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Abstract. We present an improved treatment for the scattering of heavy dark matter from the
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for the dark matter to become gravitationally captured. Our treatment incorporates all relevant
physical effects including the dark matter trajectories, nuclear form factors, and radial profiles for
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ization timescales than previously estimated, especially if the white dwarf core has crystallized. We
illustrate the importance of our improved approach by determining the cross section required for
accumulated asymmetric dark matter to self-gravitate.
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1 Introduction

White dwarfs (WDs) are the most abundant stellar remnants; in fact more than 90% of the stars in
the Galaxy are WDs. Due to their high density, extreme conditions and the existence of observational
data, they have recently been used to test and constrain dark matter (DM) models. This generally
involves the accumulation of DM particles, which leads to observational signatures such as an increase
in their luminosity [1-8] or DM-triggered supernova ignition/black hole formation [9-14]. The latter
scenario specifically requires the capture of heavy DM of order 100 TeV, or above. For these masses,
multiple collisions of the DM with the WD constituents are required for the DM to lose sufficient
energy to become gravitationally bound to the star.

Analytical approaches in the literature that deal with capture of heavy DM via multiple scat-
tering in stars [5, 15-17] are based on Gould’s seminal work for capture in the Earth [18]. It is worth
noting that in the case of the Earth, the main contribution comes from the scattering of DM with
iron nuclei. Gould’s formalism was derived under the following assumptions: (i) DM trajectories
are unaffected by collisions, (ii) constant escape velocity, (iii) constant iron density, (iv) DM follows
linear trajectories outside and inside the Earth’s core, thereby neglecting gravitational focusing. All
of these assumptions approximately hold in the Earth’s core, where the iron density profile is rather



flat, and the gravitational potential of the Earth is weak, meaning that the DM escape velocity is
much smaller than the average DM halo speed. However, in the case of the Earth, a Monte Carlo
simulation is in fact best suited to tackle multi-scattering capture of light DM [19].

For WDs, on the other hand, we have a very different kinematic regime. This enables an
analytical approach to be attempted. For capture in WDs, the infalling DM particles are accelerated
to velocities that are a sizeable fraction of the speed of light and hence orders of magnitude greater
than the DM halo speed. In this regime, the assumptions (ii)—(iv) above do not hold. (Assumption (i)
remains well justified.) In this paper, we relax all the non-valid simplifying assumptions, and derive a
sound formalism for multiple scattering capture in WDs. We show that the simplifying assumptions
would lead to an overestimation of the DM capture rate, with the difference becoming more severe
for heavier DM.

Our formalism is based on a response function that properly encodes the relevant physical
effects, including the cross section suppression due to the nuclear form factors; non-constant escape
velocity; and gravitational focusing when calculating the probability for DM to undergo more than
one collision and lose enough energy in the process to become bound to the WD. We shall begin by
considering DM scattering from a single type of WD constituent. As we shall see, this method can
be generalized to the more realistic case of WDs made of more than one ionic species.

Following gravitational capture, the DM particles will continue to scatter with the WD con-
stituents until an equilibrium state is reached. The timescale for this process to occur has previously
been estimated [12-14] by using the average DM energy loss in an energy regime that is suited for
capture, i.e. for high energy transfers. We show that due to finite temperature effects the average
energy loss has a different scaling with the DM kinetic energy and DM mass for high and low energy
momentum transfers. The latter is more important for thermalization. In addition, if the WD is old
enough that its core has begun to crystallize, then the ions will form a Coulomb lattice, in particular
in the region near the center of the star. In this case, collective excitations of the ionic targets
introduce an additional correction which we find to increase the thermalization time by less than an
order of magnitude, much less than previously estimated.

Finally, to showcase the effect of using our revised calculations for capture and thermalization in
the multiple-scattering regime, we consider the accumulation of heavy non-annihilating dark matter.
Such non-annihilating dark matter is expected in asymmetric dark matter models, where the DM
abundance in the present-day Universe consists entirely of DM particles and no DM antiparticles (or
vice-versa). We shall use our formalism to estimate the size of the DM-nucleon cross section required
for non-annihilating DM accumulated in the WD core to self-gravitate. Since we are dealing with
a DM population that grows over time, the time evolution of the WD core temperature and hence
that of thermalization time is considered. Depending on the composition and compactness of the
WD, we find at least one order of magnitude difference with previous results.

This paper is organized as follows. In section 2, we briefly review the physics of WDs relevant
to this work and how to model it in order to use observational data. In section 3, we derive the
response function for DM collisions in the multiple-scattering regime, both for scattering from a
single target species, and from multiple targets. The timescale for thermalization of heavy DM is
discussed in section 4. The condition for self-gravitation of asymmetric DM is examined in section 5
and our conclusions are given in section 6.



2 White Dwarfs

White dwarfs are the most abundant stars in the Galaxy, being the end points of main sequence
stars with mass < 8 — 10 M), depending on metallicity. This compact stellar remnant is supported
from gravitational collapse by electron degeneracy pressure. WDs are born at high temperatures,
~ 108 K, and cool over billions of years to ~ 10° K. Below we discuss how the internal structure is
modeled from an appropriate equation of state, and summarize the observational data used in this
work.

2.1 Evolution and Internal Structure

WDs are born as extremely hot, compact objects, whose fate is to cool slowly by radiating light.
There is no longer nuclear burning in the core of these collapsed objects. The only energy source,
responsible for the star’s luminosity, is of thermal origin: the kinetic motion of the non-degenerate
ions which are completely decoupled from the electrons. The degenerate electrons do not contribute
to the cooling process. They determine the star’s stellar structure and hence the WD mass radius
relation. In addition, as excellent heat conductors, electrons are very efficient at thermalizing the
WD core, and hence we can model this region of the WD as an isothermal sphere that accounts for
~ 99% of the star’s mass. As the WD evolves (cools), its ionic constituents undergo phase transitions
from a hot gas to a liquid and finally to a crystal, i.e an ion lattice. A significant amount of energy
is released in the latter first-order phase transition, which slows down the cooling process. The WD
solidifies from the center to the surface. The remaining ~ 1% of the WD mass is in the form of a
heat-blanketing envelope, whose composition, mainly hydrogen and helium, plays a key role in the
cooling process.

In ref. [8], we modeled the WD core as being composed of only one element, namely carbon,
by solving the structure equations, the Tolman-Oppenheimer-Volkoff (TOV) equations [20, 21] cou-
pled to the zero-temperature Feynman-Metropolis-Teller (FMT) equation of state (EoS) [22, 23].
In the present work, we adopt a more realistic approach to match observations. Specifically, we
consider stratified WDs made of two elements, 50% each, namely carbon-oxygen (CO) for WDs of
mass < 1.05Mg, and oxygen-neon (ONe) above this mass threshold. In addition, we use the finite
temperature extension of the FMT EoS presented in ref. [24]. While the zero-temperature approach
is adequate for WDs with masses = 0.7 — 0.8 Mg, the predicted mass-radius relation in this ap-
proximation begins to deviate from observations for lower masses. These deviations are expected
to stem from finite temperature effects [24]. In the relativistic FMT EoS at finite temperature, the
thermal energy of the nuclei is considered when calculating the energy density and pressure within a
Wigner-Seitz cell'. The electron energy density and pressure depend on the degeneracy parameter
and ultimately on the temperature of the system; for further details see ref. [24]. EoSs for C, O and
Ne were obtained and later used together with the TOV equations to obtain WD radial profiles.
This includes the radial profiles of the escape velocity, vese, an example of which can be found in
Fig. 1 of ref. [8].

2.2 Observations

Over the past few decades, our understanding of white dwarfs has greatly been improved with the aid
of large-area surveys, in particular the Sloan Digital Sky Survey (SDSS) [29] which has produced the

! A Wigner-Seitz cell encloses a cloud of electrons surrounding a finite size nucleus so that the system is neutral.



