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LP-REGULARITY OF A GEOMETRICALLY NONLINEAR FLAT COSSERAT
MICROPOLAR MODEL IN SUPERCRITICAL DIMENSIONS

CHANG-YU GUO, MING-LUN LIU AND CHANG-LIN XIANG

ABSTRACT. In a recent work [Ann. Inst. H. Poincaré C Anal. Non Linéaire 2024,
Gastel and Neff introduced an interesting system from a geometrically nonlinear flat
cosserat micropolar model and established interior regularity in the critical dimension.
Motived by this work, in this article, we establish both interior regularity and sharp LP
regularity for their system in supercritical dimensions.
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1. INTRODUCTION

Motivated by applications to a geometrically nonlinear flat Cosserat shell model in
continuum mechanics, Gastel and Neff [7] introduced the following interesting system:

(1.1) DivS(Vim, R) = 0,

(1.2) AR —Qpr- VR —skew (VmoS(Vm,R))R =0,

where the unknown functions (m, R) € W12?(B", R¥ xSO(N)) with Vi, VR € M>"~2(B"),
Qr = —RVR' € M*"?(B",R" ® so(N)),

S RVXm x RVXN 5 RNVX" i5 a mapping given in (2.1) and skew (Vm o S(Vm, R)) is
defined by (2.2). Here, B™ is the unit ball in R and N > n.

This system couples a harmonic map type equation (1.2) with a uniformly elliptic
equation (1.1). In their main result, Gastel and Neff obtained the following interior
regularity result in the planar case, that is, n =2 and N = 3.

Theorem A (Theorem 1.1, [7]). Every weak solution (m, R) € W1?(B? R? x SO(3)) of
(1.1)-(1.2) (with n = 2, N = 3) is smooth.

As one easily observes, the function Qg from (1.2) is the same as that in
(1.3) AR—-Qr-VR =0,

which models harmonic mappings from B™ to SO(N) C R¥*¥_ In the planar case, that
is when n = 2, the regularity of harmonic mappings into manifolds was first obtained
by Morrey in his seminal work [18] on Plateau’s problem in Riemannian manifolds. In
particular, he showed that minimizing harmonic mappings are locally Holder continuous
and thus are smooth when the Riemannian metric is smooth. This regularity result was
later extended to weakly harmonic mappings by Heléin in his celebrated work; see [12]

*Corresponding author: Ming-Lun Liu.

C.-Y. Guo and M.-L. Liu are supported by the Young Scientist Program of the Ministry of Science
and Technology of China (No. 2021YFA1002200), the National Natural Science Foundation of China
(No. 12101362), the Taishan Scholar Project and the Natural Science Foundation of Shandong Province
(No. ZR2022YQ01). C.-L. Xiang is supported by the NFSC grant (No. 12271296).


http://arxiv.org/abs/2404.16284v1

2 C.-Y. GUO, M.-L. LIU AND C.-L. XIANG

for a comprehensive introduction on it. Partially building on Hélein’s idea, in another
significant work, Rivere [20] successfully rewrote the harmonic mapping equation (1.3) as
a conservation law, from which regularity and compactness follow routinely. An important
discovery of Riviere [20] is that the specific form of Qp (as that of harmonic mappings)
is not really essential. The algebraic anti-symmetry of Qg is sufficient for finding the
conservation law, based on earlier seminal work of Uhlenbeck [30]. We recommend the
interested readers to [21] for a comprehensive exploration of Riviere’s conservation law
approach.

Unfortunately, because of the appearance of an extra term skew (Vm o S(Vm, R)) R
in (1.2), the powerful conservation law approach of Heléin and Riviere does not work. The
key observation by Gastel and Neff [7] is that this extra term is indeed the product of a
gradient term Vm, a divergence free vector field S(Vm, R) and a bounded term R, which
makes it enjoy better property than merely being in L!. Adapting the method of Riviere
and Struwe [22], Gastel and Neff succeeded in deriving local Holder regularity and thus
also smoothness of weak solutions to (1.1)-(1.2).

As for the harmonic mapping equation (1.3), partial regularity results were known
since the fundamental work of Schoen and Uhlenebck [25], where an important e-regularity
was established for minimizing harmonic mappings into manifolds. This work was later
extended to the case of stationary harmonic mappings into spheres by Evans [5] and into
general manifolds by Bethuel [2]. An alternative (but slightly more general) proof was
obtained later by Riviere and Struwe [22], partially based on observations from [20]. It
remains, however, open whether one can extend the conservation law approach of Riviere
[20] to study (partial) regularity of harmonic mappings in supercritical dimensions; see [10]
for some partial progress in this direction. It is then natural to ask whether one can derive
partial regularity or even sharp LP regularity theory for weak solutions of (1.1)-(1.2) in
supercritical dimensions. Notice that, in [7, Remark 6.8], Gastel and Neff pointed out that
the proof for the critical dimension case does not directly extend to higher dimensions:

It is essential that we are working in the critical dimension n = 2 here, - - -, we would
not succeed in finding similarly good estimates in the corresponding Morrey spaces.

Note that in the case of (stationary) harmonic mappings, due to the monotonicity
formular, the gradient of a harmonic map lies in the Morrey space M?"~2; see for instance
[22]. Thus for the latter question above, the natural Morrey spaces for a partial regularity
theory would be Vm, VR € M*"2,

Our main motivation of this paper is to provide an affirmative answer to the above
question. Our first main result concerns interior regularity of weak solutions.

