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Incompressibility plays a key role in the geometric description of fractional quantum Hall fluids.
It is naturally related to quantum area-preserving diffeomorphisms and the underlying Girvin-
MacDonald-Plazman algebra, which gives rise to an emergent non-relativistic massive spin-2 mode
propagating in the bulk. The corresponding metric tensor can be identified with a nematic order
parameter for the bulk states. In the linearised regime with a flat background, it has been shown
that this mode can be described by a spin-2 Schroedinger action. However, quantum area-preserving
diffeomorphisms also suggest the existence of higher-spin modes that cannot be described through
nematic fractional quantum Hall states. Here, we consider p-atic Hall phases, in which the cor-
responding p-atic order parameters are related to higher-rank symmetric tensors. We then show
that in this framework, non-relativistic massive chiral higher-spin fields naturally emerge and that
their dynamics is described by higher-spin Schroedinger actions. We finally show that these effective
actions can be derived from relativistic massive higher-spin theories in 2+ 1 dimensions after taking

a non-relativistic limit.

Introduction: The notion of order parameter is use-
ful as a unifying concept for describing states of mat-
ter with emergent macroscopic properties. For instance,
superconductors [1] and liquid crystals [2] are charac-
terised by local-order parameters, which reflect the pres-
ence of spontaneously broken symmetries. On the other
hand, topological phases such as fractional quantum Hall
(FQH) states are instead characterised by topological in-
variants. Consequently, they cannot be described within
Landau’s theory of phase transitions [3-5]. However,
there exist several states of matter where local order and
topological phases can co-exist, such as topological su-
perconductors [6-11] and nematic FQH phases [12-20].
In the latter, nematicity can be induced, for instance,
through a tilted magnetic field, which naturally stretches
the Landau orbits while preserving the areas the orbits
encircle. The corresponding nematic order, which is as-
sociated to a rank-2 symmetric tensor order parameter,
plays a central role in the identification of an emergent
“spin-2” collective massive mode that appears in the bulk
[21-26] and has been recently observed experimentally
[27]. The importance of nematic order in this context can
be qualitatively understood by noting that Hall nematic
phases, which break rotational symmetry while preserv-
ing a Cs discrete rotational symmetry, preserve the topo-
logical states while the corresponding deformations can
be seen as special kinds of area-preserving deformations
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of the Hall fluids. The corresponding emergent quan-
tum (non-commutative) geometry is, in fact, invariant
under quantum area-preserving diffeomorphisms [28-31],
that encode the incompressibility of quantum Hall fluids,
and consequently are responsible for the existence of an
energy bulk gap. These features are encoded in the so
called Girvin-MacDonald-Plazman (GMP) algebra [32],
also known as W, algebra in the high-energy-physics
literature [28][33]. Thus, the emergent geometry in Hall
fluids is associated to a non-relativistic massive graviton-
like mode, which at linearised level around a flat back-
ground can be described by a spin-2 Schroedinger action
[25]. A characteristic feature of the GMP /W, algebra
is that, besides a generator of conformal spin two, it also
contains an infinite number of generators of increasing
conformal spin, with each spin occurring once [34]. This
suggests the existence of additional bosonic bulk modes
of spin greater than two (aka higher-spin modes), and this
expectation is supported by several theoretical and nu-
merical evidences [35-38]. However, the quantum-field-
theory characterization of these massive modes remains
unclear.

In this work, we partially address this important
open question by employing a complementary approach
in which we show that these higher-spin modes can
naturally appear in the fractional quantum Hall effect
(FQHE) via p-atic phases, with p even such that inver-
sion symmetry is preserved [39]. In p-atic liquid crystals,
the corresponding p-atic order parameters are higher-
rank traceless symmetric tensors, which in two spatial
dimensions are related to C}, symmetries [40, 41]. They
are well known in soft matter and naturally generalize
nematic phases [2, 42-46]. Notice that although several
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p-atic Hall phases have been already proposed and stud-
ied [47-51], their relation with higher-spin fields has been
overlooked. Here, we will show that within this frame-
work, massive higher-spin fields naturally emerge and
their dynamics is described by higher-spin Schroedinger
actions near the isotropic phase transition. In particu-
lar, we will focus on the chiral and massive spin-4 mode,
which has been numerically discussed in Ref. [37] and
that we will show to be related to a tetratic order pa-
rameter. We will finally show, through symmetry and
field-theory arguments, that these effective actions can
be derived from relativistic massive higher-spin theories
after taking a suitable non-relativistic limit.

