1.4] was only known for the fractional Laplacian (see [DeSalbal
EKPSS21]). Our proof is completely independent of previous ones, since it does not rely on the
homogeneity of blow-ups, or on the identification with a thin problem. Note that already in dimension
n = 3 it is not known whether the same result holds true, even for the fractional Laplacian.

1.2. Strategy of proof. The overall strategy to prove our main result [Theorem 1.1 follows the one
for the classical local one-phase problem, as it is presented in [Vel23]. However due to the nonlocality
of (LT]), we encounter several significant challenges, and new ideas are required to overcome them. In
the following, we give a brief overview of the main steps of our proof.

First of all, we prove that minimizers of Zp, are solutions to the following nonlocal Bernoulli-type
problem (see [Lemma 3.6]), which arises as the first variation of (LTI):

Lu = 0 in By N{u > 0},
u = 0 in By \ {u > 0}, (1.7)
u

el A(v) on By nof{u >0},
where v = v, € S"! denotes the normal vector to d{u > 0} at x, and A is defined as in (L6).
Moreover, d := dist(-,0{u > 0}), and we understand % (z0) := limy>0}32—20 g5 (T)-
It is worth emphasizing that the anisotropy of L is mirrored in the free boundary condition since the
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value of 7 depends on the normal vector of the free boundary. Since we do not know a priori whether
the free boundary is smooth, the anisotropy of the free boundary condition complicates the analysis
of the problem. We refer to [DeSa21], where an anisotropic local Bernoulli problem is analyzed.

The natural setting in which (7)) should be interpreted is the framework of viscosity solutions (see
[Definition 3.5]). Although viscosity solutions to (7)) share several properties with minimizers to (L),
such as the C* regularity (see [Lemma 3.8)), clearly not every viscosity solution to (L7) is a minimizer
of (LI)). However, in this paper (seeTheorem 1.5]) we still show that flatness implies C1 regularity of
the free boundary {u > 0} in the more general realm of viscosity solutions to (.7 (see[Theorem 1.5)).

The main idea to prove [Theorem 1.1]is to establish a so-called e-regularity theory for viscosity solutions
to (7). In fact, first, by a compactness argument we prove that if the free boundary is flat near
0 € 9{u > 0} in the sense of (L4 with v := e,,, then a rescaling u, := ug, of u is bounded from above
and below by translations of the half-space solution to (L)) introduced in (L3]), namely for ¢ > 0:
Alen)(x-en —e)% <up(x) < Alen)(z-e, +€)5 Vo€ By. (1.8)

Moreover, we have an integral control of the deviation of u, from the translated half-space solution
outside Bj in the following sense for §y > O:

Tail <[ur — Alen)(z - en —e)i]-; 1) + Tail ([A(en)(a; cen €)1 —ur]—; 1) < gdp. (1.9)
We refer to Section [2] for a definition of the tail term.
The main work consists in proving a so-called improvement of flatness scheme, i.e, to show that when
a viscosity solution u to (L) satisfies (L.8)), (I.9) for some ¢,y € (0, 1) small enough, then a further
rescaling u,,, for some uniform py € (0,1) satisfies
AWw)(z - v —oe)} <upyr(z) < A(v)(x - v+o0e)i Vo e B (1.10)
and
Tail ([upor —AWv)(z v —oe)i]-; 1) + Tail <[A(u)(x v+ 0e) — Upgr]—; 1) < oedy. (1.11)
for some o € (0,1) and v € S"~! with |e,, — v| < Ce.

Such improvement of flatness schemes are standard in the context of one-phase free boundary problems
since the work of [AICa81] (see also [DeS11l [Vel23]), and they have also been established for the
thin one-phase problem in [DeRo12], [DeSal2], [DSS14]. In our purely nonlocal framework, a central
difficulty comes from long range interactions which need to be included in the iteration scheme through

corresponding tail terms in (L3)), (LIT]).

We prove that (L8]), (I.9) imply (I.I0), (LII]) via a contradiction compactness argument, inspired by
[DeS11]. First, we establish a certain growth lemma on a fixed scale (see [Lemma 4.2]), which allows us
to establish compactness for sequences of viscosity solutions (ux) to (LT satisfying (L), (L9) with
€r \¢ 0. Then, the main work is to prove that for such sequence it holds

) o 1) = Al

€k
where u solves the so-called “linearized problem” for some w € S*~! with w,, > ¢ > 0:

L((zn)5'w) = f in{z, >0}NBy,
{ +8wu = 0 on{z,=0} mBll. (1.13)

— sA(en) (7)) tu(z)  as k — oo, (1.12)

Both of these steps are very delicate since, due to the free boundary condition, all derivatives of
solutions explode at the free boundary. This is a central difference to the local case, where a key
observation is that the corresponding half-space solution (z,)+ can be smoothly extended to a global
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harmonic function, making the corresponding sequence vy in ([LI2)) harmonic in {u; > 0}. In the
nonlocal case, we overcome this issue by employing domain variations (see (4.I0))), which allows
us to rewrite vr as a first order difference quotient of uy of the following form for some implicit
ur(z) € [-1,1].
vyla) = ) = rlo =~ eklo)en)
ey ()

This tool has already appeared in the thin case (see [DeRo12], [DeSal2|, [DSS14]), however, there, due
to the locality of the problem, it is possible to compute domain variations in certain cases. This allows
to construct explicit barrier functions (see [DSS14, Proposition 4.5]), something that does not seem
to be possible in our purely nonlocal setting, and causes our proofs to be significantly more involved.

Once, the linearized problem is identified, the properties (I.I0), (I.1T]) follow by using that as a solution
to (LI3), it holds u € C*Y(By /2 N {x, = 0}) for some v > 0. Note that (II3) is a nonlocal equation
with an oblique local boundary condition. In case w = e, (which is what happens for the fractional
Laplacian), (LI3) becomes a Neumann boundary condition, and the boundary regularity theory for
such nonlocal problems has been established by the authors in the recent paper [RoWe24b]. In our
anisotropic setting, we need to apply a certain change of variables to transform (LI3]) into a nonlocal
problem with a local Neumann boundary condition, so that we can apply the results in [RoWe24b].

The improvement of flatness scheme — namely that (L8], (L9) imply (LI0), (LII) for viscosity
solutions to (7)) — can be iterated in a relatively standard way (see Subsection [£.2]), thereby implying
uniqueness of the blow-up limits and a uniform rate of convergence. Together, these properties imply
that the free boundary can be parametrized by a C1® graph in B, for some p € (0,1).

Altogether, these findings yield the following flatness implies C1® result for viscosity solutions to (I7):

Theorem 1.5. Let K € C'=2T5(S"™1) for some 8 > max{0,2s — 1}. Let u be a viscosity solution
to the nonlocal one-phase problem for K in By and 0 € 0{u > 0}. Then, there are €,0y9 € (0,1),
depending only on n,s, K, such that if

Alen)(zn — €)% <ulx) < A(en)(zn +€)3% Vo € By,
and

T. := Tail <[u — Alen)(@n — €)5]-; 1) + Tail <[A(en)(:1:n +e)t —ul; 1) < o,

then, 0{u > 0} is C1 in B, for any a € (0, 5), and moreover,

|

for some C,p > 0, depending only on n,s, K.

“
ds

<C .
o (0B, = lull 2y @y

Remark 1.6. The dependence of the constants ¢, dg, C, p > 0 can be improved in such a way that they
depend on K only through A\, A, || K H0172s+ﬁ(§n71). To do so, in (L.I2]) one needs to consider sequences
(ug) solving (7)) with respect to kernels K}, satisfying (L2)) with A\, A for every k£ € N. With this
modification, all the proofs go through without any substantial changes.

Remark 1.7. The assumption K € C'=2+8(S*~1) for some 3 > max{0,2s — 1} can most likely be
relaxed, at least in case s > 1/2. For s < 1/2 it is only required in the proof of [Lemma 4.10(iv)
to guarantee interior Lipschitz regularity of solutions to the one-phase problem. Moreover, in case
s > 1/2, we assume Holder regularity in order to guarantee that f in [Lemma 4.10(iv) is continuous,
which is a technical assumption in order for the notion of viscosity solution to make sense.
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The previous result was known so far only for viscosity solutions to (7)) for the fractional Laplacian
due to [DeRol2|, [DeSal2l [DSS14]. However, as was mentioned before, in these papers, the authors
exclusively work with the equivalent thin one-phase problem, making their approach entirely local.
Our proof, however, is of completely nonlocal nature, and thus entirely new, and independent of
the proofs in [DeRol2l [DeSal2l [DSS14]. Let us also point out that apart from [DSV20], where a
purely nonlocal improvement of flatness scheme has been developed in the context of nonlocal phase
transitions, there seem to be no results in this direction in the literature, so far. In fact, [Theorem 1.5
seems to be the first nonlocal improvement of flatness result for a nonlocal free boundary problem.

Finally, let us draw the reader’s attention to the fact that in the local case when L = —A, [Theorem 1.5
yields a characterization of regularity properties of (Reifenberg flat) domains in terms of regularity of
the Poisson kernel (or harmonic measure) (see [AICa81], [Jer90]), since in that case the free boundary
condition in (7)) is given by d,u = 1. A similar connection in the nonlocal case has not been explored,
yet, and we believe this to be an interesting topic for further research.
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Grant Agreements No. 801867 (EllipticPDE) and No. 101123223 (SSNSD), and by AEI project
PID2021-125021NA-I00 (Spain). Moreover, X.R was supported by the grant RED2022-134784-T
funded by AEI/10.13039/501100011033, by AGAUR Grant 2021 SGR 00087 (Catalunya), and by
the Spanish State Research Agency through the Maria de Maeztu Program for Centers and Units of
Excellence in R&D (CEX2020-001084-M).

1.4. Organization of the paper. The paper is organized as follows. In Section 2l we introduce some
notation and recall the basic properties of minimizers of ([LI]), which were established in [RoWe24a].
Section [ contains a derivation of the first variation of (I.II) and the definition of viscosity solutions to
(LT). Moreover, we prove that minimizers are viscosity solutions and establish some basic properties.
The proof of the flatness implies C™® result (see [Theorem 1.5 for viscosity solutions is contained
in Section @l Finally, in Section [§ we establish our main results for minimizers of (L.II), namely

[heorem 1.1l and [Theorem 1.3l [Theorem 1.4l

2. PRELIMINARIES

In this section we collect several definitions and auxiliary lemmas that will become important through-
out the course of this article. In particular, we recall some basic properties of minimizers of (IIl) which
were established in [RoWe24al, such as optimal C*® regularity, and non-degeneracy (see Subsection [2.2]),
as well as some important properties about blow-ups (see Subsection [2.3]).

2.1. Function spaces and solution concepts. Given an open, bounded domain 2 C R"”, let us
introduce the following function spaces, which are naturally associated with the energy Z from (L.)):

2

H3(Q) := {u € L*(Q) : [ul3s (o / / - y|n+2s)2 dydz < oo} ,

L, (R") = {u R SR lul gy gy = / ()| (L + y)) "2 dy < oo} .

R

These spaces are equipped with the following norms:

lullvs oy = llullz2@) + [ulvs o), ulles @) = llull ) + [ulgs(@)-
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Moreover, the following quantity captures the long-range interactions caused by the nonlocality:

Tail(u; R, xg) := st/ lu(y)|ly — zo| "> dy, x0 €R", R>0.
R™\BR(z0)

When z¢ = 0, we will often write Tail(u; R,0) = Tail(u; R).

Given a kernel K : R” — [0, 00] satisfying (L2) and a set D C R™ x R", we introduce the notation

Ep(u,v) = / /D (u(z) — u()) (0(z) — v() K (z — y) dy da.

Moreover, if D = D x D for some D C R"™, we write Ep := Ep, and if D = R" x R", we write £ := &p.
Moreover, given K satisfying (L2), Q C R™, we denote

whenever this expression is finite.

We recall the definition of minimizers of Zg, which is general enough to allow for functions that grow
like t +— t® at infinity. Note that such minimizers arise as blow-up limits and are crucial for the study
of the free boundary, but do not belong to V*(Q|R™).

Definition 2.1 (minimizers). Let K satisfy ([2)). Let Q € @’ C R" be an open, bounded domain.
We say that u € V¥(Q|Q') N L, (R") with 4 > 0 in R” is a (local) minimizer of Zg (in Q) if for any
v e V(QIY)N L (R") with u = v in R™ \ €, it holds

I )~ ) = @)~ v@)?| K@~ ) dyda + [|{u> 0} 10~ |fo > 0} n 9] <.
(QexQe)e

Note that, given a jumping kernel K, the energy £ gives rise to an integro-differential operator L given
by (L3) via the relation

Eexaeye(u, @) = (Lu, ¢) Vo € H*(R™) withu=0 in R"\ Q.

Since (2.1]) is a variational problem, minimizers will naturally be weak (sub)solutions (see [RoWe24al,
or [Lemma 2.2)). Therefore, in [RoWe24a] we have applied energy methods to verify their regularity
properties. We recall these results in the following subsection. Note that once these basic regularity
properties are established, minimizers of Zq can be interpreted to satisfy (7)) in the viscosity sense.
For more details on this conclusion, we refer the reader to Section [Bl

2.2. Properties of minimizers. We recall the following properties of minimizers of Zq, which were
established in [RoWe24a]. We start with the following elementary result.

Lemma 2.2 (see Lemma 4.1 in [RoWe24a|). Assume (L2). Let u be a minimizer of . Then, the
following properties hold true:

(i) Lu <0 in Q in the weak sense.
(i) w >0 in .
(iii) u € L2 (Q).
(iv) Lu =0 in QN {u > 0} in the weak sense.

We recall the optimal regularity, non-degeneracy, as well as the density estimate of the free boundary.
These results will be helpful when proving that minimizers of (I.1]) are viscosity solutions to (7)) (see
[Lemma 3.6) and to give characterizations of points where the free boundary of minimizers is flat (see
[Proposition 5.1J).
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Lemma 2.3 (optimal regularity). Assume (L2)). Let u be a minimizer of Zg with By C Q. Then,
ue Cp (B2), and

ullcs () < CR™® <1 + ][ u da:) VR € (0,1].
Bar
Moreover, if 0 € 0{u > 0}, then
Jullze(pey < CR® YRE©O1],  and ullgua, < C.
The constant C' > 0 depends only onn, s, A\, A.

Proof. This result follows directly from (rescaled versions of) [RoWe24a, Theorem 1.5, Theorem 4.5,
and Lemma 4.7]. O

Lemma 2.4 (non-degeneracy). Assume (L2)). Let u be a minimizer of Zo with By C Q. Then, it
holds for any x € B

u(x) > edist(z, 0{u > 0})%.
Moreover, if 0 € {u > 0}, then
HuHLOO(BR) > cR® VR € (0, 1]
The constant ¢ > 0 depends only on n, s, A\, A.

Proof. This result follows directly from [RoWe24al Theorem 4.8, Lemma 4.9]. 0

Lemma 2.5 (density estimates for the free boundary). Assume (L2)). Let u be a minimizer of Zq

with By C Q. Then, if 0 € 0{u > 0} it holds

[{u > 0} N Bg|
| Br|

where ¢y > 0 and co > 0 depend only onn, s, \, A.

0<ep < <l—-c<1 VRG(O,H,

Proof. This result follows directly from [RoWe24al Theorem 4.11]. O

The following energy estimate will be used in the classification of blow-ups in 2D (see [Theorem 5.6)).

Lemma 2.6 (energy estimate). Assume ([L2)). Let u be a minimizer of Zo with By C Q. Then, if
0 € 9{u > 0} it holds for any R € (0,1]

EBpxBr(u,u) < CR" Tail(u; R) < CR?, [ull7, < CR™ P V¥p e (0,00)
for some C > 0, depending only on n, s, \, A.

Proof. This result follows directly by combination of [RoWe24al Lemma 4.3] and [Lemma 2.3 (]

2.3. Properties of blow-ups. In this section we recall several basic properties of blow-up sequences
from [RoWe24a]. In particular, we recall that blow-ups are global minimizers of Zq (see [Lemma 2.8§]).
Moreover, we recall a compactness result for minimizers from [RoWe24a].

Definition 2.7 (blow-ups). Given a minimizer u of (2.1)) in €2, and zo € 9{u > 0} N Q we define

u(zo + rx)

. Vr € R", Vr > 0.
,

uT’ny (‘T) =

The sequence of functions (uy 4, ), is called blow-up sequence for u at xo. If there exists a sequence
rr \¢ 0 such that u,, 5, — uz,, as k — oo for a function u,, : R™ — R locally uniformly, we say that
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Uy, 18 & blow-up (limit) of u at .
If 29 = 0, or if no confusion about the free boundary point z¢ can arise, we sometimes write u, = t 4.

In [RoWe24a] we have established the following properties of blow-ups.

Lemma 2.8. Assume ([2)). Let Q@ C R™. Let u be a minimizer of Ig with By C Q and xo € 0{u >
0} N By. Then, there ezists a subsequence (k)i with 1, N\ 0 such that uy, z, — Ug,, as k — 0o, locally
uniformly. Moreover, for any such (ry)g, it holds:

(1) ugy is a non-trivial minimizer of T in R", i.e., ug, is a minimizer of I, for any R > 0.
(ii) Up to a subsequence, Uy, v, — Uz, 0 H*(Bg), in L3 (R™), and pointwise a.e. in B for any

R>0.

(iii) Up to a subsequence, 1wy, g>0) = Lugy>0 strongly in L'(BR), and pointwise a.e. in B for
any R > 0.

(iv) Up to a subsequence, {ur, 5, > 0} — {ug, > 0} locally in B for any R > 0 in the Hausdorff-
sense.

The following lemma is a compactness result which immediately follows from the proofs of [RoWe24al,
Lemma 4.13, Lemma 4.14, Corollary 4.16].

Lemma 2.9. Let Q € Q' C R™. Let xg € R™ be such that Ba(xg) C Q, and R > 0. Let (Ky)i be a
sequence of kernels Ky, satisfying (L2). Let (u®), C V*(QIQ) N L1 (R™) be minimizers of To with
respect to Ky, such that u®)(zg) = 0. Then, there exists a subsequence (1) with 7, N\, 0, such that
u&i)xo — Uy, locally uniformly, in L (R™), and weakly in H*(BRr) to some uz, € H*(Bg) N L} (R™)
for any R > 0. Moreover, {u*) >0} — {us > 0} locally in Br for any R > 0 in the Hausdorff-
sense. Moreover, there is a kernel Ko satisfying (L2)), such that weakly in the sense of measures
min{1, |h|?} Kj(h) dh — min{1, |h|?} Koo (h) dh, and us € H*(Bg) N Ly (R™) is a minimizer of I,
with respect to Ko, for any R > 0.

