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Abstract

Performing Bayesian inference for the Epidemic-Type Aftershock Sequence (ETAS) model of earth-
quakes typically requires MCMC sampling using the likelihood function or estimating the latent
branching structure. These tasks have computational complexity O(n?) with the number of earth-
quakes and therefore do not scale well with new enhanced catalogs, which can now contain an order
of 10% events. On the other hand, simulation from the ETAS model can be done more quickly
O(nlogn). We present SB-ETAS: simulation-based inference for the ETAS model. This is an approxi-
mate Bayesian method which uses Sequential Neural Posterior Estimation (SNPE), a machine learning
based algorithm for learning posterior distributions from simulations. SB-ETAS can successfully
approximate ETAS posterior distributions on shorter catalogues where it is computationally feasible
to compare with MCMC sampling. Furthermore, the scaling of SB-ETAS makes it feasible to fit to
very large earthquake catalogs, such as one for Southern California dating back to 1932. SB-ETAS can
find Bayesian estimates of ETAS parameters for this catalog in less than 10 hours on a standard lap-
top, which would have taken over 2 weeks using MCMC. Looking beyond the standard ETAS model,
this simulation based framework would allow earthquake modellers to define and infer parameters for
much more complex models that have intractable likelihood functions.

Keywords: Point Processes, Earthquakes, Approximate Bayesian Inference, Simulation Based Inference,
Machine Learning, Hawkes Process



1 Introduction

The Epidemic Type Aftershock Sequence (ETAS)
model (Ogata, 1988) has been the most dominant
way of modelling seismicity in both retrospective
and fully prospective forecasting experiments (e.g.
Woessner et al., 2011; Taroni et al., 2018; Cat-
tania et al., 2018; Mancini et al., 2019, 2020)
as well as in operational earthquake forecasting
(Marzocchi et al., 2014; Rhoades et al., 2016; Field
et al., 2017). The model characterises the succes-
sive triggering of earthquakes, making it effective
for forecasting aftershock sequences. The param-
eters of the model are also used by seismologists
to characterise physical phenomena of different
tectonic regions such as structural heterogeneity,
stress, and temperature (Utsu et al., 1995).

In recent years, an accelerated growth in the
number of seismic sensors and machine learning
algorithms for detecting the arrival times of earth-
quake phases (e.g. Zhu and Beroza, 2019), has
meant that earthquake catalogs have grown to a
size that has overtaken what is computationally
feasible to fit an ETAS model to. In California,
a deployment of a dense network of seismic sen-
sors over the last century combined with an active
tectonic regime has resulted in a comprehensive
dataset of earthquakes in the region (Hutton et al.,
2010). Furthermore, in more specific areas of Cal-
ifornia, through machine learning based seismic

phase picking and template matching, enhanced

earthquake catalogs have been created which
contain many small previously undetected earth-
quakes (White et al., 2019; Ross et al., 2019). It
is fair to assume that these datasets will only con-
tinue to grow in the future as past continuous data
is reprocessed by these new detection techniques
as well as being applied to future earthquakes.
Determining whether increased data size results
in improved earthquake forecasts is an important
question for the seismological community. This
work provides some methodology for answering
that question by providing a simulation based esti-
mation procedure for the ETAS model, with a
scalability that make it feasible to infer ETAS
parameters for such large datasets.

Most commonly, point estimates of ETAS
parameters are found through maximum likeli-
hood estimation (MLE). From these point esti-
mates, forecasts can be issued by simulating multi-
ple catalogs over the forecasting horizon. Forecast
uncertainty is quantified by the distribution of
simulations from MLE parameter values, however,
this approach fails to quantify uncertainty con-
tained in estimating the parameters themselves.
Parameter uncertainty for MLE can be estimated
using the Hessian of the likelihood (Ogata, 1978;
Rathbun, 1996; Wang et al., 2010), which requires
a very large sample size to be effective, or through
multiple runs of the MLE procedure with different

initial conditions (Lombardi, 2015).



Full characterisation of the parameter uncer-
tainty is achieved with Bayesian inference, a
procedure which returns the entire probability
distribution over parameters conditioned on the
observed data and updated from prior knowl-
edge. This distribution over parameters, known
as the posterior, does not have a closed form
expression for the temporal and spatio-temporal
ETAS model and so several approaches have used
Markov Chain Monte Carlo (MCMC) to obtain
samples from this distribution (Vargas and Gneit-
ing, 2012; Ross, 2021). These approaches evaluate
the likelihood of the ETAS model during the pro-
cedure, which is a an operation with quadratic
complexity O(n?), and therefore are only suitable
for catalogs of around 10,000 events.

An alternative to MCMC is based on the
Integrated Nested Laplace Approximation (INLA)
method (Rue et al., 2017), which approximates
the marginal posterior distributions using latent
Gaussian models. The implementation of INLA
for the ETAS model, named inlabru, by Serafini
et al. (2023) demonstrated a factor 10 speed-up
over the MCMC method for a catalog of 3,500
events but they do not provide results on larger
catalogs. Section 2.3 provides a more in depth
overview of the MCMC and INLA methods.

