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Abstract. We discuss exponential decay in Lp(RN ), 1 ≤ p ≤ ∞, of solutions of a fractional Schrödinger
parabolic equation with a locally uniformly integrable potential. The exponential type of the semigroup
of solutions is considered and its independence in of 1 ≤ p ≤ ∞ is addressed. We characterise a large
class of potentials for which solutions decay exponentially.

1. Introdution

In this paper we discuss exponential decay of solutions of fractional Schrödinger semigroups
{

ut + (−∆)µu+ V (x)u = 0, x ∈ R
N , t > 0

u(x, 0) = u0(x), x ∈ R
N

(1.1)

with 0 < µ ≤ 1, u0 ∈ Lp(RN ) with 1 ≤ p ≤ ∞.
The nonnegative potential V ≥ 0 belongs to the locally uniform space Lp0

U (RN ), which, for 1 ≤ p0 <

∞, is composed of the functions V ∈ L
p0
loc(R

N ) such that there exists C > 0 such that for all x0 ∈ R
N

∫

B(x0,1)
|V |p0 ≤ C

endowed with the norm
‖V ‖Lp0

U (RN ) = sup
x0∈RN

‖V ‖Lp0 (B(x0,1)).

For p0 = ∞ we define L∞
U (RN ) = L∞(RN ).

For µ = 1 and potentials 0 ≤ V ∈ L1(RN ) + L∞(RN ) it was proved in [1] that the exponential
decay in Lp(RN ) of solutions of (1.1) holds iff V is sufficiently positive at infinity in the sense that

∫

G

V (x)dx = ∞ (1.2)

for any open set G ⊂ R
N containing arbitrarily large balls, that is, such that for any r > 0 there exists

x0 ∈ R
N such that the ball of radius r around x0 is included in G.
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To extend this result to solutions of (1.1) with 0 < µ ≤ 1 and 0 ≤ V ∈ L
p0
U (RN ) we first prove in

Section 3 that if p0 > max{ N
2µ , 1} then for any 1 ≤ p ≤ ∞, (1.1) is well posed in Lp(RN ) and that it

defines a contraction semigroup of solutions u(t, u0) = Sµ,V (t)u0. This semigroup is order preserving,
strongly continuous if 1 ≤ p <∞ and analytic if 1 < p <∞, see Proposition 3.1. Moreover, for smooth
initial data, solutions can be represented in terms of the fractional unperturbed semigroup (that is,
when V = 0) and the variation of constants formula. Also, for nonnegative initial data, the larger
the potential, the smaller the solution is, see Proposition 3.3. If V ∈ L∞(RN ) then the variation of
constants formula applies to all initial data in Lp(RN ), see Proposition 3.4, and therefore it is natural
to consider potentials 0 ≤ V ∈ L

p0
U (RN ) that can be approximated in Lp0

U (RN ) by bounded ones and
to analyse the convergence of the corresponding semigroups, see Proposition 3.5 and Theorem 3.7.

With these tools, in Section 4 we address the exponential decay of solutions of (1.1) in Lp(RN )
with 1 ≤ p ≤ ∞ for potentials 0 ≤ V ∈ L

p0
U (RN ) satisfying (1.2). For this, we first prove that the

exponential decay, actually, the exponential type of the semigroup {Sµ,V (t)}t≥0, does not depend on
1 ≤ p ≤ ∞ and then characterise it in such a way that if solutions decay exponentially then (1.2) holds.
Conversely, if the potential can be approximated by bounded ones, then (1.2) actually characterises
the exponential decay, see Theorem 4.7.

Finally, in Section 2 we have included several known results for the unperturbed problem (1.1) with
V = 0.

In this paper we denote by c or C generic constants that may change from line to line, whose value
is not important for the results.

Also we will denote A ∼ B to denote quantities (norms or functions, for example) such that there
exist positive constants c1, c2 such that c1A ≤ B ≤ c2A.

2. Basi results on frational operators and semigroups

In this section we review several known results for the case of the unperturbed equation, that is,
(1.1) with V = 0.

First, for the standard heat equation, µ = 1, we have that for a wide class of initial data, including,
Lp(RN ) for 1 ≤ p ≤ ∞, the solution of (1.1) is given by

S(t)u0(x) =

∫

RN

k(t, x, y)u0(y) dy t > 0, x ∈ R
N , (2.1)

for the selfsimilar convolution kernel

0 ≤ k(t, x, y) =
1

t
N
2

k0

(

x− y

t
1
2

)

=
1

(4πt)
N
2

e−
|x−y|2

4t . (2.2)

In particular, (2.1) defines an order preserving semigroup of contractions in Lp(RN ), 1 ≤ p ≤ ∞
and

‖S(t)‖L(Lp(RN )) = 1, t > 0.

This semigroup is strongly continuous if 1 ≤ p < ∞ and analytic if 1 < p < ∞. In particular, if
1 ≤ p <∞ then for u0 ∈ L

p(RN ) we have

S(t)u0 → u0 as t → 0+ in Lp(RN ) for any 1 ≤ p <∞.

For all these classical results see e.g. [6].
If p = ∞ then for u0 ∈ L∞(RN )

S(t)u0 → u0 as t→ 0+ in Lp
loc(R

N ) for any 1 ≤ p <∞. (2.3)

Finally, because of the regularity of the kernel, we have that for 1 ≤ p ≤ ∞ and u0 ∈ Lp(RN ),
u(t) = S(t)u0 in (2.1) is of class C∞((0,∞) × R

N ) and satisfies the heat equation pointwise in
(0,∞)× R

N .
2



The semigroup of solutions possesses also several smoothing estimates among which we recall that
for 1 ≤ p ≤ q ≤ ∞ there exists a constant cp,q > 0 such that

‖S(t)‖L(Lp(RN ),Lq(RN )) =
cp,q

t
N
2
( 1
p
− 1

q
)
, t > 0.

The fractional powers of −∆ can be defined in many equivalent ways, see [14]. From the heat
semigroup (2.1) it can be defined as

(−∆)µφ(x) =
1

Γ(−µ)

∫ ∞

0
(S(t)φ(x) − φ(x))

dt

t1+µ

for 0 < µ < 1, which coincides with the nonlocal operator defined by

(−∆)µφ(x) = CN,µ P.V.

∫

RN

φ(x) − φ(z)

|x− z|N+2µ
dz (2.4)

with CN,µ =
22µµΓ(N

2
+µ))

πN/2Γ(1−µ)
, see [12]. When considered in Lp(RN ) for 1 ≤ p ≤ ∞ the domain of (−∆)µ

is the set of functions φ ∈ Lp(RN ) such that (−∆)µφ ∈ Lp(RN ) with the natural norm

‖φ‖Lp + ‖(−∆)µφ‖Lp ,

see [7, Section A.2] when 1 ≤ p < ∞ and [8, Appendix A] when p = ∞. For 1 < p < ∞ this domain

coincides with the Bessel space H2µ
p (RN ). When p = 2 these spaces will be denoted by H2µ(RN ).

Using [7, Lemma 6.2] we have in particular, that for 1 < p <∞,

‖(−∆)
1
2φ‖Lp(RN ) ∼

N
∑

j=1

‖∂jφ‖Lp(RN ) in H1
p (R

N ),

and for µ = 1
2 + µ′ ∈ (0, 1)

‖(−∆)µφ‖Lp(RN ) ∼
N
∑

j=1

‖(−∆)µ
′
∂jφ‖Lp(RN ).

