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ON THE TEMPORAL ESTIMATES FOR THE INCOMPRESSIBLE NAVIER-STOKES
EQUATIONS AND HALL-MAGNETOHYDRODYNAMIC EQUATIONS

HANTAEK BAE, JINWOOK JUNG, AND JAEYONG SHIN

ABSTRACT. In this paper, we derive decay rates of the solutions to the incompressible Navier-Stokes equa-
tions and Hall-magnetohydrodynamic equations. We first improve the decay rate of weak solutions of these
equations by refining the Fourier splitting method with initial data in the space of pseudo-measures. We
also deal with these equations with initial data in Lei-Lin spaces and find decay rates of solutions in Lei-Lin
spaces.

1. INTRODUCTION

In this paper, we study the large-time behavior of two parabolic systems: the incompressible Navier-Stokes
equations and Hall-magnetohydrodynamic (in short, Hall-MHD) equations in R? although the incompressible
Navier-Stokes can be handled in R2. We begin with the incompressible Navier-Stokes equations and provide
several results of decay rates of solutions under appropriate assumptions to initial data. We then turn our
attention to Hall-MHD equations and do similar work.

Before proceeding further, we fix some notations. We assume that Cy is a constant depending on various
norms of initial data and the parameters in the statements of our results, but independent of time. Moreover,
f € L>®([0,00); X) means sup | f(¢)]lx < Co, where X is a Banach space. There are some function spaces

0<t<o0

and inequalities holding in jany dimensions, but we fix the spatial dimension to 3.

1.1. The incompressible Navier-Stokes equations. The incompressible Navier-Stokes equations are
given by
ur +u-Vu~+ Vp — pAu =0,

divu =0, (1.1)

where u is the fluid velocity and p is the pressure. p > 0 is a viscosity coefficient, and we set p = 1 for
simplicity. We begin with a weak solution of (1.1) in R®. The existence of a global-in-time weak solution
with a divergence-free initial datum wug € L? is proved in [18] where u satisfies the energy inequality for all
t > 0:

t
lu(®)lI7> + 2/0 IVu(r)lZ2 dr < Jluol|Zs- (1.2)

We also notice that the following question is raised in [18]: is ||u(t)||r2 convergent to 0 as ¢ — co? This

question is answered in [21]. Later, the decay rate of a weak solution is obtained in [23] by using the Fourier
splitting method: if ug € L2 N L,

lu(®)]|32 < Co(1+1)7%. (1.3)

We now define an invariant space of (1.1). We say X is an invariant space when uy € X implies u €

L%°([0,00);X). Since u(t) is also in L* for all ¢ > 0, which is proved in Appendix A, X = L? N L! is an

invariant space of (1.1). In this paper, we seek to find more invariant spaces which we employ to improve
(1.3). When ug € L*,

sup [to(§)] < [|uol -
£ERS
So, to improve (1.3), it is natural to impose initial data in the space of pseudo-measures [7]:

Vo {f € S'(R®) « sup [[€]f(¢) < OO}'
£eRr?
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Theorem 1.1. Let ug € L2NY? with divug = 0 and o € [—1,1]. Let u be a weak solution of (1.1) satisfying
(1.2). Then, u € L°°([0,00); L? N Y?) and u decays in time as follows:

fu(t)]22 < Co(1+)"27 for all £ > 0. (1.4)

We have the same decay rate of (1.3) when o = 0, but L' C Y. Moreover, we improve (1.3) because o
can be negative. Theorem 1.1 can be proved by using the approach in [30]: see Appendix B. However, we
could not use the same approach to Hall-MHD equations: instead, we take another method that treat (1.1)
and Hall-MHD equations in the same way.

When ug € L? N L, we already mention that ||u(t)||;: < Cy for all ¢+ > 0. By combining this with (1.3),
the decay rate of LP norms for p € (1,2) is given by

%,1 2(17%) 2(17%) _3(1_1
lu@llze < lu@lz: lu@®)ll * < Collu@®)l » < Co(l+1)" 207w (1.5)

Although we do not have the uniform L! bound of u when ug € L?N)?, we utilize the decay rate in Theorem
1.1 to bound u in negative Sobolev spaces.

Corollary 1.1. If c € [-1,1] and 0 < § < 3 — 7,
[l s < Co(1+8)737+. (1.6)

(1,2) and (1.6) with 0 = 0 and § € (0, 2) have the same decay rate since

In particular, (1.5) with p €
L_ 45 1
27 3

P C H™® with 1 -1 =
decay rate of ||u(t)||L2. As a corollary of Theorem 1.1 and [24], we can verify the following decay rates and
we skip the proof of it.

n [24], decay of higher-order norms of the solutions is derived using the

Corollary 1.2. Let ug € L?NY° with divug = 0 and o € [—1,1]. For each k € N, there exist Tp > 0 and a
constant Cj, depending on ug and k, but independent of Tj, such that

[V u(®)|[5. < Ch(1+8) 247 F forall £ > Ty,

If we take ug in a function space different from L2, we normally take a smallness condition of uy which
comes from the scaling-invariant property of ug: ug(z) — Aug (Az). Along this direction, the best result is
[16] with initial data in BMO™!. However, since we want to restrict the function spaces defined in Fourier
variables, we investigate (1.1) with initial data in Lei-Lin spaces X'7:

v {res®) . [ lerifiole <o}, oer

In [17], the global well-posedness of (1.1) is established with a small uy € X~' where X~' ¢ BMO™'.
Moreover, the spatial analyticity of the solution in [17] is established in [2, 3] which provides decay rates of
derivatives of u. The decay of ||u(t)|x-1 when ug € X~ N L? is studied in [6] as well. We here provide a
decay rate of ||u(t)|| xr-1 when [Jug||x-1 is sufficiently small.

