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HIGHER HOLDER REGULARITY FOR A SUBQUADRATIC NONLOCAL
PARABOLIC EQUATION

PRASHANTA GARAIN, ERIK LINDGREN AND ALIREZA TAVAKOLI

ABSTRACT. In this paper, we are concerned with the Holder regularity for solutions of the nonlocal
evolutionary equation

Ou+ (—Ap)°u =0.
Here, (—Ap)*® is the fractional p-Laplacian, 0 < s < 1 and 1 < p < 2. We establish Holder regularity with
explicit Holder exponents. We also include the inhomogeneous equation with a bounded inhomogeneity.
In some cases, the obtained Hélder exponents are almost sharp. Our results complement the previous

results for the superquadratic case when p > 2.
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1. INTRODUCTION AND MAIN RESULT

In this article, we establish higher Holder continuity of weak solutions for the subquadratic nonlocal
parabolic equation
O+ (—Ap)°u=0. (1.1)
Here 1 < p <2 and 0 < s < 1. The operator (—A,)* is the fractional p-Laplace operator defined by

u(z,t) — u(y, )P~ (u(, t) — uly, 1))

(—Ap)su(iC,t) =2P.V. |x7y|N+pS

RN

dy,

where P.V. denotes the principal value.
The main contribution of this paper is to prove that solutions are almost O-regular in space and almost

I'-regular in time, where

-1 -1
P pe<c P 1, ifs<Z”2
p—1 P p
O(s,p) := X and TI'(s,p):= X X
1, ifs>P"2 . ifs>Z
p sp—(p—2) p
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We also allow a bounded right hand side in the equation, in which case these exponents are almost sharp.
See Section

These results are complementing the already existing Holder estimates in [4], valid for p > 2.

1.1. Main result. Below we state our main theorem. For notation and relevant definitions, see Section

Theorem 1.1. Let Q C RY be a bounded and open set, I = (tg,t1], 1 <p <2 and 0 < s < 1. Suppose
(x0,To) € Q x I is such that

Q2r,2r)*» (x0,To) € Q x 1.
Assume that w € LP(J; W2 (Q)) N LP=H(J; ngl(RN)) NC(J; L2 (Q)) is a local weak solution of

loc
Ou+ (—Ap)u=f in Qx1I,

as in Definition 2] where f € LS (2 x I) and

loc

HUHLGO(Q2R,(2R)SP(Z07T0)) + sup Tail,_1 s p(u(+,t); 20, R) < 00.
—(2R)*P+TH<t<Tp

Define the exponents

. 1

i , zfs<p—, 1, ifs<——r,

p—1
O(s,p) := and T(s,p):= (1.2)
-1 1 _
1, ifs>—— , ifs> L
sp—(p—2)
Then
u € C’gyloc(Q x I) N Cly (2 x T), for every 0 < 0 < ©O(s,p) and 0<~vy <I(s,p).

More precisely, for every (zg,Tp) such that

Q2r,2r)s» (70, T0) € QX x I,

there exists a constant C = C(N,s,p,0,v) > 0 such that

sup [w(, D)oo By a(zo)) < OM"™t = R7? (1.3)
te[To—(R/4)sP,To)
and
sup [u(‘ra ')]CW((—4*SPRSP+T0,T0]) < CMR_V’ (14)
zEB% (zo)
where

M = ||lull Lo (@ per (wo,10)) T sup Taily_1,sp(u(-, ); 20, R)P ™" + R*|| fll Lo (@ prew (w0, 70)) + 1.
te(—RsP+Tp,To]

1.2. Comments on our result. Regarding the almost sharpness of the spatial Holder regularity, it
suffices to study the stationary problem. Indeed, see in Example 1.5 in [3] and Section 1.2 in [I5], where
it is proved that if the inhomogeneity is merely in L?, then solutions may not be C*?/(?=1) in general.
See also Example 1.6 in [3], where it is shown that for p = 2 and s = 1/2, solutions are not in general
Lipschitz in space.

We point out that the time regularity is almost sharp in the case sp < (p — 1). Indeed, in Remark 1.3
in [4] it is proved that solutions are not better than Lipschitz in time in general.

Finally, we wish to comment on the assumption on the tail. This is relevant, since there is a recent
development on the regularity theory under the weaker assumption that the tail is merely in L4 for some
g > p—1 (cf. [6], [25] and [31]), while we in the present paper assume that the tail is in L*°. This

assumption is not unreasonable. Indeed, consider the following modified version of Example 5.2 in [25].
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Example 1.2. Let 0 < s <1 and 1 < p < 2 be such that sp < p — 1. Suppose u,, is a weak solution of

8tun + (—Ap)sun = 0, in Bl X (—1, 1],
Un = gn, on (RVN\ Bp)x(-1,1],
Un(,—1) = 0, on Bj.

Here, g,(7,t) =0 when z € RY and t € (—1,0] while for z € RY and t € (0, 1],

gn('r’t) = 6fn(t) + f;z(t)XBz\Bz (x)a

where we for n > e define

fat) =9 —tlnt, L <t<e,
tlnn, 0<t<

S |-

In addition, § > 0 is chosen so that

IN

o+ (_AP)SXBS\Bz (‘T) 0,

for all z € RY. The existence of such a solution u,, is guaranteed by for instance Theorem 1.4 in [16].
To this end, we note that since sp < (p — 1) < 1, g, lies in W*P(RY) and with this choice of f,, we
have f,, fI € L>°(—1,1]. Hence, g, is admissible for this theorem. For z € By and t € (—1,0], we have
Otgn + (—A)%°gn = 0 since g,(z,t) = 0 for t € (—1,0]. We also see that f},(t) > 0 and therefore, for
x € By and t € (0,1], we have

Orgn + (—Ap)°gn = 6£,(t) + fr(1)(—=Dp) X B2\, () <O
Hence, g, is a subsolution in By x (—1,1). By the comparison principle (see for example Proposition A.3
in [29]), un > gy, for z € By and t € (—1,1] and also u,(z,t) = 0 (note that g, (z,t) = 0 for x € RY and
t € (—=1,0]) for all z € By and t € (—1,0]. This implies that for z € By,

un(2,2/n) = un(z, =2/n) _ gn(2/1) = 92 (0) _ gn(2/n)

=Inn—-In2— — 00.
2/n > 2/n 2/n nn n o0 as n o0

Hence, the sequence {u,} is not uniformly Lipschitz in time while
Taily—1,5p(un (- 1);0, )P~ = fE7H(E) + (f)P 71 (1)

is uniformly bounded in L%(—1,1) for all ¢ < oo but not for ¢ = oco. This shows that we cannot have
an apriori Lipschitz estimate in time, in terms of the L? norm for any finite ¢. Hence, in some sense the

L°°-assumpiton on the tail is almost optimal.

By instead choosing f,(t) ~ t!7¢ one can show for each ¢ there is an upper bound on which Holder

seminorm (in time) can be bounded in terms of the L? norm of the tail.

1.3. Known results. The fractional p-Laplace equation
(—Ap)°u=0, 1<p<oo, (1.5)

has been widely studied and the available literature is vast. For p = 2, see [23] for a local Holder continuity
result. We also refer to [35] and the references therein.

In the nonlinear case 1 < p < oo, Holder regularity and Harnack inequalities for weak solutions are
proved in [S[IOII]. In [32], Holder continuity for viscosity solutions is established. Holder continuity up
to the boundary and fine boundary regularity has been studied in [T9-H22]

Higher regularity results for the nonlocal equation (LH) are established in [3] for the case p > 2 and
in [I5] for p < 2 respectively.
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Recently, higher Holder regularity in the case p = 2 with a more general kernel is established in [33].
We also mention [12)28], where sharp regularity results for the equation with a right hand side belonging
to a Lorentz space are studied.

The parabolic counterpart of the equation (LH]), namely equation (II]), has recently been studied by
various authors.

