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Conformal transformation of f(Q) gravity and its cosmological perturbations

Dehao Zhao*
School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

Symmetric teleparallel gravity (STG) is a gravity theory which takes non-metricity tensor to
describe gravity effects. In the STG framework, we study the conformal equivalent scalar-tensor
theory of f(Q) model and calculate the cosmological linear perturbations of the conformal trans-
formed action. We confirm the result already present in references that f(Q) gravity shows different
degrees of freedom on different backgrounds at linear perturbation level. We also explain that this
situation often means the linear perturbation theory breaks down and the model may suffer from
strong coupling problem.

I. INTRODUCTION

Although General Relativity (GR) has achieved great success, it faces the difficulties in both theoretically and
observationally, such as singularity of the universe, dark matter and dark energy. Therefore, GR is now generally
considered as an effective theory and thought to be modified at high energy and/or large length scales. One of the
simplest modifications to GR is the f(R) gravity in which the Lagrangian density (R) of GR is replaced by its arbitrary
function f(R) [1, 2]. There are two major reasons to explain why people study f(R) gravity. First of all, f(R) gravity
is sufficient enough to capture some of the basic characteristics of higher-order gravity, such as considering f(R) as a
series expansion
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where «, 8 are coefficients and have suitable dimensions. Second, it is well-known that modified gravity theories in
Riemann geometry in which gravity effects are described by the Riemann curvature, generally suffer from the so-called
Ostrogradski instability [3, 4] or higher-order derivative instability, because the Riemann curvature hides second time
derivative of metric. But f(R) gravity can avoid this type of instability. This result can be easily understand by
the conformal transformed action of f(R) gravity which is just a Einstein-Hilbert action plus a minimally coupled
scalar field, and since conformal transformation does not change the ghost behavior of theories, the f(R) gravity is
ghost-free.

Since in the framework of Riemann geometry, it is difficult to modify gravity to avoid higher-order derivative insta-
bility, then we can do it in non-Riemann geometry. In this paper, we will consider the so-called symmetric teleparallel
gravity (STQ) [5, 6] framework. STG theory can be considered as a constrained metric-affine theory, and the quantity
which describes gravity effects is non-metricity tensor, Qo = Vaguv, where V is covariant derivative which satisfies
curvature-free and torsion-free conditions. Non-metricity tensor measures the failure of the affine connection to be
metric-compatible. The STG model we are most concerned about is the so-called symmetric teleparallel equivalent
of general relativity (STEGR), which is equivalent to GR and its action is equal to the Einstein-Hilbert action up to
a surface term. The Lagrangian density of STEGR can be written as scalar ), then a straightforward modification of
STEGR is just to replace the scalar @ to its arbitrary function f(Q) [7, 8]. Meanwhile, because non-metricity tensor
only contains first-derivative of metric, the field equations will always be second order equations, remarkably simpler
than f(R) theories. This feature has led to a rapidly increasing interest in literature.

Just like in f(R) case, the paper [9] has written down the conformal equivalent scalar-tensor theory of f(Q) case,

*Electronic address: dhzhaoQucas.ac.cn


http://arxiv.org/abs/2404.16299v1
mailto:dhzhao@ucas.ac.cn

whose action is
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where the quantities which denoted by a tilde over the head are associated the transformed metric g, = fgg., and
0 = +/3/2In fg. It is easy to see that, unlike in f(R) case, there is a nontrivial scalar non-metricity interaction term

%(Qg"“ — Q“"g)(?#@, so the conformal scalar field 6 is non-minimally coupled. This feature can also be found in
the torsional teleparallel gravity case presented in [10]. Meanwhile, since our signature of metric is {—1,1,1,1}, then
the sign of kinetic term of scalar ¢ is minus. References [9, 15, 17] think the scalar ¢ is a ghost field and suffer from
vacuum instability. But since there is a nontrivial scalar non-metricity coupling, we can not say it is a ghost directly.
So in this paper, we study its cosmological perturbation to study this problem.

The outline of the paper is as follows. In Sec. II, we give a brief introduction to f(Q) gravity and write down
the corresponding conformal transformed scalar-tensor action. In Sec. III, cosmological applications of the conformal
transformed action are studied, containing background equations and linear perturbations. In Sec. IV, we show the
relations between result in Sec. IIT and the original f(Q) theory. And we can see that since linear perturbation
of f(Q) theory has different degrees of freedom, the theory may suffer from strong coupling problem. Sec. V is a
summary of this paper.

