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ONE-BUBBLE NODAL BLOW-UP FOR ASYMPTOTICALLY
CRITICAL STATIONARY SCHRODINGER-TYPE EQUATIONS

BRUNO PREMOSELLI AND FREDERIC ROBERT

ABSTRACT. We investigate in this work families (ue)e>0 of sign-changing blowing-
up solutions of asymptotically critical stationary nonlinear Schrédinger equa-
tions of the following type:

Agus + heus = |Us|p572UE
in a closed manifold (M, g), where he converges in C!(M). Assuming that
(ue)e>0 blows-up as a single sign-changing bubble, we obtain necessary condi-
tions for blow-up that constrain the localisation of blow-up points and exhibit
a strong interaction between h, the geometry of (M, g) and the bubble itself.
These conditions are new and are a consequence of the sign-changing nature
of ue.

1. INTRODUCTION

1.1. Statement of the main results. Let (M", g),n > 3 be a smooth, connected
and closed manifold, where closed means compact without boundary. We study in
this paper sign-changing solutions u € C?(M) of the equation

(1.1) Agu+ hu = |[ulP"?u in M
where A, = —div,(V-) is the Laplace-Beltrami operator, h € C'(M) and 2 <
p < 2% with 2% = 2%, When h = ;2=%;5;, where S, is the scalar curvature

of (M,g), p = 2* and v > 0, ([LI) is the celebrated Yamabe equation. We let
H'(M) be the completion of C>(M) for u + |lullgr = |lullz + ||[Vull2. It has
been known since the seminal work of Struwe [36] that families of solutions to (L))
that are uniformly bounded in H'(M) may develop concentration phenomena in
the form of “bubbles” (see also Druet-Hebey-Robert [I2] for the case of a compact
Riemannian manifold). These “bubbles” correspond to a loss of compactness of the
solutions, and understanding the conditions in which they may appear and their
mutual interactions has been the subject of many works in the last decades.

Despite the abundance of contributions for positive solutions of ([IZ1J), the literature
for sign-changing solutions is less developed. In the present work we take a step in
this direction and study sign-changing solutions of (1)) that blow-up as a single
sign-changing bubble. In the sequel, we fix r, € (0,i4(M)) where i,(M) > 0 is
the injectivity radius of (M, g). Throughout this paper x € C°(R") will denote a
cutoff function such that x(t) = 1 if [¢| < r,/2 and x(¢) = 0 if |¢| > r,. We say
that a family (B:)c>o of functions in H*(M) is a family of bubbles if there exists
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a non-zero solution V to
(1.2) AV =|VF 2V in R, V e DY3(R"),
where D1'2(R™) is the completion of C2°(R™) for the norm u + || Vul|2, and families
of points (x:)e>o in M and of positive real numbers (uc)e>0 such that
-1
_n=2_ (exp, (")
Bele) ~ x(dy s T (S22
€
as € — 0. Here exp,_ is the exponential chart at z. and § is the Euclidean metric,
so that Ag = —>"" | 2. We will say that such a family (B.).> is centered at z.
and of radius p. and modeled on V', and V itself will sometimes be referred to as
the bubble. A more precise definition is given in Definition B] and properties of
such families are investigated in Section Bl below. All the solutions considered in
this paper are allowed to change sign unless mentioned otherwise.

>a0mHWW

Our main results establish a necessary condition for the existence of blowing-up
solutions of (LI that blow-up with a single sign-changing bubble. We introduce
one last notation as follows: if B = (B:):>0 is a family of bubbles centered at .,
of radius p. and modeled on V', we define

4n 2% -1
Weyl, ® B := m </n V] diE) X

Weyl, (a0)iass |

R

-2
xaxﬁafjv <nTV + :zrlalV> dx
where xg = lim._,g .. We first state a result when n > 5.

Theorem 1.1. Let (M"™,g),n > 5 be a smooth, connected and closed manifold, let
h, (he)o<e<1 € CH(M) such that lime_,o he = h in C1(M) and A, + h is coercive.
Let (pe)o<e<1 € (2,2*] be such that lim.op. = 2*. Let (ue)o<e<1 be a family of
solutions of

(1.3) Ague + heue = |ue|Ps2u.  in M.
We assume that (ue)o<e<1 Satisfies
(1.4) u. = cB: 4+ o(1) in H (M)

for some ¢ > 0, where B = (B:).>0 is a bubble centered at (v.). € M and with
radius (p1c)e € (0,+00) and modeled on V € DY2(R™) as in Definition [ below.

Then ¢ =1, lim._,g ug*’pi =1, the following limit exists:

*

2 — Pe

A = lim s > 0,
e—0 5=
and h satisfies:
n—2 (n—2)% [pn [V[* d
1.5 h -——S = A— Weyl, @ B
(15)  hla) = gy (o) = =B (- Weal, © B).

where we have let xg := lim. g ..

The new term Weyl, ® B appearing in (L3) is well-defined when n > 5 and
we prove in Section [B] that it does not depend on the representative chosen for the
family (B.)e>0 appearing in (4)) (see Proposition Bl below).

In dimensions 3 and 4 we prove the following analogue of Theorem [Tk
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Theorem 1.2. Let (M™,g),n = 3,4 be a smooth, connected and closed manifold,
let h, (he)o<e<t, (Pe)o<e<t € (2,2%] be as in the statement of Theorem [I1l Let
(ue)o<e<1 be a family of solutions of (L3) satisfying again (LA) for some ¢ > 0,
where B = (B:)eso is a bubble centered at (x.). € M and with radius (pic)e €
(0, +00) and modeled on V € DV2(R™) as in Definition [Tl below.

Then ¢ =1, lim._o ug*_ps =1, the following limits exist:

6 — De n=3
e—0 Pe
ST = 4
He In Te
and h satisfies
2
(Jpa VPV da) 1
1.6 | h — =S =A wh =4
( ) w3 J"R4 |V|4 dx (IO) 6 !](‘IO) when n

(fR3 Vv dlﬂ)2
fR3 |V|6 da
where as before we have let xg := lime 0 x.. In (LO) ws is the area of the 3-sphere

and in (7)) mp(xo) € R is the mass of the Green’s function of Ay + h at xg € M
(see Definition [3:3 below).

(1.7) —6 mp(xo) = A when n =3,

A few comments on Theorems[[.Tland [[.2 are in order. Assumption (L4 implies
that (u:)eso blows-up as a single, possibly sign-changing bubble. In other words,
(T3) is a Struwe decomposition with a single bubbling profile. No assumption is
made on the energy of V' (except that it is finite) and V' is not assumed to be non-
degenerate in the sense of Duyckaerts-Kenig-Merle [I3]. Assumption (I4) should
be regarded, insofar as sign-changing solutions are considered, as the analogue
of the classical notion of isolated and simple blow-up point for positive solutions
introduced in Schoen [35].

Theorems [Tl and are not new for positive solutions. It has been known since
Obata [26] and Struwe [36] that when (u.)cso is a family of positive solutions of
([C3) the bubble V is positive and radial and given by (2:2) below. In this case, and
when n > 5, the additional term Weyl, ® B in (L3) vanishes by the symmetries of
Weyl, (see Proposition [3.3] below), and condition (L3 becomes

n—2 . .2 —pe
_ e > =
h(zo) Tn = 1)Sg(x0) C(n)A >0, with A := lim

e—0 ug
for some dimensional constant C(n) > 0. When n = 3,4, (L6) and (L7) show that

1
h(zo) — 65’9(3:0) =CM4)A whenn=4 and my(zg) = —C(3)A when n = 3,

where A is as in the statement of the Theorem. When p. = 2* for all ¢, and for
positive finite-energy solutions, these conditions have been known since the work

of Li-Zhu [20] and Druet [TOL[IT].

If (ue)eso is a blowing-up family of sign-changing solutions of (I3]) with a single
bubbling profile as in (4], however, the bubble V' is sign-changing in general and
([C3), [@C6) and ([7) display new phenomena. When n > 5 the additional term
Weyl, ® B cannot be expected to vanish a priori. We construct indeed in Section 3]
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examples of manifolds (M, g) and of solutions V' of (L2)) such that Weyl, @ B # 0
(see Proposition 3.4 below). The term Weyl, ® B is thus a striking new feature of
sign-changing blow-up that does not appear for positive solutions. When n > 5,
condition (L) is entirely new and highlights a strong interaction between h, the
geometry of (M, g) and the limiting bubble V itself. When n = 3,4, (L)) and (L)
involve [, [V|> ~2Vdz. But if V is a sign-changing solution of (L2 for n > 3, the
latter integral may vanish if V' decays strongly at infinity (see (Z3) below). When
this is the case conditions (L) and (7)) indicate that, in dimensions 3 and 4, the
interaction between B, and the geometry of (M, g) takes place at a higher-order
than it did for positive solutions.

1.2. Consequences of Theorem [I.1] on the blow-up picture of (L3)). Theo-
rems [[LJ]and [[.2 shed new light on the stability of the set of sign-changing solutions
of (3). We say that equation (IIJ), with p = 2*, is stable if for every family
(he)eso converging to h, every energy-bounded family of solutions (u.).>o of (L3)
converges in C2(M), up to a subsequence. Druet [I0] proved that, for positive
solutions, stability holds provided h # 4(’;—_721)5’9 everywhere in M (with a caveat
in dimensions 3 and 6, see [I0]). This result was generalised to the case of sign-
changing solutions, when n > 7 and when (M, g) is locally conformally flat, in
Premoselli-Vétois [31]. When (M, g) is not locally conformally flat, and at least
when n > 5, however, (L3 shows that necessary conditions for a one bubble blow-
up involve h, the geometry of (M, g) and the possible limiting bubble V itself. The
set of sign-changing solutions of (L2)) is still poorly understood and no classifica-
tion result is known, but examples of large-energy sequences of solutions have been
constructed by Del Pino-Musso-Pacard-Pistoia [7], Ding [9], Medina-Musso [22],
Medina-Musso-Wei [23]. The wealth of solutions of (L2) is the main obstacle to
understanding the term Weyl, @ B in ([L3)). It seems therefore highly unlikely, even
in the single-bubble case, that stability for sign-changing solutions of (L3]) can be
enforced solely by a global assumption on h, as was the case for positive solutions.

