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VERTEX RANKING OF DEGENERATE GRAPHS
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ABsTRACT. An (-vertex-ranking of a graph G is a colouring of the vertices of G with
integer colours so that in any connected subgraph H of G with diameter at most ¢,
there is a vertex in H whose colour is larger than that of every other vertex in H.
The ¢-vertex-ranking number, x/..(G), of G is the minimum integer k such that G
has an ¢-vertex-ranking using k colours. We prove that, for any fixed d and ¢, every
d-degenerate n-vertex graph G satisfies x,.(G) = O(n!~2/+1) logn) if £ is even and
Xer(G) = O(n'=%Clogn) if € is odd. The case £ = 2 resolves (up to the logn factor)
an open problem posed by Karpas, Neiman, and Smorodinsky [6] and the cases
¢ € {2,3} are asymptotically optimal (up to the logn factor).

1 Introduction

An (-vertex-ranking of a graph G is a colouring of the vertices of G with integer
colours so that in any connected subgraph H of G with diameter at most ¢, there
is a vertex in H whose colour is larger than that of every other vertex in H. The
C-vertex-ranking number x¢..(G) is the minimum integer k such that G has an ¢-
vertex-ranking ¢ : V(G) — {1,...,k}. The (-vertex-ranking number of a graph class G
is X (G) :=sup{x¢v:(G) : G € G}.

When ¢ =1, a colouring is a 1-vertex-ranking if and only if it is a proper colour-
ing of G, so x(G) = x1.(G) and, for any € > 1, x(G) < x¢.(G). Besides the case
¢ =1, two special cases have received extra attention. When ¢ = o0, xvr(G) is
equal to the vertex ranking number, the centered chromatic number, and the treedepth
of G [7], which plays a central role in the theory of sparsity [8]. At the other extreme,
when ¢ = 2, a 2-vertex-ranking of G is also known as a restricted star colouring [9]
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X2-vr

Graph class Upper Bound Lower Bound Ref.
Trees O(logn/loglogn) | Q(logn/loglogn) | [6]
Planar graphs O(logn/log® n) O(logn/log® n) | [2]
Proper minor closed O(logn) Q(logn/loglogn) | [6]
d-cubes d+1 d+1 (1]
Max-degree 3 7 (1]
Max-degree A O(min{A?, Ay/n}) Q(A?/logA) [1, 6]
d-degenerate O(d+/n) Q(n'3 +d?/logd) | [1, 6]

Xo-vr, for ﬁxed £>2

Simple treewidth <t | O(logn/ log n) Q(log n/log "n) 1 2]
Treewidth <t O(logn/log"™ ™V n) | Q(logn/log"™Vn) | [2]
Planar graphs O(logn/log®¥n) | Q(log n/log n) (2]
Outerplanar graphs O(logn/log®?n) | Q(log n/log n) (2, 6]
Genus-g graphs O(glogn/log® n) | Q(logn/log®n) | [2]

Table 1: Summary of previous results on x,., and x,., for fixed £ > 2. Here,
log'¥ 1 :=loglog---log .
—_———
[

or a unique superior colouring of G [6]. Previous results for £ = 2 and fixed ¢ > 2 are
summarized in Table 1.

The current work is motivated by the gap between the upper and lower bounds
for x5.y:(G) for d-degenerate graphs G. For fixed d > 2, the upper bound is O(v/n),
while the lower bound is Q(n'/3). Closing this gap is stated explicitly as an open
problem by Karpas et al. [6] and Bose et al. [2]. Our first contribution solves this
problem, up to a logarithmic factor.

Theorem 1. For any positive integer d there exists a constant ¢ := c(d) such that, for
every integer n > d, every n-vertex d-degenerate graph G satisfies x».,+(G) < cn'/3logn.
Theorem 1 is an immediate consequence of the following more general upper

bound for the {-vertex-ranking number of d-degenerate graphs.