II. F(Q) GRAVITY AND CONFORMAL TRANSFORMATION

A. f(Q) gravity

Symmetric teleparallel gravity (STG) [5, 6] is a constrained metric-affine theory whose affine connection satisfies
the curvature-free and torsion-free conditions

R,uua'p = _8,urlpua' + 81/Fp,ua' + Fkudrpu)\ - FAua'Fp,u)\ = 07 T>\,uu = F)\,uu - Fku,u = 07 (3)
then the quantity that describes the gravity effects is non-metricity tensor

Qauu = vozguu = Oa9uv — Fkaugku - F)\oa/gu)\u (4)

where the signature of metric g,,,, is {—1,1,1,1}. The non-zero non-metricity tensor means that the length of vector
can change if we parallel transport (described by connection T'* uv) it along curves. Since the curvature tensor vanishes,
the parallel transport is independent of the path, which is the reason for the terminology — 'teleparallel’ and the zero
torsion means affine connection is symmetric in its lower indices and which is corresponded to the terminology —
‘symmetric’. The differences between STG and GR should be clarified. It can be simply understood as that there are
many parallel structures on a manifold, GR chooses one class (Q = T = 0) of them to describe gravity effects and
STG chooses another class (R =T = 0).

For affine connections satisfy the curvature free and torsion free conditions, we can always choose a particular
coordinate system in which I'* uw = 0. Hence STG theory can be considered as a gravity theory which only takes
metric as fundamental variables but does not own diffeomorphism symmetry. There is also a diffeomorphism invariant
version of STG. Using Stiieckelberg trick, we can recover the diffeomorphism symmetry. The contents of this tick
is as follows. Since there is a particular coordinate system in which affine connection vanishes, in other coordinate
systems the connection will become

A
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where z# are coordinates and y* can be considered as four scalar fields. It can be easily to see that if y* = x#, affine
connection becomes zero. Then we can take metric g, and y* as fundamental variables, where {y*} represents the
particular coordinate system in which affine connection vanishes and now the theory is diffeomorphism invariant.



There is a special STG theory which is called symmetric teleparallel equivalent of general relativity (STEGR) whose
Lagrangian density is

1
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where
Qo =97 Qacr, Qo =97 Qoanx (7)
are two different contractions of non-metricity tensor. It can be proved that
Q=R+V,u(Q" Q") (8)

where R is the scalar curvature corresponding to the Levi-Civita connection which is the connection chosen by GR.
Also we should point out that in this paper, all quantities which denoted by a ring over the heads are associated with
the Levi-Civita connection. Therefore the action of STEGR

S, = %/d4x\/—_gQ - %/d%\/—_g [é +V,(Q" - Q#)} 9)

is only one total derivative away from GR. Since total derivative in action does not influence equations of motion, in
this sense, STEGR is equivalent to GR. Because of this equivalence, it is easy to construct modified gravity models
with little deviation from GR. f(Q) gravity [7, 8] is a simple case which replaces the non-metricity scalar @ of the
action (9) to its arbitrary function f(Q), and this model is what we consider in this paper.

B. Conformal transformation of f(Q) gravity

The dynamical equivalence between f(R) gravity and a particular scalar-tensor theory is well-studied, both in the
case of metric [13] and Palatini formalism [14]. Imitating those procedures, paper [9] wrote down the equivalent
scalar-tensor theory of f(Q) gravity. Here we briefly repeat the process.

The conformal transformation of metric can be expressed as

Juv = Qz(x)gm/v g = 9_2(I)9HV7 (10)

which means we will use the new metric g,, to describe gravity effects. Just as we have said in previous subsection,
STG gravity can be considered as a theory of diffeomorphism symmetry breaking and takes the metric as the only
fundamental variable. Then under the transformation of Eq.(10), one can find the non-metricity tensor transforms as

Qauu = ozguu - 972 (Qauu - 26& lnﬂguu) 3 (11)

the non-metricity scalar (6) transforms as

Q=02 [Q —2(Q" — Q") InQ + 653, In 09, In Q} (12)
Define boundary term
B=V,(Q"-Q") = R=Q+B, (13)
then it transforms as
B = 0B+ 65"V, V, InQ + 2(Q" — ("), InQ — 1257, In 09, In Q]. (14)

It can be easily checked that the scalar curvature corresponding to Levi-Civita connection transforms as usual

R =02 [R+65"V,V, InQ - 650, 1n 00, n ] . (15)



