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The one-dimensional p-wave superconductor, characterized by boundary Majorana modes, has
attracted significant interest owing to its potential application in topological quantum computation.
Similarly, spin-1/2 Kitaev ladder systems with bond-dependent Ising interactions, featuring Majo-
rana fermions coupled with Z2 flux, exhibit boundary Majorana modes when in a topological phase.
However, the ground state degeneracy, inherent in these systems, may result in the annihilation of
Majorana modes due to the superposition of the two states. To address this issue, we introduce
a projective measurement that selects one of the degenerate Z2 sectors, enabling the emergence of
Majorana modes. Once the state is selected, we show that the application of the local spin operators
on a bond flips the sign of the adjacent Z2 flux. Repeating such operators enables the system to
reach a desired Z2 flux configuration. We present the phase diagram and the appearance of Majo-
rana modes at the interfaces of topological and non-topological phases. These modes, along with
boundary Majorana modes, can be manipulated and fused by tuning the flux sectors achievable
through applying local spin operators. We also discuss the engineering of the Kitaev ladder and
open questions for future studies.

I. INTRODUCTION

Decoherence of quantum states is recognized as one of
the most serious challenges to realizing quantum comput-
ers. Topological quantum computation (TQC) provides
an elegant solution to the decoherence issue by storing
and manipulating quantum information non-locally in
the topological qubits [1–6]. The topological qubits are
based on fractionalized excitations of many-body systems
with long-range entanglement, which encode non-Abelian
statistics.

Searching for material platforms to realize fraction-
alized excitations has been one of the central themes
in condensed matter physics. Examples of such plat-
forms include chiral p+ ip superconductors. Within the
vortex core of these chiral p + ip superconductors, the
emergence of Majorana zero modes, zero energy bound
states, is facilitated by the additional angular momen-
tum arising from the superconducting pairing.[7] Sub-
sequently, it was demonstrated that half-quantum vor-
tices, constituting half of a single vortex, harboring Ma-
jorana fermions within chiral p-wave superconductors ex-
hibit non-Abelian statistics.[8] Due to the challenges of
finding the chiral p-wave bulk materials, proposals have
been made to engineer chiral p-wave superconductors by
leveraging the proximity effect of spin-orbit coupling in
conventional superconductors.[9]

An alternative approach has also been developed.
Quantum spin liquids in frustrated magnetic systems of-
fer fractionalized excitations. Among them, the Kitaev
spin model composed of the bond-dependent Ising inter-
action exhibits the Majorana fermions and Z2 vortices
which obey the non-Abelian statistics under the magnetic
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field. [10] While there is a growing list of the spin-1/2 Ki-
taev candidate materials, including honeycomb Na2IrO3,
α-RuCl3, and cobaltates[11–20], the quest for a definite
example of quantum spin liquids remains unresolved.

Parallel to the search for two-dimensional (2D) candi-
date materials, research also focuses on one-dimensional
(1D) topological systems. In particular, the p-wave
topological superconductor, which hosts edge Majorana
zero modes, has been extensively studied. [21–29] It was
demonstrated that the Majorana zero modes fuse to
vacuum and fermion sector [27, 30–32], and the Majo-
rana fermions encode non-Abelian statistics when form-
ing a wire network [31]. It was shown that the braid-
ing of Majorana fermions can be conducted with a mini-
mum of T-junction geometry and the fusion of Majorana
fermions may be detected through a parity-to-charge
conversion[30, 31, 33]. In these setups, one significant in-
gredient is to change the topological nature of the wire,
which may be realized through external voltage to change
the chemical potential of the electrons[31].

Motivated by research into 1D p-wave superconductiv-
ity and the Kitaev honeycomb model, we investigate the
1D version of the Kitaev honeycomb model, the spin-
1/2 Kitaev ladder, as illustrated in Fig. 1, where x, y,
and z refer to the spin-1/2 Ising interaction of the form
Sγ

i S
γ
j with γ = x, y, z. This model is exactly solvable us-

ing the Jordan-Wigner transformation, which effectively
maps the spin-1/2 system to fermionic systems through
a non-local transformation.[34–36] Furthermore, it has
been demonstrated that the anisotropic Kitaev ladder
phase exhibits a symmetry-protected topological phase
characterized by a string order parameter.[37–42] The
Kitaev phase can be conceptualized as a pair of Majo-
rana fermions coupled to a Z2 flux defined on a bond
(or equivalently square plaquette). The two degenerate
ground states under periodic boundary conditions (PBC)
are connected by the Z2 flux transformation. Conse-
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Fig. 1. The Kitaev ladder with bond-dependent nearest neigh-
bour Ising interaction. The red, green and blue bonds indi-
cates x,y and z bond respectively.

quently, if an arbitrary superposition of the two degen-
erate ground states is considered, the Majorana fermions
from the two Z2 flux configurations may annihilate or
form complex fermions. However, by selectively choos-
ing a specific Z2 flux sector through projective measure-
ment, a single Majorana fermion emerges at each end of
the open boundary, which can be further controlled by
manipulating the Z2 flux. Here we propose how to select
a desired Z2 flux configuration and control the Majorana
fermions.