Theorem 1.1 (Interior regularity). There exists some € = €(n, N) > 0 such that if (m, R) €
Wh2(B™" RY x SO(N)) is a weak solution of (1.1)-(1.2) with
||Vm||M2,n—2(Bn) S & and ||VR||M2,n—2(Bn) S 5,
then it is smooth in B%.
It should be noticed that Theorem 1.1 was not the first partial regularity result for

weak solutions of the nonlinear flat Cosserat micropolar model. Indeed, Gastel [6] al-
ready found interesting connections between Cosserat and harmonic maps and did partial
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regularity for minimizers in dimension 3. Later, Li and Wang [16] established the par-
tial regularity theory for stationary solutions in dimension 3 using the classical regularity
methods for stationary harmonic mappings (other than the method of Riviere and Struwe
[22]). The monotonicity formula there implies that for stationary solutions, the Morrey
regularity assumption as in Theorem 1.1 is satisfied. As was pointed out in [7], the main
difficulty to establish Theorem 1.1 is the (local) Holder continuity of weak solutions. In
the proof of Theorem 1.1, we follow closely the idea of Gaste and Neff [7] and thus relies on
ideas of Riviere and Struwe [22], except that we refine some of the estimates using Hardy-
BMO inequalities (see Lemma 2.4 below). Once the Hélder continuity were established,
smoothness follows routinely.

Motivated by applications in the associated heat flow and energy identity, LP-regularity
theory for harmonic mapping type equations has attracted great interest in the past
decades; see for instance [4, 14, 15, 17, 29, 24, 27, 26, 19, 32, 31] and the references
therein. Motivated by these works and potential applications, we aim at obtaining opti-
mal LP-regularity estimates for the corresponding inhomogeneous system:

(1.4) DivS(Vm, R) = 0,
(1.5) AR — Qg - VR —skew (Vmo S(Vm,R))R = f,
where the inhomogeneous term f € LP(B" RY*V),

Our second main result provides optimal LP-regularity estimates for weak solutions of

(1.4)-(1.5).

Theorem 1.2 (LP-regularity). Suppose f € LP(B",RV*Y) for some p € (%,00). There
exists some € = €(n, N) > 0 such that if (m, R) € Wh?(B" RY x SO(N)) is a weak
solution of (1.4)-(1.5) with

||Vm||M2,n72(Bn) S 19 and ||VR||M2,n72(Bn) S 8,
then (m, R) € WQ”’(B%). Furthermore, there exists some C' = C(n, N, p) > 0 such that

2
)+ IRllwar,) < C (1 flley + 1)

1
2

(1.6) || w2p s

(ST

As an immediate consequence of Theorem 1.2, we know that if f = 0, then the solution
(m, R) of the system (1.1)-(1.2) belongs to W;2?(B™) for any p € (1, 00).

The idea for the proof of Theorem 1.2 dates back to Sharp and Topping [27], but
with extra modifications from the recent works [26, 11, 9]. We will follow closely the
presentation by Guo-Wang-Xiang [9] using a finitely iteration method. The extra constant
1 appearing on the right hand side of (1.6) comes from the fact that

IVm|—1<1S(Vm, R)| < [Vm| +1

and thus it cannot be removed.

This paper is organized as follows. After the introduction, we collect all the necesssary
auxillary results in Section 2. In Section 3, we prove Theorem 1.1 and in Section 4, we
prove Theorem 1.2.

Our notations are standard. By A < B we mean there exists a universal constant
C > 0 such that A < CB.
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2. PRELIMINARIES

2.1. Operators on matrices. For a matrix A = (a;;)nxny € RY*N, we denote A =
(Ay]---]An), where A; are the column vectors. The projection operator m, : RV —
RY*" (on the first n columns) is defined by

aip -t Qip
Tn(A) i= m(Ay] - [An) = (Ad] -+ [An) =
Nttt ANn/ oy,
The operator P : RV — RV*N ig defined by
tr(A)

P(A) := /udevsym(A) + y/uaskew(A) + /k

where p1, o and s are some positive constants, and we use

1
N N>

sym(A) = %(A + AT, skew(A) = %(A — AT)

to represent the symmetric and skew-symmetric parts of A, respectively; the first term
devsym(A) in the definition of P(A) is thus defined as

devsym(4) = (A+ A7) — M5 qym(a) - T

so as to denote the trace free deviatoric part. As a result, there holds

Iy

A = devsym(A) + skew(A) + #HN = sym(A) + skew(A),

which is an orthonormal decomposition for A.
Finally, we define

(2.1) S(Vm, R) := m, (2RP* (R (Vm|0) — (1,|0)))
and introduce an operation o : RV*" x RNx" s RNV by

Anxn © Byyn = %ABT e RVN,
Then we have

(2.2) skew (Vm o S(Vm, R)) := (Vm (S(Vm, R))" — S(Vm, R)VmT> .

-

2.2. Morrey spaces and Riesz operators. Let 1 < p < oo and 0 < s < n. The Morrey
space MP*(U) consists of functions u € LP(U) such that

lullseswy = sup 7Pl pos, @0y < o0
zeU,0<r<diam(U)
The weak Morrey space MP*(U) consists of functions f € LP(U) such that
| £l a2 0y = sup T_S/p”fHLf(Br(m)ﬂU) < 0.
z€U,0<r<diam(U)
The space M}*(U) consists of functions in MP*(U) whose weak gradient belongs to
MPs(U).

We need the following Holder’s inequalities in Morrey spaces; see [9].
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Proposition 2.1. Let 1 < py,py < 0o and 0 < ¢y, g2 < n be such that

1 1
——— 4 —<1 and ¢= g +Lg
P P1 D2 P b2
Then, there hold
(2.3) 1 f9llamawy < I fllaera @)llgll avzee @)
and
(2.4) 1 f9llarrawy < [[flamva @y 9l apeee -

Let I,(x) = canlz|*™™, 0 < @ < n, be the standard Riesz potentials in R™. The fol-
lowing two propositions are well-known; see Theorem 3.1, Proposition 3.2 and Proposition

3.1 of Adams [1].

Proposition 2.2 ([1]). Let 0 < a <nand 0 < A <n. For1 <p < (n—\)/a,
we have

Dl

(1) For every 1 <p < (n—M\)/a,
I, : MPAR™) — MPA(R™)
is a bounded linear operator.
(2) For p =1,
I : MYMR™) — MPA(R™)
is also a bounded linear operator.

