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Non-Hermitian Hamiltonians play a crucial role in the description of open quantum systems and
nonequilibrium dynamics. In this paper, we derive trade-off relations for systems governed by non-
Hermitian Hamiltonians, focusing on the Margolus-Levitin and Mandelstam-Tamm bounds, which
are quantum speed limits originally derived in isolated quantum dynamics. We extend these bounds
to the case of non-Hermitian Hamiltonians and derive additional bounds on the ratio of the standard
deviation to the mean of an observable, which take the same form as the thermodynamic uncertainty
relation. As an example, we apply these bounds to the continuous measurement formalism in open
quantum dynamics, where the dynamics is described by discontinuous jumps and smooth evolution
induced by the non-Hermitian Hamiltonian. Our work provides a unified perspective on the quantum
speed limit and thermodynamic uncertainty relations in open quantum dynamics from the viewpoint
of the non-Hermitian Hamiltonian, extending the results of previous studies.

I. INTRODUCTION

Non-Hermitian Hamiltonians are pivotal in various ar-
eas of quantum physics [1], notably in investigating open
quantum systems and analyzing dynamics that are not
in equilibrium. When the quantum system conserves the
norm, its time evolution should be described by a unitary
transformation, which in turn indicates that the genera-
tor associated with the unitary is a Hermitian matrix. A
quantum system that interacts with a measuring device
or its surrounding environment undergoes open quantum
dynamics. For an open system which exchanges energy
or particles, the state vector does not necessarily preserve
the norm whose dynamics admits non-Hermitian Hamil-
tonian. Typical examples of a non-Hermitian Hamilto-
nian include the Feshbach projection and quantum tra-
jectory approaches. The Feshbach projection approach
[2, 3] partitions the Hilbert space of a quantum system
into two subspaces, a model space and its complementary
space. Then, the approach projects the full Hamiltonian
operator onto the model space, which yields an effec-
tive Hamiltonian describing the dynamics in the model
space. In the quantum trajectory approach [4, 5], the
system is coupled to an environment that undergoes con-
tinuous measurement (see Refs. [6, 7] for reviews). Given
the measurement record, the state of the system can be
described by a stochastic Schrödinger equation, which,
on average, reduces to the Lindblad equation. In the
quantum trajectory, the system experiences both abrupt,
discontinuous jumps and smooth, continuous evolution.
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The former is induced by the jump operators, whereas
the latter smooth evolution is governed by the effective
non-Hermitian Hamiltonian.

In this paper, we derive trade-off relations for sys-
tems driven by non-Hermitian Hamiltonians. In partic-
ular, we focus on the Margolus-Levitin [8] bound and
the Mandelstam-Tamm bound [9]. These relations were
originally derived in the context of quantum speed lim-
its [8–14] (see [15] for a review). Starting from an initial
state, let τ be the time required for the system to become
orthogonal to the initial state. The Margolus-Levitin and
Mandelstam-Tamm quantum speed limits provide lower
bounds on τ , given by the inverse of the average and
the standard deviation of the Hamiltonian, respectively.
Here, we consider these two bounds for the case of non-
Hermitian Hamiltonians, and further derive bounds on
the ratio of the standard deviation to the average of an
observable. Such bounds on the ratio take the same form
as the thermodynamic uncertainty relation [16–20]. In
recent years, attempts have been made to understand
the speed limit and thermodynamic uncertainty relation
in a unified way [21–24]. Quantum speed limits for the
non-Hermitian Hamiltonian were derived in Refs. [25–
27]. References [25, 26] derived the Mandelstam-Tamm
quantum speed limit for the non-Hermitian Hamiltonian.
Reference [27] derived quantum speed limits for non-
Hermitian systems using geometric phase, which uses
the gauge-invariant Fubini-Study metric. In the present
study, we derive a Margolus-Levitin quantum speed limit
for non-Hermitian dynamics under the commutative con-
dition [cf. Eq. (22)]. Besides quantum speed limits, we
additionally derive thermodynamic uncertainty relations
for both Margolus-Levitin-type and Mandelstam-Tamm-
type bounds. As an example of the bounds, we apply
to the continuous measurement formalism in open quan-
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tum dynamics, where the dynamics is described by the
discontinous jumps and smooth dynamics induced by a
non-Hermitian Hamiltonian. Here, we provide a unified
perspective on the quantum speed limit and thermody-
namic uncertainty relations in open quantum dynamics
from the viewpoint of the non-Hermitian Hamiltonian.

II. METHODS

A. Non-Hermitian time evolution

Consider the non-Hermitian Hemiltonian H. In gen-
eral, H can be decomposed into

H(t) = H(t)− iΓ(t), (1)

where H(t) and Γ(t) are Hermitian operators. In the
Feshbach or quantum trajectory approach, it is guaran-
teed that Γ(t) is semipositive definite [1]. Consider a
state vector |ψ⟩, whose time evolution is governed by the
non-Hermitian Hamiltonian H(t):

i
d

dt
|ψ(t)⟩ = H(t) |ψ(t)⟩ . (2)

Apparently, Eq. (2) is a generalization of the
Schroödinger equation for the non-Hermitian case. It is
possible to consider an initial mixed-state case. When
the quantum state is density operator ρ(t), Eq. (2) can
be generalized to

dρ

dt
= −i(H(t)ρ(t)− ρ(t)H†(t)). (3)

Equation (3) reduces to the Heisenberg equation when
H(t) is Hermitian. By carrying out a purification process,
we can handle mixed states as if they were pure states.
Suppose that the initial state ρ(0) satisfies TrS [ρ(0)] = 1
and has the following eigendecomposition:

ρ(0) =
∑
l

pl(0) |ψl(0)⟩ ⟨ψl(0)| , (4)

where pl(0) is the eigenvalues satisfying pl(0) ≥ 0 and∑
l pl(0) = 1, and |ψl(0)⟩ is the corresponding eigenvec-

tor. Then we can purify ρ(0) as follows:

|ψ(0)⟩ =
∑
l

√
pl(0) |ψl(0)⟩ ⊗ |al⟩ , (5)

where al(0) is an orthonormal basis in the ancilla. Note
that the trace of the initial density operator is unity, and
thus ⟨ψl(0)|ψl(0)⟩ = 1. The time evolution of the purified
state in Eq. (5) is given by

i
d

dt
|ψ⟩ = (H(t)⊗ IA) |ψ⟩ , (6)

where IA is the identity operator on the ancilla (other
identity operators are defined analogously). When the

state is pure, IA is not required. From now on, when
calculating expected values, we will omit the IA if it is
obvious. It is easy to check

ρ(t) = TrA[|ψ(t)⟩ ⟨ψ(t)|]

= Te−i
∫
H(t)dtρ(0)Tei

∫
H†(t)dt, (7)

where T and T denote time-ordering and anti time-
ordering operators, respectively, and TrA is the partial
trace with respect to the ancilla. Since H(t) is non-
Hermitian, |ψ(t)⟩ does not preserve the norm. Therefore,
we introduce the normalized vector as follows:

|ψ̃(t)⟩ ≡ |ψ(t)⟩√
∥ |ψ(t)⟩ ∥

, (8)

ρ̃(t) ≡
∑

l pl |ψl(t)⟩ ⟨ψl(t)|
∥ |ψ(t)⟩ ∥

= TrA[|ψ̃(t)⟩ ⟨ψ̃(t)|], (9)

where ∥ |ψ(t)⟩ ∥ ≡ ⟨ψ(t)|ψ(t)⟩.