Using Lagrangian multiplier, we can express f(Q) theory as

5= [ d'eV=g1(5) + M@ = 9) + Sulg). (16)
Variation with respect to s gives

af(s)
0s

—A=0, (17)
and taking it back into the action, we obtain
S = [ dovTgUQ+ (= 1]+ Sunlg), (18)

where f, = 0f/0s. It is easy to prove that action (16) and (18) share the same equations of motion. Using Eq.(12),
the action (18) can be written as

=5 [V [0 (@ 2@ - 20,2+ 6770, 100, 00) + 2 — 1] + SnG/P). (19)
Defining the conformal factor Q2 = f, and

3 1
ezx/élngz:\/;lnfs, U(9)z2—fs2(sfs—f), (20)

finally we obtain

/ d'e/=5 | @+ \f — Q™)0,0 + 5" 0,60,0 — 2U(0)| + S (v / f)- (21)

From here we can find that, not like f(R) theory, f(Q) theory is not equivalent to a theory whose Lagrangian is @
plus a minimaly coupled scalar field, because the second term of action (21). Meanwhile, since our signature of metric
is {—1,,1,1,1}, the sign of kinetic term of # is minus. Just from this action (21), many papers [9, 15-17] say it is
ghost field, but since the scalar field 6 is also coupled with non-metricity tensor, we can not say it is a ghost directly.
Such as a gravity action in Riemann geometry

/d4x\/ [ B R+ cgh 0us0y s] , (22)
defining conformal factor Q2 = e2s, then the conformal transformed form of this action is
S:/d‘lx\/—g[ — (6 — ce**)§"" 0,50, s] . (23)

It can be seen that if 6 — ce?* > 0 the sign kinetic term of s is plus. It can be easily achieved by requiring a small c.
Therefore, whether the action (21) contains ghost fields still needs more studies.

In this section, we consider metric as the only fundamental variable of STG theory. One can also consider the
effects of affine connection. It is easily to show that under conformal transformation, if the affine connection does not
change, we can obtain the same result since the relation Eq.(11)

Qap = 272 (QW — 20,10 g,w) , (24)

is still maintained. One can also consider such transformation under which affine connection changes but still is a
STG connection with form (5). It is an interesting direction of future studies.



C. Conformal transformation and field redefinition

Here we summarize what we have done in previous subsection. Using Lagrangian multiplier, we found the equivalent
action (18) of f(Q) gravity, which is also called the Jordan frame of gravity, and it is the starting point. Then we did
redefinition of fields from {g,.,s} to {g..,0}

gHV:fsguua 92\/61119:\/%111]05, (25)

to re-express the action (18) to the action (21) which we will use to analyze the stability. It should be emphasized that
the action (18) and the action (21) are just different manifestations of the same action. Hence if the field redefinition
is reversible, the equations of motion do not change. This fact is easy to understand. Since the action are the same,
then the variation of the action is

5S 5S
_ 4 00
59 — /d o5l o+ 5 ‘g&s
6S 0Guv | - 0G.un 6S ds
= [d BV 5 mwlse) + 2| (=) 60 2%
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then if the field redefinition is reversible, whether the fundamental variables are {g,.,s} or {gu., 0}, it will give the
same equations of motion, 65/dg,.|s = 0 and §5/ds|y = 0. In other words, if the EOM corresponding to {g,., s} is

H(g,s)=1T(g,s), (27)

then the EOM corresponding to {§,., 6} is

H(g(g,0),5(0)) = T(9(g,0), s(6))- (28)

Hence for f(Q) case, if we find a solution {g, ¢} for the EOMs of conformal transformed action (21), then {g/fs, s}
is a solution of the EOMSs of action (18). There are many works to do this solution transformation.

In this paper, the conformal transformation is just a mathematical tool to simplify our calculation and from other
point of view to check the stability of f(Q) theory. There are also many papers [36, 37] to talk about the physical

meanings of conformal transformation.

III. COSMOLOGICAL APPLICATION
A. Action and equations of motion
The main purpose of this paper is to study original action by using conformal transformed action. For f(Q) gravity,

the conformal transformed action is Eq.(21), and we will study its cosmological applications in this section. For writing
convenient, we will omit the tilde over the transformed quantities in this section, hence the action we study here is

5 = % /\/_—g Q+ \/g(Q“ — Q")0,0 + 9" 8,00,0 — 2U (0) | + S (g / f5)- (29)

The arbitrariness of the functional form of f(Q) is reflected in the form of potential function U(#). The action of
matter sector we choose is