Theorem 1.2. Let £ > 0 and o € [-1,1]. Let ugp € X* ' N X' N Y7 with divug = 0. There exists
€ > 0 such that if ||ug|/x—1 < €, then (1.1) admits a unique solution u € L>([0,00); X*" 1N X1 NY7) N
LY((0,00); X**1 0 x1). Furthermore,

lu(t)]| xr-1 < Cr(1 + t)_1+%_§ for all ¢t > 0.

The smallness condition is given by |[luo|x-: < 1 (since we set ¢ = 1) in [17]. However, we need
[luol|x—1 < € with e possibly smaller than 1 in the proof of Theorem 1.2. The case k = 0 shows the decay
rate of the solution in [17], and our paper goes further and covers the case k > 0 as well. The same argument
is applied to Theorem 1.4 below.
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1.2. Hall-magnetohydrodynamic equations. We observe that the methodology developed to (1.1) can
be utilized with the incompressible and resistive Hall-MHD equations:

us+u-Vu+ Vp — pAu = (V x B) x B, (1.7a)
B, =V x (uxB)—vAB+V x ((VxB)xB)=0, (1.7b)
divu =0, divB =0, (1.7¢)

where u is the plasma velocity field, p is the pressure, and B is the magnetic field, respectively. u,v > 0 are
viscosity and resistivity coefficients, and we set u = v = 1 without loss of generality. V x ((V x B) x B) is
called the Hall term. (1.7) is important in describing many physical phenomena [5, 13, 14, 19, 22, 25, 26, 29].
Moreover, (1.7) has been actively studied mathematically after [1, 8, 9, 10]: see [4] for a list of known results.

We begin with a weak solution of (1.7) with divergence-free initial data (uo, By) € L?. The existence of
a weak solution satisfying the following energy inequality is proved in [8]:

t t
lu®lz> + I1B®)IL- + 2/ IVu(r)|Z> d7 + 2/ IVB(r)lI72 dr < [luollZs + | BollZ> for all t >0. (1.8)
0 0

Moreover, the decay of a weak solution is established in [10] using the Fourier splitting method: if (ug, By) €
L?>N L', then (u, B) decays in time as follows:

()17 + IB(t)72 < Co(1+1)72. (1.9)
As in the case of (1.1), we give a result improving (1.9).

Theorem 1.3. Let (ug, Bo) € (L?NY71) x (L?NY°?) with divug = div By = 0, 07 € [~1,1] and 03 € [-1,0].
Let (u, B) be a weak solution of (1.7) satisfying (1.8). Then, (u, B) € L>°(]0,00); Y x Y°2) and

u(t)]|2: < Co(1+)72F7 || B(t)]22 < Co(14)" 2172 forall t > 0.

In addition to improving [10], our result also shows that uy and By may not be in the same space. Due
to the Hall term, the range of oy is set to be 1 smaller than that of ;. The L' space is still an invariant
space of u which can be shown as in Appendix A using (1.8) and (1.9), but the Hall term prevents us from
proving that L' is an invariant space of B. However, at least, (L? N Y1) x (L? N Y72) is an invariant space
of (1.7). Using the argument in [24] applied to (1.7), decay rates of higher-order norms of the solutions are
derived in [10]. We here take the same approach to Theorem 1.3.

Corollary 1.3. Under the assumptions in Theorem 1.3, for each k£ € N, there exist Ty > 0 and a constant
C. depending on (ug, Bg) and k, but independent of Ty, such that

[V Fu(t)|22 < Cu(Q+ )72tk IV*B()[2, < Cr(1+t)" 2172 7%  for all t > Ty,

We also deal with (1.7) in Lei-Lin spaces X?. The global well-posedness of (1.7) is established with when
(uo, Bo) is sufficiently small in X~1 N X0 [15] and (ug, Bo, V x By) is sufficiently small in X1 [20]. We here
establish the global well-posendess and derive the decay rate of (u, B) using )°.

Theorem 1.4. Let k > 0and o € [~1,1]. Let ug € X*'NX~1NY7 and By € X* 1 NA1Nx°NY° with
divug = div By = 0. There exists € > 0 such that if ||ug||x-1 + || Bollx-1 + || Bollxo < €, then (1.7) admits a
unique solution u € L®([0,00); X* 1 N X1 NY7) N LY ((0,00); X*+H1 N XY, B € L®([0,00); X 1nx~1tn
X°NYo)n LY((0,00); X**1 N Xt N &2). Furthermore,

||u(t)||Xk*1 + HB(t)kafl S Ok(l + t)*l“r%*

vl

for all ¢t > 0.

2. PRELIMINARIES

All constants will be denoted by C' and we follow the convention that such constants can vary from
expression to expression and even between two occurrences within the same expression. We also use the
simplified form of the integral of the spatial variables:

[~ [

We begin with 2 inequalities:
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(1) Forallz >0 and p >0

|aPem 99" | < |aPem oo

P

T=1/ 24

(2)For0<a,f<1lwitha+g8=1

t 1
— 1) Pdr = —0)" 0P dh = B(a
/O(t ) d /(1 O)~*607"db =B («, ),

0
where B(-,-) is the beta function.