B. Quantum speed limit

The quantum speed limit [15] sets an upper bound on
the speed at which a quantum system can change. The
original formulation due to Refs. [8, 9] suggests that any
isolated quantum system moving between two orthog-
onal states requires a minimum amount of time spec-
ified by the statistics of the Hamiltonian. The quan-
tum speed limit can be broadly divided into two cate-
gories: Mandelstam-Tamm [9] and Margolus-Levitin [8]
type bounds. In the Mandelstam-Tamm type bound, the
minimum time is inversely proportional to the standard
deviation of the Hamiltonian. Suppose that the system
is isolated and has a time-independent Hamiltonian H.
Then, the Mandelstam-Tamm bound states

τ ≥ π

2∆H
, (10)

where ∆H ≡
√

⟨H2⟩ − ⟨H⟩2 is the standard deviation

and ⟨H⟩ is the expectation of H. On the other hand,
in the Margolus-Levitin bound, the minimum time is in-
versely proportional to the average of the Hamiltonian:

τ ≥ π

2(⟨H⟩ − Eg)
. (11)

where Eg ∈ R is the minimum eigenvalue of H (the
ground state energy). Eg is introduced to determine the
reference point of the energy, since the expectation of
the Hamiltonian can be arbitrary large while keeping the
dynamics unchanged. The initial derivation of Eq. (11),
as presented in Ref. [8], made use of a trigonometric in-
equality. Using a geometric approach, Ref. [28] derived
the slightly weaker bound:

τ ≥ 1

⟨H⟩ − Eg
. (12)
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Margolus-Levitin type Mandelstam-Tamm type

Lower bound ΛML(0, τ) =
e−⟨Γ⟩(0)τ − τ (⟨H⟩(0)− Eg)√

∥|ψ(τ)⟩∥
ΛMT (τ1, τ2) = cos

[∫ τ2

τ1

dt∆H(t)

]
Quantum

speed

limit

1 +
τ (⟨H⟩ (0)− Eg)− e−⟨Γ⟩(0)τ√

∥ |ψ(τ)⟩ ∥
≥ 2 sin2

(
LD(ρ̃(0), ρ̃(τ))

2

) ∫ τ2

τ1

dt∆H(t) ≥ LD (ρ̃ (τ1) , ρ̃ (τ2))

Thermodynamic

uncertainty

relation

∥ |ψ(τ)⟩ ∥
[e−τ⟨Γ⟩(0) − τ (⟨H⟩ (0)− Eg)]

2 − 1 ≥
(
⟨C⟩(τ)− ⟨C⟩(0)
∆C(τ) + ∆C(0)

)2 [
tan

(∫ τ2

τ1

dt∆H(t)

)]2

≥
(
⟨C⟩(τ2)− ⟨C⟩(τ1)
∆C(τ2) + ∆C(τ1)

)2

.

TABLE I. Summary of results. Lower bound Λ(τ1, τ2), quantum speed limit, and thermodynamic uncertainty relation for
Margolus-Levitin and Mandelstam-Tamm type tradeoff relations. LD(ρ1, ρ2) is the Bures angle for density operators ρ1 and
ρ2, and C is an Hermitian operator.

The original derivation for Eq. (11) provides a tighter
relation, but the geometric approach by [28, 29] of-
fers better intuition and clarity. A major distinction
between the Mandelstam-Tamm and Margolus-Levitin
quantum speed limits, given by Eqs. (10) and (11), re-
spectively, lies in the fact that the Mandelstam-Tamm
bound employed the standard deviation of the Hamil-
tonian, whereas the Margolus-Levitin bound utilizes the
average of the Hamiltonian. In the following, trade-off
relations, such as quantum speed limits and thermody-
namic uncertainty relations, are derived for quantum sys-
tems generated by non-Hermitian Hamiltonians. Rela-
tions based on the average are called Margolus-Levitin
type, whereas those based on the standard deviation are
referred to as Mandelstam-Tamm type.

C. Fidelity and tradeoff relations

In this manuscript, we derive both Mandelstam-Tamm
and Margolus-Levitin type tradeoff relations, where the
fidelity is crucial. Once the bound for the fidelity is ob-
tained, we can derive quantum speed limits and thermo-
dynamic uncertainty relations. In this section, we offer a
comprehensive overview of the current study. Consider

the fidelity
∣∣∣⟨ψ̃(τ2)|ψ̃(τ1)⟩∣∣∣, where |ψ̃(t)⟩ is the normal-

ized vector defined in Eq. (8). Suppose that the fidelity
has a lower bound:∣∣∣⟨ψ̃(τ2)|ψ̃(τ1)⟩∣∣∣ ≥ Λ(τ1, τ2), (13)

where Λ(τ1, τ2) is a lower bound comprising the operators
determined by the dynamics (e.g., Hamiltonian, jump
operators, etc.). Later, we will relate Λ(τ1, τ2) with the
physical quantities.

Let us derive quantum speed limits from Eq. (13). In
quantum speed limits, the distances between two quan-
tum states are of our interest. Among distance measures,
the Bures angle is widely employed in the literature [30]:

LD(ρ1, ρ2) ≡ arccos
[√

Fid(ρ1, ρ2)
]
, (14)

where Fid(ρ1, ρ2) is the quantum fidelity:

Fid(ρ1, ρ2) ≡
(
Tr

[√√
ρ1ρ2

√
ρ1

])2

. (15)

Note that, for pure states, the fidelity becomes
Fid(|ψ(t1)⟩ , |ψ(t2)⟩) = | ⟨ψ(t2)|ψ(t1)⟩ |2. A notable prop-
erty of the Bures angle is that it satisfies the monotonic-
ity under completely-positive and trace preserving map
(CPTP). Specifically, let E(•) be a CPTP. Then the Bu-
res angle satisfies

LD (ρ1, ρ2) ≥ LD (E(ρ1), E(ρ2)) . (16)

Using the monotonicity of the fidelity, we can derive the
quantum speed limit. Suppose that 0 ≤ Λ(τ1, τ2) ≤ 1.
Then the following relation holds:

arccosΛ(τ1, τ2) ≥ arccos
∣∣∣⟨ψ̃(τ2)|ψ̃(τ1)⟩∣∣∣

≥ LD (ρ̃(τ2), ρ̃(τ1)) . (17)

