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Abstract. Osburn, Sahu and Straub introduced the numbers:

- Tk 2k
A(r,s,t) _ n n
" Z k k nj)’
k=0
for non-negative integers n,r,s,t with » > 2, which includes two kinds of Apéry num-
bers and four kinds of Apery—hke numbers as special cases, and showed that the num-
bers {A rt) }n>0 satisfy the Gauss congruences of order 3. We establish an extension

of Osburn—Sahu—Straub congruence through Bernoulli numbers, which is one step deep
congruence of the Gauss congruence for Ay"*",
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1 Introduction

In 1979, Apéry [2] introduced the two sequences {a,},>o and {b,},>¢ through 3-term
recurrences in the proof of the irrationality of ((3) and ((2):

(n+1)a,1 — 2n+1)(A7Tn* + 170+ 5)a, + n*a,_1 =0, (ag=1,a; =5), (1.1)
(n 4 1)%*b,41 — (11n% + 11n + 3)b, — n?b,_1 =0, (by = 1,b; = 3). (1.2)

The two sequences {a,}n>0 and {b, },>0 are known as the famous Apéry numbers, which
possess the binomial sum formulae:

w0 ()
> (1) (")

Zagier [11] considered the following recurrence related to (L2l):

(]

(n 4 1)ty — (An® + An + Nuy, + Bnup_; =0,  (u_y = 0,uy = 1), (1.3)
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and searched for triples (A, B, \) € Z* such that the solution of the recurrence (3] is
an integer sequence {uy,}n>0. Six sporadic sequences are found in Zagier’s search, which

include the desired solution {b, },>0. The six sporadic sequences are listed in the following
table.

A, B,
7,-8,2
9,27,3)

Name  Other names Formula

A Franel numbers un = ()
B = 2 hoo(=F3 () G ()
C un = o (1) CF)
(11,-1,3) D  Apéry numbers = e ()
E
F

( )
( )

(
(10,9,3)

(12,32, 4) un = S p o () ()

(17,72,6) wn = Ypo(=1) 8 () T, ()

Almkvist and Zudilin [I] studied the other recurrence related to (ILT):
(n+ 1)upir — (2n + 1)(an® + an + b)u, + cn’u,_1 =0, (u_g =0,up=1), (1.4)

and searched for triples (a,b,c) € Z? such that the solution of the recurrence (L4 is
an integer sequence {uy},>0. They also found six sporadic sequences, which include the
desired solution {a, },>o-

Cooper [3] considered a more general recurrence:

(n+ 1)upy1 — (2n + 1)(an® + an + b)u, + n(cn® + d)u,_, = 0, (1.5)

with u_; = 0 and uy = 1. Note that the case d = 0 of (LI) reduces to (I.4). He found
three additional sporadic sequences s7, s19 and s;g. The nine sporadic sequences are listed
in the following table.

(a,b,c;d)  Name Other names Formula

(7,3,81,0) (6)  Almkvist-Zudilin numbers Uy = SR (—1)F3P 3R (IR (3R) (26)
(11,5,125,0) (1) = SR () + (75)
(10, 4,64, 0) (a) Domb numbers = ()7 (2
(12,4,16,0)  (¢) un =Y () ()

(9,3,-27,0)  (¢) S S () () (51
(17,5,1,0) () Apéry numbers un = Y (1 (1Y)

(13,4,-27,3) s un =Yy ()7 ('E) (%)

(6,2,—64,4) s YangZudilin numbers =i ()’

(14,6,192, ~12) s un = Yo (=1)* )( OO+ M)

An integer sequence {u,},>1 is said to satisfy the Gauss congruences of order r if
Uppt = Uppe—1 (mod p™) for all positive integers n,k and all primes p > r + 1. Let N
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denote the set of non-negative integers, Z* denote the set of positive integers, and Q
denote the set of rational numbers.
As early as 1982, Gessel [5] proved that for all primes p > 5 and n € Z™,

Unp = @, (mod p*).

Coster [4] further showed that the Apéry numbers {a,, },>o satisfy the Gauss congruences
of order 3, namely,

Appm = Appm—1 (mod p*™),

for primes p > 5 and n,m € Z*.
In 2016, Osburn, Sahu and Straub [7] defined

. T4k 2K\
A(r,s,t) _ n n
" Z k k nj)’
k=0
for n,r,s,t € N with 7 > 2. Note that A7 includes the sequences A, D, (€), (7), 87, 510

as special cases.