1
Sm = 5 /d4$\/ _gP(Yu ¢)7 (30)
where

Y = 9" 0,00,0, fo=eV3, (31)



and it is just transformed k-essence action. The fundamental variables are scalar fields ¢, 6, metric g,,, and constraint

affine connection T'* o = g%};@t&,yﬂ . Because the constraint affine connection can be considered as the Stiieckelberg

fields to restore the broken diffeomorphism symmetry, it can be shown that the equation of motion corresponding to

affine connection is contained by the EOM of metric [18, 35]. Hence here we will do not write the EOM of connection.
The variation of action (29) with respect to metric gives the metric EOM

2 1
G,ul, + \/> < Q)\aA@g;w - 58(;19@:1) + V. V.0 — V)\VAHQ#") Te * Tfu, (32)

where (O}'H,, = ]%W -1/ 2]329“,, is the Einstein tensor corresponding to Levi-Civita connection and

1!, = —0,60,0 + %gw(gaﬁaaeaﬂe —20), (33)
1
T;fu = _PYfSaH¢aV¢ + EPg;u/a (34)
are energy-momentum tensor of 6 and ¢ separately. Meanwhile we can get the EOM of 6
fss 1. ~
—VIV,.0 — Uy + PyY f gvu Q" — Q") =0, (35)
and the EOM of ¢ is
—2V,, (Py fs0"¢) + Py = 0. (36)

Using those EOMs, we can find the background solutions with any spacetime symmetries.
For cosmological background, the metric form in Cartesian coordinate system is

ds® = a(n)?(—dn? + dz* + dy® + d2?). (37)

Since the curvature free and torsion free condition means that there is a particular coordinate system in which
r uw = 0, here we just assume that Cartesian coordinate system is that particular coordinate system (there are other
choices of connection which we will talk about in next section). This assumption has been chosen in many papers
and give the consistent results. Then taking metric (37) and T'*,, = 0 into the equations of motion, we obtain the
equations of cosmological background

— VoMY = —%9'2 +a?U — Pi¢? - %ORP, (38)

H? — 2%” - \/gﬂrw’ + \/29// = —19’2 —a®U + %aQP, (39)
0" + 210" — a®Us — V6 (W ”) + H(6,¢) =0, (40)

Py (¢" +2He') + §a2P¢ + P¢ =0, (41)

where the first two equations are metric equations and we have define

P,=Pvf,, H(0,0)= 7PyYJ;fS

Finding solutions of those equations, we can get the evolution of universe. Relevant contents can be referred to [20].

(42)

In the following, we will use those equations to get the quadratic action of perturbation variables.

B. Cosmological perturbations

Now we turn to the linear perturbations around this background. The line element of perturbed metric is

ds* = a(t)? [—(1 4 2A)dn* — 2(9; B + B;)dndz’ + (1 — 2¢)0;; + 20,0, E + 0,E; + 0;E; + hy;) da'da’],  (43)



where we have used scalar-vector-tensor (SVT) decomposition. A, B, @, E are four scalar perturbations, B;, E;
are four vector perturbations satisfying transverse condition, 9;B; = 0;E; = 0, and h;; are two tensor perturbations
satisfying transverse and traceless conditions, O0;h;; = 54 hij = 0. For the constraint affine connection, since its
background value is zero, we can choose the fundamental variables y* of Eq.(5) as y* = z* + u*, where z/ are
background, u* are perturbations. Imitating SVT decomposition of metric, we can decompose u* as

ut = {u°, 0u + u;}. (44)

Gauge transformation play important roles in cosmological perturbation theory. Since the gravity action is diffeo-
morphism invariant, linear perturbation equations can be written only using gauge invariant variables. Then under a
gauge transformation z# — z* + (#, where ¢* = {¢°, 9;C + ¢;}, the perturbation variables u# transform as

W= =0 u—su—C u—u—G. (45)

From this transformation rule, one can choose the so-called coincident gauge, u®

= u = u; = 0, to calculate perturba-
tion equations. This gauge is used in almost all the papers which calculate perturbations in the framework of STG

theory. But in this paper, we will use the so-called unitary gauge
E=E; =0, 00=0 (46)

which are frequently used in GR framework to calculate. One reason to choose unitary gauge is that we can easily
compare the results with GR, the other is that we can see the behaviors of Stiieckelberg field u* more clearly.

We will calculate the quadratic action for perturbations in the following. From this we can not only obtain the
linear perturbation equations, but also analyze if there are ghost fields in theory. Meanwhile since in the linear
cosmological perturbation theory, the scalar, vector and tensor perturbations evolve independently, we will deal with
them separately.