Equation (17) can be regarded as a quantum speed limit.
Using the fidelity, we can derive a quantum thermody-

namic uncertainty relation. Let us consider an observable
C, which is an Hermitian operator. We define the mean
and the standard deviation with respect to |ψ̃⟩:

⟨A⟩ (t) ≡ Tr[Aρ̃(t)] = ⟨ψ̃(t)|A|ψ̃(t)⟩ , (18)

∆A(t) ≡
√

⟨A2⟩ (t)− ⟨A⟩ (t)2, (19)

where A is an arbitrary Hermitian operator. We can
consider its mean ⟨C⟩ and standard deviation ∆C. Then
the quantum thermodynamic uncertainty relation gives
a lower bound for the scaled standard deviation ∆C/ ⟨C⟩.
Reference [31] used the fidelity to derive a quantum ther-
modynamic uncertainty relation using the lower bound
on the Hellinger distance [32]:

| ⟨ψ̃(τ2)|ψ̃(τ1)⟩ | ≤

[(
⟨C⟩(τ1)− ⟨C⟩(τ2)
∆C(τ1) + ∆C(τ2)

)2

+ 1

]− 1
2

,

(20)
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Using Eqs. (13) and (20), we obtain

Λ(τ1, τ2) ≤

[(
⟨C⟩(τ1)− ⟨C⟩(τ2)
∆C(τ1) + ∆C(τ2)

)2

+ 1

]− 1
2

. (21)

Equations (17) and (21) demonstrate that, once a lower
bound for the fidelity is obtained, we can derive quantum
speed limits and thermodynamic uncertainty relations.

III. RESULTS

As discussed in the previous section, the fidelity leads
to quantum speed limits and thermodynamic uncertainty
relations. Hence, a distinct lower boundary of the fidelity
results in a unique quantum speed limit and thermo-
dynamic uncertainty relation. The original Margolus-
Levitin and Mandelstam-Tamm quantum speed limits
concern the expectation and the standard deviation of
the Hamiltonian, respectively.

A. Margolus-Levitin type tradeoff relations

First, we consider the Margolus-Levitin type trade-
off relations, which include terms comprising the aver-
age of operators [Eq. (11)]. Here, we assume that the
non-Hermitian Hamiltonian H is time-independent. Fur-
thermore, we assume that H and Γ commute, that is

[H,Γ] = 0. (22)

Although this assumption appears to be restrictive, this
commutation assumption is satisfied by the dephasing
model, which descirbes a loss of coherence owing to inter-
actions with the environment, or quantum heat engine,
where the jump operators are limited to jumps between
energy eigenstates. Still, when considering an initial state
having coherence with respect to the energy eigenstates,
the dynamics becomes different from the classical dynam-
ics. These models are detailed in Appendix C.

BecauseH is Hermitian, H−EgIS admits the following
eigendecomposition (Eg in the minimum eigenvalue of
H):

H − EgIS =
∑
j

ϵj |ϵj⟩ ⟨ϵj | , (23)

where ϵj and |ϵj⟩ are the eigenvalues and eigenvectors,
respectively, ofH−EgIS (therefore, |ϵj⟩ is the eigenvector
of H as well). By definition, {ϵj} are nonnegative. Let γj
be the eigenvalue of Γ. We assume that γj ≥ 0 for all j
(that is, Γ is semipositive definite), which is satisfied for
the Feshbach or quantum trajectory approach [1]. From
now on, when calculating expected values, we will omit
the IS if it is obvious.

The original Margolus-Levitin quantum speed limit [8]
used the trigonometric inequality to derive the relation.

Later, Refs. [28, 29] showed that the Margolus-Levitin-
type speed limit can be obtained via geometric consid-
eration, where the fidelity between two quantum states
play a central role. We apply the procedure in Ref. [28] to
the system having a non-Hermitian Hamiltonian, which
leads to Eq. (12) for an isolated quantum dynamics.
For λ ∈ R, we define the state vector as

|ψλ(t)⟩ ≡ (e−i(H−λ)t ⊗ IA) |ψ(0)⟩ = eiλt |ψ(t)⟩ . (24)

Following the procedure in Ref. [28], the time derivative
of the fidelity

∣∣⟨ψEg
(0)|ψEg

(t)⟩
∣∣ is bounded from above

by ∣∣∣∣ ddt | ⟨ψλ(0)|ψλ(t)⟩ |
∣∣∣∣ ≤ |⟨ψλ(0)|(H− λ)|ψλ(t)⟩| . (25)

For details of the derivation of Eq. (25), please see Ap-
pendix A. Substituting Eq. (1) into Eq. (25) with λ = Eg,
we obtain∣∣∣∣ ddt ∣∣⟨ψEg (0)|ψEg (t)⟩

∣∣∣∣∣∣ ≤ | ⟨ψEg (0)|(H − Eg)|ψEg (t)⟩ |

+
∣∣⟨ψEg (0)|Γ|ψEg (t)⟩

∣∣ . (26)

We can bound the two terms on the right-hand side
of Eq. (26) by physical quantities. From Eq. (5) and
Eq. (24), the right-hand side can be decomposed as

⟨ψEg
(0)|(H − Eg)|ψEg

(t)⟩

=
∑
l

pl(0)
∑
j

ϵje
−i(ϵj−iγj)t| ⟨ϵj |ψl(0)⟩ |2

=
∑
j

Cjϵje
−iϵjt−γjt, (27)

⟨ψEg (0)|Γ|ψEg (t)⟩

=
∑
l

pl(0)
∑
j

γje
−i(ϵj−iγj)t| ⟨ϵj |ψl(0)⟩ |2

=
∑
j

Cjγje
−iϵjt−γjt, (28)

where Cj ≡
∑

l pl(0)| ⟨ϵj |ψl(0)⟩ |2 ≥ 0. Therefore, we
obtain∣∣⟨ψEg

(0)|(H − Eg)|ψEg
(t)⟩
∣∣2

=
∑
j,k

CjCkϵjϵke
−i(ϵj−ϵk)te−(γj+γk)t

=
∑
j,k

CjCkϵjϵk cos ((ϵj − ϵk) t) e
−(γj+γk)t. (29)

From cos(x) ≤ 1, ϵj ≥ 0 and γj ≥ 0 for all j, we obtain
the upper bound of the first term on the right-hand side
in Eq. (26) as follows:∣∣⟨ψEg

(0)|(H − Eg)|ψEg
(t)⟩
∣∣ ≤ ∣∣⟨ψEg

(0)|(H − Eg)|ψEg
(0)⟩

∣∣
= ⟨H⟩ (0)− Eg, (30)
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where we used |ψλ(0)⟩ = |ψ̃(0)⟩ = |ψ(0)⟩. Similarly, we
obtain the upper bound of the second term on the right-
hand side in Eq. (26) as follows:∣∣⟨ψEg (0)|Γ|ψEg (t)⟩

∣∣2
=
∑
j,k

CjCkγjγk cos ((ϵj − ϵk) t) e
−(γj+γk)t

≤
∑
j,k

CjCkγjγke
−(γj+γk)t =

∑
j

Cjγje
−γjt

2

. (31)

Substituting Eq. (30) and Eq. (31) into Eq. (26), we ob-
tain

− d

dt
| ⟨ψEg

(0)|ψEg
(t)⟩ | ≤

∣∣∣∣ ddt | ⟨ψEg
(0)|ψEg

(t)⟩ |
∣∣∣∣

≤ ⟨H⟩ (0)− Eg −
d

dt

∑
j

Cje
−γjt.