We propose SB-ETAS: an alternative method
for Bayesian inference for the ETAS model. SB-

ETAS is based on Simulation Based Inference

(SBI), a family of approximate procedures which
infer posterior distributions for parameters using
simulations in place of the likelihood. Simulation
from the ETAS model is O(nlogn), making it
a procedure which scales better than the evalu-
ation of the likelihood, O(n?). From a suite of
SBI methods developed recently using neural den-
sity estimators (Cranmer et al., 2020), we choose
Sequential Neural Posterior Estimation (SNPE)
since it does not involve any MCMC. SNPE trains
a neural density estimator to approximate the
posterior distribution from pairs of simulations
and parameters. Section 3 provides an overview of
SNPE and other methods of SBI.

SBI is typically used in the case where the
likelihood function is intractable, for example
when the likelihood involves integrating over many
unobserved latent variables. However, in our use
case the likelihood function is tractable, present-
ing an alternative potential for SBI for problems
where the simulator scales better than the like-
lihood. Looking beyond the example presented
in this study, the likelihood-free inference proce-
dure that we present, could be applied to other
branching models for earthquakes. Such branch-
ing models need only be defined as a forward
simulator and wouldn’t be constrained to have a
likelihood function. For example, a large problem
in earthquake modeling is the time varying detec-

tion of earthquakes, particularly following very



large magnitude events (Hainzl, 2016b; Zhuang
et al., 2017). These undetected events bias models
such as ETAS that do not account for them (Seif
et al., 2017; Stockman et al., 2023). A branch-
ing model which deletes simulated events with a
time varying detection rate, does not result in a
tractable likelihood but could still be fit to data
using our procedure.

Other branching process models for earth-
quakes that incorporate physical quantities (e.g.
Field et al., 2017), on the other hand, do not have
tractable likelihoods and currently use parame-
ter values that are fit independent of the physical
part of the model. This work provides a framework
for estimating the parameters for such models,
with the hope that better estimates would lead to
improved forecasts.

The remainder of this paper is structured as
follows: In section 2 we give an overview of the
ETAS model along with existing procedures for
performing Bayesian inference; section 3 gives
an overview of SBI, following which we describe
the details of SB-ETAS in section 4. We present
empirical results based on synthetic earthquake
catalogs in section 5 and observational earthquake
data from Southern California in section 6, before

finishing with a discussion in section 7.

2 The ETAS model

The temporal Epidemic Type Aftershock
Sequence (ETAS) model (Ogata, 1988) is a
marked Hawkes process (Hawkes, 1971) that
describes the random times of earthquakes
t; along with their magnitudes m; in the
sequence x = {(t1,m1), (t2,m2),..., (tn,mn)} €
[0, 77" x M™ C R} x M"™. The natural ordering
of events leads to the definition of a filtration
H: known as the history of the process, which
contains information on all events up to time t.

Marked Hawkes processes are usually specified by

their conditional intensity function (Rasmussen,

2018),
A(t,m|Hy) = (1)
i E[N([t,t + At) x B(m, Am)|H,) 2)
At,Am—0 At|B(m, Am)| '

Where the counting measure N(A) counts the
events in the set A C Ry x M and |B(m, Am)| is
the Lebesgue measure of the ball B(m, Am) with
radius Am.

The ETAS model typically has the form,

Alt,m|[Hy) = (u + Z g(t — tiami)> fer(m),
it <t
(3)
where p is a constant background rate of events
and g(t,m) is a non-negative excitation kernel
which describes how past events contribute to the

likelihood of future events. For the ETAS model



this triggering kernel factorises the contribution

from the magnitude and the time,

g(t7m) = k(va? a)h(t,c,p) (4>
k(m; K, o) = Ke*(m=Mo) . > M, (5)

h(tie,p) =P 1 (p—1)(t+c)P: t>0 (6)

where the k(m; K, «) is known as the Utsu law
of productivity (Utsu, 1970) and h(t;c,p) is a
power law known as the Omori decay (Utsu
et al., 1995). The magnitudes are said to be
“unpredictable” since they do not depend on
previous events and are distributed according
to the Gutenberg-Richter law for magnitudes
(Gutenberg and Richter, 1936) with probability
density for(m) = Bel™=Mo) on the support

m:m > My.

2.1 Branching Process Formulation

An alternative way of formulating the ETAS
model is as a Poisson cluster process (Rasmussen,
2013). In this formulation a set of immigrants I
are realisations of a Poisson process with rate p.
Each immigrant ¢; € I has a magnitude m; with
probability density for and generates offspring
S; from an independent non-homogeneous Poisson
process, with rate g(t —t;, m;). Each offspring t; €
S; also has magnitude m; with probability density

far and generate offspring S; of their own. This

process is repeated over generations until a gen-
eration with no offspring in time interval [0,7] is
produced. Although it is not observed in the data,
this process is accompanied by latent branch-
ing variables B = {Bj,..., B, } which define the

branching structure of the process,

0if t; € I (i.e. i is a background event)
B; =

jift; € S; (i.e. i is an offspring of j)

(7)

Both the intensity function formulation as well as
the branching formulation define different meth-
ods for simulating as well as inferring parameters
for the Hawkes process. We now give a brief
overview of some of these methods, however, we
direct the reader to Reinhart (2018) for a more

detailed review.