We give the following Sobolev inequalities in 3D:

1 1
1fllzs < CUSIENV FIIZ: s < CVfllL2,

and a product estimate which is called Leibniz rule [11], [28, Page 105]: for 1 < p < co and 1 < p1,p2,p3,ps <
oo satisfying

1 1 1 1 1

pr P2 p3s pa P
IN* Do < CUVFFIl o N9l e + C 1 Fllos (V59 - (2.2)

We finally present 3 interpolation results in X7:

)

o€ (=1,1): [fllxs < CIAE A (2.32)
€ (=1,0): || fllx—r < cufnﬁufuf;’, (2.3b)
e [0.k): Ifller < CIAIEE I FIE. (2.3¢)

2.1. Main Lemmas. We now provide two lemmas being central to the proofs of our decay rates results.

Lemma 2.1. Let f be a smooth function satisfying

d
ZIf Ol +IVFB7- <0

for all ¢ > 0. Suppose there exists a positive constant C, > 0 and o < % such that

sup sup [¢|° ’f(t,{“)’ < C,.
0<t<oo |£|<1

Then,
IfO)2. < CA+8)731 forallt > N —1,

where N — 1 is a non-negative constant with N > % — 0.

Proof. By using the Plancherel’s theorem,
d —~ 2
SO < - [ 1eP|Fe.€)| Cde< - €17 F(8,)] de
dt
{1el2> i}

<- 7t
1+t {1g12> 25}

N - 2
FON7 + — ft,8)] de
SO+ /{Wm}\( )

1—|—t

Hence, we attain
N

If@)7 <
T+t {lel2< 25

d 9 2
ZIFONF + Fee) a,

1—|—t

which implies

L0Vl < Na o [ . F| de (24)

‘ -~
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Since {¢: €2 < N/(1+1¢)} C{¢:|¢] <1} forallt > N —1, we use our assumption to bound the right-hand
side of (2.4) as follows:
d - —20
G+ 0MIr@IE] < Nearg [ g
{leP<s5}

N/(1+t) s
<C(1+tN? / 2727 dr < C(1 )N 1oz
0

when o < % Finally, we integrate the inequality with respect to time and obtain

||f(t)||22 < ”f(N_ 1)”%2 O (1+t)N7%+U_NN7%+U
2= (14N N-2+0 (1+)N

< Co(1+1)"24

for t > N — 1, where we use N > % — 0. This complete the proof of Lemma 2.1. O

Lemma 2.2. Let £ > 0 and 6 > 0. Let f be a smooth function satisfying the following inequality

d
S I Ollae—s + Ol F ()] xss < 0. (2.5)

for all ¢ > 0. Suppose there exists a positive constant C, > 0 and o < k + 2 such that

-~

fio)| <c.. (2.6)

sup sup [¢|7
0<t<oo [¢<1

Then,
k

[F)]|larr < Co(1 47275 forallt > N/O—1,

g

where N/6 — 1 is a non-negative constant with N > 1+ % -3

Proof. From (2.5),

L7l < 0 [+ |7t.0)] de

{01¢12> 451

N N
< Ol rr +

< o et e, 0)| de.
1+t 1+t {9|§|2S1L+t

Since {€: 06> < N/(1+1t)} C{£:]¢] <1} for t > N/O — 1, we obtain
d
S A ON IO ] < NCL(1+ N / €1 g
{8l¢2< 25}
N/(O(1+1) o
<C(l1+ t)Nfl / R C(1+ t)N*1*1+z -3
0

from this we deduce that
Hf(t)H 1 < ||f(N/9_1)HXk’1 C (1+t)N71+37% _(N/H)NilJrgi%
SN C L N—1+g-& TEDL

E
2

<Co(1+t)~ 15~
for t > N/ — 1, where we use N > 1+ % — . This completes the proof of Lemma 2.2. O

3. INCOMPRESSIBLE NAIVER-STOKES EQUATIONS

In this section, we prove the decay rates results for (1.1). Let
t
u(t) = e®ug — / eUIAP (div(u ® u)) (1) dr, (3.1)
0

where P is the Leray projection operator with its matrix valued Fourier multiplier m(&): for a vector field v,

Pv=wv-— VA_l diV’U7 m”(f) = 5ij — Té_?; . (32)
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By taking the Fourier transform to (3.1), we have
¢
a(t,€) = e 1 Gy (€) - / eI  me)ic - (WEn) (r.€)dr. (3.3)
0

Since |m;;(§)] < 1, we may proceed to bound w as if m is absent. We also bound ||E||Lgo by Young’s
inequality and the Plancherel’s theorem:

1f9llee < [Ifllz2llgllz>-

3.1. Proof of Theorem 1.1. Since we already have (1.2), we only need to show u € L*([0,00); V7). Then,
Lemma 2.1 gives the desired decay rate in Theorem 1.1. To prove u € L*([0,00); V), we divide the range
of o into 3 cases.

» (Case 1: 0 = 1): By multiplying (3.3) by |¢|
t
€l €)1 < lele " lan(©)] + [ lePe P [T Uz dr
0

t t
(4 2 (4 2
< Juolly: + / €2~ = (72 dr < uollyn + [luol / g2e= =TI a7 < ¢
0 0

from which we deduce that

sup [[u(t)[[yr < Co.
0<t<o0

» (Case 2: 0 €[0,1)). For |¢] <1, we obtain

t
-~ —o|elo ,—t|E]? |~ —(t—7)|€|?
€1t €)] < (¢ 71g|7 e o ()] +/0 [P T () 172 dr < Jluolly + [luollZ= < Co.