(32)

By integrating Eq. (32) from t = 0 to τ , Eq. (32) becomes

1− | ⟨ψEg
(0)|ψEg

(τ)⟩ |

≤ τ (⟨H⟩ (0)− Eg) + 1−
∑
j

Cj exp (−γiτ)

≤ τ (⟨H⟩ (0)− Eg) + 1− e−τ
∑

j Cjγj

= τ (⟨H⟩ (0)− Eg) + 1− e−⟨Γ⟩(0)τ , (33)

where we used the Jensen’s inequality for
∑

j Cj = 1 in

the second inequality and ⟨Γ⟩ (0) =
∑

j Cjγj .
As mentioned in Section IIC, we are interested in the

the fidelity
∣∣∣⟨ψ̃(0)|ψ̃(τ)⟩∣∣∣. Using Eq. (33), the fidelity is

bounded from below by∣∣∣⟨ψ̃(0)|ψ̃(τ)⟩∣∣∣ = | ⟨ψEg
(0)|ψEg

(τ)⟩ |√
∥|ψ(τ)⟩∥

≥ ΛML(0, τ), (34)

where ΛML(0, τ) is the lower bound given in Eq. (13) for
the Margolus-Levitin type tradeoff relations:

ΛML(0, τ) ≡
e−⟨Γ⟩(0)τ − τ (⟨H⟩ (0)− Eg)√

∥|ψ(τ)⟩∥
. (35)

Using the montonicity [Eq. (16)], from Eq. (34), we ob-
tain a quantum speed limit:

2 sin2
(
LD(ρ̃(0), ρ̃(τ))

2

)
≤ 1 +

τ (⟨H⟩ (0)− Eg)− e−⟨Γ⟩(0)τ√
∥ |ψ(τ)⟩ ∥

. (36)

Because sin(x)2 is an increasing function for 0 ≤ x ≤ π/2,
it is possible to make more significant changes to the state

provided the system with H and Γ having larger expecta-

tion values. Since 0 ≤
∣∣∣⟨ψ̃(0)|ψ̃(t)⟩∣∣∣ ≤ 1, Eq. (36) is non-

trivial when e−⟨Γ⟩(0)τ − τ (⟨H⟩ (0)− Eg) > 0. Assuming
this condition, since ∥ |ψ(τ)⟩ ∥ = ⟨ψ(0)|e−2Γτ |ψ(0)⟩ ≤ 1
from [H,Γ] = 0, we obtain the simpler relation:

2 sin2
(
LD(ρ̃(0), ρ̃(τ))

2

)
≤ τ (⟨H⟩ (0)− Eg) + 1− e−⟨Γ⟩(0)τ

≤ τ (⟨H⟩ (0)− Eg + ⟨Γ⟩ (0)) . (37)

When Γ = 0 (i.e., an isolated dynamics), Eq. (37) be-
comes identical to Eq. (12).
Using ΛML(0, τ) shown in Eq. (35), we can derive

a thermodynamic uncertainty relation from Eq. (21).
Again, assuming e−⟨Γ⟩(0)τ − τ (⟨H⟩ (0)− Eg) > 0, we ob-
tain

1[
e−τ⟨Γ⟩(0) − τ (⟨H⟩ (0)− Eg)

]2 − 1

≥ ∥ |ψ(τ)⟩ ∥[
e−τ⟨Γ⟩(0) − τ (⟨H⟩ (0)− Eg)

]2 − 1

≥
(
⟨C⟩(τ)− ⟨C⟩(0)
∆C(τ) + ∆C(0)

)2

. (38)

In Eq. (38), the term τ(⟨H⟩ (0)−Eg) is always positive for
a quantum dynamics. As in the speed limit of Eq. (36),
the accuracy of the observable increases when the system
with H and Γ exhibits higher expectation values.

B. Mandelstam-Tamm type tradeoff relations

Next, we consider the Mandelstam-Tamm-type trade-
off relations, that is, where the cost part includes the
standard deviation of operators [Eq. (10)].
The original derivation of the Mandelstam-Tamm

quantum speed limit was based on the Heisenberg-
Robertson uncertainty relation. Here, we follow the pro-
cedures developed in Refs. [26, 33]. Reference [33] proved
the Mandelstam-Tamm quantum speed limit considering
the time-derivative of the fidelity in an isolated quantum
system (i.e., Hermitian Hamiltonians). Reference [26] ex-
tended the approach of Ref. [33] to non-Hermitian Hamil-
tonians. For integrity of the paper, we review the results
of Ref. [26].
Let A be an arbitrary Hermitian operator and |ϕ⟩ be

a (normalized) state vector. Then it is known that the
following relation holds:

A |ϕ⟩ = ⟨A⟩ |ϕ⟩+∆A |ϕ⊥⟩ . (39)

Equation (39) can be generalized to a non-Hermitian op-

erator H(t) = H(t)− iΓ(t). Since |ψ̃(t)⟩ is normalized by
definition, we obtain

α(t) |ψ̃⊥(t)⟩ = (H(t)⊗ IA) |ψ̃(t)⟩ − ⟨H(t)⟩(t) |ψ̃(t)⟩ ,
(40)
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where |ψ̃⊥(t)⟩ is a normalized state vector orthogonal to

|ψ̃(t)⟩, i.e., ⟨ψ̃⊥(t)|ψ̃(t)⟩ = 0. Taking the squared norm
of this relation, we have

|α(t)|2 = ⟨H†(t)H(t)⟩(t)− |⟨H(t)⟩(t)|2 = ∆H(t)2, (41)

where

∆O(t) ≡
√
⟨O†O⟩(t)− |⟨O⟩(t)|2, (42)

for an arbitrary operator O. Equation (42) is a gener-
alization of Eq. (19) for the arbitrary operator case. By

differentiating | ⟨ψ̃(τ1)|ψ̃(t)⟩ |2, we obtain

d

dt

(
| ⟨ψ̃(τ1)|ψ̃(t)⟩ |2

)
= 2Im

(
⟨ψ̃(τ1)|H(t)|ψ̃(t)⟩ ⟨ψ̃(t)|ψ̃(τ1))⟩

)
− 2Im⟨H(t)⟩(t)| ⟨ψ̃(τ1)|ψ̃(t)⟩ |2. (43)