Theorem 2. For any positive integers d and { there exists a constant c := c(d,{) such
that, for every integer n > d, every n-vertex d-degenerate graph G satisfies

cnl_%logn if Cis odd

_ 1
Xe(G) < cn' T logn = -2 o
cn " w1logn if € is even.

Theorem 2 exhibits a parity phenomenon one encounters when counting the
number of paths of length ¢ in a d-degenerate graph of maximum-degree A. Be-
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cause of this, the bound in Theorem 2 is the same for £ = 2k and ¢ = 2k + 1, for any
positive integer k. One might think that this is just an artifact of the proof tech-
nique and that the bound for even values of ¢ is not tight. However, Karpas et al. [6]
proved the existence of 2-degenerate n-vertex graphs with x,.,(G) € Q(n'/3) and
Theorem 2 (with ¢ = 2) matches this lower bound to within a logarithmic factor.
Since x3.4:(G) > x2.v:(G) for any graph G, it also matches this bound when ¢ = 3.
Thus, Theorem 2 is tight (up to a logn factor) for £ = 2 and ¢ = 3, leading us to
suspect that it is tight for any fixed ¢.

Like the upper bound on x,.,(G) in [6], Theorem 2 follows quickly from a the-
orem about graphs that are both d-degenerate and have maximum-degree A. For
such graphs, we prove:

Theorem 3. For all positive integers d and € > 2 there exists a constant ¢ := c(d,{) such
that, for every integer A > d and every integer n > A, every n-vertex d-degenerate graph
G of maximum-degree at most A satisfies

cAY2Nog¥ "ty if Cis odd.

(G) < eAL2I1/21 0054,
Xeve(G) 8 cA2 V210654 if € is even.

Furthermore, if AL/2171 > logn then x . (G) < cALY/21712Jogn.

Theorem 2 follows from Theorem 3, by the following easy argument: Let S be
the set of vertices in G having degree at least A, for some carefully chosen value of
A. Since G is d-degenerate, it has at most dn edges, so the total degree of all vertices
in G is at most 2dn, so |S| < 2dn/A. Now apply Theorem 3 to the graph G — S which
is d-degenerate and has maximum-degree A to obtain a colouring ¢ : V(G-S) —
{1,...,k}. Finally, colour every vertex in S with a distinct colour larger than k. In
this way, the total number of colours used is k +|S| < cAl¥/2"1/210g54 1 + 2dn/A.
Choosing A to balance these two quantities yields Theorem 2. This argument is
presented in a little more detail at the end of Section 3.

2 Preliminaries

For any standard graph-theoretic terminology and notation not defined here, we
use the same conventions used in the textbook by Diestel [5]. A graph G has vertex
set V(G) and edge set E(G). For any S C V(G), G[S] denote the subgraph of G
induced by the vertices in S. For any vertex v of G, Ng(v) := {w : vw € E(G)} and
deg;(v) := [Ng(v)|. For an integer ¢, G! denotes the graph with vertex set V(G) that
contains an edge vw if and only if some path in G with at most ¢ edges contains
both v and w.

The following alternative definition of {-vertex-ranking turns out to be more
convenient for proofs and is what we will use from this point on.




Observation 4. A vertex colouring ¢ : V(G) — {1,...,k} of a graph G is an C-vertex
ranking of G if and only if, for each path v,...,v, in G with at most € edges, p(vy) = @(v,)
or max{@(vy),...,p(vr-1)} > (vo)-

For a directed graph G, we write vw to denote the directed edge with source
v and target w. For a vertex v in a directed graph G, Nj(v) := {w € V(G) : Tw €
E(G)} denotes the set of out-neighbours of v and N;(v) := {u € V(G) : uv € E(G)}
denotes the set of in-neighbours of v, degf;(v) := IN{(v)| is the out-degree of v, and
deg;(v) := IN;(v)| is the in-degree of v. We also define N/ [v] := {v} U N5(v) and
N¢[v]:= {v}UN;(v) to be the closed out- and in-neighbourhoods of v, respectively.

We repeatedly make use of the following foklore result:

Observation 5. If an undirected graph G has an orientation in which each vertex has
out-degree at most d, then G is 2d-degenerate.