Then, Lemma 2.1 brings us
u(t)|22 < Co(1+1t)"2 forall t > 0.

By (2.1),
¢
(€17 [a(t, )] < €17 e~ o (€))] +/O €1 e TR Ju(r))| 2 dr
. . 1 (3.4)
< ||uollys + Co/ t—7)"7 1+7)"2dr <Cy,
0
where we use
t 140 1 t 1+o l1—0o t 140 l1—0o
/ t—7)"2 (1+7)2dr < / t—7)" 7 (1+7)" 7 dr < / t—7)"" 77 7= dr
0 0 0 (3.5)

1
1+o 1o l—-0 1+0
= [ a-0 0= .
/0( ) ! B< 2 2 >

» (Case 3: 0 € [-1,0]) When o € [—1,0], we have

sup sup [€|[u(t,€)] < Co, and |u(t)|Z2 < Co(1+ )77 forallt>0
0<t<oo [£|<1

as in Case 2. For |¢] < 1 we obtain
t t
[k, )] < e ()] + / €le= =1 u(r) |22 dr < JJuolly~ + Co / (t—r) *(1+7)tdr < Co,
0 0

which implies
[u(®)]F= < C(1+ t)_% for all ¢ > 0.

So, we bound u as
t
€3Ol < [€e S an(©)] + [ Ie eI u(r)| 3 dr
e (3.6)
< lolly= +Co [ (¢ =) ¥ 1+ 7) Har < o,
0
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Thus, we use Lemma 2.1 to obtain the desired temporal decay and this completes the proof of Theorem 1.1.

3.2. Proof of Corollary 1.1. We decompose ||u||i1,a as follows:

luly—s = / €728 (o) de + / €728 [@(E) 2 dé < (1) + M~ |[ul%a,
[gl<m €|>M

where M is decided below. We now bound (I): when § < 3 — ¢

M
O = [ TR @ de < Cllals [ e = Ol M,
lel<m 0

By taking M satisfying
M2 uf2a = ul}3. 1202053,

we have
3—20—26

lu(®)1%-0 < Clu@ITE @, T < Coll+8)~ 3+,

which implies the desired estimate.

3.3. Proof of Theorem 1.2. From [17], we deduce that if ||ug|x-1 < e < 1, then u € L>([0,00); X =) N
LY([0,00); Xt) and

t
() o + (1 — e)/ u(r) || dr < e for all £ > 0.
0
Moreover, u satisfies (2.5) with k=0and § =1 —e.
We now show u € L>([0,00); Y?): in doing so, we use

R
218 =ml>  2[nl*
» (Case 1: 0 = 1) By using (3.7) with a = 1, we obtain

t
ellact, ) < lele™ "  fao(©)l + [ 1€Pe= =1 [ fa(r, € — m)lla(r, n)| dndr
0
t
< [luollyr + sup (||u(r)||y1||u(7)||x,l)/ €2~ -IEP g
0<r<t 0
< luollyr + Ce sup Ju(r)[y
0<r<t

and so we have

sup u(r)|lyr < [luollyr + Ce sup [lu(7)[|y:
0<r<t 0<r<t

» (Case 2: 0 € [-1,1)) When o € (—1,1), we use (3.7) with & = o to estimate u as
€1, ) < le7e 4 ol + [l [ Jatrg = wlfatr )] dndr
0 R
t
—(t—71 2
< uolly- +/0 €17 e u(r) |- fu(r) [l ye d7

t a2
< uoly+ sup e [ e nv8e0 ar) 5 ([ g ar)

2

L
< luollyr +€ sup () lye ( sup ()l / Ju(r) s dr)

< lluolly- +C€ sup ||u(7)||ye,
0<r<t
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where we also use (2.3a) to handle ||u(7)||x--. When o = —1, we use (3.7) with & = 1 to get

t
€M) < € e U an(e) + [ I [ atre mlfar )l dndr
0

t
< luolly-+ + sup [Ju(7)]ly- / [u(T) 21 dr.
0<r<t 0
» By collecting all the bounds together, we arrive at
sup [u(t)llye < [luollys + Ce sup [lu(t)[|ly-
0< 0<t<

<t<oo t<oo

for all 0 € [—1,1]. By restricting the size of € as 2Ce < 1, we obtain u € L>([0,00); Y?). The desired decay
rates follow by Lemma 2.2.

» Finally when & > 0, we need to show that u € L>([0, 00); X*~1) N L(]0, 00); X*+1) and u satisfies (2.5)
with k > 0. By using (2.3¢), we obtain
d ~ ~
Gl s+ @l < [ [ 1614000 = mliate ] dnd < Cluo)llwolute)] o
< Ollu@) - lu@) [ as+1 < Cellult) || xw+-

Then we take a sufficiently small € satisfying 6 = 1 — Ce > 0 to have (2.5) with & > 0 and direct application
of Lemma 2.2 completes the proof.