P-atic phases in the FQHE: In this section, firstly
we summarize the effective-field-theory description of ne-
matic order in the FQHE by mainly following Ref. [14].
Secondly we generalize those results to the case of tetratic
Hall states. De Gennes’ nematic order in liquid crys-
tals is characterised by a rank-2 symmetric and trace-
less order parameter, which in two spatial dimensions
takes the form Qup(x,t) = Qn(2dady — dap), where
d = (cos¥/2,sinv/2) is the planar nematic director [52].
Since it has only two independent components, we can
define from it the complex order parameter

On = Q11 +iQ12 = Qne™. (1)

In the long-wavelength limit [5], the standard topological
Chern-Simons (CS) sector of the Laughlin states reads

1
Lcs = %e“”’\a#&,m - EEW)\A;L&'“A? (2)

with A, and q, the electromagnetic and U(1) emer-
gent gauge fields, respectively, and where u, v € {0,1,2}.
Here, ¢ is an odd-integer number associated to the fill-
ing factor such that the Hall conductivity is quantised to
(1/q)(e*/h). The corresponding effective action for the
nematic Laughlin states is given by [14]

1
Lnroue = Los + Ln — %6“'/’\&5&/%,
1
al = _gebanbacQad + Cepa0y Qe
1 .
ay = —§€banand, (3)

where Qab = 0Qap/0t, aév can be associated to a Berry
phase, while C is a constant parameter (it is related to
the equal-time structure factor as shown in Ref. [14]).
Close to the phase transition from an isotropic to a ne-
matic FQH phase, Ly in the above equation identifies
the effective Landau-de Gennes (LdG) Lagrangian

ﬁN - %Echaanc - %(80Qab)2 - %(Qab)2 +- - ) (4)

where k; are some given physical parameters and we
omitted higher powers of the nematic order parameter.

The first term proportional to the Berry phase a’ orig-
inates from the broken time-reversal invariance of the
FQHE and dictates the quantum dynamics of the chiral
non-relativistic “graviton” [26]. Importantly, we omitted
higher-powers in Q,; because we consider the isotropic
phase in presence of small nematic deformations. The
corresponding Hamiltonian

k k.
HN:§2|3iQN|2+§|QN|2, (5)

describes a quadratic energy spectrum that identifies a
gapped spin-2 mode, namely the GMP mode.

We are now ready to discuss the generalization of the
above results to the case of tetratic order. The lat-
ter refers to a generalizion of nematic order, in which
a fourfold rotational symmetry Cy replaces the Cs of ne-
matic phases. This phase can be either considered as
the result of a deformation of the magnetic field or of
the confining potential preserving the C4 symmetry, or
as a result of local orientational ordering introduced by
interactions, possibly supplemented by additional p-atic
modes [47-51]. Being inversion invariant, tetratic phases
are compatible with FQH states [39]. The tetratic order
parameter is a symmetric traceless rank-4 tensor Qgpeq-
Importantly, in two space dimensions, like for the ne-
matic order parameter, the traceless symmetric tensor
Qabcd = QT(8dadbdcdd - 86(abdcdd) + 5(ab5¢2d))7 where
d = (cos¥/4,sin1¥/4) is the planar tetratic director, ad-
mits only two independent components that can be used
to define the complex order parameter

Or = Q111 +iQui12 = Qre™. (6)

This peculiar feature that holds only in two dimensions
allows us to generalize most of the results derived in
Ref. [14] in the long-wavelength limit. In fact, also in
the current case, we can define an action for the tetratic
Laughlin states, which reads

1
Lrroue = Los + Lo — %G”Magayam
1
CL? = _gebanfgbacQafgd + Gebdefgemnabafadegncv

1 .
ad = _gfbanfngafgda (7)

where G is a constant parameter. Close to the tran-
sition from an isotropic to a tetradic FQH phase, the
corresponding effective LdG Lagrangian Lr [40, 41] aug-

mented by the Berry phase term af is given by

/ /

k . k K
Lr = glebanfngafgd - gz(aanbcd)2 - ;(Qabcd)Q,
(8)
where k] are some given physical parameters. Similarly
to the nematic case, we have

ks 2 kg 2
HT=§|31‘QT| +3|QT| ; 9)



and the corresponding spectrum identifies a gapped spin-
4 collective mode. All the results presented above can be
naturally generalised to spin-p modes associated to Cp
symmetries and p-atic Hall states. See also Ref. [36] for
a complementary way to introduce effective bulk higher-
spin fields in the FQHE, that however does not seem to
be directly linked to p-atic phases.