Theorems [[LT] and [[.2] however, allow us to rule out limiting bubbles V' that may
appear in the blow-up in some cases. We start with an example in dimensions 3
and 4. If V' is a solution of (2) it satisfies

AV
V(z) = |$|(T)2 +0 (|x|1_") as |z| = +oo,
where (n — 2)w,—1A(V) = [o. [V[* 72Vdx (see @) and @3) below). Bubbles
decaying at infinity as |z|>~™ satisfy A(V) > 0: this is the case for the positive bub-
bles given by (22)) and for the bubbles of [7]. An immediate corollary of Theorem
is as follows:

Corollary 1.3. Let (M™,g), n = 3,4, be a smooth, closed, connected Riemannian
manifold and h, (he)oce<1 € CH(M) be such that lim._ohe = h in C*(M) and
Ay + h is coercive. Let (pe)o<ce<i € (2,2*] be such that lim._,op. = 2*. Let

(ue)o<e<1 be a family of solutions of (L3 satisfying (L), where Be is a family of
bubbles centered at x., of radius . and modeled on V. Assume that

e the mass of Ay + h is positive at every point of M if n =3

e h < %S’g everywhere in M if n = 4.
Then [, |VI?"=2Vdx = 0. In particular, V(z) = O(|z|*~") as |z| = +o0 and V
is neither positive nor one of the bubbles of [1].
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In dimensions n > 5 (L3) does not provide any information on the decay of V/
at infinity, but we can still rule out the existence of symmetric bubbles in some
cases. We recall that Ding [9] constructed a family of solutions of (2], possessing
O(p) x O(n — p) symmetry for 2 < p <n —1. We show that Ding solutions cannot
appear as bubbles in a single-bubble blow-up on symmetric manifolds:

Corollary 1.4. Let (M™,g) = (SP x $Y,g, X g4), where g, and g, are the round
metrics on SP and S, p,q > 2 andn = p+q > 5. Let h,(he)o<e<1 € CH(M) be
such that lim._,o he = h in C*(M) and Ay+h is coercive. Let (p:)o<e<i1 € (2,2*] be
such that lim._,o pe = 2*. Let (us)o<e<1 e a family of solutions of (L3)) satisfying
(4, where B: is a family of bubbles centered at x., of radius u., modeled on V.
Assume that h < 3= S< everywhere. Then

Weylg ® B >0.
As a consequence, V' cannot be a Ding solution.

Proof. Since h < (—S’_ everywhere, (L3]) shows that Weyl, @ B > 0. But as
shown in Corollary [3.5] below, Weyl, @ B < 0 if V' is a Ding solution. O

Corollaries [[3] (when n = 3) and [[4] both apply to one-bubble sign-changing
blow-up for the sign-changing Yamabe equation:

n—2 -

Agu+ msgu = |ul* ~2u.
Solutions of this equation naturally appear as minimisers for the second conformal
eigenvalue (see Ammann-Humbert [I]), and their stability properties shed new light
on the set of possible minimisers (see Premoselli-Vétois [30]). Other stability results
for sign-changing solutions are in Premoselli-Vétois [29,31]. Examples of sign-
changing families of solutions of (I3)) have been constructed in Bonheure-Casteras-
Premoselli [5], Micheletti-Pistoia-Vétois [25], Pistoia-Vétois [27] and Robert-Vétois
[33,34]. Deng-Musso-Wei [8] have considered an innovative construction of a family
of sign-changing solutions (u.).>o to the (L3) with h. = h and p. := 2* — ¢ that
blows-up like a single bubble as in (4]). We discuss similar constructions in Section
(

The structure of the paper is as follows. In Section Rlwe introduce a few properties
of sign-changing solutions of (2] and highlight the main differences with respect
to the positive case. Section Bl contains the formal definition and properties of the
families of bubbles that we investigate here. We also investigate the term Weyl, @ B
there and construct examples of manifolds and bubbles where Weyl, ® B 75 0.
Section [ is the core of the analysis of this paper and we prove there that relation
(4] can be improved into optimal pointwise bounds on u.. This is the content of
Proposition Bl and is the main ingredient in the proof of Theorems [[.1] and
Finally, Theorems [Tl and are proven in Section

Acknowledgements: the authors would like to thank P.-D. Thizy and J. Vétois
for many fruitful discussions in the early version of this work.

2. FINITE-ENERGY NODAL SOLUTIONS OF THE YAMABE EQUATION IN R"
We let ¥ be the set of non-zero finite-energy solutions of (L2):
(2.1) S ={V e DWR\{0}, AV =[V]* 2V}
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Regularity theory for critical equations (see eg Trudinger [37]) together with stan-
dard elliptic theory, shows that there exists o, > 0 such that V' ¢ Cl3 Do (R™) for

all V e ¥, If V € ¥ is positive it is equal by Obata [26], up to translations and
rescalings, to

T 2 Tz
(2.2) Bf (z) = (1 + ﬁ) , z€R™

By Caffarelli-Gidas-Spruck [6] this result remains true for all positive solutions of
([C2), without the assumption that they belong to D'?(R™). Note also that, up to
dilation, By is the only non-zero radial solution of (LZ) which belongs to D13(R™)
by a simple application of Pohozaev’s identity.

If V € DY2(R") we define its Kelvin transform as

(2.3) V*(z) = M%V (#) for a.e. z € R™\{0}.

It is well-known (see for instance Duyckaerts-Kenig-Merle [13, Proposition 3.1])
that V + V* defines an isometry of D*?(R™) and of L? (R") and that

N 1 x
AV (@) = gz AV <W)

in R™\{0}, provided V is of class C2. As a consequence we have V* € 3 whenever
V € X (see again [I3]) and the regularity theory for (L2 shows that V* € C3(R")
when V' € X. The following result provides a precise description of the behavior at
infinity of the elements in X:

Lemma 2.1. Let V € X. There exist N(V) € R and (V) € R™ such that the
following asymptotic expansion holds as |x| — +oo and can be differentiated:

(24) Vi) = oy + S o ().

a2 [ [

When we say that expansion (24]) can be differentiated we mean that the fol-
lowing holds as || — 4o00: for any 1 <i < n,

0V (x) = —(n — 2)A(V) |§| L e(Vif] |;|:+<§<v>,x>m

1
"o (|w|"+l>'

Proof. Let V* be, as before, the Kelvin transform of V. It is of class C? in R™ and
we can consider its Taylor expansion at 0: there exist A(V) € R and a(V) € R”
such that, as y — 0, and for 1 <i <mn,

Vi (y) = MV) + {a(V), ) + O(ly[*)
9iV*(y) = a(V)i + O(ly|)

(2.5)

(2.6)

hold. Since for any x # 0 we have V(z) = W%V* (#), 24 follows from [20).
To prove (21 we write that by the chain rule, for « # 0,

T x - 1 Ois LT x
L ol (N - [ _ 9 ) [
|z |™ (le2>+; |z |2 (Iﬂvl2 |$|4) ! (I$|2>

(2.7) 9;V(x) =—(n—2)



holds, and we conclude using again (20)). O

As a consequence of (24 and (23], there exists C' = C(n, V) such that
(28) V(@) + A+ [a))VV(@)+ (1 + [2)*VV(2)] < A+ [a])*~"
for all x € R™. This can also be shown by the conformal invariance of (2, see
e.g. Premoselli [28, Lemma 2.2]. As shown in Premoselli 28, Lemma 2.1], we have
1
(n—2)wp—1
If Bf is as in (Z2) we have A\(B7) = (71(71—2))%2 The solutions constructed in [7]
also satisfy A(V') # 0. As proven in Lemma [ZT] A(V) = V*(0). As a consequence,

examples where A(V') = 0 are easily obtained by Kelvin-transforming sign-changing
solutions of ¥ at a point where they vanish.

(2.9) AV) = (/ V¥ 2Vdz forall V e X.

Remark 2.2. An accurate inspection of the proof of Lemma 1] shows that we can
state a slightly more precise result. Let V € X.

e Assume that n = 3,4. Then there exists k € N and a non-zero homogeneous
polynomial P of degree k such that

P(x) 1

e Assume that n = 5. Then there exists k € {0,...,4} and a homogeneous
polynomial P of degree k such that

1
O\ =+ if k<3
_ P@) (|x|4+k> e
B 342k
l« 0( ! ) itk =4

2]+

V(zx) as |z| = +oo.

e Assume finally that n > 6. Let 0 < a < 1lifn=6and 0 < a < ﬁif
n > 7. Then there exists k € {0, ...,3} and a homogeneous polynomial P
of degree k such that V satisfies
P(z 1
V(.’L’) = W% +0 (W) as |(E| — +00.
All these expansions can be differentiated. In dimensions n = 3,4, P is the first
non-zero homogeneous polynomial in the Taylor expansion of V* at 0, which always
exists by classical finite continuation results (see e.g. Aronszajn [2]) since V €
DY2(R™)\{0}. In dimensions n > 5, P may vanish. Examples of solutions in any
dimension n > 3 for which the degree of P is larger or equal than 2 are still unknown
and the question of their existence was raised in Duyckaerts-Kenig-Merle[13].

3. RIEMANNIAN PRELIMINARIES

3.1. Sign-changing families of bubbles in M. We define the notion of Rie-
mannian bubble that we will consider in this work:

Definition 3.1. Let (z:)cs0 € M and (p:)e>0 € Rsg be families of points in M
and positive real numbers, with p. — 0 as € — 0. We let xg := lime 9 x.. Let
V € X be fired and let B = (B:)->o be a family of functions in H*(M). We say
that B is a family of bubbles centered at x. with radius p. and modeled on V' if
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there exists a family of charts (¢e)e>0 such that @, : By(xo,r4) — R™ is normal at
x. for all € > 0, lime_0 @ = g in C* for all k and such that

31 Byt TV (SO o

as e — 0.

