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Abstract
When solving the Hamiltonian path problem it seems natural to be given additional precedence
constraints for the order in which the vertices are visited. For example one could decide whether a
Hamiltonian path exists for a fixed starting point, or that some vertices are visited before another
vertex. We consider the problem of finding a Hamiltonian path that observes all precedence
constraints given in a partial order on the vertex set. We show that this problem is NP-complete even
if restricted to complete bipartite graphs and posets of height 2. In contrast, for posets of width k

there is an O(k2nk) algorithm for arbitrary graphs with n vertices. We show that it is unlikely that
the running time of this algorithm can be improved significantly, i.e., there is no f(k)no(k) time
algorithm under the assumption of the Exponential Time Hypothesis. Furthermore, for the class of
outerplanar graphs, we give an O(n2) algorithm for arbitrary posets.
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1 Introduction

The Traveling Salesman Problem (TSP) is a classical graph theoretical problem with a
wide range of applications. For some of these it is necessary to add additional precedence
constraints to the vertices which ensure that some vertices are visited before others in a
tour. For example in Pick-up and Delivery Problems [48, 49] or the Dial-a-Ride problem [50],
goods or people have to be picked up before they can be brought to their destination.

The Traveling Salesman Problem with Precedence Constraints (TSP-PC) is a generaliza-
tion of TSP where the precedence constraints are implemented by a partial order. Here, the
goal is to find a shortest tour with a fixed starting vertex s and precedence constraints of
the form s < v < w, i.e., vertex v needs to be visited before vertex w [1, 11]. Similarly, the
Sequential Ordering Problem (SOP), also known as Minimum Setup Scheduling Problem,
is a generalization of the path variant of TSP: Given a complete digraph Dn = (V,An)
with costs cij for all (i, j) ∈ An and a transitively closed acyclic digraph P = (V,R), find
a topological ordering of P such that the resulting Hamiltonian path in Dn has minimum
cost. Note that if P has an empty arc-set this problem is equivalent to the path variant of
TSP. This problem has been studied, e.g., in [4, 16, 25, 26]. All of these problems are clearly
NP-complete and research in these topics has mainly been focused on heuristic algorithms
and integer-programming approaches.

Both the TSP-PC and the SOP are defined over complete graphs with an additional
cost function and the computational complexity of these problems arises from the structure
of that function. Typical algorithmic approaches to simplify these NP-complete problems
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use structures of the weight function, such as metric distance measures (as for example in
Christofides’ Algorithm [15] for cycles or in [56] for paths). While the Hamiltonian Cycle
Problem and the Hamiltonian Path Problem can be modeled as special instances of the
TSP using suitable weight functions, they are computationally complex due to the graph’s
edge-set and are, thus, treated as independent problems. Here, a useful approach has been
to restrict the problem to a particular class of input graphs with a special structure of the
edges. For example, for interval graphs [39] and graphs of bounded treewidth [20] it has
been shown that both problems can be solved in polynomial time. Furthermore, for graphs
of bounded bandwidth it has been shown that it is possible to find a minimum Hamiltonian
cycle for any given cost function [32]. Note that for any class that includes the complete
graphs (such as interval graphs), however, finding a minimum weight Hamiltonian cycle is at
least as hard as TSP.

In this paper, we will study the problem of finding (minimum) Hamiltonian paths with
precedence controls. The focus on the structure of the edge set (as opposed to TSP) merits
the following definition.

▶ Problem 1.1. Partially Ordered Hamiltonian Path Problem (POHPP)
Instance: A graph G, a partial order π on the vertex set of G.
Question: Is there a Hamiltonian path (v1, . . . , vn) in G such that for all i, j ∈ {1, . . . , n} it

holds that if (vi, vj) ∈ π, then i ≤ j?

If, in addition, we are given a cost function c : E → Q the Minimum Partially Ordered
Hamiltonian Path Problem (MinPOHPP) asks for an ordered Hamiltonian path P with
minimum cost such that λ(P) is a linear extension of π.

The POHPP is clearly a generalization of the Hamiltonian path problem, as the given
partial order can be the trivial one. Therefore, in its most general form it is NP-complete.
However, by restricting to particular graph classes or special partial orders it is possible to
find polynomial-time algorithms.

1.1 Related Work
Some special cases of these problems have already been studied in the literature. One
such example is the Hamiltonian path problem with one fixed endpoint which can easily
be described using a partial order. For the class of interval graphs it is known that the
Hamiltonian path problem can be solved in polynomial time [39]. If we fix one endpoint
of the Hamiltonian path on an interval graph, the problem is still known to be solvable in
polynomial time [6, 42].

However, the problem of deciding whether there is a Hamiltonian path between two
fixed vertices of an interval graph is still open. This problem can be solved efficiently on
proper interval graphs [7], distance-hereditary graphs [34] and rectangular grid graphs [38].
For weighted complete graphs there exist approximation schemes for maximum-weight
Hamiltonian paths with two fixed endpoints [46]. In [2], the authors study another special
case, the ordered cluster traveling salesman path problem, where the path has to follow
an ordered partition of the vertex set and has to travel through each set of the partition
consecutively.

The k-fixed-endpoint path cover problem forms a generalization of the Hamiltonian path
problem with fixed endpoints. Given a graph G and a set S containing k vertices of G, the
task is to find a minimum path cover where each vertex of S is an end-vertex of one of
the paths in the path cover. For some graph classes, such as proper interval graphs [7, 44],
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bipartite distance-hereditary graphs [57], cographs [5], trees [8], threshold graphs [8] and
block graphs [8], polynomial-time algorithms are known.

Note that any Hamiltonian path of a graph forms a Depth First Search (DFS) ordering
of the graph. Furthermore, the graph search Lexicographic Depth First Search (LDFS) [19]
can be used to solve the Hamiltonian path problem on cocomparability graphs in linear
time [17, 40]. Similar to Hamiltonian paths, several researchers have considered the question
whether there are orderings of particular searches, among them DFS and LDFS, that end
in a given vertex (see, e.g., [9, 14, 18, 51]). More recently, this End-Vertex Problem was
generalized to the Partial Search Order Problem which asks whether for a given partial order
π on a graph’s vertex set there is a search ordering of the graph that is a linear extension of
π [53].

