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CONVERGENCE OF STOCHASTIC INTEGRALS WITH
APPLICATIONS TO TRANSPORT EQUATIONS AND
CONSERVATION LAWS WITH NOISE
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ABSTRACT. Convergence of stochastic integrals driven by Wiener processes
Wy, with W, — W almost surely in C%, is crucial in analyzing SPDEs.
Our focus is on the convergence of the form fOT Vi dW, — fOT V dW, where
{Vn} is bounded in LP(Q2 x [0,T]; X) for a Banach space X and some finite
p > 2. This is challenging when V;, converges to V weakly in the temporal
variable. We supply convergence results to handle stochastic integral limits
when strong temporal convergence is lacking. A key tool is a uniform mean
L' time translation estimate on V;,, an estimate that is easily verified in many
SPDEs. However, this estimate alone does not guarantee strong compactness
of (w,t) = Vi (w,t). Our findings, especially pertinent to equations exhibiting
singular behavior, are substantiated by establishing several stability results for
stochastic transport equations and conservation laws.
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1. INTRODUCTION

We revisit the classical problem of proving convergence of stochastic integrals.
Let W,, and W be Wiener processes, and V,, and V be predictable processes taking
values in a Banach space, defined in respective filtrations for each n and at the
limit. Suppose V;, — V and W,, — W in some topologies. We shall consider the
question of the convergence

T 4 T
/Vndwn’ﬁ/ vV dw. (1.1)
0 0
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The convergence of these integrals is essential in the stochastic compactness method,
which is a fundamental component of many existence results for stochastic partial
differential equations (SPDEs), see, e.g., [1, 4, 5]. Our goal is to refine some estab-
lished results [1, 5] by focusing on scenarios where V;, does not exhibit strong tempo-
ral L? convergence. To achieve this, we introduce a critical assumption: a uniform
mean L' temporal translation estimate for V,, see (1.8) and (2.3). This assumption
effectively compensates for the lack of strong convergence of (w,t) — V,,(w,t) . The
proposed refinements are particularly relevant in the context of equations charac-
terized by singular coefficients and/or solutions. As we will see, the L' translation
estimate is straightforward to verify for many SPDEs.

The classical Skorokhod approach, which is based on nontrivial results concerning
the tightness of probability measures and the almost sure representations of random
variables, can assist in confirming strong temporal convergence of V,,. Subsequently,
Lemma 2.1 from [5] can be applied to pass to the limit in the stochastic integrals.
Let 4, X be Hilbert spaces, and denote by Lo (i, X) the space of Hilbert—Schmidt
operators from i to X. Let & be a Hilbert space into which 4 embeds, such
that the embedding is Hilbert—Schmidt, and under which the cylindrical Wiener
process becomes a Hilbert space valued Wiener process the sense of [4, Section
4.1.1]. Assuming that

(i) V, — V in probability in L*([0,T7]; L2(4, X)),
(ii) W, — W in probability in C([0,T]; ),
Lemma 2.1 of [5] states that

(1.2)

/ v, dw,, "% / V dW in probability in L*([0,T7]; X). (1.3)
0 0

In practice, V,, is often a deterministic map G(u,) of a solution u,, to the SPDE of
which the stochastic integral is a term. The strong temporal convergence assump-
tion (1.2)-(i) can often be obtained via the Skorokhod approach, if uniform statisti-
cal bounds can be obtained for u,, in spaces like LP([0,T]; By) N W*?([0,T); B-1),
where B_; and B are reflexive Banach spaces for which there is a Banach space
By giving By € By C B_1, and p € (1,00), s € (0,1) (see, e.g., [11, Theorem 2.1]).

The “martingale identification” approach offers an alternative to passing to the
limit in SPDE sequences, as detailed in [4, Pages 229-231] (for example). This
approach, differing from the one based on [5, Lemma 2.1], bypasses convergence
theorems for stochastic integrals. Instead, it focuses on computing the limits of
the deterministic integral terms in the equations and the quadratic variation of the
stochastic integrals, leveraging a representation theorem for martingales to establish
the existence of a probabilistic weak solution. However, a martingale representation
theorem is not always available in the SPDE context. A more recent method
[2, 21] utilizes only basic martingale and stochastic integral properties, avoiding
the martingale representation theorem. This method is particularly effective in
“quasi-Polish” spaces like C([0,T]; X — w) (see [17]) and has been much applied in
subsequent research. Nonetheless, while these spaces adopt a weak spatial topology,
their temporal topology remains strong (see also Remark 4.4 herein).

While the Skorokhod approach is widely adopted, it can be technically challeng-
ing and often necessitates detailed and lengthy proofs of convergence. Moreover,
there are examples where the practicality of this approach might be less evident.
This may occur with SPDEs that are too singular, hindering solutions from being
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uniformly bounded or converging in the more traditional spaces aforementioned.
For some examples, see [13, 18].

The key observation of our paper is that intricate Skorokhod-type approaches can
be bypassed when the primary goal is simply to pass to the limit in the governing
SPDEs. This will be achieved through refinements of [5, Lemma 2.1], using a
mean L! temporal translation estimate—see (1.8) and (2.3)—as a substitute for
the strong temporal convergence condition (1.2)-(i).

To provide context for our results, we will explore two examples. Variations of
these examples will be examined in detail in Sections 5 and 6, where they will serve
as applications of our findings. We begin by considering a sequence of transport
(continuity) equations characterized by multiplicative k-valued Brownian noise:

duy, + div (buy,) dt = fdt + o(up) AW, un(0) = ug p, (1.4)

where the equations are interpreted in the weak sense with respect to the spatial
variable x and are evaluated pointwise with respect to the temporal variable t,
being formulated as It6 integral equations.

The strong stability of weak solutions to deterministic transport equations was
first addressed in the seminal work of DiPerna and Lions [7]. A natural question is
whether strong stability results & la [7] can be established for stochastic transport
equations such as (1.4). To keep the presentation simple and focused on the core
issue, we will assume that the “data” (b, divb, f,ug.) of (1.4) possess sufficiently
high integrability. See [13] for a more “singular” example. We assume that ug
converges strongly to ug in Lf,ym for some p > 2. The primary point of departure
is the assumption that the solutions w,, of the stochastic transport equations (1.4)
converge weakly in L , . to a limit u.

In the deterministic scenario (where o = 0), the definition of weak convergence
would directly allow us to formulate a transport equation for the limit object w. This
forms the starting point for any strong stability analysis. However, this trivial step
becomes less straightforward in the stochastic case (even when the noise coefficient
o is a linear function). If o is globally Lipschitz, then the LP bound on w,, allows
us to infer that there exists a non-relabelled subsequence such that o(u,) — @ in
ij_’tyx, converging weakly to some limit . However, even when simply attempting
to confirm that the weak limit « solves the limiting equation (replacing o(u) with
7), it becomes crucial to understand the effects of this weak convergence on the
behavior of the associated stochastic integrals.

As in [7], our aim extends beyond merely establishing weak convergence; we
seek to demonstrate that w, converges strongly, thereby ensuring that & = o(u).
To achieve this transition from weak to strong convergence, we employ a well-
known propagation of compactness strategy. This involves formulating equations
for nonlinear compositions 7(u,) of u,, as well as for their respective weak limits
7. This leads to us to stochastic integrals of the form

T
/ VpdW,, V, ::/(p(x)l?(un)dx, peCr, (1.5)
0

where ?(u) is a nonlinear function given by ¥(u) = n'(u)o(u). From the uniform
LP bound on uy,, we may assume that ¥(u,) converges weakly in L.’ ., for some
exponent py dependent on p and the growth of 9. Consequently, our analysis is
directed towards examining the convergence of the stochastic integrals (1.5), under

the condition of weak convergence V;, — V in the space L{’;. Even when we replace
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o(u,) with a strongly converging additive coefficient o, proving convergence is
still problematic. The issue lies with the nonlinear term 9(u,) = %' (u, )0y, which
remains weakly convergent.

Our second example entails a sequence of stochastic conservation laws of the
following form:

dun, + V- F(uy) dt = oy (uy,) dW,. (1.6)

In the so-called kinetic formulation [20], adapted to the stochastic setting in [6],
the subgraphs x,(t,2,§) = L{c<u, (t,2)} Of un, where u,, are entropy solutions in
the sense of Kruzkov, satisfy the following kinetic equations:

dxn + F?’l(é-) “VaXndt — Un(g) 6£Xn dw,,

1
= 506 (10a(©) 9exn ) dt = Demndt, xn(0) = o,

where the kinetic defects m,, are random variables taking values in the space of
measures. The objective is to demonstrate that a L7, . . weak-x limit x of X,
serves as a weak solution to the kinetic equation in its hmltlng form. This equation
is formally deduced by omitting the n subscripts in (1.7). Again this necessitates the
examination of stochastic integrals, where the integrands exhibit weak convergence
in (w,t). This issue, when the Wiener process W, varies with the index n, is
relevant in stochastic conservation laws with discontinuous flux, where there is
a need to establish strong compactness through microlocal defect measures [18].
Furthermore, this problem has been encountered in the exploration of numerical
approximations for stochastic conservation laws [8; 9].

Motivated by these two examples, we are therefore particularly interested in the
general situation described by (1.1) when there is a lack of temporal compactness,
i.e., when there is no strong topology serving the temporal variable in which the
convergence V,, — V occurs.

Without an assumption such as (1.2)-(i), it is still feasible to use the SPDEs to
derive a mean L'-translation estimate in the time variable t, weak in the spatial
variable. With v,, = o(u,), where u, solves (1.4), we have that for any 8 € C2°,

2

uniformly in n. Similarly, for v, = 0,,(§) O¢xp in (1.7), we have (1.8) with the spatial
variable z replaced by the spatio-kinetic variable (x,&). Without w-dependence in
vp, the estimate (1.8) implies strong L' compactness of ¢t — V,, = [ B(z)v,(t) dz
(see (1.5) with ' = 1) via the Kolmogorov—Riesz compactness theorem. Of course
with w present, (1.8) does not imply strong compactness of (w,t) — V;,(w,t).