Substituting Eq. (40) into Eq. (43), we have∣∣∣∣ ddt (| ⟨ψ̃(τ1)|ψ̃(t)⟩ |2)
∣∣∣∣

= 2
∣∣∣Im(α(t) ⟨ψ̃(τ1)|ψ̃⊥(t)⟩ ⟨ψ̃(t)|ψ̃(τ1)⟩

)∣∣∣
≤ 2|α(t)|

∣∣∣⟨ψ̃(τ1)|ψ̃⊥(t)⟩
∣∣∣ ∣∣∣⟨ψ̃(t)|ψ̃(τ1)⟩∣∣∣ . (44)

Letting |ψ̃⊥⊥(t)⟩ be a vector that is othogonal to both

|ψ̃(t)⟩ and |ψ̃⊥(t)⟩, we can expand as

|ψ̃(τ1)⟩ = ⟨ψ̃(t)|ψ̃(τ1)⟩ |ψ̃(t)⟩

+ ⟨ψ̃⊥(t)|ψ̃(τ1)⟩ |ψ̃⊥(t)⟩+ β |ψ̃⊥⊥(t)⟩ . (45)

From ⟨ψ̃(τ1)|ψ̃(τ1)⟩ = ⟨ψ̃(t)|ψ̃(t)⟩ = 1, we have

| ⟨ψ̃⊥(t)|ψ̃(τ1)⟩ | ≤
√
1− | ⟨ψ̃(t)|ψ̃(τ1)⟩ |2. (46)

Let cosϕ ≡ | ⟨ψ̃(τ1)|ψ̃(t)⟩ | ≤ 1 for ϕ ∈ [0, π/2]. Sub-
stituting this definition into Eq. (44) and using Eq. (46)
and dϕ(t)/dt ≤ |dϕ(t)/dt|, we have

dϕ

dt
≤ |α(t)| = ∆H(t), (47)

where we used Eq. (41). Equation (47) was derived in
Ref. [26]. By integrating from t = τ1 to τ2 ≥ τ1, we
obtain the speed limit:∫ τ2

τ1

dt∆H(t) ≥ arccos
(
| ⟨ψ̃(τ1)|ψ̃(τ2)⟩ |

)
, (48)

which corresponds to Eq. (13) with Λ(τ1, τ2) =
ΛMT(τ2, τ2) defined by

ΛMT(τ1, τ2) ≡ cos

[∫ τ2

τ1

dt∆H(t)

]
. (49)

In Eq. (49), we assumed 0 ≤
∫ τ2
τ1
dt∆H(t) ≤ π/2. Apply-

ing the monotonicity relation to Eq. (48), we obtain the
quantum speed limit:∫ τ2

τ1

dt∆H(t) ≥ LD (ρ̃(τ1), ρ̃(τ2)) . (50)

Quantum speed limits are usually described as inequali-
ties that provide lower bounds for the elapsed time. By
expressing Eq. (50) in this way, Eq. (50) can be equiva-
lently given by

τ ≥ LD (ρ̃(0), ρ̃(τ))

∆H
, (51)

where ∆H ≡ 1
τ

∫ τ

0
dt∆H(t) is the temporal average of

the standard derivation of H. Equation (51) generalizes
the expression of Eq. (10) for non-Hermitian dynamics.
Similarly, using Eqs. (21) and (49), the corresponding

thermodynamic uncertainty relation becomes[
tan

(∫ τ2

τ1

dt∆H(t)

)]2
≥
(
⟨C⟩(τ2)− ⟨C⟩(τ1)
∆C(τ2) + ∆C(τ1)

)2

. (52)

Moreover, we can derive a thermodynamic uncertainty
relation for a short time limit. Let δ > 0 be an infinites-
imally small value. Taking τ1 = τ − δ and τ2 = τ , we
obtain

∆H(τ)2δ2 ≥
(
dt⟨C⟩(τ)δ
2∆C(τ)

)2

+O(δ3), (53)

where dt denotes the differential with respect to t. Hence,
we obtain

∆C(τ)∆H(τ) ≥ 1

2
|dt ⟨C⟩ (τ)| , (54)

which corresponds to the energy-time uncertainty rela-
tion for the non-Hermitian Hamiltonian.

IV. EXAMPLE: CONTINUOUS
MEASUREMENT

In the preceding sections, we have derived quantum
speed limits and thermodynamic uncertainty relations for
a quantum system having a non-Hermitian Hamiltonian.
The results are summarized in Table I. In this section,
for a specific example, we consider a quantum system
that undergoes continuous measurement, which includes
dynamics induced by non-Hermtian Hamiltonians. Our
focus is on a quantum Markov process, described by the
Lindblad equation. Let L be the Lindblad superoperator.
The Lindblad equation can then be expressed as

ρ̇S = LρS ≡ −i[HS , ρS ] +

NC∑
m=1

D[Lm]ρS . (55)

Here, HS denotes the system Hamiltonian, Lm denotes
themth jump operator wherem ranges from 1 toNC (the
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FIG. 1. (a) Example of quantum trajectory, where
the horizontal and vertical axes denote time and Pe =
TrS [ρS(t) |e⟩ ⟨e|] (|e⟩ is the excited state). Here, tk denotes
the time of the kth jump event. The trajectory comprises two
type of dynamics. The first is given by an effective Hamil-
tonian exp(−iHeff(tk − tk−1)), which induces a consistent,
smooth transition in the state. The second factor is the jump
operator term Lm. Contrary to the first, this factor causes a
sudden, abrupt jump in the state. (b) Trajectory when aver-
aging over all possible measurement outputs. The dynamics
obeys the Lindblad equation [Eq. (55)]. The time evolution
is eLt which is different from e−iHeff t.

number of channels), and D[L]ρS = LρSL
†− 1

2{L
†L, ρS}

is the dissipator describing the interaction between the
system and the environment. The Lindblad equation
can simulate both classical Markov processes and closed
quantum evolution. Setting HS to 0 yields the classical
Markov process, while setting Lm to 0 for all m corre-
sponds to an isolated quantum dynamics. Equation (55)
can be represented by

ρ̇S = −i
(
HeffρS − ρSH

†
eff

)
+

NC∑
m=1

LmρSL
†
m, (56)

where Heff ≡ HS − i
2

∑
m L†

mLm is the effective Hamil-
tonian which is a non-Hermitian operator. According to
Eq. (56), it can be seen that the state change in the
Lindblad equation comprises the smooth state change
by the effective Hamiltonian Heff and the discontinuous
change by the jump operators Lm. The Lindblad equa-
tion renders the dynamics when we do not measure the
environment. When we measure the environment, de-
pending on the measurement outcome, the system state
exhibits stochastic dynamics, which is called a quantum
trajectory. A quantum trajectory comprises the smooth
dynamics between two jump events is governed by the
non-Hermitian Hamiltonian (Fig. 1(a)). When averag-
ing over all possible quantum trajectories, the dynamics

of resulting density operator obeys the original Lindblad
equation (Fig. 1(b)).
The Lindblad equation can also be represented using

the Kraus representation:

ρS(t+ dt) =

NC∑
m=0

VmρS(t)V
†
m. (57)

where Vm is the Kraus operator defined as V0 = IS −
idtHeff and Vm =

√
dtLm for 1 ≤ m ≤ NC . The

Kraus operator should satisfy the completeness relation∑NC

m=0 V
†
mVm = IS . Applying the Kraus representation

repeatedly, we can express ρS(τ) by

ρS(τ) =
∑
m

VmK−1
· · ·Vm0ρS(0)V

†
m0

· · ·V †
mK−1

, (58)

where K is sufficiently large natural number and dt =
τ/K. From the Kraus representation of Eq. (58), we can
introduce the following matrix product state (MPS):

|Φ(τ)⟩ =
∑
m

VmK−1
. . . Vm0

|ψ(0)⟩ ⊗ |m⟩ . (59)

Further, taking dt → 0 limit in Eq. (59) keeping τ con-
stant, we can express |Φ(τ)⟩ using the continuous MPS:

|Φ(τ)⟩ = U(τ) |ψS(0)⟩ ⊗ |vac⟩ , (60)

where the operator U(τ) is defined as follows:

U(τ) = Te−i
∫ τ
0

dt (Heff⊗IF+
∑

m iLm⊗ϕ†
m(t)). (61)

In the equations above, T represents the time-ordering
operator, IF is the field identity operator, and ϕm(s) is
the field operator that fulfills the canonical communi-
cation relation. The vacuum state is denoted as |vac⟩.
The evaluation of fidelity between two states at different
times, ⟨Ψ(t2)|Ψ(t1)⟩, is difficult with the continuous MPS
provided by Eq. (60). This is due to the fact that assess-
ing the fidelity between two continuous MPS at different
times is not feasible. Considering these constraints, we
use the scaled continuous MPS [22]:

|Ψ(t)⟩ ≡ V(θ) |ψS(0)⟩ ⊗ |vac⟩ , (62)

where θ ≡ t/τ is the scaled time and V(θ) is defined by

V(θ) ≡ Te
∫ τ
0

ds (−iθHeff⊗IF+
√
θ
∑

m Lm⊗ϕ†
m(s)). (63)

Let us consider the fidelity between two scaled cMPS
states, ⟨Ψ(0)|Ψ(t)⟩. Recall that

⟨Ψ(0)|Ψ(t)⟩ = TrSAF [|Ψ(t)⟩ ⟨Ψ(0)|]
= TrSTrAF [|Ψ(t)⟩ ⟨Ψ(0)|]
= TrSϱ(t), (64)

where ϱ(t) ≡ TrAF [|Ψ(t)⟩ ⟨Ψ(0)|]. Because |Ψ(0)⟩ =
|ψ(0)⟩ ⊗ |0⟩, the time evolution of ϱ(t) from 0 to dt is

ϱ(dt) = TrAF [|Ψ(dt)⟩ ⟨Ψ(0)|]
= V0TrA [|ψS(0)⟩ ⟨ψS(0)|]
= (IS − idtHeff) ϱ(0), (65)
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which implies the following differential equation:

ϱ̇ = −iHeffϱ. (66)

Thus far, we assumed that HS and Lm do not depend
on time t. It is straightforward to generalize the discus-
sion to consider time-dependent HS and Lm. Then, the
fidelity becomes

⟨Ψ(0)|Ψ(t)⟩ = TrS [Te−i
∫ t
0
dsHeff (s)ρS(0)]

= ⟨ψ(0)|Te−i
∫ t
0
dsHeff (s)|ψ(0)⟩ . (67)

In a similar way as in Eq. (24), we define

|ψ̂λ(t)⟩ ≡ (Te−i
∫ t
0
ds(Heff (s)−λ) ⊗ IA) |ψ(0)⟩ . (68)

By combining this relation with Eq. (67), we obtain

| ⟨Ψ(0)|Ψ(t)⟩ | = | ⟨ψ̂λ(0)|ψ̂λ(t)⟩ |. (69)

By applying the following replacement

H = HS , (70)

Γ =
1

2

∑
m

L†
mLm. (71)

we can apply the method discussed above.

A. Margolus-Levitin type tradeoff relations

Let us first consider Margolus-Levitin type tradeoff re-
lations in the continuous measurement formalism. Let
HS and {Lm} be time-independent. Since we required
the commutative condition given by Eq. (22) for the
Margolus-Levitin quantum speed limit, we assume that
HS and

∑
m L†

mLm commute, i.e., [HS ,
∑

m L†
mLm] = 0.

For instance, this condition is satisfied by the dephas-
ing model (Appendix C 1) or quantum heat engine (Ap-
pendix C 2). Let ES,g ∈ R be the minimum eigenvalue of
HS . By combining Eq. (34) and Eq. (35) with Eq. (69)
for λ = ES,g, we obtain

| ⟨Ψ(0)|Ψ(τ)⟩ | ≥ e−
1
2a(0)τ − τ (⟨HS⟩ (0)− ES,g) , (72)

where a(0) ≡ TrS
[∑

m L†
mLmρS(0)

]
, ⟨•⟩ (t) ≡

⟨Ψ(t)| • |Ψ(t)⟩ and we use ⟨Ψ(0)| • |Ψ(0)⟩ =
⟨ψ(0)| • |ψ(0)⟩. Hence, the lower bound for the fi-
delity corresponding the Margolus-Levitin type case is
given by

Λ̂ML(0, τ) = e−
1
2a(0)τ − τ (⟨HS⟩ (0)− ES,g) . (73)

where the hat is added to emphasize that ΛML is defined
for the continuous measurement formalism. Hereafter,
when the hat is added to an operator, it means that it is
an operator for the continuous measurement. Repeating

the calculation in Section IIIA, we obtain the quantum
speed limit:

1 + τ (⟨HS⟩ (0)− ES,g)− e−
1
2a(0)τ

≥ 2 sin2
(
LD(ρS(0), ρS(τ))

2

)
, (74)

and the thermodynamic uncertainty relation:

1[
e−

1
2a(0)τ − τ (⟨HS⟩ (0)− ES,g)

]2 − 1

≥

(
⟨Ĉ⟩(τ)− ⟨Ĉ⟩(0)
∆Ĉ(τ) + ∆Ĉ(0)

)2

, (75)

where we assume e−a(0)τ/2−τ (⟨HS⟩ (0)− ES,g) > 0. No-
tably, Eq. (75) can be represented by the dynamical ac-
tivity and the expectation value of the Hamiltonian. The
thermodynamic uncertainty relation of Eq. (75) shows
that, in the presence of coherent dynamics, the left-hand
side of Eq. (75) becomes larger.
In the classical case, H = 0 and thus the commutation

condition [HS ,
∑

m L†
mLm] = 0 is automatically satisfied,

so the Margolus-Levitin type tradeoff relations hold. The
classical case is discussed in Appendix B.