2.2 Simulation

A simulation algorithm based on the conditional
intensity function was proposed by Ogata (1998).
This algorithm requires generating events sequen-
tially using a thinning procedure. Simulating
forward from an event t;, the time to the next
event 7 is proposed from a Poisson process with

rate A(t;|H¢,). The proposed event t;11 = t; + 7

)\(ti+T|Hti)

is then rejected with probability 1 — NG )

This procedure is then repeated from the newest
simulated event until a proposed event falls out-

side a predetermined time window [0, T].



This procedure requires evaluating the intensity
function A(t|H(t)) at least once for each one
of n events that are simulated. Evaluating the
intensity function requires a summation over all
events before time ¢, thus giving this simulation

procedure time complexity O(n?).

Another algorithm which instead simulates using
the branching process formulation of the ETAS
model was proposed by Zhuang et al. (2004).
This algorithm simulates events over generations
GW i = 0,..., until no more events fall within

the interval [0, T1.

Algorithm 1 Hawkes Branching Process Simula-
tion in the interval [0, 7

1. Generate events (t;,m;) € G© from a sta-
tionary Poisson process with intensity p in
[0,T].

2. 1=0.

3. For each (t;,m;) € GU simulate its N@ off-
spring, where N ~ Poisson(k(m;)). Each
offspring’s time is generated from h(t) and

magnitude from fgr and are labelled Ofl).

1. G =, g OF

5. If G® is not empty, I = [+ 1 and return to step
3.

6. Sort and return S = U;:o GU) as the set of all
simulated events.

This procedure has time complexity O(n) for
steps 1-5, since there is only a single pass over
all events. Additional time constraint is added in
step 6. where the whole set of events are sorted

chronologically, which is at best O(nlogn).

2.3 Bayesian Inference

Given we observe the sequence Xops =
{(t1,m1), (t2,m2),...,(tn,my,)} in the interval
[0,T], we are interested in the posterior probabil-
ity p(f|Xobs) for the parameters 0 = (u, K, a, ¢, p)
of the ETAS model defined in (3)-(6), updated
from some prior probability p(f). The posterior

distribution, expressed in Bayes rule,

p<9|xobs> o8 p<xobs|6>p(9)> (8)

is known up to a constant of proportionality
through the product of the prior p(f) and the

likelihood p(Xobs|@), where,

n i—1

log p(Xobs|0) = Z log |u+ Z h(t; ¢, p)k(m; K, «)
i=1 j=1

(9)

—uT — Zk(m;K,a)H(T—ti;c,p).

i=1

(10)

Here, H(t;c,p) = fot h(s;c,p)ds, denotes the inte-
gral of the Omori decay kernel.

Vargas and Gneiting (2012) draw samples from
the posterior p(f|xops) through independent ran-
dom walk Markov Chain Monte Carlo (MCMC)
with Metropolis-Hastings rejection of proposed
samples. This approach, however, can suffer from
slow convergence due parameters of the ETAS

model having high correlation (Ross, 2021).



Ross (2021) developed an MCMC sampling

scheme, bayesianETAS, which conditions on the

(Bi,...,Bn).

The scheme iteratively estimates the branching

latent branching variables B =

structure,

P(Bl(k) = j|xobsa e(k_l)) =
(k—1)
=D 437 T k(my ) h(ti—t;)

k(m;)h(ti—t;)
pE =D 5771 k(mg)h(ti—t;)

:7=0

(12)

and then samples parameters, 6) =
(B, KF) o) F) pE)) " from the conditional

likelihood,

log p(Xobs |0, B(k)) = (13)

\Sék)ﬂogu —uT + Z (—k(mj; K,a)H(T —tj;c,p)

Jj=1
(14)
+ |S](.k)|logk;(mj; K,a) + Z log h(t; — t;; Cvp)>
ties

(15)

Where |S;| denotes the number of events that
were triggered by the event at t;.

By conditioning on the branching structure, the
dependence between parameters (K, ) and (¢, p)
is reduced, decreasing the time it takes for the
sampling scheme to converge. We can see from

equation (11) that estimating the branching

ci=1,2,...,0—1

structure from the data is a procedure that is
O(n?). Since for every event i = 1,...,n, to esti-
mate its parent we must sum over j =1,...,7—1.
For truncated version of the time kernel h(t), this
operation can be streamlined to O(n), however,

this is not the case in general.

More recently Serafini et al. (2023) have con-
structed an approximate method of Bayesian
inference for the ETAS model based on an Inte-
grated Nested Laplace Approximation (INLA)
implemented in the R-package inlabru as well
as a linear approximation of the likelihood. This
approach expresses the log-likelihood as 3 terms,

log p(x,|0) = (16)

n

= Mo(Xobs, 0) = Y Ai(Xobs, 0) + D log A(ti[Hy,),

=1 i=1

(17)

where,

Ai(xobsa 9) = / g(t — i, mi)dt
h=1"bh,i
B;
= A’L (Xob57 97 bh,’i)'
h=1
Where by4,...,bp,; are chosen to partition the

interval [0,T]. The log-likelihood is then linearly

approximated with a first order Taylor expansion



with respect to the posterior mode 6*,

108 P(Xobs |0 8°) = —Ao(Xobs, 6, 6%)

n B; n
- Z Z Ki(xobSa 0, bh,i; 6*) + Z 1gg\)‘(xobs’ 0; 9*)

i=1 h=1 i=1
= — eXp{m(xobsa 97 0*)}

n B;
— Z Z exp{log A;(Xobs, 0, bn,i30%)}

i=1 h=1

+) " Tog X(Xobs, 05 0%),

i=1

where the notation, /AX, denotes the approximation
of A and log A( ;%) denotes the first order Taylor
expansion of log A about the point 6*.