Similar problems with precedence constraints on edges have also been considered in the
literature. One example is the Chinese postman problem with precedence constraints on the
edges. Here, the edge-set is divided into two disjoint subsets and the edges of one set have to
be visited before the edges of the other [24].

1.2 Our Contribution
We show that the Partially Ordered Hamiltonian Path Problem is NP-complete for partial
orders of height 2 both on complete bipartite graphs and on complete split graphs, i.e., on
classes of graphs where the Hamiltonian path problem is trivial. We also use this result to
show that the Partial Search Order Problem is NP-hard for DFS and LDFS on complete
bipartite graphs, while the End-Vertex Problem is trivial on that graph class. This answers
the question raised in [52, 53] whether there are examples where the Partial Search Order
Problem is hard but the End-Vertex Problem is easy.

The (Min)POHPP as well as the TSP-PC can be solved in time O(k2nk) for arbitrary
graphs with n vertices if we restrict ourselves to partial orders of width k [16]. We complement
this result by showing that the (Min)POHPP and the TSP-PC are W[1]-hard if they are
parameterized by the width of the partial order. Furthermore, we show that it is unlikely
that the running time of the algorithm given in [16] can be improved significantly since there
is no f(k)no(k)-time algorithm for (Min)POHPP or TSP-PC for any computable function f
assuming that the Exponential Time Hypothesis is true. Lastly, we show that on the class
of outerplanar graphs the (Min)POHPP can be solved in time O(n2) for arbitrary partial
orders.

2 Preliminaries

2.1 Partial Orders
Given a set X, a (binary) relation R on X is a subset of the set X2 = {(x, y) | x, y ∈ X}.
The set X is called the ground set of R. The reflexive and transitive closure of a relation R
is the smallest relation R′ such that R ⊆ R′ and R′ is reflexive and transitive. A partial
order π on a set X is a reflexive, antisymmetric and transitive relation on X. The tuple
(X,π) is then called a partially ordered set. We also denote (x, y) ∈ π by x ≺π y if x ̸= y. A
partial order π is said to be trivial if for all (x, y) ∈ π it holds that x = y, i.e., π is made up
only of reflexive tuples. A minimal element of a partial order π on X is an element x ∈ X

for which there is no element y ∈ X with y ≺π x.
A chain of a partial order π on a set X is a set of elements {x1, . . . , xk} ⊆ X such that

x1 ≺π x2 ≺π . . . ≺π xk. The height of π is the number of elements of the largest chain
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of π. An antichain of π is a set of elements {x1, . . . , xk} ⊆ X such that xi ̸≺π xj for any
i, j ∈ {1, . . . , k}. The width of π is the number of elements of the largest antichain of π.

▶ Theorem 2.1 (Dilworth [23]). Any partially ordered set (X,π) whose partial order π has
width k can be partitioned into k disjoint chains.

A linear ordering of a finite set X is a bijection σ : X → {1, 2, . . . , |X|}. We will often
refer to linear orderings simply as orderings. Furthermore, we will denote an ordering by a
tuple (x1, . . . , xn) which means that σ(xi) = i. Given two elements x and y in X, we say
that x is to the left (resp. to the right) of y if σ(x) < σ(y) (resp. σ(x) > σ(y)) and we denote
this by x ≺σ y (resp. x ≻σ y).

A linear extension of a partial order π is a linear ordering σ of X that fulfills all conditions
of π, i.e., if x ≺π y, then x ≺σ y. The dimension of a partial order π on a set X is the
smallest number ℓ for which there is a set {σ1, . . . , σℓ} of ℓ linear extensions of π such that π
is equal to the intersection of these linear extensions, i.e., x ≺π y if and only if x ≺σi

y for
all i ∈ {1, . . . , ℓ}.

2.2 Graphs
All the graphs considered here are simple, finite, non-empty, undirected and connected. Given
a graph G, we denote by V (G) its set of vertices and by E(G) its set of edges. A path P of
G is a non-empty subgraph of G with V (P ) = {v1, . . . , vk} and E(P ) = {v1v2, . . . , vk−1vk},
where v1, . . . , vk are all distinct. We say that a path P is Hamiltonian if V (P ) = V (G). For
further basic graph theoretical notation we refer to [22].

A vertex ordering of G is a linear ordering of the vertex set V (G). An ordered path is
a tuple P = (P, σ) such that P is a path and σ is a linear ordering on the vertex set of P
where consecutive vertices of σ are adjacent in P . We sometimes denote the ordering of
an ordered path P = (P, σ) as λ(P) := σ. Note that any path of G induces at most two
different ordered paths.

A graph is a split graph if its vertex set can be partitioned into a clique and an independent
set. A graph is a complete split graph if there is such a partition where every vertex of the
independent set is adjacent to all the vertices of the clique. A graph G is a bipartite graph if
its vertex set can be partitioned into two independent sets A and B. Furthermore, a bipartite
graph is complete bipartite if every vertex of A is connected to every vertex of B. A bipartite
graph is balanced if |A| = |B|.

There is a close relation between bipartite and split graphs. Given a split graph G with
the vertex partition in the set C of clique vertices and the set I of independent vertices,
the graph consisting only of the edges of G between C and I and the same vertex set is a
bipartite graph. Vice versa, completing one of the partition sets of a bipartite graph to a
clique yields a split graph.

A graph is called planar if it has a crossing-free embedding in the plane, and together
with this embedding it is called plane. For a plane graph G we call the regions of R2 \G the
faces of G. Every plane graph has exactly one unbounded face which is called the outer face.
A graph is called outerplanar if it has a crossing-free embedding such that all of the vertices
belong to the outer face and such an embedding is also called outerplanar.

For a connected graph G, a vertex v ∈ V (G) is a cut vertex of G if G− v is not connected.
If a graph has no cut vertex, then it is called 2-connected. The blocks of a graph are its
inclusion maximal 2-connected subgraphs. The block-cut tree T of G is the bipartite graph
that contains a vertex for every cut vertex of G and a vertex for every block of G and the
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vertex of block B is adjacent to the vertex of a cut vertex v in T if B contains v. It is easy
to see that the block-cut tree of a connected graph is in fact a tree.