3. VISCOSITY SOLUTIONS TO THE ONE-PHASE PROBLEM

In order to prove fine properties of the free boundary for minimizers to the nonlocal one-phase problem
we need to study the behavior of minimizers u to Zp, at the free boundary. When L = (—A)® and
the free boundary d{u > 0} is Cb® in By, then in [CRSI0, [FeRo24b], it was shown by analyzing the
first variation of the energy functional Z that

% =T(1+s)"!' ond{u>0}nB,

where d(z) := dist(z,0{u > 0}) for z € {u > 0}, and for 2o € {u > 0}, we denote Z(zo) =
limos,—a, g5 (). Having such information at the free boundary turns out to be crucial in order to
study its regularity properties.

The goal of this section is threefold: First, we generalize the aforementioned result to general nonlocal
operators L (see [Proposition 3.1)). It turns out that due to the anisotropy of these operators, the
constant of the free boundary condition at each point will depend on the normal vector of the free
boundary at that point as in (7). This result leads to a viscosity formulation of the free boundary
condition, which remains valid also at non-smooth free boundary points (see [Definition 3.5)).

Second, we also prove that minimizers of Zp, are viscosity solutions to (7)) (see [Lemma 3.6]), and
third, we prove that viscosity solutions are C* (see [Lemma 3.8]).
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3.1. The free boundary condition. The following is the main result of this subsection.

Proposition 3.1. Assume (L2)). Let u be a minimizer of Ip,, and assume that d{u > 0}N By € CL2
for some a € (0,1). Then, u satisfies

%(az) = A(v,) Vo € 0{u>0}nN By, 3.1)

where v, € S~ denotes the normal vector of {u > 0} at x, and A : S"1 — (0,00) is given by

3
Av) = cps (/ K(9)|6-v|* d9> , vest (3.2)
Snfl
where ¢, s > 0 is a constant. Moreover, we have
g <SAW) <ep VeSSt | Al 14252 (gn-1) < 00. (3.3)
for any € > 0, where c1,co > 0 depend only on n, s, \, A.

Remark 3.2. Note that when K € C?(S"!), then ||A||gi42s-e+s < C for any ¢ > 0, where C' > 0
depends on n, s, A\, A, €, and || K[| s gn-1y-

The following lemma provides a first order expansion of an L-harmonic function in a C*® domain, and
of the operator L applied to this function outside the domain. Already in this result, the anisotropy
of the operator leads to a direction-dependent constant in the expansion:

Lemma 3.3. Assume ([L2). Let Q C R™ be such that 92 € CH* for some o € (0,1) with 0 € 99,
and u such that

{LuzO imn BN,
w=0 inByy\Q
Then, there exists Uy € R such that
u(x) = Upd®(z) + O(|z|°T*)  for z € Q,
Lu(z) = B(v)Upd *(z) + O(|z|*)d"*(x) forxz € By \Q,
where v is the normal vector of O at 0, and B : S~ — (0,00) is given by B(v) = ¢, sA(v)~2 for

some cp s > 0.

Proof. First, we observe that for any e € S*~!, and any (one-dimensional) smooth function satisfying
v(x) = v(x - e), we can compute

Lv(x) = [cms /Snl K(@0)|0-¢e|**do| (—A)gv(x-e) =: B(e)(=A)gv(z - €).

Following the arguments of [FeRo24bl, Lemma 2.6], this implies that
L(xz-e)i = Ble)(z-e)_". (3.4)

We will now use the identity ([B.4]) in the proof of the lemma. First of all, note that by the regularity
results of [FeRo24a], we have u/d* € C*(€2N By ), and therefore, setting U, = (u/d*)(z) for any
z € 00N By /3, we obtain

u(z +z) = (u/d®)(z + x)d*(z + z) = (U, + O(|z]%))d*(z + z)
= U,d®*(z + ) + O(|z|*)d* (2 + ) = U.d*(z + x) + O(|z|*T*),
as desired. In particular, we obtain
u(z + ) = Ux(z - v2)} + O(l2|*),
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where v, € S”"! is the normal vector to 9 at z. Thus, using ([3.4) for x = —tv, € R"\ Q with ¢ > 0,
we obtain

Lu(z +2) = U.L(x - v2)} + O(t™"") = U.B(v:)t " + O(t*™).

Note that, since 9 € C1*, for any z € Bi2\ ©, we can find 2 € 92N By, such that d(z) = |z — 2|.
Therefore, we can rewrite

Lu(z) = U,B(v,)d %(z) + O(d~*"%(z)) = Uy B(v)d *(z) + O(|z|*)d*(x),

where we also used U,B(v,) = UyB(v) + O(|z|*) = UpB(v) + O(|z|*), which follows from (z
U,) € C% (z—v,) € C% and (2 — B,,) € C* The latter regularity result relies on the fact that
(e B(e)) € C125=2(S"~1) for any £ > 0. Indeed, we have

<e — Be) := -

since K € L®(S"!) and ¢ — |6 -¢|* € C*(S"!) and thus [v+— ‘0"/‘28]028“*6(@) € LY(s" 1)
uniformly in e € S*~1. O

K(9)|9 . e|2s d@) c CQS-}—l—&(gn—l)’

We are now in a position to prove |Proposition 3.1|

Proof of [Proposition 3.1, The proof closely follows the one in [FeRo24b], using[Lemma 3.3l Let us give
a short sketch of how their argument looks like in our setting. As in [FeRo24b], we set Q@ = {u > 0}
and consider competitors of the form u.(x) = u(z+e¥(x)) for smooth domain variations ¥ supported
in By. Let f € C°(0€2) be a nonnegative function, supported in B; N 9. We introduce

Qe ={r e Q:d(x) >ef(ra(2))},

where z = m(z) is the unique z € 99 such that d(z) = |x — 2|, and let v, be the competitor, defined
as the solution to

Lv. =0 in Q.N By,
ve =u inR"\ B,
ve =0 in By \ Q..

Moreover, we set O, = (2 \ Q.) N By, and parametrize the points in O, as z + tv,, where z € 09,
t >0, and v, € S"! denotes the inward normal vector of 99 at z. Then, we can expand

trv,
u(z +tv,) = %(z)ts +o(t*),  where %(z) = lim M (3.5)
and for xg = z + ef(2)v, € 0Q.:
ve(x) = %(wo)dg(az) + oz — zo]®) in €, where d. = dist(+, Q).

An application of [Lemma 3.3] to v., using that d.(z) = (¢f(z) — t)(1 + o(e)) for x = z + tv, € O,
where 0 < t < ef(z), yields

Loe(z) = %(iﬂo)B(%o)de_s(w) +o(d:"(x))
= %(%)B(on) [(ef(2) =) (1 +0(e)] " + o(t™") (3.6)

= 5 ()BE:)(ef(2) = )7 (1 + 0(1)) +o(t™%),
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where we used (ve/d?)(xo) — (u/d®)(z), and vy, — v,, as € — 0, ie., that (ve/dS)(zo)B(vy,) =

(u/d*)(2)B(vz) + o(1).
Now, by following the same arguments as in [FeRo24b| and plugging in (8.5]) and (3.0), we obtain

e[ [ T s (B (5:6))" ) =071+ o] o7 ) aa

u 2
= ECp,s f(z)B(v,) | —=(z dz.
| 1080 ()
This implies that for any nonnegative f € C2°(B; N9oN) it holds

0 = lim L5y (ve) =T (W) = lim <—s_1/ ulv, — f(z) dz)
e o0

e—0 £ e—0

SRC [cmsB(Vz) <%(z))2 —1] dz,

which implies (B1)). Finally, (33) follows immediately from ([2]) and the regularity of B (see the
proof of [Lemma 3.3)). O

3.2. Viscosity solutions. Having at hand [Proposition 3.1] (and also [Lemma 2.2]), we are now in a
position to give a natural notion of viscosity solution to the one-phase free boundary problem Zp, .

Let us first introduce the notion of viscosity solutions to equations of the form Lu = f.

Definition 3.4 (viscosity solutions). Let © C R™ be an open domain. Let f € C(€). We say that
ueC()n L%S (R™) is a viscosity subsolution to Lu < f in  if for any x €  and any neighborhood
N, C Q of x it holds

Lé(z) < f(x) Vo € C3(N,)N LI, (R") s.t. u(z) = ¢(x), ¢>u. (3.7)

We say that u is a viscosity supersolution to Lu > f in Q if (B8.7) holds true for —u and —f instead
of v and f. Moreover, u is a viscosity solution to Lu = f in €Q, if it is a viscosity subsolution and a
viscosity supersolution.

Definition 3.5. We say that v € C(By) N L3, (R™) with u > 0 in R" is a viscosity solution to the
nonlocal one-phase problem (7)) (for K) in By, if

(i) w is a viscosity solution to Lu = 0 in {u > 0} N By, and a viscosity subsolution to Lu < 0 in

Bj in the sense of [Definition 3.4
(ii) For any 29 € 9{u > 0} N By and any function ¢'/* € C°°(B;) that satisfies ¢ := (¢/*)3 €
LI, (R™), ¢ < (>)u in R™, and ¢(xg) = u(xp), it holds

Vo'/* (o) ) |

/s za)l®
[VoU* (o) |* < (2)A <7|wl/s($o)|

Lemma 3.6. Assume ([[2)). Let u be a minimizer of Ip, in By. Then, u is a viscosity solution to
the monlocal one-phase problem (L) in By in the sense of [Definition 3.5
The following lemma is the main technical ingredient in the proof of [Lemma 3.6t

Lemma 3.7. Assume ([L2)). Let u > 0 be such that u € C*(B;) and u(0) =0, and u > C(x,)% (or
u < C(x,)%) for some C > 0. Moreover, assume that Lu < 0 in By, and Lu = 0 in {u > 0} N By.
Then, for x € {x, > 0} near 0 it holds:

u(z) = a(zn)3 + of|z])
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for some a > 0.
Note that in case u > C(z,)%, we clearly have a > 0.

Proof. First, we prove the result under the assumption that u > C(z,)%. We define
a(R) =sup{a > 0:u > a(z,)} in Br}.

Note that by definition and by assumption, a(R) is decreasing in R and bounded away from zero
and from infinity. Thus, there exists a := limp_,0 a(R) = supp a(R) > C, and observe that for any
x € {z, > 0} near 0:

u(x) > alz))(zn)} > alzn)] + [alz]) — allz]” = a(zn)] + o(|z[*). (3.8)
Next, we claim that for every § > 0 and every § € (0, 1), there exists a radius r > 0, such that
u(z) < (a+6)(xzn)} in By N{z, > Bla']}. (3.9)

Before we prove ([3.9), let us assume that ([3.9]) holds true and show how it allows us to conclude the
proof. In fact, setting § = § = 1/k for some k € N, we deduce from (B.9) that for some r; > 0

u(z) < (a+ k:_l)(xn)f|r <a(z,)i + k:_1|:17|s in B, N{kx, > |2’[}.

Next, in case z € By, N {0 < kx, < [2'|}, we find y € B,, N {kx, = |2/|} with | —y| < |z|/k such
that by u € C*(B;), and application of the previous estimate to y, we get

u(a) < uly) + ek ™al® < alyn)s + k7 yl® + ck™"la]®
<c(k ™+ kN E)2® in By, N{0 < kx, < |2/[}.
This yields for any = € {x,, > 0} close to 0:
u(@) < a(@n) +ck™lz” = a(zn)i + of[z]*),
and implies the desired result upon combination with (B.8]).

Thus, it remains to prove the claim (3.9). Let us assume by contradiction that there exist § > 0,
9 € (0,1), and a sequence 3, — 0 in {z,, > 0} with (z), > B|z}| such that

u(zg) = (a+0)((xr)n)}-
Note that by definition of «, for every 7 € (0, 1), there exists r(7) > 0 (depending also on d) such that
u(x) > (o —70)(xn)} in By N {z, > 0}.

Let us now define v(z) = u(x) — (o« — 79) ()%, where we will choose 7 later in an appropriate way.
Clearly, by construction, we have v > 0 in B, ), and moreover, since u € C*(By), it holds for any
T € Bﬁ|xk‘(a:k), and k small enough, depending on §:

v(@) = v(ak) — c(klze])® = 6(1 — 7)(()n)3 — c(klak])® > cdlag|® — clslzk])® = capl®,  (3.10)
where we have used in the second to last step that (zx), > B|z|, and ¢ > 0 depends on 4, 3, but not
on 7 if 7 < 1/2 is chosen small enough.

Let us now observe that for any = € Bj,,| N {z, > 0}, for k large enough compared to r(7), since
Lv > 0in B, | N {x, > 0} (recall that Lu =0 in By since u > C(z,,)3 ), it holds

L(U]IBT-(T))(tT) > _L(U1R7L\BT(T))(x) > c/R . U(y)’y‘—n—2s dy
"\Br()

—c(a— 70) / () Ly~ dy
R7L\BT(T)

v
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> —c(la—T1)r(t)"% = —CY,
where we also used that v > 0, and Cy > 0 depends on «, 7,d. Let us define h to be the solution to

Lh=-Cy in B‘xk| N {$n > 0},
h = U]lBr(-r) in (Rn \ B\xk|) U {l‘n < 0}.
Note that by the comparison principle, we have

v>h in B, N{z, > 0}.

Moreover, note that we can write h = hy + hg, where hy and hg solve

Lhy =-Cjy in B\xk\ N {l‘n > 0}, Lhy =0 in B\xk| N {xn > O},
h1 =0 in (Rn \ B|mk\) U {a:n < O}, ha = U]lBr(-r) in (Rn \B|:ck|) U {l‘n < 0}.
We claim that there exist constants ¢y, cy > 0 such that
hi(z) > —c1Co(zn)%|zk]® Vo € By, 2 N {zn > 0}, (3.11)
hg(x) > 02(33”)1 Vx € B\xk|/2 N {xn > O} (3.12)

To see (B.1I), let us observe that hi(x) := hy(|zk|2)|2n| 2% solves Lhy = —Cy in By N {x, > 0} with
hi =0 in (R™\ By) U {x, < 0}. Thus, by the barrier argument in [FeRo24a., Proof of Proposition
2.6.4], we have

—h1(z) < e1Co(xn)5. Va € Byp N {z, > 0}

Thus, (3.11) follows by recalling the relation between hy and h. .
To see [B.12), we observe that ho(x) = ha(|zg|z)|z|~® solves Lhy = 0 in By N {z, > 0} with
ha(z) = |zk|*v(|zk|z) LB, (lzk]z) in (R™\ B1) U {2, < 0}. In particular, since vlp, > 0 and by
B10), we deduce
}NLQ > C]lB,.;(xk/kckD in (R"\ By) U {z, <0}.

Therefore, by the Hopf lemma (see [FeRo24al Proposition 2.6.6]), we have

ilg(l') > C2(xn)f|— Vo € Bl/2 N {xn > O}
for a constant ¢y > 0 that is independent of |z|. Thus, (3.12) follows by recalling the relation between
ho and hs.
Thus, there exists a number ky € N such that for any k > kg:

v>h=hy+hy > (c2 — c1Colag|*)(zn)L = co(zn)i  in By, 2 N {zn > 0},

where ¢g := ¢2/2 > 0 is independent of k£ and 7. By the definition of v, this implies

u > (a+ (co = 70)) ()% in By, 2-

Thus, choosing first 7 < 1 so small, depending on §, such that ¢g — 7§ > 0, and then k£ € N so large
that the previous argument goes through, we obtain a contradiction with the definition of «. This
proves (3.9, and we conclude the proof.

In case v < C(xy,)3, the proof has to be modified slightly, but follows the same line of arguments.
First, one defines

a(R) =inf{a > 0:u < a(z,)% in Br},
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and observes that a(R) is increasing in R and a = limp_,g «(R) = infg a(R) € [0, C] exists. As before,
it is easy to show that

u(z) < o) + of[z]).

For the lower estimate, instead of ([, we claim that for every § > 0 and every ¢ € (0,1), there
exists a radius r > 0, such that

u(z) > (@ —8)(xn)} in By N{x, > Bla']}. (3.13)

From here, the desired result follows by the exact same arguments as before, after changing some of
the signs. To prove (BI3]), we argue again by contradiction, assuming that there exist § > 0 and
d €(0,1), and z, — 0 in {z,, > 0} with (x}), > S|z} | such that

u(wy) < (@ —0)((zr)n)i-

This time, we define v(r) = (o +76)(w,)5 — u(z), and observe that Lv > 0 in B, ;) N {z, > 0} (since
Lu < 0 in By), and satisfies v > 0 in B,(7), and (3.10)), as before. Moreover, we have the following
estimate for x € B,,| N {z, > 0}:

L('U]IBT-(T))(tT) > _L(U]]'Rn\Br(u)) > c/ ,U(y)‘y’—n—Qs dy
Rn\BT'(T)

> clar+ ro)r(r)~ — ¢ / w()lyl ™" dy
R \r(7)
>cla+71d—c)r(r)”° = —Cy,

where we used that u < C(z,)% in the last step, and Cy > 0 is a constant. From here, the proof
follows as in the first case, defining h = hy + hs. O

We are now in a position to give the proof of [Lemma 3.6l

Proof of [Lemma _3.60. We have already shown that Lu = 0 in {u > 0} N By and Lu < 0 in Bj in the
weak sense (see [Lemma 2.2)). This implies (i) by [FeRo24a, Lemma 2.2.32, 3.4.13] (see also [RoWe23],
Lemma 2.7]).