The key point here is that the mean L' temporal translation estimate (1.8) is
readily available for many SPDEs. For (1.4) and (1.7), this can be shown by deriving
the equation for dv,, from the equation for du, or dy, and integrating temporally
over [t—h, t] and then once again over [h, T'] after taking absolute values (see Lemma
5.3 and Sections 5 and 6). This double integration in time heuristically recovers
some “temporal compactness” in the sense of (1.8). The estimate (1.8) remains
valid even when the source term f in (1.4) is an L! function, or in cases where it is
a measure, such as the defect term 9¢m,, in (1.7) (see [13, 18]).

Now assume we have the L! translation estimate as specified in (1.8), coupled
with the weak convergence v, — v in Lf, , . for some p > 2. The latter implies that

(1.7)

(vn(t,z) — vp(t — h,x)) dz| dt = opy0(1), (1.8)
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for ¢ € C2°, the processes V,, = [ ¢uv,, dz converge weakly in LP(€2 x [0,77]). Our
primary result (Theorem 2.1) then implies the convergence

/()T/w(x)vn dzdw,, 21 /OT/ga(a:)v dedW  in L*(Q). (1.9)

Note that the mode of convergence in (1.3) is weak in L?(£2). This is often sufficient
when studying SPDEs, as weak convergence in L?(Q2) = L?(Q, F,P) allows us to
integrate a sequence of SPDEs with respect to P against any element of L?(2) and
conclude that the limit SPDE holds P-a.s., which is generally the desired outcome.
We will also consider the stronger assumption v, — v a.s. in L{ ., in which case
the convergence in (1.9) becomes strong in L?(£2). We will demonstrate (1.9) by
carefully modifying the proof of [5, Lemma 2.1].

The remaining part of the paper is organised as follows: In Section 2, we prove
our main result (Theorem 2.1). This is done in the setting of Hilbert space-valued
stochastic integrals. In Section 3, we provide an example and adapt Theorem 2.1
slightly to integrals taking values in a non-reflexive Banach space. In Section 4,
we present corollaries in which the assumptions on the convergence of V,, — V are
further refined. In the last two sections, we give applications of our convergence
theorems to stochastic transport equations (Section 5) and stochastic conservation
laws (Section 6).

2. MAIN CONVERGENCE RESULT
In this section, we will prove our primary convergence theorem.

Theorem 2.1 (Weak L?(Q) convergence of stochastic integrals). Fiz a probability
space (Q, F, ]P’). Let X be a real, separable Hilbert space. For eachn € N, let W,, be
an RF-valued Wiener process on the filtered probability space (Q, FAF Y eepo1)s ]P’),
and W an RF-valued Wiener process on (Q,]:, {]:t}te[O,T]a]P))-

Fizp > 2. For eachn € N, let V;, be an X™**-valued {F'}-predictable process,
and V be an X™**-valued {F;}-predictable process. Suppose

Vi, X5 i LP(Q x [0, T); X7, (2.1)
We further require that
W, 2% W in C([0, T]; RY), P-a.s. (2.2)

Suppose for a given 3 € X* that the following mean L' temporal translation
estimate holds:

T
IE/ B, Vi) x= x(t) — (B, Vo) x» x(t — h)| dt 49 uniformly inn.  (2.3)
h

Then for any t € [0,T],

t t
/(ﬂ,vn>X*Xde"L’°/ (B,V)x xdW in L*(;R™).
0 ’ 0

Proof. We carry out the proof for ¢ = T only, remarking that each step is valid
for any t € [0,T] in place of T. Without loss of generality, we identify X with its
dual X* and shall often drop the subscript on its angled duality bracket, which is
applied component-wise to V,, and V. We also use single line delimiters (absolute
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value delimiters) for the Euclidean norm of any finite dimension-valued object. We
begin by noting that the weak convergence assumption (2.1), implies

(B, Vi) 120 (3, V) in LP(Q x [0, T); R™*F). (2.4)

Moreover, we get the uniform bound:

T
148 V) et myznesy =B | B Va0 a

T
< IBILE / V(OB dt (2:5)

= 1815 ENIVallZogo,zp;5xmxry S 1-
This uniform bound in turn gives us
E N8, VLo o,y mmxry S 1 (2.6)

Obviously, (2.5) and (2.6) also imply similar uniform bounds for (8, V,,) and (8, V)
in LP«(Q; Lt ([0, T); R™**)) with p,p; < p. We shall often use these bounds with

Pt = 2.

We divide the remainder of the proof into five steps.
1. Temporal reqularisation.

For p > 0, let R(t) > 0 be a smooth function supported on R>q such that
JoSR(t)dt = 1. Set R,(t) = p~'R,(t/p). From the properties of R,,(t),

V5 >0, / R, () dt 2% 1. (2.7)

We will also use R, to denote the (one-sided) temporal regularisation operator
¢
0= [ Ryt=s1()ds FeL0.T). p>0. (25)

for t € [0,T]. Set R »(t) == R,(—t) and also

/Rs—t (B)dt, sel0,T].

Observe that for f,g € L'([0,T)),

T T B
/ R, £(t) g(t) dt = / () Rpg(t) dt
0 0

which follows from Fubini’s theorem. We can also derive

/ OR, (1) / £() 0R g (t) (2.9)

By standard convolution arguments,
10
1Rof Loz < 1oy s 1F = Rofll oz 22 0,
pd0
[Rotll,. oy < 1 2roimy |7~ Rod]

for any f € L"([0,T]) with r € [1, 00).
For any fixed p > 0, and any ¢ € N, convolution against 9f R, is also a bounded
opeator LY — L} by the smoothness of R, and by standard convolution arguments.

(2.10)

L7 ([0,11)
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Therefore R,(f,V;,) additionally lies in the space LP(€;C([0,T];R™**)) (and
similarly for 7@ in place of R,).

We now consider the sequence fo <[3, >dW € LP(Q;R™) and its proposed
limit by decomposing the difference between any element in the sequence and the
proposed limit as follows:

T T
I(n) = /0 <67 Vn>de _/0 (B, VYdW = Li(p,n) + I2(n, p) + I3(p), (2.11)

where
new = [ v aw -~ [ R,

Ir(n,p) = / o (B, Vi) dW,, / R,(B,V)dW,

/Rﬂ, dW/B,

2. The strong regularisation limit of I1(p,n) as p | 0.
By the It6 isometry,

T
Eﬁ:EA|wwm—RA@wW

_E/

dt

/7€t—sﬁ,>()

2
2.12
& (2.12)

/7zt—s (B, V) (1) — (8, Vi) (5)) dis

+1E/0 (1_/0 Rp(t—s)ds)2|<ﬁ,vn(t)>|2 dt

=: Jl + JQ.

First, by a change of variable s — t — s, then by Jensen’s/Holder’s inequality,
2
dt

Vo) (t) = (B, Va)(t — s)) ds

<E/|muﬂwt/7z (B, Vi) (8) — (B, V)¢ — s)[? ds
%,_/

T T
SE/O /0 Lo puy Ry (1) (B, Vi) (8) — (B, Vi) (t — pu))|? d (pu) dt

0o T

= [ MuzrmpRop0 B [ 1BV (3.V)0 - gl didi
0 pu

By construction, pR,(pu) = R(u) < 1 as p | 0. By the L! translation estimate

(2.3), the integrand of the du integral above tends to zero a.e. in u, uniformly in n,

1 2)/(p—1
p/(p— )Rmxk)HF”(p /(p—1)

via the interpolation estimate ||F||L2( 0,T)Rm k) < ||F||Lp ([0,7] [0, T];Rmx k)

T
E/’Kav>m (B.Va)(t — pu)|? dt

u
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1/(p—1) 1/(p—1)
p P
< [ (B148, Vad I g0 1y ) o CAICAGTA— ]

T (p—2)/(p—1)
X <E/ [(B, V) (t) — (B, Vi) (t — pu)] dt) JaCN 0,
P

u

where we have used the bounds (2.5) and (2.6). Moreover, for any 6 > 1,

/T/p
0
0

T/p T
:/ PRy (pu) <E/ (8, Va) (8) = (B, Va) (¢ = pu)* dt) du
0 0

6
du

T

PRAPIE [ |5V} (1) = (B. V)t pu)l® i

pu

¥ 25

T/p T )
So [ R au (B [ e v a) S
0 0
Therefore, by the Vitali convergence theorem (see, e.g., [24, page 94]), we have

Ji £10, 0, uniformly in n.

For any ¢ > § > 0, by (2.7), we can estimate

t t 5
1—/ Ryt —s)ds <1— Rp(t—s)ds=1—/ R,(s)ds = op0(1),
0 t—5 0

and so

([

T t
< (52p/(p2)_|_/ +‘1_/ R,(t —s)ds
s 0

Using Holder’s inequality, then,

2p/(p—2) (p—2)/p
dt)

2p/(p—2)

t
1—/ Ry(t—s)ds
0

(r-2)/p
dt> < (8% + 0pp0(1)) -

2/p
T2 51 (82 + 0p10(1) (BB Vil o sy ) -

which tends to 0 as p | 0 by choosing § = p and using the uniform bound implied
by (2.5). And we find that I (p,n) 20 0 in L2(;R™) as p | 0, uniformly in n.