Proposition 2.3 ([1]). Let 0 < o < f < mand 1 < p < oo. There exists a constant
C = C(a, B,n,p) > 0 such that for f € MY"#(R") N LP(R"™), there holds

o 1—2
Mafll, g gy < CILA Ny ey 1l o (-

2.3. Hardy-BMO inequality. As an application of the Hardy-BMO duality and div-curl
lemma (see [3, 5, 23]), we have the following Hardy-BMO inequality.

Lemma 2.4 (Hardy-BMO inequality). For any p € (1,00) and « € (1,n), there exists a
constant C' = C(n, p,«) > 0 such that the following holds:
(1). For all balls B,.(zy) C R™, and functions a € M{"""*(Bsy,(x)), I € LY(B, (o), R"),
i)le Wy N L=(B,(x)) with % + % = 1 and Div(I") = 0 in the weak sense on B,(x(), we
ave

(Va, ') bdx
By (zo)
(2). For all balls B,(xy) C R", and functions ¢ € C3°(B,(zo)), I € LI(B,(z0),R")
and b € M™% N L>(Bay(w9)) with  + ¢ = 1 and Div(I') = 0 in the weak sense on
B,.(z9), we have

/ (Vo,T)bdx
By (z0)

We shall use the following technical inequality.

Lemma 2.5. If ' € M*"2(R",R") is a divergence free vector field, g € W?(R") and
Vg € M*»"2(R"), then for each compact K C R™, we have

1F - Vgllt-100) < CIF 2| Fllarzn-2 Vol 22|V gllarzn-z.

< Ol o, woy VOl 2o (B 2oy [V all sren=a(B,, (o)) -

< ClT{ pags, oy I Vel Le(B, @op [ VOl aran=a By (20)) -
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Proof. By Corollary 1.8 in [26], we have
IF - Vallz-10) < CIIF - Vol 1 - Va3,

The result follows then from the div-curl lemma and Hélder’s inequality in Morrey spaces.

U

2.4. Hodge decomposition. We shall use the following well-known Hodge decomposition
for LP integrable vector fields; see for instance [13, Chapter 10.5].

Lemma 2.6 ([13]). Let p € (1,00). Every vector field V € LP(B,(xo),R"), B.(zy) C R™,
can be uniquely decomposed as
V =Va+ Vb + h,

where a € W' (B,(x0)),b € Wy (B, (), A>R") with db = 0, and h € C*(B,(z,), R")
is harmonic. Moreover, we have the estimate

lallwrr (s, @oy + 11bllwrr s, @) + 11l e @0y < ClV e B, @0))-
Here V+1b := (0b)* € LP(B,(x0),R"), where ¢ is the formal conjugate operator of d and f
is the sharp operator from /\1 R™ to R".

We will also use the following “nonlinear Hodge decomposition” for a connection matrix
in certain Morrey space, proved by Riviere and Struwe [22].

Lemma 2.7 ([22]). There exists e(n, N) > 0 such that for every Q € M>"2(B" RN ®
so(N)) with
1Q] 3202 (n) < €(n, N),
there exist P € W'2(B", SO(N)), & € W“2(B", so(N) ® A\*R") such that
—P VP 4+ P QP =V*¢ in B"

and
IV P2 2m-20pny + [VERs2n-2(5ny < ClUR2n-2(5ny < Ce(n, N).

3. INTERIOR REGULARITY

In this section, we shall prove Theorem 1.1. The key step towards it is the following
Holder continuity for weak solutions of (1.1)-(1.2).

Theorem 3.1. There exists some € = e(n, N) > 0 such that if (m, R) € W'?(B",RY x
SO(N)) is a weak solution of (1.4)-(1.5) with

vaHManQ(Bn) S g and HVRHMZ"*Q(B") S 87
then there exists 8 > 0 such that m and R are C%#-Holder continuous on By /2-
Proof. Fix any xy € B"™ and write B, for the ball B,(xy) C B", where r is small enough
such that By, (z9) C B". Assume ¢ € (0, gg) for some g = g¢(n, N) > 0 to be determined

later.
Note that

”vm”M2,n—2(Bn) <e¢ and ”QR”MQ,n—2(Bn) ~ ”VR”MQn—2(Bn) <e.
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According to Lemma 2.7, there exist P € W12(B", SO(N)), &€ € W“2(B", so(N)®@ \*R")
such that
—P VP + P 1QzP =V in B"
and
||VP||?M2,7L—2(B7’L) + ||V§||?M2,n—2(3n) S CHQRH?MQ,TL—Q(BTL) S C€(7’L, N)
Then direct computation shows
Div(P"'VR) =V(P™')-VR+ P 'AR
(3.1) = P YVP)P ' VR+ P 'Qp VR + P 'skew (Vmo S(Vm,R)) R
= P 'skew (Vm o S(Vm, R)) R+ (V*¢)P7'VR.
By the Hodge decomposition, Lemma 2.6, we may find functions a € W2(B,, RV*V),
b e Wy?(B,,RN*N @ A*R") and a component-wise harmonic h € C®(B,, RVN*N @ R")
such that
PT'VR=Va+V*'b+h inB,.
Define an operator Div® : R — A*R" as DivtV := d(V?), where b is the flat operator
from R" to A'R". Then for any b € A*R" with db = 0 we have
DivtV1h = d(V1h) = dx d* b= Agnb,
DivitV =dobofod=dod=0
and
DivV+ = Div o (§ % dx) = *d x b x dx = 0.