The paper is organized as follows. In Sec.II, we first re-
view how the model can be written as Majorana fermion
coupled with Z2 flux, which is defined on a bond, by
Jordan-Wigner transformation. We then demonstrate
how to select a fixed configuration of the Z2 flux among
the two degenerate states. In Sec.III, we present the
phase diagram of the π-flux, which is the ground state,
of the anisotropic Kitaev ladder and identify different
topological phases. We then investigate the phase dia-
gram with 0-flux sector. In Sec.IV, we perform analyti-
cal and numerical analysis to demonstrate the emergent
Majorana fermion modes at the boundary or interface be-
tween topological and non-topological phases. In Sec.V,
we demonstrate that the Majorana modes can be moved
and fused by changing the flux via applying local spin
operators. In Sec.VI, we discuss the engineering the Ki-
taev ladder out of the honeycomb structure by replacing
Jeff = 1/2 ions with a nonmagnetic ions except for the
two zig-zag chains. The shape of the ladder, consisting
of two coupled zig-zag chains, differs from the regular
ladder due to an alternating bond length between the
chains. The phase diagram of the modified Kitaev inter-
action is presented. In Sec.VII, we summarize our results
and discuss open questions for future studies.

II. PREPARING A SPECIFIC Z2 FLUX
SECTOR IN THE KITAEV LADDER MODEL

In this section, we discuss the method to prepare and
tune the configurations of the Z2 flux. First, we review
the Jordan-Wigner transformation which transforms the
spin system into the fermion system.

We consider a spin- 1
2 ladder with bond-dependent Ising

interaction with L unit cells, corresponding to N = 2L
sites in total, as depicted in Fig. 1. The Hamiltonian of

the system is given by

H =
L∑

j=1

1
4(Kxσ

x
j,Bσ

x
j+1,A +Kyσ

y
j,Aσ

y
j+1,B +Kzσ

z
j,Aσ

z
j,B),

(1)
where σj,µ are the Pauli matrices on each site and µ =
(A,B) is the sublattice index. To represent the Hamil-
tonian, H, in terms of Majorana fermion, we map the
spin system to a fermion system using Jordan-Wigner
transformation. The Jordan-Wigner fermion is defined
by f†

j,µ = σ+
j,µS(j, µ), where the string operator, S(j, µ),

is defined by

S(j, µ) =



∏
k<j

(k,ν)∈LB

σz
k,ν , (j, µ) ∈ LB ,

∏
k<j

(k,ν)∈LT

σz
k,ν

∏
(l,α)∈LB

σl,α, (j, µ) ∈ LT ,

(2)
where LB and LT represents the set of spins at the bot-
tom ladder and the top ladder, respectively. Majorana
fermions are defined as

γj,A = fj,A + f†
j,A, γ̃j,A = i(f†

j,A − fj,A),

γj,B = i(f†
j,B − fj,B), γ̃j,B = fj,B + f†

j,B,
(3)

where they satisfy {γj,µ, γk,ν} = 2δjkδµν1, {γ̃j,µ, γ̃k,ν} =
2δjkδµν1, and {γj,µ, γ̃k,ν} = 0. According to the defini-
tion in Eq. 3, each complex f -fermion is represented by
two Majorana fermions, thereby preserving the size of the
Hilbert space. Consequently, the Kiteav Hamiltonian, H,
is represented by

H =
∑

j

[
Kx

4 iγj,Bγj+1,A − Ky

4 iγj,Aγj+1,B

+Kz

4 (iγj,Aγj,B)(iγ̃j,Aγ̃j,B)
]
.

(4)

We define a Z2 flux on the vertical bond, Dj , as Dj =
iγ̃j,Aγ̃j,B, which commutes with the Hamiltonian and
each other. Hence the Hamiltonian, H, can be diago-
nalized in different {Dj} sectors. Dj can take values of
either +1 or −1. Specifically, the ground state of the lad-
der stays in the π-flux sector, defined by DjDj+1 = −1,
according to the Lieb’s theorem[43]. This means that
the ground state has the {Dj} configuration of either
{Dj} = {+1,−1, · · · } or {Dj} = {−1,+1, · · · }. The
sector {Dj} and the sector {−Dj} have the same en-
ergy spectrum for Majorana fermions. This is because
the transformation Dj → −Dj for all j is equivalent to
γj,µ → −γj,µ for (j, µ) ∈ LB . Such a local phase fac-
tor added to the definition of Majorana fermions does
not change the energy spectrum. Hence, when consider-
ing PBC, the model contains a double degeneracy, due
to the equivalence of Majorana fermion spectrum for
{Dj} and {−Dj} sectors, i.e., {Dj} = {+1,−1, · · · } and
{Dj} = {−1,+1, · · · }.
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In order to see the edge Majorana mode in the topo-
logical phase, the double degeneracy must be broken by
choosing a specific flux sector. This can be done by ap-
plying projective measurement to select the desired {Dj}
sector, which corresponds to non-local spin operations.
In spin representation, Dj takes the form of

Dj =



σx
j,Aσ

x
j,B

∏
k>j

(k,µ)∈LB

σz
k,µ

∏
l<j

(l,ν)∈LT

σz
l,ν , j is odd,

− σy
j,Aσ

y
j,B

∏
k>j

(k,µ)∈LB

σz
k,µ

∏
l<j

(l,ν)∈LT

σz
l,ν , j is even.

(5)
The preparation of a specific flux sector can be achieved
by projective quantum measurement of Dj on a single
bond. Consider any linear combination of the ground
state, |ψ⟩ = ψ1|{+1,−1, · · · }⟩ +ψ2|{−1,+1, · · · }⟩. After
applying the projector, Π+

1 = (1 + D1)/2, the quantum
state becomes Π+

1 |ψ⟩ = |{+1,−1, · · · }⟩. Similarly, after
applying the projector, Π−

1 = (1 − D1)/2, the quantum
state becomes Π−

1 |ψ⟩ = |{−1,+1, · · · }⟩.
After the preparation of the specific Z2 flux sector,

the Z2 flux can be manipulated by applying local spin
operators. The local spin operators that flip the sign of
Dj and Dj+1 are

U(j,j+1) = σx
j,Aσ

x
j+1,B = iγ̃j,Aγ̃j+1,B, (6)

which are nearest-neighbor spin operators. It is straight
forward to check that

U(j,j+1)DlU
†
(j,j+1) = −Dl(δl,j + δl,j+1), (7)

which means that the operation Uj,j+1 flips the sign of Dj

andDj+1. The unitary operator can also be σy
j,Bσ

y
j+1,A =

−iγ̃j,Bγ̃j+1,A, which flips the sign of Dj and Dj+1 as
well. Hence, any configuration of {Dj} can be reached by
applying projective quantum measurement and local spin
operators. A potential realization of applying local spin
operators on the spin systems is discussed in Appendix
B.