In particular, for p = 2 and for µ = 1
2 + µ′ ∈ (0, 1)

‖(−∆)µφ‖L2(RN ) ∼

N
∑

j=1

[∂jφ]W 2µ′,2(RN )

where in the right hand side we have the Gagliardo seminorms

[φ]p
Wµ,p(RN )

=

∫∫

RN×RN

|φ(x)− φ(y)|p

|x− y|N+µp
dydx.

The fractional semigroup, that is, the semigroup defined by the fractional Laplacian, can be con-
structed from the heat semigroup for 0 < µ < 1 and 1 ≤ p <∞ as

Sµ(t)φ =

∫ ∞

0
ft,µ(s)S(s)φds =

∫ ∞

0
f1,µ(s)S(st

1
µ )φds, t > 0 (2.5)

and Sµ(0)φ = φ for φ ∈ Lp(RN ), where ft,µ is given by

0 ≤ ft,µ(λ) =







1
2πi

∫ σ+i∞

σ−i∞
ezλ−tzµ dz λ ≥ 0,

0 λ < 0,

σ > 0, and the branch for zµ is chosen such that Re(zµ) > 0 if Re(z) > 0, and we have
∫∞
0 ft,µ(s) ds =

1, see [7, Appendix A.3], [19, p. 259] and [19, (20’), p. 264]. This semigroup is bounded, strongly
continuous and analytic, see [7, Corollary 4.1] and [7, Appendix A.3]. For p = ∞ the same construction
is possible, although the semigroup is bounded and analytic but not strongly continuous, see [8,

3



Proposition B.1]. In particular, for 1 ≤ p ≤ ∞ and µ ∈ (0, 1), as the semigroup is analytic, see [15,
Proposition 2.1.1], we have that u(t) = Sµ(t)u0 with u0 ∈ Lp(RN ) solves

ut + (−∆)µu = 0, x ∈ R
N , t > 0, u(0) = u0

and for 1 ≤ p <∞ we have

Sµ(t)u0 → u0 as t→ 0+ in Lp(RN ).

When p = ∞ the following holds.

Proposition 2.1. For u0 ∈ L
∞(RN ) and 0 < µ < 1

Sµ(t)u0 → u0 as t→ 0+ in Lp
loc(R

N ) for any 1 ≤ p <∞.

Proof. Using the second expression in (2.5) and [19, formula (14), p. 262], if u0 ∈ L∞(RN ) and we
take a ball B ⊂ R

N , using (2.3) and Lebesgue’s dominated convergence theorem, we get

‖Sµ(t)u0 − u0‖Lp(B) ≤

∫ ∞

0
f1,µ(s)‖S1(st

1
µ )u0 − u0‖Lp(B) → 0 as t→ 0+.

Also, from (2.5) and the properties of the heat semigroup, it is easy to obtain that the fractional semi-
group is of contractions and order preserving in Lp(RN ) for 1 ≤ p ≤ ∞. Actually ‖Sµ(t)‖L(Lp(RN )) = 1

for all t ≥ 0, see e.g. [7, Corollary 3.7]. Moreover it satisfies, among other, the smoothing estimates

‖Sµ(t)‖L(Lp(RN ),Lq(RN )) =
cp,q,µ

t
N
2µ

( 1
p
− 1

q
)
, t > 0, (2.6)

for 1 ≤ p ≤ q ≤ ∞, see [5, Theorem 6.2] and [7, Proposition 6.5].
We also have for 0 ≤ γ ≤ γ′ ≤ 1, 1 < p ≤ q <∞

‖Sµ(t)‖L(H2γ
p (RN ),H2γ′

q (RN ))
≤

1

t
N

2mµ
( 1
p
− 1

q
)
max{cp,q,µ,

cγ,γ′,p,q,µ

t
γ′−γ

µ

}, t > 0. (2.7)

The fractional semigroup has a C∞, positive convolution self similar kernel such that

Sµ(t)u0(x) =

∫

RN

kµ(t, x, y)u0(y) dy t > 0, x ∈ R
N , (2.8)

0 ≤ kµ(t, x, y) =
1

t
N
2µ

k0,µ

(

x− y

t
1
2µ

)

∼
1

t
N
2µ

Hµ

(

x− y

t
1
2µ

)

, (2.9)

where

Hµ(z) = min

{

1,
1

|z|N+2µ

}

∼ Iµ(z) =
1

(1 + |z|2)
N+2µ

2

, z ∈ R
N . (2.10)

The profile k0,µ is even and satisfies

(−∆)µk0,µ =
x

2µ
∇k0,µ +

N

2µ
k0,µ,

see [9, Section 6], [4, 5]. Since the kernel is C∞ so the solution of the fractional heat equation in (2.8)
is C∞((0,∞) × R

N ), see [5].

3. The frational Shr

�

odinger semigroup

In this section we study the perturbed equations
{

ut + (−∆)µu+ V (x)u = 0, x ∈ R
N , t > 0

u(x, 0) = u0(x), x ∈ R
N

for potentials in the uniform space Lp0
U (RN ), wit p0 ≥ 1, that is, satisfying

‖V ‖Lp0
U (RN ) = sup

x0∈RN

‖V ‖Lp0 (B(x0,1)) <∞.

4



Proposition 3.1. Assume 0 ≤ V ∈ L
p0
U (RN ), for p0 >

N
2µ .

Then −(−∆)µ − V (x) defines an order preserving semigroup of contractions in Lp(RN ) for any
1 ≤ p ≤ ∞ which is strongly continuous if 1 ≤ p <∞ and analytic for 1 < p <∞ and that we denote
{Sµ,V (t)}t≥0.

These semigroups are consistent in the sense that the semigroup in Lp(RN ) and in Lq(RN ) give the
same result for any t > 0 if u0 ∈ Lp(RN ) ∩ Lq(RN ).

Also the semigroup in Lp′(RN ) is the adjoint of the semigroup in Lp(RN ) for 1 ≤ p < ∞ and
1
p
+ 1

p′
= 1.

Proof. Consider the bilinear symmetric, nonnegative definite form

a(φ,ψ) =

∫

RN

(−∆)
µ
2 φ(−∆)

µ
2 ψ +

∫

RN

V (x)φψ.