Using operators Div and Div® to act on both sides of the equation, we obtain

(3.2) Aa = Div(P7'VR) = P 'skew (Vm o S(Vm, R)) R + (V*¢)PT'VR

and
(3.3) Ab=d(P'dR) = dP ' Ad(R — Ry),
for any constant Ry € RV*/V,
To ease our notation, we set A = L whose Holder conjugate index is n+ 1. In order

to estimate ||Val[zrg,) and ||[V>D 1r(p,), we define

T := {p € C°(B,, RVM) |Vl prr(p,y < 1}

Then
IVl Ssup [ (Ve V) ds
(3.4) Pt By
§sup/ <Pflskew (Vmo S(Vm,R)) R+ (V*¢)P'VR, —<p> dr.
veT J B,
Note tha n%)\ — "j — ni;:@;l’ % _ 21;;12. Write f — (fij)a pl = (PZ;1>’ R — (sz>

t
and ¢ = (p;;) and observe that
(VR P'VR,p) = (V'&;, VRy) Pﬁcl%‘l-
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Since Div(V+¢;;) = 0, we may apply Lemma 2.4 (1) with [' = V¢, € L?, a = Ry €
Mf""f’\ and b = Pﬁﬁl%‘l € T/Vol’2 N L to obtain

/B (V) PT'VR,¢) dx

SIVRI vro-x B IV €l 20 IV (P | 228 0l oo (1)

+ IV R IV 2o Vel 1L 2esp 1P e s

SIVRIap sy 77 € 777 e [Vl o pyr' ™7

n—2 n(2

+ ||VR||M)"”7)\(B27~) T2 g7 2

-

IVl prris,
n—A>\A

SE’I" A ||VR||M)‘7"*>‘(BQT)||VQ0||L”+1(BT)7

where in the second inequality we used the estimates

—2 n—2

IVEellzg,) S 772 ([VEllazn2s,) Ser’e

n=2 n=2
IVP ez S IVPllzasy S 2 IVPyz-as,) Sere

Similarly, since Div(S(Vm, R)) = 0, we may apply Lemma 2.4 (1) with " = S(Vm, R);s €
L* a=mjs € Mf""—/\ and b = Pij_'lelSOil € VVOL2 N L™ to obtain

(P~ 'skew (Vm o S(Vm, R)) R, ) dz

B
SV prn-x o [1S(Vm, R) || 28| VP 2280 |2 2 (8,
(3.6) [V arn s oy 1S (Y, R) |20 |V 2l 225,
+ 1V aprn-r (o 1S (Y, R) || 25, |V Rl 2 80| 0 | poe (52

n(2—X)
5 roox

IV a3,y [S(Vm, R)| L2, [Vl Lot 5,)-
Note that the definition of S(Vm, R) implies that there exists a constant C' such that

(3.7) CH(|Vm|—1) <|S(Vm,R)| < C(|[Vm| +1).
Then it follows

1S(Vm, R)llz2s,) < C (IVmllzs,) + 1Ll z2s,)
(3.8) <O (r 2 [ Vmllacas,) + )

<Cr'F (r+e),

and
(39  CTHIVmlpam,y — O3 <IS(Vm, B, < CIVmlloas,) + Crh.
Substituting (3.8) into (3.6) gives

(P~ 'skew (Vm o S(Vm, R)) R, ¢) dz
(3.10) B,

n—>\
< O (r+ )| Vil apron-a B, | Vol 13,

For convenience, we define

(I)(ZL'Q, S) = ||Vm||M>\,n—>\(Bs(x0)) + ||VR||M>‘7"*>‘(BS(x0))-
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Combining (3.4), (3.5) with (3.10), we conclude
(3.11) IVall s,y < Cr% (1 + &) ®(x, 21).

Now we estimate the L"*'-norm of Vb using (3.3). Suppose b = 37, _,.,, badz® A
dxt, dP~' = 9,P7Ydx*, dR = O,Rdx'. Then we have

Abst = 85P_1atR - atP_lasR = Vﬁp_l . VR’

where V5 == (0,---,0,—9,,0,--+,0,0,,0,---,0)for1 <s <t <n. Note that DivV5P~! =
0 for any 1 < s <t <n. Then we use Lemma 2.4 (1) with b = ¢ € C5°, T = V(P ') €
L* and a = Rj, € M} L as follows:

IVl rB,) S sup/ (Vbg, V) dx

w€T J By

< sup/ —Abgpdx

peT

< sup/ —VLP™ ' VRydx
w€T J By

S 0D [V Rllaps s 9053081 9 Pl
pe

n—X\
Ser 3 |[VR| apan-x(s,,)-

where in the last inequality we used the estimate

n(2—X) n(2—X) n—>\

n-2 n=X
||VP||L/\(BT) 57“ 2X ||VP||L2(B,~) 57“ 2 + 2 ||VP||M27"*2(B,”) <E'I° A,

~Y

Thus
n—Xx
(312) ||VLb||LA(BT) S ET A ||VR||MA7”_/\(BQT)

For the harmonic term h, standard estimate for harmonic functions implies that for
any 0 < p < r, there holds

(3.13) WPz < C (3)"/ Ihde.
B, r B,
Combining (3.11), (3.12) with (3.13), we infer
IVR| a5, S HPilVRHLA(BP)
S bllrs,) + 1IVallprs,) + HVLZ)HLA(BP)

P\ x
S (8) " 1blloron + IVallzam,) + 194bl s,

(3.14) 2 s
S (8) IVl s, + 77+ )0 (a0, 27)

n—X
b er P IV Rl
1% % n—XA
< <;) IVR||pr,) + (r+e)r x ®(x0,2r).

It remains to estimate ||Vm||;rg,). Applying the Hodge decomposition to the diver-
gence free matrix S(Vm, R) € R¥*! @ R", we obtain

(3.15) T, (2RP? (R (Vm|0) — (1,|0))) = V*'a + ¥,



10 C.-Y. GUO, M.-L. LIU AND C.-L. XIANG

where o € W,?(B,,R"*' @ A’R") and y € C®(B,,RV*! ® R") is (component-wise)
harmonic. Due to (1.1), we do not have terms of the form V( on the right side.