3 NP-completeness of POHPP

It is clear that the POHPP is NP-complete on general graphs and arbitrary partial orders,
as with a trivial partial order this problem is equivalent to the Hamiltonian path problem.
Similarly, for any graph class in which the Hamiltonian path problem is NP-complete the
POHPP will also be hard. This leaves two types of assumptions we can use in order to
make this problem tractable: We can restrict the problem to a graph class in which the
Hamiltonian path problem is solvable in polynomial time, or we can restrict the partial
orders such that the trivial partial order is forbidden in some way.

In this section we will show that even restricting to the class of complete bipartite graphs –
for which the Hamiltonian path problem is trivial – is not sufficient to make POHPP tractable.
While this does not prove that restriction to another graph class cannot be successful (as
we will see in Section 5), it shows that the partial order plays an important role in the
complexity of this problem.

For non-empty disjoint sets A and B with |A| = |B| and a partial order π on A∪̇B we
define a linear extension (x1, . . . , xn) of π for which xi ∈ A if and only if i is odd as an
alternating linear extension. This definition gives rise to the following decision problem.

▶ Problem 3.1. Alternating Linear Extension Problem
Instance: Two non-empty disjoint sets A and B with |A| = |B|, partial order π on A∪̇B.
Question: Is there an alternating linear extension of π?

In the following, we will show that the Alternating Linear Extension Problem is NP-
complete even if we restrict the problem to partial orders π for which u ≺π v implies that
u ∈ A and v ∈ B for all u, v ∈ A∪̇B. We say that such a partial order is oriented from A

to B. Note that these partial orders are of height at most 2 and that any partial order of
height 2 is oriented from the set of minima to the set of non-minimal elements.

▶ Lemma 3.2. Let A and B be two non-empty disjoint sets with |A| = |B| = n and a partial
order π on A∪̇B that is oriented from A to B. There exists an alternating linear extension
of π if and only if there exist linear orderings σA of the elements of A and σB of the elements
of B such that for all u ≺π v it holds that σA(u) ≤ σB(v). We call this the right-successor
property.

Proof. Suppose such orderings σA and σB exist. Then, we can find an alternating linear
extension τ as follows: For all elements u in A we set τ(u) = 2 ·σA(u) − 1 and for all elements
v of B we set τ(v) = 2 · σB(v). Since |A| = |B|, the resulting ordering τ is alternating. Now,
suppose there is a pair of elements u ∈ A and v ∈ B with u ≺π v and v ≺τ u. The latter
implies that σA(u) > σB(v) which is a contradiction to the right-successor property.

To show the second direction of the equivalence we suppose that an alternating linear
extension τ is given. We consider for all u ∈ A the ordering σA with σA(u) = ⌈ τ(u)

2 ⌉ and for
all v ∈ B the ordering σB(v) = τ(v)

2 . Since τ is alternating and every vertex of the graph G

appears only once in τ , it is easy to see that σA and σB are bijective with σA : A → {1, ..., n}
and σB : B → {1, ..., n}. For all u ≺π v it holds that u ≺τ v. This implies ⌈ τ(u)

2 ⌉ ≤ τ(v)
2 and

thus σA(u) ≤ σB(v). ◀

Let π be partial order on A∪̇B with A = {a1, . . . , an} and B = {b1, . . . , bn} such that π
is oriented from A to B. We can define an associated matrix Mπ ∈ {0, 1}n×n in the following
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way: We index the rows of Mπ with the elements of A and the columns with the elements of
B. Now, we set Mπ

ij = 1 if and only if ai ≺π bj .
A matrix M ∈ {0, 1}n×n is called lower triangular if all the entries above the main

diagonal are zero, i.e., Mij = 0 for i < j. Similarly, a matrix M is called upper triangular
if all the entries below the main diagonal are zero, i.e., Mij = 0 for i > j. Note that any
upper triangular matrix can be transformed into a lower triangular matrix and vice versa by
applying a permutation to the rows and columns. We say that M is triangular if it is either
lower or upper triangular.

▶ Lemma 3.3. Let π be a partial order on A∪̇B that is oriented from A to B. There exists
an alternating linear extension of π if and only if there exist permutation matrices R and Q
such that RMπQ is (upper) triangular.

Proof. If there exists an alternating linear extension of π, then by Lemma 3.2 there exist
orders σA of the vertices of A and σB of the vertices of B that fulfill the right-successor
property. In this case we can permute the rows of Mπ such that row i represents element
σ−1
A (i) for all i ∈ {1, . . . , n}. Similarly, we permute the columns of Mπ such that column j

represents element σ−1
B (j) for all j ∈ {1, . . . , n} to get M ′ . Then by definition of Mπ we see

that M ′

ij = 0 for i > j as σA and σB fulfill the right-successor property. Therefore, M ′ is an
upper triangular matrix.

To show the second direction, we suppose that A and B have been ordered such that the
matrix Mπ is given in upper triangular form. The permutation of A given by the order of
the rows and the permutation of B given by the order of the columns can be regarded as
the orders σA and σB. Now, ai ≺π bj implies that Mπ

ij = 1. As Mπ is in upper triangular
form, this means that i ≤ j and, thus, that σA(ai) ≤ σB(bj). Therefore, σA and σB fulfill
the right-successor property and by Lemma 3.2 there exists an alternating linear extension
of π. ◀

The problem of deciding for a given square {0, 1}-matrix M whether there exist permuta-
tion matrices R and Q such that RMQ is triangular was shown to be NP-complete by Fertin
et al. [29]. Combining this with Lemma 3.3 implies the following.

▶ Theorem 3.4. The Alternating Linear Extension Problem is NP-complete for sets A and
B even if the partial order is oriented from A to B.

Using this result, we can finally show that the POHPP is NP-complete on complete
bipartite graphs.

▶ Theorem 3.5. The Partially Ordered Hamiltonian Path Problem is NP-complete for
balanced complete bipartite graphs G = (A∪̇B,E) and partial orders that are oriented from A

to B.

