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ABSTRACT

Online social networks are ubiquitous parts of modern societies
and the discussions that take place in these networks impact peo-
ple’s opinions on diverse topics, such as politics or vaccination.
One of the most popular models to formally describe this opinion
formation process is the Friedkin-Johnsen (FJ) model, which allows
to define measures, such as the polarization and the disagreement
of a network. Recently, Xu, Bao and Zhang (WebConf’21) showed
that all opinions and relevant measures in the FJ model can be ap-
proximated in near-linear time. However, their algorithm requires
the entire network and the opinions of all nodes as input. Given
the sheer size of online social networks and increasing data-access
limitations, obtaining the entirety of this data might, however, be
unrealistic in practice. In this paper, we show that node opinions
and all relevant measures, like polarization and disagreement, can
be efficiently approximated in time that is sublinear in the size of the
network. Particularly, our algorithms only require query-access to
the network and do not have to preprocess the graph. Furthermore,
we use a connection between FJ opinion dynamics and personalized
PageRank, and show that in d-regular graphs, we can determin-
istically approximate each node’s opinion by only looking at a
constant-size neighborhood, independently of the network size.
We also experimentally validate that our estimation algorithms
perform well in practice.
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1 INTRODUCTION

Online social networks are used by billions of people on a daily basis
and they are central to today’s societies. However, recently they
have come under scrutiny for allegedly creating echo chambers
or filter bubbles, and for increasing the polarization in societies.
Research on the (non-)existence of such phenomena is a highly
active topic and typically studied empirically [18, 19, 27].

Besides the empirical work, in recent years it has become popular
to study such questions also theoretically [5, 12, 24, 25, 36]. These
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works typically rely on opinion formation models from sociology,
which provide an abstraction of how people form their opinions,
based on their inner beliefs and peer pressure from their neighbors.
A popular model in this line of work is the Friedkin-Johnsen (FJ)
model [15], which stipulates that every node has an innate opinion,
which is fixed and kept private, and an expressed opinion, which is
updated over time and publicly known in the network.

More formally, the Friedkin—Johnsen opinion dynamics [15] are as
follows. Let G = (V, E, w) be an undirected, weighted graph. Each
node u has an innate opinion s;, € [0,1] and an expressed opinion
zy € [0,1]. While the innate opinions are fixed, the expressed
opinions are updated over time ¢ based on the update rule

(t+1) _ Sut 2 (u0)€E Wuvzi(j)
“ 1+ Z(u,u)EE Wuo

1)

i.e., the expressed opinions are weighted averages over a node’s
innate opinion and the expressed opinions of the node’s neighbors.
It is known that in the limit, for t — oo, the equilibrium expressed
opinions converge to z* = (I + L)~ !s. Here, I is the identity matrix
and L = D — A denotes the Laplacian of G, where D is the weighted
degree matrix and A is the weighted adjacency matrix.

It is known that after convergence, the expressed opinions z* do
not reach a consensus in general. This allows to study the distri-
butions of opinions and to define measures, such as polarization
and disagreement. More concretely, the polarization P is given by
the variance of the expressed opinions, i.e., P = Y,y (2l — 2)?,
where zZ = % Ylu %, is the average expressed opinion. The disagree-
ment O measures the stress among neighboring nodes in network,
ie, D = ¥(uo)eE Wuo(2y, — 2%)2. Similarly, we list and formally
define several other measures that are frequently used in the litera-
ture in Table 1; these are also the quantities for which we provide
efficient estimators in this paper.

In recent years a lot of attention has been devoted to study-
ing how these measures behave when the FJ model is undergoing
interventions, such as changes to the graph structure based on
abstractions of timeline algorithms [5, 12] or adversarial interfer-
ence with node opinions [10, 17, 33]. The goal of these studies is
to understand how much the disagreement and the polarization
increase or decrease after changes to the model parameters.

To conduct these studies, it is necessary to simulate the F] model
highly efficiently. When done naively, this takes cubic time and is
infeasible for large networks. Therefore, Xu, Bao and Zhang [35]
provided a near-linear time algorithm which approximates all rele-
vant quantities up to a small additive error and showed that their
algorithm works very well in practice. Their algorithm requires the
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Table 1: Definition of all measures and the running times of our algorithms for an n-node weighted graph G = (V, E, w) and error

parameters €, 5 > 0. Let & be an upper bound on «(S), where S = (I + D)~ Y2(I1+L)(I+D)

~12 andr=0(k log(e™1n& (maxy, wy))).

Let d denote the average (unweighted) degree in G. Our algorithms succeed with probability 1 — 5.

Measures Running Times
Name Definition Error  Given Oracle for s, Given Oracle for z;,
Innate opinion Su +e 0(1) O(min{d,, w2e~%log §71})
Expressed opinion z;, +e O(e~2r3logr) 0o(1)
Average expressed opinion zZ= % Duev Zi +e O(e~2logs™1) O(e~%logé™1)
Sum of user opinions = Duev % +en O(e %logs™1) O(e™%logé™1)
Polarization [25] P =Y, vz —2)? +en  O(e *r3logd'logr) O(e™2logé™1)
Disagreement [25] D = Y (uo)eE Wuo(zy — 22 +en  O(e *r’logd'logr) O(e2dlog?671)
Internal conflict [11] T =Y ey(sy—2z5)2 xen  O(e 4r¥logdllogr) O(e2dlog?571)
Controversy [11, 24] C= Zuev(z,’;)2 xen  O(e 4r3logdllogr) O(e™%logé™1)
Disagreement-controversy [25, 35] DC=D+C +en  O(e *r®logsllogr) O(e2dlog?571)
Squared Norm s ||s||§ +en O(e~2logs™1) O(e2dlog?571)

entire network and the opinions of all nodes as input. However,
given the sheer size of online social networks and increasing data-
access limitations, obtaining all of this data might be unrealistic in
practice and can be viewed as a drawback of this algorithm.

Our contributions. In this paper, we raise the question whether
relevant quantities of the FJ model, such as node opinions, polariza-
tion and disagreement can be approximated, even if we do not know
the entire network and even if we only know a small number of
node opinions. We answer this question affirmatively by providing
sublinear-time algorithms, which only require query access to the
graph and the node opinions.

Specifically, we assume that we have query access to the graph,
which allows us to perform the following operations in time O(1):

e sample a node from the graph uniformly at random,

e given a node u, return its weighted degree w;, and unweighted
degree d,,

e given a node u, randomly sample a neighbor v of u with proba-
bility wyq/wy or 1/dy,.

Furthermore, we assume that we have access to an opinion oracle.
We consider two types of these oracles. Given a node u, the first
type returns its innate opinion s, in time O(1), and the second type
returns #’s equilibrium expressed opinion z;, in time O(1).

Under these assumptions, we summarize our results in Table 1.
In the table, €, § > 0 are parameters in the sense that the approxima-
tion ratio of our algorithm depends on € and our algorithms succeed
with probability 1 — 8. Note for both oracle types, we can approxi-
mate the average opinion in the network in time O(e 2 log §71).

Given oracle access to the expressed equilibrium opinions z;,, we
can estimate the polarization within the same time. We can also
estimate the disagreement in time O(e~2dlog® 571), where d =
% is the average (unweighted) degree in G. Observe that since
most real-world networks are very sparse, d is small in practice and
thus these quantities can be computed highly efficiently. Note that
these results also imply upper bounds on how many node opinions
one needs to know, in order to approximate these quantities.

Given oracle access to the innate opinions s,, we can estimate the
polarization and disagreement in time poly(e %, 871, log(n), x(S)),

where x(S) is the condition number of § = (I+D)~Y2(I+L)(I +
D)~1/2 Note that if x(S) is small, this is sublinear in the graph
size; indeed, below we show that on our real-world datasets we
have that «(S) < 300. In our experiments, we also show that this
algorithm is efficient in practice.

In conclusion, our results show that even when knowing only a
sublinear number of opinions in the network, we can approximate all
measures from Table 1.

Our two main technical contributions are as follows. (1) We
show that in d-regular graphs, every node’s expressed opinion z;, is
determined (up to small error) by a small neighborhood whose size
is independent of the graph size. We obtain this result by exploiting a
connection [16, 29] between FJ opinion dynamics and personalized
PageRank. This connection allows us to give new algorithms for
approximating the node opinions efficiently when given oracle
access to sy. (2) We show that given oracle access to z},, we can
approximate s;, up to error +e or within a factor of 1 + € under mild
conditions. To obtain this result, we generalize a recent technique
by Beretta and Tetek [4] for estimating weighted sums. That is, we
first sample a set of neighbors of u such that each neighbor v is
sampled independently with probability wy,/wy,, and then we use
the number of collisions for each neighbor to define an estimator
that takes into account the expressed opinions.

We experimentally evaluate our algorithms on real-world datasets.
We show that expressed and innate opinions can be approximated
up to small additive error +0.01. Additionally, we show that all
measures, except disagreement, can be efficiently estimated up to
a relative error of at most 4%. Our oracle-based algorithms which
have oracle access to innate opinions s, need less than 0.01 seconds
to output a given node’s opinion. Even more interestingly, our al-
gorithms which have oracle access to the expressed opinions z;,
achieve error +0.001 for estimating node opinions and can approx-
imate 10 000 node opinions in less than one second, even on our
largest graph with more than 4 million nodes and more than 40 mil-
lion edges. Additionally, we also add experiments comparing the
running times of the near-linear time algorithm by Xu et al. [35]
and running the FJ opinion dynamics using the PageRank-style
update rule from [16, 29]. We show that the algorithms based on
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the connection to personalized PageRank are faster than the base-
line [35], while obtaining low approximation error. We make our
source code publicly available on GitHub [26].

1.1 Related Work

In recent years, online social networks and their timeline algorithms
have been blamed for increasing polarization and disagreement in
societies. To obtain a formal understanding of the phenomena, it has
become an active research area to combine opinion formation mod-
els with abstractions of algorithmic interventions [5, 12, 36]. One
of the most popular models in this context is the the FJ model [15]
since it is highly amenable to analysis. Researchers studied inter-
ventions, such as edge insertions or changes to node opinions, with
the goal of decreasing the polarization and disagreement in the
networks [13, 24, 25, 36]. Other works also studied adversarial inter-
ventions [10, 17, 33] and viral content [32], as well as fundamental
properties of the FJ model [7, 31].

The studies above have in common that their experiments rely
on simulations of the FJ model. To do this efficiently, Xu, Bao and
Zhang [35] used Laplacian solvers to obtain a near-linear time
algorithm for simulating the FJ] model. However, this algorithm
requires access to the entire graph and all innate node opinions.
Here, we show that even when we only have query access to the
graph and oracle access to the opinions, we can obtain efficient
simulations of the FJ model in theory and in practice.

To obtain our results, we use several subroutines from previous
works. Andoni, Krauthgamer and Pogrow gave sublinear-time algo-
rithm for solving linear systems [2]. Andersen, Chung and Lang [1]
proposed an algorithm that approximates a personalized PageRank
vector with a small residual vector, with running time independent
of the graph size. There also exist local algorithms for approximat-
ing the entries of the personalized PageRank vectors with small
error [22, 23].

Our algorithms for estimating the expressed opinions make
heavy use of random walks. Random walks have also been ex-
ploited in sublinear-time algorithms for approximating other local
graph centrality measures [8], stationary distributions [3, 9], esti-
mating effective resistances [2, 28] and for sampling vertices with
probability proportional to their degrees [14].