For convenience, we define a linear map Pg as £ — 2RP(RT¢). Using operator Div
to act on both sides of the equation, we obtain

Aa = DiviVta
(3.16) = Div" [m,(Pr(Vm|0) — 2RP?(1,,|0))]
= dPr A dm — Div* [1,(2RP*(1,|0))] .
Similar as the previous case, set U := {¢ € C§°(B,, RV @ A’ R"™) : | V49| pot1(p,y < 1}

It follows then from Lemma 2.4 (2) and Poincaré’s inequality that

IV el pas) S sup/ (V*ta, Vi) d
yeU J B,

L

:sup/ (((dPr)m, V1) — (m,(2(R — Rp,)P*(1,]0)), V) dz
YeU J B,

< zug IV o1 () 1P R 22 (8, | V[ A= (1)
S

(3.17) +sup IV pri g | R — R, |l or s
S

S sup IVl (IVRI @) VMl arsn-s@,,) + IV R A 5,)]

n—>X\ n
S (e NV mlln o + T8IV Rl

< (r+ z—:)rnT_k@(xo, 2r),

where in the third inequality we used the estimate

VRl ST VR 2 S5 T VR apn-as,) S e
(Br) ~ (Br) ~ (Br) ~
Returning to (3.9), by (3.17) we have

IVm s,y S Ixll2rs,) + ||VLO[||LA(BP) + p>
(3.18) < (O) Il + 19 0l + 03
S <§)K IVm|[pas,) + (e + T)TRTACI)(Q:O, o) + p.
Combining (3.14) with (3.18), we conclude

_n=a
P2 (||Vm||LA(Bp)+|VR||LA(BP))

_n T
Spra vaHLA B +IVE| s, ) +(+7) <;) P(wo,2r) + p

n—>X\
5
< +(e+1) —) )@(:po,Qr)er.

Rl
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We may assume r < € < g, where gy will be determined soon. Adding p on both
sides leads to the estimate

_noa
poA (vaHL/\(BP) =+ \VR”LA(BP)) +p

A

3.19 N
( ) < CO (g + (5 + T) (;) ) ((I)(ZL‘Q, QT) + 2T)

for suitable positive constant Cy that depends only on the data.

Now we fix p =0r, 0 = and €9 = 1(8Cp)~>. Then (3.19) gives

1

8Cy’
n—Aa 1

(3.20) (0r) 5 (IVmll ) + IV RIAs,) + 07 < 7 (B0, 2r) +2r),

which holds for all By, (x¢) and Ba,.(z9) C B™. Clearly we can replace Ba, () with any
Bs(yo) C B™ containing Bs, (o), provided that s < e. Thus (3.20) implies
-

_n-A 1
(Or)” > (vaHLA(Bgr(xo)) + |VRHLA(BM($0))) +0r < 1 (®(y0,5) +5),

which is valid for all r, s, xg, yo such that By, (xg) C Bs(yo) C B". Note that the family of
balls { By, (o)} forms an open cover of B s (o). Thus we can take the supremum over all
admissible B,(x) to find

Os Os 1
(3.21) D (yo, ?) + o < B (®(yo, 8) + 5).

Setting W(yo, ) := P(yo, ) + 7 and then iterating (3.21), we obtain
9 k
U (yo, (5) s) < 27U (yp, 5) for all £ € N.

log
For r =~ (g)ks, we select k = }ggg;;g Then 2% ~ (r/s)log(2/29> =: (r/s)?. This implies

that for all » < s < £y, we have the estimate

U(yp,r) < C’rﬁs_ﬁllf(yo, s).

We may choose s = so > 0, depending only on the data, such that for all r < s7/2, there
holds
D(yo,r) < U(yo, r) < Crlsy W (yo, so),
which gives
Vm, VR € M} (Bn),

loc

Finally, Morrey’s Dirichlet growth theorem (see for instance [8]) implies (m, R) € C7.

loc

The proof of Theorem 3.1 is thus complete. U

Proof of Theorem 1.1. With Theorem 3.1 at hand, the proof follows directly from that of
Gastel-Neff [7, Section 6.2]. O

4. [P REGULARITY THEORY

In this section, we shall prove Theorem 1.2. The proof relies on ideas from earlier
works on similar problems in [27, 26, 11, 9]. In the first step, we show a quantitative
Holder continuity result for weak solutions of (1.4)-(1.5).

Proposition 4.1. Under the same assumptions as Theorem 1.2, when § < p < n, we have
(m,R) € C%(By2,RY x SO(N)), where v = 2 —n/p € (0,1). Moreover, there exists
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some C' = C(n, N,p) > 0 such that
(4.1) [m]CO’"’(Bl/Q) + [R]CO"V(Blm) <C (8 + Hf”Lp(Bl)) :

Proof. Similar to the proof of Theorem 3.1, we write B, for a fixed ball B, (zy) C By /s,
where 7 is small enough such that Bs,(zg) C B™.
Note that

”vm”M2,n—2(Bn) <e and ”QR”M2,n—2(Bn) ~ ”VR”Mzn—z(Bn) <e.

According to Lemma 2.7, there exist P € W%(B", SO(N)), £ € Wh(B", so(N)@ \” R")
such that
—P VP + P 1QpP=V*¢ in B"
and
IV PI2n-2(5my + [VEIRzn-2(5m) < CIQRII20-2(5m) < Celn, N).
A straightforward computation gives
Div(P"'VR) =V(P')-VR+ P 'AR
(4.2) =—P YVP)P™'-VR+ P 'Qp-VR+ P 'skew (Vmo S(Vm,R)) R+ P'f
=P lskew (Vm o S(Vm, R)) R+ (V&) P'VR+ P7Lf
By the Hodge decomposition, Lemma 2.6, there exist a € WLY(B,,RV*N) b €
We2(B,,RV*N @ A’R") and a component-wise harmonic & € C*°(B,, RV*N @ R™) such
that
(4.3) P'VR=Va+V'+h inB,.
Then a and b satisfy
(4.4)  Aa = Div(P7'VR) = P 'skew (Vm o S(Vm, R)) R+ (V*¢)P"'VR + P7'f,
and
(4.5) Ab = Div*(P'VR) =dP ' AdR = dP™' Ad(R — Ry)

for any constant Ry € RV*¥,
As in the proof of Theorem 3.1, let T := {¢ € C§°(B,,R"*N) 1 | V|| pns1(5,) < 1}
and set A = "TH Then, we have