Special cases of A{"*!

(r,s,t) Name Other names Formula
(3,0,0) A Franel numbers wy =30 (1}
@L0) D Apaymmbes  w= Yo ()2
(2,0,2)  (e) =, ()
(2,2,0)  (7) Apéry numbers o (07N
2, L1 s Zk NARCOIE
(4,0,0)  s1p  Yang-Zudilin numbers w, =0 (M

Osburn, Sahu and Straub [7] also showed that the numbers {A&T’S’t)}nzo also satisfy
the Gauss congruences of order 3, namely,

Al = Aoh - (mod pPm, (1.6)

np npm—1

for all primes p > 5, n,m € Z* and r,s,t € N with r > 2.
The Bernoulli numbers {B,, },>¢ are defined by the generating function:

oo
=Y 5.5
TL

n=0

In 2020, Sun [I0, Conjectures 5.1 and 5.3] conjectured a series of supercongruences con-
cerning u,, s, and uz, modulo p*, where {u, },>0 is one of the sequences A, D, («), (7), (€).

The motivation of the paper is to establish an extension of the Gauss congruence ([L.6l),
which involves the Bernoulli numbers. The main result is stated as follows.



Theorem 1.1 Let p > 5 be a prime, n,m € Z*, and r,s,t € N with r > 2. Then
Ag;;f,;t) = Af;f;i)l + p*" B, s A" (mod p*mtY),

where ATV | independent of m and p, are given by

n

1 2 S 2 t
Ags,t) _ Z (n) <n + k:) (f) nk(sn + sk + 2n — 2k + 4tk — 2tn)
0

3k: k k

n—1 2 s ¢

1 2
Te (n) (n—l—k‘) (k) (n — k)* (9nt — 3ns + 24k — 18n + 14)

6k=0 k k n

1o 0\ (n+k\ (2 +1\

s e - -
*5 (k)( k )( n )(n k)? (9ns + 15nt — 24k + 6n — 10)

1N /P (n+ k) /2k\
(3s) E — —
A 3 (k) ( 2 ) ( " ) nk(sn + sk 4+ 3n — 3k + 4tk — 2tn)

e () (V) (G -0):

and

Ag’,s,t)

n r s t
— _% (Z) <n _]: k) <2k> nk(sn + sk +rn —rk + 4tk — 2tn)  forr > 4.
k=0 "

The rest of the paper is organized as follows. We establish some preliminary results
in the next section. The proof of Theorem [[1]is presented in Section 3, which is divided

into two parts.

2 Preliminaries

Throughout the paper, let Y’ denote the sum over indices not divisible by p, || denote
the integral part of real x, and {k/p™} denote the remainder of k divided by p™, namely,

{k/p™} =k =p"[k/p™].
Lemma 2.1 (See [G].) Let p > 5 be a prime, and n,k € Z* with n > k. Then

np ny _ _nk‘(n—k‘) 3 ordy(nk(n—k))+4
() () =1- 0= Hn,0 ods )

where ord,(x) denotes the exponent of p in x € Q.
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Lemma 2.2 Let p > 5 be a prime, a,b,c,r,s,t € N and n,m € Z". Then
np™ —1\" [mp™ +b\° [ ¢ \'
a b npm™

= (—1)r(etla/e)) (”pz;_/;] 1) ' (npm_fb /42-9 JW p) ) ’ (i;{n zijl) !

a b c
1 1 1
X <1 —rnp™ Y = fsnp™ Y =+ tnp™ ) '—) (mod p™ ).
j=1 J = J =1 7
Proof. Note that

" =1\ _ypr” =
( a )_H j

Jj=1

. la/p]

@ m m—1 -
B np™ — 3 np —1
B H J H i
j=1 i=1
plj
m—1 a m .
_ ("~ 1) " —j
( La/p] E J
plj

= (—1)*Fle/r] <np7L);_/pJ_ 1) (1 — np™ Z%) (mod p™+h).

By (23]), we have

(npmb+ b) _ (_1)b<—np: — 1)

and

b
1 1
/—dEE '— (modp), fordeZ"anda=b (mod p).

(2.2)

(2.4)

(2.5)

(2.6)



Then we rewrite (2.3]) as

(n;m) Q;/npjl) (1 +"pmz ) (mod p™+).