1.2 Notation

Throughout the paper welet G = (V, E, w) be a connected, weighted
and undirected graph with n nodes and m edges. The weighted
degree of a vertex u is given by wy, = 2. (4, 9) £ Wuo; the unweighted
degree of u is given by dy, = |[{v: (u,v) € E}|. For a graph G, L =
D — A denotes the Laplacian of G, where D = diag(wy, ..., wy)
is the weighted degree matrix and A is the (weighted) adjacency
matrix such that A,y = wyy if (u,0) € E and 0 otherwise. We write
I to denote the identity matrix. For a positive semidefinite matrix S,
its condition number k(S) is the ratio between the largest and the
smallest non-zero eigenvalues of S, which in turn are denoted by
Amax (S) and Apin (S), respectively.

2 ACCESS TO ORACLE FOR INNATE OPINIONS

In this section, we assume that we have access to an oracle which,
given a node u, returns its innate opinion s, in time O(1).

Algorithm 1 Random walk-based algorithm for estimating z;,

Input: A graph G = (V, E, w), oracle access to a vector s € [0,1]"
of innate opinions, an error parameter € > 0 and an upper
bound & on k(S) with § = (I + D)_l/z(l +L)(I+ D)_l/2

1 r— logl/,-c(ZG_l(l —©) " 1n!/2(max, wy)1/?)
c ol — O((Z—Er)_2 logr)
: Perform ¢ lazy random walks with timeout of length r from u

:fort=1,...,rdo
()

(S BN

Let u;"’ denote the vertex of the i-th walk after ¢ steps
S0
«(1) 1yt % . . .
6 Xy — 72 v where su}” is the innate opinion of
vertex ulm
7. return ¥ « 1 Y7 £
: u 2 t=1"u

2.1 Estimating Expressed Opinions z;,

We first show that for each node u we can estimate z}, efficiently.

Linear system solver. First, recall that z* = (I+L)~!s. Now we
observe that z;, can be estimated using a sublinear-time solver for
linear systems [2], which performs a given number of short random
walks. We present the pseudocode in Algorithm 1 and details of the
random walks in the appendix.

Proposition 1. Letu € V and e > 0. Let k be an upper bound on
k(S) withS = (I + D)_l/z(l +L)(I+ D)_l/z. Algorithm 1 returns
a value Z;, such that |£Z - ZZI < € with probability 1 — % forr =
O(r log(e™'nk(max, wy))). Furthermore, z}, is computed in time
O(e2r3logr) and using the same number of queries to s.

Note that the running time of the algorithm depends on an upper
bound of the condition number x(S), which can be small in many
real networks. Indeed, for all of our real-world datasets, we have
that x(S) < 300 (see below). In our experiments, we will practically
evaluate Algorithm 1 and show that it efficiently computes accurate
estimates of z;,.

Relationship to personalized PageRank. Next, we state a
formal connection [16, 29] between personalized PageRank and FJ
opinion dynamics.

First, in personalized PageRank, we are given a teleportation prob-
ability parameter « € (0, 1] and a vector s € [0, 1]" corresponding
to a probability distribution (i.e., 3, sy = 1). Now, the personalized
PageRank is the column-vector pr(a, s) which is the unique solution
to the equation

pr(a,s) =as+ (1 - a)pr(a,s)W,

-1
where W = % is the lazy random walk matrix. One can prove
the following proposition.

Proposition 2 ([16, 29]). The FJ expressed equilibrium opinions z*
are the unique solution to the equation z* = Ms + (I — M)D~!Az*,
where M = (I+ D)~ L.

Comparing the two equations for pr(e,s) and z*, we observe
that there is a close relationship if we identify M with o and D™'A
with W. Thus, while personalized PageRank uses lazy random
walks (based on W), the FJ opinion dynamics use vanilla random
walks (based on D! A). Additionally, while personalized PageRank



Algorithm 2 Personalized PageRank-based algorithm for estimat-
ing zj, in d-regular graphs

Input: A graph G = (V, E, w), oracle access to a vector s € [0,1]"
of innate opinions and an error parameter € > 0
1: p<—6andr<— 1y
2: while ||r||; > € do
3. for all i with r(i) # 0 do
4: Run the local personalized PageRank algorithm from [1]
for 1; to getp(i) and r(©)
s pep+Xir(pt
6 re— ) r(i)rd

’
7: return z; <« pTs

weights every entry u in s with a factor of @, the FJ opinion dynam-
ics essentially reweight each entry u with a factor of lwu. Note

T+
that if all vertices u satisfy that wy, = d, then a = ﬁ and the FJ
opinion dynamics are essentially a generalization of personalized
PageRank.

We use this connection between the FJ opinion dynamics and
personalized PageRank to obtain a novel sublinear-time algorithm
to estimate entries zj,. More concretely, we consider weighted d-
regular graphs and show that Algorithm 2 can estimate entries z},.
We prove that the Ff equilibrium opinions can be approximated by
repeatedly approximating personalized PageRank vectors. In the algo-
rithm, we write 0 to denote the 0Os-vector, 1; to denote the length-n
indicator vector which in position i is 1 and all other entries are 0
and ||r||1 = X, |r(u)| to denote the 1-norm of a vector. The algo-
rithm invokes the well-known PusH operation for approximating
the personalized PageRank in [1] as a subroutine, and interactively
updates the maintained vector p until a very small probability mass
is left in the corresponding residual vector r. We present the details
of the algorithm from [1] in the appendix. For Algorithm 2 we
obtain the following guarantees.

Theorem 3. Letd € N be an integer. Suppose G is a d-regular graph
and € € (0,1). Algorithm 2 returns an estimate z,, of z;, such that
|Z{4 - zf;| < e in time (d/e)O(dlog(1/€))

Observe that the running time is independent of the graph size n
for any constant € > 0 and d = O(1). This is in sharp contrast to Al-
gorithm 1 from Proposition 1, whose running time is Q(log n) even
for d-regular graphs (for which & = O(1)). Additionally, observe
that Algorithm 2 is completely deterministic, even though it is a
sublinear-time algorithm. Together, the above algorithm implies
that in d-bounded graphs, every node’s opinion is determined (up to
a small error) by the opinions of a constant-size neighborhood. We
believe that this an interesting insight into the FJ opinion dynamics.

2.1.1  Proof Sketch of Theorem 3. Let Wy = D™!A. We define
pr’ (e, s) as the unique solution of the equation pr’(a,s) = as +
(1 - a)Ws pr’(a, s). Note that this differs from the classic person-
alized PageRank only by the fact that we use (non-lazy) random
walks (based on W) rather than lazy random walks (based on
W= %(I+D‘1A)). Note that by letting R’ = a 3,52, (1— a)'W{, we
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have that pr’(a,s) = R’s. That is,
pr (@ s) =@y (1- ) (Ws). @)
i=0

Furthermore, we get that
pt'(e,s) =R's=as+ (1 - a)R Wss
=as+ (1 - a)R pr'(a, Wss).

Theorem 3 follows the lemmas below, whose proofs are deferred
to the appendix.

Lemma 4. It holds that z;, = pr’(a, 1,)7s, where a = # and
s € [0, 1]" is the vector consisting of the innate opinions of all vertices.
When Algorithm 2 finishes, it holds that p + pr’(a,7) = pr’(a, 1,,).
Thus, it holds that

z5, =pr'(a,1y)Ts = pTs+pr'(a,r)Ts.
The following gives guarantees on the approximation error.

Lemma 5. Let p be the vector in Step (7) in Algorithm 2 and s be the

vector consisting of the innate opinions of all vertices. It holds that
T

|z —pTs| < e

The running time of the algorithm is given in the following
lemma and corollary.

Lemma 6. After each iteration of the while-loop in Algorithm 2,
[I[r]l1 decreases by a factor of at least ﬁ and the number of non-zero
entries in r increases by a factor of O(d/e).

Corollary 7. We get that |||y < € in time (d/e)©(@108(1/€)) yhich
is independent of n.

2.2 Estimating Measures

Now we give a short sketch of how to estimate the measures from
Table 1, assuming oracle access to the innate opinions s. We present
all the details in the appendix.

First, for computing the sum of expressed opinions we use the
well-known fact that S = Y,y 25, = X,ev Su. Since we have ora-
cle access to s, we can thus focus on estimating ),y sy which can
be done by randomly sampling O(e "2 log § 1) vertices U’ and then
returning the estimate ﬁ Dueu’ Su- Then a standard argument
for estimating sums with bounded entries gives that our approx-
imation error is +e. The quantities Z and ||s||§ can be estimated
similarly.

For all other quantities, we require access to some expressed
equilibrium opinions z;,. We obtain these opinions using Propo-
sition 1 and then our error bounds follow a similar argument as
above. However, in our analysis, we have to ensure that the er-
ror in our estimates for z;, does not compound and we have to
take a union bound to ensure that all estimates z}, satisfy the er-
ror guarantees from the proposition. Let us take the algorithm

for estimating C = Y,cv(z5)? as an example. We set e; = %,
2

ri = O(k log(ey 'nk(max, wy))), 01 = & = £, e = 5,0 =
and C = €, 2log 8y ! Our algorithm first samples C vertices (i.e.,
i1,...,ic) from V uniformly at random, and obtains 2;, el Efc

(using Proposition 1 with error parameter €; and success probabil-
ity 1 - &1). Then it returns & chzl (2;:_)2. We can then show that
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the estimate approximates C with additive error +en with success
probability 1 — 4.

3 ACCESS TO ORACLE FOR EXPRESSED
OPINIONS

In this section, we assume that we have access to an oracle which,
given a vertex u, returns its expressed opinion z;; in time O(1).

3.1 Estimating Innate Opinions s,

Next, our goal is to estimate entries s;. To this end, note that s =
(I+L)z* and, hence, we have that sy, = (1+wy)z}; — X (1,0) e E WuoZp-
Observe that by our assumptions, we can compute the quantity
(1 + wy)z}, exactly using our oracle access. Therefore, our main
challenge in this subsection is to efficiently approximate S, :=
2z (u,0)€E WMUZZ'

In the following lemma, we give the guarantees for an algorithm
which, if the unweighted degree d;, of u is small, computes S,
exactly in time O(d,,). Otherwise, we sample a set U’ consisting of
O(w2e~?) neighbors of u which were sampled with probabilities
‘:Zl” and show that the sum “‘“J)—'fl DloeU’ 2y is an estimator for Sy,

and has error +e with probability 1 — &.

Lemma 8. Let €,§ € (0,1). Then with probability at least 1 —
& we can return an estimate of s, with additive error € in time
O(min{dy, w2e?log §~1}).

Note that the running time of the estimate is highly efficient in
practice, as in real graphs most vertices have very small degrees.

Next, we show that if we make some mild assumptions on the
expressed opinions z;,, then we can significantly reduce the time
required to estimate Sy,. In particular, for unweighted graphs we
obtain almost a quadratic improvement for the second term of the
running time. Furthermore, we even obtain a multiplicative error
for estimating Sy,.

Proposition 9. Lete, 5 € (0,1) and set Sy = 3 (y,0)cE ZoWuo- SUp-
pose z;, € [c,1) wherec € (0,1) is a constant. Then with probability
at least 1-5 we can return an estimate of Sy, with (1+€)-multiplicative

error in time O(min{d,,, al,l/ze_1 log671}).