3. The strong regularisation limit of Is(p) as p | 0.
By (2.6), (3,V) € L*([0, T]); R™*k), P-a.s. (since p > 2). Hence,

T
/ (B, V) — Rp<ﬂ,V>|2 a 240 0, P-as.
0
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By Hoélder’s inequality and Young’s convolution inequality on Bochner spaces (see,
e.g., [16, Proposition 1.2.5, Lemma 1.2.30]), , we obtain
T

T
/0|<ﬂ,v>—7zp<ﬁ,v>|2dts/o BV + R (8, V)2 dt
T
< (14 IR s omy) [ 1BV (2.13)

T
(2.6)
s [ eve e e v
0
Therefore, by Lebesgue’s dominated convergence theorem (in the w variable),

T
B [ 13.V) = Ry(8 V) dt 2% (2.14)
0

By the Ito6 isometry, the strong convergence I3(p) 29 0in L?(2;R™) then follows.
4. The weak limit of Is(n,p) as n T co.

Since Rp<[3, Vn> and R,(8,V) are almost surely smooth in time (for each fixed
p > 0), they have zero quadratic variation. Moreover, their cross-variation with
any process with finite quadratic variation must also be zero. This allows us to
apply integration by parts to each integral in Iz(n, p) to obtain:

Ln,p) =11+ Izo+ I3+ 124,

where .
L= / (0:R, (B, V) — R, (5, V7)) Wi dt,
0

Iy = Ry(B, Ve = V)(T) Wy(T), (2.15)

T
L= [ ORB.V) W =W,
0
Ira=Rp(B,V)(T) (Wn(T) = W(T)).
We aim to show that for any Y € L?(2), the n — oo limit of E[Y I3 1] is zero. (It

is sufficient to take a scalar-valued Y because weak convergence in R™ is equivalent
to element-wise convergence.) Using the property (2.9), we can write Iz 1 as

T ~
Ly — / (B.V — V. )oyR, W, dt.
0

We first recall two facts. One, using a maximal inequality (see, e.g., [23, Proposition
I1.1.8]), one obtains the moment estimate Esup;c (o 7y |Wn(t)|" S7,q 1, for any finite
q. Therefore, by the a.s. convergence (2.2) and Vitali’s convergence theorem,

E sup |W(t) — W,(t)|? 110, for any finite g. (2.16)
te[0,T]

Two, the product of weakly and strongly converging sequences converge weakly.
ntoo

Due to the strong convergence (2.16), for fixed p > 0, Btﬁan — 8tﬁpW in
L4 (Q; (o, T];Rk)) for any finite q. Therefore, the product Yatﬁan converges
strongly in L?’ (2 x [0, T];R¥) for any p’ < 2. Choosing p’ as the Hélder conjugate
of p, p/ = ﬁ < 2, which is possible as p > 2, the weak convergence (2.4) implies
that E[Y I3,1] converges to zero as n — 0.
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We will now examine the term Iz of (2.15). By (2.4), the weak convergence
of <ﬁ,Vn — V> in the temporal variable ¢ implies pointwise convergence of the
temporally regularised object

Ro(B, Vi = V) 00 in LP(Q; R™**), pointwise in t.
Additionally, as noted in (2.16), W,, converges strongly to W in L4(2; C([0, T]; R™*%))
for any finite q. Therefore, we can conclude that

ntToo

Ino = Rp(B, Ve — VI T)W,(T) 222 0,

weakly in LP~%(Q; R™) for any 0 < k < p— 2, and hence weakly in L?({2; R™) since
p> 2.

Recall the bound (2.6). For any 2 < r < p, let p < oo denote the Holder
conjugate of r/2. By Young’s convolution inequality and Holder’s inequality,

2 2 r 2/r 2% 1/p
Ellal’ < 10Rol o) (BB VI Gsozyamesy) (BIW = WallZo rya) )

(2.6) . P ntoo
Sp (E W — Wn”QC;‘D([OvT];Rk)) 0

(2.17)
Similarly, using

T
r&wwwnr-[}mw—@wVWMs

< ||Rp||£oo([oyT]) ||<57V>||TLl([0,T];RmX’“) )

we find that
2 r r 2/r 2p 1/p
E|lp4]" < ||Rp||L°°([0,T]) (E||<B’V>”L1([0,T];R’"X’°)) (E”W a WHHC([O’T];RIC))
(2.6) _ P ptoc
Sp (E HW - WnHQC;‘D([OvT];Rk)) 0
(2.18)

The strong convergences (2.17) and (2.18) imply that for Y € L?(Q),

ntToo

E[Yfzg], E[YIQA] — 0.
And in summary, our findings show that
Ir(n, p) M0 in L2(;R™), for any fixed p > 0.

5. Conclusion.
Returning to (2.11), testing against an arbitrary but fixed Y € L?(f2), we can
make

E[YI(n)] =E[Y (L(p,n) + I (n. p) + Is(p))

arbitrarily small by first picking a sufficiently small p (uniformly in n) and then
selecting a sufficiently large n (depending on the chosen p). More precisely, we pick
some small py such that for any p < pg the terms I; (p,n) and I3(p) become small,
uniformly in n. Then we select an integer N = N(po,Y’) such that for any n > N
the term Iz(n, po) becomes small. O
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Remark 2.2. We exhibit two examples to show the significance of the uniform L'
temporal translation estimate condition (2.3) and the optimality of p > 2.

Ezample 2.2.1. Define the probability space to be Q = [0,1] with the Lebesgue
measure. Set Fy, = sin(2mnw)sin(27nt), with T = 1. Assume that F,, and W,
are adapted to the same filtration. The set of functions {F,} is bounded, but no
uniform temporal translation estimate (2.3) is available. Though

nToo

F, —0 in LP(Q x [0,T]) for any finite p,

T 2 T 1
/ F, dW, :IE/ F2dt = -.
0 0 4

Ezample 2.2.2. Ignoring the translation estimate (2.3), the range p > 2 is optimal.
For each n > 3, let f, = \/5]1[071/71], and let Wy, be a standard, 1-dimensional

Brownian motion. We have ||fn||§/2([071]) <1, and f, — 0 in L?([0,1]). However,

we have

E

1
/0 Fo AWy = /nWa(1/n).

By the scaling property of the Brownian motion, this stochastic integral is distributed
as Wy, (1), which by assumption tends to W(1) a.s.— and not zero.

3. AN EXAMPLE WITH A NON-REFLEXIVE SPACE X

This section presents a mild extension of Theorem 2.1 to a non-reflexive Ba-
nach space X. We examine the convergence of stochastic integrals with inte-
grands V;,, that take values in X™*F = (Ll(Td))ka = LY(T% R™*F), and with
RF-valued Brownian motions W,. These integrands satisfy uniform bounds in
LP(Q X [O,T];Ll(Td;Rka)), for some p > 2, and weakly converge in L"(Q) x
[0, 7] x T4 R™*k) for some r > 1 (possibly 7 < p or even r < 2). The proof of the
convergence theorem below involves addressing the discrepancy between these two
spaces (cf. Theorem 2.1). This extension is useful in the analysis of the stochastic
Camassa—Holm equation (see [13, 15]).

Theorem 3.1 (L2(f2) convergence of stochastic integrals, X = L!(T%)). Fiz a
probability space (Q,]—“, ]P’). Forn € N, let W,, be an RF-valued Wiener process on
a filtered probability space (Q,]—“, {]:tn}te[O,T];P); and W be an RF-valued Wiener
process on a filtered probability space (Q,]—', {‘Ft}te[O,T]v]P))'

Fizp > 2 and r > 1. Forn € N, let V,, be an L*(T4R™ *)-valued {F'}-
predictable process, and let V' be an L'(T4; R™**)-valued {F;}-predictable process,
such that

ntoo

Vi 225V in L7(Q x [0, T] x T4 R™*F),

EIVallZe oy z1pagmeryy S 1

(3.1)
We further require that

ntoo

W, 25w i C([0,T];RY), P-a.s.
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Fiz q > d/2. Suppose that for a 3 € HY(T?) the following mean L' temporal
translation estimate holds:

T
IE/ B(x) (Va(t) — Vo (t — h)) dz| dt 90 uniformly in n. (3.2)
ho|JTa
Then for any t € [0,T],
t t
/ BV, dzdW, 1 / BV dedW in L2(Q;R™). (3.3)
0 Jrd 0 J1d

Proof. We will focus on the part of the proof of Theorem 2.1 that does not apply in
the case where X = L'(T?), which are Steps 3 and 4. As in Theorem 2.1, we begin
by observing the following bounds and convergences on fﬂ,d BV, dx and fﬂ,d BV dx:

(i) Using the embedding H q(’I['d) — L>=(T%), we have the uniform bound

/ﬁV d:C

This implies the bound (2.5). We shall establish the same bound for the
limit [, 8V dz in (3.8) below.

(ii) By the definition of weak limits, (3.1) implies [, 8V, doz — [, BV dz
in L"(Q x [0, T]); R™*¥). But (3.4) implies that along a subsequence,

<8Iz EIVallLer, S (3.4)

LY

nToo

BVpde M=F  in LP(Q x [0, T]; R™*F) (3.5)
Td

to a limit ®. By the uniqueness of weak limits, each subsequence in fact
tends to the same limit ® = [, 8V dz, P ® dt-a.e.

With the regularisation operator R, given by (2.8), it is again possible to split

the difference
T T
n)z/ / ﬁVndxde—/ BV dxdW
0o JTd o Jrd

as in (2.11) into I1(n, p) + I2(n, p) + Is(p). Retaining that decompostion, we will
compute the regularisation limit of Is(p) as p | 0, the p | 0 limit of I;(n,p)
uniformly in n, and the limit of Iz(n, p) as n 1 co.