Let us explain how to prove (ii). Let 0 € d{u > 0} N By and ¢'/* be as in (ii), with ¢ < u. We
will not explain the proof in case ¢ > wu, since it goes by the same arguments. First, we consider the
blow-up sequences u, := u(rz)/r®, and ¢, := ¢(rz)/r* = [¢*/*(ra)/r]%, and observe that u, — ug
by [Lemma 2.8, where v is a global minimizer of Z. Moreover, since /% is smooth, ¢, — ¢g, where
do(z) = (V¢'/5(0) - ). Let us assume without loss of generality that V¢'/#(0)/|V¢!/*(0)| = e,.
Next, we apply [Lemma 3.7] to ug, which yields the existence of a > 0 such that for z € {z,, > 0} near
0 it holds:

up(x) = a(xy)i + o(|z|%). (3.14)

Clearly o # 0 since ¢ < ug. Note that uy € C*(R") as a global minimizer (see [Lemma 2.3]), and that
IV'/5(0)|* (2)% = ¢o(x) < ug(x), which is why [Lemma 3.7 is applicable to ug.
In particular, this implies

IVo!/5(0)° < o (3.15)
Next, we blow up ug again, i.e., we take v(z) = lim, o ug(rz)/r*. By [B14]), we have for z € {z,, > 0}:
v(z) = a(zn)} (3.16)
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Since v is again a minimizer by [Lemma 2.8] it holds v € C*(R™) by [Lemma 2.3l Since v(0) = 0, there
exists C' > 0 such that v < C(z,)2 in {z, < 0}. Thus, we can apply Lemma 3.7 to vly,, < in
{z,, <0} and deduce that for z € {z,, < 0} near 0 it holds:

v(x) = B(zn)2 + o(|x|®). (3.17)

If 8 # 0, then (B.16) and (BI7) imply [{v =0} N B,| = 0 for some small » > 0, which contradicts the
measure density estimates for minimizers (see [Lemma 2.5]). Thus, we conclude 8 = 0.
Therefore, blowing up v again, i.e., defining w(z) := lim, g v(rz)/r®, we deduce from (B.I0) and

B.17), using 5 =0,

w(r) = a(z,)] inR"

Since {w > 0} = {x, > 0} € C1, we can apply [Proposition 3.1 and obtain a = A(e,). Due to (.13,
this proves the desired result. O

3.3. Optimal regularity for viscosity solutions. We end this section by proving that viscosity
solutions are C'* regular.

Lemma 3.8. Assume ([2). Let u € C(By)N L3, (R™) be a viscosity solution to the nonlocal one-phase
problem in By and 0 € 0{u > 0}. Then, u € C} (B1), and it holds

||u||cs(31/2) <C <1 + ][ udx)
By

for some constant C > 0, depending only on n,s,\, A. Moreover, if 0 € 9{u > 0}, then it holds

lulles(s, ) < C

The proof of [Lemma. 3.8 requires the following lemma, which is closely related to [Lemma 3.7

Lemma 3.9. Assume ([L2). Let u > 0 be such that uw € C°(B1) and Lu < 0 in By, and Lu = 0 in
{u > 0} N By. Moreover, assume that there exists a ball B C {u > 0} with BNo{u > 0} = {0}. Then,

there exists o > 0 such that for any x € BN {dp(z) > |z|/2} (non-tangential region inside B) near 0
it holds

u(z) = a(z-v)] +o(|z]*),
where v € S*™1 denotes the normal vector of OB at zero, inward to {u > 0}.
Proof. Without loss of generality, we assume that v = e,. The proof follows closely the arguments in
the proof of [Lemma 3.71 We start by defining
a(R) =sup{a>0:u>a(z,)} in BNBrN{dp(z)>|z|/2}}.

As in the proof of [Lemma 3.7 one can show that there exists a := limpg_,o «(R) = supp «(R) > 0 and
that for any = € BN {dp(x) > |z|/2} near 0 it holds

u(x) > alza)s + of|al*).

Moreover, as in the proof of [Lemma 3.7, the claim (5.7)) follows once we show that for any S > 0 and
0 € (0,1), there exists a radius r > 0 such that

u(z) < (a+8)(xn)} in By N{x, > Bla']}. (3.18)

By contradiction, we assume that there exist 5 > 0, 6 € (0,1), and z — 0 in B with (xy), > SB|z}|
such that

u(wy) > (@ +0)((zx)n)s-
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Note that if k is large enough, then z;, € B. We define v(z) = u(x) — (o — 76) ()% for 7 > 0 to be
chosen later. Proceeding as in [Lemma 3.7 but replacing {x,, > 0} by B, we can show that there is
ko € N such that for any k& > kq:

v>h>codi(z) in BN B\xk|/27 (3.19)

where ¢y > 0 is independent of k£ and 7. Indeed, as in the proof of we have Lv > 0 in
Byz,| N B, where we use that Lu = 0 in B since B C {u > 0}. Moreover, the barrier argument from
[FeRo24al, Proof of Proposition 2.6.4] and the Hopf lemma (see [FeRo24al, Proposition 2.6.6]) remain
true in this setting since B is a smooth domain and 0 € 9B. In particular, (3.19]) implies

v > colz]?/2° > ci1(2,)%  in BN By, 2 N{dp(z) > |2[/2},
for some ¢; > 0 (since |z| > z, > 0). Thus, by the definition of v, we get
v>(a+ (1 —76))(zn)l in BN By, 2N {dp(r) > |z[/2}.

This yields a contradiction with the definition of oz upon choosing 7 < 1 small, and k € N large enough.
This establishes (B.I8]), and therefore (5.7). The proof is complete. O

Proof of [Lemma 3.8. We claim that for any z € By, it holds
lu(x)| < edist(z, 0{u > 0})*. (3.20)

From here, the claims follow immediately by using the interior regularity theory (see [FeRo24a]) in
the same way as in the proofs of [RoWe24a, Theorem 4.5, first part of Theorem 1.5]. To see (320,
let us assume without loss of generality that x := e, /2 and dist(e,/2,0{u > 0}) = 1/2 = |e,, /2|, and
0 € 9{u > 0}. We claim that

lu(en/2)] < C (3.21)

for some constant C' > 0, depending only on n, s, A\, A. Indeed, if ([3:2I]) holds true, then by scaling,
shifting, and rotating we immediately deduce ([3:20). To prove ([B.21]), we define w to be the solution
to

Lw =0 in Bl/g(en/2)ﬂ33/4,
w =0 inR" \ Bl/Q(en),
w  =u in Byp(en/2)\ By
By the comparison principle, we have
v >w in R™
Moreover, by the Hopf lemma (see [FeRo24al Proposition 2.6.6]), we have
w = cw(en/2)(xn)%  in Byja(en/2) N Bya N{dp, y(en/2)nBs,, = (Tn)+/2},
where we used that the constant in [FeRo24al Proposition 2.6.6] depends on inf(4>5) w, which we can
estimate from below by w(e,/2) due to the Harnack inequality. Hence, using that B s(en/2) is an
interior tangent ball for {u > 0}, we can apply [Lemma 3.9] which implies that upon taking the limit
= 0in {dp, ,(e,/2)nB;,5 = (¥n)+/2}, we have
u(@)/ (@)} < a

for some « > 0, depending only on n, s, A\, A. Hence, we have shown that altogether

w(e,/2) < %.
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It remains to estimate w(e,/2) by u(e,/2). To do so, an application of Harnack’s inequality at the
boundary (see [KiLe23, Theorem 3.4]) yields

w(en/2) > c inf w.
Bi/3(en/2)\B3/4
Since u = w in By/3(en/2) \ B34 by construction, and {u > 0} in By /s(e,/2) by assumption, we can
apply the interior Harnack inequality for u to deduce that

w(e,/2) > ¢ inf u > cule,/2).
(en/2) Bi/3(en/2)\B3/4 (en/2)

Altogether, we have proved ([B.2]]), and the proof is complete. O

4. FLATNESS IMPLIES C1® FOR VISCOSITY SOLUTIONS

The goal of this section is to prove [Theorem 1.5l namely that the free boundary of a viscosity solution
to the nonlocal one-phase problem in the sense of [Definition 3.5]is C® near flat free boundary points.
To prove this result, we first develop an improvement of flatness scheme (see [Theorem 4.1]), which
yields the regularity of the free boundary near flat points after application of an iterative scheme.

4.1. Improvement of flatness. In this section, we show the following improvement of flatness result
for viscosity solutions:

Theorem 4.1. Let K € C'=25t8(S"=1) for some > max{0,2s — 1} and assume ([L2)). Let u be a
viscosity solution to the nonlocal one-phase problem for K in By with 0 € 0{u > 0}. Then, there are
€0,00, po, C > 0, depending only on n,s,\, A, and ||A||c1+sgn-1), such that for any e € (0,e0) it holds:
If

Alen)(x-en —e)f <u(x) < Alep)(z - e, +€)5 Vo€ By, (4.1)
and
T, := Tail([u — A(en)(x - en — €)% ]=; 1) + Tail([A(en)(z - €y + )5 —u]—;1) < edo, (4.2)
then we have for some v € S*™ ! with |v — e,| < Ce:
£\$ £\5
v—=) < < : =
A(v) <x v 2>+ < upy () < A(v) (a: v+ 2)+ Vz € By,

and

T, c = Tail <[up —AW) (v - E)J K 1> + Tail ([A(u) (2 v+ §)+ - u,,o] K 1) < 350.

[Theorem 4.1] is the central ingredient in the proof of our main result on the regularity of the free
boundary (see [Theorem 1.1]). It establishes an iteration scheme, from which the regularity of the
free boundary near all points at which (41]) and (£2]) hold true, follows by standard arguments (see
Subsection .2)). The proof of [Theorem 4.1] goes by a compactness argument. The convergence of
the compactness sequence will follow from a partial boundary Harnack inequality (see Subsection
M.17), and the contradiction will follow from the regularity of the so called “linearized problem”
(see Subsection [LT.3] and Subsection [£1.4]), which occurs as the PDE satisfied by the limit of the
compactness sequence (see Subsection .1.2]). This regularity was established in our previous work
[RoWe24b)].
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4.1.1. Partial Boundary Harnack. The first step in the proof of [Theorem 4.1l is to establish the fol-
lowing (rescaled) partial boundary Harnack inequality:

Lemma 4.2. Assume ([L2). Let u be a viscosity solution to the nonlocal one-phase problem for K in
B, for some r € (0,1] with 0 € 9{u > 0}. Then, there are 9,c > 0, and 0,0y € (0,1), depending only
onn,s,\, A\, such that if ag < by are such that

|bo — ag| < reg and Alen)(zn + a0)} < ulz) < Alen)(zn +bo)y Vo € By, (4.3)
and
T, := Tail([u — A(en)(wn + ao)5]—; ) + Tail([A(en) (wn + bo)s — u]—;7) < 75 ag — bo|do,
then there are ap < a1 < by < by with
b1 — a1| = (1 — 0)]ag — bo| and Alen)(zn +a1)i <ulz) < Alen)(xn +b1)% Vo € B,y
and, for any K > 20 we have

s—1
Tail (= Alen) (@ + 1)3]_s ) + Tail ([Alen)@n +b1) —u]_s 1) < eflag — ol (=) + K>,

Remark 4.3. Note that by making K larger and 6 smaller in [Lemma 4.2] (which only makes the
result weaker), namely by taking K~'7% <1 —6, and 6 < cdp(1 — 6), it is easy to verify that the tail
estimate in the conclusion of [Lemma 4.2] becomes

Tail ([u — Alen)(@n +a1)3]_; %) + Tail <[A(en)(xn +b)L —u] %) < (%)S_l (1 — 6)]ao — bo|do.
(4.4)

This bound will allow us to apply [Lemma 4.2 in an iterative scheme (see [Lemma 4.9]).

The following partial boundary Harnack inequality on scale one implies [Lemma 4.2

Lemma 4.4. Assume (L2). Let u be a viscosity solution to the nonlocal one-phase problem for K in
By Then, there are 9 > 0, 6,50 € (0,1), depending only on n, s, A\, A, such that if

Alen)(zn +0)5 <u(x) < Alen)(xn +0 +€)) Vo e By
for some € € (0,e9) and o € R with |o| < 1/10, and moreover,
Tail([u — A(en)(xn + 0)%]—; 1) + Tail([A(en) (2 + 0 +€)5 —ul—;1) < doe,
then at least one of the following holds true:

(i) Alen)(zn +0+0e)5 <u(x) < Alen)(xn +0+6)% Vo e B /20,
(ii) Aen)(zn +0)% S ulz) < Alen)(wy + 0+ (1 —0)e)s Vo € Byg-

Before we prove [Lemma 4.4] let us explain how it implies [Lemma 4.21
Proof of[Lemma 4.3. The first claim in case r = 1 follows directly from [Lemma 4.4l Note that since

0 € 9{u > 0}, it must be ap < 0 < by. Moreover, by choosing £y > 0 small enough, we can assume
that |ag| < 1/10.

In order to obtain the first claim with general r € (0, 1), note that if u is a viscosity solution to the
nonlocal one-phase problem for K in B, with

Alen)(zn + ao)ﬁ_ <u(r) < Alen)(zp + bO)i— Vo € By, and T, < 7‘5_1‘@0 — boldo,
then u(z) = u(rx)/r® is a viscosity solution to the nonlocal one-phase problem for K in Bj satisfying

Alen)(zn + ao/r)3 < a(x) < Aen)(xn +bo/r)s Vo € By,
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Tail([@ — A(en)(zn + ao/r)%]—; 1) + Tail([A(en) (wy + bo/7)5 — @) —; 1) = 7T, <~ ag — bo|do.
Thus, we can apply [Lemma 4.4 on scale one if |byg — ag| < rep, which is exactly what we assumed.

Finally, let us explain how to deduce the second claim, namely the tail estimates on scale /M. For
this, let us assume that we are in case (i) of [Lemma 4.4} i.e., by = by and a1 = ag + 0lag — bo| (the
reasoning in case (ii) goes analogously). Then, the estimate for Tail([A(e,)(xyn + b1)% — u]_;7/M)
follows directly from the assumption. We focus on the estimate for Tail([u — A(ey)(2n +a1)3]—;7/M).
Note that by the assumption (@3] we have

[u— Alen)(zn + a1)}]- < Alen)(@n + a1) — Alen)(xn +ao)  in B,.

Thus, we can estimate

: S T 2s S S —Nn—zs
Tai([u — Alen) o + )i/ < Alen) (1) [ [ +ay = (ot an)i ol s
Rn\Br/M
+ M2 Tail([u — A(en)(zn + ao)]—;7)
=1 + Is.
While for I, we get by assumption Iy < M ™27, for I; we compute
T\ 2% = —n—2s
< Ae) ()Y / [(@n + 1)} — (2n + ao)]|o| "2 de
k=1 B2k+1(r/]\l)\B2k(r/1vI)

T

<e(qy) Yz | (20 + 1)l — (2 + a0)3] da
k=1 szﬂ(r/M)\sz(r/M)

T\l 261 (r/M)
< o 2 (142s) / + s + 514
<e(yr) X2 o (W3~ (@ a0 do

N = 25 (r /M) 25+ (r /M)
< ! (1+2s) s _ s
_C<M> ;2 </—a1 (x+a1)’da /_ao (z + ap)®dx

1 O_o 2k+1(T/M)+a1 (45)

<c <L> Z 9~ k(1+25) / x®dx

M7~ 2k+1 (7 /M) +ag

T\ e —k(1+425s) k41 s+1 k41 s+1
< _ _
<c(7) ;2 (@1 (r/0) + a0 = @ (/M) + ag)* ™)

T -1 - - S S
<c <M> Z 2 k(142 )’al _ ao‘(2k+1(7’/M))

k=1
r\s—1 s —k(14s) r\s—1
< — — — - —
< cla1 — aop| <M) ;2 cBlag — bo| (M) .
This yields the second claim and concludes the proof. O

It remains to prove [Lemma 4.4l The proof is quite involved, and requires the following auxiliary
lemma. The following lemma states that perturbations of the harmonic function (z,)3 are still close
to being harmonic with respect to L.

Lemma 4.5. Assume (L.2). Let [o] < 1/10, 6 € (0,1). Let D C R™ be a bounded CH! domain and
h € C®(D) be such that cdp < h < ¢ 'dp for some ¢ > 0. Then, there exists C > 0, depending only
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onn,s,\,A,h,D,c such that

L((zp+0+06h)5)<C6 in D.

Proof. The proof is a modification of [FeRo24al, Proposition B.2.1]. Note that since d(z) := (x, + 0 +
dh(x))+ > 0, the claim is trivially satisfied in DN {d = 0}. Let us fix xg € DN {d > 0} and define the
linearizations of h and d around z as follows

h(z) = h(zo) + Vh(zo) - (x — x9), I(z) = (zp + 0 + 6h(z)),.
Note that L(1*)(z) = 0 since [z +— x,, + o + 6h(x)] is affine linear. Moreover, we claim that
(o +y) — Uwo +y)| < Colyf* y e R™. (4.6)

To see this, note that since |ay — by| < |a — b|, we have

ld(zo +y) — lzo +y)| < d|h(zo +y) — h(zo +y)|-

Then, the proof goes by the exact same arguments as in [FeRo24al Lemma B.2.2], since h is a regu-
larized distance with respect to the C1'' domain D.
As a consequence of ([A6]) we obtain

| (o +y) — 1 (0 +y)| < Coly*(d* (zo +y) +1° (20 + ). (4.7)

Let us now denote €2 := {d > 0}, observe that 9Q € C%! with a Lipschitz radius that is independent
of §, and set p := min{dq(zo),po} for some py > 0 to be determined later. We observe that there
exists ¢; > 0, independent of §, o, such that

crdg < d < c['dg.

Moreover, note that since d € C%(Q), there is x € (0,1), depending only on the regularity constants
of h such that

d(z0)/2 < d < 2d(zo) in Byy(o).

We will apply (£7) in case y € (zg — D) \ Byp. In case y € B, we observe that we have
[d5  Loo (B, (o)) < 2¢;7 e (o) < cop®!, where cp > 0 is independent of §,0. Moreover, by
([ET) we have that | > d — c3p? > cap in By,(wo) for c3,c¢4 > 0 independent of 6,0, once p < pg is
small enough. Thus, we deduce

|d*(wo +y) — (0 +y)| < Coly*p*™" ¥y € By, (4.8)

Having at hand (4.7), and (L8]), we estimate

|L(d®)(zo)| = |L(d® — 1%)(z0)| < C/Rn |d* (o +y) — 1°(zo + y)Hy‘_n_% dy

<5 p / g2 dy + / (d5 (w0 + ) + 1o + ) Jy| "2+ dy
Byp [zo—D]\Bxp

<08 (p' P +1) < Cs,
where we used that d* = [* in R" \ D, and applied [FeRo24a, Lemma B.2.4] to estimate the second

integral in the last step. Note that C' > 0 depends only on n,s,\, A, and on h through diam(D),
Hthu@), and the C1! radius of D. 0
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Proof of[Lemma 4.4 First, note that it suffices to prove the lemma under the following slightly

stronger assumption
Alen)(xn +0)5 <ul(z) < Alen)(zn + 0 +¢)L Vo e ByN{u>0}. (4.9)

Indeed, if we can deduce the desired result from (£9]), then by applying it with o and o + ¢ replaced
by ¢ — k and o + € + & for some k > 0, we get the result under the original assumption upon taking
the limit x — 0.