This result is obtained by generalizing a result from Beretta and
Tetek [4] and considering a slightly more complicated estimator
than above. The new estimator also samples a (multi-)set of neigh-
bors U’ of u, but it additionally takes into account collisions. Let
k= O(dll/ze’1 log6~1) and let oy, . . ., 0 be k vertices picked inde-
pendently at random and with replacement from all neighbors v
of u with probabilities proportional to their weights, i.e., wy/wy.
Let T be the set of sampled vertices (i.e., while U’ may contain
some vertices multiple times, T does not). For each ¢t € T define
¢; to be the number of times vertex ¢ is sampled. Our estimator in
Proposition 9 is defined as follows:

-1 Cr\ . %
SNu = W124 : (k) . (2_) il .
2 ter "t

Using the proposition above, we obtain the following corollary

for estimating s;, highly efficiently, even with multiplicative error.

Corollary 10. Lete, 5 € (0,1) and set Sy = 3. (y,0)eE ZoWuv- Sup-
pose z;, € [c,1) wherec € (0,1) is a constant. If S, < 1, then with

probability at least 1 — 5 we can return an estimate of s, with addi-
tive error =€ in time O(min{d,, d,l/ze_l log671)). IfS, < %,
then with probability at least 1—8 we can return an estimate of s, with

(1 + €)-multiplicative error in time O(min{d,,, dll/ze_1 log571}).

3.2 Estimating Measures

Now we give a short sketch of how to estimate the measures from
Table 1, assuming oracle access to the expressed opinions z*. See
the appendix for details.

First, we note that we can calculate the sum of expressed opin-
ions S, the polarization # and the controversy C in the same way
as approximating S in Section 2.2.

For all other quantities, we require access to some innate opin-
ions sy, which we obtain via Lemma 11. This allows us to estimate
all other quantities.

Lemma 11. Lete, § € (0,1) and C € N. Then there exists an algo-
rithm which in time O(Cd log §~1) samples a (multi-)set of vertices S
uniformly at random from V with |S| = C and it returns estimated
innate opinions Sy, for allu € S such that with probability 1 — 6 it
holds that |sy, — Sy| < € forallu € S.

PRrooF. Step 1: We introduce an opinion sampler which samples
a (multi-)set of vertices S uniformly at random from V with |S| = C.
With probability at least 9/10 it returns estimated innate opinions §j,
such that |s;, — §,| < € for all u € S and its running time is at
most 10T, where T = O(Cd) is defined below.

The opinion sampler samples C vertices i1, ..., ic from V uni-
formly at random, and obtains §;,,...,S;. using Lemma 8 with
error parameter € and success probability 1 — % Observe that by a
union bound it holds that s, — §,| < € for allu € S with probability
1-C- & =1-9.

Next, consider the running time of the opinion sampler. Accord-
ing to Lemma 8, for each i; € S, estimating Si takes time O(dij),
Note that for all j € [C], Pr (ij =) = % where s € V, and thus the
expected time to compute §j; isE [dij] = % ey ds = d. Hence the
expected running time of the opinion sampler is T := O(Cd). Now
Markov’s inequality implies that the probability that the opinion
sampler has running time at most 107 is at least 9/10.

Step 2: We repeatedly use the opinion sampler to prove the lemma.
We do this as follows. We run the opinion sampler from above and
if it finishes within time 10T, we return the estimated opinions
it computed. Otherwise, we restart this procedure and re-run the
opinion sampler from scratch. We perform the restarting procedure
at most 7 times. Note that this procedure never runs for more than
O(zT) time.

Observe that all 7 runs of the opinion sampler require more than
10T time with probability at most 0.17 < ‘—23 for r = O(log571).
Furthermore, if the opinion sampler finishes then with probability
at least 1 — g all estimated innate opinions satisfy the guarantees
from the lemma. Plugging in the parameters from above, we get
that the algorithm deterministically runs in time O(Cd log §~1) and
by a union bound it satisfies the guarantees for the innate opinions
with probability at least 1 — 4. O

Let us take the algorithm for estimating ||s||% =Y ey sZasanex-

ample. We sete; = ¢, 61 = g,ez =58 = gandCzez_zlogéz_1 =



Table 2: Statistics of our datasets. Here, n and m denote the
number of nodes and edges in the largest connected compo-
nents of the graph and «(S) is the condition number of the
matrix S = (I+ D)~ Y2(I+L)(I+ D)~ 1/2.

Dataset Statistics
n m d K(§)
GooglePIus 201949 1133956 5.6 88.6
TwitterFollows 404719 713319 1.8 12.5
YouTube 1134890 2987624 2.6 20.9
Pokec 1632803 22301964 13.7 56.7
Flixster 2523386 7918801 3.1 19.0
Flickr 2173370 22729227 10.5 103.7
LiveJournal 4843953 42845684 8.8 2974

O(e %log6™1). According to Lemma 11, in time O(Cdlog §~1), we
can sample a (multi-)set of vertices S = {iy, iz, ..., ic} uniformly
at random from V and obtain estimated innate opinions §; for all
u € S such that with probability 1 — &1 it holds that |s, — Sy| < €1
for allu € S. We return & 3,5 §2. Obviously, the running time
is O(Cdlog6~1) = O(e 2dlog? 671). The error guarantees are
shown in the appendix.

4 EXPERIMENTS

We experimentally evaluate our algorithms. We run our experi-
ments on a MacBook Pro with a 2 GHz Quad-Core Intel Core i5
and 16 GB RAM. We implement Algorithm 1 in C++11 and perform
the random walks in parallel; all other algorithms are implemented
in Python. Our source code is available online [26].

The focus of our experiments is to assess the approximation
quality and the running times of our algorithms. As a baseline, we
compare against the near-linear time algorithm by Xu et al. [35]
which is available on GitHub [34]. We run their algorithm with
€ = 107 and 100 iterations. We do not compare against an exact
baseline, since the experiments in [35] show that their algorithm
has a negligible error in practice and since the exact computation
is infeasible for our large datasets (in the experiments of [35], their
algorithm’s relative error is less than 107 and matrix inversion
does not scale to graphs with more than 56 000 nodes).

We use real-world datasets from KONECT [21] and report their
basic statistics in Table 2. Since the datasets only consist of un-
weighted graphs and do not contain node opinions, we generate
the innate opinions synthetically using (1) a uniform distribution,
(2) a scaled version of the exponential distribution and (3) opinions
based on the second eigenvector of L. In the main text, we present
our results for opinions from the uniform distribution, where we
assigned the innate opinions s uniformly at random in [0, 1]. We
present our results for other opinion distributions in the appendix.

Experimental setup for oracle-based algorithms. We eval-
uate our oracle-based algorithms which will be the main focus
of this section. In our experiments, we sample 10 000 vertices uni-
formly at random. For each vertex, we estimate either the expressed
opinion zj, or the innate opinion s,. Based on these estimates, we
approximate the measures from Table 1; we do not report z since
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(up to rescaling) it is the same as S. Given an opinion estimate §y,
we report the absolute error [s;, — §;,|. For the measures, such as

polarization $, we report relative errors |7’ - 73‘ /P, where P is an

estimate of . As our algorithms are randomized, we perform each
experiment 10 times and report means and standard deviations.

Results given oracles access to innate opinions s. First, we
report our results using an oracle for the innate opinions s. We use
Algorithm 1 to obtain estimates of z;, for 10 000 randomly chosen
vertices u. Then we estimate the measures from Table 1 using the
algorithms from Section 2.2. When not stated otherwise, we use
Algorithm 1 with 4 000 random walks of length 600.

Dependency on algorithm parameters. In Figure 1 we present our
results on Pokec and on LiveJournal for estimating z;, with varying
number of steps and random walks. We observe that increasing the
parameters decreases the absolute error. For both parameters and
datasets, the error-curve gets flatter once the error reaches +0.01,
even though the standard deviations keep on decreasing.

We looked into this phenomenon in more detail and found the
following reasons: (1) Since in Algorithm 1 at each step the random
walks terminate with a certain probability, it is very unlikely that
we observe “very long” random walks (this is also corroborated by
our running time analysis in the appendix). Hence, at some point
we cannot increase the accuracy of our estimation by increasing the
number of random walk steps. Thus our only effective parameter
to improve the accuracy of Algorithm 1 is the number of random
walks. (2) Next, observe that Proposition 1 suggests that to get
error +e we need a running time depending on 2. We looked
into this phenomenon and found that (averaged across all datasets)
the error decays more slowly in practice. We blame this on hidden
constants in the running time analysis of Proposition 1 and believe
that our practical experiments are not yet in this asymptotic regime
with error dependency e 2.

Comparison across different datasets. In Table 4 we report the
approximation results. On all datasets, zj, can be approximated
with an average error of +0.01. We observe that all measures except
disagreement can be approximated with an error of at most 4%.

For the disagreement D = 3., 4)eE Wuo(2y; — z%)2, we obtain
much higher errors for the following reason. We compute D =
% (||s||§ —71 —C) using the conservation law from [11] and using esti-
mates for ||s|2, I and C. Therefore, the estimates’ errors compound.
Additionally, in practice we have that O <« ||s||§ and D < C since
typically the quantities (2}, — z};)? that we are summing over in the
definition of D are very close to zero. This “amplifies” the effect of
the approximation errors from estimating ||s||§ and C. It is possible
to obtain more accurate estimates of ) when we are able to sample
edges from the graph uniformly at random, and we report results
in the appendix.

Running time analysis. In the last two columns of Table 3, we
present Algorithm 1’s total running times and the running times
per vertex to obtain the results from Table 4. We observe that on all
datasets, the algorithms need less than 10~2 seconds to estimate the
opinion of a given vertex. In the appendix, we present additional
experiments showing that Algorithm 1 scales linearly in the num-
ber of random walks and we show that after a certain threshold,
increasing the number of random walk steps does not increase the
running time anymore (for the reason discussed above).
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Table 3: Running times for estimating z* on different datasets with uniform opinions. We report the running time for the
Laplacian solver from [35]. For the PageRank-style updates from Proposition 2 we present running time and average error
|2* — z*||2/n after 50 iterations. For Algorithm 1 we present the running time for estimating 10 000 opinions z;, using 600 steps
and 4000 random walks; we also present the average query time for estimating a single opinion z;,. The running times are
averages of 10 runs and we also report standard deviations.

Dataset Laplacian solver [35] PageRank-Style Updates Algorithm 1
time (sec) time (sec) avg. error time (sec)  time per vertex (sec)
GooglePlus 6.2 (+0.2) 0.6 (+ 0.0) 3.2-1077 9.1 (+ 0.6) 2.2-1073
TwitterFollows 5.1 (+ 0.0) 0.6(+x02) 2.6-10710 2.4 (+0.1) 6.1-107%
YouTube 9.7 (+0.2) 2.7 (£ 0.2) 1.7-107° 45 (+0.1) 1.1-1073
Pokec 82.1 ( 1.4) 168 (+1.7)  29-107%  36.2(x0.2) 9.0-1073
Flixster 20.0 (% 0.4) 57(£04) 3.4-10710  6.9(x03) 1.7-1073
Flickr 61.9 (+ 0.7) 13.7(£0.6)  3.6-107%  34.0(x 1.9) 8.5-1073
LiveJournal 153.6 (+ 1.9) 408 (£ 0.6) 27-1077  225(+0.4) 56-1073
5010 5 0.06 §0'08 5006
E ;j 0.04 f 0.06 ; 0.04
So.0s 2 50.04 El
% 002 % 0.02 go02
0.00 0.00 0.00 0.00
IO p° AN \,‘3%‘{%““ 1000 o o° A0 g0 »o0 «® x“%‘&““ 10““ o &°
numsSteps numWalks numsSteps numWalks

(a) Pokec, vary #steps (b) Pokec, vary #walks. (c) LiveJournal, vary #steps (d) LiveJournal, vary #walks

Figure 1: Absolute error when estimating expressed opinions z, using an oracle for innate opinions s, via Algorithm 1. We
report means and standard deviations across 10 experiments. Figure 1(a) and Figure 1(c) use 4000 walks and vary the number
of steps; Figure 1(b) and Figure 1(d) use 600 steps and vary the number of walks. Innate opinions were generated using the

uniform distribution.