From the Fierz-Pauli equations to higher-spin
Schroedinger actions using symmetries: Before dis-
cussing the spin-4 and higher-spin massive modes, we
first show how the LdG effective-field-theory description
of the GMP mode can be obtained by concentrating on
symmetries only [53]. Our starting point are the equa-
tions of motion for a free relativistic massive spin-2 par-
ticle of mass m

(O—m?c?) hyy =0, Ouht” =0 =mn,h*", (10)
where h,, = h,, is a symmetric tensor field and n*" =
diag(—1/c?1,1). The Fierz-Pauli (FP) equations (10)
describe two modes with helicities 2 and are invariant
under translations and Lorentz transformations. We de-
compose the traceless field h, as follows

9 | vy
By = , =1,2 11
" (va\%aﬁms@b ¢ ()

with Sgp symmetric and traceless. We then observe that
under a Lorentz boost a time index transforms to a spa-
tial index but that the inverse transformation from a spa-
tial index to a time index is suppressed by a factor of
1/c?. This implies that, after taking the limit ¢ — oo,
the boost becomes a transformation that only acts in one
direction on the different components of h,, as follows

¢ —> Vg —> Sap — 0. (12)

From this we deduce that, unlike the ¢ and v, compo-
nents, the symmetric traceless field S, forms by itself a
representation of the contracted Poincaré group which is
the Galilei group. In 2 + 1 dimensions one can combine
the two independent components S1; and Sp2 of S,y into
the complex field Sy = S11 +11512, that transforms under
infinitesimal spatial rotations generated by Ags, = €qpA
not as a scalar but as

Sh(z') = Sn(z) — 2iASn (@). (13)

The second term on the r.h.s. represents an emerging
U(1) symmetry. Furthermore, we find that S(x) trans-
forms under internal parity (P) ' — —x!, time-reversal
(T) t — —t and inversion (I) 21? — —z1?2 as follows

P: Sy(2') =8Sy(z), T, Sy(z') =8n(z). (14)

It is well known that the Galilei group cannot be used
to describe a massive mode. One argument is that at the

non-relativistic level one expects two Noether symmetries
describing the conservation of energy and mass. The sec-
ond Noether symmetry extends the Galilei algebra to the
Bargmann algebra [54]. To achieve this extension we re-
define, before taking the limit ¢ — oo, the complex field
Sy in terms of another complex field Qn as follows [53]

SN _ eii(mCQ*Eo)tQN, (15)

thereby introducing a new constant Ey. The phase factor
has the effect that after taking the limit ¢ — oo, the field
Qn () transforms under boosts with parameter A, as

6QN - _(Aat)aa QN + imAaIaQN- (16)

Furthermore, in the limit ¢ — oo the symmetry under
parity P and time-reversal T is broken. This is due to
the fact that both the ¢ — —t time-reversal transforma-
tion and the complex conjugation that occurs in the par-
ity transformation (14) have the effect that when taking
the limit of the transformation rule of the non-relativistic
field Qp, the phase factor does not drop out which gives
an invalid limit. Instead, we find that the inversion sym-
metry I is preserved. There exists a unique action invari-
ant under translations, spatial rotations together with
the modified boost of Eq. (16), that is of first order in
the time derivatives, thus breaking the invariance under
time-reversal symmetry. It is given by the spin-2 planar
Schroedinger action

ISchrocdingcr X /d317 |:7/mQN Q?\[ - ZmQ?V QN +
0"QN0.9N + 2mE QN Qx| (17)

This action corresponds to the complex rewriting of
Eq. (4), thus allowing one to interpret Qy as the nematic
order parameter (1). Whereas the FP equations (10) de-
scribes two helicity modes, that under parity are mapped
to each other, the Schroedinger action (17) describes just
a single mode and parity is broken. The reason that we
lost a degree of freedom is that instead of complexify-
ing all FP fields, we combined two real FP fields into a
single complex field. In summary, we conclude that the
LdG description of the fluctuations of the nematic phase
order parameter around the isotropic phase in the long
wavelength limit given in Eq. (4) can be recovered from a
non-relativistic limit of the three-dimensional FP theory.
We can now generalize the above discussion to the spin-
4 case, which is the next higher-spin field that preserves
inversion symmetry. We start from a rank-4 symmetric
tensor field ®,,,,, (x) that satisfies
(O=m*®) Ppvpe =0, 0,77 =0 =1, d"".
(18)
This field can be decomposed into the different helicity
modes as ®p0 = {8, %, Gab s Vabe s Sabed }, Where each
component is completely symmetric and traceless in its



spatial indices. The independent components decompose
as

1 1
q)ac :Sac ) aac _51150 )
bed bed + 602@5( b0cd) + g7 0(ab a8 (19)

1
(I)ach = Vabe + @o‘(aisbc) )

with parentheses denoting a symmetrisation, where di-
viding by the number of terms in the symmetrisation is
understood. The decomposition of the remaining com-
ponents follows from the traceless condition. Except for
B, each component describes two helicity modes. Under
boost transformations these components transform, after
taking the limit ¢ — oo, as follows

B — ag — Gap — Vape — Saped — 0. (20)

This shows that the highest component Syp.q forms a
representation of the Galilei algebra by itself. Defining
St = S1111 +4S1112, we find that under spatial rotations
the complex field S transforms as

S (z") = Sr(x) — 4i\Sr(x), (21)

which shows that we are dealing with a spin-4 field. Mak-
ing the same redefinition (15) as in the spin-2 case, we
find in the ¢ — oo limit the same continuous and dis-
crete symmetries as in the spin-2 case except for the spa-
tial rotations. This leads to a planar spin-4 Schroedinger
action, which has the same form as the planar spin-2
Schroedinger action given in Eq. (17) in terms of Qp,
which in turn is equivalent to the tetratic LdG La-
grangian (8) when written in complex form.