We take z = e, /4 € R™. Let us first consider the case u(z) > A(e,)(2, +0+¢/2)%. Then, by Taylor’s
expansion, there exists A € (0, 1) such that

Alen)(zn + 0 +¢/2)5 = Alen) (20 + 0)% + sA(en) (20 + 0 + Ae/2)Y 'e/2
> Alen)(zn + 0)% + ceAlen)(zn + )51,

where we applied in the the second step the Harnack inequality to the function x — sA(e,)(z, +
o + Ae/2)5!, which is harmonic in {z, > —o — \e/2}. Next, we observe that by assumption L(u —
Alen)(zy +0)5) =0in By N{x, > 1/10} and also u — A(e, ) (2, +0)% > 0in By. Thus, again by the
nonlocal Harnack inequality (see [Cozl7, Theorem 6.9]), and using that by the previous computation
it holds

u(z) — Alen)(zn +0)% > ceAlen) (2 + 0)571,
we deduce, using also the assumption on the tails:
u > Alen)(zn + 0)% + ceAlen) (2 + 0)57!
— cTail([u — A(en)(zn +0)3%]; 1)

> Alen)(xn +0)% +ce (A(en)(zn +o)5t = 50) in By/ip N {zn > 1/9}.
Next, note that again by Taylor’s formula and Harnack applied to = + sA(e,) (2, + 0 + pe) !, we
deduce that for any cp € (0,1) and = € By/19 N {x, > 1/9} and some A = A(x) € (0,1)

Alen)(y + 0 + coe)’ < Alen)(zn + 0)% + (cog)sAlen) (xn + o + Aege) 5!

< A(en)(wn + )% 4+ C(coe)sAlen) (zn + )5t

Next, by the definition of z = e, /4, upon choosing dy, cop > 0 small enough, depending only on s, ¢, C,
we can estimate

C(cog)sAlen)(zn + 0)} " < ce (A(en)(zn +o) - 50).
Thus, by combination of the previous three estimates, we deduce
u> Alen) (xn + 0 +coe)l  in Byjig N{x, > 1/9}. (4.10)

% € S"1. We construct h € C*®(supp(h)) with 0 < h < 1, such that

supp(h) is a bounded C'! domain, and h < d

Next, let us define w =

supp(h) 10 be a function with the following properties:

Owh >0 in{u=0}n{h >0},

h  >ec in By,

h =0 inR"\ By.
for some ¢; > 0, depending only on n, s, A, A, to be chosen freely. Note that this construction is always
possible, since by [Proposition 3.1 we have w,, > 0 for some & > 0, depending only on n,s, A\, A. In

fact, if w, = e,, we can just make h radial with respect to z and choose supp(h) = B/3(2) to be a
ball, using that d,h > 0 since {u = 0} C {x,, < 1/9}. In the general case, we choose supp(h) to be an
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appropriate ellipsoid and h to be a regularized distance for supp(h).
Next, we define

G = B9/10 N {a;n < 1/9}

We also introduce a bump function ¢ € C°(B)/16(2)) with ¢ = 1 in By/s(2), 0 < ¢ < 1, and
|V| < 64. Moreover, for ¢ € [0, 1], we consider the function

o) = Aler) (47 + 7250 + Co)])
We claim that upon choosing C' > 0 large enough, we have that
Loy < —¢ce inG (4.11)

for some ¢ > 0, depending only on n, s, A\, A. To prove the claim, we compute

Lou(x) = L(1 = Alen) (w0 +0 + T2th) ) (@) + L{Alen) (20 + 0+ 1

th)i)(m) — Ji + o

1+C 1+C
Clearly, by [Lemma 4.5 we deduce that Jo < ¢y ffé < Cffog for some ¢y > 0. Moreover, for J;, we have
by definition of ¢ and since z € {¢) = 0}
CoE s 6060
Jy=— [—An<n++ th}K—dg—/ Kz —y)dy < —cue
= [ Al (e 7)o | K@y <

S
for some c3, ¢4 > 0, where we used that (xn +o0+ f_ﬁ% th) is smooth in supp(¢)) and applied Taylor’s
+

formula. Thus, by choosing C' > 1 large enough, we deduce

CoCpoE < _ % ‘
1+C — 2
This concludes the proof of the claim ([@IT]) with ¢ = c4/2.
Moreover, note that by (£I0) it holds for any ¢ € [0, 1]:

di(z) < Alen)(zn + 0+ coe)i <wu(w) Yo € ByjgN{r, >1/9}. (4.12)

J1+Jo < —cqe +

Let us define
t*=max{t€[0,1]: ¢, <u inG}.

First, we observe that t* € [0, 1] exists, since ¢g = (z,, + 0)%. < u in G C By by assumption.
We claim that

£ = 1. (4.13)
Let us prove (@I3) by contradiction, i.e., assume that ¢* < 1. In that case, there would be a point
zo € G N {u > 0} such that u(zg) = ¢ (70) and ¢ < u in G.
First, clearly we must have t* > 0, since otherwise we have a contradiction with the strict bound
in [9). Thus, it must also hold h(zg) > 0, since otherwise ¢+ (20) = ¢o(wp). Consequently, by
supp(h) C Bsjy, and by (412) we have that zo ¢ 9G. Moreover, xg ¢ G'N d{¢p~ > 0}, since in that
case, h(zg) > 0, which would imply that d,h(z¢) > 0, and therefore

s s et* s et*
Voil* (zg) = AY (en)V<(xo)n o+ fich(xo)> =AY (en)<en + 1CO+CVh(a;0)>.
VAYS(ep)

Since by assumption w - Vh(zp) > 0 and t* > 0, and since by definition w = is the normal

(VAL (en)]
vector to the graph S"' 5 v vAY/3(v), we have qu;*s(xo) ¢ {vk : k < AY3(v)}, and therefore:

IV (20)| > AV, (0) /Ny (o) )V/*.
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However, since ¢y~ < uw and 0 = ¢ (x9) = u(zg), zo € {u > 0}, so ¢ is a test-function for
the free boundary condition for u at g, and therefore, by [Definition 3.5l it must be \V(bi*/ “(z0)] <
A(V(;Si*/s (xo)/|V¢i*/s (z0))'/*, a contradiction.

Consequently, it only remains to rule out zo € G N {¢; > 0}. To do so, recall that by assumption and
due to (£I0) we have

¢~ <u in GU (Bgsig N{xy >1/9}) = By)1p. (4.14)
Moreover, note that by @II) we have for z € G N {u > 0} Nsupp(h) C By
L([¢e- — ullB,,,)(2) = Lo () — Lu(z) — L([¢- — ullrm\p,,,,) (%)

s;—as+«i/ (e — ul(y)ly| "% dy
R™\ By /10

—ce + cTail([A(en)(@n + 0 + coe)’ — u]4+;9/10),

where we also used that Lu = 0 in {u > 0}. Let us estimate further the last summand. We obtain by
assumption

IN

Tal([Alen)n + 0+ cly ~ 910 S [ [(nt ot eoe)t — (an + o) al o
R™\ By /10

+ cTail([A(en)(xn + 0)% —ul;1)

< c/ cogolz| ™% da
R™\ By /10

+ cTail(ju — A(ep)(zn +0)5]-51)
< ccpe + cdpe,

where we have used a similar computation as in (A35]) to compute the first integral. Thus, upon
choosing ¢y, dg > 0 smaller if necessary, we deduce

L([¢er — ullp,,,,) () < —Ce + ccpe + cdoe <0 in G N {u> 0} Nsupp(h). (4.15)

Thus, if we had 29 € GN{¢y= > 0}, then first, we must have 2y € {u > 0}Nsupp(h). However, by (414
and (4.15]), we can apply the strong maximum principle (see [FeRo24al Theorem 2.4.15]) to the function
(¢ —u]lp,,,, and deduce that it must be ¢y = u in the connected component of GN{u > 0}Nsupp(h)
around . Since we have already shown that ¢ < u on G U (9{u > 0} N G) U ({h = 0} N G), this
is a contradiction. Hence, we have shown t* = 1, as claimed in (Z13]).

Using (£.13)), we are now in a position to conclude the proof. In fact, it follows since h > ¢; in By g
by construction:

coE s CoC1E€ S .
u> ¢ = A(en)<:17n +0o+ T+ C’h)+ > A(en)(:nn 4+ o0+ T C’>+ in By /9.
This implies the desired result (i) with 0 = 3.

Finally, in case u(z) < A(en)(zn + 0 +€/2)5, we deduce by analogous arguments as in the beginning
of the proof:

u < A(en)(zn +0 + (1 —co)e)i  in By N {z, >1/9}.

Then, the rest of the proof continues by similar arguments, defining

br- (@) = Alen) (v + 0+ = T [th(x) + Co(@)])
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4.1.2. Holder reqularity and identification of the linearized problem. An important technical tool in
our proof is the so-called domain variation, which we will define in the following:

Definition 4.6 (domain variation). (i) We say that a function u : R™ — [0, 00) is e-flat in B, ()
in the v-direction for some €, p > 0, zg € R”, and v € S"7! if

AWw)(x-v—¢)i <u(z) < AW)(z-v+e)] in By(zo).
(ii) If w is e-flat in B,(x¢) in the v-direction, then the set @.(x) of all w € R such that
AWw)(z-v)i = u(z — evw) (4.16)
is non-empty for any x € B,_.(x¢) N {z - v > 0}.

In this case, we call @, the domain variation of w in B,_.(x¢) in the v-direction.

If {u =0} N B,(xo) is closed, we extend u.(x) to x € B,_.(xg) N {z - v = 0}, taking
e (z) = max{w € [—1,1] : u(z — evw) = 0}.
Note that domain variations also play an important role in the proof of improvement of flatness results
for the thin one-phase problem (see [DeRol12], [DeSal2], [DSS14]).

Remark 4.7. Note that any w € R satisfying (£I6]) satisfies w € [—1,1]. Moreover, if u is strictly
monotone in the v-direction in B,(xo) N {u > 0}, then there exists a unique w = .(x) with the

property (£I6]).

We will need the following elementary lemma on domain variations:

Lemma 4.8. Let u,v € C(B,) for some p > 0 and assume that u is e-flat in the e,-direction for
some € € (0, p), i.e.,

Alen)(zn — €)% < ulx) < Alep)(zy +)5%  in By,
Moreover, assume that v is strictly increasing in the en-direction. Then, the following hold true:
(i) If o is defined in Bp—. N {x, > 0}, then
v<u B, = U< inB,_.N{x, >0}
(i) If . is defined in B, N {xy > 0} for some r € (0, p), then

v <u. B, = v<uinB,_..
Proof. The proof is elementary and goes along the lines of [DeRol2| Lemma 3.1]. (]

With the help of the partial boundary Harnack inequality (seeLemma 4.2)), we can prove the following
estimate on the oscillation of .:

Lemma 4.9. Assume (L2). Let u be a viscosity solution to the nonlocal one-phase problem for K in
By. Then, there are £¢,d € (0,1), and 6 € (0,1), and M > 20, such that if 0 < & < &¢/2, and my € N
are such that the following hold true
2e(1 —0)™M™ < g, Alen)(xn — )% <ulx) < Alen)(zn +€)3%  in By, (4.17)
and
T := Tail([u — A(ep)(zy, — €)% ] 1) + Tail([A(en)(zn +€)§ —u)—;1) < (2¢)do, (4.18)
then the set

Lo = {(7,0c(x)) : 2 € Bi_e N {wy, > 0}} N (Byyq x [-1,1])
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is above the graph of a function x — ac(x) and below the graph of a function x — b.(x) with
be —a. <2(1—-60)" in B%M,m, m < my.
The constants g, g, 0, M depend only on n, s, A\, A.

Moreover, the functions ag,bs have a modulus of continuity bounded by t — otP for some o, > 0,
depending only on 6. Furthermore, for any m € N with m < myg it holds

Tail([u — A(en)(zn — €)5]—; M™™) 4 Tail([A(en) (s + €)% — u]—; M™™) < 2e50M™1=9) (1 — 9)™.
Proof. By assumption, we can apply the partial boundary Harnack inequality (see[Lemma 4.2]) several
times. In each step, we obtain:

Alen)(n + an)t < u() < Alen) (@ +by)} i By m,
where —e <a; < -+ <a,;, <0< by, <+ < by <e, and by, — ay, < 2¢(1 — 0)™. Moreover, note that,
according to (&4)), we can choose M ~!17% <1 -0, and 6 < céy(1 — 0), which yields
Tail([u — A(en)(Tn + am)]—; M™™) 4+ Tail([A(en)(@n + b)) —u]—; M™™)
< M™179) | — by |80
This estimate verifies the last claim. Moreover, note that we can apply the partial boundary Harnack
inequality (see [Lemma 4.2]) again as long as by, — a,, < M ™™g, which is in particular the case as

long as 2¢(1 — 0)™M™ < gy, i.e., by construction as long as m < mg. As a consequence, the domain
variation 1. satisfies

S

am m

€
In particular, this means
am bm
Fg ﬂ (B%M,m X [—1, 1])) C B%M—m X ?, ? .
This concludes the proof. O

The previous lemma is sufficient to yield compactness for domain variations, associated to a sequence
of ex-flat viscosity solutions in Bs with e — 0. This allows us to establish the following lemma, which
is the crucial ingredient in the proof of [Theorem 4.1]

Lemma 4.10. Assume (L2). Let (ux)r be a sequence of viscosity solution to the nonlocal one-phase
problem for K in By with 0 € 0{uy > 0}. Let (ex)r be such that e (0, and

Alen)(xn —er)d < up(z) < Alen)(xn + €)% in B, (4.19)
and

Ty, = Tail([ug, — (xn — er)i]—; 1) + Tail([(zn + ) — ur]—31) < exdo. (4.20)
Let us denote uy, = e, and I'y, =1';,. Then, the following hold true:

(i) For any 6 > 0 it holds Gy, — u uniformly in By, N {xn > 0}, where @ is Holder continuous.
(ii) The sequence of graphs

Iy — T = {(z,u(z)) : @ € Byjy N {xy, > 0}}

uniformly in the Hausdorff sense in By q N {x, > 0}.
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(iii) There exist C > 0 and kg € N, depending only on n,s, X\, A, such that for any k € N with
k > ko it holds
Tail(Juy — A(en)(zn)%];3/4) < Cey,. (4.21)
(iv) Let K € C1=25T8(S"=1Y for some B > max{0,2s — 1}. Then there is f € 01_2S+B(Bl/2) such
that the function o solves in the viscosity sense
L((:En)i_lfL]lB3/4) =f in BypN{r, >0},
(AY3(ey)e, — VAYS(e,) )V =0 on By o N {z, = 0}.

Moreover, ||f||Loo(Bl/2) < C for some C' > 0, depending only on n,s, A, A.

For the notion of viscosity solutions to nonlocal equations, we refer to [Definition 9.5 The interpreta-
tion of the boundary condition in (iv) in the viscosity sense is as follows:

Definition 4.11. We say that 0,4 = 0 for some v € S"~! on B3N {r, = 0} in the viscosity sense, if
for any zo € By N {z, = 0} and any smooth function ¢ : R" — R that satisfies ¢ < @ (resp. ¢ > @)
in By N{z, > 0}, and d(x0) = (x0), it holds d,d(x¢) < 0 (resp. d,¢(xg) > 0).

Proof of[Lemma 4.10. The proof of (i) is standard (see [DSS14]). By [Lemma 4.9] we have that
() — ()| < clz —y|* Va,y € ByyyN{zy > 6} st [z —y| > epey !

for some o € (0,1) and any § > 0. Here, 1) denotes any function constructed by taking arbitrary

elements of the corresponding sets @, () for any x € B yN{x, > 0}. Moreover, ||ﬂk||Loo(B3/4n{xn25}) <

L. Therefore by the Arzela-Ascoli theorem, there exists a subsequence converging uniformly in Bg 4 N

{zn = 6} to a C* function @ : Byjy N{zn = 0} — [-1,1]. Since [|u[|ce(p,,,n{z,>6}) is independent of

§ > 0, we can extend @ to a Holder continuous function on Bs/4 N {z, > 0}.

Also the proof of (ii) is standard (see [Vel23, Lemma 7.14]). First, given & = (z,u(x)) € T', and any
6 >0, find y € By N {x, > 0/2} such that |z —y| <, and set § = (y,u(y)). Then, by (i), we have
7 =gl <o —yl+|u(z) —a(y)] <6+ co®.

Thus, for k£ so large that e < §, we have
dist(z,[x) < [ — g[ 4 dist(g, Tx) < (6 +c0%) + @ — Ukl Lo (B, 40 {zn>6/2)) - (4.22)

Next, given any Z = (v, Ug(7x)) € [y, and k so large that e /eg < 6/2, we take yp € BsjyN{z, > 0}
such that §/2 < |z — yi| < 24, and set Jx = (yk, u(yx)). Note that

1Tk — Gkl < |z =yl + |k (vr) — U (yr)| < 26 + o,
where we used [Lemma 4.9 Thus,
dist(Zg, ') < |Zk — x| + dist(g, ') < (26 + c0*) + ||a — ﬁkHL""(Bl/gﬂ{x7L26/2})’ (4.23)

Finally using that 4y — @ uniformly in By, N {z, > §/2} by (i), and that § > 0 can be taken
arbitrarily small in (£22]), (£23]), we deduce the desired result.

Let us now prove (iii). If we choose § € (0,1) so small that § < ¢dp(1 — 0) and also M = max((1 —
6)~(1+2) 20), then by Lemma 4.9] (see also @A), we obtain for any m < mg, where my € N satisfies
25k(1 - Q)mOMmO < o

Tail ([ug — A(en)(xn — ex)3]—; M™™) + Tail([Alen) 2y + ex)s — up)—; M™™) < 25, M™I=9)(1 — 9)™4,
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which implies
Tail ([ug — A(en)(zn — ex)3]—; 3/4) + Tail([A(en) (2 + €)% — ur)—;3/4) < 25, M™IH) (1 — 9)™4.
Note that by construction, we have that (1—6)M > (1—6)7° > 1. Thus, mo < log_g)r(€0/(2ex)) —

00, as k — 00, so in particular, we can take m = 1 for any large enough k in the previous estimate.
This way, the previous estimate becomes uniform in k. Moreover, by the same computation as in

(5], we deduce
Tail([uy — A(en)(zn)%]-;3/4) < Tail([ur, — A(en)(2n — €)% ]-;3/4)
+ Tail([A(en)(zn)} — (xn — k)] 3/4) < cep
for some constant ¢ > 0. A similar reasoning applies to Tail([uy — A(en)(xn)%]+;3/4), so that we
deduce ([£2]]), as desired.
Now, we prove (iv). Let § > 0 and consider k € N so large that 6 > 4e;. We define

o) — <<uk<:c> - A(en><:vn>i> an\B3/4> |

€k

and observe that

L <Uk(x) - éie")(xn)i ]lBa/4> = fr(z) in BN {zn > 0}

We claim that there exists f € Cl_zs+ﬁ(Bl/2) such that, as k — oo

- A n n s — 1~ 1 3
u () E(e )(z )+ N A(en)s(azn)i La uniformly in 33/4 N{xz, > 0}, (4.24)
k
fu—f uniformly in B1/2, (4.25)

ug(z) — Alen)(2n)
€k

S
+ 1p,, — A(en)s(xn)i—1a133/4 in L3 (R™). (4.26)

Clearly, combining the previous four statements, we obtain
L(A(en)s(xn)i_la]lBgM) = f in B1/2 N {xn > 6}
by the stability of viscosity solutions (see [FeRo24a, Proposition 3.2.12]). Then, since § > 0 was
arbitrary, we conclude the proof of the first part of (iii).
Let us prove (£.24]). By assumption (£.I9) we have that uy(x) — A(en)(z,)% =: u(z) uniformly in B;.