Proof. We reduce the Alternating Linear Extension Problem to the Partially Ordered
Hamiltonian Path Problem. Let G = (A∪̇B,E) be a balanced complete bipartite graph with
|A| = |B| = n and let π be a partial order A∪̇B that is oriented from A to B. Suppose there
exists an ordered Hamiltonian path P such that λ(P) is a linear extension of π. As G is
bipartite, this path must alternate between vertices of A and vertices of B. If P begins in a
vertex of A, then λ(P) forms an alternating linear extension of π. If P starts in a vertex of
B, then it must end in a vertex a∗ ∈ A, as P is alternating and |A| = |B|. In this case, the
path P ′ constructed by pulling a∗ to the beginning of P is a Hamiltonian path and λ(P ′)
forms an alternating linear extension of π. This holds as π is oriented from A to B and, thus,
vertex a∗ is a minimal element of π.
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Suppose π has an alternating linear extension τ = (v1, . . . , v2n). As G = (A∪̇B,E) is
complete bipartite and τ is alternating, every vivi+1 forms an edge in G for i ∈ {1, . . . , 2n−1}.
Therefore, P with λ(P) = τ forms an ordered Hamiltonian path such that λ(P) is a linear
extension of π. ◀

Consider those complete split graphs with independent set I and clique C for which
|I| − 1 = |C|. Obviously, any Hamiltonian path must alternate between I and C. Thus,
finding a Hamiltonian path in such a graph is equivalent to finding one in a complete bipartite
graph, as none of the edges between vertices in C can be used. It can easily be seen that it
is not an issue that |I| has one element more than |C|. Therefore, POHPP is NP-complete
on complete split graphs as well.

▶ Corollary 3.6. The Partially Ordered Hamiltonian Path Problem is NP-complete for
complete split graphs.

The last two results imply that the POHPP is also NP-hard for some other graph classes
for which the regular Hamiltonian path problem can be solved in polynomial time. For
example, it is known that the Hamiltonian path problem can even be solved dynamically
in polynomial time on chain graphs, as well as on threshold graphs [10]. However, as chain
graphs contain the complete bipartite graphs and threshold graphs contain the complete
split graphs, the POHPP is NP-complete on both of these classes. The same holds for the
class of interval graphs for which Hamiltonian path can be solved in linear time [39] and
which contain the threshold graphs.

Theorem 3.5 can also be used to answer an open question on a problem concerning graph
search orderings introduced by Scheffler [53].

▶ Problem 3.7. Partial Search Order Problem (PSOP) of graph search A
Instance: A graph G, a partial order on V (G).
Question: Is there a search ordering of G constructed by A that is a linear extension of π.

This problem is a generalization of the End-Vertex Problem introduced by Corneil et
al. [18], where one has to decide whether there is a search ordering of G that ends in a given
vertex. Scheffler [53] as well as Rong et al. [52] asked for a combination of graph search
and graph class, where the End-Vertex Problem is solvable in polynomial time, but the
PSOP is NP-hard. Using Theorem 3.5, we can present such a combination. We consider
the well-known graph search DFS and balanced complete bipartite graphs. Because of the
symmetry of the graph, every vertex can be the end-vertex of some DFS ordering. However,
the PSOP is NP-hard as the following theorem shows.

▶ Theorem 3.8. The Partial Search Order Problem of DFS is NP-hard for balanced complete
bipartite graphs G = (A∪̇B,E) and partial orders that are oriented from A to B.

Proof. Let G = (A∪̇B,E) be a complete bipartite graph with |A| = |B|. Let σ be a DFS
ordering of G. DFS always visits a neighbor of the last visited vertex v as long as there is still
some unvisited neighbor of v. Therefore, σ alternates between the sets A and B and, thus, σ
induces a Hamiltonian path. On the other hand, the ordering of any ordered Hamiltonian
path of G is a DFS ordering of G. Thus, if we are given a partial order π on V (G), then
there is a DFS ordering of G that is a linear extension of π if and only if there is an ordered
Hamiltonian path P of G such that λ(P) is a linear extension of π. Due to Theorem 3.5, the
PSOP is NP-hard for DFS on complete bipartite graphs and partial orders oriented from one
side of the bipartition to the other. ◀
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We can also extend this result to the special variant LDFS which was introduced by
Corneil and Krueger [19]. On complete bipartite graphs every DFS ordering is also an LDFS
ordering (see [41] and [54, Theorem 1.2.74]). Therefore, Theorem 3.8 implies that the PSOP
is also NP-hard for LDFS on this graph class.

▶ Corollary 3.9. The Partial Search Order Problem of LDFS is NP-hard for balanced complete
bipartite graphs G = (A∪̇B,E) and partial orders that are oriented from A to B.

4 Partial Orders of Bounded Width

As we have seen in the last section, the POHPP is NP-complete for partial orders even if
the height of the partial order is 2. Here, we will consider partial orders of fixed width. We
will see that, unless P = NP, the (Min)POHPP is not NP-complete for any fixed width. If
a partial order has width 1, then it is a linear ordering. In this case, the POHPP simply
asks whether a given linear vertex ordering induces a Hamiltonian path in the graph. This
problem can be solved straightforwardly in time O(n+m) on a graph with n vertices and
m edges. In 1985, Colbourn and Pulleyblank [16] formulated an idea for an algorithm that
solves the Minimum Setup Scheduling Problem for partial orders of width k in time O(k2nk).
The Minimum Setup Scheduling Problem is in essence the same as a MinPOHPP for complete
graphs (or the path variant of TSP-PC) showing that MinPOHPP is in XP for the width as
parameter. So far, it has remained open whether this algorithm can be improved to an FPT
algorithm. We show that this is unlikely by proving that the (Min)POHPP is W[1]-hard if it
is parameterized by the width of the partial order. Our proof yields an even stronger bound
on the running time, as it shows that there is no f(k)no(k)-time algorithm for (Min)POHPP
assuming that the Exponential Time Hypothesis is true.

Before we prove the W[1]-hardness result, we present a complete pseudo-code as well as a
thorough analysis both of the correctness and the running time of the O(k2nk) algorithm
since Colbourn and Pulleyblank [16] only give a brief sketch of the ideas underlying the
algorithm.