III. PHASE DIAGRAM OF KITAEV LADDER

In order to obtain the phase diagram of the Kitaev
spin ladder for a given flux sector, we exactly solve the
Majorana hopping problem for given {Dj} with PBC.
The π-flux sector, also denoted as the ground state sector,
satisfies DjDj+1 = −1. Flux excitations with other {Dj}
configurations are gapped. In π-flux sector, there are
four bands in the dispersion, corresponding to the four
sublattices. The energy dispersion of the four bands takes
the form of (ϵπk,+, ϵ

π
k,−,−ϵπk,+,−ϵπk,−), where

ϵπk,± = 1
2

√
(Kz ± (Kx −Ky) sin k2 )2 + (Kx +Ky)2 cos2 k

2 .
(8)

The energy gap closes at |Kx − Ky| = Kz, indicating
a topological phase transition at these lines. The phase
transition lines and the phases for the ground state sector
are depicted in Fig. 2, where Tx and Ty denote two topo-
logical phases, NT denotes the non-topological phase.
The existence of edge modes can be observed at extreme
parameter limits and maintained within the same phase
without closing the energy gap. For the Tx phase, one
can consider the limit where Kx ≫ Ky,Kz. In this limit,
the Majorana fermions on each x-bond are coupled, leav-
ing one Majorana fermion on the left and right edges as
the edge Majorana modes. For the NT phase, one con-
sider the limit where Kz ≫ Kx,Ky. This configuration
leads to the coupling of Majorana fermions across each
rung, resulting in the absence of edge modes, in contrast
to the Tx phase. To see the relation between Majorana
fermions and spins, we solve the limit Kz ≫ Kx,Ky us-
ing perturbation theory in Appendix A.

For 0-flux sector, i.e., {Dj} = {+1,+1, · · · }
or {Dj} = {−1,−1, · · · }, the fermion bands are
(ϵ0k,+, ϵ

0
k,−,−ϵ0k,+,−ϵ0k,−), where

ϵ0k,± = 1
2

√
(Kz ± (Kx +Ky) cos k2 )2 + (Kx −Ky)2 sin2 k

2 .
(9)

Here, the transition lines are |Kx + Ky| = Kz and
Kx = Ky with (|Kx+Ky| > Kz). The phase diagram and
the corresponding {Dj} configurations for the 0-flux sec-
tor are illustrated in Fig. 3. The phases Tx, Ty, and NT,
previously identified, are also present in the 0-flux config-
uration. However, the extent of these phases varies from
that observed in the ground state sector. Consequently,
in the region where |Kx −Ky| < Kz and Kx +Ky > Kz,
the system is within the topological phase for 0-flux sec-
tor, as shown in Fig. 3, and is within the non-topological
phase for the ground state sector, as shown in Fig. 2.
Hence, by changing the {Dj} sector, one can change the
topological nature of the model without tuning the pa-
rameters.

IV. MAJORANA BOUNDARY MODE

To identify the Majorana zero modes in the topolog-
ical phase, we review the treatment developed by De-
Gottardi et al. [35]. For given parameters in the topo-
logical phase, the Majorana zero modes can be identi-
fied as two Majorana operators, γA =

∑
j αjγj,A and

γB =
∑

j βjγj,B. The double degeneracy of the energy
spectrum in the topological phase becomes clear by defin-
ing a complex fermion operator, f = 1

2 (γA + iγB), such
that f†f − 1/2 = 1

2 iγAγB. Since the f fermion con-
tributes zero energy to the Hamiltonian, the Hamiltonian
resides a Z2 symmetry in the topological phase. The two
zero-energy states can be denoted as the eigenstates of
the occupation number of f fermion, i.e., |0⟩ and |1⟩.
By choosing a particular linear combination of the two
states, one simultaneously breaks the Z2 symmetry and
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· · ·

· · ·

+1 +1 +1· · ·−1 −1 −1

Fig. 2. Fig.(a) and Fig.(b) depict the phase diagram and the
corresponding configuration of Dj of the π-flux sector, where
{Dj} = {+1,+1, · · · }. Tx and Ty phase are two topological
phases with Majorana boundary mode. NT phase represents
the non-topological phase.

Kx/Kz

Ky/Kz

1

10

Ty

Tx

NT

· · ·

· · ·

+1 +1 +1· · ·+1 +1 +1

(b)

(a)

Fig. 3. Fig.(a) and Fig.(b) depict the phase diagram and the
corresponding configuration of Dj of the 0-flux sector, where
{Dj} = {+1,+1, · · · }. Tx and Ty phase are two topologi-
cal phases with Majorana boundary mode. NT phase rep-
resents the non-topological phase. NT phase represents the
non-topological phase.

determines the expectation values of spin or Majorana
operators. To elucidate the relation between Majorana
mode and the degenerate states, one consider that the
operators, {γA, γB, iγAγB}, obey the same commutation
relations as the three Pauli matrices. Thus, one can make
linear combinations of the state |0⟩ and |1⟩ to construct
the eigenbasis, |ψ±,A⟩ and |ψ±,B⟩, of γA and γB opera-
tor, i.e., γA|ψ±,A⟩ = ±|ψ±,A⟩ and γB|ψ±,B⟩ = ±|ψ±,B⟩.
With these basis, it is straightforward to show that
⟨ψ±,A|γj,A|ψ±,A⟩ = ±αj and ⟨ψ±,A|γj,B|ψ±,A⟩ = 0, with
the same for A ↔ B. As a result, the probability of
detecting a Majorana fermion at a specific site for the
state |ψ±,A⟩ is described by the coefficients, |αj |2 for site
(j,A).