Proof. For any S C V(G), the orientation shows that the induced subgraph G[S]
contains at most d|S| edges and therefore the total degree of all vertices in G[S] is
at most 2d|S|. Therefore, for any S C V(G), the induced graph G[S] has a vertex of
degree at most 2d. O

An undirected path IT in a graph G is a tree with exactly two leaves whose edges
are all edges of G. The leaves of IT are called the endpoints of I1. The length of I1
is the number of edges in I'l, which is exactly one less than the number of vertices.
With a slight abuse of notation, we write x,...,x, to denote a length-r undirected
path I'T where xy and x, are the endpoints of IT and IT contains the edge x;_;x; for
each i e {1,...,r}. Note that each undirected path IT := x,...,x, in G corresponds to
exactly two paths xg,x1,...,x, and x,,x,_1,..., %9 in G.

For a graph G, let P,(G) denote the set of all undirected paths of length at most
¢ in G. The set Py(G) is critical for us since, by Observation 4, this is precisely the
set of paths that need to be considered to determine if a vertex-colouring ¢ of G
is an ¢-vertex-ranking. The following lemma shows that the paths in P/(G) can be
mapped onto their endpoints in such a way that no endpoint receives too many
paths. Its proof uses a technique introduced by Cairns to upper bound the number
of length-¢ paths in planar graphs (see also [4, Lemma 5]).

Lemma 6. For any integers d > 2, { > 2, A > d and any graph G of maximum-degree
A that has an orientation of maximum out-degree d there exists a mapping p : Pr(G) —
V(G) such that

(i) p(IT) is an endpoint of I1 for each I1 € Py(G); and
(ii) lp~ (v)] < 201 dTY21ALY2] for each v € V(G).

Proof. Fix some orientation of G of maximum out-degree d. For each IT € P/(G) let
Xg,...,X, be one of the two paths in G that corresponds to I'l, chosen so that the edge
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X;j_1x; is oriented from away from x;_; and towards x; for at least half the indices
ie{l,...,r}. When x;_yx; is oriented away from x;_;, we call it a downstream edge of
IT. Otherwise we call x;_;x; an upstream edge of Il. In other words, we choose the
endpoint x so that at least half the edges of IT are downstream edges, and we set
p(IT) := xy. Observe that the path x,...,x, can be uniquely reconstructed from the
following information:

(a) A sequence by,...,b, of r bits, where b; = 1 if x;_1x; is a downstream edge of I1
and b; = 0 if x;_yx; is an upstream edge of I1.

(b) A sequence 0y,...,0, of integers, where 0; € {1,...,d} if b; =1 and 9; € {1,..., A}
if b; = 0. The integer 0, uniquely identifies the neighbour x; of x;_; so that,
starting at xo we can uniquely reconstruct the path xy,...,x, which uniquely
identifies the undirected path IT.

The number of choices for (a) is 2. Since (a) has at least as many 1-bits as 0-bits, the
number of choices for (b) is at most d/"/?1AL/2]. So the number of paths of length r
in p~1(xo) is at most 27d""21AL72]. Summing r over 1 to ¢ completes the proof. [

Observe that, for each edge vw in G’ there is at least one path in Py(G) with
endpoints v and w. For each edge vw of G’ we can select one such representative
path IT,,, € 7(G). If we then orient each edge vw of G¢ away from p(I1,,) then we
get an orientation of G’ in which each vertex has out-degree at most 2¢+1 dl¢/21AL/21,
Combined with Observation 5 this gives the following corollary:

Corollary 7. For any integers d > 1, A > d and any d-degenerate graph G of maximum
degree A, G¢ is 20+2dTU21ALY2) _degenerate.

In order to obtain the bound in Theorem 3 we need a special version of Lemma 6
that only considers undirected paths vy,...,v, € P¢(G) such that vov; is directed to-
ward vg and v,_yv, is directed toward v,. For a directed graph G’ whose underlying
undirected graph is G, let @(G’) denote the set of undirected paths x,...,x, in G of
length r < ¢ and such that %ox; is an edge of G’ and X,_1x, is also an edge of G’.