1. The strong regularisation limits of I(n, p) and Is(p) as p | 0.
First, we embed the non-reflexive space in which we have uniform bounds (3.1)
into a larger reflexive space:

LP(Q x [0,T); LYT% R™ F)) < LP(Q x [0, T]; H~ (T R™*F)), (3.6)

for a sufficiently large ¢g. Since V,, is uniformly bounded in the space LP(Q x
[0, T]; LY (T R™*F)), we deduce that

T P
E/ sup / w:V,dx
0 ”‘P”Hq(qrd:]gmxk)zl Td

where we have used the Sobolev embedding ||| e (pagry S [0l ga(pa,pmxry = 1
for any ¢ > d/2. We also used the colon to denote the scalar product between
the matrix-valued objects ¢ and V,,. And so V,, is uniformly bounded in L” (Q X

T
dtg]E/ IVl prasmsey dE S 1, (37)
0
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[O,T];H’q(’IFd;Rka)). As this is a reflexive Banach space, we can use a weak
compactness argument to assume that

ntToo

Vi, —V in LP(Q x [0, T); H-4(T4; R™**)),

for some limit V € L, H_ 9. Since L>®(€; C*([0,T] x T4 R™**)) is dense in the
dual space of both L}, ,H_ 9 and L, , ., by the weak limit assumption (3.1), we find
that V =V, P®dt ® dz-a.e.

As we now know that the limit V of (3.1) satisfies

Ve LP(Q x [0,T); H (T4 R™*F)),
it follows that (see also (2.5) and (2.6)),

IE/OT /WBVd:C

so in particular, [, 8V dz € L*(Q x [0,T]; R™**) and hence € L*([0, T]; R™*¥)
almost surely. Along with (2.10), we can conclude that

)i

Bde—Rp/ BV dx
Td
Moreover, proceeding as in (2.13),

T 2 T
I o
0 0

Therfore, by Lebesgue’s dominated convergence theorem,

T
)
0
and, via the It isometry, we conclude that I3(p) 20 0 in L2(;R™).

The bounds (3.4) and (3.8) also allow us to get I1(n,p) 290 in L2(Q;R™),
uniformly in n, as in Step 2 of Theorem 2.1.

p
dt <18l BV S (3.8)

p
L?H;q ~

2

dt ﬂ 0, P-as.

Td

2 )

(3.8
BVdx| dt € LY(Q).

Bde—Rp/ BV dz
Td

Td Td

2
at 22 o,

ﬂde—RP/ BV dz
'ﬂ‘d

Td

2. The weak limit of Is(n,p) as n T oo.

In Step 4 of the proof of Theorem 2.1, where the convergence of I, was analysed,
we only used the bound (2.6) and the weak convergence (2.4) for the integrals
de BV, dz and de BV dz. These are respectively the conditions (3.8) and (3.5).

And we get Iz(n,p) %00 in L?(;R™) for any fixed p > 0, thereby allowing us
to conclude (3.3) as in Step 5 of Theorem 2.1. O

4. ASSUMING THE ALMOST SURE CONVERGENCE V,, =V

In this section, we present two corollaries, strengthening the weak convergence
V, to V in all three variables with the assumption of weak convergence a.s. This
is a situation that often arise after an application of the Skorokhod representation
theorem, in which convergence in law is converted into a.s. convergence on a dif-
ferent probability space. We shall discover that under analogous assumptions, the
resultant convergence of stochastic integrals is strong in L?(€2; R™).
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Consider therefore the following assumption instead of (2.1):

V, M0y i LP([0, T); X ™K aus., w1

E ”VnHI[),p([Q’T];Xka) S 1,

for some p > 2.
We first observe that the bound (2.5) for (8,V,,) in LP(Q x [0, T]; R™*F) still
holds using only the boundedness condition in (4.1), i.e.,

E||<ﬂ7Vn>||;zp({07T];Rm><k) 5 1 (42)

For any 8 € X and ¢ € L? ([0, T]; R™**), the weak convergence assumption in
(4.1) implies that almost surely

T T
/ C: (B, V) dt = / C:(B,V)dL, (4.3)
0 0

where we use the colon to denote the scalar product between the matrix-valued
objects ¢ and (3, V,,). From the uniform bound in (4.1), we have
P

T
E/O ¢ B,V dt

S HBHI;( ||C||I[)/p’([O)T];Rm><k) E HVHHZEP([())T];mek) S 1.

Almost sure convergence and a uniform bound implies the weak convergence (4.3)
([24, Chapter 8, Theorem 12]). The arbitrariness of ¢ and § in turn recovers the
condition (2.1) that V;, = V in LP(Q x [0, T]; X™**)), so we also have

E||<ﬂav>||;zp([01T];Rm><k) 5 17 (44)

which is the bound (2.6). Therefore, Steps 2 and 3 of the proof of Theorem 2.1,
demonstrating the (strong) L2(£2;R™) convergence of the integrals I(n,p) and
I5(p) of (2.11), carry through under (4.2) and (4.4).

We now show that the convergence of Iz(n, p) (Step 4 of the proof of Theorem
2.1) can be improved in the following lemma:

Lemma 4.1. Supposep > 2. Let V,,, V, W,,, W, X, and (3 satisfy the assumptions
of Theorem 2.1, with the exception that (2.1) be replaced by (4.1). Let Iz(n,p) be
given by (2.11). Then

Iz(n,p) 2200 in L2(S;R™), for any fived p > 0.

Proof. We reprise the decomposition (2.15) for I into I ; to Iz 4. We further recall

that by (2.17) and (2.18), I3,12.4 1% 0 in L?(Q;R™) already, using only (4.2)
and (4.4). This leaves us with arguing for the strong convergences of I 1 and I 5.
We do so by arguing for their a.s. convergence and providing a pth moment bound.
Vitali’s convergence theorem then implies convergence in L? as long as p > 2, which
we assume.

We can use (2.9) to obtain

T T
Ly = —/ (B, Ve = VYO R, W, dt = —/ (B, Vo = VYO, R,W dt
0 0

T ~ ~
- /0 (B, Vi = V) ((%Ran - aﬂzpw) dt = 1Y) + 157
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By the a.s. weak convergence V,, — V in LP([0,T]; X™**) (see (4.1)), and thus
(weakly) in L1([0, T]; X™*F), we conclude that

(B, Vo = V) =0 as.in L'([0,T]; R™*%). (4.5)
At the same time, 8tﬁpW € L>([0,T); RF) a.s., so that 12(11) AN
On the other hand, given (2.2), 8t7€an converges a.s. to 8tRpW strongly in

C([0, T); R¥), while (8, V,, — V') are a.s. bounded in L*([0, T]; R™**), uniformly in

n. This implies that 12(2) e, Therefore, I; converges a.s. to 0 as n 1 oo for a

fixed p > 0.
Next we show that

Ino = Rp{(B, Ve = VI T)W,(T) = 0 as.

By (4.5), R,(B, Vs, —V)(t) — 0 a.s. pointwise in t. Meanwhile W, (T') — W a.s. by
assumption. Therefore I3 o — 0 a.s.

Since Iy 1 + I2.2 — 0 a.s., it converges weakly in LP if it is bounded in L” for
p > 2. We already know that I5 3+ I3 4 — 0 strongly in L?(Q; R™). Therefore, it is
necessary only to produce a pth moment bound (p > 2) for the entirety of I5. The
Itd isometry and the convolution inequality (2.10) supply us with the promised pth
moment bound:

E|12(n7p)}p

T
/O R, (8, V) AW,

p/2 T
— 2
2[R e e[ mera)
(4.2),(4.4)

5 ||RPHZ[)/% (E ||<ﬂa >||L2(0T Rmxk) +]E||<Bv >HL2 [0 T] Rmxk)) 5 L.

This concludes the proof of the lemma. ([l

P
+E

P

T
SE / Rp(B.V)dW
0

p/2 (4.6)

The following corollary of Theorem 2.1 then follows from Lemma 4.1.

Corollary 4.2. Suppose p > 2. Let V,,, V., W,,, W, X, and B satisfy the assump-
tions of Theorem 2.1, with the exception that (2.1) be replaced by (4.1).
Then for any t € [0,T],

/t<ﬂ,Vn>de nee, /t<B,V> AW in LA(Q;R™). (4.7)
0 0

Motivated as in Theorem 3.1, we can trade spatial integrability for temporal
integrability in the uniform bound:

Corollary 4.3. Suppose p > 2 and 1 <r <p. LetV,, V, W,, W, and 8 satisfy
the assumptions of Theorem 3.1, with the exception that (3.1) be replaced by

nToo

V,, =22V in L7([0,T] x T4 R™F) ) as.,

< 1.

(4.8)
E ||Vn||LP([O7T];L1(Td;Rm><k)) ~
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Then for any t € [0,T],

ntoo

t t
/ BV, dxdW,, —>/ BV dzdW in L*(Q;R™).
0 Td 0 Td

Proof. We first observe that using the bound in (4.8), we retain the uniform bound
(2.5), or equivalently (3.4), on [r, BV, dz in LP(Qx [0, T]; R™**) We will next show
that V € LP(Q x [0, T]; H9(T%; R™**)), and therefore

IE/OT [,pvis

Asin (3.7), the uniform bound V,, €, LP(Qx [0, T]; L*(T%; R™**)) and the inclusion
(3.6) implies a uniform bound V,, €, LP(Q x [0,T]; H~4(T%; R™*F)) (where “€;”
refers to uniformly bounded inclusion). Therefore, we may assume that

p
dt < ||B] 5 EIIV] S 1 (4.9)

P
LPH;? ~

ntoo

V,, M2V i LP(Q x [0, T); H9(T4 R™<F)). (4.10)

We now argue that V =V, P® dt ® dz—a.e., where V is the a.s. weak limit (4.8)
of the theorem. For any ¢ € C*([0,T]), ¢ € C>=(T% R™**), and measurable set
B cCQ,

ntToo

T T .
]E/ 19 (Va,C) g gq At —>E/ 1Y (V. ¢y o dt, (4.11)
0 0

by the weak convergence (4.10). On the other hand, by the a.s. weak convergence
in (4.8), with ¢, ¥, and B as above,

T T
]13/ wg;vndxdtﬂng/ W(:Vdedt, Poas.,
0 Td 0 Td

where we again use the colon to denote the scalar product between the matrix-
valued objects ¢ and V;,. Besides, we have the higher moment bound (p > 2)

T
/ / 1 ¢V, dadt
0 Td

Hence, by Vitali’s convergence theorem,

P (4.8)

E <ol ENVally 1y S 1

T T
IE/ / 1131/)(:Vndxdtm—°o>IE/ / g C: Vdedt.
0 Td 0 Td

Upon comparison with (4.11), we arrive at <V— ‘/7<>qu e = 0, P®dt-ae,
for any ¢ € C°°(T¢;R™**) and, via an approximation argument, for any ¢ €
H9(T?; R™*F). Taking the supremum over ¢ with (¢ zra (ra;gm=ry < 1, we have
HV— VHH*Q('JN;RMX’C) = 0, P® dt-a.e. This allows us to conclude that V =V,
P®dt ®dx-a.e.