Vallis Ssup [ (V1.9 do

»€T J B,

< sup/ (P~ 'skew (Vm o S(Vm, R)) R+ (V*§)PT'VR+ P f, —p) da.
veT J B,

Note that n + n%rl — % = "—;’\ + 2 - % = "—;’\ + 7. Using Holder’s inequality and

Sobolev’s inequality, we deduce

[ (P dn S 1P I @l o

4.6 n(1—-1 1
(4.6) i (1-1) T | Vgl g, )

S
n—X\
S X N e IVell s,
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As in the previous proof, we define
(I)<$L’0, S) = vaHMN”—A(BS(:Bo)) + HVR|’M>""_>‘(BS(:B0))'
Combining (4.6) with (3.5) and (3.10), we infer
n—x
(4.7) IVallpag,y < Cr 3" ((r +€)@(z0, 2r) + 17| fllos,)) -
Combining (4.7) with (3.12) and (3.13), we conclude

IVRli7m,) < C (B) VIV R, + O ((r+ )@ (o, 20) + 17 Fluo,))
This together with (3.18) gives

_n=X
p~ > (IVmllpas,) + VR as,) + 0
<Cpr=x (||Vm||LA(B,~) + |VR||LA(B,~))

n—>X

(4.8) e (f) N ((r +€)®(x0,2r) + || fllo(8,)) + Cp

)

n—>\

neA n—>XA
r X T A
<Cy <§ #ern () ) ®(an,20) + Co (5] sy + o

for some C depending only on the data.
Now select € small enough such that (2¢)» = $(2Co)>~7. Then let p = 6r, r < e and

0 e ((25)%, (200)%). It follows

Co (’;) +(e+7) (%) ) < Cof (1+2607%) <2000 <077 .

This together with (4.8) gives
O (g, 0r) + Or < 0% (®(x0,2r) + 2r) + C177|| fl e (By),

where (] is a constant depending only on the data. By a standard iteration argument,
we eventually obtain

D (g, Or) + Or < C (67 D(x0,2r) 4+ 2071 + 17| f|| 2o(5y)) -

This implies
O(xo,7) < Cr7 (e + || fllomn))
from which we conclude that Vim, VR € M" "7, By Morrey’s Dirichlet growth theo-

loc

rem, this further implies that m, R € C’loo’g together with the desired estimate (4.1).
O

Next, we prove an improved Morrey regularity estimate, in the spirit of [27, Lemma
7.3] (or [26, Proposition 2.1]).

Proposition 4.2. Under the same assumption as Theorem 1.2, when § < p < n, we have
(m, R) € M2 77 (B™ RN x SO(N)), where v = 2—n/p € (0,1). Moreover, there exists

some C' = C(n, N,p) > 0 such that
(4.9) IVm| arzn-2v2v(8, ) + |V Rl ar2n-2421(3, ) < C ([ fllzosy) +€) -
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Proof. We shall use (4.4), (4.5) and (3.16) to estimate |Vm||p2n-2+2 and ||V R||pr2n-2+2+.
First of all, we extend m, R, P, &, f to R" with compact support in a norm-bounded way.

Step 1. Estimate ||VR| 25,).

Rewriting (4.4) as before, we have
Aa = P 'skew (Vm o S(Vm, R)) R+ (V*E)V (P™HR — Ry, )
— (V*OV (P (R = Ryy) + P,

where R, , = fBr(m) Rdx. Now we calculate H'-norm of the right hand side of (4.10).
We abbreviate S(Vm, R) as S. For the first item on the right hand side of (4.10), we
have

(4.10)

P 'skew (Vmo S)R = iP‘l(Vm)STR - ip—ls(va)R

and

P (Vm)STR =V (P~ (m — my,,)S"R)
— (VP Y (m —myy,)STR — P~ (m — my,,)ST(VR).
Thus, according to (3.7), we may estimate the first term above as follows:
IV (P~ (m = M) 8" R) =15,y S 1P~ (1m0 = M) 8" R 2, )

(4.11) S NP el (m = 1mg,0) | oo (B Sl 2208, | Rl L2 8,

< rmlcon s 1Sy ST mlcoss,) (0 + 1Vmllaee-2s,)
For the middle term, we may apply Lemma 2.5 to obtain

(VP 1) (m — 1y ) ST R -1(5,)

S Rl @l (m = may )o@ (VP S 115,

(4.12) L L f .
< o ol VP W IV P a5 |95 ) 198 o,
n—2
S E D mlooa s IVRI mza-2(s,) (1 + [Vm[aze-2(s,))
and
|’P71(m - mro,r>ST<VR)”H‘1(Br)
S NP Lol (m = Mg o)l e I1ST (VR) | 11-1(8,)
(4.13)

S P mlnno) IV o) IV Sz IV Bl s | VRl 25,
ST Mmoo VRl (7 + IVmlaen-ss,))
Combining (4.11), (4.12) with (4.13), we conclude
| P~ skew (Vm o S) R g-1(5,)
(4.14) ST P mlcoss,) (14 VR aze-2s,) (r+ [Vmllaeaas,)
ST+ ) [mlcons,)-

For the second item on the right hand side of (4.10), we introduce

T = {p € C&*(B,,R"™Y) : |Vl L2, <1}
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Then we have

/ (vlg)v (P_l(R - Ra&o,r)) ¥

T

S NP eIVl 2ma Vel r2a | R = Ragrll e (s,

n—2
Sz [V vze—2s,) - T [Rleons,) - Vel 25,

_ '_ / (V)P (R — Rups)Vig

T

which implies
(4.15)  [[(VEOV (PHR = Ruy,r)) lla-1(8,) < "% V||V R pszn-2(8,) [R) 0o (8,

For the third term on the right hand side of (4.10), we have

I(VEOV (P (R = Ruo)llm-1(8y)
SR = Rao ) 1o ) VOV (P 15,

(4.16) < T’Y[R]CM(BT)Hvlfﬂi(&) ij_éHJ%\/IQv”*Q(Br)HVPHEQ(BT) HVPHJ%wM*?(Br)
S 7T [Rlooas,) |V Ellarzo-28,) [V Pllarzn-2s,)
"7 [R]con(s,) IV R 2025,

For the last term on the right hand side of (4.10), we simply apply the embedding
L#2 < H-' to derive

_ nq_n n—2
417) Pl s, < ClAN e ) = Cret 75 || fllovs) < Cr 2 ||l

N 2

Combining (4.14), (4.15), (4.16) with (4.17), we conclude
n—2
(4.18) IVall 12,y < Cr = V(|| fllees,) + (r + ) ([m]cors,) + [Rleoris))]
where we used the assumption
”QR”MQ’"*Q(B,A) S CHVRHMZ"*Q(BT) S ¢ and vaHM27n72(B/y‘) S E.