Table 4: Errors for different datasets given an oracle for innate opinions; we report means and standard deviations (in paren-
theses) across 10 experiments. We ran Algorithm 1 with 600 steps and 4 000 random walks; we estimated the opinions of
10 000 random vertices. Innate opinions were generated using the uniform distribution.

Dataset Absolute Error Relative Error in %
z;, S P D I C DC ||s||§

GooglePlus 0.011 (£0.008) 0.6 (£0.4) 2.5(£0.9) 36.2(£9.9) 1.2(+0.4) 3.4(x0.4) 1.5(x0.7) 0.9 (£0.4)
TwitterFollows ~ 0.011 (£0.007) 0.8 (£0.7) 1.9 (x0.5) 31.1(£6.5) 0.8 (£0.5) 3.6 (£0.7) 1.5(x0.7) 1.1(£0.9)
Flixster 0.013 (£0.007) 0.4 (£0.2) 2.5(+1.5) 34.2(£3.5) 1.6(+1.0) 4.2(+0.3) 1.8(£0.4) 0.4 (£0.3)
Pokec 0.010 (£0.007) 0.7 (£0.5) 3.3 (+1.8) 52.1(£20.0) 0.1 (+0.1) 3.4(x0.4) 1.7(x0.9) 1.0 (x0.7)
Flickr 0.012 (£0.007) 0.6 (£0.2) 1.7 (x0.6) 363 (£6.4) 1.0 (+0.7) 4.0 (£0.5) 1.8(£0.8) 1.0 (0.3)
YouTube 0.012 (£0.007) 0.4 (+0.2) 1.6 (x1.3) 31.4(+5.2) 1.8(+1.2) 4.0(x0.4) 1.9(£0.6) 0.7 (x0.4)
LiveJournal 0.011 (£0.008) 0.4 (+0.3) 3.6 (+2.0) 41.4(+8.9) 1.4 (+0.8) 3.9(x0.4) 1.9(£0.5) 0.7 (£0.2)

Results given oracles access to expressed opinions z*. Next,
we report our results given oracle access to expressed opinions z*.
We implement the algorithm from Lemma 8 for estimating innate
opinions s;, where we introduce a threshold t.1If d;, < t, we compute
su = (1+wy)zj, — ¥ (4,0) cE Wuo?y, exactly in time O(d,,); otherwise,
we use the random sampling strategy from the lemma and pick
t neighbors of u uniformly at random to estimate s,,. We repeat this
procedure 5 times and pick the median answer. We set t = 400.

Table 5 presents our results. We observe that the absolute errors
when estimating s, are extremely small (+0.001). This is because
all of our datasets have very small average degrees (see Table 2)
and, thus, for most randomly picked vertices s, we are computing
the answer exactly since d,, < t.

However, we note that when resorting to random sampling for
high-degree nodes, we typically have a relatively large error: to
obtain error +e for sy = (1+wy)2y, — X (4,0)cE WuoZy, We have to
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Table 5: Errors for different datasets given an oracle for expressed opinions; we report means and standard deviations (in
parentheses) across 10 experiments. We ran our algorithm with threshold 400 and 5 repetitions; we estimated the opinions of
10 000 random vertices. Innate opinions were generated using the uniform distribution.

Dataset Absolute Error Relative Error in %
Su S P D I C DC ||s||2

GooglePlus 0.000 (£0.006) 0.2 (£0.3) 1.6(x15) 8.3 (£8.5) 1.3(£0.9) 0.4 (£0.5) 0.6 (£0.9) 0.8 (£0.9)
TwitterFollows  0.001 (£0.026) 0.3 (20.2) 12(£1.2) 52(£2.9) 24 (x1.0) 0.6(x04) 09 (x0.6) 1.2(x0.7)
Flixster 0.001 (£0.019) 0.3 (£0.1) 0.5 (x0.4) 6.8 (+3.4) 1.7(x1.2) 0.6(£0.2) 0.8 (£0.5) 1.0 (x0.6)
Pokec 0.000 (£0.003) 0.1 (£0.1) 2.7 (x1.1) 8.4(+58) 1.2(+0.4) 0.2(£0.2) 0.4 (£0.3) 0.5(x0.3)
Flickr 0.001 (£0.022) 0.3 (£0.2) 1.2(£13) 8.4(x5.8) 24 (x1.1) 0.5(£0.3) 0.9 (0.5 1.3 (x0.5)
YouTube 0.000 (£0.012) 0.3 (£0.2) 1.7(x1.2) 6.5(x2.3) 1.4(x0.6) 0.6 (£0.5) 0.9 (£0.5) 1.2 (x0.6)
LiveJournal 0.000 (£0.009) 0.2 (£0.1) 2.5(x1.1) 16.4(x6.8) 0.7 (x0.5) 0.4 (x0.3) 1.0 (£0.6) 1.4 (x0.7)

estimate 3}y, ) WuoZ, With absolute error +e, which is impracti-
cal since this sum is typically very large. The same is the case for
the random sampling scheme from Proposition 9.

For the measures from Table 1, we observe that again all relative
errors are less than 3%, except for disagreement where we have the
same issue as described above.

Next, we briefly discuss the running time of the algorithms. First,
computing the entire vector s = (I + L)z* exactly is highly efficient
since it only involves a matrix—vector multiplication and can be
done on all datasets in less than one second. Our oracle-based al-
gorithm, which starts from scratch for each opinion that shall be
estimated, can estimate the opinions of 10 000 nodes in less than
1 second for each datasets, including LiveJournal which contains
more than 4 million nodes and more than 40 million edges. Hence,
we spend less than 10™* seconds for each opinion s,,. Here, the al-
gorithm benefits from the fact that the vertices in our datasets have
very low degrees and thus s;, can be estimated highly efficiently.

Evaluation of PageRank-style update rule. Finally, we also
evaluate the usefulness of the PageRank-style update rule [16, 29]
from Proposition 2. To this end, we implement an algorithm which
initializes a vector in which all entries are set to the average of the
node opinions % 2. Su and then we apply the update rule from the
proposition for 50 iterations.

In Table 3 we report the running times of the baseline [35] and the
PageRank-style algorithm. We also report the average error [|Z* —
Z*||2/n, where Z* is the output of the PageRank-style algorithm and
z* is the output of [35]. We find that the PageRank-style algorithm is
atleast 3.7 times faster than the baseline and its errors are very small.
We also find that the error decays exponentially in the number
of iterations of applying the update rule (see the appendix); this
resembles prior convergence results [20, 30].

5 CONCLUSION

In this paper, we studied the popular Friedkin-Johnsen model for
opinion dynamics. We showed that all relevant quantities, such as
single node opinions and measures like polarization and disagree-
ment, can be provably approximated in sublinear time. We used a
connection between the FJ model and personalized PageRank to
show that for d-regular graphs, each node’s expressed opinion can
be approximated by only looking at a constant-size neighborhood.

Furthermore, to obtain our sublinear-time estimator for innate opin-
ions we presented new results for estimating weighted sums and
we showed that we can achieve small additive and multiplicative
errors under mild conditions. We also evaluated our algorithms
experimentally and showed that for all measures except disagree-
ment, they achieve a small error of less than 4% in practice. They
are also very fast in practice.
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A OMITTED PROOFS
A.1 Useful Tools

The following lemma is well-known (see, e.g., [6, Lemma 2.2]).

Lemma 12. Leta,b € R witha < b,n € N and x € [a,b]". Let
% = 3" xi. Forany€,8 € (0, 1), there exists an algorithm which
samples a set S of s = O(e "2 log §71) indices from [n] and returns an
estimateX = 2 3 x; such that|2 - Z| < e(b—a)n with probability
at least 1 — 8. The algorithm takes time O(e "2 log 7 1).

We will also use the following solver for Laplacian systems.

Theorem 13 (Andoni et al. [2]). Consider a symmetric diagonally
dominant (SDD) matrix S € R"™", q vectorb € R", u € [n],e > 0,
and k > 1, where
e b € R" isin the range of S (equivalently, orthogonal to the kernel
of S),
o & is an upper bound on the condition number x(S), where S £
D™12SD=1/2 gnd D £ diag (Si1, . .., Sun)-
There exists a randomized algorithm that, given S, b, u, €, and k,
outputs X, € R with the following guarantee. Suppose x* is the
solution for Sx = b, then
Yu € [n], Pr (|fcu -xp) < e“x*Hm) >1- %
. _ -1 maXie[n] Dii
for suitabler = O (_J;tizg (e 1Z16llo - m

)) The algorithm

runs in time O (fe log r), where f is the time to make a step in
a random walk in the weighted graph formed by the non-zeros of S.

Next, we state a conservation law between different measures.
We note that the version of this law in [11] is stated for mean-
centered opinions but it also holds when the opinions are not cen-
tered. We use the law in the discussion in Section 4.

Lemma 14 (Chen et al. [11]). We have the following conservation
law: T +2D +C = ||s||§

Proor. First, note that

I= Z(su - z})?

ueV
2 * *\2
=2 s st ) ()
uev uevVv uev

=|Isl|3 - 2sT(I+ L) 's+sT(I+L)"%s
=sTU+L) W I+L)?=-2I+L)+ DI +L)" s
=sTI+L) '(I+2L+L% —2(I+L)+D(I+L)7 s
=sTU+L) 21+ L)7 s
Now since C = Y,,(z)% = ||z||§ =sT(I+L) 2%sand D =sT(I +
L)"IL(I + L)~ 1s, we get the desired equality since
T+2D+C=sTI+L) Y(L*+2L+D)I+L) s
=sTI+L) " 'I+L)?(I+L)" s

2
= [lsll3-
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A.2 Proof of Proposition 1

First, we briefly present the details of the lazy random walks with
timeout that are used in Algorithm 1. One random-walk step from
vertex v is performed as follows. With probability 1/2, the walk
stays at v. With probability wy,,/(2(1+wy)), it moves to neighbor w
of v. With the remaining probability of 1/2 — w,/(2(1 + wy)), the
random walk terminates. Note that this corresponds to a random
walk with timeouts on the matrix I + L.

To obtain the result of the proposition, we use Theorem 13. The

theorem considers a term r:;;(—_"g_"f which in our setting becomes
1 123

max; (I+L);; .

ming (I L), S MaXy Wy + 1. Here, we used that (I + L);; > 1 for all

i € [n], and ||z*||co = maxy, z;, < 1. To apply the theorem, we also
utilize the fact that ||s||o < n.

A.3 Proof of Proposition 2

First, observe that the expressed equilibrium opinions z* must
satisfy the update rule in Equation (1) with equality. Thus, by ex-
pressing the update rule in matrix notation, we obtain that z* is the
unique solution to the equation z* = (I + D) ~!(s + Az*).

Next, set M = (I + D)~ . Then a calculation reveals that:

M=(I+D)"!
=(U+D7HD)™!
=(I+D ) D!
=(I-MD,

where the last equality follows from observing that I + D™! and
I — M are both diagonal matrices and then verifying that for each
entry it holds that [(I + D_I)_l] i = =M.

By combining the last two equations we get the statement from
the lemma.

A.4 Proof of Lemma 4

A4.1  Local Personalized PageRank with (Non-Lazy) Random Walks.
We start by discussing how the algorithm by Andersen et al. [1]
can be adapted to work with (non-lazy) random walks.