When p = 2, local Hélder continuity of weak solutions for the equation () is proved in [7,[14,24]. A
Harnack inequality and local boundedness results can for instance be found in [Bl25H27.[36]. In addition,
higher Sobolev regularity results can be found in [2].

In the nonlinear parabolic case, when p > 2, local boundedness result for the equation (L) is proved
in [37] with zero right-hand side. For the non-zero right-hand side, local boundedness results can be
found in [I3] for any 1 < p < oo and in [38] for any p > 2 respectively. Local Holder continuity is proved
in [13] for p > 2 and in [11[30] for any 1 < p < oo respectively.

For higher Holder regularity results, when p > 2, we refer to [4] with zero right hand side and [17,[38]
for non-zero right hand side respectively. Recently, higher Holder regularity was obtained in the case
p = 2 allowing for more general kernel and a right hand side, in [5].

It is worth mentioning that most of the results for nonlocal parabolic equations have been obtained
under the assumption that the tail is locally bounded in time. Recently, there has been some advances
when less restrictive assumptions on the tail have been assumed. This was initiated in [25] for the linear
setting and considered for the case of the fractional p-Laplacian in [6] and [31].

Plan of the paper: In Section 2, we introduce some notation and discuss preliminary results used
throughout the paper. This is followed by Section 3, where we obtain an improvement of regularity on
the Besov scale, given some initial Holder regularity. This is then iterated and yields the desired spatial
regularity in the normalized setting in Section 4. In Section 5, the time regularity is obtained, using the

known spatial regularity. Finally, in Section 6, we prove our main result by combining the previous results.

2. PRELIMINARIES

In this section, we introduce some notation and present preliminary results needed in the rest of the
paper. Throughout the paper, we shall use the following notation: B,(z() denotes the ball of radius r

with center at £o. When x = 0, we write B,(0) := B,. Its Lebesgue measure is given by
|Br(w0)] = w(N)r™,
where w(V) is the volume of the unit ball B;. We use the following notation for the parabolic cylinder
Qr.r(xo,t0) = Br(xo) X (to — 7, to].

Again, when o = 0 and ¢y = 0, we simply write Qr,,. The conjugate exponent ﬁ of | > 1 will be
denoted by I’. We write ¢ or C' to denote a positive constant which may vary from line to line or even in
the same line. The dependencies on parameters are written in the parentheses.

For any 1 < ¢ < oo, we define the monotone function J, : R = R by

Ty(t) = 72 (2.1)

and for 0 < s <1 and 1 < p < co we use the notation

dz dy

— (2.2)

dp
If ¥ : RN — R is a function and h € RY, then for any = € RY, we define

Yn(x) = P(x +h), np(x) = Yn(x) — Y(x)
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and
np(x) = 0n(Onh(@)) = Pan(@) + ¥(z) — 29 (). (2.3)
Let h € RY and ¢,1 : RV — R be two given functions, then the following discrete product rule holds:
n(pv)(@) = (Yndnp + wopy)(z), Vo € RY. (2.4)

Similarly, for ¢ : RN x I — R, for any fixed ¢ € I and for every € RV, we define

en(x,t) = (@ +h,t),  dnp(x,t) = @n(x,t) — p(z,1)
and
Shp(x,t) = on(Onp(, 1)) = p2n(z,t) + (. 1) — 20n(2,1). (2.5)
Function spaces: Let E C RV, N > 1 be an open and bounded subset. Suppose v : E — R is a
function. Then for 0 < ¢ < 1, we define the §-Holder seminorm by
v(x) —wv

It will be necessary to introduce two function spaces. For this reason, let 1 < ¢ < oo and take
Y € LI(RN). For 0 < B < 1, define

ot
|h|?

[w]Nfovq(RN) ‘= Ssup

[h[>0 La(RN)

The Besov-type spaces N27 are defined by

NESRN) = {p € LIRY) © [l ypapny < +o0),  0<B <L,
The Sobolev-Slobodeckii space is defined as

WHIRN) = {¢ € LYRY) : [Y]woa@y) < +00},  0<B<1,

where the seminorm [- ]y s.q®y) is given by

[V]ws.a@yy = (//RNX]RN = |N£5)q| dz dy) "

The above spaces are endowed with the norms

||1/’H/\/§cvq(RN) = ||1/’HL<1(1RN) + [Q/J]Nfon(RN)a
and

lVllwe.amny = 1Yl Lany + []ws.a@yy-
We also introduce the space W#:4(Q) for a subset Q C RY,

WB7q(Q) = {1/1 € Lq(Q) : W]Wﬂvq(ﬂ) < +OO} ) 0< 6 <1,

1
[lws.a) = <// N()|q dxdy>q-
QxQ |9U—y| +ha

The space WOB "4(Q) is the subspace of W”¢(R¥) consisting of functions that are identically zero in the

where naturally

complement of Q.

Parabolic Banach spaces: Suppose that I C R is an interval and let V' be a separable and reflexive
Banach space, with a norm || - ||yy. Let V* be its topological dual space. Assume that v is a function such
v(t) belongs to V for almost every ¢ € I. If the function ¢ — ||v(¢)|]v is measurable on I and 1 < p < oo,
then v belongs to the Banach space LP(I; V) if and only if

[l at < o
I
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It is well known that the dual space of LP(I; V') can be characterized by
(LP(L; V)" = LP(I; V™).
See [34] Theorem 1.5]. We also write v € C(I; V) if the function ¢ — v(¢) is continuous with respect to

topology on V. Moreover, u is locally a-Holder continuous (0 < « < 1) in space (respectively, locally
B-Holder continuous (0 < § < 1) in time) on Q x I and write

u € OF (2 x 1) (respectively, u€ Cfloc(ﬂ X I))

if for any compact subset K x J C  x I, we have
sup[u(-, t)]ce(x) < 00 (respectively, sup [u(z, )]s () < oo).
teJ zeK
Tail spaces and weak solutions: The so-called tail spaces are expedient for nonlocal equations.
The tail space is defined as

LL(RYN) = {u €Ll

loc

Ny . |ul®
(R)/RNW(LT<+OO}, q>0anda>0,

Ju()|? z

The global behavior of a function u € L (RY) is measured by the quantity

1

q q

RO‘/ 7|“(””)|N+ dz| .
RN\ Br(zo) [T — To[ VT

and is endowed with the norm

Tail, o (u; o, R) =

Here 20 €¢ RY, R > 0, 8 > 0.

Definition 2.1. (Local weak solution) Let 1 < p <2 and 0 < s < 1. Suppose Q C RY is an open and
bounded set and that f € L (Q x I). For any to,t1 € R, we define I = (to,t1]. We say that u is a local

loc

weak solution of the equation
Ou+ (—Ap)’u=fin Qx1I
if for any closed interval J = [Ty, T1] C I, the function u is such that
loc loc

w e LP(J; Wil (Q)) N LP~H(JT; L5, (RY) N O(T; Lo ()

and it satisfies

*/J/Qu(:c,t)atcp(:c,t) dz dH/J/]RN /RN Tp(u(@) —u(y))(p(@) —¢(y)) du dt
:/QU(ZE,TO)SO(ZE,TO) dzf/ﬂu(x,Tl)ga(z,Tl) dz +/_]/Qf(x’t)¢(x’t) de dt,

for every ¢ € LP(J; WSP(Q)) N CY(J; L?()) which has spatial support compactly contained in Q. Here

du — dz dy
Mo Ty

(2.6)

as defined in ([22]).

We have the following embedding result from [4, Theorem 2.8].

Theorem 2.2. Let 1) € NEI(RYN), where 0 < B <1 and 1 < q < 0o such that Bq > N. Then for every
O<a<p-— %, we have ¢ € C2 (RN). More precisely,

loc

M < C([w]Nfo’q(RN)) s (H¢||Lq(RN)) LB*%);?N ,

sup
z#y |1' - y|a
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for some positive constant C = C(N, q, o, 8) which blows up as o S — %.

The result below allows for power functions of the solution to be used as test functions. It can be
proved by following the proof of [4, Lemma 3.3], see also [I7, Lemma 4.1].