In order to identify the Majorana zero modes, the
transfer matrix approach is applied to find the opera-
tors γA and γB. To begin with, one consider the Heisen-
berg picture with time-dependent operators and time-
independent states. The Hamiltonian, Eq. 4, can be
considered as a free fermion Hamiltonian with Bogoli-
ubov quasiparticles. For the fermion in the Hamilto-
nian with energy ω, the time-dependence is described by
f(t) = f(0)e−iωt. For the f -fermion that has the form
of f = 1

2 (γA + iγB), the operator γA and γB also satisfy
γA(t) = γA(0)e−iωt and γB(t) = γB(0)e−iωt. Substitute
the form of γA(t) and γB(t) into the Heisenberg equation
of motion, one obtain the following equations,

−Kxγj−1,B −Kyγj+1,B +KzDjγj,B = −iωγj,A,

Kxγj+1,A +Kyγj−1,A −KzDjγj,A = −iωγj,B.
(10)

Because the Majorana zero modes have zero energy, we
look at the ω = 0 case of Eq. 10, which can be solved by
real coefficients, αj and βj . Combining Eq. 10 with the
fact that {γA, γj,A} = 2αj and {γB, γj,B} = 2βj , one can
derive the relations of αj and βj ,

−Kxβj−1 −Kyβj+1 +KzDjβj = 0,
Kxαj+1 +Kyαj−1 −KzDjαj = 0.

(11)

These coefficients are normalized, ensuring that the edge
Majorana operators satisfy γ2

A = γ2
B = 1. To deter-

mine the coefficients of the edge Majorana operators, γA

and γB , one starts with an arbitrary boundary condition,
such as α1 = 1, β1 = 1. The remaining coefficients can
be determined using Eq. 11.

To elucidate the exponential decay of the proba-
bility |αj |2, we exactly solve Eq. 11 for {Dj} =
{+1,−1,+1,−1, · · · }, corresponding to the π−flux sec-
tor. From Eq. 11, the relation between βj is the same as
the relation of αL−j for mirror-symmetric {Dj}. Hence,
it is sufficient to exactly solve αj ’s for this case. With
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{Dj} = {+1,−1,+1,−1, · · · }, Eq. 11 can be written as

Kxα2 +Kzα1 = 0,
Kxα3 +Kyα1 −Kzα2 = 0,
Kxα4 +Kyα2 +Kzα3 = 0,
Kxα5 +Kyα3 −Kzα4 = 0,

...
KxαL +KyαL−2 + (−1)LαL−1 = 0.

(12)

Starting with the boundary condition such that α1 =
1, it follows that α2 = − Kz

Kx
. For general integer

n, (α2n+1, α2n+2) are determined solely by α2n−1, α2n,
through

α2n+1 = −Ky

Kx
α2n−1 + Kz

Kx
α2n,

α2n+2 = Kz

Kx

Ky

Kx
α2n−1 +

[
−Ky

Kx
−

(
Kz

Kx

)2
]
α2n.

(13)

We perform linear combinations of these two equations,
such that

α2n+1 +M±α2n+2 = R± (α2n−1 +M±α2n) , (14)

where M± = 1
2Ky

(
−Kz ±

√
K2

z + 4KxKy

)
and R± =

− Ky

Kx
+ M±

(
Kz

Kx

) (
Ky

Kx

)
. Hence, the exact general solu-

tion of the coefficients αj can be obtained from

α2n+1 +M±α2n+2 = Rn
±(α1 +M±α2). (15)

From Eq. 15, it is clear that the linear combinations of
the coefficients, α2n+1 and α2n+2, exponentially decay
or grow as a function of the site index n if and only if
|R+| > 1 and |R−| > 1. Hence, a topological invariant,
ν, can be defined as

ν = −sgn [(|R+| − 1)(|R−| − 1)] , (16)

where ν = 1 represent the non-topological phase, and
ν = −1 represent the topological phase with edge mode.
For {Dj} = {+1,+1, · · · }, the topological invariant has
the following form,

ν = −sgn
(
(Ky −Kx)2 −K2

z

)
. (17)

For |Ky − Kx| > Kz, the probability of locating Majo-
rana fermion for |ψ+,A/B⟩ is exponentially decaying or
growing as a function of the site index j, indicating the
edge Majorana mode. For |Ky − Kx| < Kz, there is no
such exponential decay or growth. Hence, the phase is
identified as the non-topological phase, with the quan-
tum phase transition lines confirmed as |Ky −Kx| = Kz.
These results match with the exact solution for the Ma-
jorana fermion model with PBC in Sec. III.