WD name Tog M, |Cool.age| Distance | Ty (ty) Onset
(K) | (Mg) |t (Gyr)| (pc) |(10° K)|crys. (Gyr)
WD 0821-669 (CO) 4808 [25][0.53 [25] | 6.58 [25] | 10.68 [26] | 1.8 3.0
GJ 3182 (CO) 4980[25]|0.62[25] | 7.24[25] | 10.87 [26] | 1.9 2.36
SDSS J232257.27+252807.42 (ONe) | 6190 [27] | 1.11 [27]| 4.58 [27] |199.17[26]| 2.1 2.73

Table 1: Old WDs within 200 pc with spectral type DA. The first 3 WD properties, namely cooling
ages, effective surface temperatures and masses for the last two WDs are given in refs. [25, 27|, while
the last two columns, core temperature at the cooling age and onset of crystallization, were obtained
by using the evolutionary sequences of refs. [28] and [27] for carbon-oxygen and oxygen-neon WDs,
respectively.

largest catalogue of spectroscopically confirmed WDs, see e.g. refs. [30-32]. Spectroscopy provides
measurements of the effective temperature Tog and surface gravity g of a WD, from which the WD
mass M, and radius R, can be inferred. Spectroscopic data also give us information about the
composition of the atmosphere of a white dwarf (spectral type). These outer layers are key to
determining the core temperature 75, cooling age and other WD properties, with the help of model
atmospheres.

In Table 1, we show three old WDs within 200 pc from the Sun, distances measured by Gaia
EDR3 [26]. These WDs have spectral type DA, i.e. a hydrogen rich atmosphere. In order to model
these stars, rather than simulating their full evolution, one can track how the core temperature and
other relevant properties change over time by using evolutionary tracks based on model atmospheres
such as those given in ref. [28] for CO WDs and ref. [27] for ONe WDs 2. The most massive WDs
are expected to be made of oxygen and neon, hence their effective surface temperature, mass, core
temperature (7)), cooling age and age at the onset of core crystallization have been calculated
using the evolutionary tracks for massive WDs of ref. [27]. The remaining less massive WDs, on
the other hand, are expected to be a mixture of carbon and oxygen, so that their corresponding
inferred properties were estimated using the cooling models of ref. [28]. The evolution of the core
temperature as a result of the cooling processes for the WDs in Table 1 is depicted in the left panel
of Fig. 1. On the right panel of this figure, we show the radial density profiles of the WD core for
the same stars, obtained as outlined in section 2.1, using the finite temperature FMT EoS for the
core temperature at the WD cooling age t, listed in Table 1.

3 Multiple Scattering Capture

In this section, we review the formalism for single-scattering capture of DM in white dwarfs. Build-
ing upon it, we derive a proper treatment for multiple-scattering capture, by including the radial
dependence of the escape velocity and target number density, the effect of the nuclear form factors,
as well as considering that DM trajectories follow the rules of gravity. Next, we generalize this
formalism to the case of multiple targets.

2Evolutionary sequences for CO WDs of various masses can be found at: https://www.astro.umontreal.ca/
~bergeron/CoolingModels/ and for ONe WDs at http://evolgroup.fcaglp.unlp.edu.ar/TRACKS/ultramassive.
html.


https://www.astro.umontreal.ca/~bergeron/CoolingModels/
https://www.astro.umontreal.ca/~bergeron/CoolingModels/
http://evolgroup.fcaglp.unlp.edu.ar/TRACKS/ultramassive.html
http://evolgroup.fcaglp.unlp.edu.ar/TRACKS/ultramassive.html
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Figure 1: Left: Evolution of the core temperature T} for the WDs in Table 1. Right: Radial profiles
of the core density for the same WDs with core temperatures listed in Table 1.

3.1 Single Scattering

We begin by considering the situation where a single collision with the non-relativistic, non-degenerate
ions in the WD core is enough for DM to become gravitationally bound to the star. In this case,
the most general expression for the DM capture rate C; in the optical thin limit is given by [§]

Ry 0o
C, = px/ dr47rr2/ duXMfMB(uX)Q;(w), (3.1)
my Jo 0 Ux
with
’Uesc('r‘)
Qp(w) = / dv R (w — v), (3.2)

:“+ 3 dory vt _p2,2 _ oy
(w — ) / / dt E’np(r )dCOSHmee TO(t+s—w)O(v— |t —s|), (3.3)

where p, is the DM density, m, is the DM mass, ny is the target number density, and w(r) =

u? + vZ.(r) and v are the DM velocity before and after the collision, respectively. Kinematic
quantities are defined in the center of mass (cm) frame, where 0.y, is the center of mass angle, o,
is the DM-ion cross section, s is the cm speed, t is the velocity of the DM in the cm frame prior to
the interaction, k? = mqp /2T, mr is the mass of the target and ur is the speed of the target before
the collision in the cm frame:

ud = 2yt + 2y s — pw?, (3.4)
my J==N!

= X =£= 3.5

K mr He 2 (3:5)

We assume that the DM speed distribution in Eq. 3.1, u,, follows a Maxwell-Boltzmann (MB)
distribution, which reads [33]

u 3 3 2 3 2
JuB (uy)duy, = vdz* o (exp {—203 (Uuy — V) } — exp [—203 (uy + vy4) }) duy, (3.6)



where vy is the velocity dispersion of the halo and v, is the WD velocity in the Galactic rest frame.
In the T, — 0 limit the interaction rate Q~, Eq. 3.2, becomes [33]

_ 4:“3— 'Uesc("') dO—TX 9
Qr(w) = H—wnT(r) /w(r)“ dvvm(w,qtr(w,v)), (3.7)
s

where ¢, is the momentum transferred during the collision. Note that the differential cross section

depends on the DM initial velocity w and the momentum transfer through the form factors Féj.v’N/).
We express the cross section as
d 1 |Mr*(w, ¢
_99Tx (qutzr) = | T| (w’Qtr)’ (38)
d cos Ocm 32w (my + mr)?
2
PR m ’ N,N/
N (w,qt) = 3 3 > eNeN ET (w. ), (3.9)
N

3,5 N,N’

where N = {p, n}, the spin averaged squared matrix elements are given in the basis of non-relativistic
(NR) operators [34], and the C; are the coefficients that accompany the corresponding NR operators
as given in Table 2. The nuclear response functions Fi(j-v’N/) (w, ¢2.) are given in appendix C of ref. [35].
Note that we have assumed fermionic DM colliding with ion nuclei, with interactions described by
the 6-dimensional Effective Field Theory (EFT) operators of Table 2. Note also that since WDs
are composed mainly of ionic species with no nuclear spin, namely “He, 12C, 60 and ?°Ne, only
scattering operators with spin-independent (SI) interactions are relevant. For these elements in
particular, only three response functions are non-zero, namely Wy, W, g7, Wgr [35, 36].

At low energy, the cross section for scattering on target nuclei, or,, can be related to the SI
cross section on a single nucleon, oy, , using

! 1
327 (my + my)?

dony

(w,q2) S eNeNENN (w, ), (3.10)

d cos O ,
1/7]

where F' is the nuclear response function for a nucleon N. Thus, in the low energy limit (w —
0,¢% — 0) we have

'/ (N,N’
dory (my +my)2 m% D5 2NN CZ‘NCJN Fz(] )(w — 0,45, — 0) dony
= 5 —3 N . (3.11)
dcoslem  (my +mr)? my Zi,j CZNCJNFi,j M(w = 0,62 — 0) d cos Ocm

For operators D1, D2, D5 and D6, for which only the W), response function is present, this simplifies

to
dory (my +mpy)2m2 5 dony 4 dony
dcosOcm  (my+m7)2mi dcosbOem d cosOcr,’

(3.12)

where the final expression is obtained by taking the large m, limit. For D10, the precise coefficient
that multiplies the DM-nucleon cross section in the RH expression of Eq. 3.12 depends on the target,
being yA* with v = 1 for He, v = 1.56 for C, v = 1.02 for O and v = 1.22 for Ne.