Lemma 2.3. Leta>0,1<p<2and0<s<1. Suppose that u is a local weak solution of
O+ (—Ap)°u = f in By x (—2%a,0]
as in Definition [2.1), where
f € L. (B x (—2°Pa,0]) and we L*(E x (—a,0]),

for every E @ Bs. Let 1 be a non-negative Lipschitz function, with compact support in By. Let T be a
smooth non-negative function such that 0 <1 <1 and

T(t) =0 fort <Ty, 7(t)=1fort>T

for some —a < Ty < Ty < 0. Then, for any locally Lipschitz function F : R — R and any h € RN such
that 0 < |h| < 1 dist(suppn, 0B3), we have

L L (ntontet) = o) = sytutant) )

x (F(ahuu,t))n(m - F(ahu@,t))n(yf)m) dpu dt (2.7)
T

+ F(Spu(z, T1))n(x)? doe = / ]-' (Spu)n?r’ dz dt + / / (6n.f)F (pu)n?T da dt,
B, To /B2
where F(t) = fot F(p)dp.

Proof. The proof follows exactly as in the proof of [I7, Lemma 4.1] as well as [4, Lemma 3.3] by replacing
nP with n2.
O
3. IMPROVED BESOV REGULARITY

In this section, we obtain an improvement of regularity on the Besov scale, given some initial Holder

regularity.
Proposition 3.1. Let 1 <p<2,0<s<1 anda > 0. Suppose that u is a local weak solution of

Ou+ (—Ap)’u=f in By x(—2%a,0]

where
[fllzoe(Bix(-aop <1 MullLe(sx(—a0) <1
sup Tail,—1sp(u(+,£);0,1) <1 and  sup [u(-,t)]cv(m,) < 1,
—a<t<0 —a<t<0

for some v € [0,1). Assume also that for some o € [0,1), 1 < g < o0 and 0 < hy < 10, we have

0 2, 1|4

1)
/ sup LZ dt < oo (3.1)
To 0<|h|<ho |h| L(BRr+ng)
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for R such that 4hg < R < 1 — 5hg, and for Ty such that —a < Ty < 0. Then for any p such that
To < p+Tp <0, we have

—+1
0 824 ! Sz, £)]at!
/ sup m dt =+ sup sup / W d.fC
To+p 0<|h|<ho || |[h| ™ aFT Lo+ (Br_any) To+p<t<00<|h|<ho J Br_an, (3 2)
C 0 82u ||
< 1+ sup ||tA= dt,
mln{p, 1} To 0<|h|<ho |h| LY(Bryng)

for some positive constant C = C(N, s,p,q, ho,7).

Proof. We prove the result in two steps. In the first, we prove

1
T 52u " |Gnu(z, T1)[7+!
/ sup / —Sp777p72)+aq dx dt+ sup / e dx
To+p 0<|h‘<ho BR—4h0 |h| q+1 0<|h‘<ho Br 4hq | | (3 3)
C Th 62 q
e — 1+ sup LZ dt,
min{p, 1} /g, o<ihi<ho 1P || Lo (B yny)

with the upper limit 73 < 0 and in Step 2, we prove [B3) for T3 = 0, then [B.2) follows by taking the
supremum over 7T}.

Step 1: Estimate for 77 < 0. Assume p+7y < T < 0, let r = R—4hg and take 1 to be a non-negative
smooth function on R such that

C
0<np<lonBg, n=1 on B, nEOinRN\B¥ and |V77|§h—onB¥,
0

for some positive constant C.
Take also 7 : R — R to be a smooth function such that 0 <7 <1 in R and

C
=1 on [Tp+p,0), 7=0 on(—o00,Tp], and |'|<— inR,
p

for some positive constant C Let 1 < g < o0,0< |h] < hg and @ € [0,1) be as in the statement of the
theorem and define ¥ = o — L. Lemma 23 with F(t) = J,41(¢) implies upon dividing with |h|'*?7 that

7 (Jpwh(:c,t) — un(y 1) — Jplu(z, 1) — u(y, 1))
fo ML CiEg

% (a1 (G, ) (@) = Jyar (Gnu(y, ) n(y)? ) v(t) du dt

2 léhu(z,w*l 2 4o
q+1 DR

|5hu|qul 0 Jor1(0nu) e
q+1 /B i 7 de dt + 325 nf g T d dr

The triple integral is now divided into three pieces:

T
L-::/ L) r(t)dt, i=1,2,3,

To

where we for ¢t € (Tp, T1) define

Al = //BB S Uh(y’|:|)1+_ﬁ;] plu(e. ) — uw: 1)

% (a1 (Gne, 1) n(@)? = g Gnuly, 1) n()?*) dp,
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(o (una ) = uny, 1)) = Ty (u(a, 1) = u(y, 1)) )
Lo(t) = //(m,y)EBLX(]RN\BR) |h|1 e Jar (Ou(, 1)) ()" dp

| (o Cun () = wnly, 1)) = Jyp(u(a, 1) = u(y, 1)) )
SUE T s (B, ) n(s)® i

where we used that 7 vanishes identically outside B ri.. We also denote the terms on the right-hand side
2

of (34) by Z4 and Zs:
|5hu|q+ ’
Ty = q+1 / |h|1+”9‘1 27 dz dt,

and

n (6nu)
T ;:/ (shfL 2r dex dt.
T, JB, Bt

Therefore, with the above notation, equation (3.4 reduces to the following equation

~ 1 Spu(x, Ty ~ =~

Estimate offlz Since 1 < p < 2, by the same argument as in the proof of [I5], Pages 10— 13, Proposition
3.1], we obtain for any t € (Tp, T1)

g—1
1 | 1onul™= dpu |Spu(x, t)pra-t |6pu(m, t)|att
We2(BRr)

After integration with respect to ¢ this becomes

2
- T \spul =0 Spu(z)[pra=t Spu(z)|rtt
Ilchl/ W#n Tdt — C / | hu 1J|ri9 Tdxdt—-C / | n 1+q|9
To |h| 2 WU’Z(BR) Br |h| Br |h’|

(3.7)

where ¢ = ¢(p,q) and C = C(N, s,p, q, ho) are positive constants, and 20 = sp — y(p — 2). We remark
that the properties of 1 and the given condition sup_,<,<q[u(+,t)]cv(p,) < 1 are used to derive the above
estimate of Z;. Using (3.7) in (35), we arrive at

2
Tl §pul = Shu Spu(x, T[9!
[l oo e
To |h| 2 We:2(Bgr) B2

|Onu(z, t)]*H |Spu(x, t)Pra—t (3.8)
SC(/ /BR [T 7 da dt + . [T —— 7 dz dt

+ e (1ol + sl + Tl + 51

where C' = C(N, s,p, q, ho) is a positive constant.
Estimate of the nonlocal terms 7, and Z3: First, we estimate Zs(t) for any ¢t € (Tp,T1). Since |u] <1

in By X (—a,0], we have

T dzdt

| (o (un (. ) —un(y, )= Jp(u(@, ) —u(y, ) Jos1 (Onul, 1))| < C(p)(Llun(y, O~ +luly, )7~ |opu(z, 1),

(3.9)
where = € Brir,y € RN\ Bg and 4hy < R <1 — 5hg. Therefore, |z — y| > holy| and we get
L Juy, O + Jun(y, P
N+s dy
RN\Bgr |z —y|[NFep
(3.10)

u(y, t)|P~1 up(y, t)|P~1
<C 1+/ 7' (yNzr'S dy+/ 7' h(yNJr)l dy |,
rV\By |Y|V TP rM\By YN TP

3
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for some positive constant C = C(N, s, p, hg). Now, since 4hg < R, R < 1, |u| < 1 in B; X (—a,0] and
Tail,_1 sp(u(-,t);0,1) < 1in (—a, 0], we have

t)[Pt )Pt
/ |u(yle|s dyg/ |U(yaN1|S dy+R7Nfsp/ u(y, )P~ dy
rM\By [Y[N TP rM\B, Y[V TP B