In order to confirm the Majorana zero mode, we per-
form numerical simulations with fixed flux sectors and
open boundary conditions (OBC). The Hamiltonian is

Fig. 4. (a) The coefficients of the Majorana zero modes ob-
tained from diagonalizing the fermion Hamiltonian with Kx =
2.5, Ky = 1.0, Kz = 1.0 and {Dj} = {+1,−1,+1,−1, · · · }.
One Majorana zero mode is located at each end of the ladder.
The illustration depicts the Majorana fermion correlation in
the topological phase, with the red circle indicates isolated
Majorana mode. (b) The Majorana zero mode emerges at
the interface of the topological phase, Tx, and non-topological
phase for the Kitaev ladder system with Kx = 1.5, Ky = 1.0,
Kz = 1.0. For j from 1 to L/2, Dj is chosen as (−1)j , which
is identified as non-topological phase. For j from L/2 + 1 to
L, Dj = −1, which is identified as Tx phase. The illustra-
tion depicts the Majorana zero mode located at the interface
of two phases, with red circle represents localized Majorana
fermion.

represented as H =
∑

jµ,kν A(jµ,kν)(iγj,µγk,ν). The
quasi-particle excitations are characterized by the linear
superposition of Majorana fermions, which is determined
by the eigenvectors of the Hermitian matrix A(jµ,kν). In
Fig. 4(a), we plot |αj |2 and |βj |2, which represent the
edge Majorana zero modes on each edge of the system
using N = 1000, i.e., L = 500 rungs with Kx/Kz = 2.5,
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Ky/Kz = 1.0, and {Dj} = {+1,−1, · · · }. The red cir-
cule in the inset indicates the localized Majorana mode,
while the grey oval denotes a stronger x-bond in the
Kx ≫ Ky,Kz limit, which is in the Tx phase. Note
that these coefficients decay exponentially when moving
to the bulk of the system, which agrees with the ana-
lytically obtained αj and βj . In addition to the edge of
the system, localized Majorana fermion can also emerge
at the interface of topological and non-topological phases.
To demonstrate this, we diagonalize A(jµ,kν) for a system
size of L = 500, with Kx/Kz = 1.5, Ky/Kz = 1.0. The
flux sector is chosen as {Dj} = {+1,−1, · · · } for j from
1 to L/2, and {Dj} = {−1,−1, · · · } for j from L/2 + 1
to L. The dashed line in the inset represents the inter-
face of the topological and non-topological phase. The
probability of Majorana fermion locating at each site are
plotted in Fig. 4(b). The one Majorana mode, which is
represented by the red dot near the dashed line, appears
at the interface of the non-topological and the topological
phases.

V. MANIPULATION AND FUSION OF
MAJORANA MODES

In Sec. III and Sec. IV, we explore the phase diagram
and boundary modes for both the π-flux and the 0-flux
sector of the Kitaev spin ladder. Notably, for different Dj

sectors under identical coupling constants, the phase can
be either topological or non-topological. Consequently,
the Majorana fermions can be adiabatically transitioned
by varying Dj , facilitating the potential for manipulat-
ing and fusing of Majorana fermions. In this section,
we demonstrate that how the Majorana fermion can be
moved and fused in the Kitaev ladder by changing the
Z2 flux.

Here we demonstrate the moving and fusion of Ma-
jorana fermions. In order to change the topological na-
ture of the system through changing {Dj} configurations,
the parameters are chosen to satisfy |Kx − Ky| < Kz

and Kx + Ky > Kz. The system is initially prepared
to be in topological phase (T phase), i.e., either Tx

or Ty phase, with {Dj} = {+1,+1, · · · }, which is de-
picted in Fig. 5(a). In the initial setup, two Majorana
fermions, γA and γB, reside on the edge of the ladder.
To move the Majorana fermion, Dj is flipped from +1 to
−1 on the even number rungs through local spin opera-
tions introduced in Sec. II. When {Dj} is changed from
{Dj} = {+1,+1, · · · } to {Dj} = {+1,−1,+1,−1, · · · },
the topological nature of that region is changed from T
phase to NT phase. The Majorana fermion is then moved
adiabatically from the edge of the system to the interface
of the NT and T phase, which is illustrated in Fig. 5(b).
As γA moves further towards the boundary, the two Ma-
jorana fermions can fuse into either the vacuum |0⟩ or the
complex fermion f†|0⟩, as illustrated in Fig. 5(c). The
two Majorana fermions have interaction through short-
range interactions in the Hamiltonian.

γA γB

NT
{Dj} = {+1,−1,+1,−1, · · ·} {Dj} = {+1,+1, · · ·}

γA γB

(a)

(b)

Tx or Ty

{Dj} = {+1,+1, · · ·}

|Kx −Ky| < Kz and Kx +Ky > Kz

NT

(c)

NT
{Dj} = {+1,−1,+1,−1, · · ·}

f †

|0〉

f †|0〉

L

l

{Dj} = {+1,−1,+1,−1, · · ·}

Tx or Ty

Fig. 5. The illustration of moving Majorana fermion. The
interaction strength is set to satisfy |Kx −Ky| < Kz. (a)The
system is initialized with {Dj} = {+1,+1, · · · }, which gives
the topological phase, Tx or Ty, with edge Majorana fermion
γA and γB. (b)The Majorana fermion, γA, is moved by spin
operations that change the Z2 flux, Dj . The Z2 flux configura-
tion is changed to {+1,−1,+1,−1, · · · }, which turns the gray
region from topological phase to the NT phase. The Majorana
fermion γA is adiabatically moved from the left boundary of
the material to the interface of the NT and topological phase.
(c) The two resulting state of Majorana fusion. Depending on
the initial state in (a), the state after fusion is either vacuum,
|0⟩ or a fermion excitation, f†|0⟩.