The quadratic action of tensor perturbations is

(V¥

5 1 1 1, 1
S,_%) = /d4:1:a2 {g(h/ h/ — 8lhijalhij) - (27‘[2 + 4H/)hljhlj + 2—\/6(9” - 29/7'[) + 5(9 2 + 2a2U) - §G2P:| h”h”}
(47)

and taking the background equation (38) of metric back into this action, we get the final result

2
8;2) _ /d4xa— (h’,,h’. — 8lhijalhij) ) (48)

g Wil

which is the same as GR. This means that gravitational waves (GWs) behavior of action (29) are the same as GR.
But since the action (29) is the conformal transformed action of f(Q), this dose not mean that the f(Q) gravity does
not change the GWs. We leave this topic for the next section.

The quadratic action of vector perturbations is

1 / /
52 = / d'r a0’ [aiBjaiBj + (67—[2 — 20VOHO + 602 — 22U + a2P + 2P ¢ 2) BiBz} (49)
and taking the background equation (38) of metric back into this action, we get the final result
SE = /d%la?a-B-a-B- (50)
v = g & 9iid%iby,

which is also the same as GR. There are no propagating modes of vector perturbations.



The quadratic action of scalar perturbations is more complicated. The gravitational component is
SP = / d*za® {AB(W +2HA — SHQB) — OH2AY — 6HAY +2AAY — gH2A2 + SHZW + 3% — pAY — 3¢'2}
9/
+a®—
V6
+ AU + 310 Au + 610du1) + IHY? + du’ Au® — AuAu® + 9, AuAu — 8tu08tAu]

[AB(Au — 0u’ — A+ 3¢ + 3HB) + A(—Au’ + 9y Au + 60, + IHA + 18Hy)

+a? {(—29’2 + %a2U)A2 + (—%9’2 3020 Ay + (—%9’2 _ gaw)w? + (—29’2 + %cﬂU)BAB} ,
(51)

and the matter component is
1 1
52) — / diz — Za4P(A2 + 6 A1) — 3¢p? — 9;B; B) + §a4P¢(A5¢ — 3060)
1 1 , , 1.
+a2PyF(—§8t5¢8t6¢ + 561-50;61-50; + ¢ A0 5p — ¢ 2A? 4 3¢ )01 5p — 3¢ 2AY — ¢'9; B 5 + 59 20,B0; B)

+ia4P¢¢5¢2 + Pyy F2(20,600,6¢ — 26 2A0,6¢ + ¢ *A%) + a®>Py o F(—¢/'6¢0,0¢ + ¢">Ad).
(52)

One can see that the variable B is not dynamical field, variation with respect to it gives the constraint equation,

/

6
AB |29 +2HA+ —
P NG

This constraint equation can be considered as an equation to get the relation of field A
Mo’
V6
where we have define M = 1/(6'//6 —2H). We can easily find that there is also no term containing time derivative of
A in quadratic action, then perturbation A is also an auxiliary field. Therefore taking the relation (54) back into the

quadratic action of scalar perturbations, we will get another quadratic action only relies on variables {1, u°, u, §¢}.
Since the perturbation A does not relate to the term 0;d¢, the kinetic term of perturbation d¢ is

(Au — o’ — A+ 3¢) + P1¢/d¢| = 0. (53)

A=2My + (Au — 9’ + 3¢) + M P1¢ 59, (54)

1 /
/d4:v (—§G2PYF + Pyy F?¢ 2) 0:690;4¢, (55)

which is no mix term with perturbations {1, u°, u}. We can see that if F = 1 and P = —Y which corresponds to a
minimally coupled scalar field, the kinetic term of ¢ is proportional to a?/2 which is always positive-defined. Since
there is no mix term of kinetic term of d¢ with other perturbations, we will omit the matter component and only
consider the gravity part.

When the matter sector is empty, the equation of perturbation A gives another constraint

0’ 3
QHAB — 9H?*p — 6HY' + 249 + %(—AB — AU’ + Oy Au + Oy + 18Hp) + (—59 2+ 3a*U)Y — 2a°UA =0, (56)
and this constraint can be considered as an equation solving AB. From Eq.(53) we knew that AB is something like a
Lagrangian multiplier, so this constraint does not influence the final form of quadratic action of scalar perturbations.
Using the relation (54), we can write down the related kinetic term of quadratic action

1 ’ 1 ’ ’ 2 1 ’