(3.11)

lu(y, )P~ ~N-s
< dy + Nwn(4ho P
/]R{N\Bl |y|N+sp (4ho)

<C,

where C'= C(N, s,p, hg). As for up, we have

p—1 p—1 p—1
J e e L =
RN\ Bp ly|NFsp RN\ Bgr(n) 1Y — RN TeP 2 RN\Br(n) Y|V TP

3 vy / lu(y, )P~ _N- / 4
< (S)NHsp Bl dy+ (R—h [ Ju(y, t)P dy
(3) l S W= (R — ho) Bll (y,1)]

<C (TaﬂP*LSP(u('v t)a 07 1)p71 + (3h0)7N75p)
<c,

(3.12)

for some positive constant C' = C(N, s, p, hp). To obtain the above estimate, we have used that Br(h) C
Bi, 4hg < R <1 —5hg and

ly—hl |y h y h ho 2
=|=-—|>|Z|-]=> —ﬂ25-
lyl lyl |yl lyl" vl 0
Using (B.11) and (312) in (B3I0), we get
L+ [uy, P~ + [un(y, )P~}
dy < C(N,s,p, ho). 3.13
/]RN\BR |z —y|N+ep ( o) (3.13)

Using (3.9) and [B.I3) and recalling the expression of Zx(t), we get for any t € (Tp, T1) that

o< [/ [olun ()~ wn(p:0) ~ Jylutet) =~y )| e )le o
" JJ@a)eB ir x®N\Br) | — y| NP |h| 10
2
|0nu|?
SC(NasapahO)/ |h|1+19q77 dax.

R+r

Multiplying by 7 and integrating the above estimate from T to 717, we arrive at

|52|§/T1 To|r dt < C /Tl </ |5’;“|19 QdSC)Tdt <C/ / |5ﬁ”|§ dz dt, (3.14)
To T B [RPT04 By |PITT

for some positive constant C = C(N, s, p, hg). Here we have used that 0 < 7 < 1 on R. Similarly,

~ Ty 10nul?
I3 < C dz dt, 3.15
25| < /To /B |h|1+19q ( )

for some positive constant C' = C(N, s, p, ho).

Estimate of 7, and Z5: Using the properties of  and 7 we have

5 q+1 c M §rulat!
q Bs ~pJr, JBR
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for some positive constant C = C(N, p, q). By the L>°-bound on f together with the properties of 7 and

|Jq+1(0nu)| ?
. §/ /B2 [onf|—————— N 7 dx dt
|5hu|q
H(ShanL‘X’(BQX(TO,Tl))/ /B |h|1+19 x dt (317)

|6 ul?
< 2/ / dx dt.
1o B [P0

Using (314), BI5), (I8) and BI7) in (B.8)), we arrive at

o 2
T |5hu|Tl(5hu
T
To+p |h| 2 Wo.2(Bg)

|Onu(z, )|t / / |Onu(z, t)Prat
< 7 de dt Tdrdt
C(/ /. S d e+ . o
1 |Onu(z, )7+t |Opu(z, )7 (3.18)
+c<— [ /BR O O e [ O g

q q+1 p+q—1
< / [Opu(z, t)] n [Opu(a,t)] N |Opu(a,t)] de dt
mln{m 1} 70 Jon |h|1+’9q [+ |10
. ¢ / |Opu(z, )|?
B mm{/’v 1} Jr, JBg |h|1+ﬁq

T, we also obtain

S fr ) o1 (Ont) n?r dz dt

|I5| - |h|1+19

dt +

B Ty)|a+1
c / e, TO| o
q+1 L[+

dx dt,

where C = C(N,s,p,q,ho) > 0 is a positive constant. Here we have used that |7| < 1 and that
[opu(zx,t)] < 2 for (x,t) € Br X (—a,0] C By X (—a,0]. Next, we will find a lower bound of the first
integral of the left hand side of (B8], that is

_ 2
/T1 0nul ™= Shu
1+9q n
To+p |h| 2

] at
We2(Bg)

Indeed, by following the same reasoning as in the proof of [I5], Step 4, Proposition 3.1], we obtain for any
0 < [€], |h] < ho that

Jo

where C = C(N, s,q,0,hp) > 0 is a positive constant. We take £ = h in (B.I9), take supremum over

|5hu|q+1

|6hu|%l5hu
. |h|1+19q

h| "2

(555hu

x<C +C dz, (3.19)

‘| W°’2(BR)

T |p| e

0 < |h| < ho and integrate over the time interval (Ty + p,T1) to arrive at

T
/ sup /
To+p 0<|h|<ho J B,

2
diu

S e — dt
|| FET || T

dedt<C TT5q 1
IhI™ W2 (Br) (3.20)

qg+1 g—1
T |5hu|T5hu
su O
To+p 0<|h|<ho

Th §rulat!

rU

+ C sup / % d.’L' dt,
To+p 0<|h|<ho /Bgr |h|

where C' = C(N, s,q,0,hg) > 0 is a positive constant. By using (BI8) in ([3.20) we obtain
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7 gu [T Spu(z, Ty) |+
/ sup / % dzx dt + sup / % 2 dx
To+p 0<|h|<ho J B, | |h|ct1+ att o<lbi<ho JBr P[4
C T 5 q Ty § q+1
< — sup / % do dt + C/ sup / % dx dt (3.21)
min{p, 1} J7, o<|nj<no JBr |AIFT7Y Totp 0<|h|<ho JBr |PI}T74
C 1 b) a
S — sup / % dx dt,
min{p, 1} Ty 0<|h|<ho J/Bgr || a

where C depends on N,s,p,q,0, and hg. In the last inequality, we have again used the fact that
[opu(x,t)] <2 for x € B and t € (—a,0].
Recalling that ¥ = o — i and 20 = sp — y(p — 2), we obtain from (B2I]) that

7 52 h Sy, Ty)|o+)
/ sup / % dx dt + sup / M dz
To+p 0<|hl<ho J B, ||p| " art 0<|h|<ho J B, |h|a (3.22)
C T 5} q
S — sup / | hgl dz dt,
min{p, 1} To 0<|h|<hoJBgr |h |4

for some positive constant C' = C(N, s, p, q, ho,7)-

Since 1 < ¢ < oo and |u| < 1 in B; x (—a,0], we may for « € (0,1) use the second estimate
of B, Lemma 2.6] to estimate the first order difference quotient in the right hand side of ([B22) by a
second order difference quotient. Then (B:22) transforms into the inequality below upon recalling the
relations between R,r and hg:

1
7 u |7 (S, Tr)] o+
/ sup / m d.fC dt + sup / T d.fC
To+p 0<|h|<ho J Br_4n, |h|7q+l 0<|h|<ho J Br_an, | | (3 23)
C n pu ||
< — 1+ sup LZ dt,
min{p, 1} Jz, o<|h|<ho || 1P L9(Bring)

for some positive constant C' = C(N, s,p,q, ho,7v). If @« = 0, we may directly use that |u| < 1 in
Bj; x (—a, 0] together with (23)) to arrive at ([323)).