We let @« € (0,1) be the teleportation constant, s € [0,1]"
be a vector consisting of a distribution and we set Wy = D7!A.
Then we define pr’(a,s) as the unique solution of the equation
pr’(a,s) = as + (1 — &)W pr’ (e, s). Note that this differs from the
classic personalized PageRank only by fact that we use (non-lazy)
random walks (based on W) rather than lazy random walks (based
onW = (I +D71A)).

Recall that

pr(@s) =a » (1- @) (Wis). 3)
i=0

Thus, we get that
pt’(a,s) = R's
=as+ (1 - a)R' Wss
=as+ (1 - a)R pr'(a, Wss).

Similar to [1] this means that we can maintain a vector p that
approximates pr’ (, s) and a residual vector r. Then we can perform
push-operations in which move an a-fraction of weight from r to p
and then we distribute the weight in r based on W. Algorithmically,
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Algorithm 3 Local personalized PageRank algorithm

Input: A graph G =
parameter €
cpeOandr « 1,
: repeat

(V,E,w), a parameter « € (0, 1) and an error

(u)

1
2
3. Choose any vertex u where % > € or where r(u) =1
4 Apply Algorithm 4 at vertex u, updating p and r

5. until max, cy —— ( ) <

6: return (p,r)

Algorithm 4 PusHy,

Input A graph G = (V, E, w), a vector p and a residual vector r
cp —pandr «r

P (W) = p(u) + ar(u)

cr'(w) = (1-a)r(u)

. for each v such that (u,0) € E do

r'(v) =r(v)+ (1 —a)r(u)/dy,

: return (p’,r’)

[- T BT N SR \CRE N

this is formally stated in Algorithm 4 and we use it as a subroutine
in Algorithm 3.

Lemma 15 (Andersen et al. [1]). Algorithm 3 runs in time O(é),
and computes a vector p which approximates pr’ (o, s) with a residual

vector r such that max,cy % < € and vol(Supp(p)) < —-. Here,

vol(S) = Y yes dx is the volume of a subset S C V, and Supp(p) =
{v | p(v) # 0} is the support of a distribution p.

A.4.2  Proof of Lemma 4. Next, we prove Lemma 4. First, observe
that z, = 1] z*. Hence, we have that z}, = 172" = 1] (I+L)7!s
where s is the vector consisting of the innate opinions of all vertices.
Now our strategy is to show that pr’(a,s) = (I+L)~!1] and then
we will argue that Algorithm 2 returns a good enough approxima-
tion p of pr’ (e, s) such that pTs = pr’(a,s)s = 11 (I + L) !s = 2.
When in Algorithm 2 we use the algorithm from [1] as a subroutine,
we actually use Algorithm 3.

We first give a closed form of (I+L) ™! for any d-degree bounded
graphs, i.e., graphs with maximum degree at most d.

Lemma 16. For d-degree bounded graphs, we have that (I +L)™! =
(T2, (= (D+D)~HDT1A)) (D+D)7 L

Proor. First, we have that

(I+1)7!
=(I+D-A)""!
— [DI/Z(D—I +I_D—1/2AD—1/2)D1/2]—1

=D—1/2[ +I_D—1/ZAD—1/2]—1D—I/2
=D 2D '+ DI - (D" +1)" (D" Y2AD~1/2))] 1D~ 1/?
— D—l/Z[ (D—l +I)—I(D—I/ZAD—I/Z)]—I(D—I +I)—1D—1/2

—p-1/2 Z((D—l+I)—1(D—1/2AD—1/2))1' (D‘1+I)‘1D‘1/2.
i=0

Next, observe the identities (D™! +1)™! = D(D +1)"! and (D +
D7D = I - (D +I)~! which can be checked for each diagonal
element. Now using that the matrix multiplication of diagonal
matrices is commutative, we obtain that

((D—l +I)—1(D—I/ZAD—1/2))i
= (D~ '+ "D Y2ap"12. (D!
(D! +D—lD—1/2AD—1/2

+1)"IDY2Ap1/2 .

=D(D+1)'D"12AD"V2 . p(D+1)"'D"Y2AD" V2 ...
D(D+1)"'D~1/24p~1/2
=DY2((D+1)~'A)iD~1/?
=D'2((D+1)~'D-D'A)'D"1/?
=D'2((1- (D+1)"YHD1A)D~1/2,
Thus, we can continue our calculation from above to get that

(I+L)7!

Z((D—l +I)_1(D_1/2AD_1/2))i
i=0

_p-l2 (D! +I)—1D—1/2

Z DY2((I- (D+1)"Y)D1A)iD1/2
i=0

= (i((l - (D+ I)_I)D_lA)i) (D7 '+1n~p7!

i=0

—p-1/2 (D14 1)1 D112

= (Z((I - (@+D™HDA) | (D+D7,
i=0

where in the final step we again used the identity from above. O

Next, set M = (D+I)~!. Note that then the equality in Lemma 16
becomes (I+L)~! = (X2, ((I-M)D 1A ) M

In the following, we assume the input graph is d—regular ie.,
Dj; = d for all i € V. Note that this implies that M = d+11 By
setting o = # Lemma 16 implies that

Mg

(I+L)7 = ( ((I-M)D~™ 1A))

Il
S

i

s 10

[e4

((1 — o)D" lA)

(1-a)Wy)".

Il
]

We therefore get the followmg corollary.

Corollary 17. Leta = d 1 and s be the vector of innate opmzons

Then for d-regular graphs it holds that pr’(a,s) = (I+ L)1

Proor. This follows from combining the identity pr’(a,s) =
a2, (1 — ) (Wys) from Section A.4.1 with the discussion of
Lemma 16 for d-regular graphs. O



ProOF oF LEMMA 4. Observe that this property holds when we
initialize p < 0 and r « 1, at the beginning of Algorithm 2.

Now suppose one iteration of the while-loop ended. Then by
induction it is enough if we show that

pt'(a,r) = Z r(i)p(i) +pr’ (a, Z r(i)) .

1

L

First, observe that r = 3}; r(i)1;. Next, note that for each i, it
holds that p(i) +pr’(a, r(y) = pr’ (a, 1;). Using Equation (2) we
now obtain that

pr’(a,r) = pr’ (a, Z r(i)]li)

1

e -a) (W (Zr(i)ni))
j=0

1

[o]

= Y ra ) (1-a) (W1

Jj=0

= Z r(i) pr’(a, 1;)
= > rOP +pr' (@ r?)).

This proves the statement of the lemma. O

For intuition on the correctness of our algorithm, observe that
the first part of the sum Y; r(i)p(!) are exactly the changes that
our algorithm makes to the vector p. Furthermore, observe that
again applying Equation (2), we get that

> or@pr (@ r?) = 3 r(ha i(l —a) (str“))

i i j=0

=a iu - )/ (wsf (Z r(i)r(">))
7=0 '
=pr (a, Z r(i)r(i))

i
i

which is exactly why we set r « Y; r(i)r(?) in the algorithm.

A.5 Proof of Lemma 5
Using Lemma 4 we get that
|z = pTs| = [pr' (e, L) Ts = pTs| = [pr’ (@, 1) Ts| < llpr’ (@ 1)1,
where in the last step we used that s, € [0,1] forallu € V.
Now observe that since W; = D714 is a row-stochastic matrix,

we have that ||rTWZ||; < ||r||; for all i. Hence, by Equation (2), we
get that

(e8]
lIpr’ () llx < alirlls Y (1-a) =l < ¢,
i

where in the last step we used that our algorithm only terminates
when ||r|l1 <e.
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A.6 Proof of Lemma 6

First, recall that Line 4 (i.e., the local personalized PageRank) in
Algorithm 2 consists of the two subroutines in Algorithms 3 and 4
in Section A.4.

To prove the first claim, consider any iteration of the for-loop.
Observe that we start the PageRank algorithm (see Algorithm 3)
with residual vector r = 1;. Note that when the PageRank algorithm
performs the first push-operation (see Algorithm 4), this #;-norm
of the residual vector drops by a factor of « = ﬁ Hence, for every
entry r(i) we get that

@14l < (i) (1 - ﬁ) Ll =8 (1 i ﬁ) |

Since this holds for all i and we assume that d = O(1), we obtain

that ||r||1 < (1 - ﬁ) [[7|l1 at the end of each while-loop, where

r’ is the resulting vector after applying the PageRank algorithm
over r after one iteration.

The second claim follows from the fact (see [1]) that the PageR-
ank algorithm creates at most O(d/€) new non-zero entries when
called upon any vector 1;. As we call the PageRank algorithm for
every i with r(i) # 0, this increases the number of non-zero entries
p and r by a factor of at most O(d/e).

A.7 Proof of Corollary 7

By Lemma 6, we get that ||r||; drops by a constant factor after
each iteration of the while-loop. Hence, if we perform k = (d +
1) log(1/e) iterations of the while-loop we have that

R U LU T 2 U
d+1 = exp d+1] "~

Hence, we only have to perform O(dlog(1/¢)) iterations of the
while-loop.

Note that each iteration of the while-loop increases the number
of non-zero entries in r by at most O(d/¢). Hence, the number of
non-zeros in r is bounded by (d/e)P%) = (d/e)Odlog(1/€)) ¢ a1l
times.

By Lemma 15 in Section A.4, we need time O(%) =0( g) every
time we use the local personalized PageRank algorithm on a vector
1; since a = ﬁ Combining this with our observations from
above, each iteration of the while-loop in Algorithm 2 takes time
O(d/e) - |Irllo, where ||r||o is the number of non-zero entries in r.

Thus we obtain a total running time of (d/e)Odlog(1/e))

A.8 Estimating the Measures Given Oracle
Access to Innate Opinions s,

Here, we prove the bounds claimed in the penultimate column of
Table 1.

Lemma 18. Lete, § € (0, 1), k be an upper bound on K(S‘), whereS =

(I+D)_1/2(I+L) (I+D)_1/2, andr = O(& log (e~ !nk(max, wy))).

Then with probability at least 1 — §:

e We can return an estimate of Z with additive error te in time
O(e 2log671).

e We can return an estimate of S and ||s||§ with additive error ten
in time O(e~2log §71).

e We can return an estimate of C,P, 1, D and DC with additive
error +en in time O(e~4r3log 5 !logr).
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Proo¥. Estimating z, S and ||s||3: First, we note that ¥,y su =
Duev 2, since s = (I + L)z* and hence we have that

Z sy=1Ts=1T(I+L)z"=17z" = Z z.
uev uev
Hence, to estimate z and § it suffices to estimate ¢y sy. In ad-
dition, ||s||% = Yuev 2. Given that we have query access to s, we
can apply Lemma 12 to obtain our results.
Estimating C: Recall that C = Y ,cy (25)% We set €1 =

O(k log(e] 'nk(maxy, wy))), &1 = L = 2,6 = £, 8 =
C=¢, 2log 8y 1. To return an estimate of C with additive error +en
and success probability 1 — §, we perform the following procedure.
We sample C vertices, i.e., i1, . . ., ic, from V using Lemma 12 and

obtain 2* cees 2;‘ using Proposition 1 with error parameter €; and

€ . _
6°
‘—S and

success probabrhty 1—8;. We return & Z] (Z )2

Next, we analyze the running time of this procedure and we also
prove the error guarantee.

We start with the running time analysis. According to Propo-
sition 1, estimating each z}, takes time Ty = O(e;?r’logr) =
O(e~2r3logr). According to Lemma 12, sampling C vertices from
V takes time T = O(ez_2 log (52_1) = 0(e"%log 87 1). Therefore, the
running time is CTy + T» = O(e"4r3 log 51 log r).