Combining (23)), [24) and (21), we arrive at the desired result (22).

Lemma 2.3 Let p > 5 be a prime, n € N and m € Z*. Then

1 12047 -
Z ’ﬁz p"B,_3 (mod p™th),

3
Lk/p™ |=n
{k/p™}<p™ /2
1 12045, N
Z /ﬁ =- 3 p p—3 (IIlOd p +1)’
L&/ =n
{k/p™}>p™ /2
Proof. By [8, Theorem 1.2], we have
212 N
Z == g .3 (mod p™*t).
k=1
Since
1 1 2
- - = e.om d m—+1
" — k)2 k2 L (mod p™*),
we have
Pl (m-1)/2 1 (rm-1)/2
/
D DI A DR e E
k=1 k=1
(p"—1)/2 1 (rm-1)/2
=2 /ﬁ +2p™ Z ,ﬁ (mod p™*h).
k=1 k=1

By (2.6) and the fact (p™ —1)/2 = (p—1)/2 (mod p), we have

|-
Il
ol

=—-2B, 3 (mod p),

where we have used the result [9, Corollary 5.2] in the last step.

Furthermore, combining (2.10), (2.11]) and ([212) gives

(pm—1)/2 1 7

! _ m m+1
Z T2 = —-p p—3 (mOd P )
2o 3273

(2.10)

(2.11)

(2.12)

(2.13)



Thus, by (ZI2) and ZI3) we have

1 ("™-1)/2 1
Y. m= X T
kpi=n N = (k)
{k/p'm}<p7n/2
(m-1)/2 1 (m-1)/2 1
— /! m !
= > R > =
k=1 k=1
L2n+7 m
= ——1"Bys (mod p™™),
and
(Pm-1)/2
>ome Y
2 1 2
Lk/PmJ:n k=1 ((n + )p k)
{k/p"}>p™ /2
(p™-1)/2 1 (p™—1)/2
= Z = +2(n+1)p™ —
k=1 k=1
12n+5 m
= 5P Bp-s (mod p™*1),
as desired.

Lemma 2.4 Letp > 5 be a prime and n,l € N. Then

1

k3

Lk/p)
1 1 1
! _ I+1
> k—Z;=§ By (mod p™),
Lk/p'Tt|=n J=1
{k/p!H1}<p!tl/2
Lk/p)
1 1 1
Z - /_. = pr 3 (mod pl-i-l)
k 7 3
Lk/p't|=n J=1
{k/p!H1}>pitl/2
|2k/p]
1 1 4
Z /_2 /_. = _ppr_3 (mod pl—i-l)
k? 4 j 3
Lk/p't |=n J=1
{k/p!H1}<p!tl/2
2k /p'|
1 ,1 4
! _ 1+1

lk/pHL|=n
{k/pH1}>pitt /2

(2.14)

(2.15)

(2.16)

(2.17)



Proof. Note that

Lk/p'] 1 npl“+(pl“—1)/2 Lk/p'] 1
DRSO DS =D 5
|k/ptTt|=n J=1 k=npl+l41 J=1
{k/pl T <ptt1/2
np+ P30 L/ Lk /p'] 1
=> > Z D YD ) -
m=np Lk/p’J—m Lk/le=np+(p—1)/2 j=1
{k/p'}<p'/2
(2.18)
By [8, Theorem 1.2], we have
1 2
Z /ﬁ = gppr 5 (mod pl—l—l)
[k/pt]=m
It follows that
np+2=3 !
Pt /i U’f/:DJ/1
5 ;
o flem © =1
np+253 m
_ 2 lB . 2 /1
SR
m=np j=1
9 (-3)/2 &k 1
= §ppr_3 > = (mod p'th), (2.19)
=1 =1

where we have used (Z0]) in the last step.