Step 2: Conclusion for 77 = 0. In this case, the previous proof does not directly work, since it
relies on Lemma [Z3] which requires 71 < 0. However, the constant C' in (323 does not depend on 77,
we can therefore use a limiting argument. By assumption, we have for some a € [0,1), 1 < ¢ < oo and

0 < ho < 15, that

2 1q
dru

0
/ sup -
To 0<|h|<ho |h| L(BRng)
for 4hg < R <1 —5hg and —a < Ty < 0. For fixed p and Ty, (B23) implies that for every T < 0 such
that p 4+ T < 11, there holds

< 0

+1
! 52u 4 5 T y[a+1
hrulT,
/ sup / —sp—w}zp—qu dr dt+ sup / |0nu( : a;)| da
Tot+p 0<|h|<ho J Br_ang | |h|" a1 0<|h|<ho J Br_an, |h| (3.24)
C n SFu||*
< — 1+ sup La dt,
mm{p,l} To 0<|h|<ho |h| L9(Bryng)
for some positive constant C' = C(N, s, p, ¢, hg, ). By the monotone convergence theorem,
q+1 q+1
. T S2u 0 S2u
lim sup _ dx dt = sup _t dx dt.
- sp—v(p—2)+aq sp—y(p—2)+agq

T=07 JTo+p 0<|h|<ho / Br_an, |h| F R — To+p 0<|h|<ho J Br_an, |h| aF1

(3.25)
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In addition, by the definition of local weak solution
Opu(-,t)
||

t—

is locally a continuous function on (—2°Pa, 0] with values in L?(B,.) for every fixed 0 < |h| < hg. Therefore,

T .
tim (| 200T) 9w, 0) = 0.
T—0— 1 aF1
— |h| |h|a+ L2(Baing)
Since ¢ > 1, this in turn implies thatﬂ
lim inf HM\ HM’ (3.26)
70— |h|qi—q1 Lo+ (Br_any) |h|% La+1(Bg_ang)

for every 0 < |h| < hg. Combining [B:25]) and (B26) with (3:24)), gives that estimate (324 holds also for
Ty = 0. Finally, by taking the supremum over T} € [Ty + p, 0] we obtain the desired estimate (32)). O

4. SPATIAL REGULARITY

Using Proposition [3.], we establish the following spatial regularity results.

Proposition 4.1. Assume thata > a9 >0,0<k<1,1<p<2,0<s<1, andvy €[0,1). Suppose u
s a local weak solution of

Out(—Ap)’u=f in Ba x (—2%a, 0]
as in Definition [2.1], where

I fllze(Bix(=a0)) <1, Nullpoe(Byx(=a0) < 1,

sup Tailp_1 sp(u(-,1);0,1) <1, and sup [u(-,t)]cvy) <1,
—a<t<0 —a<t<0

for some v € 0,1). Let 7 = min{sp —y(p — 2),1}. Then for any € € (0,7) we have

sup  [u(,t)]cr—<(B,) < C,
—a(1—rk)<t<0 2

for some positive constant C = C(N, s,p,e,7, Kkagp).

Proof. Take 0 < ¢ < 7 and choose gy = qo(N, ) so that

e N € €
T————>7—¢>0 and L (r—=)>717—=.
2 qo qo+1 4 2
Then consider the sequence
_ —9 .
(67s) :O, Q1 = i 7(p )+alq0, 0,...,ioo,

g +1
where we choose ix = i0o(IV, D, $,€,7) € N such that

€
Qi -1 < T— 1 <.
This is possible since the sequence of «; is increasing and
lim a; = sp—v(p — 2).
11— 00

Define also 1

ho =
VT

Ri:£7(5i+1)h0, fori=0,..., 0.

We use the following standard fact: if {fn }nen converges to f in L™(E), then
i inf | fall iy 2 1] o)

for any k > m.
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Note that . 3
Ro + hg = g and Rioc—l —4hg = Z
Now we apply Proposition B] (ignoring the second term in the left-hand side of ([2))) and apply Young’s
inequality with
Ka

2(ico + 1)’
We observe that 0 < p < —Tp for the above choice of Ty, since « € (0,1). Further, R; — 4hg = R;1+1 + ho.

Therefore, we obtain the following iterative scheme of inequalities:

q4=4qo, pP= TOZ—G+(1+1)p, R =R;.

e For 1 = 0, we get

[ | c_ 2
SUp || =% 5o dt < ———— sup ||65ul|® +1] dt.
—a+2p 0<|h|<ho || || P2 LB ) min{p, 1} /.1, \o<lni<ho L9 (B s)
(4.1)

Notice that %ﬁ—% =aj.

eFori=1,...i5 — 2, we have

0 q 0 q
/ sup 6’%” i dt < L sup 5’2Lu i + 1] dt.

—at(i+2)p 0<lhl<ho || A1 | a0 (B, gy WP 1Y ety \o<ini<ho (1A Nl oo (B, )

(4.2)

e For i =i, — 1, we have

0 2 90 0 2 90
1) C 0
/ sup L dt < ————v sup || A +1] dt.
—a+5 0<|h|<ho [fa| e L9 (Bg,4) min{p, 1} —atisop \0<|h|<ho |h[@ie -1 L0(BRr;___y+ng)
(4.3)
Here C' = C(N, s, p,e,7, ho). Also, since ||ul| Lo (B, x (—a,0)) < 1, we have
sup || 0jull Lao (8, ,4) < 3- (4.4)

0<|h|<ho
Hence, using ([£4) in the above iterative scheme of inequalities (1)), (2] and (£3)), we have the following

estimate

0 2, ||9
) C(N h
/ sup || o at < S92, ho) (4.5)
“a(i—5) 0<lal<ho | P12 1| Lo 5,,0) (min{ra, 1})%=
As 7 — £ < a, for all |h| <1 we have
|h|®ie < |B|77F.
Using this in (@3] we arrive at
0 2 q0
5 C(N, s,p,e,7,h
/ sup ’;i dt < ( .7S7p c 71. o) (4.6)
—a(1—%) 0<|h|<ho || [R|777 L9 (Bs)4) (min{xa, 1})tee
Now we set
Ka 5
T, =0, Top=—-a(l—-k/2), p=, a=T--, and ¢ = qo.

Then,

3 3 )
R+h021, R—4h021—5h02§

Since a > 0 and k € (0,1), we have 0 < p < Ty — Ty. We now apply Proposition 3] again, taking (.G
into account (ignoring the first term in the left-hand side of (2] this time). This yields

q0
Spu(e, t 0 2u(e,t) ||
sup sup M < L sup M +1| at
(r—c/ag ~ min{ka,1} |h|7—e/4
—a(1—-k)<t<0 0<|h|<ho |h| q0+1 ) —a(l—52 0<|h|<ho La0(Bsz,4)

L0 (Bs/s)
C
= (min{ra, 1})ietl’

(4.7)
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for some positive constant C' = C(N, s,p, e,7, hg). Here we have again used Young’s inequality to reduce

: 90 T—3
the power to qg. Since prw e 7%, we have

(T — 3o 27—5.
qo+1 2
By using this in (7)) we arrive at
(S}ﬂl,(-,t)
sup sup TN
—a(1-r)<t<0 0<[hl<ho || [PI772 |l Lao (5 4)
4.8
6hu('at) C(N,E,p,s,’}/,ho) ( )
s sw SUD || g S i Tt
—a(1=r)<t<0 0<|RI<ho || | pea: (min{ka, 1})i=

L30(Bs/s)
Now we take x € C2°(By/16) such that
0<x<1linBs, x=linBjj, [Vx|<CinBy,
for some positive constant C. In particular, for any h with 0 < |h| < hg, we have

|0 x| < [0n x| <C
|h7=2 = |n| —

Also, recall that
5h(xu) = XnOpU + Udp X-

Hence, using the above properties of x, for every ¢ € [—a(l — k), 0], we have

[ux] pyr—e/2 = Ol
T—€ 5490 - — £
Noe R ®D im0 A2 || oo vy
o1 (u on(u
< sup h(ffxg) + sup h(ffxz)
o<lnl<ho I [RI"72 ll pao vy 1a12ho Il 1RI™72 [l Lao (v
) u0
< sup || + osup ||
0<|h|<ho |h|7~2 Lao(RN)  0<|h|<ho A7 Lao (RY)
1
+ ——¢ sup [|6n(ux)] Lo ®n)
he 2 |hl>ho
dpu dnx
<, |t ooy, oo |7
0<|h|<ho LQU(B%+%) 16 0<|h|<ho Lw(3%+ho)
e s (l@Xnlzoocs cay + luxlzsocs )
ho * Ihl>ho 16 1
5hu
S sup |(leoe—e + Cllull oo (5y),
o<lhl<ho I 1AI7 72 || a0 (55

ooler

for some positive constant C' = C(N, s, p, €, 7, ho). Since hg depends on s, p, €,y and |[u| Lo (B, x (—a,0)) < 1,
the above estimate combined with (48] implies