Here ¥ is as in (2). As the following simple result shows, Definition B is
independent of the choice of the local chart up to an isometry. In the sequel, we
let O(n) be the group of isometries of the Euclidean space R™:

Proposition 3.1. Let (z:)es0 € M and (pe)eso € Rso be families of points in M
and positive real numbers, with p. — 0 ase — 0, and let B = (B:). and B= (Ba)8
be families of bubbles centered at x. with radius u. and respectively modeled on
V,V €% as in Definition B1). Then

B.—B.—=0in H (M) ase -0 <= V=VoO
for some orthogonal mapping O € O(n).

Families of bubbles (Be)eso and (B:)eso centered at x. with radius p. and
satisfying B. — B. — 0 in H'(M) as ¢ — 0 will be called equivalent families.

Proof. Let ., Pe - By(xo,74) — R™ be normal coordinate charts for g at z. asso-
ciated to B and B as in definition Bl If € R™ we have

(3'2) @sogﬁgl(@s(xs)‘FI) :<p5(x5)—|—05x—|—0(|$|2) as x — 0,

where we have let O, = Dy (z:)0 (D@E(azs))fl. Since . and @. are normal charts
at xe, O € O(n). Straightforward computations using (28] and (3.2 show that

(3.3)
Xy z)) | ps v <M> oy <05 (%(-)M: @s(xs))> ] o

in H'(M) as e — 0. Since B. — B. — 0 in H'(M) by assumption we obtain

X(dg (-, 22)) [ME_HZQV (Oa (@ (+) — %(%))) _ME—"EQ“/ (M) _] 0

e He

in H'(M) as € — 0. A simple scaling argument then shows that V o O = V where
O :=lim._, 0. U

Equations (82) and B3] show that, up to composing V with an euclidean
isometry, we can always assume that . is an exponential chart at x. in Definition
B Choose, for any p € By(zo,74), an identification of T, M with R™. This defines
an exponential map at p, that we will denote by exp,, : R" — M in all of this paper.
Mimicking the arguments in (32) and (B3) we similarly have, for V € ¥,

for some O € O(n). We have thus shown that B = (B.).>0 is a family of bubbles
centered at x. with radius p1c and modeled on 'V € ¥ if and only if

n—2 ex A
(3.4) Be — x(dg(- ze))pe 7 (V © O) (%()

X(dg (s )

> —0 in HY(M)
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as € — 0, for some O € O(n). Any two exponential charts at z. are related by an
isometry of R™. A consequence of (8.4 is that Definition B.Ilis independent of the
choice of the exponential chart at z. up to composing V with an isometry. The
classical example of a family of bubbles is the so-called family of standard bubbles:

B:(x) := x(dy(x,2.)) B (x), where

n—2
(3.5) : oo -1
1 - exp,, (2)
B:(x) = 2 dj(w,%)2 =pe BJ ( ) 7
He + n(n—2) fe

where B is given by ([2.2). This example is peculiar: since By is radially symmet-
rical (as a consequence of positivity), any exponential chart at z. yields the same
family of bubbles, and the function B thus obtained is well-defined on the whole
of M. Naively composing with an exponential chart does not, however, allow to
globally pull-back a sign-changing element V' € ¥ in M without losing regularity
at the cut-locus, hence the need for Definition 311

The following proposition is straightforward:

Proposition 3.2. Let (B:)-s0 be a family of bubble as in Definition[31l. Then

There exists C > 0 such that || B ||z < C for alle >0
lim._o || Bel|z2 =0

B — 0 weakly in H'(M) ase — 0

im0 | VB2 |2 = [, [VV]?da.

3.2. The product Weyl, @ B. We now investigate the properties of the term
Weyl, ® B appearing in the Statement of Theorem [Tl

Definition 3.2. Assume that n > 5. Let B = (B:)e>0 be a family of bubbles
centered at x. with radius p. and modeled on V € ¥ as in Definition [31. We
define

4n N -1
Weyl @ B:= ———— V| d
vy ® 3<n—2>2(/w" ) :

n—2

(3.6)
Weylg(xo)mjg/ xaxﬁafjv< 5 V—l—a:l(?lV) dx
R'Vl

where o = lim._o x- and where the coordinates of the Weyl tensor are taken with
respect to the chart exp,, .

It is intended in ([B6]) that repeated indices are summed over. That the second
integral in (3.6)) is finite follows from (2.8) since n > 5. Note that the term Weyl, @ B
depends on zg since the family B = (B:). > 0 does. We recall the symmetries of
the Weyl tensor of ¢g at any point z € M:

Weylg(w)ijkg = —Weylg(:v)jikg = —Weylg(x)ijgk = Weylg(x)kgij
Weyl, (z)ijie = 0 and Weyl, (x)ijre + Weyl, (2)jxie + Weyl, (z)rije = 0
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for any 4,7, k, ¢ € {1,...,n}, where repeated indices are summed over. As a con-
sequence of these symmetries, simple integration by parts (see for instance Hebey-
Vaugon [I7] or Lemma 3.2 in Mesmar-Robert [24]) show that

4n o !

(3.7)
Weylg(xo)mjﬁ/ 2P0,V 9,V dz.
]Rn

Again the integral on the right is finite when n > 5 by (Z8). A consequence of
(1) and of the tensorial nature of Weyl, (o) is that Weyl, ® B does not change if
V is replaced by V o O for some O € O(n ) provided the coordlnates of Weyl, (o)
are now computed in the chart O o expm . Hence Weyl, ® B does not depend on
the choice of the exponential chart at xq and only depends on the equivalence class
of families of bubbles at z( in the sense of Proposition 3]

We describe two simple cases where Weyl, @ B vanishes globally:

Proposition 3.3. Assume that n > 5 and let B be a family of bubbles centered at
(2:)e € M, with radius (ue)e € Rso and modeled on 'V € %, and x¢ = lim._,q ..
Then Weyl, ® B = 0 in the following (non-evhaustive) situations:

o Weyl (z9) =0
e V is radial (and hence V = By given by [22)).

Proof. By ([B.0) the first point is trivial. If V = By is radial, the second point
follows from the radiality of B, from the equivalent expression (317) and from the
total antisymmetry of the Weyl tensor. O

The next two results shows that Weyl, ® B cannot be expected to vanish in
general:

Proposition 3.4. Let (SP, g,) and (S9, g,) be the unit spheres of dimensions p,q >
2 endowed with their round metrics. Assume that n = p+q > 5 and that V €
DY2(R™)\{0} solves [LQ) and is invariant under the action of O(p) x O(q) but not
under the action of O(n). Let M = SP x S? endowed with the metric g = gp ® gq.
Let B = (B:)eso be a family of bubbles in (M, g) modeled on V as in Definition
[B1l, centered at (x:)e>0 € M and with radius (pe)es>o0 € Rso and xg = lim._, ..
Then Weyl, ® B < 0.

Proof. We let M :=SP x S? where p,g >2 and p+¢g=n>5and g := g, ® gq be
the product metric of the round metrics g, and g, respectively on SP and S9. We
follow the geometric notations of Besse [4] and Hebey [15]. The Riemann tensors
for each metric are

1 1
59,, © gp and Rmy, = §gq ® 9q,

where ® is the Kulkarni-Nomizu product, given in coordinates by (' ® S)iju =
TikSj1 — TiSji + T5Sik — TSy Standard results on product manifolds give that,
after the necessary projections, Rm, = 29p®gp—|— 29q®gq, Ricy = (p—1)gp+(g—1)g,
and Sy = p(p — 1) + q(g — 1). The Weyl tensor of g is defined as

Rmgy, =

1 S
Weyl, = Rm, — —Ri %9 46
e¥lg = Ry = G Ot S T =) Y
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If zo = (2(,2() € SP x S? we compute the coordinates of Weyl, (zo) in the chart
obtained from the exponential chart on S? at zf and the exponential chart on S?
at zl: this yields a normal chart on S? x S%. The Latin letters i, j, k... refer to
coordinates in SP, the Greek letter «, 3, ... refer to S¢. The previous observations
show that, at any point around zy we have

(Weylg)ijkl = C1(gikgj1 — 9i19jk)
(Weylg)aﬁw; = C2(9ar 985 — Gas9p~)
(Weyly) .5 = —C39ii9as
(Weylg) 0,

with Cy = 24-U - Oy = 2Pt and Oy = $250U) The mixed terms

(Weylg)ijka and (Weylg)m 5, Are null, and the other terms are obtained via the

ijaB

symmetries of the Weyl tensor. We denote the coordinates in R™ by (X,Y), where
X e R and Y € RY9. Let V € ¥ be O(p) x O(q) invariant and let C, y =
3(714+2)2 (Jon IVIZ d:E)_l. Using ([B.7) and the explicit expression of Weyl, (zo) we
have

C, yWeyl, ® B = Cl/ [1X]2|V1V]? = (X, V1V)?] dXdY

n

+C2/ Y ?|V2V|? = (Y, V2V)?] dXdY
R’n

e / [IXPIV2VE 4+ [YPIVIVE = 20X, ViV)(Y, VaV)] dX ay
Rn

where V1V and V2V denote respectively the gradient of V' with respect to X € RP
and Y € RY. The O(p) x O(q) invariance of V' implies that V(X,Y) = V(| X|, |Y]),
and as a consequence we have V1V (X,Y) = 1 V(X, Y)% and VoV(X)Y) =
RV (X,Y) % where 0,V and 9,V are the partial derivatives of (r1,r2) — V(r1,72).
We obtain in the end

C, Weyl, ® B = —Cg/R [|X|2(82v)2 + Y20 V)? — 2|X||Y|alv32v} dX dy

n,
n

2
- —03/ (|X|82V— |Y|81V) dX dY <0.
R’Vl

If Weylg ® B = O, then r281V — T182V for all r = |X| > 0 and To = |Y| > 0. This
shows that V' = V(r), for > = 7? 4+ 73 when rq,72 > 0, and this equality extends
continuously to R™\{0}. We then get that V is radially symmetrical, contradicting
our assumption. Therefore Weyl, @ B < 0. (]

Corollary 3.5. There are manifolds (M, g) of dimension n > 5 and families of
bubbles B = (B:)e>0 as in Definition[31 such that Weyl, ® B < 0.