Lemma 8. For any integers d > 2, { > 3, A > d and any directed graph G’ of maximum
degree A and maximum out-degree d, there exists a mapping v : Pp(G’) — V(G’) such
that

(i) y(IT) e V(I1) for each Il € P; and
(ii) |y~ (v)| < 20dl21F1AL2Y for each v € V(G).

Proof. The proof is almost identical to Lemma 8 with two modifications. If G’ con-
tains both edges vw and wv then this edge is considered as a downstream edge no
matter which direction it is traversed, since there are at most d options for edges
leaving v (one of which is w) and at most d options for edges leaving w (one of
which is v).




For an undirected path IT := v,...,v, € @(G’), the total number of upstream
edges in the path vy,...,v, and in the path v,_4,...,v is at most r — 2. (The edge
v,_1v, is a downstream edge in the first path, v;vy is a downstream edge in the
second path, and each of the edges in vy,...,v, is upstream in at most one of the two
paths.) Therefore we can choose the endpoint vy so that the number of upstream
edgesin vy,...,v, is at most | (r—2)/2] = |*/2] -1 and set y(I1) := v;. For r > 3, Il can
then be obtained by taking the union of the paths xy,xy and xy,x;,...,x,. The first
path consists of one downstream edge, so there are at most d options for the first
path. The second path has r —1 edges and at most [ r/2] — 1 of these are upstream
edges, so there are at most 2"~1d"/?1AL/21=1 options for the second path. Thus, the
number of paths of length r assigned to any vertex is at most 2/~ 1dl"/2+*1 AL/2=1 for
r > 3 (and at most 4" for r € {1,2}). Again, the proof finish by summing over r in
L,....C. O

3 The Proof

For a vertex colouring ¢ : V(G) — N of a graph G, we say that an undirected path
IT:= xq,...,x, in G is an (-violation of ¢ if IT has length r < € and ¢(xg) = @(x,) =
max{@(xg),..., p(x,)}. Observe that ¢ is an ¢-vertex-ranking if and only if G contains
no ¢-violations of ¢.

Proof of Theorem 3. Let G be an n-vertex d-degenerate graph of maximum-degree
A. Let Sy := V(G) and, for each integer i > 1, let S; :={v € S;_1 : degG[Siil](v) > 4d).
Since G is d-degenerate G[S;_1| has at most d|S;_;| edges. Therefore

2d1Si4]> ) deggs,, (v) 2 4dISi]

veSi,l

s0|S;| <|S;_1|/2 < n/2" for each i > 1. Let g be the maximum integer such that S, is
non-empty. Since 1 <|S,| < n/29, g <log, n. For each i €{0,...,q}, let L; := §;\ 1.
(These notations are mnemonics: S; contains the survivors of round i — 1 and L; is
layer i.)

Let b = 1/4 and let k := ALY2-1/210g% 1, 50 that our goal is to find an ¢-vertex-
ranking of G using O(klogn) colours. We compute our colouring using a two phase
algorithm. In the first phase we use a sequence of pairwise-disjoint colour palettes
Oy, ..., Dy, each of size 2k, such that for each 1 <i < j < g, every colour in @; is less
than every colour in @;. We will use the colours in ®; to colour the vertices in L;,
for each i € {0,...,g}. The total number of colours used in this phase is 2k(qg+1) <
2k(1 +logn) = O(klogn). The first phase colouring ¢ : V(G) — @y U--- U P, may
have some ¢-violations that will be eliminated by re-colouring some vertices in the
second phase using an additional palette @, of size O(klogn).

Let P contain all the undirected paths xj,...,x, in P;(G) such that x; and x, are
in the same layer L; and {xy,...,x,_1} C ULO L;. Since G is d-degenerate, it has an
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orientation of maximum out-degree d. Let p : P — V(G) be the mapping given by
Lemma 6, applied to G, restricted to the paths in P. (The purpose of the restriction
is so that p~!(v) denotes a subset of P.) We will say that an undirected path IT :=
Xg,...,X, in P is problematic if xy and x, are assigned the same colour in the first
phase of the algorithm.