C(N,s,p,e,7)
min{xa, 1})cV:sp.e7)”

sSup [UX("t)]N;'O*E/quU(RN) S ( (49)

a(1—k)<t<0
Notice that by the choice of gg, we have
N

_ £
T—e<T—2Z——.
2 q
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Now we apply Theorem with ¢ = qo, 8 =7 —¢/2 and @ = 7 — € to obtain

sup  [u(D)]or-ep,,) = sup  [(wx)(,)]er-epy,) < sup [(ux)( D)]or-ewwy)
—a(1—k)<t<0 —a(1-k)<t<0 —a(1-k)<t<0
e ey
<C su (u )] s ) T—=/2)(q0 ux(-t 7%
<c_ (60 ) T i)
(r—)ag+N 2N
(r—¢/2)(q0) (r—¢/2)ag
<C sup ux(-t)] -—<, sup wx (-, t N
(a(ln)<t<0[ ( )]Noc 2QO(RN)> <a(1n)<t<0” ( )”L%(R )
C
S (r—e)qo+N

(min{ka, 1})T==/21%0
where we to obtain the above estimate, have also used the estimate (£3) and the fact that ||u|| L (B, x (—a,0)) <
1. Here C = C(N,s,p,e,7v) and ¢ = ¢(N, s,p,e,v) are positive constants. The proof follows by using

that min{xa, 1} > min{kag, 1} since a > ag. O

By yet another iteration process, we arrive at the final almost sp/(p — 1)-regularity in space.

Theorem 4.2 (Almost sp/(p — 1)-regularity). Let1 <p <2 and 0 < s < 1. Suppose u is a local

weak solution of

ou+ (—Ap)’u=f in By x (—2°P,0]

where

”“”L‘X’(BM(—LO]) <1 ||f||L°°(Bl><(—1,0])) <1,

and sup Tail,_1 sp(u(-,1);0, 1Pt <.

te(—1,0]
Then for any ¢ € (0,0), there is o(e,s,p) € (0, %], such that u(-,t) € C®~¢(B,) for all t € (—o°P,0],
where
© = min(sp/(p — 1),1).

Moreover,

sup [u('at)]C@*E(Ba) < C(SapaEaN)'
te(—osP,0]

Proof. The idea is to apply Proposition .l iteratively. Take ¢ € (0,0) and define

e(p—1
Y0 =0, %’+1=SP—%'(P—2)—7( 9 )-
Then {~;} is an increasing sequence and v; — sp/(p — 1) —¢/2, as i — oo. It is clear that there is
foo = foo(8,p,€) € N such that v, > O —ec and ;-1 < 1.

Define ) .
w(27 e, 27 P M2 TP )
M;

vi(z,t) =

and
M; =1+ [[ullpop, , x(-2-rop +  sup  Tail,_1 op(u(-,1);0,277)
te(—27isp 0]

i 27isp/(p*1)||f||§(3 ox(aiop T 9= i sup [U(',t)]C%‘(BTi)
2 te(2-isP 0]

< : Yi .
< C(N,p, s,a)(l + te(_s;esp7o][u( Dle (B2,1))) (4.10)

=C(N,p,s,¢) (1 + M;_ 20D sup [vi—1(, t)]C%'(B;))
te(—MP " 22-isp () 2

< C(Napasag)(l + M1 sup [’Ui—l('at)]CWi(Bl))-
te(—MP22-isp () 2
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Then v; is a local weak solution of the equation v; + (—A,)%v = fi in By x (=22 MP~? 0], where

f(2 1w, 271P M2 P

) — 9—isp
filz, t) =2 Vi

Moreover, if

sup [u(-,t)]cwi(BTi) < 00,
te(—2-%p 0]

then M; < oo and v; and f; are well defined and satisfy

<1, sup  Tail,_y ¢p(vi(+,1);0,1)P7 < 1,

||Ui||L By x(—MP™2
< (B1x(=M]™%,0]) v (=02 0]

sup [Uz'(',t)]cw(Bl) <1, and ||fi||Loo(le(—Mf*2,O]) <L
te(=MF~?,0]
Now we apply Proposition E.1] with a = Mf_Q and K = 1—27°P to v; in the cylinders By X (—QSPMf_Q, 0]

successively with v = 7; and ¢ replaced by @ and obtain for i =1 to i = i

sup [UO('vt)]C’Yl(B%) < C(S,p,E,N),

te(—2—57,0]
My < C(s,p,a,N)(l —I—t (S;lp 0][v0(-,t)]cwl(31)) < C(s,p,e,N),
e(— 7517, 2
sup [vl('vt)]CWZ(B%) < C(S,p,E,N),

te(—MP~22-5p ()

M,y < C(S,p,E,N) (1 + M,y sup [vl('ﬂt)]CW(Bl)) < C(S,p,E,N),
te(—MP~22-s7 0] 2

sup [vi—1(-, )] o, ) < C(s,p,6,N),
te(—MP22-s» 0] 2

M; SC(Napvsvs)(1+Mi*1 sup [’Uifl('ﬂt)]CVi(Bl)) SC(Sapvst)a
te(—MP~22-isp 0] 2

sup [vi,—1(,1)] win (s, 100 < C(s,p,e,N). (4.11)
te(iMf;271275p10] c Vico 2 (B%)
Note that at each step above we have used Proposition Bl for a time interval with a = M; 2>

C(s,p,e,N) = ap and we have also used [@I0) to estimate M;. If sp > 1, we only do one iteration and
in particular i, = 1. In particular in that case [@II]) becomes

sup  [vo(+,t)] . cw-1 < C(s,p,e,N).
te(—2727,0] ¢ :

Scaling back to u and using that v, > © — ¢, we obtain

sup [u(-,)lce-<B, . ) = sup 20=DO=NL vi_, (- t)]co—c(By)
t€(727(ioc)sp70] t€(7M5;2712—3p70] )
< C(s,p,e,N).
This is the desired result with o = 27> O

Now we apply Theorem to prove the following spatial regularity result.

Theorem 4.3 (Spatial almost C*?/(P=1) regularity). Let Q@ C RN be a bounded and open set,
I=(to,t1], 1 <p<2and0<s<1. Suppose u is a local weak solution of

Ou+ (—Ap)’u=f in Qx1I,
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with f € LES.(Q x I) such that

loc

wll Lo (@ar. e » (w0, T0)) T+ sup Tail,—1 s p(u(s,t); 2o, R) < 00,
—(2R)sr+To<t<Ty

where (xg,To) are such that
Q2r,2r)s» (20, To) € Q x I.
Then u € COLE(Q x I) for every e € (0,0), where © = min(sp/(p — 1),1).

xz,loc

More precisely, for every e € (0,0), R > 0 and every (xo,To) such that

Q2r,(2r)s» (70, To) € X x I,
there exist constants C = C(N,s,p,e) >0 and 0 < o(e, s,p) < 5 such that

sup (-, t)]co-e(B g (wo)) < CMT 5 R7(O72), (4.12)
te(To—(oR)*P,Tp] 2

where

M= HUHL‘X’(QR,RSP(JWTU)) + sup Taﬂpflvsp(u(" t);x()? R)p_l + RsprHL“’(QR,RSP(IU,TO)) + 1.
te(To—RsP,Tp]

Proof. We perform the proof in the case 9 = 0 and Ty = 0.
Let

1 p—2
ug(x,t) := Y u(RM v z + yo, R°Pt), for x € Ba, t € (—2°7,0]

where M = M(R) is given by

1
INW(N)\ 71
M= (2 i <$> > lull Lo (Brx (—rer,0)) + B[ f || Lo (Brx (— Rov 00

+2(1—0) N7 sup  Tail,_1ep(u(-);0, R)PF 41
te(—R*P,0]

and yo is chosen so that
oRM"% + |yo| < oR (4.13)
where o € (0, 3] is as in Theorem 2 Since 1 < p < 2 and M > 1, ([@I3) implies

ORM ™% + |yo| < 2RM"5 + oR — cRM™% = RM"% (2 — o) + R < 2R.