Proof. We choose p,q > 2 such that n := p+ ¢ > 5. As before we denote by
gn the round metric in S™. It follows from the result of Ding [9] that for all
L > 0, there exists V € C2(S™) that solves A,, V + %f/ = |V|¥ 2V, satisfies
Jon [VI? dvg, > L and is O(p) x O(q + 1)-invariant, that is V(z,y) = V(|z/,|y|)
for (z,y) € RP x RITL = R"F1. Let 7y : S"\{N} — R" be the stereographic
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projection from the North pole. Let, for x € R"™,

ve) = (10w T @),

Then V € C2(R")NDY2(R") solves AV = [V[*' 72V in R, satisfies [, [V[* dz >
L and using the coordinate expression of the stereographic projection it is easily seen
that it is O(p) x O(g)-invariant, that is V(2/,2”) = V(|2/|, |2”]) for (z/,2") € RP x
R? = R™. Up to taking L large enough, we get that V' is not O(n)-invariant since by
Obata [26] finite-energy radial solutions of ([L2]) are translations and rescalings of
By given by (Z2) and all have fixed minimal Dirichlet energy. Let now M := SPxS¢
and g := g, ® g, be the product metric of the round metrics on SP and S9. Let
B = (B:)e>0 be any family of bubbles in (M, g) modeled on V as in Definition 3]
centered at (z.)c € M and with radius (u:)e € Rsg and x¢p = lim._o z-, where
zo € M is any point. For L large enough Proposition B.4] applies and shows that
Weyl, ® B <0. O

3.3. The mass of the Green’s function in 3D. We conclude this section by
recalling the definition of the mass when n = 3, following Li-Zhu [20]:

Definition 3.3. Let (M,g) be a smooth, closed, connected 3—dimensional Rie-
mannian manifold. Let h € CY(M) be such that A, + h is coercive. Let G, be
the Green’s function for Ay, + h. Then for all zog € M, there exists mp(xo) € R,
denoted as the mass, such that

1
Gh(z,xz0) = Tndo (om0 + mp(xo) +0(1) as x — xg.

When n =3, Ay + h is coercive and zy € M, It follows from the construction of
the Green’s function (see Aubin [3], Robert [32]) that there exists 3., € C°(M) N
HE(M) for all p < 3 such that
(3.8) Gh(z,z0) = B (GO + Buo () for all & € M\{zo}

’ dredy(z, z0) 0 ’
where y € C>(M) is a cutoff function with x(z) = 1 in By(zo, %) and x(z) =
0 in M\By(xo,74). We have (A, + h)Bz, = —(Ay + h)((4m) " xdy(-,20)71) =
O(dy(-,0)~") and standard elliptic theory then shows that
(3.9)

1By (@)] < €, [V By ()] < C(1+ | Indy (o, 2)]) for all & € By (w0, "2 ) \{0}.
It now follows from Definition B3] that
ma(2o) := Br, (20)-
4. A PRIORI POINTWISE ESTIMATES FOR FAMILIES OF BUBBLES

4.1. Statement of the results. In this section we will assume, as in the introduc-
tion, that (u.)o<e<1 is a family of possibly sign-changing solutions of ([3]) satisfying
(C4):

u. = cB. +o(1) in HY(M),
for some ¢ > 0, where B. is a family of bubbles as in Definition 3.1} centered at z.
with radius p.. Here (2:)o<e<1 and (ue)o<e<1 are families of points in M and of
positive numbers with p. — 0 as e — 0. We let V € X, where ¥ is as in 21]), be
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the function that appears in (34]). Under this assumption (us)o<e<1 blows-up with
only one possibly sign-changing bubble and a zero weak limit. Throughout this
paper we will adopt the following conventions: for nonnegative families (ae)o<e<1
and (bs)o<e<1 of functions in M (or real numbers), we will write a. < be, or
equivalently a. = O(b.), when there exists a positive constant C' such that

as(x) < Cbs(x) forall0<e<1andanyze M.

Since A4 + he is coercive we let, for any 0 < € < 1, G}, be the positive Green’s
function of A, +h. (see Robert [32]). Since he — hin C*(M) ase — 0 and A, +h
is coercive there exists C' > 0 such that

(4.1) dy(z,9)" G (2, ) — ——

(n—2)wp—1
holds true for any (x,y) € M x M\D(M) and for any 0 < € < 1, where D(M) =

{(z,x),x € M} and where w,_1 is the area of the standard sphere S"~!. Define,
for x € M,

< Cdg (ac, y)

F.(ze,2) = (n — 2)wp_1dy (e, )" 2Gp_ (e, 7).
We define, for any x € M and any 0 < e < 1:
_n-2
B (a) = x Gy 0) Felowsa V(o (o)
(4.2)
+ (1= X (dy(2e, 2))) (0 — 2w AV ® G, (a
where A\(V) is as in (23) and for x € C°(R) with x = 1 in [0, - (M]andX_O

in [ZQ(M) +00), and where i,(M) is the injectivity radius of (M, g). By [@I) and
properties of the Green’s function (see [32]) we have

F.(ze,z) =14 0(dy(ze,2)) and |VyF.(zc,z)| =O0(1) forz e M.
It is therefore easily seen with (B4 that
Bte®s = B. +0(1) in H'(M),

so that (B#="¢)g<.<1 is a family of bubbles which is equivalent to (Bc)o<e<1 in the
sense of PropositionBl The original assumption (4] implies that u. still satisfies

(4.3) u. = cB'e%e 4 o(1) in H'(M)

for some ¢ > 0. We will thus, in the subsequent analysis, work with the family
(BHee)oce<t. If (ye)e is a family of points in M satisfying p. << dgy(ze,y:) <

% we also have, by 24)), (@) and (£2)),

_n=2 1
B'U‘E’za(ya) = Fa(xsaya)ﬂi R V ('u_expm (yg))

= (n— 2wp_1pe® Gh (la’ya) ()\(V) o (ﬁ)) '

The function B*<:®= thus interpolates the (rescaled) pull-back of V in M to its
first-order expansion at infinity.

(4.4)

In this section we prove that (@3] still holds true globally pointwise in M, up
to an error term that is of the order of the positive standard bubble B given by
B3). The main result of this section is the following:
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Proposition 4.1. Let (M™, g),n > 3 be a smooth, connected and closed manifold,
let (he)o<e<i be a family of Ct functions in M converging in C*(M) towards h and
let (pe)o<e<1 be a family of real numbers satisfying 2 < pe < 2* for all 0 < e <1
and such that lim._,o pe = 2*. Assume that Ay + h is coercive. Let (us)o<e<1 be a

family of solutions of ([L3) satisfying (LA) for some ¢ > 0.
Then ¢ =1 in (LA) and there exists a family (0c)o<e<1 of positive real numbers

with lim._,g 0. = 0 such that,
Ue — BHesTe
—r < 0e
Be Lo (M)
for any 0 < & < 1, where B*="< is as in [{2) and B is as in [B3).

(4.5)

The function V' € X that appears in the definition of B*<"¢ is the one that
defines the family (Be)o<e<1 and is given by (B4). In particular, for any x € M
and any 0 < € < 1 Proposition [£1] shows that

|u€(:1c) — BHesTe (;v)| < o.BZ (z).
As a consequence, if (y:)o<e<1 is any family of points in M we have

ue(ye) = B " (ye) + o (B:(ya))

as e — 0.

Proposition 1] is sharp if A(V)) # 0 which, by (24]), corresponds to a bubble
that decays to infinity in R™ as |z|?>~". This is the case for the positive bubble By
given by ([22)) and for the sign-changing solutions of (I2) constructed in DelPino-
Musso-Pacard-Pistoia [7]. Proposition 1] for positive solutions has been known
since the work of Li-Zhu [20] and Druet [10] and Druet-Hebey-Robert [12]] (see
also [I6]). In this section we prove Proposition ] by following the approach in
Ghoussoub-Mazumdar-Robert [T4], that draws inspiration from the techniques in
[T216]. Since we consider sign-changing solutions and bubbles we have to adapt the
existing techniques that have been developed for positive solutions. In the exactly
critical case p. = 2*, Proposition I has already been proven in Premoselli [28] in
the more general case where multiple sign-changing bubbles may appear.

4.2. Proof of Proposition 4.3l As a preliminary observation we claim that

(n=2)2 o«
1 — (2" —pe)
(4.6) c= ili% e € [1, +00).
~ n—2 .
We set U (z) := pe > uc(exp, (puex)) for x € B(0, %) It follows from (L4 and

B2) that U. — ¢V in H}

loc

(R™). With a change of variable, equation (3] writes

. - n=2or _p Vi~ ok g, i.(M
AgEUE—l—ugfLE(e)(pIE(uggc))UE = fte? 2"-p )|U€|2 2U. in B(O, QQ(M )>,
€

where we have let g.(z) = exp;_g(uez). Passing to the limit ¢ — 0 yields

n—2 * * *
Ag(cV) = (;im pe? @ _ps))CQ “HV|* 72V weakly in R™.

—0

Since pe — 0 as e — 0 and p. < 2* we have ug*_ps < 1 for & small enough. Since

n—2 *
V € DY2(R™)\{0} it cannot be harmonic, which shows that lim._o ,u?@ ) ¢

(0,1]. Finally, V solves (L2)), which proves the claim.
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As already remarked, we can assume that ([@3]) holds. This implies that the family
(ue)o<e<1 blows-up, that is

Lim [Jue || oo (ar) = 400

By (@6 it is also easily seen that

(4.7) e’ TP —>c ase— 0.