__92 100 _ 9/ _92 9/ /.0 _2\/i 9/ _92 A /

(=3 >ww+(H+%>¢u + (=2 HO + 367)dAu

gy Ly - Lgrygrau ¢ (2292 1o - 10?0 A (57)
2 V6 12 3 36 ’
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and this action can be written as a more compact form
2
S¢. = / 'z M*OTK®, (58)
where ® = {¢/,6'u?", Aw'} and K is kinetic matrix. It is easy to show that this kinetic matrix has three eigenvalues

Ao = 0,

1 ,
Ao = E(_m}ﬂ + 6V6HO —216%) + \/5\/ 1260H4 — 648V6H26" + 2100H260'2 — 324V/6HO'3 + 20304, (59)

The eigenvector corresponds to 0 is

{j—% —7,1,0} (60)

which means we can define three new variables

ap = (i —Ina)y +0u’, ay =1 —( o _ Ina)du’, s = Au, (61)

V6 V6
and ag does not have kinetic term. If we follow the usual process, the next we should do is to use those new variables
« to rewrite quadratic action of scalar perturbations (51) and obtain the constraint of ag. But from Refs.[16, 21] we
know that aq is a dynamical variable on other background. At linear perturbation level, if a model shows different
degrees of freedom on different backgrounds, it means linear perturbation theory breaks down on the background of
decreasing number of degrees of freedom and may suffer from strong coupling issue. Since the linear perturbation is
not reliable, we need analyze its higher order behaviors.

IV. TRANSFORMATION RULES AND STRONG COUPLING PROBLEM
A. The transformation rules of perturbation variables

In the previous section, we studied the cosmological applications of conformal transformed action (29) of f(Q)
model. Particularly, we calculated the linear cosmological perturbation of the action (29). Then in this part, we will
talk about how to relate the transformed result and the original model.

The perturbed cosmological metric of original model can be written as

ds* = a(t)? [—(1 4+ 2A)dn* — 2(8; B + B;)dndz" + (1 — 2¢)ds; + 20,0, E + 0;E; + 0, E; + hyj) da'da’ ] . (62)
Perturbed conformal factor can be expanded as
fs=F(s), F(s)=Fy+ %55’ (63)

and since the background of transformed metric G,, = F(s)g.. also should be homogeneous and isotropic, its per-
turbed form can be also written as

d3* = Fds®
= a(t)? [—(1 +2A)dn® — 2(0;B + B;)dnda’ + ((1 — 2)6i; + 20,0, E + O, E; + 0;E; + Bij) dwidxj} , (64)

Finally we have the relations of perturbation variables

~ 161171F0
A—A+§ 95 ds,
’lﬁ:’lﬁ—lalnFo&S,
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and other perturbation variables are not changed. Background quantities changes as follows:
1 1

4% = Fopa?, dt = adn = ——adn = —dt, 65
0 VFo VFo (65)
and
dinvF, -~ 1 dln«/_Fo]
H=H+—9% H=—|H+—Y2. 66
M VTo [ R7 (66)

From these transformation rules, we can find that the transformed perturbation variables are just recombinations
of the ordinary variables. Since we also need to recombine the variables to diagonalize kinetic matrix to analyze
whether there are ghost, it means that the conformal transformation or other non-singular transformations [22, 23],
such as non-singular disformal transformation, does not change the ghost behavior. This is also the reason we can use
the transformed action to study the original action. Meanwhile We can define the gauge invariant Mukhanov-Sasaki

variable
(=0¢+ 7—[%, (67)
then we have relation
¢=0o+ ﬁ%
1/2
B ¢_%8128F05 (H+d1nd}777'0 )§
= (, (68)

which means this variable is a conformal invariant variable [24, 25].
Therefore, using the transformation rules given above, we can write down the final quadratic action of perturbations
of f(Q) theory. For background quantities, we have

3
a* — foa®, 60— \/;1an. (69)
Then the quadratic action for tensor perturbations of f(Q) model is
2
2 fqa
S8 = /d%T (hi;hl; — OihijOuhis) (70)

and we need to require fg > 0 to avoid ghost modes. Meanwhile, since conformal transformation is g, = foguv,
fo > 0 also means that the transformed metric shares the same signature with the original metric. From this quadratic
action we can get the equations of gravitational waves (GWs)
1 fC[Q !/
hij + E + 2H hij + 8181hij =0. (71)

Then we know that the dissipative terms of this wave equation in f(Q) model are different compared to GR, and it
will influence the amplitude of gravitational waves. Therefore by detecting the amplitude of the gravitational waves
we can limit the parameters in the model. The quadratic action of vector perturbations is