The posterior mode 6* is found through a Quasi-
Newton optimisation method and the final poste-
rior densities are found using INLA, which approx-
imates the marginal posteriors p(;|Xops) using a
latent Gaussian model.

This approach speeds up computation of the pos-
terior densities, since it only requires evaluation
of the likelihood function during the search for
the posterior mode. However, the approximation
of the likelihood requires partitioning the space
into a number of bins, which the authors recom-
mend choosing as greater than 3 per observation.
This results in the approximate likelihood having

complexity O(n?).

3 Simulation Based Inference

A family of Bayesian Inference methods have
evolved from application settings in science, eco-
nomics or engineering where stochastic models are
used to describe complex phenomena. In this set-
ting, the model may simulate data from a given
set of input parameters, however, the likelihood
of observing data given parameters is intractable.
The task in this setting is to approximate the pos-
terior p(6]Xobs) X P(Xobs|@)p(6), with the restric-
tion that we cannot evaluate p(x|f) but we have
access to the likelihood implicitly through samples
x, ~ p(x|6,) from a simulator, for r = 1,..., R
and where 6, ~ p(6). This approach is commonly
referred to as Simulation Based Inference (SBI) or
likelihood-free inference.

Until recently, the most predominant approach
for SBI was Approximate Bayesian Computa-
tion (Beaumont et al., 2002). In its simplest
form, parameters are chosen from the prior 6, ~
p(0), r = 1,..., R, the simulator then generates
samples x, ~ p(x/0,), r =1,..., R, and each sam-
ple is kept if it is within some tolerance e of the
observed data, i.e. d(X;,Xobs) < €.

This approach, although exact when ¢ — 0, is
inefficient with the use of simulations. Sufficiently
small € requires simulating an impractical num-
ber of times, and this issue scales poorly with

the dimension of x. In light of this an MCMC



approach to ABC makes proposals for new simula-
tor parameters 6, ~ q( |0,—1) using a Metropolis-
Hastings kernel (Beaumont et al., 2002; Marjoram
et al., 2003). This leads to a far higher acceptance
of proposed simulator parameters but still scales
poorly with the dimension of x.

In order to cope with high dimensional simulator
outputs x € R”, summary statistics S(x) € R?
are chosen to reduce the dimension of the sam-
ple whilst still retaining as much information as
possible. These are often chosen from domain
knowledge or can be learnt as part of the inference
procedure (Prangle et al., 2014). Summary statis-
tics S(x) are then used in place of x in any of the

described methods for SBI.

3.1 Neural Density Estimation

Recently, SBI has seen more rapid development
as a result of neural network based density esti-
mators, which seek to approximate the density
p(x) given samples of points x ~ p(x). A popular
method for neural density estimation is normal-
ising flows (Rezende and Mohamed, 2015), in
which a neural network parameterizes an invert-
ible transformation = = g4(u), of a variable u
from a simple base distribution p(u) into the
target distribution of interest. In practice, the
transformation is typically composed of a stack
of invertible transformations, which allows it to

learn the complex target density. The parameters

of the transformation are trained through max-
imising the likelihood of observing pgy(z), which
is given by the change of variables formula. Since
x is expressed as a transformation of a simple
distribution u ~ p(u), samples from the learnt dis-
tribution p, () can be generated by sampling from
p(u) and passing the samples through the trans-
formation. Neural density estimators may also be
generalised to learn conditional densities p(x|y)
by conditioning the transformation g4 on the vari-
able y (Papamakarios et al., 2017).

In the task of SBI, a neural density estima-
tor can be trained on pairs of samples 6, ~
p(0),x, ~ p(x|6,) to approximate either the like-
lihood p(xps|@) or the posterior density p(0|xobs),
from which posterior samples can be obtained.
If the posterior density is estimated, in a proce-
dure known as Neural Posterior Estimation (NPE)
(Lueckmann et al., 2017), then samples can be
drawn from the normalising flow. If the likelihood
is estimated, known as Neural Likelihood estima-
tion (NLE) (Papamakarios et al., 2019), then the
approximate likelihood can be used in place of
the true likelihood in a MCMC sampling algo-
rithm to obtain posterior samples. These density
estimation techniques generally outperform ABC-
based methods since they are able to efficiently
interpolate between different simulations (Figure
1, Lueckmann et al. (2021)). Other neural network

methods exist for SBI such as ratio estimation



method

SNPE
e MCMC

Fig. 1 Posterior densities for a univariate Hawkes pro-
cess with exponential kernel. The ‘observed’ data contains
4806 events and was simulated from parameters indicated
in red on the diagonal plots. In blue are posterior sam-
ples found using the ABC-MCMC method for SBI using
300,000 simulations. In orange are posterior samples from
SNPE using the same summary statistics as ABC-MCMC
but only 10,000 simulations. In green are posterior sam-
ples found using MCMC sampling with likelihood function.
A Uniform([0.05, 0, 0], [0.85,0.9, 3]) prior was used for all
three methods.