Moreover, we can rewrite for any x € Bsy N {x, > J}, (note that the expression is zero if @y (x) = 0)

ug(z) — Alen)(@n)}  up(x) —up(z — Ekak(m)e")ak(x).

Ek ﬁk(x)sk

Also, note that

u(z) = uéi(;)?;ﬂk(x)en)ﬁk(x) — Opu(z)i(z) = A(en)s(x,)5 "i(z) uniformly in Bgy N {xy, > 0},

since Uk (x)e € [—eg, ek] and therefore g (x)er — 0 uniformly, and also using (i).
Consequently, it suffices to show that

up(w) —up(x — eptg(v)en)  ulx) —ulr — epip(r)e,)
Ik(x) = —

- = — 0 uniformly in B3/, N{x, > 6}
U (z)eg g (x)eg, Y 3/4 01 !
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To see this, note that L(uy —u) = 01in By N{x, > d/4}, and therefore by interior regularity estimates,
using that K € C1=2+5(S"~1), (see [FeRo24al Theorem 2.4.1]) for = € Bsjy N {xn > 0}:

(i (@)| < [ur — ulcoa(m, snfen>6/2y) < €(0)|lur — ullpoopy) + ¢(6) Tail (Juy, — ul; 1).
Now, note that by assumption ([£I9), we have that |Jux, — u| z~(p,) — 0, as k — co. Moreover, from
the assumption ([4.20)), and after performing a similar computation as in (4.3]), we deduce
Tail(|ug — ul;1) < Tail((ug — u)4;1) + Tail((ug —u)—;1)
< Tail([ur, — Aen)(@n + €r)3 145 1) + Alen) Tail([(zn + 1) — (20)3]451)
+ Tail (ug — Alen) (2 — 1)) 1) + Alen) Tail (@0 — )5 — (@0)3)-3 1)
< 2ced0 + cAlen)er, — 0.
This concludes the proof of (4.24]).
Let us now turn to the proof of (4.25). Note that for any x € By :

- A n n s
L
R™\ B34 Ek
uk(y) - A(en)(yn)fl— —n—2s d
: C/R"\B3/4 €k y’ ’

< cTail(ju, — Alen)(2n)%|/er; 3/4) < C,

where we used ([@ZI) in the last step. Moreover, since K € C1=2578(S"~1) we deduce for any
T,z € Bl/QZ

|fi(z) — fr(2)] </
o — 2120 R\
<3,
Z 2k+1\B32k
cof |p-Aew
R™M\ B34

€k
< cTail(lur, — A(en)(xn)5|/ex; 3/4) < C,
where we used (iii). Thus, there exists C' > 0, independent of k such that kaHlezsw(Bl/Q) < (C, and

uy(y) — Alen)(yn)%

€k

(x—y) - K(z —y)|
|x_z|1—2s+ﬁ

(y) - A(en)(yn)i-

€k

dy

[K]0172s+ﬁ(Rn\Bi2k) dy

y —n—2s—(1-2s+p) d

Y

(4.25]) follows by an application of the Arzela-Ascoli theorem. By uniform convergence, we also get
HfH0172s+ﬁ(B1/2) < C. However, note that the bound on || f|| L (5, is independent of || K[| c1-2:+5(gn-1y.

Finally, we prove ([@26]). First, note that since the sequence is compactly supported, it suffices to show
ug(x) — Alen)(@n)}

€k
Note that by assumption ([4.19), for any § > 0 it holds for k large enough:
ug(x) — Alen)(wn)

€k
Therefore, using also (£.24]), we know that for any ¢ € (0, 1)
up () — Alen)(wn)%

€k

— Alen)s(zn)5 M0 in L'(Bs)y). (4.27)

— A(en)s(x,)5" e uniformly in Bsy 0 {|zn| > 6} (4.28)
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Moreover, it is easy to see from the ei-flatness of uy in By (see (4.19])) that there is C' > 0, independent
of 6 and k, such that for any & € (0, 2):

Uk(x) - A(en)(ﬂjn)i— < A(en) (mn - 51@)1 - (xn)i-
Sk LY(Bs/4N{|an| <0}) €k LY(Bs/4N{|an|<0})
Ao (xn +er) — (zn)} (4.29)
Sk LY(Bs/4N{|wn|<0})
< Co°.

Indeed, this follows from a similar computation as in ([4.3]):

é
< cagl/ (5 — (x —ep)i) do
L1(Bg;4N{|zn|<6}) -0

5 5
< cs,gl </ z¥dx — / (r —ep)® dx)
0 €k

6
= cep ! </ z® da:> = cg; L (61 — (6 —ep)'H?) < o8,
6—€k

and an analogous argument yields the estimate for the other term.
Moreover, since ||ty|L=(p,,,) < 1 for any k, and @, — @ uniformly in Bs/y N {zn > 6} for any 6 > 0,
we also have [|@|po(B,,,n{z,>0p) < 1 and thus

(xn - €k)i - (xn)i
£k

1A(en)s(@n) ¥l pr (8,0 < ll(@n) LB, unge.sop < C- (4.30)

Altogether, this implies (£.27)). Indeed, given any n € (0, 1), due to (£29) and ([£30) we can find 6 > 0
such that

ug(r) — Aen) (2n)}
€k

+ 1| Aen)s(@n)5 0l L1 By ynlen <ah) < 1/2:
LY (B3 an{|zn|<6})

and by (£28]), we can choose k large enough, such that

ug(r) — Aen)(xn)}
€k

- A(en)s(xn)i 1“’ < 77/2’

V(B anf{|an] >5))

Finally, we verify the Neumann condition (iv). To this end, let <;~5 be a smooth function in B; such
that ¢ < @ in Bsyy N {zn > 0} and d(x0) = @(zo) for some xo € By N {zn = 0}. The proof in case
¢ > u goes in the same way, and we will skip it.

For simplicity of notation, we will write from now on xy = 0. Due to the Hausdorff-convergence (ii) in
Bsjy N {zn > 0}, and [FeRo24al, Lemma 3.2.10] (note that the proof therein carries over to our setup
since ) = 33/4 N {x, > 0} is closed) we have that there exist Ty € 33/4 N{x, > 0} and ¢; € R with
cx — 0 and ¢ = ¢ + ¢ such that ¢ < @y, in 33/4 N{x, > 0} and qbk(xk) = Uy(Zg).

Note that x —z—:kqbk( ) is invertible in By /5, when € is small enough. Therefore, there exists a function
¢]1€/s : By — R such that

¢;1g/s(<17 — exdu(@)en) = Alen)/*zy Yz € Bypo. (4.31)

Since, for g small enough, 1 — ekﬁnqzk(:n) > 0 for € By, the function gbi/s is smooth in By 5, by
the implicit function theorem. Moreover, note that in particular, for = € By, N {z, > 0}, we have by
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construction (where we define ¢y, = ( ,1! %)

o (z — exdr(z)en) = Alen)(zn)i
The function ¢, is a priori only defined in By /5. Let us set ¢ = uy, in (R™\ By j2). Note that the ¢y, are
also smooth in {¢; > 0}, globally C*, and strictly increasing in the e,-direction for &; small enough,
and thus, by [Cemma 4.8, we have ¢y, < u, in R”, and ¢y () = ug(xy), where zy, = & — ep 0 (Eg)en.
The next goal of the proof is to argue that x, € 0{uy > 0}. To rule out that xj € {u = 0}\d{ur > 0},
observe that if ug(x) = 0, this implies

0 = up(zx) = ¢(r) = Ok (Tk — erdr(@n)en) = Aen) (T)n)5

and therefore (Z), = 0. Now, if xy € {ur = 0} \ d{ug > 0}, this would imply that for any point Z in
a small neighborhood of z with z, > 0 it holds

Alen) ()5 = 0k(Z — exdr(Z)en) < up(Z — epgr(2)en) = 0,
since Z — squk(é)en is close to zj by the smoothness of ¢y, a contradiction.

Next, let us assume that x5 € {ur > 0}. In this case, our goal will be to prove that Ly (xy) < 0, since
this gives a contradiction to Lu(zy) = 0, by the notion of viscosity solution in [Definition 3.5 (resp.

[Definition 3.4)) it implies that z € d{x > 0}, as desired.

To see that Loy (zx) < 0, let us first observe that ¢y (z) = u(xy) > 0, since {ug > 0} is an open set,
80 ¢y, is smooth around z. Next, by Taylor’s formula for x € Bsy N {x, > —2e,} N {¢ > 0}, using

A(en)(xn + 2e1)5 = on(T + epen(2 — Gr(x + 224en))) = (@) + €(2 — Gr(@ + 2e1e0))Ondi() + 1 ¥ (2),

where W is a placeholder for a smooth function with bounded derivatives, which might change in the
following lines, and that therefore

Alen)s(xy + 2e)5 " = Ondi(x) + 4V (2),
we finally get the following;:
Alen)(zn + 261)5 = ¢r(x) + e1(2 — Pr(a + 2epen))Alen)s(zn + 26)57" + 20 (). (4.32)
Thus, using (£32]), we obtain for any = € By /o N {z, > —ex} N {¢r > 0} (and so especially for zy):
Low(x) = L(ok1 By, 40 {an>—261) (@) + LGk LRe\ By ) Ul <—2641) (2)
= L(A(en)(zn + 2e5)3 ) (2) + ([¢k Aen)(2n + 268)5 LR\ By ) U0 <—26,3) (%)
+erL(A(en)s(@n + 22)5 k(@ + 2eken) L, s an>—20,)) (@)
— 2e, L(A(en)s(an + 261)5 ) () + 255 L(A(en)s(n + 265) ¥ Lrm By ) 0fn<—22,1) (2)
- EiL(‘I’]lBg/4m{x7l>—2ak})(x)
= L([6r — Alen)(@n + 26)3 1L ®m\By ) 0fen<—20,3) (@) + exL(A(en)s(2n) T k1, ,,) (@ + 2¢5)

25 L(Aen)s(n + 26) g gy ) (@) — 2L L, om0y ()
=1+ 1o+ I3+ Iy,
(4.33)

where we used that L((z,,)%) = L((2,)5"") = 0 in {z,, > 0}. Let us now discuss how to estimate the
terms Il, IQ, 13, 14.

For Iy, we observe that since ¢ = uy in R™ \ By, and by construction in B/, we have ¢y, > 0,

= L([¢x — Alen)(@n + 266) 3 LR\ By 0 w0 <—264}) ()
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—n—2 —n—2
§—c/ or(y)|le —y|™" de—i—c/ (Yn + 2e)% |z —y|™" " dy < e
(R™\B3/4)U{zn<—2¢1} R™\ B34

For I3, we have the trivial estimate I3 < 0, and for I4, we use that ]L\I/]lBSM\ < C' to get, using that
xn > —ep implies dist(z, {x, > —2¢;}) > €k, and that ¥ is bounded:

[4 < CEk + EkL(\Il]]-Bg/4\{x7l> 25k}) < CEk + 062 28

Since the estimation if I is significantly more involved, we postpone it, and summarize first, that
altogether, we have shown that for any @ € By, N {z,, > —ex} N {dx > 0}

Low(z) < C(1+ 7 %) + exL(Alen)s(n)y ' drlp,,, ) (@ + 25). (4.34)

To estimate further the second summand, let us define

g(z) = =0z + 5_1(xn)},’_+77¢(x),

where 1 € (s,2s), and ¢ € C°(R") satisfies 0 < ¢ < 1,79 =1in 352/7,/2, and supp(y)) = m.
Then, we replace ¢ in the proof above by ¢(®) = ¢+ g and observe that all the previous arguments, in
particular the estimate (4.34]), remain valid. In fact, (5(5) is still smooth, and since ¢ < 0 in {x,, > 0}
and ¢g(0) = 0, we have that (5(5) still touches @ from below at 0. Moreover, Vgg(‘;) = V(ZNS — de, in
Bga/m s, and therefore it suffices to prove that (AV3(ep)en — VAYS(e,)) - VoD (0) < 0 for every § > 0
small enough.

The advantage of the modification of ¢ is that we have gained some control over the value of Loy (xg).

To see this, let us estimate L((a;n)i—1<;3,(f)]133/4)(. + 2¢y), i.e., the second summand in (£34). First,
observe that for z € By N {z, > —er}:
L((n) 50 Uy, ) o+ 221)
= L((zn)} 'olp,,,) (@ + 26¢) + i L((zn)5 "B, ) (@ + 2)
— 6L((xn)5 18,,,) (2 + 2ex) + 0 L((2n) M1, ) (2 + 2¢4)
< C+ 0 L((wn) "B, ) (2 + 21),

(4.35)

for some constant C' > 0. Here, we used again L((2,)%)(- + 2ex) = L((z5)5 1) (- + 2¢4) = 0, as well as
L((2n)510) (- + 264)| < C, (4.36)

and that therefore

|L((zn)5 " 1By,,) (- + 268)] + [L((2n) 5 18,,,) (- + 2e5)| + | L((2n) T 615,,,) (- + 2e1)]

< L(@0) L)+ 220] + [0 Ly, )+ 220)] + 1L (@) e, )+ 221)| + C < C.

To see (436]), we recall [RoSel6, Lemma 9.5], which implies that Ll((xn)igz;) € CY(By N {x, > 0}),
where L; denotes the operator L but with K replaced by K1pg,. Then, the product rule yields,

Ll (S(xn)i_l(g) = anLl((xn)j-q;) - Ll((xn)ianq;) € LOO(Bl N {xn > O})

Since a computation with polar coordinates reveals that (L — L1)((z,,)5'd) € L=(By N {z,, > 0}),
we deduce ([@.30]), as desired.
To estimate the second term in (4.35)), we first compute at zero and for § > 0 small:

5 L () 01, ,)(0) = —6- / U )0 (y) s, , (1)K () dy

52/n
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< —ca—ljf ()72 dy
Bs2/n s

142 _2s
< —05_1/ ly| "5 dy < —cd Ly (st _ _o51=%
B62/n/20{yn2|y‘/2}

Therefore, 5_1L((:En)i+"1/)]133/4)(0) — —00, as 0 — 0. Moreover, since x +— [(:En)i+"¢(x)]lg3/4 (x)] €
C**1(Bs34) N L (R™), we know that z — [L((xn)iJr"z/J]lBSM)(x)] € C"*7%(By /2) is Holder continuous.
Therefore, using also (4.34]) and (4.35]), we find that there exists dp € (0, 1) depending only on n, s, A, A,
and || K|[|c1+p(gn-1), such that for any € (0,4p), there exists a small neighborhood around 0 inside
Byja 0 {zn > —ex} N{dx > 0}, in which Loy (-) < 0. Thus, altogether, using that xy € By N {zy >
—ek} N{or > 0} converges to 0 as k — oo, we conclude that L¢y(xx) < 0 for k large enough, and
thus xp € 0{ux > 0} for k large enough, as desired.

We have shown that xj € 0{ur > 0} for k large enough. Let us now conclude the proof. To do so,
note that by (31]), it holds

Vo (@r) = A (en) (e + erVor(@x) + O(R)). (4.37)
Indeed, if we set g(z) := = — ex¢p(x)ey,, then @3T) reads

8" (x) = A (en) (g™ (@)
Moreover, since Dg(z) = I — e, D(¢p(x)ey,), and ¢ = ¢ + ¢ for some constant ¢ € R, the implicit
function theorem yields (£37) where the constant in the term O(e7) only depends on [|¢||ce.
Let us now extend A% to R™\ {0} by setting AY*(rf) = A'/5(9) for any 6 € S*~! and r > 0. Thus,
using that for some v € (0, s) it holds A/ € CL7(R™\ {0}) by (B3)), we obtain
AV (Vo () = AYS(AYS (e)en) + AV (en)ex Vi (F) VAYS (A5 (e,)en) + Oert?)
= AY*(en) + exVon(@n) VA (en) + O(g,17),
where we used that AY$(A'Y5(e,)en) = AY5(e,) and VAYS(AY5(e,)e,) = A3 (e,) "'V AV (e,,).

Combining this observation with (3T and the viscosity free boundary condition on uy, (seeDefinition 3.5\(ii)),
we obtain

AY3(en)? + 265 A5 (€0) 2001 (E1) + O(e),77) < |AY* (en) (en + ek VIi(Er) + O(e, )

= [V, ()P

< AV @) IV (@))* = AV (Ve (i)

< |AY*(en) + e Vi (ik) VA (en) + O(e)7))?

< AY3(en)? + 26, AY % (en) Vo (@5) VA (e5) + O(2,17),
which implies

AV (e0) Ok (Er) — Vor(Er) VA (en) < O(c]),
and yields the desired result upon taking the limit £ — 0, namely
AY3(e,)0nd(z) — Vo (2)VAY*(e,) < 0.
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4.1.3. Regularity of the linearized problem. The following theorem establishes the boundary regularity
for solutions to the linearized problem. It is a direct consequence of [RoWe24bl, Theorem 1.4, Theorem
6.2]. For another one-phase problem whose linearized problem has an oblique boundary condition, we
refer the interested reader to [DeSa21].

Lemma 4.12. Assume (LZ). Let v € (0,s). Let f € L°®(B1), w € S"~ ! with w,, > J for some § > 0,
and v be a viscosity solution to

L((zp)5 ') = f in Bin{z, >0},
O =0 on ByN{z, =0}

Then, v € CY(By o N{xy > 0}) and for any xo € Byjp N{xy = 0} and x € By jp N {xy, > 0} it holds

[v(2) = v(z0) — a(wo) - (& — x0)| < c(|[vllzow mny + fll Lo (1))l — 2ol 7

for some ¢ > 0, which only depends on n, s, \,A,d,v, and a(zg) € R™ with a(zg) -w = 0. Moreover,
we have the following estimate:

la(zo)| < c(|[v]l oo @ny + [ fllLoo (1))
for some ¢ > 0, which only depends on n, s, A\, A,d,~.