Decomposition [@3) with (2] shows in particular that u. — 0 in H*(M\ By (x., d))
as e = 0, for any 6 > 0 fixed. The regularity theory of Trudinger [37], together
with standard elliptic theory, then shows that

(4.8) ue =0 in - G (M\{wo})

as € — 0, where we have let zg = lim,_,gz.. We prove Proposition [£]] in several
steps.
ig (M)

Step 1: Let, for any = € B(0, T)’

_2 _
Us(z) = p2* 2 ue (exp, (pex)) -
We claim that

(4.9) U.—V inC2(R")
as € — 0.
Proof of @3). Let, for z € B(0, “42) g.(x) = exp}, g(p=x). By (@3 U. satisfies
~ N M
(4.10) Ay Ue + pi2heUe = U= 20U in B (0, ”2( )) :
e

where we have let h.(x) = he (exp,,_ (1ex)). Equation @3) together with (1)
shows that, for any compact set K CC R", we have

2p52 —n n;27L2 Pe
= = o
|Ue — V|Pedvy, = ple Ue — ple ° PETEBHTE du,
K €XPy, (ne K)
2
= 5’:52771 ue — (¢ + o(1))B#e"e psdv
1% € g
exp,_ (e K)

De
ue — (¢ +o(1))B*=*= | du,

/S \/
exp,_ (pe K)

= o(1)

as € — 0, where the second line follows from (A1) and in the third line we used that
2pe
pe—2

e " < 1 since p2p52 —n > 0. The local regularity theory of Trudinger [37] and

e

standard elliptic theory using (@0 then show that the convergence of U, towards
V takes place in C? (R™), which concludes the proof of (). O

By [@3), (£9) and Sobolev’s inequality, we get

(4.11) REIEOO hlglj(l)lp el L2 (an\ B, (2., R y) = 0

Step 2: Let 0 < § < iy(M) be fixed. We claim that

2
4.12 lim limsu max dy(xe,x)Pe—2|u.(x)| = 0.
(4.12) Rrtoo oS0 B o OB e, Ri) o(@e, )72 Jue (@)
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Proof. To prove [EI2) we will prove more generally that

(4.13) lim sup max (e + dg (-, x))ﬁ |uE — cBHee
€

e—=0 7T

It is easily seen using ([@2) that (£I2) follows from [@I3). To prove (AIJ)) we

proceed by contradiction and assume that, up to passing to a subsequence (ej)r>0
with limg_, 1 o0 €, = 0, there exists 19 > 0 and a sequence (yx)r>0 of points of M
such that

(x) =0.

2
(4 14) (/J'Ek + dg(xa‘kuyk:))psk72 ‘uak — cBleeek (yk:)
. 2
- géaj\); (Nak + dg(;cak’x))pik - |u€k — cBter e (CL‘) = 1.
By (@) and [@3) we get that
d
(4.15) M e
ek
as k — +oo. By (£2) and since psszz — 22 > () we thus have
2
(er + dg (e, yr)) 7ok 7 | Brewer| (yr)
n—2
: 2 o e
(4 16) S <m> (/1‘5 + dg(xé‘kayk))psk : :
€ g €k

=o(1)
as k — +oo. Using (£2) and (@F)), (@I4) also shows that dy(z.,,yr) — 0, and

Pey, —2
hence, with @I8), that |uc, (yx)| — 400 as k — +oo. We let v = |ue, (ye)|™ =,
so that v — 0, and for x € B(0, 192(5\5)) we let

2
wi(x) = ]/]:‘fk Uy (expyk(ykx)) .
By ([L3) wy satisfies
7 g (M
(4.17) Ag,wi + vihgwg = |lwg [P 2wy in B (07 Zg2( )> )
Vg

where we have let hy(z) = he, (exp,, (vka)) and gi, = exp}, g(vxx). Independently,

by [@I4), (EI5) and ([I6) we see that
(4.18) dg(Ter s Yr) 2 V-
With the latter, (LI4]) shows that there exists 19 > 0 small enough such that

||U}]€ ||L°°(B(O,2T0)) < 2

for any k large enough. With (£17) and standard elliptic theory, and since |wg (0)] =
1, wy converges in C?(B(0,1)) as k — 400, up to a subsequence, to a non-zero
solution wg of

Agwy = |w0|2**2w0 in B(0, 7o),
that thus satisfies

(4.19) / lwo|? da > 0.
B(O,’I"[))
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Independently, (£I5) and ([£I8) show that, up to assuming that rg is small enough,
we have

(4.20)

dg (‘Tskag(ykvroyk)) — +00

Hey,

as k — +oo. We let qx = 5p., —n. As is easily seen, it satisfies gp < 2* (since
Der, < 2%), q — 2" as k — 400 and

2qx
Pey, — 2
We then have, by the C? convergence of wy, towards wo and by Hélder’s inequality,

/ lwo|? da = limsup/ |wg|™* dvg,
B(O,T‘o) k—4-o00 B(O,’I‘U)

= limsup/ [te, |7 dug
k=400 J By (yk,rovk)
ay
*

2
< lim sup / ue, |2 dv,
k—+o0 By (yr,rovk)

:O,

where the last equality follows from (@Il and [@20)). This is a contradiction with
(@19). Hence (AI4) cannot occur, which proves ([@I3)). O

For 0 < 0 < ig(M) we let

(4.21) 1e(6) = l[teell oo a1\ B, (z-.8)) -
By (£8), n:(6) - 0ase — 0 for any 0 < ¢ < iy(M) fixed.

Step 3: We claim that for any 0 < a < % there exists 0 < d, < ig(M) and
Cy > 0 such that, for any © € M\By(z, pe) and any 0 < e <1

—2 _(1—2« _4A0-o) — 4o
(4.22) [ue(z)| < Co (Naps2( )dg(xaax) 7e=2 + N (0a)dg (e, ) p:2)

holds.
Proof of @22). Let 0 < a < 1. For x € M\ By(., 1) we let

2 - (1—2«

2 4(1—a) e
(I)? (I) = #513572 )Gha (3357 33) n=2)pe=2) + ) (5)Gh5 (IEa fE) ("72;1(’)572) s

where G, is the Green’s function of Ay + h.. It follows from properties of the
Green’s function that there exists ¢/, > 0 such that

2 | ha( ) )| ( v 2) !/
VG Ler L)1 _ > 7 .
dg(x,xs) ( G (x57x)2 hs(aj) for dg(x,xs) < 5a

Let d, € (0,0!,) be such that
2||hl| o an) 0z < (n = 2)%a(1 - a)

and let 0 < § <, be fixed. We claim that there exists C' > 0 such that, for any
0<e<l,

Ug

(4.23) 7o

<C
Lo (M\Bg(ze,pe))
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holds. By (&) it is easily seen that (@22 follows from ([@23). We thus prove
[#23). We let, for any 0 < ¢ <1, y. € M\By(z, pte) be such that

uc(ye) uc ()
P2 (ye) P2 (x)

We proceed by contradiction and assume that, up to passing to a subsequence
(ek)k>0 with limy_,4+ o0 €, = 0, and up to replacing u., by —u., (which still solves

(@T3)), we have

TEM\ By (e, pre)

Ue (yEk)
(4.24) ;7 — 400
q)ak (ysk)
as k — 4o0o. We first assume that, up to a subsequence,
(425) He, = O(dg(y5k7‘r5k)) and dg(x5k’y5k) < da

as k — +oo. By definition of y., we have
Aguak (yak) > qu)gk (yé“k)

uﬁk (yek) n (I)gk (y5k)
On the one side, straightforward computations show that
AV (Ye) > (n—2)?

(4.26)

dg(xakayak) a(l - Oé) > 0 for dg({E,:EE) < O

¢?)€ (yak) n 2
as k — 400. On the other side, (I3) and [@25) show that
2 Bgtic, (Ye,)

dg(xak ’ yé“k) S dg(xé“k ’ yak)2|u8k (yak)|psk -2 + 2||h||L°°(M)5i

Uey, (ysk)

as k — +oo. With ([@I2), (£26]) and the choice of J,, this yields a contradiction for
k large enough, and shows that ([£.25) cannot happen. Thus we either have, up to

a subsequence, % — D € [1,400) or dg(xe,, Ye,) = 0o as k — +00. Using
Ek h
([#3) in the first case and ([@2]]) in the second case we obtain a contradiction with

(£24). This proves [A23) and thus ([@22]). O

Step 4: We claim that
(4.27) |uc(z)| < BX(z) for any z € M.
where B is defined in (33).

Proof of (A27T). We first prove a weaker statement. Let 0 < § < i4(M) be fixed.
We claim that there exists Cs > 0 such that, for any 0 <e <1 and x € M,
(4'28) |u5(I)| <Cs (B;L (I) + 775(5))

holds, where B is as in (B5). Let (y-)o<c<1 be any family of points in M. First, if
dg(ye, zc) > 6, ([A2])) follows from [@2I). We can thus assume that y. € B,y(z., )
for all 0 < e < 1. A representation formula for u. at y. gives, with (3],

ue(y) = / G (e )1 ()P 2ucy)dy

(429) By(msa#a)

+ / G (e ) () P2 () dy.
M\By(msuufs)
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Straightforward computations with (Z77), [@3) and [@I]) show that

(4.30) < B (ye)

/ G (ye, ) e (3) P~ (y)dy
Bg(mmﬂs)

(see e.g. [16, Proposition 6.1]). Straightforward computations using (L.1), ([E22)
and (@I show that

(4.31) N B: (ye) + 775(5):0571'

/ G (e, ) e ()P~ () dy
M\Bg (zsvﬂ'a)

Plugging (£30) and @31) in (£29) and since 7.(§) — 0 as ¢ — 0 proves (L.23).

We now claim that, for any 0 < ¢ < i4(M) fixed,

n—2

(4.32) 1e(0) S pe®

holds for £ small enough. With B.3), (£28) and ([@32)) this will conclude the proof
of @27). We prove ([@32) by contradiction: we fix 0 < § < i,(M) and, up to
passing to a subsequence (eg)r>0 with limy_, 4o e, = 0 we assume that

(4.33) O IR

He’
as k — 4o00. We let, for £ > 0 and for any z € M,

. _ ue, (@)
=)

and let y, € M\By(z.,,0) be such that |ix(yx)| = 1. By BF), (£2]) and (£33)
the family (dy)r>o is uniformly bounded in compact subsets of M\{zo}, where

xo = lim._,0z.. By (L3)), standard elliptic theory and since 7., (§) — 0 as k —
+00, 4y thus converges in C7 (M\{zo}), up to a subsequence, to some function
i € C*(M\{mo}) that satisfies A iig+hiip = 0 in M\{xo} and |io(yo)| = 1, where
Yo = limgtoo Y € M\By(z0,0). Passing (L28)) to the limit pointwise shows in
addition that we have

[io(z)| < Cs  for all x € M\{xzo}.