(Izbicki et al., 2014) or score matching (Geffner
et al., 2022; Sharrock et al., 2022), however, we
direct the reader to (Cranmer et al., 2020) for a

more comprehensive review of modern SBI.

4 SB-ETAS

We now present SB-ETAS, our scalable method
for Bayesian inference for the ETAS model. The
method avoids having to evaluate the computa-
tionally expensive likelihood function and instead
leverages fast simulation from the ETAS branch-
ing process. The inference method uses Sequential
Neural Posterior Estimation (SNPE) (Papamakar-

ios and Murray, 2016; Lueckmann et al., 2017),

® ABC-MCMC

10

Algorithm 2 SB-ETAS

Input: observed data X.ps, summary statistic
S(x), estimator g4(f|x), prior p(#), number of
rounds K, simulations per round L.

qg(Q\XObS) =p(0) and D = {}
for k=1: K do
for/=1:Ldo
sample 6; ~ ¢~ (8]Xobs)
simulate x; ~ p(x|6;) using Algorithm 1
add (6;,S(x;)) to D
end for
train qg(ﬁ\xobs) on D
end for

Output: approximate posterior
ﬁ(0|xobs) = qAé{(g‘Xobs)

a modified version of NPE which performs infer-
ence over rounds. Each round, an estimate of the
posterior proposes new samples for the simula-
tor, a neural density estimator is trained on those
samples and the estimated posterior is updated
(Figure 2, Algorithm 2). SNPE was chosen over
other methods of Neural-SBI, as it avoids the need
to perform MCMC sampling, a slow procedure.
Instead sampling from the posterior is fast since

the approximate posterior is a normalising flow.

4.1 Summary Statistics

What differentiates Hawkes process models from

other simulator models used in Neural-SBI
is that the output of the simulator x =
(t1,m1), ..., (tn, my) itself has random dimension.
For a specified time interval over which to simu-
late earthquakes [0, 7], one particular parameter

0, will generate different numbers of events if sim-

ulated repeatedly. This is problematic for neural



Sample from prior

/ Simulate ETAS branching process \

Fit neural posterior on

‘:‘ {6, z}
i &f\‘o —{0,z}
9 ~ p(6) I >
\_ z ~ p(el6) )

repeat with samples 6 from posterior

6 ~ q¢(0|mob5)

Fig. 2 An outline of the SB-ETAS inference procedure. Samples from the prior distribution are used to simulate many
ETAS sequences. A neural density estimator is then trained on the parameters and simulator outputs to approximate the
posterior distribution. Samples from the posterior given the observed earthquake sequence can then be used to improve the
estimate over rounds or are returned as the final posterior samples.

density estimators since even though they are suc-
cessful over high dimensional data, they require
a fixed dimensional input. For this reason, we fix
the dimension of simulator output through calcu-
lating summary statistics of the data S(x).

Works to perform ABC on the univariate Hawkes
process with exponential decay kernel have found
summary statistics that perform well in that set-
ting. Ertekin et al. (2015) use the histogram of
inter-event times as summary statistics as well as
the number of events. Deutsch and Ross (2021)
extend these summary statistics by adding Rip-
ley’s K statistic (Ripley, 1977), which is a popular
choice of summary statistic in spatial point pro-
cesses (Mpller and Waagepetersen, 2003). Figure
1 shows the performance of the ABC-MCMC

11

method developed by Deutsch and Ross (2021),
using the aforementioned summary statistics.
Using SNPE on the same summary statistics
yields a more confident estimation of the “true”
posterior which is found through MCMC sampling
using the likelihood and requires far fewer simula-
tions (10,000 versus 300,000).

The ETAS model is more complex than a uni-
variate Hawkes process since it is both marked
(i.e. it contains earthquake magnitudes) and con-
tains a power law decay kernel which decays much
more slowly than exponential making it harder
to estimate (Bacry et al., 2016). For SB-ETAS
we borrow similar summary statistics to Ertekin

et al. (2015), namely S;(x) log(# events),

Sa,...,84(x) =20th, 50th and 90th quantiles of



the inter-event time histogram. Similar to Deutsch
and Ross (2021), we use another statistic S5(x) =
the ratio of the mean and median of the inter-event

time histogram.

4.1.1 Ripley’s K Statistic

For the remaining summary statistics, we develop
upon the introduction of Ripley’s K statistic by
(Deutsch and Ross, 2021). For a univariate point
process x = (t1,...,t,), Ripley’s K statistic is
(Dixon, 2001),

K(x,w) = (18)

1
XE(# of events within w of a random event).

(19)

Here, A\ is the unconditional rate of events in
the time window [0,7]. An estimator for the

K-statistic is derived in Diggle (1985),

n

K(x,w) = % ZZH(O <tj—t; <w). (20)

i=1 j#i

Despite containing a double-sum, computation of
this estimator has complexity O(n) since {¢;}_; is
an ordered sequence, i.e. (t3—t; < w) = (tz3—ts <
w). Calculation of Ripley K-statistic therefore sat-
isfies the complexity requirement of our procedure
if the number of windows w for which we evaluate
X(X7 w) is less than logn. In fact, our results sug-

gest that less than 20 are required.