In most cases, for WDs in the solar neighborhood, we have vesc(r) > u, and hence w(r) ~
Vesc (7). Using this approximation, we can rewrite Eqgs. 3.1 and 3.7 in terms of the recoil energy of
the target Er

2
ER — Qir , ER — Egax
2’1’)’LT

1 — cos QCm)

5 (3.13)



Name Operator Coupling My NR _ CN (’)NR
_ S
D1 x NN 3 /A2 4A—]2memNONR
D2 X7°x NN i3 /A2 —4lCN myONE
- v V /A2 cx NR
D5 XVuX NN cn/A 4memN(’)1
_ Vv
D6 XYY X NY*N ek /A2 8%(meN(98NR + my OYR)
_ - T
D10 | xouy’x No*'N | ick /A% | 855 (m O} — myONR — 4m,myONR)

Table 2: Relationship between high energy EFT scattering operators (second column) and the non-
relativistic (NR) operators MY® = CNONR [34] (fourth column) for spin-independent interactions,
where A is the cutoff scale, and the coefficients c%, CK, and c% are the hadronic matrix elements,
which can be found in appendix B of ref. [8].

where

2

m

Egax = 2mTUeSC(T)2 <7’nT—|—X7’n) s (314)
X

ERm =, (3.15)

Trading 6., and the DM final speed v for the recoil energy Er, we obtain

dory _ ER*® dory (3.16)
d cos Oem 2 dER’ '
_ 442 ER (poge, My, my) PR dory
Q =t RS0 0 / dE ER). 3.17
7(w) o nr(r) 2, - R iEn X (Vese, ER) (3.17)

In the original derivation of Eq 3.1, an average over the DM angular momentum J (angle of
incidence) was performed [37]. Here, we reintroduce this average explicitly since it will become
relevant in the optically thick and multiple scattering regimes that depend on the specific trajectory
and hence angle of incidence. Note that this does not affect the result for single scattering in the
optically thin limit. Reintroducing the average over J and substituting the last expression into
Eq. 3.1, leads to

Py Jus (uy)
Ch ==X / dranr®ng (1)ory (Vese (1) )i ( / / 7, 3.18
! my Jo r(r)ory( Ny _7 ( )

where y = J/Jmax, and Jpax is the maximum value of J at a given distance from the center of the
star. Note that, thanks to the assumption u, < vesc, the integral over u, can be factored out from
the integral over the volume.

When the DM-target cross section is larger than a threshold value, the capture rate approaches
the geometric (optically thick) limit. In this regime, the flux of DM particles that traverses the star is
considerably attenuated, hence the optically thin approximation is no longer appropriate. To account
for this, an optical factor n(r) is introduced in Eq. 3.1, which removes captured DM particles from
the incoming flux. This 7(r) factor, defined in terms of the optical depth for DM-target interactions,
depends on the trajectory followed by the DM particle until it is captured [8, 33, 38]. There exist two



equally probable paths a DM particle can follow to reach a given point r within the WD. Therefore,
there are two corresponding optical depths 7, (shortest path) and 7' (largest path) given by [8, 38]

o) /R* w(w(w))
/1 y2 j:::(; ’Uesc 1 — ’Ugsc (l‘)

T'min P “(w(x
(r,y) / /T {2 ( (z)) =27 ("rmin, y) — 7y (1), (3.20)

min y2 jmax ZB UGSC( ) U(%SC($)
V max

where rmin is the position of the perihelion. For details on the derivation of these expressions, see

(3.19)

Appendix C.1 of ref. [38]. Then, the optical factor averaged over the two possible trajectories and
the DM angular momentum is

1/1 ydy () 4 =

= | L (e e, 3.21
3 A (3.21)
Finally introducing this factor in Eq. 3.18, the full expression for the capture rate in the single
scattering regime reads

px [ un(uy) [ 2 2

C, = / dux/ dramrony (r)vie (1) ory (Vese (1)) n(r). (3.22)
my Jo Ux 0

For large DM masses, however, this expression will overestimate the true capture rate. This is

because it assumes that a single collision is enough to capture a DM particle, consistent with the

use of E}?“ = 0. In the next section, we go beyond this limitation by developing a formalism to

handle capture in the multiple-scattering regime.

3.2 Response Function for Multiple Scattering

When the DM is heavy enough, Eq. 3.22 (which assumes a capture probability ~ 1) would over-
estimate the correct result. In this regime, more than one collision is necessary for the DM to be
captured. To account for this, we construct a function that incorporates both of the non-linear
effects into the capture rate, namely the star opacity and the multiple-interactions with the ionic
target species.

First, we define a probability density function for the energy lost by a DM particle in a collision

as
1 dory

f(ER) =

Ok (3.23)

Then, the probability that the DM loses an amount of energy of at least 0 = mxuf< /2 after a single

collision is given by
o0

Fi(OE) = /5 ~dEf (En). (3.24)

where we have extended the upper integration limit from EZ®* to infinity. This is valid for white
dwarfs, as the escape velocity is very large. In the same way, the probability of losing the same
amount of energy after N scatterings is

oF
FNGE) = [ dEFy2(6F - E)f(En). (3.25)



For simplicity, we assume that the DM-target cross section is well approximated by

dory .
m xX e 0, (326)

where Eg is the recoil energy and Fy depends on the specific nuclear target. That is, we assume
exponential nuclear form factors similar to the Helm approximation. This leads to

_ O(ErR) -2

ER) = 2
f(Br) = 25 e, (3.27)
_9E
Fi1(0E) = e Fo. (3.28)
Defining the dimensionless quantity
oF mxu2
§= — = X 2
By~ 2B (3.29)
and taking the Laplace transform of the F functions written in terms of §, we find
Fi(s) = — Fuls)= (3.30)
LA A MY T 0+ oV '
where the last expression corresponds to
—0SN—-1
e %
0) = ———. 31
Fn(9) N 11 (3.31)

To account for multiple collisions, we define the probability that the DM undergoes N scat-
terings with nuclei. For DM passing through the same path length 7, this is given by the Poisson

distribution [18]
N

—T T
pn(Ty) =€ Xﬁ. (3.32)

Substituting F7(d) and pg into Eq. 3.18, we obtain for single scattering

s / / / fMB x)
Cy =2 dramr’n o 'Uesc esC T
! my Jo r{r)omxd \/1—7

This is equivalent to Eq. 3.22, which accounts for the star opacity, once we average over the two
equally probable optical depths, 7';“ and 7,7. Note that F; indicates the probability for DM to
be captured after a single collision. We can now generalize the above expression to the case of N

po(Ty)F1(6). (3.33)

scatterings as

_ Py / / / fMB x)
Cny = dramr*ny (1) ory (Vese (1) )02 (
My Jo r(r)or \/1_7

The total capture rate is given by the sum over all N collisions,

C =) Cn. (3.35)
N

pn-1(r) Fn(6).
(3.34)

Next, instead of first evaluating the integrals in Eq. 3.34 and then summing over N, we sum
the series first by introducing the response function, G(7y, 9)

0 C_TXT;(V_I 6756]\/71

(N—-1)! (N - 1)

G(ry,0) = Y pv-1(r) Fn(0) =
N=1 N=1



= e (2¢/70). (3.36)

where I is the modified Bessel function of the first kind I, for n = 0. This response function encodes
the probability to lose an amount of energy of at least 6 F through multiple collisions. Therefore,
G(Ty, 0)dr, is the probability that DM collides with an ionic target and loses at least an energy JE
in the scattering process, after travelling a differential length 07, in the medium, from a region of
the stellar interior with optical depth 7.

To account for the two possible optical depths, given by Eqgs. 3.19 and 3.20, we average over
them and over the DM angular momentum, as in section 3.1. This leads to

; b vy G(ry (1Y), 0) + Gy (1), )
1

G(r,8)= [ d
(r,0) Y 5

Note that the response function depends on the radial coordinate through the optical depth and on

(3.37)

the DM velocity at infinity, u,. Finally, the total capture rate that accounts for the stellar structure,
star opacity and multiple scattering reads

R. o0 - [ myu?
c= / dramr®ny (r)v2. (1) o7y (Vese (1)) / du,y Sup (i) Gr=2X], (3.38)
mx 0 0 UX 2E0
~ 2
where the average over the DM angular momentum has been absorbed in the definition of G(r, Tr;g:" ).