We first prove that is is well defined in the Bessel space Hµ(RN ). For this, denote by {Qi} the
family of cubes centered at points of integer coordinates in R

N and with edges of length 1 parallel to
the axes. Thus if V ∈ L

p0
U (RN ), for any φ,ψ ∈ Hµ(RN ) we have, using Hölder’s inequality,

∫

RN

|V (x)φψ| =
∑

i

∫

Qi

|V (x)||φ||ψ| ≤
∑

i

‖V ‖Lp0 (Qi)‖φ‖Lr(Qi)‖ψ‖Lr(Qi)

with 1
p0

+ 2
r
= 1 and Hµ(RN ) ⊂ Lr(RN ), that is µ − N

2 ≥ −N
r
. This implies in turn that we must

have p0 ≥ N
2µ (with strict inequality if p0 = 1 which implies r = ∞). Hence, using embedding

Hµ(Qi) ⊂ Lr(Qi), with constants independent of i, we get
∫

RN

|V (x)||φ||ψ| ≤ C‖V ‖Lp0
U (RN )

∑

i

‖φ‖Lr(Qi)‖ψ‖Lr(Qi)

≤ C‖V ‖Lp0
U (RN )

(

∑

i

‖φ‖2Hµ(Qi)

)
1
2
(

∑

i

‖ψ‖2Hµ(Qi)

)
1
2
≤ C‖V ‖Lp0

U (RN )‖φ‖Hµ(RN )‖ψ‖Hµ(RN ),

by Lemma 3.2 below.
Now if φ ∈ Hµ(RN ) then |φ| ∈ Hµ(RN ). To see this we will use the generalised Strook-Varopoulos

inequality, see [11, Lemma 5.2], for g(φ), (−∆)µφ ∈ L2(RN )
∫

RN

g(φ)(−∆)µφ ≥

∫

RN

|(−∆)
µ
2G(φ)|2 ≥ 0 (3.1)

with g′ = (G′)2. In particular, with g(s) = s and G(s) = |s| we get for φ, (−∆)µφ ∈ L2(RN ), that is,
for φ ∈ H2µ(RN )

∫

RN

φ(−∆)µφ ≥

∫

RN

|(−∆)
µ
2 |φ||2 ≥ 0

and we get, for φ ∈ H2µ(RN )
∫

RN

|(−∆)
µ
2 |φ||2 ≤

∫

RN

φ(−∆)µφ =

∫

RN

|(−∆)
µ
2 φ|2.

For φ ∈ Hµ(RN ), by density,
∫

RN

|(−∆)
µ
2 |φ||2 ≤

∫

RN

|(−∆)
µ
2 φ|2.

Thus |φ| ∈ Hµ(RN ).
In particular, if V ≥ 0 we have

a(|φ|, |φ|) ≤ a(φ, φ), φ ∈ Hµ(RN ). (3.2)
5



On the other hand, if 0 ≤ φ ∈ Hµ(RN ) then v = min{φ, 1} ∈ Hµ(RN ). To see this observe that
v = g(φ) with g Lipschitz and g′(s) = X [0,1](s). Then in (3.1) we have G(s) = g(s) and for smooth φ

∫

RN

|(−∆)
µ
2 g(φ)|2 ≤

∫

RN

g(φ)(−∆)µφ =

∫

RN

(−∆)
µ
2 g(φ)(−∆)

µ
2 φ

and Hölder’s inequality gives
∫

RN

|(−∆)
µ
2 g(φ)|2 ≤

∫

RN

|(−∆)
µ
2 φ|2, φ ∈ H2µ(RN).

Thus g(φ) ∈ Hµ(RN ). By density, if φn ∈ H2µ(RN ) converges in Hµ(RN ) to φ, the inequality above
and g(φn) → g(φ) in L2(RN ) implies that g(φn) → g(φ) weakly in Hµ(RN ) and we extend the
inequality to φ ∈ Hµ(RN ).

In particular, if V ≥ 0 we have

a(v, v) ≤ a(φ, φ), φ ∈ Hµ(RN ). (3.3)

Then from (3.2) and (3.3), [10, Theorem 1.3.2, pag 12] and [10, Theorem 1.3.3, pag 14], we have an
order preserving semigroup of contractions in Lp(RN ) for 1 ≤ p ≤ ∞. Moreover, from [10, Theorem
1.4.1, pag 22] the semigroup in Lp(RN ) is the extension of the one in L2(RN ), the semigroup in Lp(RN )

is the adjoint of the semigroup in Lp′(RN ) for 1 < p ≤ ∞, where 1
p
+ 1

p′
= 1. Also, the semigroup is

analytic for 1 < p <∞ and strongly continuous for 1 ≤ p <∞.

The following result, used above, was proved in Lemma 2.4 in [2].

Lemma 3.2. Let {Qi} be the family of cubes centered at points of integer coordinates in R
N and with

edges of length 1 parallel to the axes.
Then for any 0 ≤ s ≤ 2 and 1 < p <∞

∑

i

‖φ‖p
Hs

p(Qi)
≤ C‖φ‖p

Hs
p(R

N )
for all φ ∈ Hs

p(R
N ).

The next result shows in particular that, for suitable p, the semigroup {Sµ,V (t)}t≥0 above in L
p(RN )

can be represented in terms of the fractional semigroup {Sµ(t)}t≥0 and the variation of constants
formula (a.k.a. Duhamel’s principle), at least for smooth initial data.

Proposition 3.3. For 0 ≤ V ∈ L
p0
U (RN ) with p0 > max{ N

2µ , 1}, the semigroup u(t) = Sµ,V (t)u0
satisfies the following.

(i) For 1 < p < ∞ and p ≤ p0, the operator −(−∆)µ − V with domain D((−∆)µ) = H
2µ
p (RN )

is a sectorial operator and it is the generator of the analytic semigroup Sµ,V (t). Moreover, for

u0 ∈ H
2µ
p (RN ), we have u ∈ C([0,∞),H2µ

p (RN )) ∩ C1((0,∞), Lp(RN )) and

u(t) = Sµ(t)u0 −

∫ t

0
Sµ(t− s)V u(s) ds, t > 0.

(ii) For 1 ≤ p ≤ ∞ and u0 ∈ Lp(RN ),

|Sµ,V (t)u0| ≤ Sµ,V (t)|u0| ≤ Sµ(t)|u0|.

In particular, the semigroup Sµ,V (t) satisfies the smoothing estimates (2.6).

(iii) For 1 ≤ p ≤ ∞ and 0 ≤ u0 ∈ Lp(RN ), if V1 ≥ V2 then for u0 ≥ 0 we have 0 ≤ Sµ,V1(t)u0 ≤
Sµ,V2(t)u0.

Proof. (i) We show that the domain of (−∆)µ+V coincides with the domain D((−∆)µ) = H
2µ
p (RN )

and is a sectorial operator. Actually, denote by {Qi} the family of cubes centered at points of integer
coordinates in R

N and with edges of length 1 parallel to the axes. Thus if V ∈ L
p0
U (RN ), for any

φ ∈ H
2µ
p (RN ) we have, using Hölder’s inequality,

‖V φ‖p
Lp(RN )

=

∫

RN

|V |p|φ|p =
∑

i

∫

Qi

|V |p|φ|p ≤
∑

i

‖V ‖p
Lp0 (Qi)

‖φ‖p
Lr(Qi)

6



provided we chose r such that 1
p
= 1

p0
+ 1

r
, which is possible since p0 ≥ p. Now we use the Sobolev

embedding

‖φ‖Lr(Qi) ≤ C‖φ‖
H

2µs
p (Qi)

with constants independent of i, for −N
r
≤ 2µs − N

p
, which requires N

p0
≤ 2µs. Hence we get, using

Lemma 3.2,

‖V φ‖p
Lp(RN )

≤ C‖V ‖p
L
p0
U (RN )

∑

i

‖φ‖p
H

2µs
p (Qi)

≤ C‖V ‖p
L
p0
U (RN )

‖φ‖p
H

2µs
p (RN )

. (3.4)