From massive higher-spins to p-atic LdG actions:
The LdG description for p-atic phases in the FQHE can
also be recovered from the ¢ — oo limit of relativistic ac-
tions describing massive higher-spin fields. Let us stress
that moving to an off-shell derivation of the Schroedinger
actions might provide a rationale for introducing non-
linearities and background couplings as limits of their rel-
ativistic counterparts (see, e.g., [55, 56] for recent works
on massive higher-spin couplings) although complemen-
tary on-shell techniques have been explored too [57].

We first show how to recover the spin-2 LdG action
and then we generalise the analysis to the spin-4 case by
rescaling the fields as in Eq. (15). Motivated by the de-
scription of the spin-2 GMP mode in terms of unimodular
gravity [25], we choose to work with the action resulting
from the coupling of linearised unimodular gravity with
auxiliary Stueckelberg fields B, and S

1
KL= ol (Ohyy — 20,0 - hy — m*cPhy,,)

+ %B“ (OB, — 9,0 B) + %S (OS + 3m2c2s)  (22)

+V2meh* 9, B, + 2me B*9,,S,

where h,,, is traceless and & is the gravitational constant,
as we are assuming that this action results from the lin-
earisation of a massive gravity theory. This strategy to
build quadratic actions for massive fields is the analogue
of that described, e.g., in [58, 59] and we provide more
details in the Supplemental Material (SM). The action
(22) is invariant under the gauge transformations

2
Ohyy = Open + Ouey — 5 M0 - €,

3 (23)
0B, = OuA+ ﬁmceu, 0S5 =2me A,
where the gauge parameters satisfy the constraint
9.e— M2, (24)

7
As discussed in the SM, the equations of motion follow-
ing from this action reduce to the FP one (10). We can
also gauge away the scalar field S using its algebraic
gauge transformation. This leads to a transverse con-
dition 0 - € = 0 for the vector parameter, implying that
only residual volume-preserving diffeomorphisms in 2+ 1
dimensions are allowed. We now decompose h,, as in
(11) in terms of the spatial tensors Sgp, v, and ¢ and
we introduce B,, = (v,S,). We also introduce the com-
plex fields 8[2] = Sy = 511 + 1519, 8[1] = 51 + 157 and
Vi) = v1 + ive. We then define

S = eii(mcszD)tQ[k]v Vi = e*i(mCQ’EO)tU[k], (25)

where k denotes the spin of the field and Qs has to be
identified with the Qu introduced in Eq. (1). Integrating
out the field U[;) and taking the limit ¢ — oo leads to

KL = 2imQpy Qfy — 2mEoQpp Qfyy — Q1210 Q) »
(26)

where we omitted all terms that do not depend on Q[Q]
and thus decouple (see SM). In the non-relativistic limit
we thus recover the nematic LdG Lagriangian (4) with
parameters: k1 = —8xm, ko = 4k, ks = 2kmEy.

Now we turn our attention to a relativistic massive
spin-4 field [60]. The analogue of the Stueckelberg La-
grangian (48) involves the Maxwell-like kinetic terms
that have been introduced in [61, 62] to generalize lin-
earised unimodular gravity and reads

4
K kE—3)(k + 5)m3c?
k=0

2k + 1
kG —k)(k +3
= k0u0 - opk-1) + 2me % 8#‘%(/6—1)} :
(27)

where u(k) stands for a set of k symmetrised indices,

while repeated indices denote a symmetrisation. This
action is invariant under
2 k
00utr) = K Oubute—1)— 53— <2> N 0-Epu(k—2) Tk Epui)
(28)



where &,,,, and &, are traceless tensors and the gauge
parameters satisfy the constraints

0 &uple—1) +br—1&u—1) =0, (29)

with fixed ay and by (see SM). We then decompose the
rank-4 field ¢, 4) = Pupo in traceless spatial compo-
nents as in (19) and we introduce the complex variables
8[4] = ST = 81111 + iS1112 and V[3] = V111 + i0112. We
also introduce a similar decomposition for the auxiliary
fields. After redefining the fields as in (25) and inte-
grating out from the action the field U]z}, the field Q)
(which coincides with Q7 in Eq. (6)) decouples from the
other fields in the limit ¢ — oo (see SM). Its dynam-
ics is described by the Lagrangian in Eq. (8) with the
identifications k] = —8km, k} = 4k, ki = 2emE.