4.1 XP algorithm
The procedure that solves the MinPOHPP for partial orders of fixed width k is denoted
in Algorithm 1. First we compute a minimal chain partition of the given partial order π
(see [28]). If π has width k, then by Dilworth’s Theorem (see Theorem 2.1), we get a partition
of the vertex set into k disjoint chains (C1, . . . , Ck) of π. Every chain Ci is an ordered set
(vi1, . . . , viℓi

) of vertices of G such that vi1 ≺π · · · ≺π v
i
ℓi

. We encode the j-th vertex of Ci
with Ci[j], i.e., Ci[j] = vij .

Our algorithm works iteratively and computes for particular vertex sets A the minimum
cost path that consists of all the vertices of A and does not contradict the restrictions given
by the partial order π (if such a path exists). A crucial part of this process is to decide
whether a particular vertex is minimal in π restricted to the vertices not in the set A. For
this purpose, we introduce a variable ξi(v) for any v ∈ V (G) and any i ∈ {1, . . . , k} (see
line 4). The variable ξi(v) contains the maximal index j for which Ci[j] ≺π v, i.e., the first j
elements of chain Ci are smaller than v in π and all other vertices of Ci are not smaller than
v in π.

Our algorithm represents every ordered path P of G whose order λ(P) is a prefix of a
linear extension of π by a tuple (x1, . . . , xk, ω) ∈ Nk+1

0 with xi ≤ |Ci| and 1 ≤ ω ≤ k. The
integer xi is the index of the rightmost vertex in chain Ci that is part of P or 0 if no vertex
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of Ci is part of P . Note that all the vertices that are to the left of this vertex in Ci must also
be part of P as otherwise P could not be expanded to a linear extension of π. The integer ω
gives the index of the chain containing the rightmost vertex of λ(P). We define the weight of
tuple (x1, . . . , xk, ω) as the sum

∑k
i=1 xi.

Our approach uses a vector M that has one entry from Q ∪ {∞} for any of those tuples.
If there is a suitable ordered path for such a tuple, then the respective entry of M contains
the minimum cost of such a path. Otherwise, it is set to ∞. We compute the entries of M
inductively using dynamic programming. We start with the tuples of weight one, i.e., only
the first vertex of the ordered path is fixed (see line 8). Since any minimal element of π is the
first vertex of its respective chain, we only have to check which of these first vertices of the
chains is a minimal element of π. Such a vertex v is minimal if ξi(v) = 0 for all 1 ≤ i ≤ k.

If we have computed the entries of M for any tuple of weight ℓ − 1, then we can also
compute the entries for the tuples of weight ℓ. Let A = (x1, . . . , xk, ω) be such a tuple of
weight ℓ. Let v be the xω-th entry of Cω. To compute the entry of M for tuple A, we have
to check whether there is an ordered path P in G such that P contains all the vertices up
till the xi-th entry for every chain Ci and P ends in v. Furthermore, λ(P) has to be a prefix
of a linear extension of π. If this is the case, then the ordered path P ′ that is constructed
from P by deleting v is represented by a tuple A′ = (y1, . . . , yk, ψ) of weight ℓ− 1 such that
yω = xω − 1 and yj = xj for all j ≠ ω. Thus, it is sufficient to check for all these tuples
whether their entry in M is smaller than ∞. If so, we have to check whether the yψ-th vertex
u of Cψ, i.e., the last vertex of the respective path is adjacent to v. If this holds, we check
whether the entry of M for A′ plus the cost of edge uv is smaller than the current entry of
M for the tuple A (see lines 19 and 20).

▶ Theorem 4.1. Given a graph G with n vertices and a partial order π on V (G) of width
k ≥ 2, Algorithm 1 solves the MinPOHPP in time O(min{k2nk, k22n}).

Proof. We prove the following claim. For any tuple (x1, . . . , xk, ω) ∈ S, the respective
M -value is the minimum cost of an ordered path P of G fulfilling the following properties
(or ∞ if no such path exists):

(i) P contains the j-th element of Ci if and only if j ≤ xi,
(ii) λ(P) is a prefix of a linear extension of π,
(iii) the last element of λ(P) is the xω-th element of Cω.

We prove this claim inductively. First we consider the tuples A = (x1, . . . , xk, ω) with∑k
i=1 xi = 1, i.e., the respective ordered path contains exactly one element. The M -value

of such a tuple is set to 0 if and only if the first element of Cω is a minimal element of π,
otherwise it is set to ∞ (see line 8–10 of Algorithm 1). Therefore, an ordered path P fulfilling
the Conditions i–iii exists if and only if M [A] < ∞. If this is the case, then the minimal cost
of such a path is 0 = M [A].

Now assume that the claim holds for all tuples (x1, . . . , xk, ω) ∈ S with
∑k
i=1 xi = ℓ− 1.

Let A = (x1, . . . , xk, ω) be a tuple with
∑k
i=1 xi = ℓ and let v be the xω-th element of Cω.

We will now show that the M -value of A is the minimal cost of an ordered path P fulfilling
Conditions i–iii (if such a path exists).

First assume that the M -value of A is < ∞. Then there is a tuple A′ = (y1, . . . , yk, ψ)
= (x1, . . . , xω−1, xω − 1, xω+1, . . . , xk, ψ) whose M -value is < ∞ (see lines 19 and 20 of
Algorithm 1). Thus, by induction there is an ordered path P of G fulfilling the Conditions i–
iii for A′. The last element of λ(P) is the yψ-th element u of Cψ. Due to line 18, u is adjacent
to v. Furthermore, ξi(v) ≤ xi for all i ∈ {1, . . . , k}, i.e., all the vertices of Ci that are smaller
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Algorithm 1 MinPOHPP for fixed width
Input: Connected graph G with n vertices, partial order π on V (G) of width k, cost

function c : E(G)→ Q
Output: Minimum cost of an ordered Hamiltonian path P of G where λ(P) is a linear

extension of π, or ∞ if no such path exists
1 begin
2 (C1, . . . , Ck)← decomposition of (V (G), π) into k disjoint chains;
3 foreach v ∈ V (G) and i ∈ {1, . . . , k} do
4 ξi(v)← max{j | Ci[j] ≺π v or j = 0};
5 S ← {(x1, . . . , xk, ω) | 0 ≤ xi ≤ |Ci|, 1 ≤ ω ≤ k, xω > 0};
6 foreach (x1, . . . , xk, ω) ∈ S do
7 v ← Cω[1];
8 if