Then, since p0 >
N
2µ we can take 0 < s < 1 above and then by interpolation

‖V φ‖Lp(RN ) ≤ C‖V ‖Lp0
U (RN )‖φ‖H2µs

p (RN ) ≤ C‖V ‖Lp0
U (RN )‖φ‖

s

H
2µ
p (RN )

‖φ‖1−s
Lp(RN )

and then, for any ε > 0,

‖V φ‖Lp(RN ) ≤ ε‖(−∆)µφ‖Lp(RN ) + Cε‖φ‖Lp(RN ), φ ∈ H2µ
p (RN ). (3.5)

The sectoriality result follows from Theorem 2.1 in Chapter 3 in [16]. The regularity of u(t) = Sµ,V (t)u0
when u0 ∈ H

2µ
p (RN ) also follows from Chapter 1 in [16]. In this case u satisfies

ut = −(−∆)µu− V u, t > 0

and we get the integral representation of u as V u ∈ C([0,∞), Lp(RN )), see Chapter 4, Section 4.2 in
[16].
(ii) Since Sµ,V (t) is order preserving, it is enough to prove the second inequality because for any order
preserving semigroup in Lp(RN ), since −|u0| ≤ u0 ≤ |u0| we have

|S(t)u0| ≤ S(t)|u0|.

First, for 1 < p ≤ p0, if 0 ≤ u0 ∈ H
2µ
p (RN ) we know that V ≥ 0, u(t) = Sµ,V (t)u0 ≥ 0 and Sµ(t) is

order preserving and then by (i)
∫ t

0 Sµ(t− s)V u(s) ds ≥ 0 and

u(t) = Sµ(t)u0 −

∫ t

0
Sµ(t− s)V u(s) ds ≤ Sµ(t)u0, t > 0

and (ii) holds for such initial data. By density we get the result for 0 ≤ u0 ∈ Lp(RN ). For initial data
in Lp(RN ) with p0 < p <∞ the result follows again by density from the case above.

Finally, for p = ∞ and 0 ≤ u0 ∈ L∞(RN ), consider 0 ≤ ϕ ∈ L1(RN ) and then

〈Sµ,V (t)u0, ϕ〉 = 〈u0, Sµ,V (t)ϕ〉 ≤ 〈u0, Sµ(t)ϕ〉 = 〈Sµ(t)u0, ϕ〉

and we get the pointwise inequality.
Now it is clear that the estimates (2.6) apply to Sµ,V (t).

(iii) Again, first for 1 < p ≤ p0, if 0 ≤ u0 ∈ H
2µ
p (RN ) and ui(t) = Sµ,Vi(t)u0 ≥ 0, by (i) u2(t) satisfies

(u2)t + (−∆)µu2 + V1(x)u2 +
(

V2(x)− V1(x)
)

u2 = 0, x ∈ R
N , t > 0

and then, since 0 ≤
(

V1 − V2
)

u2 ∈ C([0,∞), Lp(RN )),

u2(t) = Sµ,V1(t)u0 +

∫ t

0
Sµ,V1(t− s)(V1 − V2)u2(s) ds ≥ Sµ,V1(t)u0, t > 0.

By density, (iii) is proved for this range of p. For initial data in Lp(RN ) with p0 < p < ∞ the result
follows again by density from the case above.

Finally, for p = ∞ and 0 ≤ u0 ∈ L∞(RN ), consider 0 ≤ ϕ ∈ L1(RN ) and then

〈Sµ,V1(t)u0, ϕ〉 = 〈u0, Sµ,V1(t)ϕ〉 ≤ 〈u0, Sµ,V2(t)ϕ〉 = 〈Sµ,V2(t)u0, ϕ〉

and we get the pointwise inequality.

In the case of a bounded potential 0 ≤ V ∈ L∞(RN ), part (i) in Proposition 3.3 can be somehow
improved and for all 1 ≤ p ≤ ∞, the semigroup {Sµ,V (t)}t≥0 above in Lp(RN ) can be represented by
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the variation of constants formula for all initial data. Observe that actually the sign condition on V
is not needed in the proof below.

Proposition 3.4. Assume 0 ≤ V ∈ L∞(RN ). Then for 1 ≤ p < ∞ the operator −(−∆)µ − V with

domain D((−∆)µ) = H
2µ
p (RN ) is the generator of the semigroup Sµ,V (t).

For 1 ≤ p ≤ ∞ and u0 ∈ Lp(RN ), we have that u(t) = Sµ,V (t)u0 satisfies

u(t) = Sµ(t)u0 −

∫ t

0
Sµ(t− s)V u(s) ds, t > 0.

Proof. For 1 ≤ p < ∞ the semigroup {Sµ(t)}t≥0 is strongly continuous and the multiplication by V
is a bounded operator in Lp(RN ). Hence the result follows from Section 3.1 in [16].

Before dealing with the case p = ∞ observe first that for 1 ≤ p ≤ ∞ and T0‖V ‖L∞ < 1 the mapping

Fp(u)(t) = Sµ(t)u0 −

∫ t

0
Sµ(t− s)V u(s) ds

defines a contraction in L∞((0, T0), L
p(RN )) as

‖Fp(u)(t)‖Lp ≤ ‖u0‖Lp +

∫ t

0
‖V ‖L∞‖u(s)‖Lp ds

so Fp(u) ∈ L∞((0, T0), L
p(RN )) and

‖Fp(u)(t)−Fp(v)(t)‖Lp ≤

∫ t

0
‖V ‖L∞‖u(s)− v(s)‖Lp ds ≤ T0‖V ‖L∞ sup

0≤t≤T0

‖u(s)− v(s)‖Lp .

Take u1(t) for 0 ≤ t ≤ T0 the unique fixed point in L∞((0, T0), L
p(RN )) and consider for t ≥ T0,

Hp(u)(t) = Sµ(t− τ)u1(T0)−

∫ t

T0

Sµ(t− s)V u(s) ds.

With similar estimates as above it is immediate to get that this is also a contraction in L∞((T0, 2T0), L
p(RN ))

and has a unique fixed point u2(t) for T0 ≤ t ≤ 2T0. Then it is easy to get that the function

u(t) =

{

u1(t), 0 ≤ t ≤ T0

u2(t), T0 ≤ t ≤ 2T0

is a fixed point of Fp in L∞((0, 2T0), L
p(RN )). Proceeding by induction we get a fixed point of Fp in

L∞((0, kT0), L
p(RN )) for any k ∈ N. The uniqueness of the fixed point for Fp follows from Gronwall’s

lemma since for two such fixed points and t > 0

‖u(t)− v(t)‖Lp ≤

∫ t

0
‖V ‖L∞‖u(s)− v(s)‖Lp ds.

In particular, for 1 ≤ p <∞ and T > 0, u(t) = Sµ,V (t)u0 for 0 ≤ t ≤ T is the unique fixed point of

Fp in L∞((0, T ), Lp(RN )) for all T > 0.