The use of Ripley’s K-statistic for non-marked

12

Hawkes data is motivated by (Bacry and Muzy,
2014), where the authors show that second-order
properties fully characterise a Hawkes process and
can be used to estimate a non-parametric trig-
gering kernel. Bacry et al. (2016) go on to give
a recommendation for a binning strategy to esti-
mate slow decay kernels such as a power law, using
a combination of linear and log-scaling. It there-
fore seems reasonable to define Sg(x). .. Sa3(x) =
K (x,w), where w scales logarithmically between
[0,1] and linearly above 1.

We modify Ripley’s K statistic to account for the
particular interaction between marks and points
in the ETAS model. Namely, the magnitude of
an earthquake directly affects the clustering that
occurs following it, expressed in the productiv-
ity relationship (5). In light of this, a quantity
of interest is a magnitude thresholded Ripley
K-statistic,
Kr(x,w, M) = (21)

1
/\—]E(# events within w of an event m; > Mr).
T

(22)

Where At is the unconditional rate of events above

Mry. One can see that Kp(x,w, My) = K(x,w).

We estimate K with,

. T
KT(Xa w, MT) =

w2

> Y0 < ti—t; < w),

iimi>Mr j#i
(23)



where w is the number of events above magni-
tude threshold My. For general M, we lose the
O(n) complexity that the previous statistic has,
instead it is O(wn). However, if the threshold is
chosen to be large enough, evaluation of this esti-
mator is fast. In our experiments, My is chosen
to be (4.5,5,5.5,6), with w = (0.2,0.5,1, 3). This

defines the remaining statistics Sa24(%), . . ., S39(x).

5 Experiments and Results

To evaluate the performance of SB-ETAS, we con-
duct inference experiments on a series of synthetic
ETAS catalogs. On each simulated catalog we seek
to obtain 5000 samples from the posterior distri-
bution of ETAS parameters. The latent variable
MCMC inference procedure, bayesianETAS, will
be used as a reference model in our experiments
since it uses the ETAS likelihood without making
any approximations. We compare samples from
this exact method with samples from approximate
methods, inlabru and SB-ETAS.

Multiple catalogs are simulated from a
fixed set of ETAS parameters, (u,k,a,c,p) =
(0.2,0.2,1.5,0.5,2) with magnitude of complete-
ness My = 3 and Gutenberg-Richter distribution
parameter § = 2.4. Each new catalog is sim-
ulated in a time window [0,7], where T €
(10,20, 30, 40, 50, 60, 70, 80, 90, 100, 250, 500, 1000) x
103. This allows us to vary the number of events in

each simulated catalog. Figure 3 shows the run-
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Fig. 3 The runtime for parameter inference versus the
catalog size for SB-ETAS, inlabru and bayesianETAS.
Separate ETAS catalogs were generated with the same
intensity function parameters but for varying size time-
windows. The runtime in hours and the number of events
are plotted in log-log space.

time of each inference method as a function of the
number of events in each catalog. Each method
was run on a high-performance computing node
with 8 2.4 GHz Intel E5-2680 v4 (Broadwell)
CPUs, which is equivalent to what is commonly
available on a standard laptop. On the catalogs
with up to 100,000 events, inlabru is the fastest
inference method, around ten times quicker on a
catalog of 20,000 events. However, the superior
scaling of SB-ETAS allows it to be run on the
catalog of ~ 500,000 events, which was unfea-
sible for inlabru given the same computational
resources i.e. it exceeded a 336 hour time limit.
The gradient of 2 for both bayesianETAS and
inlabru in log-log space confirm the O(n?) time
complexity of both inference methods. SB-ETAS,

on the other hand, has gradient % which suggests
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Fig. 4 Maximum Mean Discrepancy and Classifier Two-Sample Test score for samples from each round of simulations in
SB-ETAS. Each row corresponds to a different simulated catalog simulated with identical intensity function parameters but
over a different length time-window. In red is the performance metric evaluated for samples from inlabru. 95% confidence
intervals are plotted for SB-ETAS across 10 different initial seeds.

that the theoretical O(nlogn) time complexity is
a conservative upper-bound.

The prior distribution of parameters for each
implementation are not identical since each has its
own requirements. Priors are chosen to replicate
the fixed implementation in the bayesianETAS

package,
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w ~ Gamma(0.1,0.1) (24)
K, a, ¢ ~ Unif(0, 10) (25)
p ~ Unif(1, 10). (26)

The implementation of inlabru uses a trans-

~

_ K-l
c

formation Kj , with prior Kj

LogN(—1,2.03) chosen by matching 1% and 99%



quantiles with the bayesianETAS prior for K. SB-
ETAS uses a pu ~ Unif(0.05,0.3) prior in place of
the gamma prior as well as enforcing a non-critical
parameter region K3 < f — a (Zhuang et al.,
2012). Both the uniform prior and the restriction
on K and « stop unnecessarily long or infinite
simulations.

Once samples are obtained from SB-ETAS and
inlabru, we measure their (dis)similarity with
samples from the exact method bayesianETAS
using the Maximum Mean Discrepancy (MMD)
(Gretton et al., 2012) and the Classifier Two-
Sample Test (C2ST) (Lehmann and Romano,
2005; Lopez-Paz and Oquab, 2016). Figure 4
shows the value of these performance metrics for
samples from each of 15 rounds of simulations
in SB-ETAS compared with the performance of
inlabru. Since SB-ETAS involves random sam-
pling in the procedure, we repeat it for 10 different
initial seeds and plot a 95% confidence inter-
vals. Across the 10 synthetic catalogs, SB-ETAS
performs best in terms of MMD and inlabru
performs best in terms of C2ST. Figure 5 shows
samples from the T = 60,000 catalog where the
performance metrics rank the inference methods
differently. Samples from inlabru are overconfi-
dent with respect to the bayesianETAS samples,
whereas SB-ETAS samples are more conservative.