The bounds (3.4) and (4.9) allows us to argue as in Step 1 of the proof of Theorem
3.1 to conclude that in the decomposition (2.11), I1(n, p), I3(p) 29,0 in L2 (;R™)
uniformly in n.

To conclude the strong convergrence in L?(2;R™) of Iz(n, p) of the decomposi-
tion (2.11) as n 1 oo, we argue as in Lemma 4.1. Again taking up the decomposition
(2.15) for I into In; to o4, by (2.17) and (2.18), I3, Io.g —1°% 0 in L2(Q;R™)
already, using only (3.4) and (4.9).
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To show 1,122 1% 0 in L?(Q;R™), we only require (4.5), which implies
a.s. convergence, and a uniform bound (4.6). The a.s. convergence (4.5) follows
directly from the assumption (4.8). Meanwhile, the uniform bound (4.6) holds by
(3.4) and (4.9). O

We end this section by making two remarks: the first pertains to the assumption
of almost sure convergence (4.1), and the second addresses related convergence
theorems for stochastic integrals.

Remark 4.4. The time translation estimate (2.3) in the almost sure convergence
context of (4.1) brings us very close to strong compactness (in w,t). In fact, if

Fo = [1a BVndz LA ) L2(Q x [0,TY)), then we see immediately that the strong
L2(2) convergence (4.7) implies
T 2
/ F, dWw,
0

T
E/ F2dt=F
0

The convergence of F,, in Li,t cannot happen in the same way under the weak

— 0.

L?(Q) convergence provided by Theorems 2.1 and 3.1. The strong convergence of
de BV, dx suggests that in some situations, a suitable topology to consider the
convergence of Vi, is in fact in LP(Q x [0, T]; L>(T%) —w), with the toplogy of strong
convergence in (w,t) and weak convergence in the spatial variable. That is, for
every B € L*(T?),

T

=)
0

This is the LP analogue to the time-continuous space C([0,T]; X —w) mentioned in
Section 1 of our paper (see [2, 21]), and of the space D([0, T]; L?(T?) — w) which is
Skorokhod (cadlag) in time and weakly L? in space, used in [3]. Strong-weak spaces
of the form LP([0,T]; X — w) featured saliently in the recent works [13] and [18].

Remark 4.5. If W,, = W for all n € N, then a related convergence result for
stochastic integrals is discussed in [14, Remark 4 (iii)]. There it is asserted that for
Vp, — Vin L2(Qx[0,T)), which is the assumption (2.1) withp =2 and X = R, one
also has fot Vo dW — fOtV dW in L*(2 x [0,T]) (but c¢f. Remark 2.2). Here the
stochastic integral is understood as a process instead of being evaluated att =T and
treated as a random variable. A similar assertion is made and proved in [12, page
25] (for finite dimensional noise). The assertions in [12, 14] follow from the fact
that the Ito integral is linear and continuous from the space of adapted L*(2x [0, T])
processes to L2(2x[0,T)), and is thus also weakly continuous. In addition, since the
space of adapted processes is a closed subspace of L*(Q2 x [0,T)), it is weakly closed,
and so the limit V is adapted. It is not possible to use this simple convergence proof
when the Wiener process and the stochastic integrand both depend on n € N, which
is the situation covered by Theorem 2.1.

B(z) (Va(t) — V() da "dt o,
Td

5. STOCHASTIC TRANSPORT EQUATIONS

In this and the next section, we consider two applications of the limit theorems of
Sections 2 to 4. Here we establish a stability result for a scalar semilinear stochastic
transport equation for which the nonlinearity is in the noise term. We use the term
“transport equation” loosely to mean either the transport equation or the continuity
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equation, and in fact mostly work with the latter. Our results apply to either type
of equation with minimal technical modifications between the proofs, including the
presence or absence of an additional lower order term. In our equations, we also
incorporate a vanishing viscosity term to address the numerical diffusion commonly
encountered in numerical schemes.

More precisely, we wish to develop a stochastic analogue of the strong stability
result [7, Theorem IL.4]. Let (22, F,{F:}+cjo, 1), P) be a filtered probability space on
which W is an R*-valued Brownian motion. A one-dimensional Brownian motion
is employed here solely for the simplicity of presentation.

We say that an adapted element u € LP(Q x [0,T] x T¢) is a weak solution of

du + div (bu) dt = fdt + eAudt + o(u) dW, u(0) = ug (5.1)

if the equation holds a.s. weakly in z in the sense of Ito, i.e., for every o € C%(T4),
a.s. for every ¢ € (0,77,

t
/u(t)gad:z:—/ uogpdx—// Ve - budxds
Td Td 0 Jrd

t t t
:/ fcpdxds—i—a/ Agoudxds—i—/ / o(u)pdx dW.
0 Jrd 0 Jrd 0 Jrd

Consider now solutions u, to (5.1) above where b, f, o, and ¢ are indexed
with a parameter n. We assume that u, — u in LP(2 x [0,7] x T%) for some
p > 2. The strong convergence u, — u, where u is a weak solution of a limiting
equation, will depend on a renormalisation procedure, in which a nonlinear function
n(uy,) of u, is evaluated. In the expression for dn(u,), another nonlinear function
Hupn) =1 (un)o(uy,) of u, appears in the stochastic integral against dW,, (which
are different for each n). Observe that even if u, — u strongly in time and weakly
in space (say), no strong convergence will be preserved a priori for the compostion
Y(uy), which will only satisfy LP bounds in (w,t,x) depending on its growth in
terms of its argument. This leaves us with a weak limit 9(u,) — 9 on L., ; . for the
integrand of the stochastic integral. The convergence of these stochastic integrals
then does not seem to follow from the standard convergence lemma of, e.g., [5,
Lemma 2.1] because of the lack of strong temporal compactness. However, we shall
see from these examples that a temporal translation estimate of the form (2.3) is
often available to solutions of even quite singular SPDEs (Lemma 5.3).

We shall establish the following analogue to [7, Theorem II.4]:

(5.2)

Theorem 5.1. Fizp>2. Setp’ =p/(p—1) and p”’ = p/ (p — 2), respectively the
Hélder conjugates of p and p/2. Let {u,}52, be a sequence of weak solutions to

1
duy, + div (bpuy) dt = fr dt + —Auy, dt + o(uy) AWy,  un(0) = uon (5.3)
n

for which u, — u in LP( x [0,T] x T4). Suppose:

(i) o € CHY(R;R¥) is globally Lipschitz on R,

(i) {bntnz>1 Co L1([0, T WP (T4 RY)), and

{div (bn)bn>1 Cp LH([0, T]; L(T7)),

(iii) by — b in L1(]0, T); WP (T4 R4)), div (by,) — div (b) in L'(]0, T]; LP" (T4)),
(iv) fn — f in LY([0,T]; LP(T%)), uon — ug in LP(Q; LP(T9)), and

(v) W, — W a.s. in C([0, T]; RF).
Then u is a weak solution to (5.1) with ¢ =0, and u, — u in LP(Q x [0,T] x T%).
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(We use “C}” to indicate a subset is bounded.)
Remark 5.2. We assumed weak convergence u, — u in LE L% in Theorem 5.1
with 1 = g2 = p. The g1 > 2 integrability in time is necessary for applying the
convergence theorems of Section 4. The spatial integrability restriction qa > 2 can
be relaxed to q2 > 2, however, with extra technical steps. See Remark 5.6. The
resultant strong convergence would be in LZ{tLg* with ¢* = q2 if @@ < q1 or any
" <qifq2>q.

To establish this theorem, we shall repeatedly use the following result to get
uniform time translation estimates for solutions to SPDEs. Let M, denote the
space of bounded (finite total variation) signed Radon measures.