Conclusions and outlook: In this work, we have
shown and discussed the relation between p-atic phases
and non-relativistic higher-spin fields in the FQHE. We
have derived the effective field theories for the higher-
spin collective modes in the Laughlin states, given by pla-
nar spin-p Schroedinger actions, from (2+ 1)-dimensional
relativistic massive higher-spin theories. There are sev-
eral important open questions that we aim to investi-
gate in future work: i) the effective-field-theory descrip-
tion of higher-spin collective modes in the presence of a
curved background [25, 63-66]. For instance, it would
be interesting to see whether one can construct a pla-
nar spin-p Schroedinger action in a Newton-Cartan back-
ground, generalising the spin-0 analysis of [67]; ii) a su-
pergeometric extension to describe the spin-3/2 massive
mode [68-70] and possible further semi-integer higher-
spin modes; iii) higher-spin interactions allowing to de-
scribe bulk modes away from the isotropic point. For all
these developments, one could also exploit the ¢ — oo
limit of the plethora of relativistic higher-spin interac-
tions that only exist in three dimensions. These have
been mainly studied for massless higher-spin fields (see
[71] for a review), but investigations of massive interac-
tions appeared, e.g., in [56, 72[; iv) more general higher-
spin field theories possibly describing incompressibility
and collective modes in higher-dimensional FQH fluids
[73]. Finally, we wish to mention that in three dimen-
sions there exist alternative descriptions of the dynamics
of massive helicities in terms of higher-derivative theo-
ries, for both the spin-2 and higher-spin cases; see, e.g.,
[57, 72, 74-77] and references therein. We defer to future
work an analysis of our non-relativistic limit within this
approach.
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SUPPLEMENTAL MATERIAL

Proca-like actions for massive particles of any spin

We presented quadratic actions describing relativistic massive spin-s fields that involve a number of auxiliary fields.
The rationale for building these actions is that a massive spin-s field in D spacetime dimensions propagates the same
helicities as a tower of massless fields of spin comprised between 0 and s, with each spin appearing once. As a result,
one can build a quadratic action for a massive spin-s field by coupling the free actions for massless fields with spin
comprised between 0 and s while preserving a deformation of their free gauge symmetry.

To fix the ideas, let us consider the case of Proca’s theory, describing a massive spin-1 field. The Proca Lagrangian

1 m2c?

L= F"F,, -

B, B", F,, =0.,B, —0,B,, (30)

does not have any gauge symmetry, but one can reinstate the gauge symmetry of the Maxwell Lagrangian by intro-
ducing a “Stueckelberg field” via the shift

1
Bu = By~ — 0,5 (31)

The resulting Lagrangian reads

m?2c?

1 1
r— - FMWF,, — —— B,B" — 3 0,8 0" S 4+ me B"9,,8, (32)

and it is manifestly invariant under the gauge transformations

0B, = 0\, (33a)
0S =mcA. (33Db)

The gauge transformation of the scalar field S is algebraic: this means that one can use it to set the field to zero and
go back to the action (30). We denote all fields with an algebraic gauge transformation as Stueckelberg fields. We
obtained the Lagrangian in Eq. (32) performing a shift in the Proca Lagrangian. Alternatively, one can also consider
the most general coupling of a Maxwell field with a free scalar and fix the coefficients demanding that the action be
invariant under the transformations (33). This strategy was used in Ref. [58] to describe a massive spin-s field via
the coupling of s Fronsdal’s Lagrangians [84], describing massless fields of spin 0 < k < s. The same outcome can be
obtained by recovering the massive theory from the Kaluza-Klein reduction of a spin-s Fronsdal’s action in one more
dimension, although in this case one might need to consider field redefinitions in order to diagonalize the resulting
kinetic terms; see, e.g., [85]. Fixing completely the algebraic Stueckelberg symmetries then gives the Singh-Hagen
Lagrangian [86], which describes a massive spin-s field in terms of a traceless rank-s tensor and a number of auxiliary
fields growing with s.

We used a strategy similar to that employed in [58], but substituting Fronsdal’s Lagrangians with Maxwell-like ones
[61, 62]. The s = 2 instance of the latter corresponds to the linearization of the Lagrangian of unimodular gravity
and, in general, they provide an alternative description of the free dynamics of massless particles in terms of traceless
fields. Besides being motivated by the role played by unimodular gravity in the FQHE [25], our choice has also the
advantage of allowing one to work with traceless fields while still preserving a gauge symmetry. Working with traceless
fields is convenient for defining the non-relativistic limits along the lines of [53], while the gauge symmetry (that is
absent in the Singh-Hagen approach) might be useful to introduce systematically non-linearities; see, e.g., [55, 56].