Fig. 6. The numerical simulation of the fusion process de-
picted in Fig. 5. The energy spectrum for E/Kz from −1 to
1 is plotted. After fusion the state becomes either the ground
state or with a fermion excitation, indicated by the blue and
red lines.
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Numerical simulation is conducted in order to confirm
the moving and fusion of Majorana fermions by changing
{Dj}. The Majorana fermion Hamiltonian with OBC is
diagonalized with N = 1000 sites with fixed parameter
choice (Kx/Kz,Ky/Kz) = (1.5, 1). The process depicted
in Fig. 5 is simulated numerically. The energy spectrum
from −Kz to Kz is plotted as a function of l in Fig. 6,
where l denotes the length of the NT phase. We start
with l = 0, which corresponds to Fig. 5(a), i.e., all the
material is within the topological phase. For a finite l,
we confirm the existence of the double degeneracy, which
is attributed to two isolated Majorana fermions. One of
the Majorana fermions resides at the interface of the NT
and T phase, while the other Majorana fermion resides
on the right edge of the system, as depicted in Fig. 5.
When l approaches L = 500, the rapid increasing of the
energy of the complex fermion is observed. One of the
state becomes the ground state, which is represented by
the blue line. The other state becomes a complex fermion
excitation, f = 1

2 (γA + iγB), which has finite energy in
the Hamiltonian.

VI. ENGINEERING A KITAEV SPIN LADDER
AND CHALLENGES

In this section we propose how to engineer a Kitaev
spin ladder. The Kitaev interaction is originated from the
indirect exchange process between Jeff = 1/2 wavefunc-
tion at the transition metal site and p-orbital at anion
sites when they make 90◦ bond angle.[44] For example,
for Ru3+ ions with 4d5 electron configuration surrounded
by Cl− octahedron, the low energy physics is described
by Jeff = 1/2, due to a combination of electron corre-
lation and spin-orbital coupling. The bond-dependent
Kitaev term is emerged from the interactions between
these Jeff = 1/2 pseudo-spins via indirect exchange path
with p-orbital. In order to get the Kitaev ladder geome-
try as illustrated in Fig. 7(a), the exchange path towards
the adjacent ladders must be frozen. To achieve this, we
replace the magnetic Jeff = 1/2 ions, for instance RuCl3,
with non-magnetic ions such as IrCl3 with filled d6 ions,
except for the two coupled zig-zag chains as shown in
Fig. 7(a). To block a possible charge transfer between
the magnetic and nonmagnetic ions, a thin insulating
barrier may be needed.

Note that Fig. 7(a) is merely an illustration rather
than a real crystal structure. The exchange interac-
tion between sites would give us the bond-dependent Ki-
taev interaction, as well as other interactions. The 1D
Kitaev-like term can be realized in this trimmed hon-
eycomb ladder through the nearest-neighbor interaction,
K = (Kx,Ky,Kz) as discussed above, but one of the z-
bond interactions with a longer distance is replaced by
K ′

z, as depicted in Fig. 7(b).
Taking into account the alternating z-bond interaction

for the trimmed honeycomb ladder, and writing the spin-
spin interaction in terms of Majorana fermions, which

Fig. 7. (a) An illustration of the engineered Kitaev ladder.
The red dots represent atoms with Jeff=1/2 wavefunction sur-
rounded by p-orbitals of ligand atoms depicted by white dots.
The ladder is confined by the insulating barrier. See the main
text for details. (b) The trimmed honeycomb ladder geom-
etry with the alternating z-bond interaction. K′

z represents
the z-bond with a longer distance.

have the same definition in Sec. II, the Hamiltonian reads:

H =1
4

L∑
j=1

[iKxγ2j−1,Bγ2j,A − iKyγ2j−1,Aγ2j,B

+Kz(iγ2j−1,Aγ2j−1,B)D2j−1

+ iKxγ2j,Bγ2j+1,A − iKyγ2j,Aγ2j+1,B

+K ′
z(iγ2j,Aγ2j,B)D2j ].

(18)

According to Lieb’s theorem, the ground state resides in
the π-flux sector. In the π-flux sector, the energy disper-
sion has four bands, (ϵk,+, ϵk,−,−ϵk,+,−ϵk,−), where

ϵ2±,k = (Kx +Ky)2 cos2 k

2 + (Kx −Ky)2 sin2 k

2
+ 1

2(K2
z +K ′2

z )

±
{

(Kz −K ′
z)2[(Ky +Kx)2 + 1

4(Kz +K ′
z)2]

+4(KyKz −KxK
′
z)(KyK

′
z −KxKz) sin2 k

2

} 1
2

.

(19)

The gap is closed at |Kx − Ky| =
√
KzK ′

z. The en-
ergy dispersion of the 0-flux sector can be obtained by
the transformation K ′

z → −K ′
z. The transition lines

where the gap closes are |Kx +Ky| =
√
KzK ′

z and Kx =
Ky(|Kx +Ky| >

√
KzK ′

z). The phase diagram of differ-
ent {Dj} sectors of the trimmed ladder model is drawn in
Fig. 8. The solid lines demonstrate the transition lines in
the ground state sector, {Dj} = {+1,−1, ,+1,−1, · · · }.
The dashed lines represent transition lines in the 0-flux
sector, where {Dj} = {+1,+1, · · · }. The blue lines re-
produce the same phase diagram as Kz = K ′

z, while the
red lines correspond to the case with K ′

z/Kz = 1/4. One
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Fig. 8. Phase diagram of the trimmed honeycomb ladder.
Blue and red color represent K′

z = Kz, the original model
studied in previous section, and K′

z = 1
4Kz, respectively.

The black arrows show the change of the transition lines
when K′

z/Kz is moving from 1 to a smaller value. (a) Solid
lines represent transition line in the ground state sector,
{Dj} = {+1,+1, · · · }, i.e., π-flux. (b) Dashed lines rep-
resent transition lines in the 0-flux sector, where {Dj} =
{+1,−1,+1,−1, · · · }.

can understand the phase diagram by moving from the
K ′

z/Kz = 1 case to K ′
z < Kz case, the phase transi-

tion lines are shifted as the black arrows indicate. When
K ′

z → 0, the two lines in both π-flux and 0-flux merge
to one line. At that limit, the energy dispersion goes
to ϵ±,k =

√
(Kx +Ky)2 − 4KxKy sin2 k

2 +K2
z/4±Kz/2.