Lemma 5.3. Let (Q, F,{F'}i>0,P) be a sequence of filtered probability spaces.
Denote multi-indices by o € N, and let mp, mg > 0 be three integers. Suppose
(i) for each || < mp, {F\  ns1 Cp L1 My([0,T] x T)),
(ii) for each |a] < mg, {G,(za)}n21 Cp L2(Q x [0,T]; L*(T%; R¥)) where G4 s
{Fi}i1>0-adapted,
(lll) {QO,n}nZl Cp Ll(Q X Td), and
(iv) for each n € N, W, is an RF-valued a {F[*}i>0- Wiener processes.
Let {on}n>1 be solutions to the equation
don= Y 00F™dt+ Y 02GY AW,
lo|<mr la|<mg

i.e., for any ¢ € C®(T9), and a.s. for a.e. t € [0,T],

T
[ eweds— [ mnpdo= 3= (-0 [* [ oot £ do
T Td o Jrd

la|<mp
t
+ ) (—1)'“'/ 0% GL) Az dW,,.
lal<ma 0 /T

Then for any 1 € C>(T?), there is a constant Cy, > 0, dependent on 102 ¥l oo (1a)
for every |a| < mp V mg, but independent of n, such that

T
/
h

Proof. Observe that the assumptions in this lemma are all boundedness assump-
tions rather than convergence assumptions. By subtracting (5.4) at ¢ — h from the
same at t — h, we have

T
]E\/
h
ol [
S (e / / %Ly F (dr, dz)
0 Td

T
Il = E/
b lal<me

’ ol 1 /e
= ::E/h Z =1) /tfh <Gn 7aﬁEgﬁ>H*q,HQ AW/ dt.

la|<me

(5.4)

dt < th1/2 uniformly in n.

y ¥(@)(on(t) — on(t — h)) da

[, (ent) = eutt = 1) da

dt <15,
j=2

where
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We can estimate I; as follows:

T T
L < Z ]E/O /h Lirctartny At 1070 oo (gay

la|<mp

®
h

F{®)(dr) : Semer B

TV (T4
where the implied constant does not depend on n because of the uniform bound
on F, in M,([0,T] x T¢). We have used the fact that F,, admits a disintegration
(e.g., [10, Theorem 1.10]), so ‘ folS € My([0,T]). By the BDG inequality

TV (Td)
and then Jensen’s inequality, we obtain the estimate

T ¢ 2 1/2
I < Z /hE(/t_h dr) dt

lal<mg
2 1/2 (ii)
dr dt) Sy W2

Sy (/:E/tth

la|<mg

(G, 02¢)

H-1,H4a

<G51a)’ Bgcp>H7

)

which is uniform in n. The final inequality can be attained as for I, but within
the square-root. This establishes the lemma. ([

Remark 5.4. Even though the statement of Lemma 5.3 is written for x € T?, it
is clear from the proof that it holds for x € RY, under the qualification that the test
functions ¢ must be compactly supported.

We will repeatedly use the following simple fact about weak convergence.

Lemma 5.5. Suppose F,, = F,,(w,t) <0 for a.e. (w,t) € Qx[0,T], for eachn € N.
Furthermore, suppose we have the weak convergence F,, — F in LP(Q2 x [0,T1]), for
some p € [1,00). Then F <0 a.e. on Q x [0,T]. The same statement holds with
“<” replaced consistently by “>” or “=” throughout.

Proof. Since L>°(Q x [0,T]) C LP(2 x [0,T]), by choosing a non-negative element
Y € L>(Q x [0, T)), we see immediately that 0 > E [ YF,dt — E [ YFdt. By
the arbitrariness of Y > 0, it follows that F' < 0 a.e. on Q x [0, T7. O

Proof of Theorem 5.1. We prove this theorem with the additional technical as-
sumptions that

Uopm — up in L2P(Q; LP(TY)), |0 ()| S 1A o777, (5.5)

These can be removed — see Remark 5.6. Our emphasis will be on the convergence
of stochastic integrals.

The strategy is to take a nonlinear function n(v) = %vz, derive an inequality for
the weak limit 7 of n(u,) and to derive an equation n(u) in order to compare the
two quantities. The P ® dt ® dz-a.e. coincidence n(u) = 77 will imply the strong
convergence u, — u.

First we derive an equation for n(u, ), whose weak limit will give an inequality
for 7. Let Js be a standard mollifier on T¢. For locally integrable functions g, let
gs := Js * g. By testing (5.3) against J5, we have the pointwise-in-z equation

t
Un,s(t) — Uon,6 — / div (by,stn,s) ds
0

t t
1
— / fnsds+— / Auy, 5ds + o(uy)s AW, + Efllt);[un]
0 n Jo ’
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The term Ele(); is the commutator Ele();[u] = div (b sus) — divJs * (bpu). This
is the classical commutator of DiPerna—Lions, so applying [19, Lemma II.1], and
the dominated convergence theorem in the w variable, this error tends to nought
a.s. and in LP(Q x [0,T] x T4). We can now apply the Ité formula pointwise in x,
to get that for any entropy S = S(z,u) € C(T?; C*(R)), a.s. for all s,¢ € [0,T],
s <t,

S(x, un,s(t)) — S(z,un,s(s)) —I—/ S (2, U5 (1)) div (by s, 5) dr

¢ ¢
= / S' (@ un (1)) frs + l/ S (@ un (1)) Ay, 5 dr
S n S

+1/ S (@, un,5(r)) |0 (un(r))s|* dr

2 Js
t [ 8 s n () AW+ [ o) B )

where S’ and S” refer to derivatives in the second argument only. Suppose S(z,v) =
P(x)0(v), ¢ € C*(T?), and

PO ST+ PP, WEIST+PP, WIS+ (5.6)

Then we can integrate in x to get
» (@) (9 (un,s(t)) — O (un,s(s))) do
t
+ / w div (bm(s) (19/(’11”75)11,")5 - 19(’11”75)) - bn)5 . Vwﬁ(un,g) dzdr
s JTd
t

t
= / » 1/)19/(un15)fn15 dx dr + / - 1/)19’(un75)E§1) [u] dx dr (57)

1 t
+ —/ AP (un,5) — V9" (un.s) |Vun75|2 dxdr
s JTd

n
1 t t
+5 / / YO (tn.s) |o(un)s|) dzdr + / YO (tn.5)0 (1 )5 dz AW,
s JTd s JT4

The global Lipschitz assumption on o implies |o(v)| < 14|v|. Therefore, o(u,,) €
LP(Q2 x [0,T] x T4 RF). Setting S(v) = 1—1) [v]?, ¢ = 1, and s = 0, the dissipation
is conveniently signed. We can take the supremum over ¢ € [0, T], an expectation,
and apply the BDG inequality and Gronwall’s lemma. The result is

1 [T _
B sup Ol + 7B [ [ fnsl Vsl do e
n 0 Td

te[0,7] (5.8)

< .
ST v (bl g eI a1

This estimate is uniform in §, and holds with § = 0.
Except in the dissipation term, by the boundedness assumptions (i) to (iv) in the
theorem statement, using standard properties of the mollifier we are able to take

an a.s. limit 6 | 0 in (5.7) above. In particular, the discussion on the convergence

)

of the commutator Eél ensures that the final integral tends to 0 as d ] 0.
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By the standard properties of mollifiers and the temporal integrability on ¢ (u,,)
and o(u,) implied by (5.8), (5.6), and |o(v)| < 1+ |v|, we have
D (un,5)0(uy)s da 240, Y (up)o(uy)dz  in L2([0,T];R*) as.,  (5.9)
Td Td

so that there is strong temporal L? convergence of the stochastic integrands indexed
by the mollification parameter 6 > 0. Thus, with reference to (1.2) — (1.3), the
stochastic integral then tends to itself without the subscript by the standard
convergence result of [5, Lemma 2.1].

Suppose that in addition to (5.6), we have

|9 (v)| < 1. (5.10)
Using the fact that a,, €, L>, b, — b in L! imply a,b, — ab in L', we can derive

the convergence of the dissipation term 9" (uy,s) [V, s> also. Finally, we get the
following equation a.s. for every t,s € [0,T], s < t:

U() (9(un(t) — Iun(s))) dz
_i/:/wlj(n)d:rdr+LtAdI5(n)dxde,

Li(n) :== = div (by) (V' (un)un — I(un)) — by - VoI (uy,),
L) = 00 (un) fu,  Ty(n) = %Awﬁ(un) - %w"(un) Veun|?,

'H‘d
(5.11)

where

Ii(n) i= g0 (ua) lolun)®, Ts(n) i= 00 (o ().

With 9(v) = n(v) = 30, and ¢ = 1, I3 < 0, (w, ¢, z)-a.e. Therefore, we find:
t
[ nn@) = ntwon)do+ [ [0 )un = ) div (b) dods
Td o J1d
t
= / / () o+ " (1) o ()P iz dis (5.12)
0 Td 2

t
+ / / o (n)o(un) dzd W, as,
0 T

We will take limits of terms in this inequality to get an inequality for 7.
By the bound (5.8) on wy,,

{n(un) }s {0 (un)un}, {0 (un)} Cp LP/Q(Q x 0,77 x Td)'

We deduce that along an unrelabelled subsequence, these three sequences tend
respectively to weak limits 77, n’u and 7/ in LP/2(Q x [0,T] x T%). Additionally, by
the assumption (i) on o, for each j € {1,...,k},

{0 (wn)oj(un) }, {0 (un) lo(un) "} Co LP2(Q x [0, 7] x T9). (5.13)

Let 7/ and 1" |o|? respectively be the (component-wise) weak limits of 7/ (uy )o ()
and 1" (uy,) |o(uy,)|* in this space. As p > 2, these limits are not singular measures.