Recall that we assumed exponential nuclear form factors to derive Eq. 3.38. As in ref. [§],
we now introduce the nuclear response functions given in appendix C of ref. [35] in Eq. 3.8. In
principle, we can proceed in a similar fashion to the exponential form factor case and derive their
corresponding Fy functions, as well as the response function for multiple scattering, which is more
involved and is given in terms of generalized hypergeometrical functions. A way to circumvent this
is to approximate the form factor with an exponential. For instance, if we consider WDs made of
carbon, and interactions described by the scalar-scalar operator (D1), we have

dO‘TX 7EEiR ER 2
1— 29— 3.39
dEn x e B T B ) ( )

with zg ~ 0.22 and E7 ~ 1.25 MeV, where these factors come from the nuclear response function for
12¢. This function is well approximated by e~ Fr/Fo where Fj is given by

[e's) do
e Ao ARG

0o dor
Mx o0 fo dERdEI:

(3.40)

This value of Fy is then used in the response function G. We have checked that this approximation
holds for the spin independent operators D1 and D5 for carbon, oxygen and neon targets.

In Fig. 2, we compare our approach (magenta) with previous calculations in the literature that
made use of simplifying assumptions, namely those of ref. [15] (light blue) and ref. [5] (orange).
We consider scalar-scalar interactions of 103 GeV and 106 GeV mass DM, for a 1M, WD made of
carbon, located in the solar neighborhood, i.e., we assume p, = 0.4 GeV/ em?, v, = 220km/s and
vg = 270km/s. Radial profiles for the carbon number density and escape velocity for this WD were
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Figure 2: Capture rate in the multiple scattering regime (magenta) for a 1Mz WD made of carbon,
considering scalar-scalar interactions (D1) and m, = 103 GeV and 10° GeV. We also show results
obtained using the prescriptions in refs. [15] (light blue) and [5] (orange).

obtained in ref. [8], Our results are given in terms of the maximal capture rate that can be achieved,
the so-called geometric limit, which is given by

TRIpy [ w(Ry)
Cgeom = My N /0 Uy fMB(uX)dUX7 (341)
= % (302, (Ry) + 3v2 + v3) Exf \/gv* + \/Ev v 6_% (3.42)
vy, escl x 2 vy o ’ )

As can be seen from Fig. 2, approaches that do not incorporate the radial dependence of the
escape velocity, the ionic target number density and form factors, as well as a DM-target relative
velocity distribution, overestimate the capture rate by at least one order of magnitude (orange lines)
for DM-nucleon cross sections a,, < 10742 cm?. We note that ref. [5] assumed that the nuclear form
factor saturates to ~ 0.3, while ref. [15] considered 0.5, which we find is the main cause of the large
discrepancy. Recall that we have retained the full radial dependence of the form factors and recoil
energies, rather than averaging them over the NS radius. We find that FZ%Y’N/) saturates to ~ 0.034,
for the scalar-scalar operator and recoil energies lower than order MeV. Note also that the approach
of ref. [5] does not reach the geometric limit for large cross sections; this occurs because they truncate
the sum over Cy at a certain maximum value of NV, Ny, which neglects important terms when the
cross section is sufficiently large. There is another substantial difference when comparing our results
with those calculated using the prescription of ref. [15] (light blue lines), which neglects the motion
of the WD. That approach overestimates both the capture rate and the threshold cross section at
which the capture rate saturates the geometric limit.

Regarding the remaining operators in Table 2, operators D2 and D10 are momentum suppressed
in the non-relativistic limit, meaning that their matrix elements are proportional to the squared
momentum transfer g2. Therefore, the approximation in Eq. 3.26 does not hold. Following the
procedure outlined above for non-suppressed interactions, we find that the response function takes
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the form of a linear combination of hypergeometric functions. For D6, whose cross section also
depends on the DM velocity, we can still use the response function in Eq. 3.36, but in this case the
value of Ey will depend on u,.

3.3 Multiple scattering with multiple targets

The response function obtained in the previous section is valid for white dwarfs made of a single
ionic species. However, the core of real WDs is composed mainly of two elements plus small traces
of other elements. In this section, we generalize our previous result to the case of scattering on
two ionic species. Each target ¢ will have a different optical depth, 7';(; the total optical depth 7 is
simply the sum of the contributions from each of the target species.

First, as in the previous section, we consider the probability for DM to interact with a target
1 and lose energy of at least 6 E, while travelling a length drfc, starting from a layer in the WD with
optical depth 7. This is given by the differential element G(T;(, (5i)d7'f<, where

oE

(51':?87

(3.43)

and the energy scale Ej depends on the target i and is calculated using Eq. 3.40. Thus, the
probability to interact and lose the same amount of energy when DM travels a path-length T>i< is
simply the integral of the differential element over the trajectory, i.e.

G(ry, 0) = /TX dr G(,6). (3.44)
0

Note that this probability satisfies all the expected properties:

li L8;) =0, 3.45
T);EOQ(% ) (3.45)
lim G(7..6;) = 1, (3.46)
7')’(—>oo

(SliiLnOQ(T;, 9i) =1—e"x. (3.47)

The first property applies when the DM particle travels through a region that does not contain the
target i. The second limit tells us that by taking a sufficiently large optical depth, it is possible to
make the probability to interact and lose an arbitrary amount of energy as close to 1 as desired.
Finally, the third property gives us the probability that DM interacts with the target ¢; this expression
takes the expected form, given that e~ is the probability of no interaction with the medium. Note
that Q(T;, J;), can be rewritten as

G(ri.6) = / a5 k(i 6), (3.48)
05
where ]{}(T;(, d) is a probability density function, obtained by differentiating Eq. 3.44

P . .
a—éig(r;(, 0;) = _k(T)Z(’ ;). (3.49)
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Figure 3: Capture rate in the multiple-scattering regime (magenta) for a 0.94Mz; WD made of
carbon and oxygen, for scalar-scalar interactions (D1) and a DM mass of 102 GeV (left panel) and
10% GeV (right panel). We also show results obtained using the prescription in ref. [17] (light blue).

Next, we introduce a second target species. In the presence of these two ionic targets, the
cumulative probability of DM to lose an energy § FE after travelling an optical depth ch in the target
i and 73 in the second target j is found to be

OB/E} . O — zE} o .
Goii (E) = /0 iz G <TXEO0> {_&Q(T;,z)} (3.50)

Since the previous expression is a cumulative probability, to calculate the capture rate when the last
scattering is over the target ¢, we differentiate Eq. 3.50 with respect to 7';'( to obtain?®

5E/Eg . §E — Ej o )
Go,i;(0E) :/ dz G <TXEZO [_azg(fgc,z)]. (3.51)
0 0

This is the probability for DM to be captured between T;'( and 7';( + d’T)i(.

We are now ready to obtain the capture rate for scattering with two targets. In the previous
expression, we have considered that the DM energy is reduced below the threshold for capture to
occur after subsequent scatterings with two targets ¢ and j; however, capture can happen after
collisions with only one ionic species. This is accounted for in the following expression

G245 = G(7}, 5i)e ™ + G2,ij, (3.52)

where the first term represents capture after interactions only with the element 7. As in section 3.2,

we average Eq. 3.52 over the 2 possible trajectories 7, and 7’; and the DM angular momentum

3Note that, technically, we should differentiate Eq. 3.50 with respect to Ti. However, once we add G(ch7 6i)e_7i
(which is already differentiated with respect to T;'() to Eq. 3.51 and arrive at Eq. 3.52, we realize that the integral of
the latter is symmetric in the indices 4, j. Thus, one can differentiate with respect to either Tf( or Ti, so we chose the

former for convenience.
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Figure 4: Contribution of DM scattering with carbon (orange) and oxygen (blue) targets to the
total capture rate in a 0.94M WD, for scalar-scalar interactions (D1) and a DM mass of 103 GeV
(left panel) and 10° GeV (right panel).

to obtain the multiple target response function C~¥127¢j. Thus, the capture rate for the case where
scattering from species ¢ dominates is given by

Ry o) B 2
c = Px / drdmr®? (r) / duxfmzwzni(r)aix(r)012,ij (r, m"“X>. (3.53)
0 0 X i

my 2E

The contribution of the second target, C}, is obtained by interchanging 7 with j in Eq. 3.53. Adding
the two contributions results in a total capture rate of

Ciot = C; + Cj. (3.54)

In principle, this procedure can be generalized to any number of targets.