Now we estimate Vb via (4.5). For any 2-form ¢ whose component belongs to 7', we

have
[ @@ ma) )| = | [ Gar w94
SR = Ragoll oo lldP M r2) IV 0l 25,
<77 I Rlcon ) | QR ez lollw2s,)-
This gives
(4.19) IVbl|z25,) < Cer™® *[Rlos,)-

Combining (4.18), (4.19) with the standard estimate for h, we conclude
IVRI 28,y < lIhllz2g, + [ Vallzs,) + IV 0]l r2s,)

P\ 2
@20) % (2)7 Whllizin + 1¥all sy + 19

S <§>5 IVRI| 25, + Co™ T [I| flliacs,) + (0 + €) (Imlcons,) + [Rloons,)] -

Step 2. Estimate ||Vm/||2p,).
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Applying the Hodge decomposition to the divergence free matrix S(Vm, R), we obtain
(3.15) as in the proof of Theorem 3.1.
To estimate V1, we shall use the following equation for a?

(4.21) Aa = dPr Ad(m — my,,) — Div' [1,(2RP*(1,]0))] .
Let U := {¢ € C°(B,,RV*" @ A’ R") : V29[ 25,y < 1}. Then we have

IV, S Sup/ (Vta, Vi) de
YeU J B,
Soup [ (@) = 1), T40) = (2R = R JP(1,]0)), T40)) o
veU J B,

N Zug IV 25 | dPR L2 (B[ — Mgy | 2o (5,)
S

sup IVl 2 |1 R = Rogrlloe () 1 22s,)

n
2

5 HVRHLQ(BT) . Tv[m]co,w(Br) —+ TV[R]CO,V(BT) T
n—2
Sz e+ e) ([mleoas,) + [Rlevas,) -
Finally, we may can estimate Vm as follows:

IVmllzi, S (Ixlls, + IV all2s,) + p2)

0|3

P\ 2 n=2
(4.22) S (;) IXlIz2s + 272 (o + ) ([Mcoas,) + [Rleoas,) +p

3 n—2 n
S (B) 7 19mlliam, + 7 (0 +2) (mlcons,) + [Rlosas,) + o¥

Step 3. Iteration.
Define W(zo,7) = ||Vm||r28,) + || VR| r2(5,). Combining (4.20) with (4.22), we have

n

\I/(lbap) S C10 (g) ’ \Ij(xmr) + CopnT_Q-i_’yFa

where -
I = (p+e) ([mleoas,) + [Rlooas,) + I e, + 07
< C (I flleop +€) = To.
A standard iteration argument gives
n—2
U(zg,r) <rz 7C (||f||Lp(Bl) + z—:) ,

from which we obtain (4.9). The proof of Proposition 4.2 is thus complete. O

Proof of Theorem 1.2. We shall consider separately two cases.
Case 1. p € (5,n).
By Proposition 4.2 and Hoélder’s inequality (see Proposition 2.1), we have
Qr-VRE M2 oy Mm%

loc loc

skew (Vm o S(Vm, R)) R € M2y (g pln—24y

loc loc

Extend m, R and f from B"™ into R™ with compact support in a norm-bounded way.



REGULARITY OF A GEOMETRICALLY NONLINEAR FLAT COSSERAT MICROPOLAR MODEL 17

Let I, = c|z|*" be the standard Riesz potential. Set
Ry =1, (Qr - VR +skew (Vmo S(Vm,R))R) and Ry = Iy(f)

so that R3 = R — R; — R is harmonic.
Note that f:—“’ > 2 and ( = %(f:—“’) > 1. Then Proposition 2.2, together with
B! B!
Propositions 2.1 and 4.2, implies that for any xo, 7 such that By.(x9) C B2, we have

||VR1 ||M3<,n—2+'y(Br) 5 ||QR -VR + skew (Vm o) S(Vm, R)) R) ||M1,n72+'y(BT)
S IV R a2 |V R ag2n-2+2v(5,)
+ [IVmlyzn-2() IS (Vm, R)|[yzn-242v(5,)

(3.7)
(4.23) 5 5HVRHM2,"—2+2”/(BT) + EvaHMQ’"_HQ"’(Br)

+ [Vl a2, 11 a2 24238,
e (IVR||a2n—2+2v(5,) + |Vl ap2n-2429(5,) + 1)
e (If ey + 1),

where in the fourth inequality we used the estimate

S
S

IVl azn-2(8,) [ L[ azn-2421(5,) < er'™? <e.
By standard elliptic regularity theory, we have Ry € W??(B,) with
VRl e o < | Rallw2rs,) < Cllfllzrsy)-

L7 (By)

Applying the Hodge decomposition to the divergence free matrix S(Vm, R), there

exist a € I/VOLZ(BT,]RNXl ® A*R™) and a harmonic xy € C®(B,,RV*! @ R") such that
S(Vm,R) = V*a + x.
Moreover,
Aa = dPg A dm — Div* [ﬂn(ZRIP’Q(ILMO))} ,

where the linear map Py is defined by & — 2RP(RT¢).

Similarly, dPr A dm € M,>""***" and Div' [r,(2RP?(1,[0))] € M>" > 1t follows

loc loc
again from Proposition 2.1 and Proposition 4.2 that

(4 24) 5 ||VR||M2’”*2(BT)||Vm||M2’n*2+2w(Br) + ||VR||M1,n72+w(BT)
| S € (IVRIlszn-2v2(5,) + | Vinllarzn-2e2(5,))

Se(lfllersy +1) .