Hence, if u0 ∈ Lp(RN ) ∩ L∞(RN ) with p > N
2µ then the semigroup solution in Lp(RN ), u(t) =

Sµ,V (t)u0 satisfies, using the integral expression and (2.6),

‖u(t)‖L∞ ≤ ‖u0‖L∞ +

∫ t

0

1

(t− s)
N
2pµ

‖V ‖L∞‖u(s)‖Lp ds

and therefore for any T > 0, Sµ,V (·)u0 ∈ L∞((0, T ), L∞(RN )) and so it is the fixed point of F∞ in
[0, T ] in L∞((0, T ), L∞(RN )).

Now for u0 ∈ L∞(RN ) take a sequence un0 ∈ L1(RN ) ∩ L∞(RN ) ⊂ Lp(RN ) with p > N
2µ such

that un0 → u0 weak-* in L∞(RN ) (for example, take the truncation by zero of u0 outside the ball
B(0, n) ⊂ R

N ). Then for any ϕ ∈ L1(RN ) and t ≥ 0, as n→ ∞ we have, since Sµ,V (t)ϕ ∈ L1(RN ),

〈Sµ,V (t)u
n
0 , ϕ〉 = 〈un0 , Sµ,V (t)ϕ〉 → 〈u0, Sµ,V (t)ϕ〉 = 〈Sµ,V (t)u0, ϕ〉

i.e. Sµ,V (t)u
n
0 → Sµ,V (t)u0 weak-* in L∞(RN ).
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On the other hand, setting un(t) = Sµ,V (t)u
n
0 and u(t) = Sµ,V (t)u0, we have,

〈un(t), ϕ〉 = 〈un0 , Sµ(t)ϕ〉 −

∫ t

0
〈un(s), V Sµ(t− s)ϕ〉.

Therefore, for fixed t > 0 and for 0 < s < t we have, as n→ ∞,

〈un(s), V Sµ(t− s)ϕ〉 → 〈u(s), V Sµ(t− s)ϕ〉

and for all n ∈ N

|〈un(s), V Sµ(t− s)ϕ〉| ≤ ‖V Sµ(t− s)ϕ‖L1 = g(s)

with g ∈ L1(0, t). Then Lebesgue’s theorem implies that, as n→ ∞, we get

〈u(t), ϕ〉 = 〈u0, Sµ(t)ϕ〉 −

∫ t

0
〈u(s), V Sµ(t− s)ϕ〉.

Hence, for all T > 0, u(·) = Sµ,V (·)u0 ∈ L∞((0, T ), L∞(RN )) satisfies, for all ϕ ∈ L1(RN ),

〈u(t), ϕ〉 = 〈Sµ(t)u0, ϕ〉 −

∫ t

0
〈Sµ(t− s)V u(s), ϕ〉, 0 < t < T

and therefore

u(t) = Sµ(t)u0 −

∫ t

0
Sµ(t− s)V u(s) ds

and u(·) = Sµ,V (·)u0 is the unique fixed point of of F∞ in [0, T ] in L∞((0, T ), L∞(RN )).

In view of Propositions 3.3 and 3.4, given 1 ≤ p0 <∞ we want to discuss the class of V ∈ L
p0
U (RN )

that can be approximated in L
p0
U (RN ) by bounded functions and to analyse the convergence of the

corresponding semigroups. Then we have the following result. Notice that below we use the class
L̇
p0
U (RN ) of functions in Lp0

U (RN ) such that the translations are continuous in the Lp0
U (RN ) norm, that

is, V ∈ L̇
p0
U (RN ) iff

‖τyV − V ‖Lp0
U (RN ) → 0, as |y| → 0

where y ∈ R
N and τyV (x) = V (x− y). This is a closed proper subspace of Lp0

U (RN ), see [3].

Proposition 3.5. (i) For 1 ≤ p0 < ∞ a function V ∈ L
p0
U (RN ) can be approximated in Lp0

U (RN ) by
bounded functions if and only if, defining

VM (x) =











M if V (x) > M

V (x) if −M ≤ V (x) ≤M,

−M if V (x) < −M

M > 0,

we have VM −−−−→
M→∞

V in Lp0
U (RN ).

(ii) If V ∈ L̇
p0
U (RN ) then V can be approximated in Lp0

U (RN ) by bounded functions.
(iii) Assume V is not too large at infinity in the sense that there exists M0 such that

lim
|x|→∞

∫

B(x,1)
|V (y)− VM0(y)|

p0 dy = 0.

Then VM −−−−→
M→∞

V in Lp0
U (RN ).

(iv) The class of functions in Lp0
U (RN ) that can be approximated in Lp0

U (RN ) by bounded functions is a

closed proper subspace of Lp0
U (RN ).

Proof. (i) Assume V can be approximated in L
p0
U (RN ) by bounded functions. Then there exists

Wn ∈ L∞(RN ) such that Wn −−−→
n→∞

V in L
p0
U (RN ). Letting Mn = ‖Wn‖L∞ , we have, for every

x ∈ R
N ,

∫

B(x,1)
|V (y)− VMn(y)|

p0 dy =

∫

B(x,1)∩{V ≥Mn}
|V (y)−Mn|

p0 dy +

∫

B(x,1)∩{V ≤−Mn}
|V (y) +Mn|

p0 dy
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and thus
∫

B(x,1)
|V (y)− VMn(y)|

p0 dy ≤

∫

B(x,1)
|V (y)−Wn(y)|

p0 dy.

Therefore VMn −−−→
n→∞

V in L
p0
U (RN ). Since clearly ‖V − VM‖Lp0

U (RN ) decreases with M , then

VM −−−−→
M→∞

V in Lp0
U (RN ).

The converse is immediate.
(ii) If V ∈ L̇

p0
U (RN ) from the results in [3] we know that the solution of the heat equation satisfies

S(t)V −−−→
t→0+

V in Lp0
U (RN ) and S(t)V ∈ L∞(RN ).

(iii) Define the family of bounded continuous functions in R
N , HM (x) =

∫

B(x,1) |V (y) − VM (y)|p0 dy

which are decreasing in M and converge to 0 as M → ∞ uniformly in bounded sets, by Lebesgue’s
theorem.

Then the assumption reads lim|x|→∞HM0(x) = 0. Therefore, given ε > 0 there exists R > 0 such
that for |x| > R and M > M0 we have

0 ≤ HM (x) ≤ HM0(x) ≤ ε.

This and the uniform convergence HM (x) −−−−→
M→∞

0 for |x| ≤ R implies HM −−−−→
M→∞

0 uniformly in R
N

and hence VM −−−−→
M→∞

V in Lp0
U (RN ).

(iv) The closedness is immediate as this class is the closure of L∞(RN ) in Lp0
U (RN ).

To show the subspace is proper, consider a sequence |xn| → ∞ with |xn − xm| > 2 for all n,m ∈ N.

Then define V (x) =
∑

n n
N
p0 XB(xn,

1
n
)(x). Clearly ‖V ‖Lp0 (B(x,1)) ≤ c for all x ∈ R

N since B(x, 1)

contains at most one point of {xn}n, so V ∈ L
p0
U (RN ). Also, for any M > 0 if n > M we have

‖V − VM‖p0
Lp0 (B(xn,1))

≥ c
(n

N
p0 −M)p0

nN
−−−→
n→∞

c > 0

and therefore ‖V − VM‖p0
L
p0
U (RN )

≥ c > 0 for all M > 0.