This phenomenon is shared across the samples

from all the simulated catalogs and we specu-
late that it accounts for the metrics ranking the

methods differently.

« SB-ETAS
bayesianETAS
« INLABRU

0.175 0.200 0.150.20 0.25 125 1.50 1.75 0.5 1.0 2 3
u k a c

Fig. 5 Samples from the posterior distribution of ETAS
parameters for the simulated catalog with 7' = 60,000,
for bayesianETAS, inlabru and SB-ETAS. The data gen-
erating parameters are marked in red in the diagonal
plots.

A common measure for the appropriateness of
a prediction’s uncertainty is the coverage prop-
erty (Prangle et al., 2014; Xing et al., 2019). The
coverage of an approximate posterior assesses the

quality of its credible regions Cy.,. which satisfy,

obs

Y = Ep01x0ne) (H{é € éxm}) (27)

An approximate posterior has perfect coverage if

its operational coverage,

b(Xobs) = Ep(opn) (HO € C})  (28)
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Fig. 6 Empirical estimates of the coverage of both SB-ETAS and inlabru. Coverage below the black line y = z indicates
an overconfident approximation, whereas coverage below y = x indicates a conservative approximation.

is equal to the credibility level 7. The approxima-
tion is conservative if it has operational coverage
b(Xobs) > 7 and is overconfident if b(xeps) < 7
(Hermans et al., 2021). Expectations in equations
(27)-(28) cannot be computed exactly and so are
replaced with Monte Carlo averages, resulting in
empirical coverage c(Xqps). Figure 6 shows the
empirical coverage for both SB-ETAS, averaged
across the 10 initial seeds, along with inlabru
on the 10 synthetic catalogs. inlabru consistently
gives overconfident approximations, as the empir-
ical coverage lies well below the credibility level.
SB-ETAS has empirical coverage that indicates
conservative estimates, but that is generally closer

to the credibility level.
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6 SCEDC Catalog

We now continue our evaluation of the perfor-
mance of SB-ETAS on some observational data
from Southern California. The Southern Califor-
nia Seismic Network has produced an earthquake
catalog for Southern California since 1932 Hut-
ton et al. (2010). This catalog contains many
famous large earthquakes such as the 1952 My,
7.5 Kern County, 1992 My, 7.3 Landers, 1999
My 7.1 Hector Mine and My 7.1 Ridgecrest
sequences. The dataset contains N = 43,537
events from 01/01/1981 - 31/12/2021 with earth-
quake magnitudes > My 2.5 and can be
downloaded from the Southern California Earth-

quake Data Center https://service.scedc.caltech.


https://service.scedc.caltech.edu/ftp/catalogs/SCSN/

edu/ftp/catalogs/SCSN/. This size of catalog con-
tains too many events to find ETAS posteriors
using bayesianETAS (i.e. it would take longer
than 2 weeks). Therefore we run only SB-ETAS
and inlabru on the entire catalog and validate
their performance by comparing the compensator,
A*(t;0) = fot A\*(s;0)ds, with the observed cumu-
lative number of events in the catalog N(t).
A*(t;0) gives the expected number of events at
time ¢, and therefore a model and its parameters
are consistent with the observed data if A*(¢;0) =
N(¥).

We generate 5,000 samples using SB-ETAS
and inlabru and use each sample to generate
a compensator curve A*(t;60). We display 95%
confidence intervals of these curves in Figure 7,
along with a curve for the Maximum Likelihood
Estimate (MLE). Consistent with the synthetic
experiments, we find that SB-ETAS gives a con-
servative estimate of the cumulative number of
events across the catalog, whereas inlabru is
overconfident and does not contain the observed
number of events within its very narrow confi-
dence interval. Both inlabru and the MLE fit to
the total observed number of events in the cata-
log, since this value, A*(T), is a dominant term in
each of their loss functions (the likelihood) during
estimation.

We fix the a parameter equal to the 8 parame-

ter of the Gutenberg-Richter law fgg(m), a result
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that is consistent with other temporal only stud-
ies of Southern California (Felzer et al., 2004;
Helmstetter et al., 2005), and which reproduces
Bath’s law for aftershocks (Felzer et al., 2002).
We were unable to successfully fix o for inlabru
and therefore use the 5 parameter implementa-
tion of ETAS. Posterior distributions are displayed

in Figures 8 and 9 including a = § and free
« implementations of the MLE. Although the
modes of the marginal distributions do not match
the MLE, the SB-ETAS posteriors contain the
MLE parameters within their wider confidence
ranges. Since inlabru has much narrower con-
fidence, although the distributions are relatively

close to the MLE, the confidence ranges do not

contain MLE parameters.