Although we have not yet completed the description of the first phase colour-
ing procedure, we already know enough to establish the following claim: Any ¢-
violation IT of the first phase colouring ¢ is a problematic path in P. Indeed, if
IT = xg,...,x, is an {-violation, then @(xg) = ¢(x,) € ®; for some j € {0,...,q}. Thus
xo, X, € L; for some j € {0,...,g}. Furthermore, since II is an {-violation ¢(xg) =
max{¢(xg),..., @(x,)}, so no colour in ®;,y,..., P, appears at any vertexin xy,...,Xx,_;.

Therefore, {x1,...,x,_1} C ULO L;. Therefore IT € P. Since ¢(xy) = ¢(x,), IT is prob-
lematic.

We now describe the first phase colouring algorithm. Consider the multigraph
G* that, for each vw € V(G) contains as many copies of the edge vw as there are
undirected paths in P with endpoints v and w. The existence of p implies that G
has an orientation in which each vertex has out-degree O(AL¥/2l). By Observation 5,
G* is O(ALe/ZJ)—degenerate. Label the vertices of G as vy,...,v, so that v; has degree
O(AY2lyin G*[{vy,...,v;}]. In other words, for each a € {1,...,n} the number of paths
in P with one endpoint at v, and the other endpoint in {vy,...,v,_1} is O(AL2]). In
the first phase, we will colour the vertices one by one in the order vy,...,v,.

Let T : P — V(G) be the mapping that maps Il € P to v, if and only if the
endpoints of IT are v, and v, and a < b.! Consider some vertex w € L;. For each
a € ®j, let N,(w) be the number of paths in 7=} (w) whose other endpoint (not w)
is assigned the colour a. If w = v, then N,(w) is completely determined by the
colours of vy,...,v,_q1, so the value of N, (v) is determined after v;,_; is coloured but
before v}, is coloured. Observe that assigning the colour a to w creates exactly N, (w)
problematic paths, and these are all in 7! (w). Therefore, Zae(l)j N, (w) = |t~ Hw)| €

O(AL€/2J)'

For each vertex w, we choose the colour of w uniformly at random from a sub-
palette of @; that contains exactly half of the 2k colours in @;. Specifically, we
choose the colour of w from a palette ®(w) C ®; that contains k colours a in @;
with the smallest N, (w) values, so that max{N_,(w) : a« € ®(w)} < min{N,(w): a €
®; \ ®(w)}. Let M := cAl¥/21/k with c sufficiently large so that Mk > v !(w). Then

Mk>lt W)= ) Now)> ) Np(w)>kmax{Ny(w): a € D(w)} .
acd; aeD;\O(w)

Therefore, max{N,(w) : « € ®(w)} < M is the maximum number of problematic

IThe two mappings 7 and p are similar. The difference is that p corresponds to some orientation
of G* and 7 corresponds to an acyclic orientation of G*.




paths in P that can be created by colouring w, and M is the maximum number of
problematic paths that can be created by colouring any single vertex. This com-
pletes the description of the first-phase colouring ¢ of G.

The first phase colouring ¢ is not yet an {-vertex-ranking. Our goal now is
to study the problematic paths in P, each of which is a potential {-violation of
@. For each problematic IT € P, we will choose a vertex y of I to recolour in the
second round to eliminate the possibility that I is an ¢-violation. of ¢. Consider
the directed graph G’ obtained from G by adding each edge vw if vw € E(G), v € L;,
w € Ljand i <j. (Note that if v and w are in the same layer L; then both edges Tw

and Yw are present in G’.) Then G’ has maximum out-degree at most 4d and P(G’)
contains P. Let y : P — V(G) be the result of applying Lemma 8 to G’ (and then
restricting it to the paths in P.) For each problematic path IT € P, we call the vertex
y(IT) problematic. We will recolour y(IT) in order to avoid the potential {-violation
at I'T.