1
S = /d‘*foQa?aiBjaiBj. (72)

Since there are no kinetic term of vector perturbations, the vector modes do not propagate, just like them in GR.
The quadratic action of scalar perturbations are complicated, we are not going to write it here. But it should be
clarified that since the conformal transformation leads to just variables recombination, there are also only 2 scalar
gravitational degrees of freedom show up on the background (I'*,, = 0) in f(Q) gravity. But from papers [16, 21]
we know the disappeared variable ag shows up on other background. At linear perturbation level, some variables
vanished on some particular backgrounds always means that the linear perturbation theory breaks down and suffer
from strong coupling problem. So we stop our calculation here and talk about related questions in the following
subsection.
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B. Strong coupling problem

As we have said in Sec. II, STG theory is a constrained metric-affine theory, and it takes metric and constrained
affine connection (5) as its fundamental variables. According to the symmetries of flat space FRW universe, we chose
the form of metric as

ds? = —a®(dn* + dz* + dy* + d2?). (73)

But how to choose suitable constrained affine connection still need more consideration. In Sec. III, we chose r w =0
for simplicity. There are also other choices, such as requiring the affine connection also to satisfy the symmetries of
spacetime [26-28]. This requirement can be expressed as Ecl")‘ uw = 0, where £ is Lie derivative and ¢ are all Killing
vectors of background. Following this requirement, there are three branches of the form of affine connection. Here we
only write down the relevant third branch in [21], and the non-zero components of affine connection is

Mo = Ki1(n), TI%; = Ka(n)di;, (74)

with K7 = —v'/v, Ko =~. Where v = y(n) is an arbitrary function and ’prime’ represent the derivative with respect
to the conformal time 7. It should be clarified that different forms of affine connection mean different backgrounds.
And on this different background, the papers [16, 21] have shown that there are 7 degrees of freedom at linear
perturbation level, i.e., two tensor modes, two vector modes and three scalar modes. But we have shown that only
two scalar modes and two tensor modes appear on I' wv = 0 background.

It is easy to understand that a model shows different degrees of freedom on different backgrounds, since the
backgrounds we usually study has a high degree of symmetry . Such as if the kinetic term of a perturbation variable
N\ is 0,0 x ).\2(t,3:,y,z), where ¢ is background field, we can find that on cosmological case the background field
® = ¢(t), there is no kinetic term of A. For f(Q) gravity on Minkowski background, the Lagrangian can be expanded
perturbatively as

£(Q) = F(@0) + i@ + 5 1a@dQ0Q + . (75)

and since scalar @) is quadratic in non-metricity tensor Qau., hence at linear perturbation level only fod@ term
survives. Meanwhile we know that scalar Q = R + B from Eq.(13), where B is boundary term, so the linear
perturbation of f(Q) gravity is the same as GR. It means that only two tensor modes appear on Minkowski background.
This phenomenon appears in many modified gravity models, such as nonlinear extension of Fierz-Pauli action in
massive gravity case [29, 30] and f(Q) case [31, 32]. This phenomenon is always linked to the strong coupling problem
[33].

For f(Q) gravity case, the papers [16, 21] have shown that the on the background (74) quadratic action of vector
perturbations in momentum space

S‘(f) = /dnd3ka2N2 [u? - w2u?} , (76)

where

2 KQf/Q

_ 2 _ 1.2 /
T2k 2Ky(nfo) O Kt 2k f) (77)

It is easy to find that if K5 = 0 which means T'* uv = 0, there is no kinetic term of vector perturbations, just like we
have shown in Sec. III. Here we study the behaviors as Ko — 0. It is not a good idea to take this limit in the form
of Eq.(76). So we define new variables v; = Nu;, then the quadratic action (76) becomes
2HN'+ N"

N Ui (78)

S = /dnd3ka2 {v? —w?o? +

The third term of Eq.(78) is a mass term of vector perturbations, and as Ky — 0, if K} # 0, this mass term goes to
infinity. A particle with large mass are not excited at low energy scale. But for scalar perturbation case, the situation
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is different. It has been shown that there are three gravitational scalar degrees of freedom, and the determinant of
kinetic matrix is
36k K3 515 faq
2G2K2fé2 + k2 foo(2H — K4)? '

(79)

When K; — 0, the determinant of kinetic matrix is zero, which means that there are only two scalar degrees of
freedom just like we have shown in Sec. III. But since the scalar perturbations are coupled with each other, the f(Q)
theory may suffer from strong coupling problem at linear perturbation level. This situation can be understood as
follows. For a simple quadratic action of perturbation variables x; and 2

S = /dﬁ ax (77)55,12 + az(n)x,; + az(n)r172 + as(n)zi, (80)

where a1, a2, az and a4 are background quantities. If a; = 0, there are only one degrees of freedom, i.e, zo. If we
want to study the behaviors as a;(n) — 0, we can define new variable y = ajx1, then the action becomes

g /dn v+ ag(?’]);[;? + Zj—%ya@g + as(n) ‘Z;&;;Y)G/f(n) y2. (81)

One can see that the coupling coefficient of y and x5 goes to infinity as a1(n) — 0. Which means variables y and x»

are strongly coupled and linear perturbation theory breaks down in this situation.