∑k

i=1 xi = 1 and ξi(v) = 0 for all 1 ≤ i ≤ k then
9 M(x1, . . . , xk, ω)← 0;

10 else M(x1, . . . , xk, ω)←∞;
11 for ℓ← 2 to n do
12 foreach (x1, . . . , xk, ω) ∈ S with

∑k

i=1 xi = ℓ do
13 v ← Cω[xω];
14 if ξi(v) ≤ xi ∀i ∈ {1, . . . , k} then
15 for ψ ← 1 to k do
16 if ψ = ω then u← Cψ[xψ − 1];
17 else u← Cψ[xψ];
18 if uv ∈ E(G) then
19 cnew ←M(x1, . . . , xω−1, xω − 1, xω+1, . . . , xk, ψ) + c(uv);
20 M(x1, . . . , xk, ω)← min{M(x1, . . . , xk, ω), cnew};

21 return minω∈{1,...,k} M(|C1|, . . . , |Ck|, ω);

than v in π are elements of P. Therefore, we can add v at the end of λ(P ) and get a path
fulfilling the Conditions i–iii for the tuple A.

Now, assume that there is an ordered path fulfilling the Conditions i–iii for tuple A.
Let P be the path with minimal cost. The last element of this path is v. We delete v
from P and get the ordered path P ′. Let ψ be the index of the chain containing the last
vertex u of P ′. The edge uv is in G and the path P ′ fulfills Conditions i–iii for the tuple
A′ = (x1, . . . , xω−1, xω − 1, xω+1, . . . , xk, ψ). Furthermore, P ′ must be the minimum cost
path fulfilling these conditions since, otherwise, we could replace P ′ in P with the minimum
cost path and would improve the cost of P. Due to the induction hypothesis, the entry
of M for A′ contains the cost of P ′. Since P fulfills Condition ii, none of the vertices not
contained in P ′ is smaller than v in π. Hence, ξi(v) ≤ xi for all i ∈ {1, . . . , k}. Therefore,
the algorithm has reached line 20 and has set M(x1, . . . , xk, ω) to the cost of P . This proves
the correctness of the algorithm.

Finally, we prove the running time bound. Throughout the algorithm we use the adjacency
matrix of the graph containing also the costs of the edges. This matrix can be computed in
time O(n2). A minimal chain partition of a partially ordered set of width k can be found
in time O(kn2) (see [28]). We encode the chains with arrays to allow random access. The
ξi-values can be computed by iterating through the partial order once, which needs time
O(n2). We can bound the number of tuples in the set S in two different ways. On the one
hand, the first k entries of these tuples come from the set {0, . . . , n− 1} while the last entry
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comes from the set {1, . . . , k}. Thus, overall there are at most knk many tuples in S. On
the other hand, the first k entries of a tuple represent a subset of the vertex set. Since there
are 2n of those sets, the total number of tuples is at most k2n. Summarizing, there are at
most min{knk, k2n} many tuples. For each of those tuples, we have to check whether the
conditions given in lines 18–20 hold true for some ψ. This can be done in time O(k) since
we are using an adjacency matrix. Thus, the total running time is O(min{k2nk, k22n}). ◀

By storing the intermediate path for every tuple with M -value < ∞, we can easily modify
Algorithm 1 in such a way that it not only outputs the minimum cost, but also computes
the minimum cost Hamiltonian path if some exists.

If we consider the TSP-PC as introduced in Section 1, it is easy to see that any instance can
be transformed into an instance of the MinPOHPP by adding a vertex whose neighborhood
is equal to the neighborhood of the starting vertex and forcing this new vertex to be the last
vertex of the Hamiltonian path. As this operation does not change the width of the partial
order, we can use Algorithm 1 to solve this problem with the same running time.

▶ Corollary 4.2. The TSP-PC on n vertices for a partial order π of width k ≥ 2 can be
solved in time O(min{k2nk, k22n}) using Algorithm 1.

4.2 W[1]-hardness
While Theorem 4.1 shows that Algorithm 1 has polynomial running time for a fixed k, the
factor nk prevents this from being an FPT algorithm. In the following, we will prove that the
POHPP parameterized by the width of the poset is W[1]-hard, by reducing the Multicolor
Clique Problem to the POHPP. Using this reduction, we show that no algorithm exists
which has a significantly better running time than Algorithm 1 unless the Exponential Time
Hypothesis (ETH) fails. The ETH, formulated by Impagliazzo et al. [37], states that the
3-SAT problem cannot be solved in time 2o(n) · (n+m)k for formulas with n variables and
m clauses and any fixed integer k.

▶ Problem 4.3. Multicolor Clique Problem (MCP)
Instance: A graph G with a proper coloring of k colors.
Question: Is there a clique C in G such that C contains exactly one vertex of each color?

The MCP was shown to be W[1]-hard by Fellows et al. [27]. In fact, in [21, 43] the authors
show the following result.

▶ Theorem 4.4 (Cygan et al. [21], Lokshtanov et al. [43]). Assuming the Exponential Time
Hypothesis, there is no f(k)no(k) time algorithm for the Multicolor Clique Problem for any
computable function f .

For an instance G of the MCP we can assume that all color classes are of the same size q
(as adding isolated vertices does not change the existence or otherwise of a multicolor clique)
and we denote these vertices by vi1, . . . , viq for each color class i ∈ {1, . . . , k}.

We form an instance G′ for the POHPP as follows (see Figure 1). The graph G′ contains
the following vertices.

vertices s, t, and z,
vertex set Y = {y1, . . . yq·(k+1)·k},
for every i ∈ {1, . . . , k} there is:

vertex si,
a set Xi = {xi1, . . . , xi(k+1)·q},
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a set W i = {wip,ℓ | p ∈ {1, . . . , q} and ℓ ∈ {0, . . . , k}} where the sets U ip = {wip,ℓ | ℓ ∈
{0, . . . , k}} represent vip for all p ∈ {1, . . . , q}.