CONVERGENCE OF STOCHASTIC INTEGRALS 23

We now take a closer look at the limit of the martingale term, whose convergence
shall be a result of Theorem 3.1. Exploiting the higher moment assumption on the
initial data ug,, in LP(T?), by a calculation similar to one that led to (5.8),

2p
E sup [un(O)] 7 e S 1.
t€[0,T]

Hence,

T P
2
E 7' (un)o (Un)HLp(oT] L1(T4;RF)) = N 1+E/0 ( o |tn] dgﬁ) de

SE sup [Jun(t )HLp('er) Sl
te[0,T]

(5.14)

Turning to the L' temporal translation estimate (3.2) of Theorem 3.1, we use
(5.11) again, this time choosing

Y e C*(TY, 9=no, and s=t—h.
We have (cf. (5.6) and (5.10)):
D) ST+, WIS+, @) 51,

where we used the assumption (i) on o in the theorem statement. We can now apply
Lemma 5.3 to ¥(uy,) in (5.11). In particular, with ¢, Vi € LS°, by, div (b,) €
LILY" ) and u, €, L2 LP°LP,

Li(n), Ix(n) €, LY(Q x [0, T] x TY). (5.15)
Similarly, using the bound (5.8),
|I3(n)| €, LY(€%; x[0,T] x TY). (5.16)
For I, using the bounds [¢"(v)| < [v[’ ™2, [o(v)] < 1+ |v],
Ii(n) € LY x [0,T] x TY). (5.17)
Again in light of the bounds |o(v)], [9'(v)] < 1+ |v],
Is(n) €, L*(Q x [0, T]; LY(T)). (5.18)

Since (5.15) — (5.18) hold for each 1 € C?(T¢), we have by Lemma 5.3,
T
B[] [, 0@ 0 ®) - ot =) da
Then by Theorem 3.1 for any ¢ € [0, T}, choosing ¢ = 1,

t
//n'(un)o(un)dxdW AN //nod:tdW in L(Q).
0 Jra T4

In view of the assumed strong convergences of f,, div (b,), uo.n, the remaining
integrals of (5.12) converge appropriately, and by Lemma 5.5 we have the P ® dt-
a.e. inequality:

/ 7(t) — n(uo da:—l—// n'u —n)div (b) de ds
Td
//nfd:tds—i— //77”|0| dxds—i—//nadxdW
Td Td

dt Sprw h'/2,  uniformly in n.

(5.19)
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Next, we derive an equation for n(u), for which we first need an equation for
u. To do this we take a weak limit of (5.3). On the assumptions of the theorem,
except for the stochastic integral, the appropriate weak limit holds with (u, g, b, f)
in place (wn, Ugn, bn, fn) in (5.3).

Since u,, — uin LP(Qx [0, T]x T%) and hence is bounded in L?(Qx [0, T]; L*(T%)),
and o is of sublinear growth, we may assume that

o(u,) =7 in LP(Q x [0, T]; L*(T4)).

We shall invoke Theorem 2.1 to prove the convergence of the stochastic integral.
Recall that o satsifes

o) S1+10l, o'W, 0" (@) STAPT,

Setting s = t — h, 9 = o (cf. (5.6) and (5.10)), and ¢p = ¢, in (5.11), we can
estimate as in (5.15) — (5.18) to get

T
/
h

from Lemma 5.3. Hence, Theorem 2.1 gives us

t
// wo(un) da dW, ”L"’// erdedW  in L),
Td 0 JTd

pointwise in t. We can easily turn this into weak convergence in L2(£2 x [0, T]) by a
uniform-in-n L2(£2 x [0, T]) bound. By Lemma 5.5 we find that there is a version of
u, still denoted by u such that the following equation holds weakly in z, (w,t)-a.e

dt = O(h*/?), uniformly in n,

/Td () (9(un(t)) = (un(t = h))) da

du + div (bu) dt = fdt + T dW. (5.20)
In order to show that u is a weak solution, what is required now is that
7 =o(u), a.e. in Q x [0,T] x T?.

This will be a by-product of showing that n(u) = 77 a.e. (and therefore of the strong
convergence u, — u).

We can mollify (5.20) and derive an analogue of (5.7) where ¥ = 7, and the
subscripts n and the dissipation terms are absent. The coefficients (b,div (b), f)
reside in the spaces of convergence of each of the coefficients (b, div(b,), fr). It
is then possible using these inclusions to take the § | 0 limit by the dominated
convergence theorem to get the P ® dt-a.e. equality:

[, v ) =ntuo)) do = [ [ vy azas
//W ¢ [div (b) (1 (w)u — n(w)) + div (bu)] dz ds (5.21)

= / Y (u)T de dW + - / " (u) [7]? da ds.
0 JTd 2 o Jrd

In particular, the stochastic integral term attains the appropriate limit by the stan-
dard [5, Lemma 2.1] as [, ¢¥n’ (us) (|E|2)6 dz — [y ¥n”(u) [7° dz in L*([0,T])

a.s., as in (5.9) above.
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We now compare 7j and n(u) by subtracting the integrated form of (5.21) (with
1 =1) from (5.19). This gives us:

[0 - ntutenar + / [ (@ = aw) ) a0 azas

S/Ot/ (' —n'(w) fdz + = //77”|U| — 7 (u)|7]* dz ds (5.22)

+/ / n'o —n' (u)g dz dW.
o Jrd
Using n(v) = 302,

3\|
|
d\
=
~
|
S
|
IS
Il
—
ot
[\
w
~

(M —n) = (1 (wu —n(u) =7 —n(u),

Since " =1,
' o> =" (w) [5* = |o” - [7|* = / |o(v) = 7% v p,2(dv),
R

where v, + 5 is the Young’s measure at (w, t, z) characterising the weak convergence

of u, — u [22, Theorem 6.2]. For any Z € (LQ(Vw7t)m))k, we have the elementary
inequality for the variance:

/

2
Z(v)—/RZ(w) U t,z(dw)| vt (dv)

:/R|Z|2 () 1.0 (dv) — /RZ( )W p.0 (d0) /|Z| ) p.a (D).

Let L be the maximum (global) Lipschitz constant among o. Applying the variance
inequality with Z(v) = o(v) — o(u(w,t,)), and using [, v v ¢0(dv) = u(w,t,z),
we get

—2 2
/R|0(U)—0| l/w,m(dv)S/R|U(v)—a(u(w,t,x))| Voo (d0)

(5.24)
<IL? /]R v — u(w, t7x)|2 Vi t,z(dv) = 212 (ﬁ - n(u))

Putting (5.23) and (5.24) back in (5.22), and taking an expectation, we find:

IE/W 7(t) — n(u(t)) dz + E/o /er (1M —n(w)) div (b) dz ds

< LQE/ / u) dz ds.
'H‘d

By convexity, we already know that 77 — n(u) > 0. Gronwall’s lemma applied to the

inequality above then tells us that 77 = n(u), P ® dt @ dz-a.e.

All the analysis foregoing applies to nx(v) = n(v —\) = 1 (v — A)? in place of
n, giving Tx = 1 (u), where 7y is the weak limit of 7 (u,) in LP(Q x [0,T] x T9).
Using again the Young’s measure {1, .} charactersing the convergence of u,, we

find that

(5.25)

/R 00— N2 (dv) = 75 = i (u(w, 1, 2)) > 0,
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with equality when A = u(w, t,z). The integrand n(v — ) is strictly positive away
from v = A. Therefore, v, 1, must be supported on {u(w, ¢, z)}, and is a Dirac mass.
By, e.g., [22, Proposition 6.12], we conclude that w,, — u in LP(Q x [0, 7] x T¢). O

Remark 5.6. Suppose p < 3 and |0”| < 1 but (5.5) is unavailable. In order to
get (5.6) and (5.10) with 9 = n'o as in (5.15) - (5.18), we would have needed
to use a convex, linearly growing approximation 1y with bounded first and second
derivatives (see,e.g., [13, Equation (4.2)]) in place of n to derive inequalities for
the weak limits Tg. This function will give us (n¢)'c € CHY(R;R¥), which is needed
in order to derive bounds analogous to (5.15) — (5.18). We can then derive the
following in place of (5.22):

|- dx+//w () =) — (0w — n(w) ) v (b dods

/ / (00 /() Fae + 5 / [, w1oT = 0w o e ds
'H‘d 2 0 'ﬂ‘d
// ne) o —n'(u)F de dW.

It is possible to derive managable expressions for ny(wn) —n(tn), (7e) () =1 (wn),
ete. (see [13, Remark 7.11]), which are supported on the small sets {|un| > (}.
Isolating these as error terms appended onto (5.22), the uniform-in-n bound

(P®de® dt)({[un] = £}) < CPE Junllp o rprsy S €

gives us the a.e. equality n(u) = 7 in the £ 1 oo limit, similar to the argument in [13,
Proof of Theorem 7.1]. That will imply the strong convergence u, — u in Lw ta
as in the proof of Theorem 5.1 above. Using this linearly growing nonlinearity ne,
we can also relax the assumption (5.5) on the initial data to convergence in L,
where this was used in (5.14).

The approximation ng will also allow us to relax to go > 2 in the assumption u, —
U in qu L2, from the present assumption of qa > 2, which is necessary to keep the
bound (5 13) from being spatially in L., where a Young’s measure representation
may not exist. For the sake of expository clarity, we adopted p > 2 to avoid keeping
track of an extra parameter in order to take the {1 oo limit.

w,tr

The convergence theorems of Section 4 are important even in the linear, additive
noise case. We consider a transport equation with noise o, dW,,, where o, — o
in LP([0,T] x T4 RF). Our convergence theorems are required in the renormalised
equation for dn(u,), n(v) = +v?, to obtain the limit for fo (un)op AWy, (cf. (5.12)
above and see (5.26) below). Surtably modifying the definition of solutions to take
into account the additive nature of the noise, we can establish the following theorem:

Theorem 5.7. Fizp>2. Setp’ =p/(p—1) and p”’ = p/ (p — 2), respectively the
Hélder conjugates of p and p/2. Let {u,}52 1 be a sequence of weak solutions to
1
duy, + div (bpuy,) dt = fr, dt + —Auy, dt + 0, AW, un(0) = ug,p,
n

for which u, — u in LP( x [0,T] x T%). Suppose
(i) on — o in LP([0,T] x T4 R¥),
(it) {(Bon, Vou)} Cp L1([0, T]; LP (T4 RK)) x L2([0, T] x T4 R*F)



CONVERGENCE OF STOCHASTIC INTEGRALS 27

(iii) {bn}n>1 Cp L'([0, T]; W' (T RY)), and
{div (bn)}n>1 Cp LH([0, T]; L(T7)),
(iv) b, — b in L*([0,T); L* (T% R%)), and
div (b)) — div (b), in L*([0,T]); Wh#" (T%)),
(v) fn— f in LY([0,T]; LP(T%)), uo.n — ug in LP(Q x T?), and
(vi) W, = W a.s. in C([0,T]; R¥).
Then u is a weak solution of
du + div (bu)dt = fdt + o dW, u(0) = ug n,
and u, — u in LP(Q x [0,T] x T4).