Remark 3.6. (i) Assume V ∈ L
p0
U (RN ) with p0 > 1 and can be approximated in Lp0

U (RN ) by bounded

functions. Then V can be approximated in L1
U (R

N ) by bounded functions. To see this just observe

that uniform spaces are nested, that is, Lp
U(R

N ) ⊂ L
q
U (R

N ), if p > q.

(ii) Conversely, if V ∈ L
p0
U (RN ) with p0 > 1 and can be approximated in L1

U (R
N ) by bounded functions,

then for every 1 < q < p0, V can be approximated in Lq
U (R

N ) by bounded functions. To see this,
just notice that like in bounded domains, we have the interpolation inequality

‖f‖Lq
U
≤ ‖f‖1−θ

L
p0
U

‖f‖θ
L1
U
,

1

q
=

1− θ

p0
+
θ

1
, 0 < θ < 1,

for any f ∈ L
p0
U (RN ).

Now we analize the approximation of the corresponding semigroups. For this assume now 0 ≤
V ∈ L

p0
U (RN ) with p0 > max{ N

2µ , 1} and consider the increasing sequence 0 ≤ VM ≤ V . Then, by

Proposition 3.3, we have, for 1 ≤ p ≤ ∞ and 0 ≤ u0 ∈ Lp(RN ),

0 ≤ Sµ,V (t)u0 ≤ Sµ,VM
(t)u0

and for M1 ≤M2

0 ≤ Sµ,VM2
(t)u0 ≤ Sµ,VM1

(t)u0.

Hence, the monotonic decreasing limit

S̃µ,V (t)u0
def
:= lim

M→∞
Sµ,VM

(t)u0
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exists pointwise and in Lp(RN ) for all t > 0 and satisfies 0 ≤ Sµ,V (t)u0 ≤ S̃µ,V (t)u0, S̃µ,V (t+ s)u0 =

S̃µ,V (t)S̃µ,V (s)u0 and limt→0+ S̃µ,V (t)u0 = u0 in Lp(RN ). Using the positive and negative part of

u0 ∈ Lp(RN ) we can extend S̃µ,V (t) to an order preserving C0 semigroup of contractions in Lp(RN ).

Now we prove that S̃µ,V (t) = Sµ,V (t) for t ≥ 0 if V can be approximated in Lp0
U (RN ) by bounded

functions.

Theorem 3.7. Assume 0 ≤ V ∈ L
p0
U (RN ) with p0 > max{ N

2µ , 1} can be approximated in Lp0
U (RN ) by

bounded functions.
Then S̃µ,V (t) = Sµ,V (t) for t ≥ 0, as operators in Lp(RN ) for 1 ≤ p ≤ ∞.

Proof. Take 0 ≤ u0 ∈ C∞
c (RN ) and uM (t) = Sµ,VM

(t)u0 and u(t) = Sµ,V (t)u0 for t ≥ 0. Since these
semigroups are consistent in the Lebesgue spaces, it is enough to show that u(t) = limM→∞ uM (t)
for t > 0 in some of these spaces. Take 1 < p ≤ p0. As u0 belongs to the domain of the generator,
H

2µ
p (RN ), we have, by Propositions 3.3 and 3.4,

uM (t) = Sµ(t)u0 −

∫ t

0
Sµ(t− s)VMuM (s) ds, u(t) = Sµ(t)u0 −

∫ t

0
Sµ(t− s)V u(s) ds, t > 0.

Also by general properties of semigroups in [16], we have that uM (t), u(t) ∈ H
2µ
p (RN ) for t > 0.

Now notice that (3.4), (3.5) and the closed mapping theorem also imply that the graph norm of

L = (−∆)µ + V in H2µ
p (RN ) is equivalent to the H2µ

p (RN ) norm, that is,

c0‖φ‖H2µ
p

≤ ‖Lφ‖Lp + ‖φ‖Lp ≤ c1‖φ‖H2µ
p
.

This implies, using that Lu(t) = LSµ,V (t)u0 = Sµ,V (t)Lu0, that

‖u(t)‖
H

2µ
p

≤ c‖u0‖H2µ
p
, t > 0.

Now using the integral representations above, and adding and subtracting the term
∫ t

0 Sµ(t −
s)VMu(s) ds, we get that zM (t) = u(t)− uM (t) satisfies

zM (t) = −

∫ t

0
Sµ(t− s)

(

V − VM
)

u(s) ds−

∫ t

0
Sµ(t− s)VMzM (s) ds, t > 0.

Hence for 0 < r < 1, using (2.7),

‖zM (t)‖
H

2µr
p

≤

∫ t

0

c

(t− s)r
‖(V − VM )u(s)‖Lp ds+

∫ t

0

c

(t− s)r
‖VMzM (s)‖Lp ds

and (3.4) yields

‖zM (t)‖
H

2µr
p

≤

∫ t

0

c

(t− s)r
‖V − VM‖Lp0

U
‖u(s)‖

H
2µ
p
ds+

∫ t

0

c

(t− s)r
‖VM‖Lp0

U
‖zM (s)‖

H
2µr
p

ds

and then

‖zM (t)‖
H

2µr
p

≤ Ct1−r‖V − VM‖Lp0
U
‖u0‖H2µ

p
+ C

∫ t

0

1

(t− s)r
‖zM (s)‖

H
2µr
p

ds.

Then Henry’s singular Gronwall Lemma 7.1.1 in [13] implies that for any T > 0

‖zM (t)‖
H

2µr
p

≤ C(T )‖V − VM‖Lp0
U

−−−−→
M→∞

0, 0 < t < T.

Therefore S̃µ,V (t)u0 = Sµ,V (t)u0 for t ≥ 0 and 0 ≤ u0 ∈ C∞
c (RN ). By linearity and density we have

the result.
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4. Exponential deay

In this section we want to characterise certain classes of non negative potentials 0 ≤ V ∈ L
p0
U (RN )

with p0 >
N
2µ such that the fractional Schrödinger semigroup {Sµ,V (t)}t≥0 decays exponentially in

Lp(RN ). Since the semigroup is of contractions in Lp(RN ) for 1 ≤ p ≤ ∞ then either ‖Sµ,V (t)‖L(Lp(RN )) =
1 for all t > 0 or there exists a > 0 such that

‖Sµ,V (t)‖L(Lp(RN )) ≤ e−at, t ≥ 0.

Then we define the exponential type of the semigroup {Sµ,V (t)}t≥0 in Lp(RN ), 1 ≤ p ≤ ∞, as

ωp
def
:= sup{a ∈ R, ‖Sµ,V (t)‖L(Lp(RN )) ≤ e−at, t ≥ 0},

and ωp ≥ 0, since the semigroup is of contractions. The exponential type is related to the spectral
bound of the generator Ap = −(−∆)µ − V , since these semigroups are order preserving, then for
1 ≤ p <∞,

ωp = s(Ap)
def
:= sup{Re(λ), λ ∈ σ(Ap)},

see [17, 18].
Before proving our main results, we state the following lemma. Below we denote by ‖ · ‖p→q =

‖ · ‖L(Lp,Lq).

Lemma 4.1. For 0 ≤ V ∈ L
p0
U (RN ) with p0 > max{N

2µ , 1}, the semigroup u(t) = Sµ,V (t)u0 satisfies

the following.