Let P be the set of all problematic vertices. In the second phase, we recolour
every vertex in P with a colour in a palette @, of size cklogn+1 whose colours are
all larger than all colours in @y, ..., D,. Since each {-violation of ¢ contains a vertex
in P, this recolouring eliminates all the existing ¢-violations in ¢. More precisely,
after this recolouring any remaining ¢-violation must have both endpoints whose
colour is in @, 1. So that this never happens, we will ensure that our recolouring
is a proper colouring of G/[P]. By definition, this means that any path in 7(G)
with both endpoints in P has endpoints of different colours and is therefore not an
{-violation.

By Corollary 7, G is O(AL“?))-degenerate. Let H be a directed acyclic graph
obtained from G in which each vertex has out-degree O(ALY2]). We want to show
that G¢[P] has chromatic number at most cklog# + 1. To do this, we will show that
the maximum out-degree of H[P] is at most cklogn, with high probability. In fact,
we will show something stronger: that every vertex p in H has at most cklogn out-
neighbours in P.

From this point on, we fix some vertex p of H and study the random variable
IN{;(p)NP|. Instead of focusing on the set P of problematic vertices, we focus instead
on problematic paths. For each problematic vertex y, some path IT in y~() is
problematic. Therefore,

N/ (p)NP| < Z |{H ey Ny):Tis problematic}' =X, . (1)
yeNFi(p)

Each path IT € P is problematic with probability at most 1/k since I'l becomes prob-
lematic precisely when we choose the same colour for w := 7(IT) that was already




chosen for the other endpoint of I'1. Therefore,

Y ol

yeNf(p)

B(INfi(p) N PI) <

= =

1 _
< £ ING (p)l- O
< % . O(AZLZ/ZJ—I)
= O(AL2-172 log_b n)= O(klog_zb n) .

This is a good sign. If the event set {“Ilis problematic” : IT € P} were mutu-
ally independent then it would be a simple matter of applying a Chernoff bound.
Unfortunately this is not the case since, for each vertex w, all of the events in
{“TT is problematic” : TT € 77! (w)} are all affected by the choice of colour for w.

The remainder of the proof is more probability than graph theory. We will use
a tail estimate for sums of independent random variables due to Bernstein that
is applicable when these random variables have sufficiently small variance. The
statement of Bernstein’s Inequality and the calculations needed to apply it in this
context are deferred to the next section. We use the rest of our time here to describe
a random variable X, that stochastically dominates X, > [N (p) N P| and is a sum of

independent random variables.?

For each vertex w of G, let P, := Hw)N (UyeN,;(p) y~1(y)) and define
Xpw = ‘{1_[ € Py Iis problematic}| .

Since each problematic path IT counted by the right-hand-side of Eq. (1) becomes
problematic when w := 7(I1) is coloured, X, =} ycv () Xpw-
Suppose w € L; for some j € {0,...,q}. For each a € ®;, let N, (p, w) be the number

of paths in P, ,, that would have become problematic if we had set the colour of w
to a. Then Zae@(w) Na(plw) < ZaeCDj Na(plw) < ZaeCDj Na(w) = |T_1 (w)l

Let ay,...,a; be the colours in ®(w) ordered so that
Ng, (p,w) 2 Ny, (p,w) 2 -+ =2 Ny, (p,w) .

Then, for each i € {1,...,k}, iNy, (p,w) < Z§:1 Ny, (pyw) < |t~ (w)], so

|T_1 w)| O ALE/2]
Nai(plw)s l( ) = ( 1 ) ‘

2A random variable X stochastically dominates a random variable Y if Pr(X > x) > Pr(Y > x) for all
xeR.




Therefore, regardless of any random choices made before choosing the colour of
w and any random choices made after choosing the colour of w, the random vari-
able X}, , is dominated by a random variable X, ,, := min{O(ALY21)/i, M} where i is
chosen uniformly in {1,...,k}.