4. HALL-MAGNETOHYDRODYNAMIC EQUATIONS

In this section, we prove the decay rates results for Hall MHD (1.7). We first write
(VxB)xB=B-VB - %V|B|2 =div(B® B) — %V|B|2,
V x ((VxB)xB)=V x <div(B ® B) — %V|B|2) =V x div(B ® B),
and express (u, B) as the integral form

u(t) = ePug — / t AP (div(u ® u) — div(B ® B)) (1) dr, (4.1a)
0

¢
B(t) = e® By + / e=MA(V x (u x B) — V x div(B ® B)) (1) dr. (4.1b)
0
By taking the Fourier transform to (4.1), we have

2 t 2 — _—
(t.¢) = ()~ [ e i (a5 - B B) (. ¢)dr,
0

B(t,&) = e 5P By(¢) + /t e~ IER¢ % (u x B)(r,€)de — /Ot e~ t=IER ¢ x ¢ . (B ® B)(r, £)de.

0
4.1. Proof of Theorem 1.3. As a preliminary step for the proof of Theorem 1.3, we give two lemmas.

Lemma 4.1. Under the assumptions in Theorem 1.3,

u € L([0,00); Y1) and sup sup |§(t,§)| < Cy.
0<t<oo ¢]<1

Moreover,
u(t)]|22 + |B(t)|22 < Co(1 + t)~2tmax{onozt for all ¢ > 0.

Proof of Lemma 4.1. Although (4.1a) contains B ® B, we can use (1.8) to bound u as in the case of (1.1).
So, we just copy the bounds of u from Section 3.1 and focus on estimating B. During the proof of Lemma
4.1, we will repeatedly use Lemma 2.1 with || f||2, = [Jul|%. + ||B||32 and ||V f]|2. = |[|[Vul|2. + || VB|2..

» (Case 1: 01 € [0,1], 02 € [-1,0]) Using (1.8) we first have

sup sup [¢]]u(t, )| < Co. (4.2)
0<t<oo [¢]<1
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For B, we note that for || < 1,
t t
€1B(t, )| < |¢le="¢F By (&)| + / €2 DI ()| 2| B(7)|| 12 dr + / €Pe= =D B(7) )12, dr

t
—(t—7)|€]2
< [1Bolly=z + 2(luol32 + | Boll3:) / jgf2e =71 ar < €,
By combining this with (4.2),
sup_sup ([¢l[a(t,€)] + [€l1B(t,€)]) < Co.

0<i<oo [£|<1
Hence, we apply ¢ = 1 to Lemma 2.1 to get
lu(®)||22 + | Bt)||22 < Co(1+1)"% forall £ > 0. (4.3)
Then we use (4.3) and proceed similarly to (3.4) to obtain
s [t < Co.

<t<oo

This also implies that for |¢] <1
¢ ¢

|B(t, )| < |§|7a2|§|ozeft\5\2|Bo(§)| +/ |€|67(tf‘r)|§|2||U(T)||L2HB(T)HL2 dT+/ |§|267(tf‘r)|§|2”B(T)”QL2 ir
0 0

t
< ||Bolly-= + Co/ (t—7)"2(1+7)"2dr + Co < Co.

0

Since o1 € [0,1], we arrive at

sup_sup (¢ (L, )| + ¢ |B(t,€)]) < Co,
0<t<oo |£[<1
and by Lemma 2.1,
u(t)]|22 + |B(E)|22 < Co(1+ )5+ for all t > 0.

» (Case 2: 0; € [-1,0], 02 € [-1,0]): Here, we proceed as Case 1 so that

sup sup ([i(t. )|+ |B(t.)]) < o,
0<t<oo |£]<1

and hence
3
lu@®)||2: + || B(t)||2: < C(1+t)"2 forallt> 0.
Then we use the above inequality and argue similarly to (3.6) to yield

sup [|u(t)l[y= < Co
0<t<

oo

and for B,
t
5} — 2B (e —\t—7 2
€172 B(¢,€)| < [¢]72e~ " |Bo(§)|+/0 €1z e T () | 2 || B(7) | 2 dr
t
+ [ e R B s dr (4.4)
0

14oo

¢ ¢ vims ,
< || Bo||ye-2 —I—Co/ (t—71)" "2 (1—|—7‘)_% dT+Oo/ (t—T)_+T(1—|—7')_§ dr < Cp.
0 0

Hence we arrive at

sup_sup |¢["=477 (fi(t, &) + |B(t,€)1) < Co
0<t<oo |€|<1

from which we obtain the desired temporal decay by Lemma 2.1. This completes the proof of Lemma 4.1. [

Lemma 4.2. Under the assumptions in Theorem 1.3, for each k& € N there exists Ty > 0 and a constant C},
depending on (ug, By) and k, but independent of Ty, such that

IV u(t) |22 + [VEB@)||22 < Cr(1 4 )~ 2tmaxdonosk=k  forall ¢ > Ty,



10 BAE, JUNG, AND SHIN

Proof of Lemma 4.2. Lemma 4.2 can be proved by simply modifying the argument in [10] with Lemma 4.1,
so we omit the proof. O

Now we are ready to prove Theorem 1.3 by estimating v and B separately.

4.1.1. Decay rate of u. When o1 > o9, ||u(t)]|3. < Co(1 +¢)~2%1 from Lemma 4.1. So, we only consider
01 < 02 < 0. Then, by Lemma 4.1 and Lemma 4.2, we have

[u(®)]22 + |B#)]122 < Co(1+1)72472, [[Vu(t)|22 + [|[VB()|22 < Co(1+)751%2 for all t > Ty,
By taking L? inner product of (1.7a) with u, we obtain

1d

sl + IVults = [(B-9B) < CVul ] Bl1e] B

IN

SVl + CIBY eV B
Hence, for t > Ty
L ulla + [ Vull3s < Col1 + )75+
By modifying Lemma 2.1, we discover
SLO+0MOIE] <Na+0Y T [t ePde + o0+
{léP <453

<CA+ NI L O(1+ )V 73292 < (1 4 )N 1B
By integrating this in time, we derive

lu(t)]|22 < Co(1+t)~2F7 for all t > Tp.
The decay rates of u for all ¢ > 0 follows from (1.8).