(i) For 1 ≤ p <∞ and t ≥ 0,

‖Sµ,V (t)‖2→2 ≤ ‖Sµ,V (t)‖p→p = ‖Sµ,V (t)‖p′→p′ ≤ ‖Sµ,V (t)‖∞→∞ = ‖Sµ,V (t)‖1→1

(ii) The exponential type ωp is independent of 1 ≤ p ≤ ∞.

Proof. (i) Since for 1 ≤ p < ∞ the semigroup in Lp′(RN ) is the adjoint of the semigroup in Lp(RN )
we get the equalities in the statement.

Now, if 1 ≤ p < 2 < p′ then by the Riesz-Thorin interpolation we get ‖Sµ,V (t)‖2→2 ≤ ‖Sµ,V (t)‖p→p =
‖Sµ,V (t)‖p′→p′.
(ii) From (i) we immediately get ω2 ≥ ωp = ωp′ ≥ ω∞ = ω1.

Since the semigroup in L∞(RN ) is order preserving, then for t > 0, ‖Sµ,V (t)‖∞→∞ = ‖Sµ,V (t)1‖L∞(RN ).

Denote by XR the characteristic function of the ball B(0, R), then for x ∈ R
N , using that the semi-

group is of contractions in L∞(RN ) we get for x ∈ R
N ,

|Sµ,V (t)1(x)| ≤ |Sµ,V (t)XR(x)|+ |Sµ,V (t)(1− XR)(x)| ≤ 1 + |Sµ,V (t)XR(x)|.

Now since from part (ii) in Proposition 3.3 the semigroup Sµ,V (t) satisfies (2.6) we have, for t ≥ 1,

Sµ,V (t)XR(x) = Sµ,V (1)Sµ,V (t− 1)XR(x)

and therefore

|Sµ,V (t)XR(x)| ≤ ‖Sµ,V (1)‖2→∞‖Sµ,V (t− 1)‖2→2‖XR‖2 = C‖Sµ,V (t− 1)‖2→2R
N
2 .

Taking R = t we finally get

‖Sµ,V (t)‖∞→∞ ≤ c(1 + t
N
2 )‖Sµ,V (t− 1)‖2→2

and therefore ω∞ ≥ ω2 and the result is proved.

Remark 4.2. Observe that if ‖Sµ,V (t)‖L(Lp(RN )) = 1 for all t > 0 then there are solutions that
converge to 0 arbitrarily slow.

More precisely, for any continuous function g : [0,∞) → (0, 1] such that limt→∞ g(t) = 0, there
exists u0 ∈ Lp(RN ) such that

lim sup
t→∞

‖Sµ,V (t)u0‖Lp

g(t)
= ∞.
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To see this, assume by contradiction that for all u0 ∈ Lp(RN ) there exists C = C(u0) such that

‖Sµ,V (t)u0‖Lp

g(t)
≤ C(u0), t ≥ 0.

Then, the uniform bounded principle implies that, for some M > 0,

‖Sµ,V (t)‖L(Lp)

g(t)
≤M.

But then for large enough t we have ‖Sµ,V (t)‖L(Lp) ≤Mg(t) < 1 which is a contradiction.

Now we give conditions on the potential to have exponential decay. Following [1] we consider the
following

Definition 4.3. The class G consists of all open subsets of RN containing arbitrarily large balls, that
is, the sets such that for any r > 0 there exists x0 ∈ R

N such that the ball of radius r around x0 is
included in this set.

Theorem 4.4. Assume that 0 ≤ V ∈ L
p0
U (RN ) with p0 > max{N

2µ , 1} and there exists M > 0 such

that 0 ≤ VM (x) = min{V (x),M} satisfies
∫

G

VM (x)dx = ∞ for all G ∈ G.

Then there exists a > 0, independent of 1 ≤ p ≤ ∞, such that

‖Sµ,V (t)‖L(Lp(RN )) ≤ e−at, t ≥ 0.

Proof. Since 0 ≤ VM (x) ≤ V (x), by Proposition 3.3, it is enough to prove the decay for Sµ,VM
(t).

Therefore we can assume V is bounded.
From Lemma 4.1, to prove the exponential decay it is enough then to find t > 0 such that

‖Sµ,V (t)‖∞→∞ = ‖Sµ,V (t)1‖L∞(RN ) < 1.

For this, notice that with u0 = 1, we have in particular that, from Proposition 3.4, u(t) = Sµ,V (t)1
satisfies

u(t) = Sµ(t)1−

∫ t

0
Sµ(t− s)V u(s) ds = 1−

∫ t

0
Sµ(t− s)V u(s) ds.

Substituting the expresion above for u(s) inside the integral term we get

u(t) = 1−

∫ t

0
Sµ(t− s)V ds+

∫ t

0
Sµ(t− s)V

∫ s

0
Sµ(s− r)V u(r) dr ds

We use that u(s) ≤ Sµ(s)1 = 1 and 0 ≤ V ≤ ‖V ‖∞1 and then
∫ t

0
Sµ(t− s)V

∫ s

0
Sµ(s− r)V u(r) dr ds ≤ ‖V ‖∞

∫ t

0
Sµ(t− s)V

∫ s

0
Sµ(s− r)1 dr ds

= ‖V ‖∞

∫ t

0
sSµ(t− s)V ds = ‖V ‖∞

∫ t

0
(t− s)Sµ(s)V ds ≤ ‖V ‖∞t

∫ t

0
Sµ(s)V ds.

Therefore

u(t) ≤ 1−

∫ t

0
Sµ(t− s)V ds+ ‖V ‖∞t

∫ t

0
Sµ(s)V ds = 1+ (‖V ‖∞t− 1)

∫ t

0
Sµ(t− s)V ds.

From the results in Section 2

(Sµ(s)V )(x) =

∫

RN

kµ(s, x, y)V (y) dy

where kµ(s, x, y) =
1

t
N
2µ
k0,µ

(

x−y

t
1
2µ

)

is as in (2.2) and (2.9). Using [1, Proposition 1.4] we see in turn

that there exist c > 0 and r > 0 such that
∫

B(x,r)
V (y)dy ≥ c for all x ∈ R

N .

13



For any x ∈ R
N and s > 0 we have

Sµ(s)V (x) =

∫

RN

1

s
N
2µ

k0,µ

(

x− y

s
1
2µ

)

V (y) dy

≥

∫

B(x,r)

1

s
N
2µ

k0,µ

(

x− y

s
1
2µ

)

V (y) dy

≥ inf
|z|≤r

1

s
N
2µ

k0,µ

(

z

s
1
2µ

)
∫

B(x,r)
V (y) dy

≥ c







(4πs)−
N
2 e−

r2

4s , µ = 1
s

(s
1
µ +r2)

N+2µ
2

, 0 < µ < 1







=: gµ(s)

where we have used the estimate of fractional heat equation kernel from (2.2) and (2.9)-(2.10).

Denoting Gµ(t)
def
:=

∫ t

0 gµ(s) ds, we get, for 0 < t < 1
‖V ‖

L∞(RN )
and x ∈ R

N

(Sµ,V (t)1)(x) ≤ 1− (1− t‖V ‖L∞(RN ))Gµ(t) < 1.

In case V can be approximated by bounded potentials, we have the following result.