Proof. Note that in case w = e,, the result immediately follows from [RoWe24b]. In fact, the expansion
for v is contained in [RoWe24bl, Theorem 6.2 (i)]. Note that we do not have to assume any regularity
for K due to the discussion in the proof of [RoWe24bl, Theorem 1.4]. The estimate for a(zg) follows
by fixing some z € By N {x, > 0} such that |z — x| = 1/4 and |a(zo) - (x — z0)| > |a(xo)[/8 and
applying the first estimate and the triangle inequality.

For general w € S"~! with w,, > § for some § > 0, let us adapt an idea from [DeSa21] and consider

x
w(z) =v <:17' +w'—n,xn> .
Wn,
The function w solves

L)y 'w) =F in By {an > 0},
Opw =0 on B3/ N{x, =0},

where f(z) = f(z' + w'Zm, x,) satisfies fe L>*(Bgjy N {w, > 0}), and L is an operator of the same

form as L, but with kernel K given as

Rn) = en \/h,_ hn o _Hsa (n — )
(=)

—n—2s
/ 2 T B — &hn - hy,
’w"‘]h\ n—2s \/1+ <‘w ‘hn> - 2(h w)hn a ( Wn )

P Bl )~ TP (= 222) 1,

Note that K is still homogeneous and symmetric, and moreover, by the assumption w, > 4, it also
follows that \|h|~"25 < K( ) < AJh|7""25 where 0 < A < A depend only on n,s, A\, A, 5. Hence, it
still satisfies (I.2]) with A, A. Thus, the desired result follows after an application of the aforementioned
results from [RoWe24b] to w, f. L, and translating the result back to v. O

Wn
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4.1.4. Conclusion of the proof of [Theorem 4.1 In this section, we will conclude the proof of the
improvement of flatness result (see [Theorem 4.1]). First, we establish the following elementary lemma:

Lemma 4.13. Let u € C(Bg) and 0 € 9{u > 0}. Moreover, assume that u is e-flat, i.e.,
Alen)(zn — €)% <ulx) < Alep)(zn +€)5% in By
and that te satisfies

a'x—aggﬁg(az)ga-x—kag in Bo, N {z, > 0} (4.38)

for some p > 0, 0 € (0,1) and a € R" satisfying AY*(e,)a, = VAY5(e,) - a. Let v € (0,s).
Then, there exist ¢ > 0 and o € (0, min{p, co'/"}), depending only on an upper bound of |a|, and on
n, 8, A, A, 7y, and ||Al| g1y (gn-1), such that if € < eg, then
S
A(u)(x V= 076'0)1 <u(z) < A(v) (a: v+ %6'0>+ in B,
for some v € S with |v — e,| < 4¢lal.

Proof. We only explain how to prove the lower bound. The proof of the upper bound goes in the same
way. Let us define

_ eptea

 len +eal’
Moreover, for € > 0 small enough, we have that v, > 0, and therefore the function x — w(z) =
A(v)(x - v — oep/2)? is strictly increasing in the e,-direction in By, N {x - v > 0ep/2}. Let us define

oty TV A AW 5o
c eV, v,

and observe that w.(z) is the e-domain variation of w in the e,-direction since
w(x — e (z)en) = AW)(x - v — e (z)vy — oep/2)T = Alen)(xn)3-
Note that in the light of [Lemma 4.8] in order to show the desired lower bound, it suffices to show
We <G in By N{zy > 0},
and due to the assumption (4.38]) it suffices to prove

z-v—[Alen)JAW)) 2, op op
- —E:wg(x)gzn-a—z Vo € Bpie N{z, > 0},

where we used the definition of .. Since v, < 1, it remains to show

v Al/s (e, co
:E-V—n— AlT((y)) x-engx-€a+Tp Vo € Bpye N {x, > 0}. (4.39)
Note that ;- = % and since a - AY%(ep)e, = a - VAY3(e,), and A2 € C1H(S*1) by @3):

AY3(v) = A3 (e, 4 ca) = AY*(ep) + ca - VAYS(e,) + O(e117) = AY3(e,)(1 + ay, + O(e11)),
and therefore
A3 (ey) en +€a T ey
Al/s(v) ] T mEITY can 1+ eay + O(e+)

1 1 1
—z- . -1 : _ ,
vreatw Ea<1+6an >+a: e <1+san 1+6an—|—0(61+7)>

1%
xr. — —
Un
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Now, we take £ > 0 so small that |1 + ea,| > 1 — ¢|a|] > 1/2, i.e., the smallness depends only on an
upper bound of |a|. Then

1
1+ ean,

1 1
1+ea, 1+ea,+O0(E)

(2%
1+ ea,

<!t

< 2lale, '

_ O(EI—H)
1+ 0(e)
where ¢ > 0 depends only on n,s, A, A,v, and ||Al|c1++(sn-1). Therefore, using also that [z| < p+e <
2p, it follows

1 26‘

Al/s N
AlT((ey))] z-en, <x-ea+tc(l+]al)pett.

14
$¢—_
120

This implies ([4.39]), as desired, as long as €7 < co for some ¢ > 0 depending only on n,s, A, A, 7,
HAHClﬂ(gnﬂ), and an upper bound on |a/.

Let us finish the proof by showing that |v — e, | < 4¢ela|. To see this, we estimate

1
v —en|? = ]V]2+\en]2—2un:2<1— 7 *cn >

1+ ¢cap)? + |ea - €)?

1 lea - €|

2
=2|1- §4<7> < 16€%|al?,
14+ < lea-€’| >2 |1+5an|
[1+ean]

where we used again that |1 4 €a,| > 1/2, and we applied the algebraic inequality 1 —

1
<
e = 2x,

which holds true whenever 0 < z < 1/2. In our case, this condition is verified once £ > 0 is small
enough, depending on an upper bound of |a]. O

We are now in a position to give the proof of the improvement of flatness:

Proof of [Theorem .11 Let us assume by contradiction that there exists a sequence g \, 0, and a
sequence (ug ) of viscosity solutions to the nonlocal one-phase problem for K in By with 0 € 9{uy > 0},
such that
Alen)(xn —er)l < ulx) < Alen)(zn + €)% in By,
and moreover,
Ty, = Tail([ur, — Alen)(xn —er)3)—; 1) + Tail([A(en) (@ + k) — ug)—; 1) < exdo,

but so that the conclusion of the theorem does not hold true. Then, we can apply [Lemma 4.10 and
deduce that the graphs I'y of the domain variations @y of u; converge in the Hausdorff distance in
BN {z, > 0} to the graph T" of a Holder continuous function @, which solves in the viscosity sense

L((xn)i_lﬁ]lBg/4) = f in B1/2 N {xn > 0}7
Ol =0 on By N{r, =0},
where
A3 (ep)en, — VAYS(ey)
’(Al/s(en)en - VAl/S(en))‘

Clearly, by the regularity of A (see [Proposition 3.1]) there exists § > 0, depending only on n, s, A, A,
and [[Al|c1+s(gn-1), such that w, > 4.

Due to [Lemma 4.12] and since @(0) = 0, and || < 1 (and by [Lemma 4.10(iv)) we deduce that there

c Sn—l

w =
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exists a € R™ with a-w = 0, and |a| < ¢ for some constant ¢ > 0, depending only on n, s, \, A, v, such
that for any p € (0,1/2), and o € [¢op?, 1) for some ¢y > 0:

li(z) —a-2'| < ag in By, N {z, > 0}.

At this point £y depends on a lower bound for o, and on p, so we need to make sure that we will not
use this estimate for arbitrarily small o and p. Therefore, by [Lemma 4.70(ii), we get that for large
enough k:

a.x’—ag < g(z) ga-x'—kag in By, N {z,, > 0}.
Thus, we are in a position to apply [Lemma 4.13] which yields that for any p € (0,1/2), and o €
[COIO’Y7 1):
AWw)(x - v —oepp/2) <ur(x) < A(v)(x - v +oepp/2)5 in B, (4.40)

where v € S"~! with |v — e,| < cg. In particular, we get for some py < 1/2 to be chosen so small
that ¢op] < 1, and upon choosing o = ¢op{:

AWw)(@ v —er/2)5 < (uk)po(z) < AW)(z v +e/2)% in By,

which proves the first claim of the theorem for (uy),,.
In order to get a contradiction, and thereby to conclude the proof, it remains to verify the tail estimate
for (ug)p,. To do so, we compute

Tail(|(ug )y — AW) (& - )5 1) = /

R"\ B

s

Uk(ﬂox) - A(V)(p()x . V)—I— |$|—n—2s dz

o

_ / () — A@w)(z - v lla] " da.
R™\Bpq,

We will estimate this integral by splitting it into three parts:
R"\ By, = (B12 \ Bpy) U (B1\ Byj2) U (R"\ By).
To estimate the first part, we apply (£40) with p := |z| € [pg,1/2) and o = ¢o|z|":

o / ur(@) — AW)( - v)3 lla| 2 de
B1/2\Bp,
< / AW)(@ - v+ cegle[F)% — AW) (@ - )32~ da
B1/2\Bpg

i [ AW AW — e ) el d
B1/2\Bypg
Note that for these integrals, we can compute in a similar way as in (@3, if v € (0, s):

2 /R . [(z v+ ceglzM)E — (z-v)3]|z| 7" 2 da
PO

(o @]
<cpy"? Z 9 i (n+2s) / [(z v+ ceglz[M)5 — (z-v)8]da
i=1 Byit1,0\Bai

o] ' 2i+1p0 '
<op Y2 [T (w20 - @2 do

i=1

—2i+1p,
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o0
Sepp 70 Y27 (2 po) ek (2p) ]
i=1

[oe)
< cpger <Z 2‘“8‘”) < cpder

i=1

and analogously for the other term. Moreover, using that |v — e,| < cei (see [Lemma 4.13)), as well as
the assumptions (£I]) and ([4.2)), we obtain for the second part

o [ o) - AWl s
B1\B1 /2
<o [ o) - Alen)an)t ol do
Bi1\B1 /2
i [ 1At = AW ) el da
B1\By 2
=: 1 + Iy,
and for the third part
o [ o) - AW )l " do
R"\Bl
<O e [ Ao et — AW lle " do = T o

R”\Bl

For I, we use () and a similar computation as above, to deduce

I < Alen)sd / (0t e0)% — ()] 2] "2 da
Bi\By /2
+ Alen)ol / (@ — 1)’ — (@) 2] "2 da
Bi1\B1 /2
< Cpick-

Moreover, by ([@2]), we have I3 < p§erdp. For I and I, we compute

I+1s= cpé/ |Alen)(zn)} — AW)(z - v)5 a2 da
R™\By /2

<o [ Al =AWl e [ )t = )t el
R"\Bl/z Rn\Bl/Z

< cpientert [ feos(r.en)t — (cos(an ) el " ds
R™\By /3

</Sn1 |(cos(8,en)) — (cos(8,v))%] d9> —1-5 4

o
= cpyer + cpf)/
1/2
o
< cpger + cpf)/ epr 18 dr < epfen
1/2
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where we used the Lipschitz continuity of e — A(e) (see (B8.3)), and that

/ (cos(6, en))’. — (cos(8, v))2] d6 < cey, (4.41)

Snfl

Before explaining how to show (4.41), note that a combination of all previous estimates yields
Tail(|(ug)p, — (- v)%);1) < epd+ I+ Lo+ Is+ Iy < c(pf + p§)ek-

Therefore, upon choosing pg so small that c¢(p] + pf§) < do/2, we get the desired estimate for the tail
of (uk)p- Note that the smallness of py only depends on n,s,\, A, do,7, and ||Af|g1+y(gn-1), which
implies that eg from [Lemma 4.13] only depends on these quantities.

Finally, we give more details on the proof of ([4.41]). First, note that we can restrict the domain of

integration to the two-dimensional hyper-surface H that is spanned by e,, v and contained in S*~!.

Let ey,1v1,e9,9,a € H be such that

0 = cos(eq, ) < cos(vy,e,) < cos(a,e,) < cos(ep,e,) =1 > cos(v,e,) > cos(ea, e,) =0 > cos(va, e,),
cos(e1,v) < 0 = cos(v1,v) < cos(e,,v) < cos(a,v) < cos(v,v) =1 > cos(eq,v) > cos(va,v) =0,

and cos(a, e,) = cos(a,v). Note that since |e, — v| < ceg, we also have |e; — v1| + |ea — vo| < cep.

In the following, for e € H, we will also denote the angle between e and e; by e. This will be useful
in the parametrization of the integrals. Then, we compute

/ (086, en))’. — (cos(8,v))2] d6 < / (cos(6, en))’. — (cos(8, )| d6
sn—1 H

< C/V2 [(cos(6, en))ss — (cos(8, )] 6

1

= c/a(cos(ﬁ, en))i — (cos(8,v))3 df

1

v2
be / (cos(8,1))%. — (cos(6 en))s, A6
=:cJ1 + cJs.

For J;, we compute

a a a at+(v1—e1)
Ji = / cos(f, e,)® df — / cos(0,v)*df = / cos(0, e,)*dd — / cos(f,e,)® do
e vy e €1

1 1

+(v1—e1)
= / cos(0,e,)°dd < |v; — eq1| < cey,

where we used cos(0, e,)® < 1. Similarly, for Jo, we obtain Jy < ceg. This implies (4.41]), as desired. O

4.2. Conclusion of the proof. An iterative application of the improvement of flatness (see[Theorem 4.1])
implies smoothness of the free boundary near all points satisfying the flatness assumption in[Theorem 1.5l
The underlying argument is by now standard in the literature for local problems, however, here we
give a detailed proof for anisotropic nonlocal problems following closely [Vel23], taking into account
nonlocal tail term.

First, we establish the uniqueness of the blow-up limit and the decay rate of the blow-up sequence
near free boundary points at which the viscosity solution is e-flat.
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Lemma 4.14. Let K € C'=25(S" 1) for some B > max{0,2s — 1} and assume ([2). Let u be a

viscosity solution to the nonlocal one-phase problem for K in Bs. Then, there are €¢,d9 € (0,1) and
¢ > 0, depending only on K such that if € € (0,g¢) is such that the following hold

Alen)(x-en — ) <u(x) < Alen)(z - e, +€)5 Vo€ By, (4.42)
and
T, := Tail([u — A(en)(xn — €)% ]—; 1) + Tail([A(e,) (zn + €)% — u]—; 1) < dp, (4.43)
then, for every wg € d{u > 0} N B.s,, there is a unique vy, € S"~1 such that
|tz — Uag || Loo(By) < er? Vr <1/2, where Uy (T) = A(Vgy) (T - Vg )L (4.44)

Here, v € (0,1) is such that 2 = paws, where pg is the constant from|[Theorem 4.1|
Moreover, for any y € {u > 0} N By 5 it holds

ull poo (B, () = ¢ '1° Vr € (0,1/2). (4.45)

Note that (£45) is immediate for minimizers of Z due to the non-degeneracy in [Lemma 2.4l However,
since viscosity solutions are not non-degenerate in general, (£435]) is an important result.

Proof. By scaling we have that w, ,, is a viscosity solution to the nonlocal one-phase problem for K
in By with 0 € 0{u, 4, > 0} for any r < 1/2. Moreover, by (£.42]), we have
U1 /2,20 () < Alen)(z - en + 2x0 - ey +2¢)5 < Aen)(x - e, +4€)} Vo € By,

and an analogous argument yields a corresponding lower bound. Moreover, by (4.43]) and a computa-
tion similar to the one in (4.5]), using that |zo| < edy, we deduce that for some constant ¢; > 0:

Tail([uy 5,20 — Alen)()3]51) < Tail(u — Afen) (@a)3]-3 1)
+ A(ey) Tail([(xn, — 220 - €n)} — (z0)] =5 1) < c16d0.

An analogous reasoning allows to estimate Tail([A(en)(zn)% — Uy 2,4,]—;1) < c1800. Therefore, upon
choosing &y as in[Theorem 4.1land € < gy/cy, where &g is as in[Theorem 4.1] we can apply [Theorem 4.1

to uy/2 4., and then, iteratively to Upk 19,00 = Uk for any k € N, where py > 0 is the constant from
Upon taking € > 0 even smaller, if necessary, this yields the existence of v, € S"~! such that
Vg — Vpy1| < Ceo27F, A(vg)(z - vy — 502_k)i < ug(zr) < A(vg)(z - v + 602_k)i Vx € By,
and
Tail([u, — A(vg) (2 - v — 2027%)5 =3 1) + Tail([A(vg) (2 - v + £027F)S — ug]—; 1) < 27Fegdy.

Note that the sequence (v)j is a Cauchy sequence since for any 1 < k < [ it holds

-1 -1
v — 1l <D v —vig| < Ceg Y 271 < 20027 .
i=k i=k

Thus, there exists v, € S*~1 such that v, — Uy and v — vg,| < 2Ce027% for any k € N. Let us
denote uz, (x) = A(vgy)(T - Vgy)%. Then, we deduce that for any x € By, using also the regularity of
v A(v)] € CYA(S™1) from ([B3),

[t (@) = uk ()] < |A(Va) (@ - i)} — A() (@ - v + €027 ")

4.46
AW @ oy — A v — 202 Y| < 2k (440)
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for some ¢ > 0, depending also on n, s, o, po, and [[A||c115gn-1). To conclude the proof, let us now

fix 7 < 1/2 and take k € N such that pf™'/2 < r < pk/2. Observe that u, 4, (z) = (i—;) h ug <§—Zm) =
0 0

(uk)% (z), and therefore we have
£o

s

k
A v — g2 k0
(V) <<17 Uk — €0 2r>

2r

k S
< Uy g (7) < A(vg) <$ ‘Ui + 602_kp—0> Vr € Bjy.
+ +

k
Thus, and using also that g—‘; < py ! we deduce for any z € By:
[t (%) = ()] < [ty (2) = Ai) (- vk + 2027 )5 | + [trzg — A(Wr) (- g — 2027 ") < 27

for some ¢ > 0, depending also on pg, but not on k. Let us choose v > 0 such that p, Vs Z 9, Then,
combining the previous estimate with (£46]), we deduce

|t 2o — uxo”LOO(Bl) <c27h < Cpgk <er?,
as desired.
It remains to establish the non-degeneracy (A45]). It follows from ([d.44]), as we will prove next.
First, we deduce from (£.44]) that for any ¢ € O{u > 0} and r € (0,1)
—er®™ < u(mo +13) — AV (1T - g) < or®7 Va € By (4.47)

Consequently,

lullzoe (5, o)y = A2 (2 - Vi)l (1) — e = 47 — e+ > e, (4.48)
if r € (0,1) is small enough. Moreover, note that for any x € B3, we have

u(z) > cdist(x, 0{u > 0})°.