In Fig. 3, we compare our approach with that of ref. [17] which addresses multi-target multiple-
scattering capture in stars, neglecting the stellar structure. We consider a 0.94M5 WD, which is
composed mainly of carbon and oxygen. The radial profiles of the constituent number densities
were obtained by running a simulation of the evolution of a 6Ms main sequence star with solar
metallicity, using the public stellar evolution code Modules for Experiments in Stellar Astrophysics
(MESA) [39-43] package, version 21.12.1. As in the previous section, we assume the D1 EFT operator,
since ref. [17] only deals with the case of constant DM-nucleon cross section. As we can see, the
difference between the two approaches is not as striking as that observed in Fig. 2, with capture
rates from ref. [17] (light blue lines) being at most a factor ~ 2 larger than our results (magenta
lines) for m, = 10°GeV (right panel). This is due to the fact ref. [17] adopted the parametrization
of the Helm form factor given in ref. [44], and averaged the form factor and scattering angles for
every DM mass considered, which yields more realistic results than those of refs. [15] and [5]. Even
so, the discrepancy with our results increases with the DM mass.

In Fig. 4, we show the contribution of each WD constituent to the total capture rate for the WD
in Fig. 3. We immediately notice that at large cross sections, in the region where the capture rate
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saturates the geometric limit, scattering off carbon dominates the capture rate for both DM masses
considered. This is due to the fact that in the outer layers of the WD core there are significantly
more carbon than oxygen targets, and in this regime capture occurs closer to the surface. For smaller
cross sections, we observe that collisions with oxygen nuclei contribute a significant fraction of the
total capture rate, even surpassing the carbon contribution for m, = 103 GeV. This occurs because,
for smaller cross sections, DM can be captured deeper inside the core, where the oxygen capture
rate exceeds its carbon counterpart, thus resulting in a more sizeable oxygen contribution. It is also
worth noting that oxygen and carbon form factors do not suppress the capture rate to the same
degree; the oxygen form factor gives a larger suppression than that of carbon at high recoil energies,
and less at low recoil energies.

4 Thermalization

Once captured, the DM will continue to scatter within the WD, gradually losing energy until it
thermalizes in the innermost regions of the star. In section 4.1, we outline the calculation of the
thermalization timescale for the DM-ion interactions listed in Table 2. As WDs cool, their ions begin
to crystallize, forming an ion lattice. The effect of the lattice structure on the thermalization time
is discussed in section 4.2.

4.1 Thermalization time

The thermalization process can be broadly divided into two stages. The first stage is where the
orbit of the captured DM is not wholly contained within the star. The second stage begins once the
orbit is fully contained within the star and ends when the DM has reached thermal equilibrium at
the WD center. The first stage typically proceeds significantly faster than the second, making up
less than 1% of the total thermalization time [12, 45, 46]. Therefore, we focus on the second stage
to determine the thermalization time. During this last stage, there are two distinctive kinematic
regimes depending on whether the DM or target velocity dominates the relative velocity of the
interactions. The core of a WD is expected to be quite homogeneous in terms of density (see right
panel of Fig. 1) and temperature. As most of the time required to thermalize is confined to the
second kinematic regime when DM reaches small energies, we can consider interaction rates in the
central region of the WD.

To estimate the thermalization time, we use the temperature dependent differential interaction
rate Eq. 3.3, which accounts for the thermal motion of the nuclei. Summing over the average time
between interactions until the energy transferred by the DM reaches the core temperature of the
WD [47], (AK,) < T}, we obtain

al 1
ttherm = ngoﬂ_(w(xn)), (4-1)

where z,, is the ratio of the DM kinetic energy K, to the WD core temperature T} after n scatterings,
and the sum ends for N such that zny < 1. Each subsequent energy transfer is computed by first
calculating the average energy lost in each collision using

(Az) = ——_ (4.2)
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E(x) = /0 “dy(e — R (z = ), (4.3)

where the normalized differential interaction rate (Eq. 3.3) is given in terms of z = K, /T, and
represents the probability distribution function for scattering from an initial energy x Ty to a final
energy yT,. From now on, and in Appendix A, we will indicate with Q7 (z) the interaction rate
as a function of the dimensionless variable x, and similarly, we will indicate with R~ (z — y) the
differential scattering rate from an initial energy x to a final energy y.

While the summation in Eq. 4.1 can formally be evaluated analytically for some interactions, in
general it must be computed numerically. When doing so, numerical instabilities in the computation
of the thermalization time arise from the small nuclear velocities and large DM masses. A sounder
approach is then to analytically calculate the dominant terms of the interaction rate at high and
low (close to thermalization) energy transfers, and use these results to approximate the effects of
the thermal motion of the targets.

To obtain analytic expressions for the thermalization time, we can instead approximate the
sum in Eq. 4.1 to an integral [47]

® B, (1.4)
* dx

titherm = —_, 4.5

tem = J - B@) -

where we have set the initial energy to infinity for simplicity, as the initial energy of the dark matter
will be significantly larger than when it is thermalized. The validity of this approximation improves
for smaller fractional energy losses as an increasing number of collisions are required to thermalize
the DM. Specifically, at low energies, we have (Az) ~ O(1) x \/CLW, while at high energy we have
(Az) ~ 2z/u; both approximations are more accurate for large DM masses. Note also that we
neglect the up-scattering rate. We expect up-scattering to be negligible at large energies and only
start to play a role close to thermalization, affecting the result by an O(1) factor. Hence, all the
results presented in this section should be taken as order of magnitude estimates.

To further simplify the analysis, we neglect the effect of the nuclear form factors on the thermal-
ization time. We discuss the effect of including them in Appendix A.4. In summary, the exponential
suppression of the form factors is relevant for energy losses greater than (AK,) ~ 2K, /u 2 Ey =~
O(MeV). As the thermalization time is dominated by the interactions at lower energies, it is not
impacted by the form factors.

Eq. 4.3 can be evaluated analytically for two distinct scenarios: when K, > T (high en-
ergy) and when K, ~ T, (low energy), which correspond to > 1 and x ~ 1, respectively (see
Appendix A.2). We set E(x) equal to the sum of the high-energy and low-energy contributions

to obtain an approximate expression for the energy transfer F(z). For differential cross sections

2m

s 1.e., cross sections of the form

proportional to powers of the DM-ion relative velocity v

dOTX OT om
—— 4.6
d cos Qe g Vrel (4.6)
where op is a proportionality constant, we obtain
T 2\ 1 3
E(x) ~nfor U2m+1\/> 2 <> + —T (m + > , (4.7)
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where v% = 3T, /my. Similarly, for differential cross sections proportional to powers of the momen-

tum transfer qfﬁ”,
dUTX _ JT(m + 1) thrm (4 8)
d cos Qe amtl ggm’ '
where o and ¢y are constants, we find
m+1 2v2m2>m x <x>m+1 1 3
E(zx) ~2nSorv T — 12— +—I'|m+ - 4.9
) TTT<m+2>< % p| \n Ve 2 (4.9)

We can now calculate the corresponding thermalization times using Eq. 4.5; see Appendix A.3.
It is worth noting that the high energy term does not affect this timescale; it is only necessary to
ensure that the integral converges at large energies. The resulting thermalization time for differential
cross sections proportional to powers of the relative speed vfg? is given by

" 1
ttherm X C om (410)

nGoTUT U
where n% = np(0) is the ion number density at the WD center. For interactions with cross sections

proportional to powers of the momentum transfer ¢2, we find that the thermalization time reads
2 m
K q
Ltherm X c < 20 2> . (411)
NpoTUT \ 205Mmi

The precise value of the O(1) proportionality constant in Eqgs. 4.10 and 4.11 is determined by the
coefficients of the expansion of E(x) in x/u at all orders, whereas we have only included the highest
and lowest order. The exact thermalization time also depends on the up-scattering rate, which
we expect to have an impact near the point of thermalization (x ~ 1). It is worth noting that
neglecting the low energy term contribution in F(zx), would have resulted in an incorrect scaling of

3/24+m

the thermalization time with respect to p at large mass, with a scaling of tiperm o< @ instead

of the correct scaling of tiperm o< .