B. Mandelstam-Tamm type tradeoff relations

Next, we consider the continuous measurement for the
Mandelstam-Tamm type tradeoff relations. We define

|ψ̂(t)⟩ ≡ |ψ̂λ=0(t)⟩ = (Te−i
∫ t
0
dsHeff (s) ⊗ IA) |ψ(0)⟩ ,

(76)

where |ψλ(t)⟩ is defined in Eq. (24). Let us define the
pseudo density matrix and the variance with respect to
it:

ρP(t) ≡
1

Z(t)
Te−i

∫ t
0
dsHeff (s)ρS(0)Tei

∫ t
0
dsH†

eff (s)

= TrA[|˜̂ψ(t)⟩ ⟨˜̂ψ(t)|], (77)

where

Z(t) ≡ TrS

[
Te−i

∫ t
0
dsHeff (s)ρS(0)Tei

∫ t
0
dsH†

eff (s)
]

= ⟨ψ̂(t)|ψ̂(t)⟩ . (78)

We define the standard deviation of Heff for the pseudo
density operator as follows:

∆PHeff(t)

≡
√

TrS [H
†
eff(t)Heff(t)ρP(t)]− |TrS [Heff(t)ρP(t)]|2

=

√
⟨˜̂ψ(t)|H†

eff(t)Heff(t)|˜̂ψ(t)⟩ − ∣∣∣∣⟨˜̂ψ(t)|Heff(t)|˜̂ψ(t)⟩∣∣∣∣2,
(79)
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where |˜̂ψ(t)⟩ ≡ |ψ̂(t)⟩ /
√
∥ |ψ̂(t)⟩ ∥ is the normalized vec-

tor. This represents the standard deviation of the effec-
tive Hamiltonian Heff under the condition that no jumps
are present. From Eq.(77), note that the pseudo den-
sity matrix have unit trace. By combining Eq. (48) with
Eq. (69) for λ = 0, we have

| ⟨Ψ(0)|Ψ(τ)⟩ | =
√
Z(τ)| ⟨˜̂ψ(0)|˜̂ψ(τ)⟩ |

≥
√
Z(τ) cos

(∫ τ

0

dt∆PHeff(t)

)
. (80)

Hence, the lower bound for the fidelity corresponding to
the Mandelstam-Tamm type case is given by

Λ̂MT(0, τ) =
√
Z(τ) cos

(∫ τ

0

dt∆PHeff(t)

)
. (81)

Applying the monotonicity relation, we obtain a quan-
tum speed limit:

∫ τ

0

dt∆PHeff(t) ≥ arccos

(√
Fid (ρS(0), ρS(τ))

Z(τ)

)
.

(82)

Of course, in the case without a jump operator, it reduces
to the well-known quantum speed limit. Repeating the
calculation in Section III B, we obtain an uncertainty re-

lation:

1

Z(τ)
[
cos
(∫ τ

0
dt∆PHeff(t)

)]2 − 1 ≥

(
⟨Ĉ⟩(τ)− ⟨Ĉ⟩(0)
∆Ĉ(τ) + ∆Ĉ(0)

)2

.

(83)

V. CONCLUDING REMARKS

This study presents a unified framework for deriving
trade-off relations, including quantum speed limits and
thermodynamic uncertainty relations, for systems gov-
erned by non-Hermitian Hamiltonians. We extended
the Margolus-Levitin and Mandelstam-Tamm quantum
speed limits, originally derived for isolated quantum dy-
namics, to systems with non-Hermitian Hamiltonians.
Furthermore, we derived bounds on the ratio of the stan-
dard deviation to the mean of an observable, which have
the same form as the thermodynamic uncertainty rela-
tion. By establishing a link between the fidelity and
the derivation of the quantum speed limit and thermody-
namic uncertainty relations, we showed that their frame-
work extends the results of previous studies and provides
a more comprehensive understanding of these fundamen-
tal tradeoff relations. To demonstrate the applicability
of the derived bounds, we apply them to the continu-
ous measurement formalism in open quantum dynamics,
where the dynamics is described by discontinuous jumps
and smooth evolution induced by the non-Hermitian
Hamiltonian. The work presented in this paper provides
a unified perspective on the quantum speed limits and
thermodynamic uncertainty relations from the viewpoint
of non-Hermitian Hamiltonians, paving the way for fur-
ther advances in this area of research.

Appendix A: Derivation of Eq. (25)

Following Ref. [28], we calculate the differential of | ⟨ψλ(0)|ψλ(t)⟩ |:∣∣∣∣ ddt | ⟨ψλ(0)|ψλ(t)⟩ |
∣∣∣∣ = |⟨ψλ(t)|ψλ(0)⟩ ⟨ψλ(0)|dtψλ(t)⟩+ ⟨dtψλ(t)|ψλ(0)⟩ ⟨ψλ(0)|ψλ(t)⟩|

2 |⟨ψλ(0)|ψλ(t)⟩|

=

∣∣−i ⟨ψλ(t)|ψλ(0)⟩ ⟨ψλ(0)|(H− λ)|ψλ(t)⟩+ i ⟨ψλ(t)|(H† − λ)|ψλ(0)⟩ ⟨ψλ(0)|ψλ(t)⟩
∣∣

2 |⟨ψλ(0)|ψλ(t)⟩|

=
|Im (⟨ψλ(t)|ψλ(0)⟩ ⟨ψλ(0)|(H− λ)|ψλ(t)⟩)|

|⟨ψλ(0)|ψλ(t)⟩|

≤ |(⟨ψλ(t)|ψλ(0)⟩ ⟨ψλ(0)|(H− λ)|ψλ(t)⟩)|
|⟨ψλ(0)|ψλ(t)⟩|

= |⟨ψλ(0)|(H− λ)|ψλ(t)⟩| , (A1)

where |dtψλ(t)⟩ denotes d/dt |ψλ(t)⟩. Equation (A1) completes Eq. (25).

Appendix B: Classical Markov process

Consider the classical Markov process with N states
{B1, B2, · · · , BN}. Let P (ν, t) be the probability that

the state equals Bν at time t and let Wνµ be the time-
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independent transition rate from state Bµ to state Bν .

Taking HS = 0, Lνµ =
√
Wνµ |Bν⟩ ⟨Bµ| and ρS(t) =∑

ν P (ν, t) |Bν⟩ ⟨Bν |, the Lindblad equation is reduced
to the corresponding classical Markov process (see [22]).
Since [HS ,

∑
m L†

mLm] = 0, we can apply the calculation
in Subsection IVA.