Furthermore, we have a vertex sk+1.

The graph G′ has the following edges:

edge ss1,
edge zsk+1,
all edges within Y and all edges between Y and

⋃
iW

i.
for all i ∈ {1, . . . , k} all the edges within Xi and all edges from any element of Xi to si
and all the vertices of W i.
for all i ∈ {1, . . . , k} the edges wip,0si+1 for any p ∈ {1, . . . , q},
for all p ∈ {1, . . . , q} the edges zw1

p,1,
for all p, r ∈ {1, . . . , q}, i, j ∈ {1, . . . , k} with vipv

j
r ∈ E(G) the edge wip,jw

j
r,i,

for all p, r ∈ {1, . . . , q}, i, j ∈ {1, . . . , k} with i < j and vipv
j
r ∈ E(G) the edge wip,j−1w

j
r,i,

for all p, r ∈ {1, . . . , q}, i ∈ {1, . . . , k − 1} with vipv
i+1
r ∈ E(G) the edge wip,kw

i+1
r,i+1,

for all p ∈ {1, . . . , q} the edge wkp,kt,
for all yi ∈ Y the edge tyi.

The partial order π is defined as the reflexive and transitive closure of the following
tuples:

s ≺π a for all a ∈ V (G′) \ {s},
si ≺π a for all a ∈ W i,
wip,j ≺π w

i
r,ℓ if p < r or p = r and j < ℓ,

xij ≺π x
i
ℓ if j < ℓ,

xij ≺π s
i+1 for all i ∈ {1, . . . , k} and all xij ∈ Xi,

yj ≺π yℓ if j < ℓ,
sk+1 ≺π z,
z ≺π t,
t ≺π yj for all yj ∈ Y .

▶ Lemma 4.5. The width of the partial order π is k + 1.

Proof. It follows directly from the definition of π that {s1, . . . , sk+1} forms an antichain.
Thus, the width of π is at least k + 1.

For every i ∈ {1, . . . , k− 1}, the set Xi ∪ {si+1} ∪W i+1 forms a chain. Furthermore, the
sets {s, s1} ∪W 1 and Xk ∪ {sk+1, z, t} ∪ Y form chains, respectively. Thus, we can partition
the set V (G′) into k + 1 chains. As every antichain contains at most one element of each of
these chains, the width of π is at most k + 1. ◀

The following lemma will be helpful for both directions of the reduction proof.

▶ Lemma 4.6. Let p1, . . . , pk be indices from {1, . . . , k}. Let S = U1
p1

∪ · · · ∪ Ukpk
∪ {t} \

{w1
p1,0, . . . , w

k
pk,0}. The graph G′[S] contains a path from w1

p1,1 to t if and only if the set
{v1
p1
, . . . , vkpk

} forms a clique in G. If such a path exists, then it fulfills the conditions of π
restricted to S.
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Figure 1 Overview of the the graph G′. A box with rounded edges implies a clique, a box with
square edges an independent set. An edge to a box symbolizes edges to all vertices contained in it.
Note that the edges between the W i have been omitted for the sake of clarity. A visualization of
these edges can be found in Figure 2.

w1
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.
.
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.

Figure 2 Closeup of G′ for k = 4 and the 4-clique {v1
p1 , v

2
p2 , v

3
p3 , v

4
p4}. Each column i represents

the vertices U ipi
\ {wipi,0} = {wipi,ℓ

| ℓ ∈ {1, . . . , 4}}. Note that the edge set of the induced subgraph
of G′ belonging to this clique forms a path from w1

p1,1 to w4
p4,4.
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Proof. Suppose the set {v1
p1
, . . . , vkpk

} forms a clique. Then G′ contains the following path P
from w1

p1,1 to t, due to the construction of G′ (see Figure 2): w1
p1,1 −w2

p2,1 −w1
p1,2 −w3

p3,1 −
w1
p1,3−· · ·−wkpk,1−w1

p1,k
−w2

p2,2−w3
p3,2−w2

p2,3−· · ·−wk−1
pk−1,k−1−wkpk,k−1−wk−1

pk−1,k
−wkpk,k

−t.
This path fulfills the constraints of π. Observe that every vertex of S \ {w1

p1,1, t} has degree 2
in G′[S] and both t and w1

p1,1 have degree 1. Thus, G′[S] only consists of the path P .
If some edge vipi

vjpj
/∈ E(G) for some i, j ∈ {1, . . . , k}, then the edge wipi,j

wjpj ,i
is not

contained in E(G′) and, thus, there is no path from w1
p1,1 to t in G′[S]. ◀

Note that due to π, in any ordered Hamiltonian path extending π the vertex sk+1 must
always be chosen before t. Thus, given such an ordered Hamiltonian path we can separate it
into three phases: the selection phase, i.e., all vertices up to and including z, the validation
phase, i.e., all vertices from z until t and the cleanup phase for the rest of the remaining
vertices. The following lemma clarifies the naming of these phases.

▶ Lemma 4.7. If there is a clique in G that contains exactly one vertex of each color, then
there is an ordered Hamiltonian path P in G′ such that λ(P) extends π.

Proof. Let the set C := {v1
p1
, v2
p2
, . . . , vkpk

} be a clique of G′ that contains one vertex vipi
for

each color i ∈ {1, . . . , k}. We can find a Hamiltonian path P in G′ such that λ(P) extends
π in the following way. Beginning in s we move to s1 and from there to X1. Alternating
between vertices from W1 and X1 in the way x1

1 − w1
1,0 − x1

2 − w1
1,1 − . . .− w1

p1−1,k we work
through all U1

i until we reach U1
p1

which represents the first vertex of the clique C, i.e. v1
p1

.
Before visiting w1

p1,0 we visit all remaining vertices of X1. From w1
p1,0 we move to s2 and

repeat the same procedure as for the first color. This is iterated, until we reach wkpk,0 and
from there we move to sk+1 and then to z. Note that until now we have followed all the
rules given by the partial order π. This concludes the selection phase, in which the vertices
of the corresponding clique are chosen.