Indeed, given z € By /9, let us denote by g the projection of x to d{u > 0}, i.e, it holds (z — o) vz, =
|z — xo| = dist(z,0{u > 0}), where we also used ([@.44). Then, from (£47) applied with z¢ := zo,
r = dist(z,0{u > 0}), and = := (z — ) /r = vy, we deduce

u(z) > edist(x, d{u > 0})* — cdist(x, d{u > 0})*77 > cdist(z, d{u > 0})*, (4.49)

if z is close enough to d{u > 0}. A combination of (448]) and (£.49) in the same way as in the proof
of [RoWe24al, Proof of Theorem 4.8] yields (445]), as we claimed. Indeed, if y € {u > 0} satisfies
dist(y, 0{u > 0}) > r/2, then ([@45) follows directly from (£49]). However, if dist(y, d{u > 0}) < r/2,
we apply ([£48) to B, s(wo) C By (y), where 29 € d{u > 0} is the projection of y onto d{u > 0}. [

Note that by similar arguments as in the previous proof, it is also possible to deduce convergence of
Uy zy — Uz, in the tail space Li (R™). However, we will not need this property in the sequel.

We are now in a position to establish [Theorem 1.5l Note that this proof requires v € C*, and non-
degeneracy in the sense of (4.45]). This is the only time we need the C* regularity for viscosity
solutions, which was proved in [Lemma 3.8

Proof of [Theorem 1.5. The proof is split into three steps.
Step 1: First, we claim that for every xg € 9{u > 0} N B.s, the free boundary is flat near x, i.e., that
there are C' > 0 and rg > 0 such that for any r < rq it holds

(2 -vpy > Cr*YN By C {tppy > 0N By, {tpgy >0} N {1y < —CrY*}0 By =0, (4.50)
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where £q, 0o, v, and v, € S"~! are as in [Lemma 4.14] and we assume that ¢ < 9. The first inclusion
follows immediately from (4.44]) in [Lemma 4.14] which is applicable by assumption, and which (by
the nonnegativity of u) implies that for » < 1/2 and some ¢ > 0:

Ur,zo(2) = [A(Wao ) (@ - V) — CWL Yz € By.

We prove the second inclusion in (£50]) by contradiction. Let us assume that there is y € B; such
that w, z,(y) > 0 and y- vy, < —Cr7/3. Then, by the non-degeneracy of u (see ([@45))), we deduce that
for p = Cr1/5/2

u2r o — tao oo (B, (y/2)) = 1U2r ol Lo (B, (y/2)) = (=17 + p°) = c1(C/2)°r7 (4.51)

for some ¢; > 0, where we used that u,, = 0 in B,(y/2) by construction. Thus, if we choose 79 > 0
so small that Cr] <1, we deduce from

warzo = Uzg | oo (B, (y/2)) < U220 — UaollLoo(By) < car?
for some ¢y > 0, which contradicts (£51]) upon choosing C' > 0 large enough. This proves (£50]).

Step 2: Next, we claim that the map zg — v, is Holder continuous in 0{u > 0} N B, for p := edy €
(0,1), i.e., that there are ¢ > 0 and « € (0, s) such that

|Vzo — Vol < clxo — yo|® Vo, yo € {u >0} N B,. (4.52)
To see this, we observe first that as an easy consequence of the C* regularity (see [Lemma 3.8 using
that 0 € 9{u > 0}), it holds for r € (0, 1) such that r° :=|zg — yo|*~*:
[trwo — UrgollLoo(By) = 77" llul@o + 1) — wlyo + )| oo (By)
< Mlulles gy *lro — yol® < clwo — yol?,

once zo,yo € {u > 0} N B, and r < 1/2. Combining this estimate with [Lemma 4.14] which is

applicable by assumption, and setting a = %, such that r7 = |xg — yo|*, we deduce

[tzy — Uyo | oo (By) < Nty = Ur gl Loo (By) + 1rzg — UryollLoo(By) + [[Uryo — UyollLoo(By) < €lTo — yol™.

1
Note that » < 1/2, which we required for the previous argument, follows automatically from (2edy) 5 <
1/2 , which can be achieved upon choosing € > 0 smaller, if necessary. From the previous estimate,
we immediately deduce ({52]) by applying the following algebraic inequality with vy = vg,, va = 1,:

o1 — va| < ef|(vr - @)} — (V2 2)5 oo,y Yor1,v2 € S™T

This algebraic inequality in turn follows from the corresponding one for s = 1 (see [Vel23l page 76])
and the Lipschitz regularity of ¢ — t1/5,

Step 3: Having at hand (4.50]) and (£52]), we can now conclude the proof by following the lines of
[Vel23| Proposition 8.6]. Indeed, (£.50) yields that for any ¢ > 0, there is R > 0 such that

{u >0 in Cf (20, Vsy) N Br(o),

Vag € 0{u > 0} N Bp, 4.53
u=0 in Cy (x0,Vs,) N Br(xo), o {u } R ( )

where we choose R > 0 such that CRY/$ < 6, and define
Cgt(xo,yxo) ={x e R": £v,, - (x — xo) > S|z — x0l}.
In fact, if z € Cgt(xo, Vzo) N Br(zp), then we have

+(2 — 20) - Vg > 6 > CRY®|z — 29| > Cla — x0|"/*,
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and by ([E50) we have u(z) = Ujz—z0| 0 (ﬁ) |z — 29|7° > 0 (resp. = 0), as desired.

Let us now assume without loss of generality that vy = e,. As a consequence, setting p = Rv1 — §2
for some § € (0,1) to be chosen small enough later, it turns out that the function

gy =inf{t e R:u(z',7) >0 V7€ (t,p)}

is well defined for any x’ € B;. Upon choosing p > 0 smaller, if necessary, we obtain that

Vag € 0{u >0} N By, (4.54)

uw>0 in Cé%(a;o,en) N Br(zo),
u=0 1in Cy(x0,en) N Br(xo),

which implies that d0{u > 0} satisfies the uniform cone condition in Bj,. To see this, in the light
of [@53), it suffices to prove that Ci;(zo,e,) C Ci (20, va). Indeed, given z) € By, we have that

zo = (20, 9(xp)) € 9{u > 0} N Bpr and since |g(z()| < 0|zf ]|, we deduce |zg| < pv'1 + 6% < 2p, and thus
Vgo - (T — o) = €p - (. — ) + (Vg — €n) - (x — x0) > 20|z — 20| — 0|7 — 0| > 0|7 — 20,

where we used that by (£52) we have |vg, — en| < cp® < 6, if p is small enough, depending on 9.

By the uniform cone condition (54), we deduce that the free boundary d{u > 0} in B, x (—p, p)

is given by the graph of g, i.e., by {(2',t) : g(2') = t}, and that g is Lipschitz continuous in B,
Moreover, we have by definition of g

(@ = m0) - vay = (2' — 20) - vy, + (9(2) = 9(20)) (Vo I,

and ([4.50), applied with u(z) = U|z—z|,20 <ﬁ) (similar to the proof of (4.53))), implies that

—clz — wo|'TF < (2 — w0) vay < clw —mo|'"TE V2l € B, and x = (2/, g(2')).

A combination of these two facts implies that g is differentiable with Vg(z()) = (V)" /(Va)n- To see
that g € C1®in B/’)7 we apply again (4.52]), which yields that xg — vy, is in C* and therefore Vg € C.
This proves the Cb* regularity of the free boundary. Note that the C1'® radius only depends on the
constants from the previous results and on p. Then, as an application, from [FeRo24al Proposition

2.7.8] (and a standard truncation argument), together with the local boundedness estimate in [Coz17,
Theorem 6.2 (using that Lu < 0 in B; by [Definition 3.5]), we deduce that

1/l o (masayni,) < C (lulloe(sy) + Tail(u; 1)) < Cllull g geny,

as desired. Finally, let us recall that a = ;ﬁw where v € (0,1) was chosen such that 2 = p, s/ 7, where

po € (0,1) was the constant from [Theorem 4.1 Clearly, [Theorem 4.1] becomes a weaker statement,
when pg is chosen smaller. Thus, we can choose v € (0,s) as close to s, as we like. Hence, we can

choose any a € (0, %) =(0,3). O

5. FREE BOUNDARY REGULARITY FOR THE NONLOCAL ONE-PHASE PROBLEM

In this section, we prove our main result (see [Theorem 1.1)) and its corollaries [Theorem 1.3] and
Mheorem T.41

The main tool to establish [Theorem 1.1l is the flatness implies C® result from [Theorem 1.5l It
remains to prove that the assumption of [Theorem 1.5 holds true near flat free boundary points. This
is the goal of Subsection 5.1l The following Subsections and [5.3] are dedicated to the proofs of
Theorem 1.3 and [Theorem 1.4]
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5.1. Flat free boundary points. In this section, we prove that near every free boundary point
satisfying one of the properties

(i) points near which the free boundary is flat,

(ii) points at which the blow-up is the half-space solution,
i

)
(iii) reduced boundary points (points at which measure-theoretic normal exists),
(iv) points that satisfy the interior ball condition,

the minimizer u of Zq is close to the half-space solution A(v)(z - v)% for some v € S"~!. This result
is contained in the following proposition:

Proposition 5.1. Assume (L2). Let u be a minimizer of Lo with By C Q and 0 € 0{u > 0}. Then,
for any € € (0,1) and §y > 0, there exists § > 0, such that if one of the following holds true

(i) for some v € S*~1 it holds
{r-v<=6}NnBiC{u=0}NB; C{zx-v<4i}NBy,
(ii) for some v € S"~1 it holds, up to a subsequence
ur(x) = uo(z) == AWw)(z-v)3, asr — oo, locally uniformly in R"™,
(iii) 0 € 0*{u > 0}, i.e., for some v € S"~1 it holds, up to a subsequence
{u, >0} = {z-v >0}, asr— oo, in L}, (R"),
(iv) there exists a ball B C {u > 0} with BN d{u > 0} = {0},
we have for some r > 0:
AW)(x-v—¢)i Sup(xz) S AW)(x-v+e)] Vre B (5.1)
and
Tail((ur — A(W)(z - v —e)1) ;1) + Tail(A(v)(z - v + )5 —uyr)—; 1) < edo. (5.2)
The proof reveals that in case (i), 7,0 only depend on n,s, A\, A,e,dp. This result will be proved

separately for each of the points (i), (ii), (iii), (iv). However, note that we will show it for (iii), (iv)
by reducing those cases to (ii), and for (ii) by reducing this case to (i) (for a rescaling of u).

Once [Proposition 5.1] is established, [Theorem 1.1] is immediate after combination with [Theorem 1.5
and [Lemma 3.6l

The following two lemmas are adaptations of [DeSal2, Lemma 7.2]. They are crucial ingredients in
our proof of [Proposition 5.1]

Lemma 5.2. Assume ([[2). Let § > 0 and v € S*~'. There exist ¢,C > 0, depending only on

n,s,\, A (but not on §), such that for any R > =% and any u satisfying the following properties in
the viscosity sense

Lu =0 in {x-v >0} N Bg,
u(z) > A(v)(xz-v)}. —0 Vx € Bg,
u >0 in R",

it holds:
u(xz) > (1 - Co)A(v)(z-v), Vo€ By.
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Proof. Without loss of generality, we assume that v = e,. We use the notation d*(x) := (x,)3.. Let
R > 4 to be chosen suitably later on in the proof. We define ¢ to be the solution to

Lg =1 in{z, >0} N Bgs,

g =0 in{z, <0}N By,

g >0 in{z, <0}N(R™\ By),
where we choose some nonnegative boundary data in {x,, < 0} N (R™\ By) in order to ensure existence

of ¢ (see [FeRo24al Theorem 3.2.27]). By [FeRo24al, Proposition 2.6.4] applied to {x,, > 0} in By, we
deduce

lq| < CA(en)d® in {x, >0} N By. (5.3)

Note that C > 0 depends only on n, s, A, A, but not on R (due to the maximum principle). Next, we
observe that for x € Bg/y and y € R™\ Bg it holds |y| < |z| + |z — y| < 2|z — y|, which implies

L(d°1p,)(x) = / d*(y)K(z —y)dy < 01/ ly|" dy < coR7F Vx € {zn > 0} N Bpyo.
R"\Bg R"\Bg
Therefore, we have for R > (coA(ey)/0)Y/:
L(A(en)d*1p, — dq) < coA(en)R™° =6 <0 = Lu in {x, >0} N Br/s.
Moreover, clearly
Alen)d’1p, —0¢ <0<wu in {z, <0},
Alen)d’lp, —6¢g=—06 <u in {z, >0} N (R"\ Bg),
Alen)d*1p, — 6q = Alen)d® —6 <wu in {z, >0} N (Br \ Bgy2)-
Thus, by the comparison principle, and using also (5.3]) we deduce
(1 —Cd)A(en)d® < A(ep)d® —0g <u in {z, > 0} N By,
as desired. 0
We also require an analogous result which provides an upper bound for u. Although the proof is in

principle analogous, the nonlocality of our problem requires us to use in addition the nonlocal Harnack
inequality to control the tails of u:

Lemma 5.3. Assume ([2). Let §,¢ € (0,1), and v € S*~ . There exist ¢,C > 0, depending only

on n, s, \, A (but not on d), such that for any R > cmax{&‘i,s}, and any u satisfying the following
properties in the viscosity sense

(Lu <0 mn BR,

Lu = in{x-v>e}N Bg,
u =0 in {z-v < —e} N Bp,
u(@) <AW)@-v)i+6 Ve Bp,

U >0 mn R™,

it holds:
u(z) < (1+ COHAW)(x-v+e)] Vo€ By
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Proof. Without loss of generality, we assume that v = e,. Let us assume that R > 8 and R > 575
Then, there exists a ball B C {x,, > ¢} N Br of radius R/8 such that dist(B,R"™ \ Bg) > R/8 and
dist(B,{z, = €}) > R/8. Note that Lu = 0 in B by assumption. Thus, using the tail estimate
(see [KaWe23l Theorem 1.9]) and the upper bound for u in Bg from the assumption, we compute for
S BR/QI

L(ulp,)(z) < / u(y)K (z —y)dy < ¢; R Tail(u; R) < ¢y R™>* i%fu <c(R°+R %5 <cR°.
R™\Bpr

Moreover, by a computation analogous to the one in [Lemma 5.2] we have |L(A(e,)d*1p,)| < coR™*
in {w,, > —e} N B/, where we denote d*(x) = (z, +¢)+.
Next, let us define ¢ to be the solution to

Lg =1 in{z, > —€}N By,

¢ =1 R\ By,

g =0 in{x, <—e}N By,

q 20 in{z, <—e}N(Bgs\ Ba).

By [FeRo24al, Proposition 2.6.4] we deduce

lql < CA(e,)d® in {x, > —c} N By. (5.4)
Note that by the previous computations we have, once R is chosen so large that (¢; + co)R™° < 6,

L((u— A(en)d®)1pg) < (a1 +c2)R7° <0 = L(0q) in {z,, > —e} N Bg)s.
Thus, by the comparison principle (same arguments as in the proof of [Lemma 5.2]), we deduce
(u— A(en)d®)1p, < dq¢ in R".
Therefore, using (5.4]), we deduce
u < Alep)d® +0q < (1+ CO)A(e,)d® in {z, > —c} N By,

as desired. (]

Flatness implies closeness to half-space solution. We prove that flatness of the free boundary implies
closeness of u to the half-space solution (see [Proposition 5.If1)).

This was proved for the fractional Laplacian in [DSS14, Lemma 2.10] and in [DeSal2, Lemma 7.9],
but is new for general nonlocal operators.

Proof of [Proposition 5.1(i). Without loss of generality, we assume that v = e,,. Let ¢ > 0 and 9 > 0
be given. Assume by contradiction that there exist sequences of minimizers (ug)g, of homogeneous
jumping kernels (K} )y satisfying (I.2]), and positive numbers (k) with dx \, 0, such that (i) holds
for every k, but the conclusion fails, i.e., for every r, uy , violates (5.1)) or (5.2]).

First, let us extract a subsequence 1y, := 5,1/ ? and deduce from [Cemma 2.9 that up to a subsequence,
it holds ug,, — us € H*(Br) N L, (R™) locally uniformly and in H*(Bg) and L3 (R™) such that
Uso > 0 in R™ and minimizes Zp, in Bg for any R > 0 and some homogeneous kernel K, satisfying
(T2). As a consequence of (i), we have

{wn < =0k} N By < {upgy, = 0} N B, 1 € {20 < Gy '} N B, (5.5)
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and since by definition of 7y, it holds r, 05 — 0, we obtain {us > 0} = {z - e, > 0}, and therefore by
[Cemma 3.6] and [Proposition 3.1}

Lg tus =0 in {z, > 0},
Uoo =0 n {$n § 0},
Yoo = A(ep) in {z, = 0}.

Thus, by the Liouville theorem (see [FeRo24al, Theorem 2.7.2}), it must be us, = A(ey)(xy)%. By the
locally uniformly convergence, we deduce that for any R > 1 and n € (0,1), there exists ky € N such
that for any k > ko:

Uk, — Uoo| <71 in Bpg. (5.6)
Thus, we have
Uk, () > Alen)(z0)% — 1 > Alen)(@n — 5kT}g_1)i —n Vx € Bg.

As a consequence of (5.5, and [Lemma 2.9 choosing k so large that r,;l > R, we have {z, — (5k7‘k_1 >
0} N Br C {ug,, > 0} N Bg. This allows us to apply [Lemma 5.2 (with R := R and ¢ := n). Note

that due to (5.0) the relation R > 6~ = cn_% holds true once 7 is chosen small enough, which is
possible, simply by choosing k large enough. Thus, we deduce

g, () > (1= Cn)Alen)(x - e — Sy )5 > Alen) (- € — (S + n%))i Vx € By,

where we used that

1 1 _ 1 1. _
(x-e))(1—=Cn)s >x-e, —cns, —5krk1(1 —Cn)s > —§5krk1

for some constant ¢ > 0, depending only on C, s, once n > 0 is chosen small enough. Choosing k so
1

large that c¢(d;r, ' +ns) < e, we have verified (5.I) for ug,, . Moreover, if we take any R > 0, note

that by choosing k > 0 even larger, depending on R, a rescaled version of [Lemma 5.2] implies that

the previous estimate does not only hold true in B;, but even in Br. Taking R > 0 large enough,
depending on €, dg, we can thereby also get

Tail((ug,r, — Alen)(xn —€)3)=:1) < edo/2,

i.e., the first estimate in (5.2)).