Next, we analyze the error guarantee. According to Proposition 1,

*

for each j € [C], with probability at least 1—J1, we have ‘2;} - Zi,-| <

= £. Therefore, (2;})2 (z )2|
$. Then by union bound, with probabrhty at least 1 - C-8; =
25;:1 (2;/.)2 - chzl (ZZ.)2| <C-§= i. According

to Lemma 12, with probability at least 1 — dp =

z +z SZF —zZT | <3¢ =
ij i

1- g, we have

1- ‘25 we have

& chzl (z;f‘j)z - C" < ezn = . By union bound, with probability

atleastl—g—gzl—&wehave

C
n 5% \2 _
c ) -¢
J=1
C C C
< EZ )= 2[5 D) -
= C : zj Cj:1 1y Cj:1 Lj
n eC e€n
- C 2 2
=en.

Estimating I : Recall that 7 = },,cy (su
r = O(Rlog(e;lnk(maxu wy))), 81 = % = %, € =5,0 =
and C = €, 2log o, !, To return an estimate of 7 with additive
error +en and success probability 1 — §, we perform the following
procedure. We sample C vertices, i.e., iy, ..., ic, from V and query
Sij, .-+ Sic using Lemma 12 and Z Zil’ . ..,'Z';‘c using Proposition 1
with error parameter ez and success probability 1 — §;. We return

DY NOEEY

Next, we analyze the running time of this procedure and we also
prove the error guarantee.

We start with the running time analysis. According to Propo-
sition 1, estimating each z}, takes time T; = O(e;*r’logr) =

—z5)% We set €] =

2|, M

O(e~2r3logr). According to Lemma 12, sampling C vertices from

V takes time T, = O(ez_2 log 52_1) = 0(e % log 67 1). Therefore, the
running time is CTy + T = O(e "3 log 6! logr).
Next, we analyze the error guarantee. According to Proposition 1,
for each j € [C], with probability at least 1—-J7, we have ‘Z? - zf‘ <
J J
=2t G5y 7)Y <

- z:‘j < 3¢; = 5. Then by union bound, with probability at least

€1 = ¢. Therefore, E;Fj + Z;ﬁj —2si;|

Sk
Z' .
Lj

1-C-61=1- ‘2—3 we have ‘Z?zl(sij - 2:.‘]_)2 - Z]C:l(sij - z;.:_)z <

c-§ = i According to Lemma 12, with probability at least

1-8,=1- 2,wehave EZ 1(slj—z )2 - I|<egn—6” By

union bound, with probability at least 1 — g - g =1- 04, we have
n C
*12
EDNCIE AL
=
n < n < n e
~% N2 2 * 2
e N O D N T B ) W A i
Jj=1 Jj=1 Jj=1
n eC en
S —_ — J—
c 2 2
=en.
Estimating DC: Note that DC = sTz* = Y, cy suz;,. We set
&g =5,r= O(fclog(eglni%(maxu wy))), 83 = % = %, € =3,

& = c_2$ and C = 652 log 52’1. To return an estimate of DC with
additive error +en and success probability 1 — , we perform the
following procedure. We sample C vertices, i.e., iy, ..., ic, from V
and query s;,, ..., i using Lemma 12 and obtain Z Zil’ ..., Z} using
Proposition 1 with error parameter €3 and success probability 1—§;.
We return 2 Z] 151121

Next, we analyze the running time of this procedure and we also
prove the error guarantee.

We start with the running time analysis. According to Propo-
sition 1, estimating each zj, takes time T3 = O(e; 2r3logr) =
O(e~2r3logr). According to Lemma 12, sampling C vertices from
V takes time Tp = O(ez’2 log 52’1) = O(e %log671). Therefore, the
running time is CT3 + T = O(e "3 log §~!logr).

Next, we analyze the error guarantee. According to Proposition 1,

for each j € [C], with probability at least 1—J3, we have ‘2:‘ - z:“ <
J J

€3 = 5. Therefore, s,-ji}*j —sijz;.:_ < €3 =

< s, - |zE =2
= Slj |le le

> polm

Then by union bound, with probability at least 1 - C -3 =1—- %,
we have ‘Z - Zj,.::l s,-jz;kj
Lemma 12, with probability at least 1 — d2 = 1 — ‘25, we have
& Z]C:l sijz;‘j - DC‘ < en =

€ _ €C :
j= 1812} i < C- 5 = 5. According to

€. By union bound, with proba-

bility at least 1 — g - g =1 -4, we have

n ~k
C Z Si; 2, DC
j=1
n & n < n &
~k *
<o 2sud, — g s |+ o s, — PC
Jj=1 Jj=1 Jj=1



Estimating P: Recall that P = ¥,,cy (2}, — Z)?, where we use Z =
% Zuev - Now we use the well-known equality that 3; 3’ ;. ; (ai—
aj)2 =nY;(a; —c)? where c = % i ai. This gives us that

P= -2t = Y @)

ueVv u,veV

18, r= O(lclog(e4 nk(maxy wy))), 04 = ; = %,
e=50=% SandC = €5 ~2log o 1. Consider a vector x of length n?
which has entries x,,, = (2}, — zZ)2 € [0,1] for u,v € V. Therefore,
P = % Yu0eV Xu,p. We sample C indices, denoted as iy, .. ., ic,
from x using Lemma 12. Then we obtain %;,, . . ., X;. using Proposi-

tion 1. Note that for each j € [C], %;; = (2;‘.1 - 2;72)2 supposing that

We set ¢4 =

Jj1 and jp are vertices associated with x; ;- We return %2 216.;1 i -

Next, we analyze the running time of this procedure and we also
prove the error guarantee.

We start with the running time analysis. According to Propo-
sition 1, estimating each z;, takes time Ty = O(e4_zr3 logr) =
O(e~2r3logr). According to Lemma 12, sampling C entries from
x takes time T = O(e; “log 8, ') = O(¢™%log 5™ 1). Therefore, the
running time is at most 2CTy + Tz = O(e~*r3log 5~ !logr).

Next, we analyze the error guarantee. According to Proposi-
tion 1 and union bound, with probability at least 1 — 254 =1 — %,

S| = s 52 2
we have |x1]. x,j| = ’(zj1 ij) (z z ) | z +z}1 +
z +z 2; -z* ‘) < 9¢ = E.Then by union bound,

w1thprobab1hty at leastl C- 2C = g,we have ‘chzl Xi; — chzl Xi;| <
c-§ = % According to Lemma 12, with probability at least
2 2
1-8,=1- ‘—Zs,we have % Zf:l Xi; — P‘ < en?= % By union
bound, with probability at least 1 — g - g =1- 4, we have
2 & 2 & 2 & 2 &
— X < |— Xi. — — PR
C 2% P2 L - g |t e P
j=1 j=1 j=1 ] 1
n? eC en?
cC 2 2
= en®.
As P = ﬁ Yu.veV Xup We get an error for the polarization of
en.

Estimating D: Recall that DC = D + C, which implies that
D = DC - C. Using the results from above, we can compute
approximations of DC and C with additive error +en/2 in time
O(e™*r3log 6~ 1logr). Using the triangle inequality we get that
the total error is bounded by +en. O

A.9 Proof of Lemma 8

Recall that s = (I + L)z*. Hence, we have that s, = (1 + wy)z;, —
2 (1,0) €E WuoZy- We can compute the first term of this sum in time
O(1) using our query access to z;, and wy,. Furthermore, by querying
the values of zj, for all neighbors v of u, we can compute the second
term in time O(dy).
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We can compute the second term in time O(w2e~2 log 6~1) with
additive error € as follows. For convenience, we set

Su = Z ZyWuo-
(u,0)€E

Let X; be a random variable that takes value zj, with probability
Wwyo/wy. Note that E [X;] = Sy, /wy,. Furthermore, we have that

Var [X;] =E[X}] ~E[X1)2 < D (25)*Wuo/Wu < Su/wus
(u,v)€E

where we used that (z3)? < 2, since z, € [0, 1]. Now consider the
random variable Y} = wu% Zi—ll Xi, where the X; are i.i.d. copies
of X;. Then we have that E [Yk] = S,. Furthermore,

Var [V ] =w EVar [X1] < %Su.
Now applying Chebyshev’s inequality, we obtain that

Var [Y, s
Pr (Y — Su| = €) < YAl WuSu
€2 ke?

<0.1,

where we set k = 10;12‘ and used that S;, < wy. Applying the
median trick, we obtain that with probability 1 — § we return an
estimate with additive error at most 1 + €.

We conclude that the second term can be computed in time
O(min{d,, w2e~%log671}).

A.10 Proof of Proposition 9

We first observe that, by querying the values of z, for all neighbors v
of u, we can compute Sy, in time O(d,,).

Additionally, we can compute S, in time O(d,, 121 logé™1)
with (1+€)-multiplicative error as follows. Let m be a parameter that
we will set below. Our algorithm starts by picking vertices vy, ..., o,
independently at random (with repetitions) from all neighbors v
of u with probabilities proportional to their weights, i.e., wy,/wy,.
Let T be the set of sampled vertices, and for each ¢ € T define ¢; to
be the number of times vertex ¢ is sampled, i.e., ¢; = |{i: v; = t}].
Define Yj; to be z,/wyy if v; = v; and 0 otherwise. We consider the

estimator ) .

_ £ L%

SN L (%) -2

Su=wy - . —_

2 feT Wut
We have
E [Y] _ Z Zy Wuy Wi _ Z 2y Wy Sy
ij| = — - = TR
W, W, W,

(wp)eE ~*? u u (u,0)€E Wu Wu

(u,0)eE U0 (u,0)eE U
Since
~ -1 (c,) z* -1
m m
) g ) 5
2 tEZT Wut 2 ISKZjSm
we have
-1
. m S
elad=nd-(3) - ¥ Elul-wi- s,

1<i<j<m u

To bound Var [§u] we need to bound Var [lei<jsm Yij]. De-
note Yij =Y —-E [Yij] . We need to deal with the fact that the ¥;;’s
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are not pairwise independent. Specifically, for four distinct i, j, i, j/,
ind?ed Y;j and Yy j» are independent, and thus E [Yl] Yi/j/] =E [Y,J]
E [Yi/j/] = 0; but for i < j # k, the random variables Y;; and Yj;
(z)*  woy _

2 3 =
Wuo Wy

are not independent. We have E [Yij Yik] = 2 (u,0)€E

% 2 (u,0)€E (2%)?wyy. Therefore,

Var Z Yij| =E

1<i<j<m

Z E[lej]+2

1<i<j<m

> E[Yizj]+2~

1<i<j<m

2

2, i

1<i<j<m

>, E[¥T]

1<i<j#zk<m

IN

E [Y;Yik]
1<i<m—1i+1<j#k<m
¥ 2
. Z (z3)*wyo-

2
m w2 m
<5 ), @
W, W,
U (u,v)€E U (u,v)€E

Furthermore, since m? < 3(’5’) if m > 3, we have

2 i

-2
Var [§u] = w;i . (’;) - Var
1<i<j<m

9w? " w,
<2 @R D (25 e

m? (1,0)€E M (uo)eE
By Chebyshev’s inequality , we have
Var [§u]
€252
9(Z(u,v)eE Wuo)2 : (Z(u,o) eE(ZZ)Z)
mzez(Z(u,v)eE Z5Wup)?
(X (uo)eE Wuv)(Z(u,v)eE(Z:)ZWuv)
me?( X (u,0) ek ZoWuv)?
9(Z(u,v)eE Wuv)z “dy
- mzez(Z(u,v) €E CWuv)z
9(Z(u,u) €E WuU)(Z(u,v)EE ZyWup)
mez(Z(u,u)eE Z5Wuo)?
(X (w0)cE Wup)® - dy

~ m2e?c? Z (u,0)€E Wuv)z

Pr ([Su - Sul 2 €5, <

9 2. (u,v) €E Wuo

me2c Y, (u,v)€E Wuo

9d,, 9
T m2e2¢?2  melc
<0.1,

where we set m = O(dbl,/ze_l) and used that (z3)? < z} and
2 (uo)e £(25)? < dy,. Applying the median trick, we obtain that
with probability 1 — § we return an estimate with multiplicative
error 1 + €.