4.1.2. Decay rate of B. When o1 < 09, || B(t)||3. < Co(14t)~2%92 and B € L*([0,00); Y°*) from Lemma
4.1 and (4.4). So, we consider o1 > 02. Then, we have

lu(®)[32 + I B®)3: < Co(1+1)72+
By taking L? inner product of (1.7b) with B, we obtain

5B+ IVBIE: = [(B-Fu) B < C*luls [V B,
and note that there exists tg > 0 such that
lu(®)lzs < [u@IZVa@) [ < 55 for all t > to.
Hence, one has

d
EHBH%Q + VB2, <0 forall t > t,.

Since

sup sup |B(t,€)| < Co
0<t<oco |5|§1

from Lemma 4.1, Lemma 2.1 yields
3

IB(t)|[7: < Co(1+1)"2.
If 05 # —1, then 01 — 03 < 2. So. we obtain

n i — (=7 2 i [og — (=7 2
€1721B(t, €)] < [ Bol|y= +/0 g1t eze” TR Ju(r) | 2| B(7) 2 dT+/O g2t oze TR B(7) |72 dr

t t
< || Bo||yez + 00/ (t—7) T2 (1+7) 3 F dr + 00/ (t—7) "2 (1+71)"%dr < O,
0 0
where we use

t t
/ (t—r) T +7) i dTS/ (t—r)" 73t dT—B<1_202’1+202>.
0 0
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Hence, by Lemma 2.1

IB(£)]22 < Co(1 4 1)~ 2tz
If 0o = —1, when |£] < 1 we have

_1,. = ¢ 1 (47 2 ¢ 3 _(t—7 2
€175 B(t,€)| < || Bolly-1 + / €2 e DI ()| 12 || B(7)|| 12 dr + / |2~ IR B(7)||22 dr

t t
< ||Bo|ly-1 +co/ (t—7)"3(1+7) 27 d¢+00/ (t—7)"3(1+7)" % dr < C,,
0 0

which implies
IBt)]|72 < Co(1+1)2.
Thus, we bound

sup [[B(t)]lyr < Co
0<t<o0

and obtain the desired decay rate of B by Lemma 2.1.

4.2. Proof of Corollary 1.3. We derive higher-order norms of (u, B) by applying Theorem 1.3 and Lemma
4.2. We note that T > 0 can vary from expression to expression in this section.

4.2.1. Decay rate of V*u. When o1 > 09, decay rates of VFu are straightforward from Lemma 4.2. So,
we consider the case o1 < 09 < 0.
By taking V* to (1.7a) and by taking the inner product with V*u, and (2.2), we obtain

%% ||v’fu||iz + Hv’”lu\]; = —/Vk(u-Vu)-Vku-i-/vk(B-VB)-Vku
z/Vk(u@)u) : V’“Vu—/V’“(B@B) VYV
< Cllullzs [V** ully, + ClIBlleo [V541 B V54l
1
< Cllullzs [ V¥ ul[ s + CIBIZs |V BI|p. + 5 194 ul
from which we deduce from Theorem 1.3 and Corollary 1.3 that for ¢t > T
G IRl + |94, < CIBIE [VF4 B < CIBILI VBl 74 B], < Cu(1+ 0 2ok,

By modifying Lemma 2.1, we derive

00N VU] SN0 [ RGP + G )Y E
< CR(1+ N3k L G )N TER2 R < O (1 )N TRk,
By integrating this in time, we obtain
[A*u(t)]2, < Cr(148) "2t % for all t > Tp.

4.2.2. Decay rate of V¥B. We only consider the case oy > 0. By taking V¥ to (1.7b) and by taking the
inner product with V*B, and using (2.2), we obtain

1d
2 dt
< Clullys [V* BIl, + C1Bllys [ V**ull s [VHB]| 1, + C 1Bl |V B,

|V*BI[;. + |V B}, = /Vk(u x B)-V*V x B — /deiv(B ® B)-V*V x B

1
< Cllullys [V Bl + CUBIZ |V ulls 4+ 5 [V B + C 1Bl o [ V5Bl
and so Theorem 1.3 and Lemma 4.2 imply that for ¢ > Ty

% IV*BI[;., + |V B}, < ClIBIILel|V B 2 VF ul2e < Cu(l + 1)~ 2777,
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As we bound u above, we attain
d Nk 2 N—3+402—k N—94391toa g N—2+09—k
- [(L+)VIVFB)|7:] < C@+ )N 2t L Cp(1+ )N 2t 2 < CL(1 +t)N-2te

since 301 — 02 < 4. Hence, we derive

IV*B(t)|22 < Cr(1+1)"3T727% forall t > Ty.

4.3. Proof of Theorem 1.4. From [20], we deduce that if ||ug||x-1 + || Bol|x-1 + || Bol|xo < € is sufficiently
small, u € C([0,00); X~1) N LY((0,00); X1), B € C([0,00); X~ N X%) N LY((0,00); X1 N X?), and

¢
[w(@)ll -1 + 1B + 1BOxo + (1 = 06)/0 (el er + 1Bl + B[ 2) dr < Ce - (4.5)
for all t > 0. So, we only need to show (u, B) € L*°(]0,00); V?) and derive the decay rate in X~!.