An analogous chain of arguments based on [Lemma 5.3 (applied with R := R, § := 1, ¢ := §r~!) yields
a corresponding upper bound for uy,, and also the second estimate in (5.2]), a contradiction. This
proves the desired result. U

Closeness to half-space solutions when blow-up is a half-space solution. We prove that minimizers are
close to the half-space solution near boundary points at which the blow-up is the half-space solution
(see [Proposition 5.1f(ii)).

Proof of [Proposition 5.1)(ii). By [Lemma 2.8|(iv), we know that up to a subsequence, it holds

{ur >0} = {up >0} ={z-v >0}
locally in Bg for any R > 0 in the Hausdorff-sense. Thus, for any § > 0 there exists » > 0 such that
{r-v<=6}nB C{u, =0}NBy C{z-v<4}NBy.

Therefore, the desired result follows by application of [Proposition 5.1{(i) to wu,. O
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Closeness to half-space solutions at reduced boundary points. We prove that minimizers are close to
the half-space solution near reduced boundary points (see [Proposition 5.1](iii)).

The proof of [Proposition 5.1|(iii) is a direct consequence of the following lemma:

Lemma 5.4. Assume (L2). Let u be a minimizer of Ig with By C Q and 0 € 0*{u > 0}, where
v € S"! denotes the measure theoretic inward normal to {u > 0} at 0. Then, up to a subsequence,

ur — ug = A(v)(x - v)%  locally uniformly in R"™.

Proof. By [Lemma 2.8, we deduce that u, — ug locally uniformly, up to a subsequence, and that wug
minimizes Zp, for any R. Therefore,

Lug =0 in {ug > 0},
g >0 inR™
Moreover, since 0 € 8*{u > 0}, we have {u, > 0} — {x-v > 0} locally in L'(R™). This implies
that {ug > 0} = {x - v > 0}. Indeed, if this property did not hold true, we could find a sequence
(xr) C O{u, > 0} with 2, — = € {z-v > 0}. But then, we would have
|Bdist(xr7{x-1/:0})(x7“) N {UT > 0}|
‘Bdist(xr,{x-VZO})(xT’)’

contradicting [Lemma 2.5l Finally, since 0{ug > 0} = {z - v = 0}, we deduce from the Liouville
theorem in the half-space (see [FeRo24al Theorem 2.7.2]) that

— 1,

up(x) = K(x - v)%.

Finally, we can apply [Proposition 3.1| and deduce

% = A(v) on 9{uy > 0},

which implies that k = A(v). This concludes the proof. O

Proof of [Proposition 5.1(11). By [Lemma 5.4l we have verified (ii). Thus, the desired result follows
from the proof of [Proposition 5.1J(ii). O

Interior ball condition implies closeness to half-space solution. In this section, we prove that near any
point g € d{u > 0} which can be touched by a ball from the interior, the solution is close to the
half-space solution (see [Proposition 5.1f(iv)).

The proof of [Proposition 5.1|(iv) is a direct consequence of the following lemma:

Lemma 5.5. Assume @) Let u be a minimizer of Lo with By C Q) and assume that there exists a
ball B C {u > 0} with BN &{u >0} = {0}. Then, there exists v € S*~! such that

ur = ug = A(v)(x - v)%  locally uniformly in R™.

Proof of [Proposition5.1|(4v). Without loss of generality, we assume that v = e,, where v € S"!
denotes the normal vector of OB at zero, inward to {u > 0}. Then, clearly, B C {z,, > 0}. Then, by
[Lemma 3.9 there is & > 0 such that for any x € BN {dp(x) > |z|/2} (non-tangential region inside B)
near 0 it holds

u(@) = a(a) + of|z]*). (5.7)

Let us explain how (5.7)) implies the desired result. Note that with the help of the non-degeneracy
(see [Lemma 2.4]), we can deduce that o > 0. Indeed, B C {u > 0} yields the existence of a sequence
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(zx)r € BN{dp > |z|/2} such that z; — 0 and dist(xg, d{u > 0}) = (zx)n, and by [Lemma 2.4] this
implies u(xy) > c((xy)n)5 for some constant ¢ > 0. Thus u(x) # o(|z|*) near 0, and it follows a > 0.
Moreover, note that since u € C*(By) (due to[Lemma 2.3]) with u(0) = 0, we have that u < C(x,)% in
{z,, <0} near 0 for some C > 0, and therefore by application of Lemma 3.7 to v1,, <oy in {z, < 0},
we obtain that for x € {x, < 0} near 0 it holds

u(z) = B(zn)> + of|z]?).

Altogether, and using also [Lemma 2.8] this implies that the blow-up sequence (u,.), converges to ug
locally uniformly, where ug is defined as follows

uo(r) = a(xy)] + B(x,)? Ve e R™.

Here we used that for any = € {x, > 0} there is ro > 0 such that rz € BN {dg(x) > |z|/2} for any
r < g, so that the convergence in {z, > 0} follows from the claim (5.7)).

Since by [Lemma 2.8], ug is a global minimizer of Z, [Lemma 2.5 implies that we cannot have o, 3 > 0,
so it must be f = 0. Thus, ug(xz) = a(z,)} and by [Proposition 3.1} we deduce that a = A(e,), as
desired. O

Proof of [Proposition 5.1|(iv). By [Lemma 5.5] we have verified (ii). Thus, the desired result follows
from the proof of [Proposition 5.1J(ii). O

The proof of [Theorem 1.1l is now immediate.

Proof of [Theorem 1.1l By [Proposition 5.1[i) and [Lemma 3.6 we can apply [Theorem 1.5 to u, for

some r > 0, depending only on n,s,\, A, once 6 € (0,1) is small enough. Then, the desired result
follows immediately from [Theorem 1.5l after a suitable rescaling. O

5.2. Smoothness in an open dense set. In this section we prove [Theorem 1.3

Proof of [Theorem 1.3. Let us define
O:={zged{u>0}NQ:3Iball BC {u>0} st. BN{u>0}={zo}}.

it is easy to see that the set O is open. To see that O is dense in N d{u > 0}, it clearly suffices to
assume that 2 C By and to prove that O is dense in 9{u > 0}NB;. To show this, let g € BiNd{u > 0}
and £ > 0 be arbitrary. Our goal is to find yg € O with |29 — yo| < e. To do so, take x € {u > 0} with
|zg — x| < /2. Since {u > 0} is open, there exists a radius ¢ > 0 such that Bs(z) C {u > 0}. Let us
set

0o :=sup{d > 0: Bs(x) C {u>0}}

and observe that dyp € (0,/2). Moreover, by construction, Bs,(z) C {u > 0} and there exists

Yo € Bs,(x) NO{u > 0}. Clearly |z¢ — yo| < |xo — z| + | — yo| < . Moreover, if necessary, by shifting
and shrinking the ball Bs,(z), we can guarantee that yg is the only point in the intersection, so that
yo € O, as desired.

We have shown that O is an open, dense set. Due to [Proposition 5.1|(iv), we can apply [Theorem 1.5]
for any xg € O to a rescaling u, of u (where r depends on u, x(), which concludes the proof. O
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5.3. Classification in two dimensions. The goal of this section is to prove [Theorem 1.4l The idea
of the proof is to classify all global minimizers of Z in dimension n = 2. We will show that all global
minimizers are one-dimensional. In particular, this yields a characterization of blow-ups and therefore
full regularity of the nonlocal one-phase problem in dimension n = 2 (see [Theorem 1.4)).

Theorem 5.6. Let n = 2. Let K € C%(S') and assume (L2). Let u be a minimizer of Ig, for any
R >0, and assume that 0 € O{u > 0}. Then, there exists e € S' such that

u(z) = A©)(z - )}
With the help of [Theorem 5.6, the proof of [Theorem 1.4 becomes straightforward.

Proof of [Theorem 1.4 From [Theorem 5.6 we deduce that for any z¢ € QN d{u > 0} it holds u, 5, —
Aleg,)(x - €)% for some vy, € S"~!. Thus, by [Proposition 5.1J(ii), we can apply [Theorem L5l for any
xg € By Nd{u > 0} to a rescaling u, of u (where r depends on u, x¢). O

The rest of this section is dedicated to the proof of [Theorem 5.6 The proof of the classification of
blow-ups in dimension n = 2 from [AICa81] does not seem to work in our setup. The proofs for the
thin one-phase problem (see [DeSalbal, [EKPSS21]) establish classification of homogeneous minimizers
(minimal cones), which implies the classification of blow-ups by the Allen-Weiss monotonicity formula.
Since such formula is not available for our general class of operators, in this paper, we follow a different
strategy, inspired by [CSV19] and [FiSel9].

Let us define

1, if |z| < VR,
or(z) = 2(1—‘1%2‘), if VR < |z| <R,
0 if |z| > R.

For v € S" ! and t € [1,1], we set
Upi(x) =2+ tor(z)r, up(z) = u(\I’}_%lt(:E))

First, we have the following lemma, which generalizes [CSV19, Lemma 2.1} in the sense that the bound
on the right hand side only contains the L3 (R™) norm of u (respectively Tail(u)) instead of the energy
in the whole space. Therefore, the following lemma does not require v € V*(Bg|R™) (if one interprets
the energies on the left hand side as being all written under the same integral).

Lemma 5.7. Let n > 2. Let K € C*(S"1) and assume (L2). Let R > 4, and u € V*(Bagr|Bsgr) N
L (R™). Then, for allt € (—1,1):

Ct?
Ipgp(urt) + Ipp(ur—t) — 2Zp,(u) < @S}%
where C' > 0 depends only on n, s, \, A, and || K||c2gn-1y, and we denote
& , R |3 R~2 Tail(u; 2R) ||u
Sp o= | sup w + sup # + sup ( . Nl s,
pE[1,R] p pE[1,R] P pE[L,R] P

Proof. First, by following the same arguments as in the proof of [CSV19, Lemma 2.1], we deduce

5(BQRxBQR)\(B;'2xB§)(UR,t, UR,t) + 5(B2R><BQR)\(B1%><B1%)(UR,—ta UR,—t) - 25(B2RxBQR)\(B;'2xB;'2)(U7 U)
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Ct? EByyx Ba, (U, )
= EBypxBar (UR L UR L) + EBypx By (UR —t, UR —t) — 2E By x Byp (U, 1) < sup ——2i el
log R ,e1,R p

The only difference to [CSV19] is the slightly different domain of integration, however, it does not
change any of the arguments. Moreover, the first identity comes from the fact that ur+; = u in
R™\ Bg, which leads to cancellations. Next, we observe

EBpxBg, (UR Lt UR,+t) — EBpx B, (U, 1)
/ / [(urs0(2) — up (1)) — (u(z) — uy)?] K (z — y) dy da
Bgr JR™\BaRr
- / / [0 40(2) — () — 2u(y)(upse (@) — u(@))] K (@ — y) dyde
Bgr JR™\Bagr

= / / [uh 4(2) — 2upae(y)ur ()| K (z — y) dy d
Br JR™\Bar

/BR /Rn\Bm ~ 2u(y)u(a)] K(x — y) dyd.

By summing up the previous identity, once for ur +; and once for ug ¢, and doing the same change
of coordinates as in [CSV19], and using [CSV19, (2.11),(2.13)], we obtain

EBrx By, (UR L URE) + EBpx B, (UR —t, UR,—t) — 26 % Bg, (U, 1)

/BR /R”\BQR z) = 2u(y)u()]e(z,y) dy do
2
< /BRu () </Rn\B2R |e(:1:,y)|dy) d:r+2/BR lu(z)| </Rn\32R |U(y)||e(:p7y)|dy) Az
= Il + 12,

where e(z,y) satisfies the following estimate for some C' > 0, depending only on n,s, A\, A, and
K|l c2(sn-1):

Ct?
(log F)” max{R, 7’}

le(z,y)| < o~y Yo,y €R"\ B,

Hence, by splitting the domain of integration into suitable annuli, taking £ € N such that logy R <
2k < logs R+ 2 and #%* = R we obtain

Ct? u?(x)
I < - —2s I S
"= (log R)2R < By max{R, |z} dx)

2%
< —— __R7% R_l/ u?(z)dx + 9_2(i_1)/ u?(z) dx
= (log R)? < By ) Z B,i\B,i-1 @

i=k+1

< R™% su LUH%Q(BP) 1+ f: 792i
SR iy P2 2 D

< Hu”%%Bp)
TlogR pepm PP
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where we used that 1+ 2% ol 62?,211) = (k+1)6? < C(log R)~! by construction. Analogously for I,

ct’ )
I, < =28 Tail (u; 2 ———d
< gt T2 ([ )
2
< ct R™% Tail(u; 2R) sup HUHL#.

~ logR pelLR P
Altogether, summing up all the aforementioned estimates, and using that
(Bf% X B%)C = [(BQR X BQR) \ (B}c% X B}c%)] U [BR X BER] U [BSR X BR],

we have shown

Ct?
EBe,x B ) (UR L, URL) T E(Bg,x Be )e (WR,—1, UR,—t) — 2E(Be x e (U u) < logRSR'
Moreover, by the same arguments as in [DeSalbal Theorem 5.5], it holds
[urse >0} Bl = [ (1£10,0n(z)da
{u>0}ﬂBR
This identity implies
{urs >0} N Br|+ [{ur,— > 0} N Bg| — 2[{u > 0} N Br| =0,
and therefore we immediately obtain the desired result. O

As a consequence, we deduce the following lemma:

Lemma 5.8. Let n > 2 Let K € C?(S"Y) and assume ([2). Let R > 8, and u be a minimizer of
Ip,. Then, for anyt € (—1,1):

R*

dy dx Ct?
)—u uw(y) —u _ < Sr,
[ ) ) ) ) e <

where C' > 0 depends only on n,s,\, A, and ||K|[c2gn-1). In particular, for any zo € R"™ such that
Bi(z0) C Bryas

(u(z) —u(z +tv)), (u(y) —uly +tv))- c
(/Bl(xo) ; dl‘) (/Bl(xo) ; dy) =~ WSR

Proof. Since u is a minimizer of Zp, in Bg, and u = ug +; in R™ \ Br by construction, we have
Ipgp(u) < Ipp(urt),  IBp(u) <Ipp(uAury),  Ipgp(u) < Ipgp(uVugry),
and therefore [Lemma 5.7 implies

Ct?
log R R
Moreover, we recall the following algebraic identity from [RoWe24al, Proof of Lemma 3.4]
(w1 A1) — (wg A ¢2))2 + (w1 V ¢1) — (w2 V ¢2))2
= (w1 —w2)* + (¢1 — ¢2)* — 2(w1 — ¢1) 4 (wy — ha) .

Ip,(urt) < Zpg(u)+

This yields:

Ty ) + TV ) +2 [ (0(0) @) (0(0) —unaw) K e~ ) dyd
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= IBR(U) + IBR(UR,t)-

By combination of all the previous facts, we deduce

2 //(B%XB%)C(u(x) —ups(x)) 1 (u(y) — ury(y))_K(z — y) dy dz

=1Ipy(u) + Ipy(urt) — Ipp(u A uprt) — I, (uV upy)
Ct?
log R
This yields the first claim. To obtain the second claim, note that in By(zo) C Bg/4, we have ug(v) =

u(z + tv). Thus, making the domain of integration smaller, and estimating |x — y|~"~2% > ¢ for some
¢ > 0in By(wg) x By(xg), we obtain the second claim after division by ¢2. The proof is complete. [

<Ipp(upt) —Ip,(uVur:) < Sk.

By combination of the optimal regularity for minimizers of Z with the previous lemma, we deduce

Lemma 5.9. Let n = 2. Let K € C?*(S') and assume ([L2). Let R > 8, and u be a non-trivial
minimizer of Ip,, in Bag such that 0 € 0{u > 0}. Then, for any xo € R™ such that Bi(zo) C By
and any t € (—1,1) \ {0}, it holds

(u(@) —u(z +tv))4 (u(y) —uly +tv))- c
</B1(900) ¢ dx) </Bl($o) t dy) = log R’

where C > 0 depends only on n,s,\, A, and ||K|c2sty. In particular if u is a minimizer of Ip, in
Bpg for any R > 0, then it holds for any o € R™ and any t € (—1,1) \ {0}:

(u(e) — ula + ). ()~ uly+ 1)\ _
( [ ( da;) < T dy> o

Proof. We observe that as a consequence of [Lemma 2.6 and using that n = 2, we have
—2s|[, 112 _ .
Sp= < EBay x Bay (Us 1) R ull72p.) R Tail (u; 2R)||UHL1(BP)>

sup ——5—— + Sup ————5——— + sup 5
pE[1,R] p pE[L,R] P pE€[1,R] p

<C sup pV 24+ CR™% sup p*™* 24+ CR™° sup p°<C.
pE(L,R] pE(L,R] pE(L,R]

Therefore, by [Lemma 5.8 we deduce:

(u(@) — u(z + tv))4 (uly) — uly +tv))- c ¢
</Bl(x0) t dx) </B1(:co) t dy) = logRSR = log R’

This implies the first result. The second claim follows by taking the limit R — oo. U

We are now in a position to conclude the proof of the two-dimensional classification result.

Proof of [Theorem 5.6. As a consequence of [Lemma 5.9, we deduce that for any v € S, any zo € R",
and any ¢t € (—1,1) \ {0} it holds

u(@) = i(m + ) >0 Vz € By(xo), or " <0 Vz € By(xp).

Thus, by varying g, we get that for any v € S' and t € (—1,1) it holds
either u(z) > u(z +tv) Vo € R? or u(z) < ulz +tv) Vo € R%

cither u(z) —u(z + tv)
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Next, by varying ¢, and using the continuity of u, we deduce that
either u(z) > u(x +tv) Vo e R?, VteR, or u(z) < u(x+tv) Vo e R? VteR,

i.e., u is monotone in every coordinate direction. This implies that u is one-dimensional and monotone,
i.e., there exist ¢ € S! and ¢ : R — R such that u(z) = ¢(z - €). Since u is a non-trivial, but
0 € 0{u > 0}, we must have {u > 0} = {z - e > 0} (up to a rotation). Then, since u is a minimizer
of Zq, in the view of [Lemma 2.2] and the Liouville theorem in the half-space (see [FeRo24al, Theorem
2.7.2]), we have that

u(x) = K(z- €)%

for some k > 0. Finally, by [Proposition 3.1} we deduce that k = A(e), as desired. O
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