Classical arguments thus show that the singularity of 4y at x¢ is removable and
that g satisfies Agtg + hitip = 0 in M in a strong sense. This implies 4y = 0 since
Ay + h is coercive, which is a contradiction with |Gg(yo)| = 1. Thus (£32]) holds
true and ([£27) is proven. O

A consequence of [L27), (L3) and standard elliptic theory is the following esti-
mate on the first and second derivatives of u.: for 0 < k < 2,

n—2

,U/ 2
(4.34) |VFu. ()] < Y (; T forallz € M and 0 < ¢ < 1.
£ g\tes

Estimate (£34) follows from a scaling argument and from standard elliptic theory.

Step 5: we now claim that
O(pe) ifn=3
1
(4.35) 2" —pe = O(u?ln;) itn=4.
€
O(u?) ifn>5
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as ¢ — 0. In particular lim._,o 2 P = 1.

Proof of (A35)). Let 0 < § < iy(M) be fixed and let
Q. = By(xzc,0).

We write a Pohozaev identity for u. on €.: let X be any smooth vector field in M.
Integrating (L3) by parts against (X, Vu.) classically shows that

1
/ heus (X, Vug)dug —|—/ <VX - gdingg> (Vue, Vu.)dug
Qe Qe

1 1
(4.36) —|—/ —(X, 1/>|Vu5|2 — (X, Vue)0yus — —(X,v)|uc|P | doy
a0, \2 . Pe

1
=—— divy X|ue|Pe dvg
Pe Ja.

(see e.g. [I6, Proposition 6.2]). Let now X. be the smooth vector field whose
coordinates in the exponential chart at z. are (X.(x))" = 2*. For x € Q. and any
1 <i,j <n we have V;X{(x) = 6/ + O(d,(zc,7)?). As a consequence,

1
/ (vx - —diqug> (Vue, Ve )dvg = / (1 ~ 2 oW, -)2)) V. |2dv,
QE 2 < < QE 2 < <
and

1
—— divy X|ue[Pedvy, = / (—ﬁ + O(dy(-, )2> [ue|Pedvy.
DPe Ja. Q. DPe

Integrating (L3) by parts shows independently that

/ |Vu5|§dvg :/ |ue|Pedug —/ hsugdvg —|—/ U0y usdog,
Qe Q. Q. 00
so that ([A36]) becomes

1 1 /
nl——-—— e [P=dv
(2* ps) QE| 8| 7
n—2 ,
= 5 Ue + heu (X, Vue) | dug
Q.
+ O </ dg(fjj87 .)2|Vu5|§dvg —|—/ dg(xs, .)2|u5|205dvg)
Q. ¢

=

1 -2
+/ (_<Xa V>|Vus|£2; - <X7 Vus>auus - 5 U0, U
0.

2

1
—p—(X, 1/>|u8|p5> doyg.

€

Straightforward computations using [@27)) and [@34]) show that
[ a1 Vuclido, + [yl
E E O ifn=3
+/§ |heue (X, Vue)|dvog + /Q |he|utdv, = { O(uZIn i) ifn=4.

e
O(u?) ifn>5
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By [@27) and [@34)) we have

1 -2 1
/BQ (§<X, )| Vue|, — (X, Vue)d,ue — nTuaﬁ,,ua - p—€<X, V>|’U,€|p5) do, = O(u2=?).

Plugging the latter computations in (£36) thus shows that

O(pe) ifn=3
(4.37) n (i - i) / P dv, = 4 OG2In—) ifn=4.
2* pe Q. ’ He
O(u?) if n>5

Finally, using (1) and (£9), Fatou’s lemma shows that

/ |u5|p5dvg >

=

for some positive ¢y > 0 independent of e. Going back to ([@3T) thus proves

(.33). O

Step 6: End of the proof of Proposition[4.Il We are now in position to con-
clude the proof of Proposition Il The equality ¢ = 1 follows from (6] and (£35)
and we thus only need to prove ([@I). We proceed by contradiction and assume
that (@3] is false: up to passing to a subsequence (ej)r>0 with limy_, 40 €1 = 0,
there exists a sequence (yx)r>0 of points of M such that

(4.38) e, (yr) — Bk "<k (yi)| > no B2 (yr)

for some 79 > 0, where B#<*s and B are as in ([L2) and [B.0). Since by (L35) we
have ¢ = 1, ([@9) shows with (L38)) that

dy(@ey s Yer)

4.39
( ) Hey

— +00

as k — +o00. We write a representation formula for u., in M: if Gj,._again denotes
the Green’s function for A, + he,, we have with (L3)):

(@40 ) = [ Gh (9 )P e () )
M
Let R > 1 be fixed and let € B(0, R). By (1) and (£39) we have

(n— 2)Wn71dg($sk ) yk)n_2Ghak (eXpmsk (pe,, ), yk)) —1 if dg(‘rakvyk) =0

uniformly in B(0, R) as k — +oc. Since h., — h in C'(M) we also have

G, (v exp, (1)) = Galwe, o) +0(1) i dy(we,, ya) £ 0
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as k — —+oo. Since y, satisfies (@39), and by [@I)), the dominated convergence
theorem gives with the definition (£4)

/ Ghsk (yka ')|u5k|p€k 72u5kdv!]
Bg(msk >Rl’«sk

n—2 *
= (1+0(1))G , 2 / V2" ~2vd
(4.41) ( o(1)) he, (Tey > Yh) ey B(O,R)| | €

= (14 0(1))Gh., (e, y1) (0 — Dwa_ritd (MV) + O(R™))
= Bl () + o(Be, () + O(R B, (k)

where A(V) is as in (24]), where the third line follows from (2.8)) and (23] and the
last one from ([@2) and ([£39). Independently, straightforward computations show

with (@21) that

} / Ghsk (ylw )|u€k |p5k _2u€k d’l}g
M\Bg(wskvRNEk)

holds. Plugging the latter and (@41 in (£40) shows that, for any fixed R > 0 and
for any k large enough we have

ey (yr) = Bk (y) + 0 (BZ (yr)) + O (BB (ur)) -

By choosing R large enough and passing to a subsequence we get a contradiction
with ([@38]). This concludes the proof of Proposition 1] [J

-2
S RBZ (yk) + o (BZ (yr))

We conclude this section by showing an improvement of (£34) when k& = 1 that
will be needed in the next section. Let (he)o<e<1, (Pe)o<e<1 be as in the statement
of Proposition[dIland let (ue)o<e<1 be a family of solutions of (L3)) satisfying (L.4)
for some ¢ > 0. In particular Proposition ] applies to (ue)o<e<1 and ([@H) holds.
We claim that there exists a family of positive real numbers (o¢ )o<e<1, With oo — 0
as ¢ — 0, and a positive constant C' such that for any x € M and any 0 < e <1
we have

/’l‘s 2 n—2

Cuz?
(e + dg(ze, )t T

(4.42) Vue(z) — VB (2)| < o,

where BF=:"¢ is as in ([{2]).

Proof of @Z2). Let 0 < 2§ < ig(M) be fixed. We define w.(z) = uc(exp,_(z))
for € B(0,20). We first prove that there exists a family (o¢)o<e<1, with oo — 0
as € — 0, and a constant C' > 0 such that for any « € B(0,2J) and any 0 < e <1
we have

T e 2 n—2

<og.—————— +Cuz? .
ua)‘ (e +Jafyrt

Let # € B(0,26). The representation formula ([40) can be differentiated with
respect to x: this gives, for 1 <i <mn,

Dywo(z) = /M 0,G. (exp,. (2), ) lue (1)~ 2ue (y)dvg (y),

(4.43)

O (@) - ¥ 0V (

where we have let 0;Gp,_ (exp,_(7),y) = B%i (Gh. (exp,_(),y))(x). Standard results
on the Green’s functions (see e.g. [32]) show that there exists C' > 0 such that for
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all £ small enough and all z,y € B(0,2J),

1 (x—y)
Wn— 1|x_y|n

(4.44) 0,G. (exp,_ (2), exp,, (y))+ < Cla—yP ™" +Cla| fa—y|'™

~ _n=2
holds. Let now, for x € R, V.(x) = ps 2 V(i) Let (ze)o<e<1 be any family of
points in B(0,26). Straightforward computations using ({33 and (@3] show that

n—2
U (e —y)i —277 fe® n=2
81'102 :—/ 7‘/1?5 Vd Jof —2= +O 5
= B(0,28) Wn—1 |2 — y|"| | Y (ke + |2e])n 1 (ke
n—2
1 (e —Y)i o 2r =20 fe 2 n-2
=— R Sad | Vidy + o ————— | +0(p? )
~QWWWWEM" (e + [zl :
1 - - N
+/ e (122 = V]2 Ve,
B(0,26) Wn—1 |ze — y|™

Let us estimate the last term. Using the control ([{6]) , we get that

/ 1 (Za — ) (lV |2 -2 |‘7€|p5—2) ‘;'Edy
B

(0,26) Wn—1 |ze —y|™

< / |Za - yll_"
B(0,25)

g/' o eyt
B(0,26)N{|Vz|<pe 2}

+/ N n—2 |Z€_y|l_n
B(0,28)n{|Ve|>pu. 2}

< oplT e 1)+/ N A
(025)ﬂ{|\7€‘2#52 }

The control (Z8) and (@8] yield
~ n=2 ~ %
A e A e )

Ve[ =0 = 1] - Ve~

Ve[ =0 1] - V2=~

Vel =7 = 1] - Ve

|f/6|2*7ps —1- |f/s|psfldy

as € — 0, so that we get

e Qi;hvﬁ2vw+o(—ﬁ17:>+ow?v
R

n Wp—1 |Z€ y|n (ME + |Z€|

e + |2

= 31"75(25) + 0<%> + O(N:%z)a

where the last equality follows from a representation formula for (L2) in R™, since

V € X. This proves ([L43). Estimate (£42) now follows from (@I, (£43), (m

and the explicit expression of BH=-"< in ([{I2]).