4.3.1. Bounds in Y°. We split the estimates of (u, B) into 3 cases as in the proof of Theorem 1.3. For
this, we repeatedly use (4.5) when we bound (u, B) in Y?. However, since we can bound u as in the proof
of Theorem 1.2, we only deal with B in details.

» (Case 1: 0 = 1) We first have
€1t O < lluolly» + Ce sup (lu(r)llyr + [B(T)]y1).-

We now estimate B. In this case, we use
t
B(t) = e"® By +/ e=MA(V x (ux B) =V x ((V x B) x B)) (1) dr
0
instead of (4.1b). Then, using (3.7) with o = 1, we have
~ _ 2 A~ t o 2 e ~
€l1B(t.&)] < Iele""|Bo() + [ [P [ fatr. €~ )| Blryn) dnr
0 R
t e o .
+ e [ B¢ )l Bl dndr
0
t
— —T 2
< [[Bolly +Oiugt(Hu(T)IIyIHB(T)le—l + HB(T)HJNHU(T)”X*)/O [P gr
t
— —T 2
+ sup (1B 1BOlve) [ lge 1 ar
0<7<t 0
< [ Bollyr + Ce sup ([[u(r)]lys + [ B(T)[Iy1)-
0<r<t

From these two bounds, we have

sup ([[u(r)llyr + 1B()lly) < uollyr + [1Bollyr + Ce sup ([[u(r)llyr + [ B(7)[|ly+) -
0<r<t 0<r<t

» (Case 2: 0 € (—1,1)) In this case, we bound u as

[u(®)llye < [luollys +Ce sup ([lu(7)l|lye + [ B(7)[[y-)-
0<r<t
For B, we have

t
€17 1B(t.6)] < [¢]7e " | By ()] + / ¢ioe (-l / (a(r, & — n)||B(r.m)| dndr

t
+ [leProe I [ 1B g )| Blron)| dndr
0

< [[Bolly- + (1) + (ID).
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Using (3.7) with & = o and (2.3a), we first bound (1) as

t
S/O €1+ e DY (fu(r) |y | B |a-o + BT |y llu(r)l|lx--) dr

t a2
< sup [u(r)lye ([ feem -1 ar) / IBEIET dr)

o<r

t e i
+ s 1By ([ lge ) / le@IE "df)

0<r<t

1+a
< swp Ju(r)lye (s 1B / 1Bl dr) T

0<7r<t

l1—0o

1t+o 1o
+C sw ||B(r >||ya( sup ||u<T>||X71) ( / Ju(r)lln dr )
0<7< 0<7<t 0

< Ce sup (IIU(T)Iva + 1 B(™)llyr)-
0<r<t

When o € [0,1), using

117 < (1€ =nl+n))7 < CUE—=nl" +[nl7),

we bound

t
< c / ¢ -mIE / € = nl7|B(r, € — )| B(r, )| dndr
0
t
e / ¢Pem -l / B(r.& — n)l|nl”|B(r,n)| dndr
0

t
—(t—71 2
<C sup |[B(7)y- OiugtllB(T)on/ [€Pe” =T dr < Ce sup || B(7)||y=
STS 0

0<r<¢ 0<r<t

When o € (—1,0), we use (2.3b) to obtain

t
o —(t—7 2
(1) < / €2+ = B(r) |y || B(r) -0 dr

L g2e-(t=r R lel? i ' =
< sup 1By ([ lepe R ar) ([, ar)

o<r

L —o
< C sw By sup 1B(]x0) / |B(llezdr) ™ < Ce sup | Bl

0<7r<t <7<t

We combine the above estimates to yield

sup ([[u(7)[|ye + [ B(T)|ly=) < [luollye + [|Bollys + Ce sup (||lu(r)|lys + | B(7)[ly7)-
0<r<t 0<r<t

» (Case 3: 0 = —1) In this case, we simply use (3.7) with & =1 to get

t t
€17 a(t, &)1 < Juolly- + sup IIU(T)IIy—l/ [u(r)l[x+ dr + sup IIB(T)IIy—l/ I1B(7)[| 2 dr,
0<r<t 0 0<r<t 0

13

(4.6)
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and

t t
7B < [Bllyr + swp [u(Dy [ IBE e dr+ sup [BElys [ ur) s dr
0<7<t 0 0<7<t 0
t
+ [ eI B Ly | B s
< 1By + swp @l [ 1B dr+ s [B0)ly- / ()l
o 1By [ lee20-1 ar) / 1B(r)Fdr)”

t
g||BO||y,1+Oiugt||u<7)||y,l [ 1B i+ sup 1By [ e dr

+C sup |[B(7)[[y— ( sup . | B(7 ||X°) (/ 1B(7)|| x> dT>
0<r<t 0<
Therefore, we have

sup ([[u(7)[ly-1 + [[B(T)[ly-1) < lluolly-1 + [ Bolly-1 + Ce sup ([lu(7)[[y-1 +[|B(7)[[y-1)-
0<r<t 0<r<t

» By collecting the bounds together, we arrive at

S (lu@®llye +1B@)llys) < lluolly + | Bollye + Ce sup  ([[u(t)|lye + [ B(t)[y-)