We conclude that the total time we need to compute S, is at
most O(min{dy, d}/ze’l log671)).

A.11 Proof of Corollary 10

Recall that s = (I + L)z*. Hence, we have that s, = (1 + wy)z}, —
2 (u,0)eE WuoZy = (1+wy)zj, — Sy We can compute the first term

of this sum in time O(1) using our query access to z;, and wy,. Fur-
thermore, using to Proposition 9, with probability at least 1 — § we
can estimate the second term in time O(min{dy, dll/ze_l logs™1})
with multiplicative error (1 + €), i.e., ‘S}, - Su| < €S,. We set
Su=(1+wy)z, — Su-

If S, < 1, then it follows immediately from Proposition 9 that
|Su — syl = |§u —Su| <eS, <e

IfS, < %, then according to Proposition 9, we have
Sy —su=3Su—Su

<(1+€)Sy —Su
=eSy

(1+wy)z;,
<e ——

2
< e((1+wy)zy, + Su)
= €Sy,
and

Su—Su= §u - Su
>(1-¢€)S, —Sy
=—€Sy
e (1+wy)z;,
2
> —e((1+wy)z, +Sy)

vV

= —€sy.

Therefore, |S, — sy| < €esy.

A.12 Estimating the Measures Given Oracle
Access to Expressed Opinions z;,

In this section, we prove the results of the last column of Table 2.

Lemma 19. Let€,§ € (0,1). Then with probability at least 1 — :

e We can return an estimate of Z with additive error te in time
O(e 2log671).

e We can return an estimate of S, C and P with additive error ten
in time O(e2?log571).

ProOF. Estimating Z, S and C: These three claims follow directly
from Lemma 12.

Estimating the polarization P: Recall that P = ¥, cv (25 — 2)2,
where Z = % Yuev Z,- Now we use the well-known equality that

2iXj>ilai — aj)2 =nY;(a; — ¢)?, where ¢ = % >.i ai. This gives

us that )
=\2 2
P = (z-2) =5 PICEEA
uev u,0eV
Hence, we can apply Lemma 12 with a vector x of length n? which
has entries x,, » = (2, — z3)2 € [0,1] for u,v € V. Thus the lemma
gives us an estimate £ of = = 3, ,cv (2} — z5)? with additive error
|53 — 2\ <en’ AsP = %Z we get an error for the polarization of
en. o

Lemma 20. Let¢, 6 € (0,1). Then with probability at least 1 — 6,
we can return an estimate of ||s|2, I, D and DC with additive error
+en in time O(e"2dlog? §71).



Proor. In the following, we use the estimation of ||s||§ as an
example to illustrate. The estimation of 7 and DC works similarly.
The disagreement D can be estimated using Lemma 14 and our
results for ||s||2, T and C.

Recall that [|s||? = S,y s2. Wesete; = £,81 = 9,62 = §, 8, =
g and C = 62_2 log 52_1 = 0(e %logé™'). According to Lemma 11,
in time O(Cd log 1), we can sample a (multi-)set of vertices S =
{i1, i, ...,ic} uniformly at random from V and obtain estimated
innate opinions §;, for all u € S such that with probability 1 — J; it
holds that |s, — 5| < € forallu € S. We return & 3¢5 55.

The running time is O(Cdlog6~1) = O(e 2dlog? 6~1). Now
we analyze the error guarantee. According to Lemma 11, for all
u € S, with probability at least 1 — §; = 1 — g we have |§, — sy| <
€1 = ¢. Therefore, |§§ - slzl| < I8y + sul - Sy = sul < 3e; = §, since
Su+su < (1+e€)+1<3and|$, —sy| < € by our assumption
above. Then we have \Zues §2 = Yues s,%l <S5 = %.Aceording
to Lemma 12, with probability at least 1 — d = 1 — g we have
|% Sues st — ||s||§| < ezn = £, By union bound, with probability
at least 1 — g - g =1- 4, we have

n =2 2 n 2 n 2 n 2 2
e B I E YA I EA WA
ues uesS uesS ues
n €C e€n
S —_ — R—
CcC 2 2
= €n. O

B ADDITIONAL EXPERIMENTS

In this section, we present additional experimental results and
elaborate on the technical details of our experiment setup.

B.1 Datasets and Parameter Choices

First, we note that we obtained the bounds on K(§) in Table 2,
where § = (I+D)~Y2(I + L)(I + D)~1/2, using power iteration
with 100 iterations.

Next, we provide details on the opinion distributions that we
used. We already mentioned the uniform distribution in the main
text. Additionally, we sampled opinions from an exponential distri-
bution and then rescaled the values we obtain so that all opinions
are in the interval [0, 1]; this was done exactly as in [35]. Since
for the first two distributions, the opinions do not depend on the
graph structure, we also compute an approximation v of the second
eigenvector of L using power iteration with 100 iterations. Given
this approximation, we rescale all entries in v such that they are

0; —min(v)
max(v)-min(v) "
vector takes into account the community structure of the graph and
thus we obtain opinions that depend on the graph structure. Inter-
estingly, we find that on the datasets we consider, this distribution
is relatively close to the uniform distribution.

Next, let us briefly justify our parameter choices in Tables 4 and 5.
We picked 4 000 random walks since Figures 1(b) and 1(d) suggest
that by going from 4000 to 6 000 walks, the error and standard
deviations do not reduce significantly anymore, whereas going
from 2 000 to 4000 random walks reduces the standard deviation
of the error significantly. Additionally, the number of steps was
determined by observing that (see Figures 2(a) and 2(c)) using 600

in the interval [0, 1] by setting v; = Intuitively, this
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steps costs barely more running time than using 400 steps, but does
provide slightly less error (see Figures 1(a) and 1(c)). We consid-
ered 10 000 nodes to obtain running times similar to the baselines.
We note that if we use less nodes (e.g., 1000 nodes) then we still
obtain similar average errors when computing polarization, contro-
versy, etc. (the error increases by approx. 1%, but we obtain higher
standard deviations).

B.2 Further Analysis Given Oracle Access to s,

Next, we provide further experimental results when we have query
access to the innate opinions sy,.

Running time analysis. In Figure 2, we present the running
time of Algorithm 1 on the Pokec and LiveJournal datasets with uni-
formly distributed innate opinions. We observe that the algorithm’s
running time scales linearly in the number of random walks, as
well as in the number of sampled vertices for which the opinions
shall be estimated. We also observe that after setting the number
of random walk steps to 400, the running time stops increasing
even for larger numbers of random walk steps. This behavior is
explained by the timeout of the random walks, which at vertex v
terminate with probability 1/2 — w,/(2(1 + wy)) (see Section A.2
for details). In other words, the probability that the random walks
perform more than 400 steps without terminating is very small and
therefore the running time stops increasing.

We note that here we only report running time results for uni-
formly distributed innate opinions. We do this for conciseness, since
the results using the other two opinion distributions are almost
identical.

Additional error analysis. Next, we present additional error
analysis with different opinion distributions on the datasets that
we consider.

First, we consider estimating the expressed opinions z;, using
Algorithm 1 and an oracle for innate opinions s,,. We present the re-
sults using innate opinions generated from the second eigenvector
of the Laplacian in Table 6 and the results using a rescaled expo-
nential distribution in Table 7. We observe that for approximating
the measures, our results are highly similar to what we present in
the main text for uniformly distributed innate opinions. That is, for
all measures except disagreement we can compute estimates with
relative error at most 6%. Interestingly, we observe that for expo-
nentially distributed innate opinions the average absolute error for
estimating z}, is only +0.003 (rather than +0.01 for the other two
distributions), but this does not lead to significantly lower relative
error when approximating the measures.

Impact of vertex degrees. Next, our goal is to understand how
the degree of a vertex u impacts the performace of Algorithm 1
when estimating zj,. Our experiment setup to obtain this under-
standing is as follows. For each dataset, we sort the nodes by their
degrees. Then we create 20 buckets, where the first bucket contains
the 5% of nodes of lowest degree, the second bucket contains the
nodes with the 5% to 10% lowest degrees, etc. For each bucket, we
randomly pick 500 nodes and estimate their opinions. We report
the error and running time for each bucket (averaged over 10 runs
and we will also report standard deviations); we normalize the er-
rors and standard deviations for each bucket, by dividing by the
average error and the standard deviation across the experiments
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Figure 2: Running time of Algorithm 1 for estimating expressed opinions z;, using an oracle for innate opinions s,. When not
mentioned otherwise, we sampled 10 000 vertices and for each of them we performed 4 000 random walks with 600 steps. We
report means and standard deviations across 10 experiments. Innate opinions were generated using the uniform distribution.

Table 6: Errors for different datasets given an oracle for innate opinions; we report means and standard deviations (in paren-
theses) across 10 experiments. We ran Algorithm 1 with 600 steps and 4 000 random walks; we estimated the opinions of
10 000 random vertices. Innate opinions were generated using the the second eigenvector of the Laplacian.

Dataset Absolute Error Relative Error in %
z, S P D I o DC lIsli3

GooglePlus 0.010 (£0.007)  0.2(+0.2) 2.9(+1.7) 156.5(+8.1) 8.8(+0.7) 3.3(£0.2) 1.6 (0.3) 0 3 (£0.3)
TwitterFollows  0.011 (£0.006) 0.3 (£0.2) 6.8 (+1.0) 197.0 (x17.1) 6.8 (£1.4) 4.2 (£0.3) 2.1(£0.5) 0.5 (£0.4)
Flixster 0.013 (£0.007) 0.3 (£0.2) 4.2 (+2.0) 126.9 (£8.5) 2.5(£14) 4.4(x03) 2.0(+0.5) 0.6 (+0.4)
Pokec 0.010 (£0.007) 0.4 (£0.2) 6.8 (£23) 83.3(£13.4) 1.6(x1.0) 3.4(x03) 1.7(x0.6) 0.7 (£0.3)
Flickr 0.012 (£0.007) 0.4 (£0.3) 1.7 (£1.2) 37.9(x4.8) 1.0(£0.7) 4.7(20.2) 2.6 (x0.4) 0.7 (£0.6)
YouTube 0.012 (£0.007) 0.6 (£0.5) 1.6(x0.9) 31.9 (+8.7) 0.8 (£0.7) 4.2(x05) 23(+0.9) 1.0 (0.9)
LiveJournal 0.011 (£0.008) 0.5 (£0.3) 4.9 (£3.1) 63.1(x11.1) 1.8(£0.3) 3.5(x0.4) 1.4(x07) 1.1(x0.5)

Table 7: Errors for different datasets given an oracle for innate opinions; we report means and standard deviations (in paren-
theses) across 10 experiments. We ran Algorithm 1 with 600 steps and 4 000 random walks; we estimated the opinions of
10 000 random vertices. Innate opinions were generated using the exponential distribution.