On the other hand, by (2.6) and (2.8) we have

lk/p']
1 1
Lk/p’J=np+(p—1)/2 j=1
{k/p'}y<p'/2
np+(p—1)/2
_ P (ij)/ /1 Z /i
: 7 k2
j=1 Lk/p! |=np+(p—1)/2
{k/p'}<p'/2

np+(p—1)/2

_11 !
:ngpg Z 5

7j=1

%
Z 5 (mod . (2.20)
k=1

It follows from (ZI), (Z19) and ([2.20) that

> EXs
2
I S
{k/p T <p!tt/2
9 (»=-3)/2 k 1 1 (p—1)/2
=p'B,5 ey ~ (mod pi*h). (2.21)
3 — 7 3 k
k=1 j=1 k=1
Note that
(p—3)/22k: 1 (p—1)/2 1
2 -+ —
1 =1 k=1 k
B 2(17—3)/2 1 (p 1 k) . (p—1)/2 1
k=1 b 2 k=1 k
B (p—3)/2 1 . (p—1)/2 1 Ly
N k k
k=1 k=1
2
=—+3
p—l+
=1 (mod p). (2.22)

Then the proof of (ZI4) follows from (221 and ([2:22)). The proof of (ZIH)- m

runs analogously, and we omit the details.



Lemma 2.5 Let p > 5 be a prime and m € Z. Then

(pm—1)/2 k
(-t _ 1
Z ! 5 =B (mod p).
k=1
Proof. By ([2Z12), we have
pm—l/(_l)k B 1(10’”—1)/2/i _pi—:l/i
3 3 3
k=1 k 4 k=1 k k=1 k
1
= —5Bps (mod p)
Note that
-1 (pm—1)/2 (»m-1)/2 _
pz S(=1)F (—1)F n Z ,(=1)p ek
3 k3 (pm — k)3
k=1 k=1 k=1

k=

Combining (Z24)) and (Z25]), we complete the proof of (Z23).

—_

3 Proof of Theorem [1.1]
Let
Sl () = (Z) r <n —l: k) s <2:)t‘

rst 2 :Srst

Note that

—Zz'sg;if (kp)) +Z 'S (k

>1

Firstly, we establish a preliminary result on Y70, >, 'S (o) (kp') modulo p

np™

Letting n — np™~! and k — kp!~! in (), we obtain

npm / npm—l
kpl kpl—l
m—1 -1
nk(np . kp )pm+l+1B

=1- (mod p

10

m+l+min(m,l)+1 )

(2.23)

(2.24)

(2.25)

(3.1)



Similarly, we have

2kp! / 2kp!—!
npm npm—l

 2nk(2kp"! —mp™ )

=1 ; pm+l+1Bp_3 (mod pm+l+min(m,l)+1)’ (33)
and
np™ + kp! / np™ ! 4+ kp!~1
kpl kpl—l
k, m—1 k’ —1 .
=1_ n (np 3+ p )pm-l-l-i—pr_3 (mod pm+l+m1n(m,l)+l)‘ (34)
It follows from (B2))—(B4) that
(r,s,t)
Snpm (kpl)
(r,s,t) 1
Sppm-1 (kp'~1)
1 .
=1- ng_g (kn*p®™ ' (r + s — 2t) + nk*p™ (s —r +4t))  (mod pmHrmin(m+ly,

(3.5)
Next, we shall prove that for p 1 k&,
S (k') = 8,500 (k')
1 7,8 — m
— 3B (kn?p>™(r + s — 2t) + nk®p" (s — r + 4t)) ST(LP’W;t,)l(kpl Y (mod p*™th).
(3.6)

For [ > m, we have m+{+min(m,l)+1 > 3m-+1, and so ([B.6)) follows from (B.3]) directly.
For [ < m, we have

m + 1+ min(m,l) +1=m+ 2l + 1. (3.7)
Noting that for p{ k and r > 2,
() - (e s
we have
STO (kp' ™) =0 (mod p*m ). (3.8)
Then ([B.6) follows from (B.H), (31) and ([B.8]).
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By ([B.6]), we have

ZZ Srst

>1
= ZZ S (k'™
>1
1 S
—3n n?(r+s—2t)B,_ 3ZZ’p2m+lkS D (kp' ™)
>1
1 ’r‘S m
—gn(s—r+ 4B, 3Zprm+2lk2 "D (kp' ™) (mod pH).
>1

Noting that
Z Z S Tfnt 1 kp Ag;;fr;tf)ly
>1

and 2m +1,m+ 2l > 3m + 1 forl>m, we obtain

ZZ/Srst

>1
_ (r s,t)
- Anl;'n;fl
m

1 m 7,8
_§n2(r+s—2t)Bp_3Z;/p2 s, (kp' )

=1

3

1 ’r‘S m
—gn(s—r+ 4B, 3Z;'pm+2lk2 oD (kp' ™) (mod pmH). (3.9)

=1
For ptk, r > 2 and [ < m, we have

p2mtl np™ " pUrHDm+ (=)l <ﬁ> v
kpt—1 k kpt—1 —1

and so
Z’p2m+lkS (r,s.t) (k;p =0 (mod p**).
k

0 (mod p3m+l)

It follows that

Zm: Z ,p2m+l/€57(;it ) (k‘p )
k

=1

— 3mZ ks(rfntl m— 1)
= p3m Z /kSr(Lr,s,t) (k?)
k=0

=p* > kSID(k)  (mod pP ), (3.10)

12



where we have used the modulo p version of (2.1]).