7 Discussion and Conclusion

The growing size of earthquake catalogs generated
through machine learning based phase picking
and an increased density of seismic networks has
overtaken the ability of our current forecasting
models to fit to such large datasets. Although
improvements have been made to reduce the com-
putational time of performing Bayesian inference
for the ETAS model, first with bayesianETAS fol-
lowed by inlabru, both of these approaches do
not improve upon the scalability of inference. The
implication of this is that as catalogs continue to

grow in size, these methods become less feasible
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Fig. 7 The compensator A*(t) found from estimating the ETAS posterior distribution on the SCEDC catalog (events
displayed in background). 5,000 Samples from the posterior using both SB-ETAS and inlabru were used to generate a
mean and 95% confidence interval. The compensator is compared against the observed cumulative number of events in the

catalog along with the MLE.

to use. On experiments where we give SB-ETAS,
bayesianETAS and inlabru access to the same 8
CPUs, only SB-ETAS could be used to fit a cata-
log of 500,000 events and was the fastest method
for catalogs above 100,000 events. Both inlabru
and SB-ETAS are parallelized methods and would
therefore see a reduction in runtime if given access
to more CPUs. This is unlike bayesianETAS which
is not parrallelized in its current implementation.
It is also worth noting that although SB-ETAS
and inlabru were given the same CPUs, inlabru
required over 4 times the amount of memory
than SB-ETAS with catalogs over 100,000 events,
(Figure Al).
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Comparing samples from both approximate
methods to samples from bayesianETAS demon-
strates the quality of each inference method. Our
general finding is that inlabru provides overcon-
fident estimates of posteriors whereas SB-ETAS
gives conservative estimates. Although it might
seem reasonable to judge an approximate pos-
terior by its closeness to the exact posterior,
for practical use, overconfident estimates should
be penalised more than under-confident ones.
Bayesian inference for the ETAS model seeks to
identify a range of parameter values which are
then used to give confidence over a range of fore-

casts. However, failure to identify regions of the
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Fig. 8 The posterior distribution of ETAS parameters
found on the SCEDC catalog using SB-ETAS. This imple-
mentation of ETAS fixes « = (. MLE parameters are
plotted for comparison.

parameter space that give likely parameters would
result in omission of a range of likely forecasts.
SB-ETAS provides an efficient procedure for
performing Bayesian Inference for a temporal
ETAS model on large earthquake catalogs. How-
ever, Operational earthquake forecasting requires
spatial forecasts in addition to temporal fore-
casts. The spatio-temporal form of the ETAS
model extends the temporal model used in the
study by modeling earthquake spatial interactions
with an isotropic Gaussian spatial triggering ker-
nel (Ogata, 1998). This spatio-temporal ETAS
model is also defined as a branching process and
would therefore retain the O(nlogn) complex-
ity of simulation. This study has illustrated that

the Ripley K-statistic is an informative summary

L 3 — MLE
¥ 1.354 1 | ® INLABRU

b 1 *

0.2 0.3 0.50 0.75 13 14 0.005 0.010 1.05 110
M k a c P

Fig. 9 The posterior distribution of ETAS parameters
found on the SCEDC catalog using inlabru. This imple-
mentation of ETAS has a free a parameter. MLE parame-
ters are plotted for comparison.

statistic for the triggering parameters of the tem-
poral ETAS model. It seems fair to assume that
the spatio-temporal Ripley K-statistic,

A

K(Xv wtvws) =

% SN0 <ty —ti Sw)I(||s; — sill2< ws).
i=1 ji

where A is the area of the study region, would be
a reasonable choice for the spatio-temporal form
of SB-ETAS. This statistic loses the O(n) effi-
ciency that the purely temporal one benefits from.
Instead Wang et al. (2020) have developed a dis-
tributed procedure for calculating this statistic
with O(nlogn) complexity that would retain the

overall time complexity that SB-ETAS has.



SB-ETAS demonstrates that inference for
parameters of a clustered temporal point process
can be achieved without having to evaluate an
expensive likelihood function. However, generally
simulation based inference is used in cases where
the likelihood function is intractable. For exam-
ple, consider the same ETAS branching process
used in this study, but instead events are deleted

with a time varying probability h(t). The induced

likelihood of this process,

p(x10) o [ pexat) [T hleo) T (1 hitsax.,

t;€Ex tj EXqy

(29)

is intractable since it involves integrating over
the set of unobserved events x, (Deutsch and
Ross, 2021). This time-varying detection of events
is a huge source of bias in earthquake models
and current methods to deal with it typically
estimate the true earthquake rate from the appar-
ent earthquake rate assuming no contribution
from undetected events (Hainzl, 2016a). There are
biases from ignoring such triggering (Sornette and
Werner, 2005) which could be avoided by using
this simulation based random deletion model with
intractable likelihood Eq. 29.

Another application of this simulation based

framework is to earthquake branching models that
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include complex physical dependencies. One pos-
sible example would be to calibrate the UCERF3-
ETAS model, a unified model for fault rupture and
ETAS earthquake clustering (Field et al., 2017).
This model extends the standard ETAS model
by explicitly modeling fault ruptures in Califor-
nia and includes a variable magnitude distribution
which significantly affects the triggering proba-
bilities of large earthquakes. This model is only
defined as a simulator and uses ETAS parame-
ters found independently to the joint ETAS and
fault model. In fact, Page and van der Elst (2018)
validate the models performance through a com-
parison of summary statistics from the outputs
of the model. This validation could be extended
to comprise part of the inference procedure for
model parameters using the same simulation

based framework as SB-ETAS.
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