The transition line is Kx = Ky. In this limit, there ex-
ists macroscopic number of zero modes. Because the z-
bonds for even number of rungs are missing, the Z2 flux
at the missing rungs, iγ̃2j,Aγ̃2j,B, have zero energy in the
Hamiltonian, resulting in 2L/2-fold degeneracy. The re-
gion which is within the two solid lines are of interest, as
the model is non-topological in the π-flux sector and is
topological in the 0-flux sector. The square root depen-
dence guarantees that even for smallK ′

z/Kz, for instance,
K ′

z/Kz = 0.01, the region still has a noticeable width of
0.1 in the phase diagram.

Note that the engineering of such a material is pri-
marily theoretical in nature. This is because, in order
to prevent other symmetry-allowed interactions among
Jeff = 1/2 pseudospins, such as Heisenberg and Γ interac-
tions [12, 45], one must inhibit direct exchange processes,
a task that presents significant challenges. Additionally,
it is highly probable that the ideal octahedral structure
is modified due to the presence of an insulating barrier
along the ladder. This would introduce additional inter-
actions which further spoil the exactly solvable problem.
Additionally, while it has been established that the ex-
tended Kitaev ladder model exhibits the same Kitaev
phase as the Kitaev point, albeit with small Heisenberg
and Γ interactions [39, 40, 44, 45], the identification of
Majorana edge modes beyond the exact solvable point
remains a question. We defer these inquiries to future
studies.

VII. SUMMARY AND DISCUSSION

Identifying and manipulating fractionalized excitations
that encode non-Abelian statistics in many body sys-
tems is essential for realizing TQC. Examples of systems
exhibiting fractionalized excitations and non-Abelian
statistics include p + ip superconductor and the Kitaev
spin model. Meanwhile, studies are also focused on 1D p-
wave superconductors, which host edge Majorana mode
in the topological phase. The isolated Majorana modes in
wire networks are proposed to encode non-Abelian statis-
tics. These studies demonstrate the potential realization
of TQC using 1D topological systems.

Motivated by research into 1D p-wave superconduc-
tivity and the Kitaev spin model, we investigate the
spin−1/2 Kitaev ladder systems. The spin−1/2 lad-
der can be conceptualized by Majorana fermions coupled
with Z2 flux Dj defined on a vertical bond j. The ground
state has {Dj} = {+1,−1, ...} and {−1, 1, ...}, which are
degenerate. We first found the projective measurement
that selects one of the ground states. Once the state is
selected, we can apply the local spin operators on a bond,
such as σx

j σ
x
j+1 on a y-bond, which flips the sign of the

adjacent Dj and Dj+1. Repeating such operators enables
the system to reach a desired Z2 flux configuration.

We then show the phase diagrams with the π-flux and
0-flux sector, which contain different phase transition
lines. By manipulating the Z2 flux sector through local
spin operators as discussed above, the topological nature
of the system can be manipulated with given parameters.
Isolated Majorana modes are identified through analyt-
ical and numerical techniques at both the edge of the
topological phase and the interface between topological
and non-topological phase. We investigate the process
of moving and fusion of the Majorana zero modes by
changing the Z2 flux. When the Majorana mode at the
interface between non-topological and topological phases
moves, via the sign change of Dj , toward the end of the
topological phase boundary, the two Majorana modes be-
come a vacuum or a complex fermion depending on the
initial state.

Furthermore, we explore the engineering principles be-
hind creating a Kitaev spin ladder. Given that the Kitaev
honeycomb structure is constructed by coupling zig-zag
Kitaev chains, the ladder could be actualized by replac-
ing Jeff = 1/2 ions such as RuCl3 with those possessing
a filled shell configuration, such as IrCl3 with d6, except
for two chains. To prevent any charge transfer, a thin
insulating barrier may be required. We derive the phase
diagram for this trimmed honeycomb ladder and confirm
the persistence of Majorana modes found in the regu-
lar ladder. Consequently, our method of manipulating
Majorana fermions remains applicable to an alternative
z-bond due to the geometry of the trimmed honeycomb
ladder. The current study is predominantly theoretical,
and we address the challenges associated with such en-
gineering, including symmetry-allowed interactions and
potential deformation of the octahedral structure. De-
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spite these challenges, we hope that our protocol could
be realized in the future.
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Appendix A: Ground states in extreme limit

In order to understand the double degeneracy of the
ground states, we perform perturbation theory studies.
We consider the limit when Kz ≫ Kx,Ky. The Hamil-
tonian is

H = H0 + V, (A1)

where H0 = Kz

4
∑

⟨j,k⟩∈z-bond σ
z
jσ

z
k and V =

Kx

4
∑

⟨j,k⟩∈x-bond σ
x
j σ

x
k + Ky

4
∑

⟨j,k⟩∈y-bond σ
y
j σ

y
k . We re-

label the site as depicted in Fig. 9. In the zeroth or-
der, there is only z-bond Ising interactions. In each

vertical bond of the ladder, the quantum state is either
| ↑↓⟩2j−1,2j or | ↓↑⟩2j−1,2j , while the states with the same
spin alignment, | ↑↑⟩2j−1,2j and | ↓↓⟩2j−1,2j , have the en-
ergy ∼ Kz, which is a much higher energy that we ignore
for the construction of the effective Hamiltonian. We de-
note | ⇑⟩j = | ↑↓⟩2j−1,2j and | ⇓⟩j = | ↓↑⟩2j−1,2j . With
these two basis, one can construct the SU(2) algebra with
three Pauli matrices, defined as