Dataset Absolute Error Relative Error in %
z;, S P D I C DC ||s||§

GooglePlus 0.003 (£0.002) 0.4 (£0.3) 3.2(£0.9) 47.5(£10.1) 2.1(£2.2) 3.7(£0.3) 1.8(x£0.5) 0.7 (£0.6)
TwitterFollows ~ 0.003 (£0.002) 0.7 (£0.5) 6.6 (£4.0) 43.5(+12.2) 53 (+1.9) 3.4(x0.7) 1.3(x1.0) 22 (+L1)
Flixster 0.003 (£0.002) 0.4 (£0.2) 3.8 (£3.0) 44.4(£7.8) 2.3 (£14) 4.3 (£0.6) 1.9(£0.9) 1.0 (x0.5)
Pokec 0.003 (£0.002) 0.4 (£0.1) 5.0 (£2.3) 69.3 (£17.4) 2.2(£1.2) 3.5(£0.1) 1.7 (x0.4) 0.6 (£0.3)
Flickr 0.003 (£0.002) 0.5 (£0.2) 4.6 (£3.2) 50.8(+9.5) 1.8 (+1.2) 4.0(x0.6) 1.7(x0.9) 1.2 (+0.4)
YouTube 0.003 (£0.002) 0.7 (£0.3) 1.5 (%0.7) 46.2(£10.0) 3.7 (£33) 3.9(£0.6) 1.6(£1.0) 1.5 (%0.6)
LiveJournal 0.003 (£0.002) 0.3 (£0.2) 1.7 (£1.2) 524 (£54) 1.9(£13) 3.7(£03) 1.9(£04) 0.6 (£0.4)

for all buckets. This will allow us to understand whether on some
buckets we obtain larger/smaller errors than on others.

We report our experiments on the datasets with uniform opin-
ions. In our experiments, we used Algorithm 1 with 4 000 random
walks with 600 steps.

Regarding the errors, we present the results on the four largest
datasets in Figure 3 (for the smaller datasets, the results were anal-
ogous). Our results show that the normalized errors and standard
deviations are both 1 across all datasets and buckets with only mi-
nor fluctuations. In other words, the errors and standard deviations
are the same on all buckets and there is essentially no difference.

We note that this is consistent with the results of Table 4, where the
errors and standard deviations are highly similar across all datasets;
our new results show that we can say the same about the buckets
for each dataset. The only slight outlier is LiveJournal, where (only)
the final bucket has an average error that is approximately 40%
higher than the other buckets and it has much higher standard de-
viation. Overall, we conclude that the error is almost not impacted
by the degree of the vertices.

Regarding the running time, we present the results on our four
largest datasets in Figure 4. We find that our query procedure



Stefan Neumann, Yinhao Dong, Pan Peng

normalized avg error in bucket

normalized avg error in bucket

normalized avg error in bucket

5
normalized avg error in bucket

012345678 910111213141516171819 012345678 910111213141516171819

(a) Pokec (b) Flickr

012345678 910111213141516171819 012345678 910111213141516171819

(c) YouTube (d) LiveJournal

Figure 3: Normalized error of Algorithm 1 for estimating expressed opinions z;, using an oracle for innate opinions s,. We
sorted the vertices by degrees (from low to high) and partitioned them into 20 equally sized buckets. We used Algorithm 1 with
4000 random walks with 600 steps. We report means and standard deviations across 10 experiments. Innate opinions were

generated using the uniform distribution.

takes more time for high-degree nodes. While this might sound
surprising at first, it is actually not: we note that our random walks
have a timeout, i.e., at each step they terminate with probability
1/(2(1 + wyp)), where wy, is the degree of the current node. Hence,
when starting in a high-degree node, w; is large and we have a
much smaller probability of stopping “early”. This explains our
phenomenon. Indeed, we can see that for denser datasets (higher
average degree, see Tables 2 and 3), the query procedure gets slower.
When comparing the query times across the different buckets, we
find that typically they differ by a factor of at most 2 to 3 across
the different datasets. It is not clear to us why the running times of
some of the medium-range buckets are sometimes the fastest.

B.3 Further Analysis Given Oracle Access to z},

Next, we consider estimating the innate opinions s, using the sam-
pling scheme from Lemma 8 and an oracle for expressed opinions z};.
Again, we present additional error analysis with different opinion
distributions on the datasets that we consider. We present the re-
sults using innate opinions generated from the second eigenvector
of the Laplacian in Table 8 and the results using a rescaled exponen-
tial distribution in Table 9. We again observe that overall the results
are similar to what we reported in the main text for uniformly
distributed innate opinions. The main difference is that for expo-
nentially distributed innate opinions, the relative error for internal
conflict 7 and, to a lesser extent, for polarization £ is higher. We
explain this by the fact that for a highly skewed distribution like the
exponential distribution, a small number of vertices make up for a
large fraction of the measures’ values. Therefore, sampling-based
schemes like ours perform worse and require estimating more ver-
tex opinions (compared innate opinion distributed based on less
skewed distributions).

B.4 Analysis of the PageRank-Style Update Rule

We also evaluate the error of the PageRank-style update rule [16, 29]
from Proposition 2. To this end, we implement an algorithm which

initializes a vector in which all entries are set to the average of the
node opinions % >.u Su and then we apply the update rule from the
proposition for 50 iterations. We compare the error of this iterative
algorithm against the solution computed by the algorithm of Xu et

al. [35]. We report the £,-norm of the error, as well as the differences
of the iterates ||z{#) — z{/=1)||5; we note that in the figure, the error

is not normalized by the number of vertices n.
We report our findings in Figure 5, showing that the error decays
exponentially.

B.5 Estimating the Disagreement

Previously, we have seen that estimating the disagreement is more
difficult than estimating other measures (see Tables 4 and 5). Hence,
here we consider a setting in which we can sample edges uniformly
at random from unweighted graphs. In this setting, we can again
use Lemma 12 to obtain that using O(e~%log §~!) samples, we can
obtain an approximation with error +em. We report our results
for this algorithm on datasets with uniform opinions. As before,
we report relative errors; errors and standard deviations are for
10 independent runs of the algorithm.

First, we present our results when we have query access to the
entries z;,, i.e., for each edge (u,v) that we sample we can compute
(2% — 25)? exactly in time O(1). We present our results in Figure 6,
showing that the error is much smaller than what we reported in
Table 5, but it does require at least 10 edges to obtain good results
with relative error less than 5%.

First, we present our results when we have query access to the
entries s and when we have to estimate the z;, using Algorithm 1.
As before, we use Algorithm 1 with 600 steps and 4 000 random
walks. We present our results in Figure 7, showing that the errors
are generally smaller than what we reported in Table 4, but that
the errors are still relatively high.
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Figure 4: Normalized running time of Algorithm 1 for estimating expressed opinions z;, using an oracle for innate opinions s;,.
We sorted the vertices by degrees (from low to high) and partitioned them into 20 equally sized buckets. We used Algorithm 1
with 4 000 random walks with 600 steps. We report means and standard deviations across 10 experiments. Innate opinions were
generated using the uniform distribution.

Table 8: Errors for different datasets given an oracle for expressed opinions; we report means and standard deviations (in
parentheses) across 10 experiments. We ran our algorithm with threshold 400 and 5 repetitions; we estimated the opinions of
10 000 random vertices. Innate opinions were generated using the the second eigenvector of the Laplacian.

Dataset Absolute Error Relative Error in %
Su S P D I C DC lIsli3

GooglePlus 0.000 (£0.004) 0.2 (£0.1) 1.8(£0.9) 104 (£6.0) 1.8(£1.1) 0.3 (£0.1) 0.3 (£0.2) 0.4 (x0.1)
TwitterFollows  0.001 (£0.017) 0.1 (£0.1) 0.9 (x0.7) 105 (4.6) 13.4 (£4.6) 0.2 (£0.1) 0.3 (£0.2) 0.4 (£0.2)
Flixster 0.001 (£0.016)  0.2(£0.1) 1.7(x1.1) 9.2(x7.0) 4.1(+19) 03(£0.2) 05 (£0.3) 0.6 (+0.4)
Pokec 0.000 (£0.004) 0.1 (£0.0) 2.3 (£2.0) 85(+3.9) 14(£11) 01(x0.1) 0.2(£0.1) 0.3 (x0.2)
Flickr 0.001 (£0.020) 0.1 (£0.1) 1.7 (£0.6) 4.9 (£1.3) 1.9(£1.0) 0.4 (£0.2) 04 (£0.3) 0.5 (0.4)
YouTube 0.000 (£0.011)  0.2(£0.1) 1.6(+1.2) 6.2(£3.0) 0.6 (£0.3) 0.4 (£0.2) 0.7 (£0.3) 0.9 (+0.4)
LiveJournal 0.000 (£0.008) 0.2 (£0.1) 1.8 (+£0.8) 4.4 (£25) 0.8 (£03) 0.4 (£0.1) 0.5(£0.2) 0.6 (£0.2)

Table 9: Errors for different datasets given an oracle for expressed opinions; we report means and standard deviations (in
parentheses) across 10 experiments. We ran our algorithm with threshold 400 and 5 repetitions; we estimated the opinions of
10 000 random vertices. Innate opinions were generated using the exponential distribution.

Dataset Absolute Error Relative Error in %
Su S P D I C DC lIsli3

GooglePlus 0.000 (£0.002) 0.1 (£0.1) 3.1(+2.6) 8.9 (+3.0) 3.6 (£1.8) 0.3 (£03) 0.6(£0.3) 1.2 (x0.5)
TwitterFollows ~ 0.001 (£0.014) 0.2 (+0.1) 2.5 (+2.5) 6 3(£4.3) 11.6 (£5.6) 0.6 (£0.4) 0.9 (£0.6) 1.5 (£0.6)
Flixster 0.000 (£0.009) 0.2 (£0.1) 3.0 (£13) 7.4(£51) 8.0 (£5.6) 0.4(£0.2) 0.6(x0.5 1.0 (+L.1)
Pokec 0.000 (£0.002) 0.1 (x0.1) 8.2 (+6.0) 16 7(£6.9) 3.6 (£2.2) 0.3 (+0.2) 0.6 (£0.4) 1.2 (+0.4)
Flickr 0.000 (£0.008) 0.3 (£0.1) 3.1 (£25) 7.2(£57) 51(£3.1) 0.6 (£0.4) 0.9 (£0.6) 1.0 (£0.2)
YouTube 0.000 (+£0.005) 0.2 (£0.1) 2.9 (+1.5) 8.0 (£6.9) 4.0 (+3.2) 04(£0.1) 0.7 (x05) 1.1(x1.0)
LiveJournal 0.000 (£0.006) 0.2 (£0.1) 3.5 (£24) 6.4 (£53) 3.2(£43) 0.5(£03) 0.5 (£04) 0.9 (£0.7)
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Figure 5: Error of applying the PageRank-style update rule from Proposition 2 for multiple iterations. We compare the error of
this iterative algorithm against the solution computed by the algorithm of Xu et al. [35]. We report the £,-norm of the error, as
well as the differences of the iterates ||z(?) — z(!=1||,. Innate opinions were generated using the uniform distribution.
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Figure 6: Error of the estimator from Lemma 12 for computing the disagreement using random sampling of edges, having
query access to z;,. We report means and standard deviations across 10 experiments. Innate opinions were generated using the
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Figure 7: Error of the estimator from Lemma 12 for computing the disagreement using random sampling of edges, computing
z;, using Algorithm 1 with 600 steps and 4000 random walks. We report means and standard deviations across 10 experiments.
Innate opinions were generated using the uniform distribution.
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