Proposition 4.5. Assume V ∈ L1
U (R

N ) can be approximated in L1
U (R

N ) by bounded functions. Then,
they are equivalent

(i)
∫

G
VM = ∞ for all G ∈ G with some M .

(ii)
∫

G
V = ∞ for all G ∈ G.

Proof. Since 0 ≤ VM ≤ V , clearly (i) implies (ii).
Conversely, from [1, Proposition 1.4], (ii) is equivalent to the existence of c > 0 and r > 0 such that

inf
x∈RN

∫

B(x,r)
V ≥ c.

By a simple covering argument, independent of x, we get that supx∈RN ‖VM −V ‖L1(B(x,r)) ≤ C‖VM −
V ‖L1

U (RN ) → 0 as M → ∞ and therefore, for some M we have supx∈RN ‖VM − V ‖L1(B(x,r)) <
c
2 . This

implies that for all x ∈ R
N

∫

B(x,r)
VM =

∫

B(x,r)
V +

∫

B(x,r)
(VM − V ) > c−

c

2
=
c

2
.

Again [1, Proposition 1.4] gives (i).

Remark 4.6. Now we give an example that shows that in general in Proposition 4.5 (ii) does not
imply (i). That is, we show that may have for all M > 0 and r > 0

inf
x∈RN

∫

B(x,r)
VM = 0

but for some r > 0,

inf
x∈RN

∫

B(x,r)
V > 0.

Denote by {Qi} the family of cubes centered at points i ∈ Z
N of integer coordinates in R

N and with
edges of length 1 parallel to the axes. Then notice that B(i, 1) ⊂ Qi and define in Qi for i 6= 0,

V (x) = c|i|NXB(i, 1
|i|

)

and V = 1
c
XB(0,1) in Q0 where c is the the measure of the unit ball.

Then

(i) For every i,
∫

Qi
V = 1 so V ∈ L1

U (R
N ).
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(ii) There exists an r > 0 such that for every x ∈ R
N , B(x, r) contains at least one cube Qi. Then

∫

B(x,r)
V ≥ 1

(iii) For every M > 0 and every r > 0 there exists m(r) ∈ N such that B(x, r) is contained in m(r)
cubes and if |x| is large then the centers of these cubes satisfy |i| ≥ |x| − 2r > 0. For any such
cubes

∫

Qi

VM ≤
cM

|i|N

and then if we take |x| → ∞ we see that
∫

B(x,r)
VM ≤ m(r)

cM

(|x| − 2r)N
→ 0.

Our next results characterises the exponential type of the fractional Schrödinger semigroup.

Theorem 4.7. With the notations in Theorem 4.4, assume 0 ≤ V ∈ L
p0
U (RN ) with p0 > max{ N

2µ , 1}.

Then for all 1 ≤ p ≤ ∞ the exponential type of the semigroup {Sµ,V (t)}t≥0 is given by

ωp = a∗
def
:= inf{

∫

RN

|(−∆)
µ
2 φ|2 +

∫

RN

V |φ|2 : φ ∈ C∞
c (RN ), ‖φ‖L2(RN ) = 1} ≥ 0.

Moreover, if a∗ > 0 then
∫

G

V (x)dx = ∞ for all G ∈ G. (4.1)

Conversely, if V can be approximated in L1
U (R

N ) by bounded functions, then (4.1) implies a∗ > 0.

Proof. From Lemma 4.1 it is enough to show that a∗ = ω2. For this, for any a < ω2 we have that the
semigroup {eatSµ,V (t)}t≥0 in L2(RN ) is of contractions and from Section 3 it is strongly continuous,

analytic and its generator is the operator A = −(−∆)µ − V + a in L2(RN ) with domain H2µ(RN ).
Then, by the Lummer-Phillips Theorem, see [16, Theorem 4.3], we have that A is accretive, that is,

〈−A φ, φ〉L2(RN ) ≥ 0 for all φ ∈ H2µ(RN ).

In particular, taking φ ∈ C∞
c (RN ) with ‖φ‖L2(RN ) = 1 then

∫

RN |(−∆)
µ
2 φ|2 +

∫

RN V |φ|2 ≥ a > 0.
Hence a∗ ≥ a and therefore a∗ ≥ ω2.

Conversely, if a < a∗ we take f(t) = e2at‖u(t)‖2
L2(RN )

with u(t) = Sµ,V (t)φ and then

f ′(t) = 2ae2at
∫

RN

u(t)2+2e2at
∫

RN

u(t)
d

dt
u(t) = 2ae2at

∫

RN

u(t)2+2e2at
∫

RN

u(t)(−(−∆)µu(t)−V u(t))

and then

e−2at

2
f ′(t) = −

∫

RN

|(−∆)
µ
2 u(t)|2 + V u(t)2 + a

∫

RN

u(t)2 ≤ (a− a∗)

∫

RN

u(t)2 ≤ 0

which yields f ′(t) ≤ 0 and then ‖Sµ,V (t)‖L(L2(RN )) ≤ e−at. Therefore ω2 ≥ a∗.

Now, if a∗ > 0, assume that (4.1) fails, that is, there exists G ∈ G such that
∫

G

V <∞.

Then we choose a positive sequence satisfying rn > n
1
µ and a sequence of points {xn} ⊂ R

N such that
B(xn, rn) ⊂ G for each n ∈ N.

Assume we had a sequence of functions such that {φn} ⊂ C∞
c (B(xn, rn)), ‖φn‖L2(RN ) = 1 such that

lim
n→∞

‖φn‖L∞(RN ) = 0, lim
n→∞

‖(−∆)
µ
2 φn‖L2(RN ) = 0.
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Then we would have

0 < a∗ ≤

∫

RN

|(−∆)
µ
2 φn|

2 +

∫

RN

V |φn|
2 =

∫

RN

|(−∆)
µ
2 φn|

2 +

∫

G

V |φn|
2

≤

∫

RN

|(−∆)
µ
2 φn|

2 + ‖φn‖
2
L∞(RN )

∫

G

V → 0 as n→ ∞,

which is a contradiction and therefore (4.1) must be true. To construct a sequence as above we take
ψ ∈ C∞

c (RN ) such that
∫

RN |ψ|2 = 1 and defining

ψn(x) = n
− N

2µψ(n
− 1

µx), x ∈ R
N , n ∈ N

we see that {ψn} ⊂ C∞
c (B(0, rn)), ‖ψn‖L2(RN ) = 1, limn→∞ ‖ψn‖L∞(RN ) = 0 and

lim
n→∞

‖(−∆)
µ
2ψn‖L2(RN ) = lim

n→∞
n−1‖(−∆)

µ
2ψ‖L2(RN ) = 0

since (−∆)
µ
2 is an homogenous operator of degree µ. Then φn(·) = ψn(· + xn), n ∈ N, satisfies the

conditions above since (−∆)
µ
2 is invariant under translations, see (2.4).

Conversely, if V can be approximated in L1
U (R

N ) by bounded functions, then from Proposition 4.5
and Theorem 4.4 we get that (4.1) implies a∗ > 0.

Referenes

[1] W. Arendt and C. J. K. Batty. Exponential stability of a diffusion equation with absorption. Differential Integral
Equations, 6(5):1009–1024, 1993. Cited ↑ in page: 1, 13, 14
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