<t<oo 0<t<oo

for all o € [—1,1]. By restricting the size of € as 2Ce < 1, we finally obtain
S (lu@®llye + 1B@)lly-) <2 ([[uolly- + [ Bolly-) -

<t<oo

4.3.2. Decay rates. We now investigate the temporal decay rate of (u, B) in X! using Lemma 2.2. Since
the uniform bound of (u, B) in Y implies (2.6), we only need to show that (u, B) satisfies (2.5) with k& = 0.
In fact, by using (3.7) with a = 1, we obtain
d ~ o~ fn -~
Gl +u®le < [ [ 1at.g —mliaeml s + [ [ 1Bee.¢mliBien)]dnds
< Mu@®llx-llu@®llxr + 1BEONx-2 1 BE) [ < Ce([Ju(®)l|xr + |B(E)][21)
and
d R . _ .
GIBO L+ 180w <2 [ [l —nliBenldnde+ [ [ [TBE = mllBiem]dnds
< lu@®)lx=[1B@) L + 1B [ -1 lu@)lr + [ BE)||xol| B(E)] 21
< Ce([Ju()llxr + 1B(@)]a1) -

By combining these two estimates with e restricted to satisfy § =1 — C'e > 0, we have

jt (lu@lle—2 + 1B@)llx-2) + 6 (Ju®) |21 + |BE)]|lx1) <0

and hence, the desired decay rate in X! follows from Lemma 2.2.

4.3.3. Decay rates in X*~!. Since we already have the uniform bound of (u, B) in ), we only need to
show that (u, B) satisfies (2.5). Using (4.6) and (2.3c),

Gl + u@lvn < [ [1eMae.¢ —milamldndg + [ [ 1615~ )l Be.n)| dude
< Clla(®)llxol[u(®).x + CIBOLxol BOlLvs
< Clu(t) s [u(®)lLess + CUBO) - B s
< Ce(Ju®)vss + [ B(0)] e
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and
GIBO s + 1B <2 [ [ 6P fatee ) Bemldnds + [ [1614411Bte.¢ ~ )| Be.n)| due
< Olu(t) s [ BE) L + CIBE) Laollu@) e + CIBO x| B v
< Olu(t) -+ u(®) s + CUBE - | BOlLwss + CUB) o | BE) e
< e (Ju(t)eees + 1 BO) ).

By combining these two estimates with e restricted to satisfy 8 =1 — C'e > 0, we have

d
7 @ llae—s +B@)xx-1) + 0 (u®) | xrer + 1B | xw+1) <0
and again, the decay rate follows from Lemma 2.2. This completes the proof.
APPENDIX A. L! BOUND OF u
The decay rate in [23] implies that L' is an invariant space for all t > 0. To show this, we first note that

d
g el < IB(u-Vu)la

where P is the Leray projection operator defined in (3.2). Since u - Vu € H (the Hardy space) with
llu- Vullz < Cllullp2]|Vul| g2 [12] and P : H — L' [27], we obtain

d
g lellpy < Cllu-Vaully, < Cllull 2 [Vull 2 -

Integrating this in time,

t
la@®)lx < ol +C / (14714 V()| dr

¢ 3 ¢ 3
Slonl|L1+O[/O ||vU<T)||§2dT] [/ <1+T>2dr] < ol + € luoll
for all ¢t > 0.

APPENDIX B. ALTERNATIVE PROOF OF THEOREM 1.1

To prove Theorem 1.1, we take two steps. We first estimate HetAu0||L2 using ug € L2 N Y° from which
we arrive at the decay rate of u in Theorem 1.1 by [30]. We then bound u € Y using the decay rate of w.

» We recall the argument in [30]: if HetAuoHi2 < C(1+t)~, then a weak solution of (1.1) decays in time:
lu()[|22 < Co(1 + 1)~ minfeod},
We now bound HemuOHL2 with ug € L2 N Y°:
e uollze = / e P ) Pdg = | e (€)1 g + /|£|>1€2t52|170(§)|245 = (D+(1).
We first deal with (I): )
O =5 [ (o) oe I (el ane))? 20 de

l€l<1

< Ot 2 |fug| 3 / |27 eI dy < Ct=3 Jug| 3.,
InI<v2t

l€1<1

where we use the change of variables 1 = /2t¢ and

e8] 1 oo
/|n|*2ffe*|"|2 dn = c/ 227 dr < c/ r22dr 4 c/ e dr<C
0 0 1

when ¢ < 3. Using (2.1) and the condition o < 2, we now bound (II):

(= o7 [ i) ie e ay(e)a < o [ @) < 0 ol
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Therefore, these two bounds lead to

Since ag =

e uol| 2 < Ot 2+ (Jluoll3e + [luoll72)

3

5—0< g when o > —1, we arrive at the desired decay rate of v in Theorem 1.1.

» We here show that v € Y using (1.4). When o = 1, we first have

t
€lfat, €)1 < l¢le™ o (€)] +/O €12 u(r) 132 dr

t
2
< luollys + ol [ [ePet71  ar < €y
0

from which we deduce that

sup [u(t)lyr < Co.
0<t<o0o

When o € [—1,1), we bound u as (3.5):

€7 [t €)] < 1¢]7e " o (€)] +/0 ¢ eI () |32 dr

t
< Jluolly~ + Co / (t— 1) 551+ 1)+ dr < G,
0

So, we have

sup [[u(t)]|ly- < Co.
0<t<o0
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