Let Ω be a set of trajectory and let ω =
[(s0,m0), (s2,m2), · · · , (sN−1,mN−1)] ∈ Ω be a trajec-
tory with mk-th jump events at time sk. From I =∑

ω∈Ω |ω⟩ ⟨ω| and the Cauchy-Schwarz inequality, we
have

| ⟨Ψ(0)|Ψ(t)⟩ | ≤
∑
ω∈Ω

√
P0(ω)Pt(ω) = Bhat(P0,Pt),

(B1)

where Pt(ω) ≡ | ⟨Ψ(t)|ω⟩ |2. Here, we define the
Bhattacharyya coefficient between probability distribu-
tions P and Q on a common set Z as Bhat(P,Q) ≡∑

z∈Z
√
P (z)Q(z) [22]. Using the monotonicity of the

Bhattacharyya coefficient and Eq. (72), we obtain the
speed limit:

τ ≥
D 1

2
(P (ν, 0)∥P (ν, τ)))

a(0)
, (B2)

where a(0) ≡ Tr
[∑

m L†
mLmρS(0)

]
=∑

ν,µ(ν ̸=µ)WνµP (µ, 0). In Eq. (B2), D1/2(P∥Q)

denotes the Rényi divergence [34] defined as

Dα(P∥Q) ≡ 1

α− 1
ln
∑
z∈Z

P (z)αQ(z)1−α. (B3)

From Eq. (75), we obtain the uncertainty relation:

ea(0)τ − 1 ≥

(
⟨Ĉ⟩(τ)− ⟨Ĉ⟩(0)
∆Ĉ(τ) + ∆Ĉ(0)

)2

, (B4)

which agrees with Ref. [35].

Appendix C: Models satisfying the commutative
condition

In the case of Magolus-Levitin type tradeoff relations,
from Eq. (22), it is necessary that HS and

∑
m L†

mLm

commute. This condition is satisfied by the dephasing
model and quantum heat engine, which are reviewed in
this section.

1. Dephasing model

The dephasing model serves to illustrate the reduc-
tion in coherence due to environmental interactions [30].
While this model is typically characterized as a CPTP,

FIG. 2. Illustration of three states quantum heat en-
gine, which comprises three states: |eA⟩, |eB⟩, and |eg⟩. The
transitions between these states are coupled with heat reser-
voirs, each characterized by inverse temperature βr where
r = 1, 2, 3.

it can also be considered within the continuous time for-
malism. The Lindblad equation for the dephasing model
is given by

ρ̇S =
γ

2
(σzρSσz − ρS)

=
γ

2

(
σzρSσz −

1

2
{σzσz, ρS}

)
, (C1)

where σz ≡ |0⟩ ⟨0| − |1⟩ ⟨1| is the Pauli-Z operator and
γ is the decay rate, and we used the relation σ2

z = IS .
Apparently, the Lindblad equation of Eq. (C1) satisfies
the commutation condition [HS , L

†L] = 0. When writing
Eq. (C1) as the Kraus representation, we have

ρS(t+ dt) = qσzρS(t)σz + (1− q) ρS(t), (C2)

where q ≡ γdt/2. Specifically, suppose that ρS(t) is ex-
pressed as follows in the {|0⟩ , |1⟩} basis:

ρS(t) =

[
ρ00 ρ01
ρ10 ρ11

]
. (C3)

Then, ρS(t+ dt) becomes

ρS(t+ dt) =

[
ρ00 (1− 2q)ρ01

(1− 2q)ρ10 ρ11

]
, (C4)

which implies that the non-diagonal elements, i.e., co-
herence, decay due to interactions with the environment.
This shows that, for a long time limit in Eq. (C1), the
initial coherence eventually fades away.

2. Quantum heat engine

A quantum heat engine is an apparatus whose dy-
namics is described by quantum mechanics. By coupling
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the system with two or more heat reservoirs at different
temperatures, it usually transforms heat into work [36].
Moreover, quantum heat engines serve as the foundation
for quantum clocks, making their precision a crucial as-
pect to consider [36, 37].

Consider a three-state quantum heat engine as an ex-
ample comprising the states |eA⟩, |eB⟩, and |eg⟩ [38]. This
machine is powered by three heat reservoirs with different
inverse temperatures βr (r = 1, 2, 3). Each transition is
coupled to each of the heat reservoirs. The Hamiltonian
of this system can be represented as

HS = ω3 |eB⟩ ⟨eB |+ ω1 |eA⟩ ⟨eA| , (C5)

where ω1, ω2, and ω3 = ω1 + ω2 denote the energy gaps
between the levels (Fig. 2): |eA⟩ ↔ |eg⟩, |eB⟩ ↔ |eA⟩,
and |eB⟩ ↔ |eg⟩. The dynamics of the density operator
follows the Lindblad equation [Eq. (55)], where the jump

operators are specified by

Lνµ =
√
Wνµ |eν⟩ ⟨eµ| , (C6)

where ν, µ ∈ {A,B, g} and Wνµ is the transition rate
defined by

WgA = γ
(
nth1 + 1

)
, (C7)

WAg = γnth1 , (C8)

WAB = γ
(
nth2 + 1

)
, (C9)

WBA = γnth2 , (C10)

WgB = γ
(
nth3 + 1

)
, (C11)

WBg = γnth3 , (C12)

where nthr ≡
(
eβrωr − 1

)−1
and γ is the decay rate.

While the transitions induced by the jump operators are
confined to those between energy eigenstates, making the
dynamics similar to a classical Markov process, this is
not always true. Specifically, if the initial density opera-
tor contains coherence, represented by off-diagonal terms
with respect to the energy eigenstates, the dynamics de-
viate from the classical scenario.
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elles, October 28 to November 4, 1991 , Vol. 18 (Springer
Science & Business Media, 2009).

[6] A. J. Daley, Quantum trajectories and open many-body
quantum systems, Adv. Phys. 63, 77 (2014).

[7] G. T. Landi, M. J. Kewming, M. T. Mitchison, and
P. P. Potts, Current fluctuations in open quantum sys-
tems: Bridging the gap between quantum continuous
measurements and full counting statistics, PRX Quan-
tum 5, 020201 (2024).

[8] N. Margolus and L. B. Levitin, The maximum speed of
dynamical evolution, Physica D: Nonlinear Phenomena
120, 188 (1998).

[9] L. Mandelstam and I. Tamm, The uncertainty relation
between energy and time in non-relativistic quantum me-
chanics, J. Phys. USSR 9, 249 (1945).

[10] S. Deffner and E. Lutz, Generalized Clausius inequality
for nonequilibrium quantum processes, Phys. Rev. Lett.
105, 170402 (2010).

[11] M. M. Taddei, B. M. Escher, L. Davidovich, and R. L.
de Matos Filho, Quantum speed limit for physical pro-
cesses, Phys. Rev. Lett. 110, 050402 (2013).

[12] A. del Campo, I. L. Egusquiza, M. B. Plenio, and S. F.

Huelga, Quantum speed limits in open system dynamics,
Phys. Rev. Lett. 110, 050403 (2013).

[13] S. Deffner and E. Lutz, Energy-time uncertainty relation
for driven quantum systems, J. Phys. A: Math. Theor.
46, 335302 (2013).

[14] D. P. Pires, M. Cianciaruso, L. C. Céleri, G. Adesso,
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