To derive tiherm for the operators in Table 2, we use the proportionality constants o7 and ¢q
in Egs. 4.6 and 4.8, their corresponding thermalization times given by Eqgs. 4.10 and 4.11, Eq. 3.12
to relate the DM-nucleus to the DM-nucleon cross section, and the expressions for the differential
DM-nucleon cross sections for each operator in the non-relativistic limit given in Appendix A of

ref. [48]. We obtain
2 A4 1
ti ~ XN 5 (4.12)
ng(c3r) 3my T
i U Ly (4.13)
therm 371%(6%)2 3m%«1TE ; .
2 A4 1
Ho ~ X2 = (4.14)
ng(cx) 3ma T,
t(D6) ~ Trme?VA4 1 (4 15)
therm 27?%(6%)2 Sm%Tf 5 .
2 A4 1
Hiay ~ o XN g (4.16)
o 1295 (eh)? ) 3mET3

where 7 in Eq. 4.16 is a constant that depends on the specific target (see section 3.1).
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4.2 Effect of the lattice structure

If crystallization has already started at the very central region of the WD then, because the mo-
mentum transfer becomes increasingly smaller during thermalization, the lattice structure of the
WD becomes relevant. In this regime, we can no longer assume DM scattering off a free gas of
nuclei, and instead must consider the Coulomb lattice of ions as a collective medium. This amounts
to considering phonon excitations within the lattice. To account for these effects, we include the
dynamic structure function of the lattice S(g;) in the differential cross section

dory dory

— S(qtr) (4.17)

d cos Ocm dcosOcm

This structure function for a Coulomb lattice is well known [49, 50], and consists of contributions
from elastic Bragg scattering and inelastic phonon scattering/absorption. However, only the latter
contribute to this current application. For momentum transfers greater than the Brillouin zone,

qB = (67r2nT)1/ 3. the structure factor can be approximated as

S(gur) ~ 1 — e 2Wlaw), (4.18)

where W(qyy) is the Debye-Waller factor, which for body centered cubic lattices is given by

2

W (qir) = <T:2F6> i, (4.19)

where (r2) is the mean squared separation of ions in the Coulomb lattice. An analytical fit to W ()

with 1% error is given in ref. [51] as

thr —9.17% Jw T* _ qtzr
Wign) ~ ——— ( 14e P +13-2 ) = : (4.20)
2mrwy wp 2q52up
mrw
Goup = . (4.21)

1.4e= 91T /wp + 13T, Jw),’

wp =/ 4ArZ2%e*ny /mr, (4.22)

where w,, is the ion plasma frequency.
If 2 < qSZup, one can power expand the exponential in the structure factor, and therefore the
interaction rate effectively becomes suppressed by an additional power of ¢2. Following a similar
treatment to the case of cross sections proportional to g2, we find that Eqgs. 4.10 and 4.11 now

receive an additional suppression factor® )
Gsup

67’)’LTT* .

(4.23)

This amounts to increasing the thermalization time by an O(1) factor that depends on the equilib-
rium temperature when accounting for phonon emission. Note that this approximation is valid at
O(6mrT/ qgup) since we have performed an expansion of the Debye-Waller structure factor. When
6mrT/ qgup > 1, which occurs for some period of time after the onset of crystallisation in the lighter
WDs in Table 1, a sound approximation for the thermalization time is obtained by multiplying
Eqgs. 4.10 and 4.11 by max [1, qgup/(GmTT*)].

“Note that we neglect the additional O(1) factor 2(m 4 1)/(m + 2).
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Figure 5: Thermalization time as a function of the WD cooling age for the WD SDSS
J232257.27+252807.42 (M, = 1.11Mg), DM of mass m,, = 10° GeV, and a DM-proton scalar-scalar
cross section of 0, = 10~*' ¢cm?. Our result is depicted in magenta, obtained using the prescription
for the second stage of thermalization from ref. [12] is shown in light blue, while results using the
corresponding prescriptions from refs. [13] and [14] are depicted in orange and green, respectively.
The dashed blue line represents the onset of crystallisation.

Introducing the factor in Eq. 4.23 into Egs. 4.12-4.16, we find the following thermalization
times for the SI EFT operators

therm 6nS.(c3)? \ 3mP TS’
3,2 A4, 2

102 v A GG 1 (4.25)
therm 971%(6%)2 Bm%ngf

(05 mi iy AN 1 (4.26)
therm 615 (cX;)? 3mAT3

109 mimy i A, 1 (4.27)
therm 12n5.(ck)? \ 3my1?

#(D10) A oy [ 1 (4.28)
therm 729n5(c%)? \ 3m TP

Fig. 5 illustrates the variation of the thermalization timescale across the evolution (cooling
time teoo1) Of the 1.11Ms WD SDSS J232257.27+252807.42, using the temperature evolution in the

left-hand side of Fig. 1. We consider the scalar-scalar operator (D1), DM of mass m, = 10° GeV
2

and a DM-proton cross section of o, = 10~%' cm?. Before the core of the WD begins solidifying
(at teool < 2.73 Gyr for this particular WD; see Table 1) we use Eq. 4.12, and after the onset of
crystallisation we use Eq. 4.24. Note the sudden increase in the thermalization time (magenta line)
once the crystallisation front starts moving from the WD center onwards.

For comparison, we also show in Fig. 5 results using other prescriptions in the literature. The
prescription for the second stage of thermalization from ref. [12], which accounts for the effect of the
lattice structure so that it holds after the onset of crystallisation, is shown in light blue. This result is
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orders of magnitude greater than ours. This is mainly due to the fact that this prescription is based
on the expression for the average energy loss at high energy, which, as mentioned in section 4.1,
scales as (AK,) ~ 2K, /. Conversely, we find that at the energy relevant for thermalization and,
in particular, for phonon emission and absorption (i.e., the low energy transfer regime in which
the thermal motion of the targets — which is included in the scattering rate — cannot be neglected)
the average energy loss is (AK,) =~ O(1) x \/K,T,/p. Results from the prescriptions in refs. [13]
and [14], which are quite similar and do not consider the lattice structure factor, are depicted in
orange and green, respectively. Since these two studies do not account for phonons, comparison with
our results should be fair for t.,, < 2.73 Gyr (right hand side of the dashed blue line). The main
difference between these two calculations is a factor A? missing in the definition of the DM-target
cross section in ref. [14], which is also one of the main sources of discrepancy with our findings. The
other main difference with our results is that both refs. [13] and [14] use the DM average energy loss
at high energy, thereby neglecting finite temperature effects.