Combining ([3.9) and BI0) gives
Z Z /S .8 t

>1
= A;gf;’i)l
- %p3mn2(r Fs—2)B, 5 3 kST ()
k=0
1 m
—gn(s =1+ 40)B, SO TS (kp' ) (mod pPmY). (3.11)
=1 k

Secondly, we rewrite 3, 'SU51 (k) as

&, s 1 npm =1\ (np" 4+ K\ 2k '
Y St (k) = 0y k—( L ) ( . ) <npm) . (3.12)
k=0 k

Let ;5D denote the last double sum on the right-hand side of @II) and Zia®)
denote the right-hand side of (B1Z), namely,

m

mrs; Z Z 'pm+2lk25(;;f,{t,)l (kpl—l)’

(rs e np np™ +k\° [ 2k \°
p =P Zkr( —1)( k )(w)

It follows from (B1), (B11]) and (BI2) that
Alret) = plrsd)
np

np

1 n
PP (r+ s — 2)B,_3 > _ kS0 (k)

3 k=0
1 T8 7,8 m
—gnls —r+46) B, Y, 4 Z0sh - (mod pP ). (3.13)

In order to establish the Theorem [[] it suffices to determine Y\ and Z{'5%) modulo
p¥™*1. Substitution of the computed results Y, and Ziw") modulo p*™*! into (BI13)

sets, after simplifications, up the Theorem [Tl The rest of the proof is divided into two
parts.

3.1 Y modulo p¥mt!
We shall distinguish three cases to determine Y, modulo p3m+1.
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Case 1 m = 1.
It is easy to see that

Y’l(’T‘Lspt _ p3 Z /k2ST(LT,s,t) (]{7)
=p* Y K*SU*O (k) (mod p*).

Case 2 m>2and r =2.
Note that

m 1_1

m m—1 -1\ $ -1\ t
2,5.8) _ . 3m, 2 / np™ " + kp 2kp
Ymn:n =p n sz: (k‘pl 1_1) < k‘pl_l npm—l
— 2y np™ ? (np™ Tt kpm T 2k
- kpm 1 _ 1 ]{me_l npm—l

-1 e m—1 -1\ § -1\ ¢
a9 np + kp 2kp
+ 5 Z'(kpl o 1) ( o ) (npm_l , (3.14)

By a repeated use of the modulo p version of ([2.2)), we obtain

2 m— m— S m—
i Z -1 np™ 1+ kpmt 2hp™ 1\ "
kpm 1 _ 1 kpm—l npm—l

k

2 s t
_ gmoaN—/(n—1 n+k 2k
e () () G

=p*" > KSPI (k) (mod p*"TY). (3.15)

On the other hand, we have
m—1 el 2 m—1 I-1\ § -1\ ¢
-1 np + kp 2kp
2
S (o ) (7 ) (e
P — N npm kN 2k \!
3m, 2
st 3 () ) )
m 1“4)

o (i O ()

pm— lfk

14



where we have used the modulo p version of ([2:2]). Note that for m € Z*,

2y {QLk‘/pmJ ?f {k/p™} <p™/2, (317
21k/p"| +1 it {k/p™} > p™/2.

It follows from (B.I6) and (B.17) that
m—1 m—1 2 m—1 -1\ $ -1\t
3m 2 np -1 np + kp 2kp
eSS (s ) (L) G

=1 k
2 s t
I T n—1 n+ N\ (2N
=y x o () V)G
N P Mk
[k/p™ =N

{k/pm71}<pm71/2

2 s t
N pm Mk

[k/p™~t]=N
{k/pm=1}>pm=1t/2

n—1 2 s t
R P n—1\"(n+k\" [(2k
S ”Z<k><k)<n)
k=0
_ 3mn2"2—:1 n—1 ? n+k ’ 2k +1 ' (mod 3m+1) (3 18)
p k’ k n p ) *

k=0

N —

where we have used the following fact:

m—1
B p -1 1
El 1= E 1—T:—§ (mod p).
P Mk p™ Mk
[k/p 1 |=N [k/p" ! =N
{k/pm—1}<pm=1/2 {k/pm1}>pm—1/2