Within this framework, the Lagrangian describing a massive spin-s field contains s traceless fields that we distinguish
by the number of indices they carry: {¢, )} with 0 < k <'s. We recall that the shorthand (k) denotes a set of k
symmetrised indices; for instance, ¢,,(2) := @, The Lagrangian reads

(1
L=k Z {5 "8 (Op ) — k0,0 - 01y — Mk (me)? @) + cxme <P#(k)au<ﬂu(k—l)} ; (34)
k=0

with

(s—k—1)(D+s+k—2) \/kz(s—k—i—l)(D—i—S—l—k—éL).

D+ 2k—2 T D+ 2k —4 (35)

mp = —



Here and in the following, repeated covariant or contravariant indices denote a symmetrization, where dividing by
the number of terms in the symmetrization is understood. For instance, 0, := 5 (O, &us + Opuuy ). The action
corresponding to (34) is invariant under the gauge transformations

2 k
0Pty =k Ouluth—1) — prop — 1 (2) M0 * Euo—2) + Cra 1 MCEpu(k) 5 (36)

where the gauge parameters {£, ()} with 0 <k < s — 1 are traceless and satisfy the constraints

(D + 2k — 2)C]g+1
(k+1)(D+2k—4

8-5#(,6,1) — )mcfﬂ(k,l) =0, 1<k<s-—1. (37)
The Lagrangian (34) depends on a single free mass parameter m and its coefficients can be fixed by demanding
invariance under gauge transformations of the form (36). In the limit m — 0 one obtains the sum of s Maxwell-
like Lagrangians, which are invariant under gauge transformations generated by traceless and divergenceless gauge
parameters, thus presenting themselves as the natural higher-spin generalization of unimodular gravity (linearised
volume-preserving diffeomorphisms are indeed generated by transverse vectors).

Alternatively, the coefficients in the Lagrangian (34) can also be fixed by demanding that the equations of motion
reduce to the Fierz-Pauli ones. Let us discuss this in the example of a massive spin-2 field. To this end, it is convenient
to first eliminate the scalar field by using its algebraic Stueckelberg symmetry. After this step, the Euler-Lagrange
equations of (34) read

2 1
Oy =200+ hyy = 35 0 - 9+ h = m?c®hy,, + came <8(MB,,) — 5 M0 B> =0, (38)
0B, —0,0-B—cymcd-h, =0, (39)

where we renamed the fields to distinguish them more easily. Notice that the equations of motion must be traceless
as the fields entering the Lagrangian. For instance, the double divergence of h,, appears in Eq. (38) as a result of
the traceless projection. Taking a divergence of Eq. (39) one obtains 0 - 9 - h = 0 and substituting this result in the
divergence of Eq. (38) one obtains

_ 2
D 1)028H6-B:(1—%2)mca-h. (40)

D

The value of ¢y fixed by Eq. (35) is precisely that setting to zero the right-hand side. This allows one to conclude
0,0 - B = 0 and, eventually, 0 - B = 0 up to constant functions that do not affect the propagated local degrees of
freedom. This on-shell constraint is crucial because, after the gauge fixing setting the scalar to zero, the spin-2 gauge
parameter satisfies 0 - & = 0, so that the divergence of the vector potential becomes gauge invariant. On the other
hand, the latter is forced to vanish by the equations of motion, so that one can gauge away the remaining portion
of the vector potential by using the algebraic gauge transformation generated by &,. After one reaches the condition
B,, = 0 by combining the equations of motion and a gauge fixing, Eq. (38) reduces to the Fierz-Pauli equation (10).

Non-relativistic limit

In this section we look at a particular Galilean limit of the higher-spin actions presented in the previous section. We
consider the examples of fields of spin two and four and restrict the analysis to D = 2+ 1 dimensions. The relativistic
indices will be split in the form p = {0,a} and we consider coordinates z# = {z° = ¢, 2%} so that the Minkowski
metric and its inverse are given by 7, = diag(—c?,1,1) and n** = diag(—1/c?, 1, 1), respectively. Let us consider now
an explicit traceless parametrisation of the fields entering the action (34) up to spin-4, which can be written in terms
of a set of six completely symmetric and traceless tensors {Saped, Sabes Saby Vabes Vab, Pab 5 four vectors {Sq, va, Pa, g }
and five scalar fields {3, o, v, ¢, S} as follows. In order to avoid confusion, we rename the fields as

Pu©) =S Put) = Bus  u@) = huws Ou) = Xuvpy  Pua) = Puvpo, (41)

For the spin-1 and spin-2 auxiliary fields we define

_(Bo) _ (v _ hOO‘hOb _ ¢‘ Up
ne ()= () e Ciofi) - (o) &
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and we similarly decompose the spin-3 auxiliary field in traceless spatial components. We thus define

1 3
Xabo = aéab + Vab, Xabe = A2 (b 5bc) + Sab07 (43)

202
while the remaining components are fixed by the constraint 7" x ., for instance xq00 = 026bcxabc = ¢,. For the
spin-4 field we define