Proof. We shall avail ourselves of the same strategy we used in the proof of Theorem
5.1, and borrow heavily from the machinery described there. First, we argue as in
(5.8) to achieve the same bound with o(uy)s replaced by oy, in the derivation.
Let n(v) = 1v? again. By arguing as in (5.12), we get the analogous inequality

[ @) = ntwoy o+ [ [ G =t v o) dzas

g/ot /T n'(un(t))fn+%|o|i d:vds—i—/ot /T 0 (un (£)) o daz ATV

We now seek to take the limit as n — oo to get the equation for 7. By the
bound (5.8) on u,,, by the form of  and the uniqueness of weak limits, we have the
following weak convergences as n 1 co:

() 1 (Yt () = (7,27, w) in (LP2 (2 x [0, T x T%))?,
7 (un)on — uo in LP/2(Q x [0, T] x T4 RF),

(5.26)

along an unrelabelled subsequence. The convergence of the final element of the
tuple follows from the strong convergence of o,, in LP([0,T] x T¢; R*), assumed in
(i).

The convergence of (5.26) to

/ﬁ(t) n(uo) d$+/ /Tdnu—ndlv(b) dxds

//uf—|— |o|? dxds—i—//uodxdW
T4 T4

follows from the assumed convergences on the coefficients b,,, f,, 0, and the weak
convergence u, — u, except in the stochastic integral.

In the stochastic integral fg Jpa Unon dz AWy, [14 unoy da converges only weakly
in (w,t) due to the assumed weak convergence of u,. The lack of strong temporal
compactness compels us to apply on of the variants of Theorem 2.1 here. Using the
supremum bound (5.8) one u,, we find that

(5.27)

< < P
E H77 (un)on”Lle ||0n||Lpr ~ 17 ]Etesf‘é%] ||u77f(t)HL£ ~ 1 (528)

Next we deduce the temporal translation estimate using Lemma 5.3. By the
product formula,

d (unoy) = 0oy upn dt + oy, duy,.
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We can integrate this against any 1 € C(T%) to get:

/ (@) ((unon) (t) — (unoy) (t — h)) dz

t
= / Yoo, drdr + / / V (Yoy) - bpuy + op fr, dedr
t—h J T4

'ﬂ‘dhv—/ -
Ii(n) Iz(n)
t
— —/ / (Yon) - Vuy, dxdr—|—/ 0 |0’n|2 do dW,,.
t—h JTd —h JTd =~
—nlg( ) Is(n)

Using (5.8) and the assumed bounds in the theorem statement, we can show via
Lemma 5.3 that

T
E/ 7,/}(3:)( (unon) (t) — (unoy) (t — h)) dz
h

< B2, uniformly in n.

Td
Indeed,
n) gl
H 1(n) Ll(Qx[O,T]x'ﬂ‘d)+ 2(n) LY(2x[0,T]xT4)
< Wl (1900nll g + 19 @owll g Iall o VE Ninll e
108l e Nomllzprs Il g S 1

and

= 1

150, ge0aperey <17 @O llzaqomiens) R EITunlaoyeney = 0

<1

~

Since |o,|* € L2([0,T]; L'(T%)) are deterministic, HL(n)’

L2(2x[0,T];L (T4))
By choosing ¢ = 1, Theorem 3.1 then implies the convergence of the stochastic
integral in (5.26) weakly in L?(Q2) and we get (5.27).

With n(v) = 102, the derivation of the equation for n(u) follows the same pro-
cedure as that leadlng up to (5.21), but is more straightforward. In particular, the
convergence of stochastic integrals in this process only relies on [5, Lemma 2.1],
seeing as [1, Yosusde — [, uodz as. in L?([0,T]) by the assumed inclusion
o € LP([0,T] x T?) and (5.28) (cf. (5.9)).

We have that for any ¢ € C?(T?),

/Td ¥(x) (n(u) —n(up)) dz + % /Ot /Jl‘d {w div(b)u? + Vi) - buﬂ dx ds

t t
:/ z/;ufdxds—k/ Yuo dedW + = //1/)|J| dx ds.
o Jrd 0

Subtracting (5.29) (with ¢ = 1) from (5.27), we find

/Wﬁ(t) —n(u(t)) dx + /Ot /w (m - %zﬂ) div (b) dzds < 0.

Since n'u —n =
inequality to get

(5.29)

%u =1, we can take an expectation above and apply Gronwall’s

IE/ 7—n(u)de =0, dt-a.e.
Td
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Since 77 > n(u) (w, t, x)-a.e. by convexity, we arrive at the a.e. equality 7 = n(u). We
can then argue as following (5.25) and conclude that u, — w in LP(Q x [0, 7] x T%).
O

Remark 5.8. Under suitable assumptions, our techniques are applicable to SPDEs
with transport noise. Specifically, they can assist in facilitating the passage to the
limit in stochastic integrals of the form fOT de onVuy, pdx o dW,,, where o refers
to the Stratonovich integral, where o, is R>*-valued

6. STOCHASTIC CONSERVATION LAWS

In this section, we focus on an application pertaining to sequences of stochastic
conservation laws (1.6), as expressed in the form of kinetic equations (1.7). In (1.7),
the driving noise processes W,, are R¥-valued Brownian motions. The random defect
measures m,, in (1.7) take values in M, ([0, 7] x T x R), the space of non-negative
Radon measures. Moreover, the solutions y, to (1.7) trivially satisfy 0 < y,, < 1.
The interpretation of the kinetic equations (1.7) is in the Itd sense and is considered
a.s. in a weak formulation over the domain T? x R [6].

By the Ito isometry, convergence of stochastic integrals in L2, assuming W,, = W
for each n, essentially translates to weak convergence of the integrands across the
variables (w,t,x). This specific case is straightforward and has been treated in,
e.g., [6, 8, 9]. In contrast, our study extends to the scenario involving a sequence
of potentially distinct Brownian motions {W,},>1.

Theorem 6.1. Fiz p > 2. Let x, be the kinetic solution to (1.7) and suppose that
(i) on are bounded in W2 (R; R¥),

loc
(il) F — F in WoH(R;RY), and 0, — o in W2 (R;RF),

(iif) mn([0,t]) = m([0,t]) in L1(Q x [0,T]; M, (T¢ x R)), in the sense that for
every ¢ € C°(T? x R) and every Y € L>(Q x [0,T7),

E — E

T
/ Y ©my([0,t],dz,dE) dt
0 TdxR

T
/ v [ em((0.1) dx, dg) dt] ,
0 TdxR

(iv) Xo.n — X0 in LP(Q x T4; D'(R)), and
(v) W, — W in C(]0,T]; R*) a.s.

Assume xn, = x in L=®(Q x [0,T] x T¢ x R). Then x satisfies
1
A+ (F(€)- Vox — dem) dt — 0(©)0x aW — L0 (Jo(©) dex) at =0, (6.1)
a.s. in the sense of Ité for a.e. t € [0,T], and in D'(T% x R) with x(0) = Xo.

By my([0,t]), we mean ::0 My, (dr, dz, d€), which remains a measure in the space
LL(M] )¢ as m,, admits a disintegration [10, Theorem 1.10].

Proof. Let ¢ € C°(T? x R) so that supp(¢) C K € T? x R. Using the definition
of weak solutions to (1.7) tested against the ¢, we see that each term of (1.7) tends
weakly in (w,t) to the appropriate limit by the assumptions of the theorem. It
remains then to argue that the stochastic integral converges, whereupon we can
invoke Lemma 5.5 to conclude.
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o
w,t,x,8

weak convergence of the stochastic integral in L?(Q):

t t
/ / Be (900n) Xn dz A€ AW, 212 / / Oe (po) xdzdedW.  (6.2)
0 JRJTd o Jr.JTd

By W2 — L{s. and the assumption on oy, and the LZ7, . bound on x;,, we find

Since x, converges only weakly-x in L we will apply Theorem 2.1 to get

loc
E ”85 (‘P0n> X'n«||Z£P([Q7T];L2(TdXR;Rk)) ,S L. (6.3)

The time translation estimate will follow from Lemma 5.3, which can be easily
modified to accommodate integration on T¢ x R instead of T¢, against &-compactly
supported test functions. Integrating (1.7) against ¢d¢ (p0,), where ¢ € C2(T? x
R), set

Li(n) := Vo @ (V0 (¢on) ) Ep(E)xn,  I2(n) := 3¢ (V0 (o)) min,

Iy(n) = 0 (|onl 0e (¥ 0e (00)) ) Xns La(n) = Be (o © ¥ De ($r)) X
Asin (5.15) — (5.18), we can estimate these terms separately. We have
)y < TIV @ (%9 (pon))ll oo ey 1Fnll ey S 1,

since o, € W (R; RF) — WL2(R; R¥), and F, — F in W5} (R;R?). Similarly,
12y rv .. < 110 (0 (wom))l e Ema((0,T] % T¢xR) S 1.
Next, using that 0 < y,, <1,

1B, <0 (1oa]? 06 00 (¢o0)) )|

Finally, we have

<1.
LK) "~

Ml ze , < T 060w © 00 (o) S 1.

The bounds above are j-independent. Therefore, Lemma 5.3 gives us

T
E /h /R [ 00 (o) (xu(®) = xolt = ) drdg

uniformly in n. Along with (6.3) and the weak L, ,
2.1 allows us to conclude that the stochastic integral term converges (6.2).

It then follows that x is a weak solution to the limiting equation (6.1). O

dt Sg.p W2,

¢ convergence of xn, Theorem
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