Remark 4.2. We assumed for simplicity here that A, + h is coercive. If A;+h had
a kernel and, more generally, if (u:)o<e<1 was a finite-energy family of solutions
of (L3) (without the one-bubble assumption (4])), an analogue of Proposition [£1]
would still hold. We refer for instance to Premoselli [28] where a generalisation
of Proposition 1] was proven when p. = 2* for all 0 < ¢ < 1, in the general
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multi-bubble case and when Ay + h is allowed to have a kernel. The proof of [2§]
allows to deal with any multi-bubble configuration and would still adapt to the
asymptotically critical setting p. < 2*, p. — 2* as a careful inspection of the proof
shows. In the one-bubble case (L)) that we consider here, the proof of Proposition
AT that we gave in this section is shorter and more direct.

5. PrRooF oF THEOREMS [I.1] AND

Throughout this section we let (M™,g),n > 3 be a smooth, connected and
closed manifold, (h:)o<e<1 be a family of C! functions in M converging in C'*(M)
towards h and let (pc)o<e<1 be a family of real numbers satisfying 2 < p. < 2* for
all 0 < € <1 and such that lim._,o p. = 2*. We assume that Ay +h is coercive. We
assume again, as in Section [l that (u.)o<e<1 is a family of possibly sign-changing
solutions of ([3)) satisfying (L4):

ue = cB. +o(1)  in HY(M),

for some ¢ > 0, where Be is a family of bubbles as in Definition Bl centered at
2. with radius pe and modeled on V € X. In particular the analysis of Section @l
applies: Proposition ], (@34)) and (£42) show that there exists a family (o¢)o<e<1
with 0. — 0 as ¢ — 0 and a positive constant C' such that, for any x € M and any
e >0,

|u5(:1:) — BHter®e (:1:)| < O’EB;L(I),

n—2

5.1 _ Bk ()| < jre_ =
(5.1) }Vug(:t) VB (;v)‘ < o. (e T dg (e 2 +Cpu and

(1t + dg(2e, )" |VFuc(2)] < CBH (z)  for k=1,2

hold, where B and B*='®< are as in ([3.) and ([£2). Equation ([£33)) also applies
and shows that 2* — p. = O(pe). In this section we will prove Theorem [[1] using
(ET0). We first recall the classical conformal normal coordinates result of Lee-Parker

[18]. It states the existence of a positive function A € C'°°(M x M) such that, letting
4
Ay(z) = Ay, z) for any y,x € M and g, := A, g we have
Ay(z) =1+ 0 (dg, (y,2)?),
Ricy, (z) = O (dy, (y,2))
Sy, = O (dg,(y,2)*)  and

VIg(@) =140 (dy, (v.2)) "

as dg, (y,x) — 0, for a fixed N large enough, where Ric,, denotes the Ricci tensor

(5.2)

of g, and where it is understood that /|g,| is computed with respect to the ex-
4

ponential map of g, at y. For € > 0 we let g,. = Az 7% g and we let exps’s be the
exponential chart of g,  at z.. Let 0 > 0 be such that 26 < infeensig, (M). We
define g. and v, in B(0,20) C R™ as follows:

g = (expng)* 9. and
5.3
(5:3) ve(z) = e expirs .

Ay,
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First, (0.2) shows that, for any fixed € M, we have
(5-4) dy, (2,y) = dg(,y) + O (dg(2,y)°) as dyg(w,y) = 0.
The latter with (Z8), [2) and (E1)) implies that
- ~ n2
ve(x) — V;‘(x)’ < 0.Bf (x) +Cpe”

n—2

W 2 n—2

(5.5) ‘Vvs(x) - V‘N/E(x)‘ <o, +Cups? and

€
= (pe + )t
(pe + dg, (x2, )" |VFoe(2)| < CBF(z)  for k=1,2
for any = € B(0,24), where C' > 0 is independent of ¢ and where we have let

n—2

- - - _n—2
Bt (x) = I wd1um=us2V(i).
(12 + m2) ™ e
€ n(n—2)
Moreover, it follows from ([9) that
n—2
(5.6) gl_% 0. =V in C3.(R™), where 0.(z) := pe > ve(pe).

Using (L3) and the conformal invariance property of the conformal Laplacian it is
easily seen that v. satisfies

(5.7) Acve 4+ Ac(ve) + heve = AP~ o [P =20, in B(0,26),
where A, := A,_ oexpy’®, ¢ denotes the Euclidean metric and where we have let
Ag=— E?:l ai27
(5.8) he(x) = |A27% (he — LJS (expiee ()

' c e © 4n-1)"7 e
and

n—2

(59) As(vs) = (Aga - Ag) Ve + msgsvs.

Integrating ([5.7) against (z, Vu.) + %520, in B(0,0) with respect to the Euclidean

metric yields the following Pohozaev identity (see Marques [21, Lemma 2.1]):

—2 J 1 .
/ (n 0D, ve — 5 [Vve|g + 8(9,ve)” + —AP=—2 5|v5|p5> do
2B(0,6) \ 2 2 Pe

1 *
=;-%m@fﬂﬂﬁm&wj“ﬂwwm
€ 3
1 1 p5—2* Pe
(5.10) +n P S0 AP |ve |Peda:

-2
—|—/ (:Ek(?kva + i v8> A (ve)dx
B(0,5) 2

_9 .
—|—/ (;vkakva + & Ua) hevedz.
B(0,)

In all the computations of this section it is intended that all the terms involving
pe — 2* disappear in the case where p. = 2* for any £ > 0. We now estimate all the
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integrals appearing in (GI0). First, straightforward computations using (5:2)) and
B3] show that

— (pe — 2°)a* O AL AP 12" o |Pe d

1 1 .
(5.11) +n<;~—§)ém&A%2hﬂmm
€ )
= e g [ Wt o(pe -2

and that

—2 4 1 .
/ (n vedyve = S| Vveg +6(9,ve)” + — AL 6|v€|pf) do
8B(0,6) 2 2 e

5.12
(5:12) 2y ifn>5

n— o(pz
= O(Ma 2) = { O(‘L:LQ) ifn=4

€

as € — 0. A simple integration by parts shows that

_9 .
/ <xk8kvs + r vs) hevedx
B(0,8) 2

1 A A,
= —/ Shevido — / (hs + —xk[)khs) vida,
2 JoB(0,5) B(0,9) 2

so that with (5H), we get that

/ (ﬁ@%+n_
B(0,6)

_ Pl kp i )2 o(u?) ifn>5
(514) = — /B(Oﬁ(;) <h5 + EI 8kh5) UEd.I + { O(M2) ifn =4

. 2 ifn>5
=— hev?dx + { olpe) s
/B(O,é) O(u2) ifn=4

(5.13)

2 .
vs> hev.dx

Let now w € C*°(B(0,25)) be a smooth function. We have, for any ¢ > 0 and by

G.2),
Agw—Agw = — (géj — 5”) ijw — Bi(ga)ijajw +0 (|x|N_1|Vw|5)

where repeated indices are summed over. By (5.2)) we have Ricy_(z.) = 0. Cartan’s
expansion of g. and the symmetries of the Riemann tensor show that for any 1 <
J<n

0.(9:)7 () = —5Ricy (a)ps® + O(Jaf?) = O(Jaf?).

By (B2) again we also have S,(x:) = 0, so that Rmg,_(z.) = Weyl,_(z.), where
Weyl,_is the (4,0) Weyl tensor of g.. Using again Cartan’s expansion of g. we find
that for any smooth function w in B(0,24), we have

1
(5.15) Ay w—Agw = §Weylg€ (xs)iquxpxqafjw + O (|z*|V?w]) + O (|=|*|Vuw]) .
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Applying the latter to v and using (B3] shows that

2

n—22
Me
Weyl  (z:); aPr19% 0. + O ——=— |.
ygg( a) pqj ij Ve ((Ms+|$|)"3>

_ !

Ac(ve) 3

Integrating the latter against z*0yv. "T_Qva thus gives, using again (&.0)), that

—2
/ (:Ekakva + i 5 v8> Ac(ve)dx
B(0,5)

1 —2
(5.16) = - Weyl,_ (Is)iqu/ xpxqafjvs (xkakvs + n v5> dx
3 B(0,6) 2
" o(p?) ifn>5
O(n?) ifn=4

where again repeated indices are summed over. We now separate between the cases
n =3, n=4and n > 5 and prove Theorems [[LT] and [[.2}

5.1. The case n > 5. With 9. and h. as in (5.6) and (5.8) a change of variables

gives
/ hedr = ,ug/ ﬁs(usx)ﬁgda:.
B(0,5) B(0,uz16)

It follows from (X)) that |o.(x)] < C(1 + |z[)*>~™ € L*(R™) for n > 5. Therefore,
using (B.0) and Lebesgue’s convergence theorem, we get that (5I4]) yields

/ (mkakva 1=
B(0,5)

:_Qmm—z%?%&@@>Rgﬂm4@+d@)

2 .
vs) hevedx
(5.17)

as € — 0, where z¢p = lim._,¢ x.. This limit exists up to passing to a subsequence
as € — 0, which will be implicit from now on. Note that the integral fR" V2dx is
finite by (2.8)) since n > 5.

We now deal with (&I0), still for n > 5. By construction g. converges towards
(exp‘gﬁo)* Gz, in CH(B(0,0)) as € — 0, so that Weyl, (%e)ipg; — VVeylgI0 (20)ipqg; as
¢ — 0, where the components of Weylgmo are measured in the exponential chart of
gz At zg. Since g, is conformal to ¢ and since Ay, (x0) = 1 we have g, (x0) =

g(z0), and by the conformal invariance of the Weyl tensor we also have
Weylgxo (20)ipgj = Weyly(0)ipgj

where the components of Weylg(:vo) in the right-hand side are measured in the
exponential chart of g at zp. By (&.0) and the dominated convergence theorem we
therefore obtain, with (516, that

-2
/ <xk8kvs + o vs) Ac(ve)dx
B(0,8) 2

1 -2
(5.18) = Weylg(xo)iqu/R xpxqafjv (xkakV + nTV) dx - pu2 4 o(p?)