Therefore, |[Ny;(p) N P| is dominated by a sum X, := }', X, ,, of mutually inde-
pendent random variables. In order to apply a concentration result to the random
variable X,,, we need to establish sufficiently strong properties on the individual
terms X, ,,. In the next section, we bound the expectation and variance of each X, ,,
so that we can apply Bernstein’s Inequality to prove that Pr(X, > cklogn) < n~e),
Then the union bound implies that Pr(max{X, : p € V(H)} > cklogn) < 1~ Thus,
with high probability, the number of additional colours in ®,,; needed to recolour
the vertices of P in the second phase is O(klogn). Since the total number of colours
used in the first phase is O(klogn), we have

Xeve(G) = O(klogn) = O(ALe/ZJ—l/Z 10g5/4n) . 0

With the proof of Theorem 3 out of the way, we now show how it implies Theo-
rem 2.

Proof of Theorem 2. Since G is d-degenerate, it has at most dn edges and the sum
of its vertex degrees is at most 2dn. Let A := n/(L{/21+1/2) 106y for some value
x to be discussed shortly. Then the set S := {v € V(G) : deg;(v) > A} has size at
most 2dn/A = 2dn'~V(L&/21+1/2) 100" 5. Since G- is d-degenerate and has maximum
degree A, Theorem 3 implies that

Xf-vr(G_S) < CAL€/2J—1/210g5/4n

16/2)-1/2

— cplozz 10g5/4—x(|_€/2J—1/2) n

— cn\ T log¥/4-*(0/21-1/2)

1
< cn! TE Jog¥ A2

where the last inequality follows from the fact that [£/2]—1/2 > 1/2 for all € >
2. Taking x := 5/6, we get |S| = O(n!"V(L&/21+1/2) 1956 1) = O(n!~V/(LE/21+1/2) 1og 1)
and xp (G — S) — O(nl—l/(|_€/2j+1/2) 10g5/4_5/1271) — O(nl—l/(|_€/2j+1/2) 10g5/6 Tl). We can
extend ¢ to a colouring of G by assigning each vertex in S a distinct colour that
is larger than every colour used in the colouring of G —S. Thus, xus(G) < |S|+
Xee(G = S) < O(n!-VL&/21+1/72) logS/6 n), which establishes Theorem 2. (Note that
this argument actually proves a slightly better bound than Theorem 2. For ¢ > 4,
further improvements to the logarithmic factor in Theorem 2 can be obtained using
the “Furthermore” clause of Theorem 3.) O
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4 Bounding the Tail of Xp

We make use of the following inequality of Bernstein [3, Corollary 2.11]:

Theorem 9. Let M be a positive number, let Xy,...,X, be independent random variables
such that 0 < X; <M foreachi€{1,...,r}, and let X := Y}, X;. Then
142

2
Pr(X 2 E(X)+1) < exp T E((X; —E(X;))?) + + Mt

(2)

We will apply Theorem 9 to a random variable X := )/, X; in which each X;
has the following distribution (for some 0 < x; < kM):

X - M with probability (1/k)|x;/M |
" |xi/j with probability 1/k for each j € {{x;/M|+1,...,k}

This is the distribution we get when we choose a uniform j € {1,...,k} and set X; :=
min{M, x;/j). To see how this applies in the proof of Theorem 3, let r := n, let
{wy,...,w,} = V(G) and, for each i € {1,...,n}, let x; := [T~ (w;) N (UyeN,;(p) y‘l(y))l.
In our setting k = AL/21-1/210g" 11 for some b > 0, M = aAl¥/21/k for some constant
a, and t = cklogn for some (sufficiently large) constant c. The rest of this appendix

is devoted to bounding the various quantities that appear in Eq. (2) so that we can
show that the right-hand side of Eq. (2) is n~(©).