3 3 1
(I)ach = Ea(aébc) + Vabe, (I)abcd = @ﬁé(cd 5ab) + C_2¢(cd 5ab) + Sabcdu (44)

where again the remaining components can be obtained using the traceless constraint for ®,,,,. In two spatial
dimensions, any traceless symmetric tensor has only two independent components. Therefore, for every spatial vector
or spatial traceless symmetric tensor of the form Z,,...,, with £ =1,2,..., it is possible to construct a complex field
Zjy) out of its independent components as

Zal"'ak — Z[k] :le---l + 14 11---1 2- (45)

k times k—1 tlmes

When writing the terms in the action (34) in complex form the following identities will be useful
Yor o Zay--an = 2072 (Vi B + M B ) -
Yoo by OaZaby by = 2572 (y[*k]gz[kJrl] + y[k]az[*kJrl]) ; (46)
00Zacycp 10 Zber vy = %aazbl...bkaazbl...bk =2"19zZy02y,,

where in the last identity we have neglected total derivative terms and defined the complex derivatives 0 = 91 + 02
and 0 = 0; — 0, and T.D. stands for total derivative terms that we neglect.

Using the prescription (45), we define complex fields Sp;; and V) associated to the fields S, .5, and vg,...q; entering
in the parametrisation (42), (43) and (44) of the relativistic fields. The non-relativistic limit will be carried out after
introducing the following field redefinition for the fields (45)

Sy = e MM =Bt Yy = el Bty (47)

where m coincides with the mass parameter in the action (34) and Ej is an arbitrary constant. This, in turn,
introduces new vectors and symmetric traceless tensors Qq,...q; and g, ...q;, Whose components are given by the real
and imaginary parts of Q) and Up as indicated in (45). In the following we will show that when considering the
Lagrangian for a spin-2 (spin-4) field and taking the non-relativistic limit defined by implementing (47) and setting
¢ — 00, the field Qup (Qabea) decouples from all the lower-spin fields and is described by the a Schroedinger action of
the form given in Eq. (17).

Spin-2 case

We start considering the Lagrangian (34) for a massive traceless spin-2 field. Using the A-symmetry to gauge the
scalar field S away we find the action

m2C

1
KL= S Oy = hyad9h = ==y 4 5 B OB* — —B“a 8, B” +2mc "9, B, . (48)

We adopt the parametrisation (42) and use the complex notation (45). Thus, the identities (46) allow to write the
action as (up to total derivatives)

- 3 = 1. 1.
1£——¢2 170000 + 5880 — 5+ 15 a¢a¢+ (35[2]a¢+as 106)

3m2
4c?

1 _— = y . ~ 2
1 (951087 + 33{1133[11) +3 (55[11 + 05

1 /. . . . _
0 = mPSy Sty + 55 (5[1]3[*1] = Suyv — 8yy0v + dvdv)
V2m
3 v
C

_m_ « 3 _me (o . . .
+2\/§c¢(68m+88m) V2 (9217 +083S0)) + 57 vy,
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where we have isolated the terms that depend on V}jj in the Lagrangian

K Ly = MV Vi + 55 (avmavm + VoV, ) (as L+ OST vm)
50
+%( a¢+v[1]a¢) (avm+avm) - T (Vindv +Viyov + SV + SV ) - o

Now we introduce complex fields in terms of Qy), Qpj and Uj;) by means of the field redefinition (47), in terms of
which the Lagrangian takes the form

5_1£ = _2mEO Q[Q] QFQ] - 2zmQ[2] QFQ] - mEOQ 1 er] - ZTnQ[l] er]
2.2

yIC Q[l]Q[l] 9Q(219Q) + 9913 Qn )""“ "Ly, (51)

vz 0
30)* 3 * 1 i(mc®—FEo)t * —i(mc?—FEo)t 5 2
-3 (anan +09090)) + 5 (e 007, + ¢ Q) +0(1/c).
Note that the field redefinition (47) introduced some factors e~ ime®=Eo)t that will oscillate in the ¢ — oo limit. On

the other hand, these terms will decouple in non-relativistic the limit, so that we will ignore this issue as in [53]. After
introducing the new variables, the Lagrangian for ¢[;) now has the form

K Ly = mPUnUy) — Un T — Uy I + O(1/¢?), (52)

where we have defined
2

. ) ) .
Z%CQD] +imd Q) + - (730 +— \/— O + \/§Q[1]> +0(1/c%), (53)

Now we note that for large values of ¢ the field equations for L{[*i] lead to

T =-

1
Upy = —3 T +0(1/e*), (54)

and therefore integrating out U[;) yields the following effective Lagrangian

m2

1 2 = =
—1 peff _ * * *
lﬁum = Wj[llj[l] = _TQ 19+ 5 V2 (Q[l]aQ 9[1}39[2]) — 092109 (55)

m = : . N m o, : .
+ 7Q[1] (8’0 + er] — ’LE()Q[I]) — TQD] (8’0 + Q[l] + ZEoQ[l]) + 0(1/0),