3
—9)2 *
— (-2 </ |V |2 d:z:> Weyl, @ B - pZ + o(u?)

4n
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as € — 0, where we used the Definition 3.2l of Weyl, @ B. Using (£33) and plugging
GID), @12, E14), GEI7), @I) in (EI0) proves [LH) and concludes the proof
of Theorem [[T]

5.2. The case n = 4. It follows from Z4)), [@4), (2) and (EH) that

2
lim lim sup sup M —AV)| and
(5.19) R—=+400 50 2eB(0,R~1)\B(0,Ru.) e
' 3
lim lim sup sup M + 2)\(1/)1 =0.
R—=+00 50 zeB(0,R~1)\B(0,Ru.) He ||
For any fixed R > 0 we have, by (5.3) and (5.19),
2
AV

/ hev?dz = O(R'p2) + (h-(0) + ER)ug/ -
B(0,6) B(0,R—")\B(0,Rpu.) ||

where e — 0 as R — 400. As a consequence,
. N 1
/ hev?dr = (MV)2wshe(0) + 0(1) )2 o
B(0,6) H

€

as ¢ — 0. By ([&8) and going back to (BI4]) we therefore have, when n = 4,

/ (azkﬁkvs + vs) ﬁsvsda:
(5.20) B9

1 1 1
= —\V)%ws (h(xo) — 65’9(330)) ©21n = +o(pZln—)

€

as ¢ — 0, where as before we have let zg = lim._.g z.. We are left with the term
(BI6). Integrating by parts and using (B3] shows that

-2
/ a:pa:q[?fjvs <xk8kv5 + o vs) dx
B(0,8) 2

= / 2P 290;v.0jve dz + O(u2).
B(0,5)

(5.21)

Arguing as above we get by (5.5) and (G.19) that

Weyl, (20)ipq; / 2P 20;,v:05v. dx
B(0,5)

= O(R4,U,§) + Weylg(xo)iqu / :ppxq[)ivsﬁjvsda:
B(0,R=H\B(0,Rpe)

T

e
= AN(V)?p2Weyl, (o) / Pzt —dx
: IV [ 0, R-1 )\ B(0, Rpc) |z[* |2|*

+ O(R*12) + O(sRug In i)
= O(R*42) + O(crpIn #i)

where as before limp ;o €r = 0 and where the last term involving Weylg(:to)
vanishes by antisymmetry of Weyl (zq). Going back to (.16) with (2.2I) we have
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proven that

-2 1
5.22 / <3:k8 Ve + o vs) A (v)dx = o ,ug In —
(5.22) B(0,5) ; 2 (ve) ( Ma)

as ¢ — 0. Remark that by @2J) we have 2wsA(V) = [o. [V[*Vdz. With this

observation, using [38) and plugging (EI1), (I2), (EI4), ((20) and [E22) in
(EI0), we get (L), which proves Theorem [[2] for n = 4.

5.3. The case n = 3. We are left with the case n = 3. Using (BI1)) and (&I3) the
Pohozaev identity (510) writes as

1 1) 1
/ (—vsal,vs — —|Vvs|§ +8(0,v:)? + —A§i65|vs|p5) do
9B(0,5) \ 2 2 Pe

1

623 =569 [ [VIde+o(p.—o)

1 .
+ / (xk(?kva + —’UE)AS(CL') dx
B(0,5) 2

with .

Ao(@) = (A, = Do) ve + (S5, +he o,
where h. is given by (5.8) and where v, is defined in (5.3). First, by using (5.5)
together with (5I5]), we see that

1

i pé
A (2)] < for x € B(0,9).
Aefa)) S 0,9)

As a consequence, straightforward computations show that

1 -
(5.24) / (a:k[)kvs + —UE)AE(ZE) dz| = O(éus)
B(0,8) 2
as € — 0. Independently, (55) shows that
(5.25) [ AnCsfurdo| = ofie)
9B(0,6) Pe " °

as ¢ = 0. We now compute the remaining boundary term. It follows from ({4,

E2), &3), G7) and standard elliptic theory that

Ve ()

(5.26) lim == = AG(2) i Cf,e(B2s(0)\{0}),
e— 3

where we have let

(5.27) Ai=A4nA(V)

and
. G 970
G(z) = h(‘TOveXg)zoo (CL‘))
Az, (expz,” (z))
Here we recall that A(V') is the first term in the expansion at infinity of V' (see
24)), Gy, is the Green’s function for the operator A, + h in M, A, is as in (5.2)

for all z € Bys(0)\{0}.
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and expgf,o

G20) that

is the exponential map at x¢ with respect to ¢,. It first follows from

1 8
P 1 _9 2 2
;1_r)1(13,uE /83(0,5) <2v58,,vs 2|Vv5|5 + 0(0uve) > do

x| <1(;~a,,(;~ dvep 5@@)2) do.
9B(0,5) \ 2 2

By (2) and (54), and since Gp (o, -) satisfies the expansion (B8], there exists a
continuous function § : B(0,2d) — R such that
A 1

G(z) = el B(z) for all z € Bys(0)\{0}.

It follows from Definition B3 that 3(0) = my () and ) and (5.4) show that we
have

(5.28)

B()] < C; [VB(@)| < C(1+ |Inle||) for all & € Bys(0)\{0}.
Straightforward computations then show that

1an o 0,2 - 1
(5.29) / (5(;(9,,(; — §|VG|§ + 5(8,,6')2) do = —§mh($0) +es,
9B(0,5)

where lims_,ges = 0. Using [@34), plugging (&24), (&25), (28) and (E29) in

E23) and using (527) finally shows that
_ _0f2 2
(5.30) lim 6—p. 967 A(V)2mp, (o)
e=0 e fRS |V |6dx

This proves (7)) and concludes the proof of Theorem [[2 O

6. A NON-BLOWUP SITUATION

In this last Section we show how Theorem [[I] can be used to rule out the
existence of one-bubble blowing-up solutions of equations like:

(6.1) Ague + hue = |ue|? ~2"u,

at a given point, in some cases. In [§], Deng-Musso-Wei have proposed a creative
approach to construct families of sign-changing solutions (ug)->0 to the equation
1) that blow-up like a single bubble as in (L4]). The bubble that the authors
choose in [§] is one of the symmetric bubbles constructed in [7]. In their arguments,
Deng-Musso-Wei have introduced the function
n—4

pe:=h— cn(l + an K)Sg,
where £ is a parameter associated to the familie of bubbles in [7]. The function ¢y
plays a crucial role in the results of [§]. We show below how, under some conditions,
it is possible to use ¢, to rule out one-bubble blow-up.

We let (M, g) be a smooth, closed, connected Riemannian manifold of dimension
n > 5 that is locally conformally flat and has constant scalar curvature equal to —1.
This is for instance satisfied if (M, g) is a closed hyperbolic manifold. We define
n—2 n—4
n=-———=andwelet ]l <t <14+ ——o0.
c 4(n_1)an welet 1 <t <1+ 3

Let & € M be any point.
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Step [Bl1: We claim that there exists h € C°°(M) such that
h(&) = —ten

Vh(&) =0

V2h(zo) is positive-definite

A, + h is coercive in H'(M).

(6.2)

Under ([62), & is in particular a local strict minimum point of h.

We prove the Claim. Let for instance x € C°(R™) be a cutoff function with
0<x<1,x(z)=1in B(0,1) and x(z) = 0 in R™\B(0,2). Let, for 0 < § < #
and x € M,

hs(z) =1-— X(dg(ég,x)) +x(dg(§§’x)) ( —ten, + dg(ﬁo,x)z).

We claim that hs satisfies ([6.2)) for ¢ small enough (but fixed). Indeed, in By (&, d),
we have hs(z) = —tc, + dy(&o, )2, and straightforward computations show that

Ilhs — < Cé§?,

1 L3 (M)
so that Ay + hs is coercive for § small enough. This proves the claim.
Step [612: We now let h € C°(M) satisty ([G.2). For £ > 1 and £ € M we define

or(€) =€) = n (14 " 20)8,(€) = ©) + en 1+ " 24),
We claim that

3n
Ay + h is coercive;
(6.3) we(&) > 0 for all i > 1;
&o is a C*t—stable critical point of o, uniformly in £ > 1.
We prove the claim. We have that

n—4

we(&o) = Cn(l + n3—;4€—t) > cn(l +

for any ¢ > 1. Tt is easily seen with (G2]) that, for any ¢ > 1, & is a critical
point of ¢y satisfying ¢y(&y) > 0 and pp(&y) — +o00 as £ — +oo. Since & has
non-zero degree, it is a C'-stable critical point of h (following the terminology of
[19]). That is, there is 79 > 0 that satisfies the following: for any 0 < r < rq there
exists a > 0 such that any h € C*(B,(&,r)) satisfying ||h — ez e < @
has at least one critical point in By (§o,7). By definition of ¢, we observe that &
then remains a C'-stable critical point of , uniformly in ¢ > 1: that is, for any

0 < r <7y and «a as above, and for any ¢ > 1, any function ¢ € C'(By(&, 7))
satisfying ||@¢ — (pg”cl(m) < § has at least one critical point in B, (&, r). This
g 3

proves ([6.3]).

Step [B13: We claim that there is no family (uc)o<e<1 € C*(M) of solutions of

(1) such that
(6.4) u. = B. +o(1) in H'(M),

where B = (B:)c>0 is a bubble centered at (£). € M, lim. & = & as in
Definition B.11

—t)>0

n
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We prove the claim by contradiction. Since (M, g) is locally conformally flat, then
the Weyl tensor vanishes. It then follows from Theorem [II] of the present paper
that if there is blow-up like in ([G4]), then equation (L) in particular tells us that
(6.5) h(&o) + cn = h(&0) — cnSy(0) = 0.

But this is an obvious contradiction with (6.2)) since h(§y) = —tc, and ¢ > 1. This
proves the claim.
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