Therefore up is a local weak solution of Oyu + (—Ap)*u = f in By x (—2°P,0], where

f(xat) = Ij\;p

F(RM'S @+ yo, RP1).
It is also straight forward to verify that (@I3) implies

lurll Lo By x(=1,0) = M_IHU”L‘X’(BRM% (o) (—Rrer,0)) < M 7 H|ul| oo (Bpx (—ror0)) < 1,
as well as
£l By x (~1.0 = M_lepHf||L°<>(BRM%2 (woyx (—kor.0)) < M TR fl| oo (B (—rev.o) < 1.
We will now verify that also

)Pt
sup / % dz < 1.
te(—1,0) Jrv\p, 2|V TP
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We have
/ lur(z,t)P~* ds — RspM(p72)7(pfl)/ lu(y, R*Pt)[P~! dy
R\ B, |2|VTEP RN\B s (yo) 1Y — Yol V5P
RM SP
sPt p—1 spt p—1
:RSPMfl / |u(y5R N)-J_s d +/ |u(y5R N)-J_é d
BR\B  ps(yo) Y — YoV T5P RN\B, Y — Yo|N TP

RM SP

=L+ L.

We note that |yo| < oR, which implies that if y € B, then |y — yo| > (1 — 0)|y|. Therefore

Pt 1
sup I < RSPM_l(l — U)_N_Sp sup / % dy < =
te(—1,0] te(—r»,0] Jrv\Br 1Y P 2
by the choice of M. For Iy, we instead have
sup Ip < |jul?2t RPM~! 14
re(org | (Brx (= Rer,0) RNB o [P ’
' RMPSP
-1 s -1 * —1-—s
= it o op T e NNy
o1 M~P=UNw(N)
= ey
1
< a?
-2

again by the choice of M. By Theorem [£32] ug satisfies the estimate
sup  [ur(x,t)]ce-<p,) <C, C=C(N,s,p,e).
te(—oor,0]
By scaling back, we obtain

te(—(ocR)sP,0]

p—2
oRM SP (yg)

sup  [u(z,t)] < OM'HEF O g=(0-9), (4.14)
co-c <B )

Since this is valid for all yo satisfying (£I3)), we can, by varying yo, cover the whole B, /5 and obtain
sup  [ule, B)]co-c(p,,) < CMH RO, (4.15)
te(—(oR)=r,0] 2

Once this is settled, this proves the theorem.
—2
Let us provide the details of how to vary yo. First of all, if M5 > 1/2, then [@I4) with yo = 0
—2
implies (A1) directly. Therefore, we assume M 55 <1/2 in what follows. We need to estimate

|u(z,t) — uly, 1)

Py x,yeB%,te(—(oR)s”,O].

Take 7,y € Byp/s and fix t € (—(oR)*,0]. If |z — y| < cRM "% | it follows that

zy€B  »2((z—y)/2)

and

oRM "% + |(z —y)/2| < oR/2+ oR/4 < 30R/4 < oR
so that the choice yo = (z — y)/2 is admissible for (£I3). We may therefore apply (£I4) directly by
choosing yo = (z — y)/2 to obtain

2

|U(.T,t) B u(ya t)' < CM1+2;—pp(®—a)R—(®—a)§ CM1+

s R0,
|z —y|®=¢
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If instead |x —y| > oRM "% | we take

_ .
v=at+ L2 i=0,...,J=[M%].
[M e ]
Since x,y € B,g/2, we have |z; — zi41| = % < URMPS;PZ, zo = x and z; = y. This choice implies
[M sp ]
that
Ziy Zig1 € BURMPT;Z/2((Zi = 2i4+1)/2)
and

GRM "% + |(2 — 2141)/2| < 0R/2 + oR/4 < oR,

as before. Therefore, the choice yo = (2; — zi+1)/2 is admissible for ([LI3]). We can therefore apply ([@.I4)
with yo = (2; — 2zi+1)/2 and obtain

lu(zi t) — u(zit1,t)]
|2i — zi41]97¢

< CM\“FEF O p-(0—e)

By the triangle inequality, we can now conclude

J J
lu(z, t) — u(y, t)| < Z lu(zit) — u(zip1,t)| < Z CMY“ (O=e) R=(O=e) |5, — 2,,1|0¢
i=0 =0
J O—c¢
< ZC’MH_Z;JP (0—¢) p—(0—2) ( |2 ;?i| >
i=0 [Ms]

2—-p

< CJM1+ - (@—E)R—(Q—E)M%(Q—E)w - y|®—a

< CMlJrzs;ppR—(@—e)'x _ y|®—a

where we have used that J = [MZQP] < M5 +1 < 2M . This proves (LI5) and the proof is
complete. (I

Remark 4.4. We note that by a covering argument, we may, under the assumptions of Theorem 3]
obtain the estimate

sup [u(-,t)]cefs(BE(mo)) < CMlJrS;PpR_(@_E), (416)
te(To—(§)=»,Ty] 2

where

M = [ullp~(Qp v @oroy +  sup  Taily_1 sp(ul-, t); 20, R)P ™ + RP|| fll oo (@ pon (wo.10)) + 1-
te(To—Ro? Ty

Indeed, we may cover B%(Io) X (7(§)sp + Ty, Tp] with a finite number of cylinders of the form
R
Bg@nwa%ﬁW+g@, i=1,...,n, j=1,...,m,

where B (2;) C Br(2o) and (—=(5)* +t,t;] C (—R*P + Ty, Tp). We may then apply Theorem to
each of these cylinders and obtain

2-p . _(o_—
sup [u(';t)]CQ*E(Bﬂ(mi)) < CM1+ sp R ® 8),
teft;—(32) 7.t 2

where

M= HUHL‘X’(QR,RSP(JWTU)) + sup Taﬂpflvsp(u(" t);x()? R)p_l + RsprHL“’(QR,RSP(Io,To)) + 1.
te(To—RsP,Tp]

By the triangle inequality, this implies the desired inequality (ZI6]).
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5. TIME REGULARITY

In this section, we prove Holder continuity in the time variable, assuming Holder regularity in the

spatial variable. For u € L'(Qr.,(z0,t)), we will use the notation

ﬂ(Ioﬂfo),l’%,r = ][ u dz dt.
QRr,r(zo,to)

When the center (zg,to) is clear from the context, we simply write Tg, .

Proposition 5.1. Let1 <p<2,0<s<1 and O(s,p) = min(%, 1). Suppose that u is a local weak
solution of
O+ (—Ap)°u = f in By x (—2°P,0]

as in Definition [2.1], where
lull Loo (B, x (~1,0) < 1, ?UP ]Taﬂpfl,sp(u(';t);oa 1) <1, and | fllreB x(-1,0) < 1.
te(—1,0
Further, assume that for some & € (s,0(s,p)), there exists a positive constant Ks depending on & such

that

sup  [u(,t)]os(B, ) < Ko (5.1)
te(—2—57,0]

Then there is a constant C = C(N, s,p, Ks5,0) > 0 such that

lu(x, t) —u(x,7)] <Ot — 1|7, for all x € By and for all t,T € (—=47°7.0]
where
1
& T@2-p)

In particular, u € CY (Q1 4-»)-
Proof. Take (xq,tg) € @1 4-+» and choose

1 1 )
0<7’<—7 0<9<—(2_‘5p74—sp).
8 2
By construction,
Qr0(z0,t0) C B% X (_2—813’0] _
Let n € CSO(BT/Q (x0)) be a non-negative smooth function, such that

1 c

N = nllLe (B, 5 (z0)) O Brya(@o), My = 1B, (20| o) ndr=1 and VIl Lo (B, )a(z0)) <

for some constant C' = C([|n[|Lo(B, 5 (z0)), V) > 0. Note that since the average of n is 1, we have the