STG theory can be understood as a theory without diffeomorphism symmetry which takes metric as fundamental
variable. So there are often more degrees of freedom than GR. In appendix A, one can find the ADM form of scalar
Q. From that form, we know that scalar () contains the time derivatives of lapse function and shift vector, which
corresponding to diffeomorphism symmetry in GR case. Therefore it is not surprising that the f(@Q) theory has more
than two degrees of freedom. Other STG models have similar properties. So it is common that a STG model shows
different degrees of freedom on different backgrounds at linear perturbation level, which makes the linear perturbation
theory breaks down. There are two ways to deal with this situation. One is to analyze the higher-order perturbation
effects of the model [31, 32], another is to add more gravitational interaction terms to make all variables show up at
linear order [34, 35].

V. CONCLUSION

In this paper, we studied the conformal equivalent scalar-tensor theory of f(Q) theory. Although the sign of kinetic
term of scalar is minus, we explained that because the scalar is non-minimally coupled with gravity, whether it leads
to ghost instability still needs to be studied. Then we studied cosmological applications of the conformal transformed
action, especially the linear perturbation theory. We showed that on a particular background, there are two tensor
and two scalar propagating modes. Considering the results in the papers [16, 21] that f(Q) gravity has 7 degrees
of freedom and on other cosmological background all those 7 degrees of freedom appear, it means that f(Q) theory
shows different degrees of freedom on different backgrounds at linear perturbation level. We explained that this
situation always means that the linear perturbation theory breaks down and the f(Q) theory may suffer from strong
coupling problem. Therefore, a higher-order perturbation analysis is required for f(Q) gravity. We can also add more
gravitational interaction terms to make all variables show up at linear order. We think our study clearly show that it
is necessary to know the degrees of freedom of modified gravity models before calculating the perturbation to avoid
the strong coupling problem.
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STG can be considered as a theory which takes metric as the only fundamental variable without diffeomorphism

invariant. Hence lapse function and shift vector are usually dynamical fields in STG theory. Here we will study its

3+1 spacetime decomposition. Metric can be written as
ds® = —(N? — N'N;)dt* + 2N;dtdz" + h;;dz'da’,
where N is lapse function, N7 is shify vector. Choosing coincident gauge, non-metricity tensor is
Qaopv = OaGyw-
Define projective tensor
hyw = guv +nuny
where the components of normal vector n are
n, = {-N,0,0,0}, n*={1/N,—N'/N}.
We can also define extrinsic Curvature tensor, whose spatial components are
1, 1
i = gy (hiy = DilNj = DiNi) = o5

K = hki; = g (W9hi; = 20N — hIN"™0,uhij).

K (= himO;N™ = BjmON™ — N™ 0, h;)

Then the non-metricity scalar can be rewritten as
1 apv 1 wa | 1 P R
Q = __Qa;wQ + _Qa;wQ + _Q,uQ - _QuQ
4 2 4 2
ij 1 j
= ®Q 4+ KKV - K? - ~ KON

1 ;N ST N
o o (B2 v (e - 22)

(A1)

(A2)

(A3)

(A5)

(A6)

g 1 . 1 1 .
+NATR™ @i — Dl )OiN = = N'O N0 N™ + 0N (NNlajN — 0N’ — §hmnNzajhmn>:| .

(A7)

One can find that there are terms of time derivative of N and N, in the form of non-metricity scalar, which leads to

diffeomorphism symmetry breaking in f(Q) theory. For boundary term

B=V,u(Q" - Q") = 0,(Q" — Q") +T7,,(Q" — Q), (A8)
we can get
_ 1 i i nrm i 2K &Nl
(Q—Q)O = m(—hjathij-i-th 8mhij+8iN)=—W— N2 (Ag)
Q-Q) = Sr@K + ) = NN+ ThION + 0N + K™ sl — Oulims),  (A10)
and
1 9, N
I, = §h380hij+T. (A11)

One can find that the boundary term contains second derivative of h;; and N°.
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