It follows from (B.I4), (B.I5) and (B.I8)) that

Vi = 3 RS
k=0
n—1 2 s t
1, n—1\"(n+k\"(2k
e () () 6
k=0
n—1 2 S t
1, n—1\"/n+k\"(2k+1 ,
_ _pyom d m—i—l'
e (M) () () e
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Case 3 m > 2 and r > 3.
For p{k and | < m, we have

r - m—1 _ 1\ "
pm+2lk,2 (ZZl : ) _ p(r+1)m+(2—r)lk2 (%) (Zijl_l B ) =0 (mod p3m+1)

and so
pm+2lk25 Tii (k‘p ) =0 (mod p3m+1).

It follows that

(rst =p 3m ,]{?2 (r,s,t) k’ m— 1)

mnp npm 1

= p3m Z lk257(17’,s,t) (k‘)
k=0

= p3m Z k’257(:’8’t)(k’) (mod p3m+1)

where we have used the modulo p version of (2.1]).

3.2 Z(T’Z’Q modulo p?7+!

We shall distinguish four cases to determine Zra’) modulo p*™+!.
Case 1 r > 4.
In this case, we have p"™ =0 (mod p*"™!), and so

Z(r,s,t) =0 (mod p3m+1)‘

m7n7p
Case 2 r = 3.
By a repeated use of the modulo p version of ([2.2)), we obtain
3,
Z5

o D U ()

3 s t N4k
3 3m n—1\"(n+N\" (2N ,(=1)
I Z(N)(N)(n > i3
k/p™ |=N

N
{k/p™}<p™/2
. n—1\"(n+ N\ /2N + 1\’ —1)NHE .
—np3 Z( ) ( v )( . ) Z /( ]33 (modp3 +1)
Lk/p™]=N

{k/p77l}>p77l/2
(3.19)
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where we have used the fact that [(k —1)/p™| = |k/p™]| for pt k.
By (2.:23), we have

P 2o (N Ry
tk/p"}<p™ /2

(pm—1)/2
— /(_1>k
- 3

k=1

k
1
= —ZBp_g (mod p), (3.20)
and
m_1)/2

(p m_
,(_1)N+k /(_1)N+(N+1)p k

D D PR

|k/p™|=N k=1
{k/p"}>p™ /2

3
k=1
1
= —ZBp_g (mod p). (3.21)
It follows from (BI9)—-B321)) that
23

(e

s t
(n Z k) (% + 1) W (mod p ).

1, n—1\°
=L ng:< 5 )
1, n—1\°
TP B”‘?’;( k )

Case 3 r=2 and m = 1.
By (22)), we have

2 s t
(2757t) _ / 1 np - 1 np ‘I’ k 2]’{:
Zinp _n2p2zﬁ<k—1) < k n
i
_ 9o L (n—1 2 /n+ \k/p)\° (12k/p] ¢
- Z 2 \Lk/pl) \ Lk/o) 0
k-1 1 k 1 2k 1
% (1 - Q”PZ'; + SWZ'} + tnp2'3> (mod p*), (3.22)
j=1 j=1 j=1

17



>

1
:;,ﬁ

n—1

Lk/p]

sed the fact that |_(k 1)/p] = |k/p] for pt k.
@Zﬂ) and (31I7), we hav

) () ()

)

(fk;pj

(
)

Lk/p]

e £

lk/p]=N
{k/pi<p/2

2N +1 1
(% )LZ_ P

+Lk/pJ) (L%/p) ( 22 Z +tZ )

RV (ren gt o)

18

(3.23)



By the result [9, Corollary 5.2] and the fact Zp % =0 (mod p), we have

1

> ,ﬁ = 2B, 5 (mod p), (3.25)
[k/p)=N
{k/p}<p/2

1

> ,E =2B, 3 (mod p). (3.26)
[k/p)=N
{k/p}>p/2

It follows from ZI4) (ZI7) and G24) B26) that
S U (U (e )
g (L () e

+ %Bp_g, ; (” . 1)2 (" ‘]’; k) (% i 1)t(4t +s+10) (mod p). (3.27)

n

Finally, combining (322)), (323) and (327) gives
s 1 n—1 n+k 2k
i (1Y (1) (o

_%psgpgz( 1)2<”+k <2k+1) 2(12k + 5)