τx
j = | ⇑j⟩⟨⇓j | + | ⇓j⟩⟨⇑j |,
τy

j = −i| ⇑j⟩⟨⇓j | + i| ⇓j⟩⟨⇑j |,
τz

j = | ⇑j⟩⟨⇑j | − | ⇓j⟩⟨⇓j |.
(A2)

According to perturbation theory, which is reviewed in
[10], the effective Hamiltonian has the form of

Heff = Π†
0(V+V G′

0(E0)V+V G′
0(E0)V G′

0(E0)V+· · · )Π0,
(A3)

where Π0 is the projector onto the ground state subspace,
G′

0(E0) =
(
(E0 −H0)−1)′ is the Green’s function that

only acts on the excited states and vanishes when acting
on ground states. For the first order, we have H(1)

eff = 0.
The first non-vanishing order is the second order, the
second order effective Hamiltonian is

H
(2)
eff = −KxKy

4Kz

∑
j

τy
j τ

y
j+1, (A4)

which is the Ising model along τy axis. Hence, there
exists two fold degenerate ground states, |ψ1⟩ and |ψ2⟩,
defined as

|ψ1⟩ = |+y,+y, · · · +y⟩ = |+y⟩1|+y⟩2 · · · |+y⟩L,

|ψ2⟩ = |−y,−y, · · · −y⟩ = |−y⟩1|−y⟩2 · · · |−y⟩L,
(A5)

where |±y⟩j = | ⇑⟩j ± i| ⇓⟩j are two eigenstates of the
τy

j operator. These two states are related through time
reversal symmetry, i.e., T |ψ1⟩ = |ψ2⟩ and vice versa. To
see the relation between these two states and {Dj} sec-
tors, we express the Dj operators using τ operators when
effectively acting on the ground state subspace,

Dj = (−1)j+1τx
j

∏
k ̸=j

τz
k . (A6)

It is straightforward to check that Dj |ψ1⟩ = (−1)j+1i|ψ2⟩
and Dj |ψ2⟩ = (−1)j+1(−i)|ψ1⟩. Hence, the two-fold de-
generacy can be characterized by the two {Dj} sectors,

|ψ1⟩ + i|ψ2⟩ with {Dj} = {+1,−1,+1,−1, · · · },
|ψ1⟩ − i|ψ2⟩ with {Dj} = {−1,+1,−1,+1, · · · }.

(A7)

Appendix B: Methods of applying spin operators
through magnetic field

In order to change Dj values, local spin operators, for
instance, σx

j σ
x
k on y-bond, is needed to be applied on the
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Fig. 9. Applying perturbation theory in the limit with
Kz ≫ Kx,Ky. The gray shade indicates that Kz interac-
tion is dominant.

Fig. 10. ED calculation with 24 spin sites with fixed {Dj}
sector. The blue and red dot represents the expectation value
of Majorana fermion for |ψ+,A⟩ and |ψ−,B⟩, which are linear
combination of the two lowest energy states. The dashed line
represents the analytical coefficients αj and βj derived from
Sec. IV. The deviation comes from finite size effect.

spin system. The local spin operator could be applied
through applying a magnetic field on a bond for a short
time of δt. To understand the process, let us consider the
Hamiltonian H = HK + HB , where

HB = µBBℏ
2 (σx

j +σx
k)[θ(t− t0) − θ(t− (t0 + δt))], (B1)

where HK is the Hamiltonian for the Kitaev spin ladder,
j, k belongs to y-bond that connect nearby Dj , θ(t) is the
step function with θ(t) = 0 for t < 0 and θ(t) = 1 for

t > 0. When considering the time evolution of the state
with Schrödinger equation, the state evolves from t0 to
t0 + δt as

|ψ(t0 + δt)⟩ = e−i(HK+HB)δt/ℏ|ψ(t0)⟩. (B2)

In order to prevent the system to enter another phase, δt
need to be controlled to satisfy Eδt

ℏ ≪ 1, where E is the
energy of the state. With these approximation, the time
evolution can be approximated by

|ψ(t0 + δt)⟩ ≃ e−iHBδt/ℏ|ψ(t0)⟩. (B3)
Hence, to effectively apply the operator σx

j σ
x
k , the mag-

netic field should satisfy

µBBδt

2 = π

2 , (B4)

such that e(−iσxπ/2) = −iσx.
Hence, by applying a strong magnetic field with a short

period of time on a local bond, one can effectively apply
the local spin operator to change theDj sector. Although
the topological nature of the Hamiltonian can be changed
through applying these local spin operators, the dynam-
ics of the quantum state needs to be further studied.

Appendix C: ED calculation

In order to confirm the Majorana zero mode in the
spin state, we perform exact diagonalization(ED) simu-
lations on the Kitaev ladder spin model using 24 sites
for the spin states with {Dj} = {+1,−1, · · · }. Since we
are using the open boundary condition, there are four
degenerate states. However, since we have fixed one of
the two Z2 flux configurations, there are two degenerate
states which represent two edge states with zero energy.
The probability of detecting localized Majorana fermion
is depicted in Fig. 10 for |ψ+,A⟩ and |ψ+,B⟩, where |ψ+,A⟩
and |ψ+,B⟩ are obtained from the linear combination of
nearly-degenerate ground states that maximize the ex-
pectation value of γA and γB operators, respectively. The
analytical result is depicted as dashed line for comparison
in Fig. 10. Due to the finite size effect, the degeneracy is
not perfect, and there is some tiny difference between the
analytical result and the numerical calculation. However
one can observe qualitatively the Majorana edge mode,
even for the small system size.
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