Both the maximum value and the sum of xy,...,x,, are important for us. For the
maximum, we have x; < [t~} (w;)| = O(ALY?]) for all i € {1,...,n). We have already
bounded the sum when computing the expectation of [N};(p) N P| as follows:

n

) 5= ) T OISING(p)l-OA2) < oA
i=1 yeNg(p)

For each i €{1,...,n}, we have

k
E(X;) =Pr(X; =M)-M+ Z Pr(X; = x;/j) - =
j=Lx/M |+1 J

X; 1 X;
< M+ = 7t
S Tk )3 j

k
(since Zl/k <1+Ink)
j=1

11



_[xilogk
-o[*5)

:O(xilogn)

k

where the last line comes from the fact that d, A <n and € € O(1). Therefore,

2 x;logn 2
<m&»=0( - )

x? log®n ]

k2

xi2 log®n
A2L¢/2]-1 loga n

Joo2~2b
:OF%%F¥) (since x; = O(AL72])) (3)

Now,

E((X; —E(X;))%) =

bl

X k 1(x; 2
S or-rore Y p(Zoew)

j=lxi/MJ+1
We bound the first term on the right hand side of Eq. (4) as follows:
1

i (M7 + (E(X))?)

Mxi Xi

2|22 |- M- B <

L (B(X;))? (since x; = |t} (w;)| < Mk)

x;log™2
ALE/2]-1

k
AL€/2J
= ( al ) E(X;))? (by the definition of M)
( ) (E(X;))? (by the definition of k)
1 2-2b
= O(x’A(E;’;—ZJl) (by Eq. (3), since 2—-2b > -2b) .

We bound the remaining terms in Eq. (4) as follows:

S ? S
Z E(J;—,—E(Xi))ﬁ Z E[.—2+(E(Xi))2]

jELxi/M]+1 jELlxi/M]+1




2, 1 Cx
SEX)Hp ) F
j=Lx/MJ+1
1 Mrnx? =
_(E(X,'))2+E- x . (since Zj%sg—;forz>1)
1 B
j=z
Mx:
= (B(x)? + 0 =2 )
1 2-2b
= O(XIA(ES—H_ln) (as above) .
Therefore >
xilog=™ " n
E((X; ~E(X;))’) = O(ﬁ)

for all i € {1,...,n}. Recall that Y | x; = O(A2L2171) 50

n

O(AL€/2J—1/2 logl—bn) '

n ) 21¢4/2]-1
B N xilogn\ A logn)
E(X)_ZE(Xl)_Zo( . )_O(T =
i=1 i=1
and
r r ) 2-2b 214/2]-1 2-2b
N x;log n\ _ A log n
ZE((Xi_E(Xi)) )= O( AL€/2]-1 )_ O( ALE/2]-1
i=1 i=1

Then Eq. (2) gives:

Pr(X > E(X)+t) =Pr(X > E(X) + cklogn)

1 2
< exp|- 5(ck Log n)
O(AWZJ log*™2 n) ++Mcklogn
1 2
~exp] - 5(cklogn)
o) (AWZJ log? 2 n+ cAL¢/2]10g n))
B %(cklog n)?
= &Xp|— 10/2] 1o 2—2b
O(CA log n)
%CAZM/ZJ—I 10g2+2b n
=exp|-
P O(AWZJ log?2b n)

=exp (—Q(CAWZJ_1 log*? n))

) = O(AW2J logz_ﬂ’ n) .

] (since Mk = O(ALY/2)))
(forc>1and b<1/2)

(by definition of k)
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provided that b > 1/4 or AL/21=1 > log . For any fixed c, taking b = 1/4 gives

E(X)+t = O(AL/2 1210810 1y 4 klog n)
— O(AM/ZJ—l/Z(lOgl—bn + 10g1+b 1’1))
— O(ALf/ZJ—l/Z 10g5/4 11)

Thus, Pr(X > cALl¥/2171/210g%% 11) < ), which completes the first part of the proof
of Theorem 3 for the cases ¢ = 2 and ¢ = 3. To complete the “furthermore” clause of
the proof we take b = 0 and deduce that E(X) + t = O(AL/21-17210g n).
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