Ve
() (1) (e
|

1, n—1\"/n+k\"(2k+1 A
+§po 32,;( )( ( ) (4t + s+ 10) (mod p?).

n

Case 4 r=2 and m > 2.
By (Z2]), we have

et = E (M) (7wl Grtt)

k—1 k %
1 1 1
X (1 — 2np™ E '~ + snp™ g '~ + tnp™ g '<> (mod p*™ 1), (3.28)
=1 7 =1 7 =1 7
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where we have used the fact that [(k —1)/p| = |k/p] for p1 k.

Let

T
L

Ml}—‘
i
< =

k 2%k
Firstly, we shall determine the following sum modulo p:

A (e (e

%l}—‘

Note that

(" ) (™) (o) s

-1 2 m—1 s t
np™ T —1 np + N 2N 11
=2 ( N ) ( N ) <npm—1 2 gz Lea(h)
N Lk/p|=N

{k/p}<p/2

+

{k/p}>p/2

By using (Z14)-(217), (B25) and ([B3.20), we obtain
1 1
> STk = (3t —5—6)B,5 (mod p),

2
lk/p]=N
{k/p}<p/2

1 1
Z 'S Tu(k) = 5(33 +5t+2)B,_3 (mod p).

lk/p]=N
{k/p}>p/2

20

-1 2 m—1 s t
np™t —1 np + N 2N +1 11
Z ( N ) ( N ) (npm—1 Z k?TS’t(k)‘
N Lk/p]=N

(3.29)

(3.30)

(3.31)



By a repeated use of the modulo p version of (2.2)), we obtain

S )
=2 () Clvr ) ()

—Z Z n—12n+Ms2Mt
N M M n
M- IN/pmT =M
{N/pmt<pmt)2
n—1\?/n+M\*/2M +1\'
2 ()N
|N/p™—t|=M
{N/pm—1}>pm=1/2

SR O Y ) o
(3.32)

where we have used the fact that
[N/p™~t]=M

{N/pm=1}<pm=1t/2

P _ 1
>, l=tp—=—5 (modp)
[N/pm—t]=M
{N/pm=1}>pm=1/2

Similarly, we have
3 np™ =t — 1\* (np™ L + N\° /2N + 1"
~ N N npm—1

S ED SR () e

' (3.33)
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It follows from (329)-(333) that
e (" ) (™) ()

2 s t
R\ 2k + 1
"Z ) ( - )(t+2s—|—4)

n

VR

2 nzk)s(zf)t(t—i-l@—l-‘l) (mod p). (3.34)

|
|
b
w
=[]
VR
3
ES
—_
~
VRS

For [ < m, let

C(2,s,t) (k) = (npm—l _ 1)2 (npm—l + U{?/plj)s (LQk/le)t.
o /] 2 npn-
Secondly, we shall determine the following sum modulo p™*!:

ST () () et
By (ZZ), we have
) (py = oD (k)

n,p,m,l n,p,m,l+1

Lk/p'] [k/p'] [2k/p']

x | 1—2np™ Z —l—snpm l Z +tnpm ! Z ) (mod p™ ). (3.35)
By (2.8)) and (29]), we have

r1 11
> = = > =0 (mod p) (3.36)
|k/p' =N lk/p' =N
{k/p'}<p/2 {k/p'}>p'/2

Moreover, we have

(SN (2N LR/ = N and {k/p'} < 02,

Cr(f;;al(k) = npm—l—1 2 np™ =l N\ S (2N+1\E . ) ) )
(pN ) (pN ) (npm*l) lka/pJ:Nand{k/p}>p/2
(3.37)
Note that
= SO =3 Y —Cfps%z IEDDEDY —Cfpséz (k). (3.38)
N k/p]=N N k/pt =N
{k/p'}<p'/2 {k/p'}>p'/2
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Applying (3.33)-(.37) to the right-hand side of ([3.38]), we arrive at
r1