—
r

estimate
1 |B,(0)| _
il pten = ey [, mde< g
Brr2e) =B @)l s, ue0) 1B, /a(@o0)]

By the triangle inequality,
][ lu(z,t) —Upg| do dt < ][
Qr.0(wo,t0) Qr,6(z0,t0)

+f
Qr,0(zo,to)

+ ][ (@), = Tum), ()] do
Qr,6(zo,to)

= Al +A2 +A3a

4N,

u(z, t) —WT(t)’ de dt

U — (u n)ne dz dt

(5.2)
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where
U t) = ZZ u(y,t dy.
(un),(t) B2 (0) (y,t)n(y) dy

Following the same steps in the proof of [4, Proposision 6.2] we arrive at

Ay < Ay + As, (5.3)
A < CKsr?, for some C = C(N,s,p) > 0, (5.4)

and
Ag< swp [Qun), (T) — (wn), (1) (5.5)

To, Th€(to—0,to0)
For Ty, T1 € (to — 0, to] with Ty < T4, we use the weak formulation (Z6]) with ¢(xz,t) = n(x), to obtain

1By (wo)l [(wn), (To) — Tun), (T1)| =

/B T dr - / (e, T2 m(e) o

Br(mo)

T
L[ e — utm) () = ) due.y) ar
To RN xRN

T
<\[]] Tyl )~ uy. ) (1(z) ~ n(w)) dp(z,y) dr
Ty By (20) X By (z0) (5.6)
T1
vz [ ] Tyl )~ uly. ™) @) dp(a.y) dr
To (RN\Br(20)) X B,./2(x0)
T
]t dear
T() BT(IU)
=Ji+ Jo + Js3.
For .Ji, the estimate performed in the proof of [, Proposition 6.2] still applies and gives
Ji < OKEtorNtop=h=sp (5.7)

for some constant C' = C(N,s,p,d) > 0. Regarding Jo, we may follow the steps in the proof of [38]
Proposition 5.7] and obtain

Jo < COPN (1 n r‘s@*l)*sp) < COFNHIP-D=sp, (5.8)

for some constant C = C(N, s, p, d, Ks5) > 0. Finally, we estimate J3 as follows

Tl Tl
Ty < / / (@) () dz dt < [|£]] 1= (5, ooy o.72) / / n(z) dz dt
To BT(IU) To BT(:EO)

(5.9)
< (T3 = T w0 o100 . ) dr < o
(o

The combination of (&.5)—(E9) implies
Ay <O+ K291 + r0P=D=s) < 01 + K2~ 1)grop—b—sp, (5.10)

Therefore, by ([5.2)) together with (53)
][ lu(z,t) —Typg| do dt < C (ﬁ + 9r5<p*1>*sp) , (5.11)

Qr.0(w0,t0)

for some constant C' = C(N, s, p, §, K5) > 0.
We now split the rest of the proof into two cases.
Case 1: sp+6(2 —p) > 1. Choose

9:1 11 psP+6(2—p)
2\ 2% 4ep
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Then (G.IT]) reads
][ |u(x,t) =ty g| dz dt < Cr°,
Qr,0(xo:to)

for some constant C = C(N, s, p, d, Ks5) > 0.

Now we use the characterization of the Campanato spaces in R"™! with a general metric in [I8], see
also [9]. Our setting does not fit directly in the context considered there, since we only work with
cylinders that are one sided in the time direction, that is (t — 7*?T9(2=P) ] x B,(z) instead of (t —
rsPHOR=p) ¢ 1 pspo(2=p)) ¢ B (). Still, if one follows the proof in [I8] with small modifications, one can
also conclude the result in this setting. By [18, Theorem 3.2], u is 0-Holder continuous in Q1 /4,1 /45> With
respect to the metric

1
D )

d((z,71), (y, 72)) = max{|z —yl, |72 =1

Note that since sp + §(2 — p) > 1, d is a metric. The balls of radius r for this metric are of the form
(t — rsPHo2=p) 4 pspH6(2-p)) x B, ().

In particular, for any 7,7 € (74%, 0] we have the estimate

sup |u(z, ) —u(z, )| < Clr — 127,

IEBl/4
where the constant C' = C(d, K5, N, s,p) > 0, and
1) 1
/-Y = = sSp

sp+0(2—p) E+2-p
Case 2: sp+ 6(2 — p) < 1. In this case, we make the choice

= 1 1 1 0 +6}27 )
"To\ow 4w '

]Z lu(z, t) — Tng| dz dt < COTFFE
Qr,0(x0sto)

From (G.I0]) we obtain

Again, by [I8, Theorem 3.2] we obtain that u is

to the metric

m—Hélder continuous, in Q1 /4,1/4s» With respect

d= max{|x — y[PHOC=P) |y 7'2|}.
Assp+46(2—p) <1, d is indeed a metric. In particular, we have the estimate

sup |u(z, ) —u(z, )| < Clr — 127,
T€EB; /4

for some constant C = C(d, K5, N, s,p) > 0, where

)
sp+8(2—p)°

"y =
6. PROOF OF THE MAIN THEOREM

We are now ready to give the proof of our main theorem, namely Theorem [[LT] that encompasses both

the spatial regularity and regularity in time.

Proof of Theorem[Il The proof follows from a combination of Theorem [£3] Remark 4.4 and Proposition
BT We spell out the details below. It remains to prove the regularity in time. We assume xo = 0 and

To = 0 and argue as in the proof of Theorem [4.3] Let

1 p—2
ug(x,t) == i u(RM 7 z + yo, R°Pt), for (x,t) € By x (—2°P,0]
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where yg is chosen so that
%RM‘Z—EZ + |yol < R/2 (6.1)
and
. <2+ <M) ) lll L (B ooy 2TV sup Tl (u(,1);0, R)
sp te(—Rs7,0]
+ R\ fllLo(Brx(-Rer,0)) + 1.
Estimate (6.1]) implies
2RM "% + |yo| < 2R.
Therefore, ug is a local weak solution of d;u + (=A,)%u = f in By x (=2°?,0], where
- RSP
flz,t) := %

With the notation R = RM pS;PZ, it is straight forward to verify that (G.I]) implies

F(RM' &+ yo, R°P1).

lurll Lo (By x (—1,0) = M_l||U||L°°(B,§(yo)x(—Rsp,o]) < MY ullpee(Brx(—Rer,0) < 1.
As in the proof of Theorem we also have
t)p-t
sup / % dz < 1.
te(-1,0Jrvyp, |2V HEP

We also have

. RsP bz .
Il Lo (Byx (=1,0) = 7 Hf(RM > 2+ yo, R Pt)H

Lo (B1x(—1,0])

Re? R
= 37 WMl (Brwoyx(—rev0)) = 7 1L (Brx (- rorop < 1.

The above bounds combined with Theorem 4.3 and Remark 4] imply

sup  [ur(,t)]ce(n,) < C, (6.2)
te(—2727,0] 2

for every 6 € (0,0) with C = C(N, s,p,0) > 0. By using this together with Proposition 5.1l we obtain

sup [ugr(z,")|cv((—a-sv,0)) < C (6.3)
r€EB1
4
where
1
T=%p . O
2E 49
oy T (2-p)
and C' = C(N, s,p,6). Scaling back, [62) and (63) imply, (again with the notation R = RMPS_;Q)
@Q-p)
sup  [u(@, D)oo (s, (goyy SCM'T 0 R (6.4)
te(—(R/2)"7,0] El
and
sup [U(Z', ')]C’y((,4fspRsp10]) S CMR77 (65)
IEB%? (yo)

for all yo that satisfies ([G.II), with the constant C = C(N, s, p,6) > 0. Therefore, we obtain the estimates
(6.4) and (E.3) in the whole B/ by varying yo as in the proof of Theorem {3l Since this holds for all
0 < © and with v = (sp/0+(2—p))~! which converges to I" as § — ©, this implies the desired result. [
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