Since R3,x € C®, Vm,VR € L*>(B,). Using standard estimates for harmonic
functions and (4.23), we infer that for all 0 < p < r < 1, there holds

VR 12coo(8,) S IVRs|| 12¢oo(8,) + IV R1 || 12600 (,) + |V R L2600 (B,

P\ %
S (B)F IV Rl ey + IV Rallacocisy + IV Rl oo,

~Y

r)
P 2
S (B) IV Rl ey + 2 (1 o + 1) + 1l

P 2
s <;> IVR| p2coom,) + [ /]l Lrim1) + €
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Similarly, with (4.24), we derive
1S(Vm, R)|| 2o,y S IV p2coo(m,) + X L2000 (8,)

P\ ¢
S ()% Ilzzce ) + [Vl zcoen,

P 2¢
S (B) 18V m, Bllucscon + 2l i, + 2.
Thus a standard iteration argument gives
IVR| L2coo s,y + 1S(Vm, R) || p2coo () S (1 f l2o(s) + €
Note that 5z =n — p. With (3.7) we have the estimate

(4.25) IVm[pacoe(m,) + IVRI p2ce ) S N fllzrsny ++7"77 S 1 ey + 1
If 2¢ > n"—i), then Holder’s inequality implies Vm, VR € Lnn_frJ(Br) with the estimate

If 2¢ < &, then Vm, VR € Ll . for any ¢q € (2, %) C (2,2¢). By the definition of

Qg, P, (3.7) and Holder’s inequality, we have
Qn- VR e ML

loc loc

skew (Vim o S(Vm, R)) R € MY A L}

loc loc
and .
dPg A dm — Div*' [r,(2RP(1,[0))] € M" ' n L}

loc loc®

Next, we estimate the L% norm of VR, and Va. By (4.23) and (4.24), we have
||QR - VR + skew (Vm o S(Vm, R)) R)||M1,n72+W(Br)

(4.26)
Se(lfllesy +1)
and
(4.27) |dPr A dm — Div" [, (2RP?(1,,]0))] || asrn-24+(p,)

S e (Ifllzeay +1) -

Since ¢/2 > 1, using Holder’s inequality and (4.25), we have
Qg - VR + skew (Vm o S(Vm, R)) R)HL%(BT)

S |I9Qr - VR 4 skew (Vm o S(Vm, R)) R)|| 2

LTFC(B,)

(428) 5 ||VR||L2(BT) ||VR||L2C’°°(BT) + ||S(Vm, R)HLQ(BT) ||Vm||L2C’°°(BT)
5 ||VR||L2C’°°(B,A) + ||Vm||L2<,oo(BT)
S lleesyy + 1.
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Similarly, using (4.25), we obtain
|[dPr A dm — Div" [m, (2RP?(1,]0))] 123 5,
< |dPg A dm — Div' [, (2RP*(1,]0))] ”L%m(&)
(4.29) S IVR| 2Vl p2ce 8,y + IVRI 28, | VR L2¢.00 (5,
S e (IVR| p2coo s,y + VMl 2 (5,))
Se(Ifllrsy +1) -

Applying Proposition 2.3, (4.26) and (4.28), we infer
VRl Lacp,) S 1|QR - VR + skew (Vm o S(Vm, R)) )HM1 B,

|Qr - VR + skew (Vim o S(Vm, R)) R)| '

L2(BT
S I llersy + 1.
Similarly, using (4.27) and (4.29), we derive

V6| a¢5,) S ldBr A dim — Div* [, (2REA(L,|0)] | 55-s0m
||dPg A dm — Div* [m,(2RPA(L,[0))] |||,

L% (B,)
Se(lfllrmy +1) -
Thus we find the following iteration:
Vm,VR € LYB,) = Vm,VR € L*“(B,)
together with the estimate
VM| oc i,y + IV R a5,y < Co (1flleesy +1)

where Cj is independent of q.
Since ¢ > 1, there exists some k > 1 such that (*g < n"—_’; < (kg After finitely

many times iteration, we shall have Vm, VR € Lnn_i?(Br) with the estimate
IVl e ) TIVEI 22 ) S e + 1

Now we can estimate the L” norms of QR~VR and skew (Vm o S(Vm, R)) R as follows:
198 - VR 2,) S IVEIrs) [VE] 2

LnPB) an

L P(B)
2
S ||VR||1,%(B | (1l o (my) + 1)

T

and
[skew (Vm o S(Vim, B)) Rllzss,) S IVmllins |S(Vm, R, oo, o
(3
S vl e, (||Vm||m(3 + 11l 22, )

< 9 2(n—
SVl oo 47 7S (M sy +1)°
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Thus, we have AR € L? via (1.5). Furthermore, by the usual elliptic regularity theory,
(4.9) and the above estimates, we have

2
(4.30) IRllw2es) S (1 flleesy + 1)

By [7, Section 6.2], the linear operator Lg : & — m,(2RP*(RT(£]0))) is uniformly
positive with

(Lr(€),€) = (ma(2RP*(R"(£]0))), £) = (2RP*(R"(£]0)), (£0))
= (2P(R" (€]0)). P(R"(£]0))) = 2X R (€[0)|* = 2MJ¢*
Observe that (1.4) can be rewrirren as an elliptic equation
DivLg(Vm) = Div(r,(2RP?(R”(1,0)))).

Since the coefficients are Holder continuous, (1.6) follows from the Calderon-Zygmund
theory and (4.30).

Case 2. p > n.
In this case, f E L7 for any q € (,n). Repeating the previous argument, we conclude

that Vm, VR € L" < with the estimate

loc

IVmll ne, )+ IVE] ) S Al + 1.

an

ocC

This implies that Ry, a € ﬂ1<s<oo Wl and so m, R € WP with (1.6) by a similar
argument as in Case 1. U
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