5 Self-gravitation of asymmetric DM within WDs

In this section, to showcase the importance of using a proper formalism for capture and thermaliza-
tion of heavy DM in WDs, we consider the case of asymmetric DM that accumulates in the WD core
over time by scattering with the ionic target species. Further collisions, following capture, allow the
DM to thermalize to the WD core temperature. In this way, DM settles in the WD interior, forming
a DM sphere close to the center of the star. The general form of the potential energy of this DM
cloud, including the WD gravitational potential and self-gravitation, is given by [14]

Un, = —4mGm, N, (1) /OOO M (r)ny(r)rdr — 4mGm, N, (t) /000 M, (r)ny (r)rdr, (5.1)

where N, is the number of accumulated DM particles. The quantity M (r) is the WD mass enclosed
in a radius r, while M, (r) is the mass of DM particles enclosed in the same radius, given by

M, (r) = 4mm, N, (t) /07’ ny (r')r2dr’. (5.2)

The number density of DM particles, n,, follows a Maxwell-Boltzmann distribution

P 0 T AR
x Jo~ Amr2 exp [—myp(r)/T.] 7r3/2r§’(

exp 1212, 53)
where ¢(r) = — [ GM (r")/r?dr’ is the gravitational potential and

3T
=, 5.4
"x 2w G pemiy (54)
is the scale radius of the DM sphere, which can be obtained using the virial theorem, in the absence
of the self-gravitation term. In the right-hand side of Eq. 5.3, we have assumed a constant density
in the innermost regions of the WD core [8]. Using this expression in Eq. 5.1, the mean potential

energy per DM particle from Eq. 5.1 reads
2
5 GmyN\(1)

X \/%Tx J (5.5)

U= -2rGp:myr
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where p. = p(0) is the central density of the WD.
The DM core will grow in mass as the accretion process continues, because asymmetric DM

does not self-annihilate. When considering the full expression for the potential energy per DM

particle (Eq. 5.5) in the virial theorem, we find that the necessary condition for collapse is °

- 4\@7?3/27“5’(,00
B 3\/§mX

The number of DM particles that have thermalized within the WD center is given by [14]

N, (t) = Nerit. (5.6)

dt -t
AN, | C(t) (1 + t;:”“) , t > tonerm (t)
dt

0, t < ttherm(t)-

(5.7)

Integrating this expression, we can calculate the number of DM particles accumulated within the
WD throughout its lifetime. Comparing this result with the collapse condition of Eq. 5.6 allows us
to obtain the cutoff scale A required for collapse and, hence, the corresponding DM-nucleon cross
section.

Note that, in principle, the capture rate C' depends on time through the WD temperature (see
Fig. 1). We have checked that for the DM mass range considered here, C'(t) can be taken as constant
and equal to the value in the T, — 0 approximation derived in section 3. The thermalization time
is also a function of the cooling time through the WD core temperature, as shown in Fig. 5. This
time dependence of tiherm Will be accounted for in our results.

In Fig. 6, we show the DM-proton cross section required to reach N as a function of the DM
mass, for two of the local, old WDs in Table 1, assuming DM-nucleon scalar-scalar interactions. We
arrive at these conclusions by integrating Eq. 5.7, using the radial profiles for the target number
densities obtained in section 2 to compute the capture rates given in section 3, together with the
thermalization time in Eqgs. 4.12 or 4.24 using the WD cooling curves given in the left panel of Fig. 1.

We note that the time derivative of the thermalization timescale in Eq. 5.7, which is proportional
to m,, starts to have an impact for m, > 102GeV (0.62M; WD) and m, > 10! GeV (1.11M
WD). As we move to heavier DM masses, we reach a DM mass above which the thermalization is
greater than the age of the WD. This is shown by the shaded grey area in Fig. 6, and it is responsible
for the changes of slope in o,,,. We compare these results with the prescription given in ref. [12] (light
blue lines) which neglects the requirement that the DM particles captured in a time interval dt must
thermalize before being added to the DM cloud that has sunk to the center of the WD. The main
source of discrepancy with our results, responsible for cross sections that are smaller by ~ 1 (top
panel) and ~ 3 (bottom panel) orders of magnitude, stems from the computation of the capture rate.
This highlights the importance of including the relevant physics of our more complete treatment.
Specifically, including the radial profiles of the escape velocity and target number densities, as well as
the nuclear form factors, in the multiple scattering capture rate, together with a proper estimation
of the thermalization time. It is the latter which imposes an upper bound on the mass of non-
annihilating DM that can reach self-gravitation in a WD.

This condition is obtained from the largest real solution of the cubic equation that results from the virial theorem.
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Figure 6: DM-proton cross section required to reach the self-gravitation condition in Eq. 5.6,
assuming scalar-scalar interactions (D1, in magenta) for the heaviest old WDs in Table 1. For
comparison we show in light blue results obtained used the condition given in ref. [12].

6 Conclusions

In this paper we have revisited the calculation of the capture rate of heavy dark matter (DM) in
white dwarfs (WDs). In this mass regime, more than one collision is required for the DM to become
gravitationally bound to the star. We have extended our formalism for DM capture from the single-
scattering to the multiple-scattering regime, by introducing a response function that encodes the
cumulative probability for DM to lose an amount of energy of at least § ' through multiple collisions.
Our treatment incorporates gravitational focusing, nuclear form factors, the variation of the escape
velocity along the WD interior and the DM-target relative velocity. We have shown the inclusion
of these effects, which are often neglected in the literature, alters the capture rate by orders of
magnitude, with the corrections being more critical for very heavy DM. The response function
method is able to handle DM-nucleon interactions that are momentum or velocity suppressed, and
can be extended to the case of DM-capture via collisions with multiple targets.

Following capture, the DM will continue to scatter in the star, progressively losing energy until
it settles at the center of the star. Eventually, it will reach thermal equilibrium. We have estimated
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the time required for this steady state to be reached, for both a non-crystallized and a crystallized
core. In the case of the latter, in-medium effects such as phonon emission and absorption delay
thermalization, because the final stages of that process are characterized by low-momentum-transfer
DM-target interactions. However, we find that this delay amounts to less than an order of magnitude
increase in the thermalization time, which is much smaller than previous estimates.

Finally, to highlight the importance of correctly calculating the multi-scattering capture rate
and the thermalization time, we have applied our approach to the case of non-annihilating DM
accumulated in a WD core throughout its lifetime. In doing so, we have found orders of magnitude
corrections to the DM-nucleon cross sections for which the accumulated DM achieves self-gravitation.
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A Analytic derivation of the thermalization time

In this section, we derive analytic expressions for the thermalization time for heavy DM. In sec-
tion A.1, we calculate the interaction rate for finite temperature in the high and low energy transfer
regimes. In section A.2, we estimate the corresponding average energy transfer, and the derivation
of the thermalization time can be found in section A.3. We discuss the effect considering nuclear
form factors in the above mentioned calculation in section A.4.

A.1 Interaction rate for thermalization

To avoid numerical precision issues, it is convenient to obtain an expansion of the interaction rate
for low values of T,. To this end, we revisit the expression for the differential interaction rate for
finite temperature Eq. 3.3,

o) o) 4 2
RT(w—>v):/ ds/ it B(s,penev_dony e —lt—s), (A1)
0 0

W w  dcosBem
8t 3, w2
F(s,t) = ﬁk tpe " UTO (t+ s —w). (A.2)

Next, we define the following functions

Suxp (2, To,¢) = ce @O (x — 1), (A.3)
b (@, 20,¢) = —=e ), (A.4)
T
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where x, xg, and c are generic variables. In the limit ¢ — oo, these functions tend to delta functions,

ie.
Clgrolo b dx dgxp(z, xo,c) f(x) — f(xo), (A.5)
Clggo h dz ég(z, xo, ) f(z) = f(xo), (A.6)

—00

where f is a generic function. Using the functions in Eqgs. A.3 and A.4, we rewrite F'(s,t)

F(s,t)dsdt = dpxp(t?, (w — 5)?, 2uus k?) dt* 6 (s, ;—w, 2M+k> ds. (A.7)
Mt

To express the differential interaction rate in terms of the initial and final kinetic energy of the
DM, we make the following substitutions

w = \/EUT, v= WUT, (A.8)
[ [

" t= b v (A.9)
/714_/-1/ T, - /;l—l—lu T .

where v2 = 3T, /mr, z is the ratio of the DM initial kinetic energy to T}, which is O(1) close to

S =

thermalization, and y represents the final DM kinetic energy ratio. This leads to