2,s,t 2,s,t
ﬁcr(z,p,m),l(k) - ﬁcr(z,p,m),l-i-l(k)
Lk/p'] 1 Lk/p'] [2k/p!|
x [ 1—2np™ Z ~ 4 snp™! Z +tnpm ! Z (mod p™*™).  (3.39)
J
7j=1
Note that
Lk/p']
1 2,s,t 1
ﬁcf(z,p,m),l+1(k) ,_-
=1 J
m—{—1 2 m—{—1 s t /
N N npm—l—l - ]
N [k/p+1 =N i=1

{k/p!T1y<pitl /2

met=1 1N (T - NV 2N 41 1 W
DI CAIVEES N G N (i) ID DD D S0
N b k/pH =N i=1
{k/p' 1} >p! /2

By 832) and (3.33)), for m >+ 1 we have

Z npm~t1 — 1 2 np™ 4+ N\° 2N ¢
< N N npm—l—l

—1-1 2 m—l—1 s t
np™ -1 np + N 2N +1Y\
+ %: ( v ) < N ) (npm_l_l =0 (mod p). (3.41)

Applying ([2I4), (215) and (3400 to the right-hand side of ([B:40), we deduce that for
m>1+1,

=0 (mod p'*h). (3.42)

1 e Lk/p’] 1

s,t
kQCnpml—l—l(k) Z =
=1 7

Similarly, from (2.16), (217) and ([3.41]), we derive that for m > [ + 1,

1 (2st w
]{?2 npml—l—l Z
k

1
— =0 (mod p™). (3.43)
—
7=1

Combining (3.39), (BZ{ZI) and ([3.43), we find that for m > [+ 1,

Z SO () = S0 OB (k) (mod ), (3.44)
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By a repeated use of ([8.44]), we have
1 2st 2,8,t) m
' pml Z kQ (pmm 1 k) (mOdp +1)‘

Note that

(2,s,t)
Z kgcnpmm 1 k)

2,s,t) (2,s,t)
= E E k‘_CT(mem 1 )+ 5 E k_onpmm 1
N [k/p" ! |=N N Lk/p" ! =N
{k/pm 1 <p™ /2 {k/p™ 1} >p™ /2

By (2.8)) and (2.9]), we have

1 1
/ I /
Z == Z == 0 (mod p™7)

[k/p™= |=N [k/pm=1 |=N

{k/p™ 1 <p™ /2 {k/pm1}>p™ /2

Applying (Z2) and B.47) to the right-hand side of ([B.46), we arrive at
(2,s,t) _ (2,s,t)
kQCnpmm 1(k>_ kgcnpmm( )
Lk/p™ 1J Lk/p™ 1J |2k /p™~ 1J
x | 1—2np Z —+snp Z —+tnp Z - (mod p™*1).

By (2.8)) and (IZQI) we have

B n—1\?n+N\° 2N\’ 3 ;1
N N N n k2
N lk/p™]=N
{k/p™}<p™/2
2 s t
n—1\>/n+N\°/2N +1 1
V)Y T w
L/ |=N
{k/p™}>p™ /2

<
e (Y (1) () e

1 n—1\*/n+E\"(2k+1\" .
— 3P Bp_g,Z( N )( N )( ; )(12k+5) (mod p™*1).
k

24

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)



By (214) and (2.I3), we have

1 [k/p™ 1] 1
2,s,t /
ﬁcr(z,p,m),m(k) Z .

=1 7

n—1\%/n+N\*/2N\" p1

= 51 G (S I G B DI z

N k/p)=N =1
{k/p'm}<p7n/2

(e 2 /£ N\ (2N + 1! e “’““i”,l
N N n k2 4 J
N Lk/pmJZN j=1

{k/p™}>p™ /2

1, n—1\"/n+k\*/2k\"
=2 () () 6)

)Y (” . 1)2 (" . k)(% - 1)t (mod p™). (3.50)

n

Similarly, by (2.16]) and ([2I7) we have

L2k/pm*1J

Z " Cr(?psrtn m Z /

=1

Sl =

kQ n,p,m,1
k
1 n—1\?(n+E\" 2K\
=3P p_gg( . ) ( L )(n)(12k—|—7+sn—2n—l—4tn)
1 —1\*(n+Kk\*(2k+ 1\
—l-gpm p_32<nk ) (nk )( . )(—12k—5—|—sn—2n+4tn) (mod p™th).
k

(3.52)
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It follows from (B.28)), (8.34]) and (B52) that

(2787t)
m,n,p

2k ' 3 3m+1
n°(t+2s+4) (mod p™™).
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