When replacing this expression by Ly, in the Lagrangian (51), the divergent terms cancel and Q[ decouples from
the other fields. Thus, in the limit ¢ — oo, up to total derivative terms, we find the spin-2 Schroedinger Lagrangian

Eq. (26)
L = 2ikmQyy Qfy — £0Q)20Qfy — 26mEg Qe Qg + - - - (56)
where the dots denote terms that do not depend on Q[Q]. Using the fact that up to total derivatives echaanc =

—QiQ[g] QFQ] and the identities (46), the Q[g-dependent part of this Lagrangian can be put in the form (4) with
coefficients k1 = —8km, ko = 4k and ks = 2kmEj.

Spin-4 case

The Lagrangian (34) evaluated for D =2+ 1 and s = 4 can be written as

L= HZ (K@u(k) + M‘Pu(k)@u(k—l)) ) (57)
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where, using (41), the different kinetic and mixing terms different terms take the form

1

Ko = §<1>WP“D<1>MU — 20179, 00Dy, o — M DD,

1 3
Ky = §XM POXpuvp — §XH paﬂal\xwm

1 7
Ky = 5hWDhW — 8,0 hy, + o m2c: h* b, (58)
1 1
Kp=3B"0B, — 53“(9“6’\3,\ +2m?c? BB,
1 15
Kg=-S0S+ —=m?2c? 52,
2 2
and
Moy = 2mcP"?° 0, X0 po s My, = i me xHP 0y p,
V5 (59)
Myp = V10mch*d,B,, Mps  =2V2meB"9,S.

Using the parametrisation (42), (43), (44), together with the identities (46) we find that in complex notation the
kinetic terms and the mixing terms can be written in a unified notation for k > 2 as

ok=1 . . ok=3p . . Ly A = .
Kﬁau(k) = FS[HS[M - C—2 (V[kfl]as[k] + V[k_l]aS[k]) + 2 5 - 1 aaS[k]aaS[k]
+ 2"k mpm® Ve Vip_y — 28 mam?c® Sy Siiy + 0(1/c?), (60)

_ m * 5 m S * * /)
M‘Pu(k)@u(k—l) = 2k Sen (?V[kfl]s[k—l] + ?V[k_l]s[k,l] + mCS[k_l]as[k] + mcS[kil](?S[k]) + 0(1/62).

where we have reinstated the coefficients my, and ¢, whose explicit form is given in Eq. (35). The non-relativistic
limit can be taken after redefining the variables by means of (47), in terms of which (60) takes the form

1A s _q [(m*c? . 5. . . A
K‘pu(k) — ok lzmQ[k]Q[k] + ok—1 (T — mE()) Q[k]Q[k] + ok Blmk(U[k_l]aQ[k] —u[k_l]aQ[k])

o (k . - x - .
+247 <§ - 1) 00 Qi) 0aQfyy + 2" ke mge Uiy = 25 2my m*e? Qpuy Qg + O(1/¢?), (61)

Mo, o001y = 2" Pexme ( - (u[*;cfl]g[kfl] - u[kfl]grk—l]) + Q[H]aQE‘k] + Qf‘kl](?Q[kO +0(1/c?).

From these expressions we see that in order to eliminate the divergent term contained in K, ., term, the constants m
should take precisely the form (35). Moreover, the term Mg, 0.1y also contains divergent terms, which disappear
after integrating out Uy,_q) from the action (57). An inspection of the different terms in (61) shows that the terms in
the action involving the U|,_1) have the following structure

Ly, = 2573 [s mgm? Us—U[s_q—imlUjs 1) (cs me Q_y —saQFSO +iml_y (cs me Qs —ség[s})] +0(1/c?)

(62)
from which we find the following field equation of U[,_y; for large values of ¢

U—1) = —

(cs Q) — %ag[s]) +0(1/c). (63)

S Mg

Integrating out U[s_q) yields the effective Lagrangian

-3
eff - _28 K
Eu[s—u o

(Cs mc Q[sfl] - SaQ[s]) (CS mc Qrsfl] - S@QE;]) e (64)

S My
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where - - - represents either terms that do not involve Qj or are subleading in 1/c. Replacing (62) by (64), inserting
it back in the action (57), and taking the limit ¢ — oo gives rise to the following action for Q)

) 1

s—1 . * * *
L=2""rkm|iQuQy — %3Q[5]3Q[S] —EoQs Qg |+ (65)
where Q[ is decoupled from all the other fields in the Lagrangian. Even though this result was considered for s = 4,
it is written in a general form that allows to generalize the result to arbitrary values of s. Using the identities (46)
plus the fact that up to total derivatives €., QabemQaben = —SiQMQa], the Lagrangian for Q) takes the form (8)

with parameters &k = —8xkm, kb = 4k and k% = 2kmE).