Ryp(z —y) = /da/ db F(a 2“*”?)3%@(\/@_\/5#)

dO‘T a b f \/—
dcos&im <m VIt a vr, —— NG Tv\/»'UT) (A.10)

where

F(a,b) dadb = dgxp [bQ, ( VIT iy a>2 ,#] db*éq <a, Vi 1+ ﬂ> da. (A.11)

N VIt

In the large DM mass regime, the third parameter in dg and dgxp in the previous expression
is large since p > 1, hence we can expand these functions around the following points

VT
a = , A.12
T (A.12)
V1
po YIER o VT (A.13)
Vi p(L+ p)
Integrating over the delta functions, the resulting expression for the interaction rate is
_ 2u% np(ryvp  dor NI VY u?
Ri(z —y) == X (Xpr, Youp O (y— 5. A.14
r(z—y) B2z dcosOem \/»UTv \/»U Y N%-x ( )

We consider differential cross sections proportlonal to powers of the DM-ion relative velocity

v2" = w?™ and to powers of the momentum transfer ¢2™, namely
m
OT om or l"UT o
=2 (28 dopy, x v
dUTX B 2 2 < 1 ) Tx rel
d cos O or(m+1) 9 w? — 2\ B or(m+1) m%v% m m p o
2m+lq(2)m mX L - om+1 q[2) ($ - y) ) OTx X Gty

(A.15)
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where op and gy are normalization constants.

Plugging the appropriate differential cross section in Eq. A.14 and integrating over y, we recover

the interaction rate at high energy. Thus, for dor, wn

O (x) = /Ox dy Ry (z — y) = ny(r)orw®™ ™, (A.16)

and for dor, o< g2, we obtain
05 0) = np(r)ogu | 222 BE]  mp(ryog (2E)” (A7
x) =np(r)orw | ——5| ~nr(r)orw . .
4 (1 +1)%q5 Q(2)

To obtain the previous results, we have made two assumptions. First, by approximating the

integral over dt to a delta function integral, we are assuming that the DM-target relative speed is
equal, in magnitude, to the difference between the center of mass velocity and the DM speed. This
approximation only holds when one of the two particles has negligible velocity compared to the other.
Second, by approximating the integral over s to a theta function, we are effectively assuming that
for > 1 the relative velocity is equal to the DM speed w, thus a negligible target speed is assumed.
To calculate the interaction rate in the regime where the DM velocity is negligible compared to the
target speed, we only make the first assumption and approximate dgxp to a delta function. Thus,
we return to Eq. A.10, and only integrate over b, so that the interaction rate becomes

=25 [ o 2 T30t )
“”(” o VUL i, ﬁﬁ, (A13)
dcosOem \ VIF L Vil + ) VE VR

where we have swapped the integration order. The theta function sets a lower limit on the integration

intervals for y and a, which leads to

B 212 n w(1+p)/p e
O (z) = 3/3 T\(F)T i da5G< Svient ~/1+u>

z doT avy T avyr \/x VY >
X dy X ( , ——UT — , ——UT, ~—0 A9
oo @ et (T S5~ TR ) A9

where

ymin(a)=<f—2a\/%>2. (A.20)

Next, we rescale a — (z + /ux)/+/1 + p for ég to become a pure Gaussian.

As in the high energy transfer regime, we consider cross sections proportional to powers of the
DM-target relative velocity which in the low energy regime read

dUTX T  om OT 2m_2m
_IX 2D = = A.21
d cos 6 o 9 T 9 T ( )

and cross sections that depend on the momentum transfer,

m

(2 + 12 — v (s% + 12 — w?)
452t2

dUTX B UT(m + 1)
dcosOey 2m+1qgm

2m2e*)™ |1 —
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_ aTg:n%J: 1) <quOUT>2m (%;Z:)m (z — y)™. (A.22)

To estimate the interaction rate in this regime, we keep the dominant terms in u, for the case

of cross sections proportional to vf:f, this leads to

212 Ve/u 4 m
O (z) ~ 2K nr(r)vr dz 6c(2,0,1) BYEIT (12 2) (A.23)
GEVE — /BT VE 2
1 2m+1 /OO 2m+1 —22 m! 2m+1
~ —=nr(r) orv dz 2" e " = —=np(r)opv ) A.24)
V&S (r) T 0 V&S T (

Similarly, for cross sections that depend on the momentum transfer ¢2™, we find

) 2 vT/u 2m
Q7 (x) ~ _ 23 nr(r)vr dz 8¢(2,0,1)0 [ 1L 2m+1z2m+1v%m@ (A.25)
G RRVET q0 Vi
m! 2mZoi\"™
~ — . A.26
g (rovr < % (A.26)

A.2 Average energy transfers

From the previous section, the energy transfer in units of T} is given by x — y. Hence, the average

energy lost per collision is given by

E(z) [y dyRp(z —y)(z— y)

B = @) T Py R o )

(A.27)
As we shall see in the next section, the computation of the thermalization time only requires evalu-
ating the energy transfer E(x). This can be done in the same manner as for the interaction rate in
section A.1. In the high energy transfer regime x > 1, we obtain

z m+3/2
2np(r)or <N> v%m"'l, dory o Ufgln
E(z) ~ (A.28)
+3/2
dm+1) 1)nT(7“)UTUT z)" * (2mivi)" dory, o g2
m+ 9 1 qg ) X tr

In the low energy regime, i.e. x ~ 1 we find for cross sections proportional to powers of the

2m
E(z) ~T <m + g) w\/fﬁm“, (A.29)

rel
while for differential cross sections proportional to qg[” we have

3\ 2(m + 1) np(r)orvr [z [2mEoE\™
E(x)~T - — . A.30
e~ (meg) o (M (430

DM-ion relative velocity v
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A.3 Thermalization times

Having calculated the expression for the energy transfer in the high-energy and low-energy regimes,
we can now evaluate Eq. 4.5. The high energy term of E(x) primarily serves as a regulator, allowing

us to set the initial temperature to infinity for convenience, which has a negligible impact on the

2m

~1', we obtain

overall result. For cross sections proportional to v

omi1 [T \™ 1 3
E(x) ~ njg m —12( - —I'| = A.31
(2) ~ 1o 2 \/; <M) o <2+m> (A.31)
Plugging this result in Eq. 4.5, we calculate the thermalizaton time
o dx
ttherm — / (A32)
1 c 2m+1 [z 92(z mtl 1 r 3
npor Up \/E (ﬁ) + =l (5 +m)
I 1
~ Cp——"——5= A.33
" nSopup v2m’ ( )
where Cy, is a constant of order O(1) for m =0,1,2
2m—+1
v T 2/ amt
Cpm = csc A.34
™ 2(m+ 1) (2m—|—2> T'(m+3) (4.3

For differential cross sections proportional to powers of the momentum transfer ¢2™, we obtain

a similar result

[ @ \"
ttherm ™~ Cm , A.35
th nLoTUT (QU%m%) ( )
2m—+1
2 2 2m—+2
Cm = m(m+2) cse T ﬁs (A.36)
4(m +1)2 2m + 2 I’(m+§)

Note that the exact value of the C), coefficients actually depends on all terms of the series
expansion, while here, we have calculated only the dominant terms at high and low energy. Thus,
we will consider them to be O(1) numbers. Here, we have neglected up-scattering, which we expect
it to have also an O(1) effect.

A.4 Effect of the form factors

We can determine the effect of the nuclear form factors on the thermalization time by calculating
the new value of Epp(z) when accounting for them, and comparing it to the expression without
them, i.e.

Epp(z) Iy dy(z — y) Ry (z — y) exp [—(x _ y)%}

E(x) Jo dy(z —y)Ryp(z — y) (A.37)
140 @Z) 7 (A.38)

where Ej is at most O(MeV), their exact value depending on the type of the interaction and the
ion target, much greater than the WD core temperature (see Fig. 1).
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As stated in the previous section, the thermalization timescale only depends on the low energy

behaviour of the energy transfer, so that when calculating thermalization times, it does not matter

that the form factor suppresses the energy transfer at high energies, as this regime does not play

any role close to thermalization.
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