From z we go back to w1
p1,1. Now the validation phase starts. Due to Lemma 4.6, there

is a path from w1
p1,1 to t that only uses vertices in the sets U ipi

and follows the rules of π.
Finally, in the cleanup phase we need to visit all the remaining vertices of the Wi and

Y . To this end, we move from t to y1. Then, by alternating between vertices of the Wi and
Y – while observing the restrictions of π – and finally using all remaining vertices in Y we
conclude the Hamiltonian path of G′. ◀

▶ Lemma 4.8. Let P = (P, λ) be an ordered Hamiltonian path in G′ such that λ extends π.
Then, there exist indices p1, . . . , pk ∈ {1, . . . , q} such that the prefix P ′ of P ending in sk+1

fulfills the following properties:
1. P ′ starts in s and contains none of the vertices in Y ∪ {t, z},
2. for all i ∈ {1, . . . , k} it holds:

a. vertex si as well as the vertices of Xi and
⋃pi−1
r=1 U ir are part of P ′,

b. U ipi
∩ P ′ = {wipi,0},

c. none of the vertices of U ir with r > pi are part of P ′.

Proof. The first property follows directly from the choice of π since s has to be to the left of
all other vertices and sk+1 has to be to the left of z, t and all vertices of Y . Now observe
that, due to π, vertex si has to be visited before any vertex of W i. As the vertices of Xi are
only adjacent to si and vertices of W i, it also holds that si is visited before all vertices of Xi.
Furthermore, π implies that all vertices of Xi are visited before si+1. Therefore, we know
that the vertices s1, . . . , sk+1 are visited in P ′ following the ascending order of their indices.

Next we observe that the predecessor of si+1 with 1 ≤ i ≤ k has to be a vertex wipi,0
for some pi ∈ {1, . . . , q}. Furthermore, π implies that all the vertices of

⋃pi−1
r=1 U ir are to the
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left of wipi,0 in P ′ and none of the other vertices of W i are to the left of wipi,0. Therefore,
Property 2a is fulfilled for all i ∈ {1, . . . , k}.

For Properties 2b and 2c it is sufficient to show that no vertex of W j is to the right of
wjpj ,0 in P ′. Assume for contradiction that there is such a vertex. Then consider the first
vertex of any W j that is to the right of wjpj ,0. Due to π, this vertex must be wjpj ,1. First
assume that j = 1. Then the predecessor of w1

p1,1 can only be a vertex w2
r,1. This follows

from the fact that the only other neighbors of w1
p1,1 that have not been visited before w1

p1,1
are z as well as the vertices in Y and these vertices are not in P ′, due to Property 2a. Now
let us consider the successor of w1

p1,1 in P ′. This vertex cannot be z since z is not in P ′.
Thus, it is a vertex w2

r′,1 with r′ > r, due to π. However, π also implies that w2
r′,0 is to the

left of w2
r′,1 and, hence, w2

r′,0 is to the left of w2
r,1; a contradiction to π. Therefore, j = 1 is

not possible.
If j > 1, then the predecessor of wjpj ,1 is some vertex w1

r,ℓ with ℓ ̸= 0 as all other neighbors
of wjpj ,1 are part of Y . However, this contradicts the choice of wjpj ,1 as then w1

r,ℓ is to the
right of w1

p1,0 in P ′. This concludes the proof. ◀

▶ Lemma 4.9. Let P be an ordered Hamiltonian path in G′ such that λ(P) extends π. Let
p1, . . . , pk be chosen as in Lemma 4.8. Let P ′ be the subpath of P between sk+1 and t. The
first inner vertex of P ′ is z, the second inner vertex is w1

p1,1 and all other inner vertices are
elements of some U ipi

.

Proof. First we consider the successor of sk+1 in P. There are three options: The first
option is an element of Xk. However, these have already been visited before sk+1 in P, due
to Lemma 4.8. The second option is some vertex wkr,0. By Lemma 4.8, all of these vertices
with r ≤ pk have been visited before sk+1 in P. We observe that Lemma 4.8 also implies
that wkpk,k

has not been visited before sk+1 in P . Due to the choice of π, none of the vertices
wkr,0 with r > pk can be visited before wkpk,k

and, thus, none of these vertices can be the
successor of sk+1 in P. Therefore, the successor of sk+1 has to be z. After z, we have to
visit a vertex w1

r,1. Again, due to Lemma 4.8, all these vertices with r < p1 have been visited
before sk+1. For all the vertices w1

r,1 with r > p1, the vertex w1
r,0 has not been visited so far

and, thus, the partial order π forbids them to be the successor of z. This implies that the
successor of z is w1

p1,1.
Next observe that, due to Lemma 4.8, the only vertices outside of the sets U ipi

that have
not already been visited before sk+1 in P are the vertices of Y and all the vertices in the sets
U ir with r > pi. The vertices of Y cannot be part of P ′ as they are forced to be visited after t
by the partial order π. In every set U ir, the vertex wir,0 has to be visited first. However, this
vertex is only adjacent to vertices in Xi and to si+1 (which have been visited already before
sk+1) and to vertices in Y which have to be visited after t. Thus, wir,0 is not part of P ′ and,
hence, also no other vertex of U ir with r > pi is part of P ′. This completes the proof. ◀

▶ Lemma 4.10. If there is an ordered Hamiltonian path P in G′ such that λ(P) extends π,
then G has a clique that contains exactly one vertex of each color.

Proof. Let P be such an ordered Hamiltonian path in G′ such that λ(P) extends π. Then,
by Lemma 4.8 the path P has selected some set of vertices C := {v1

p1
, . . . , vkpk

} in the selection
phase. It remains to be shown that C is a k-color clique of G. As we have seen in Lemma 4.9,
the subpath P ′ of P between z and t starts in w1

p1,1 and only contains elements of the U ipi
as

inner vertices. Due to Lemma 4.6 such a path can only exist if C forms a clique of G. ◀

The main theorem of this section is a direct consequence of Lemmas 4.5, 4.7, and 4.10,
Theorem 4.4 as well as the W[1]-hardness of the Multicolor Clique Problem [27].
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▶ Theorem 4.11. The (Min)POHPP parameterized by the width of the poset k is W[1]-hard.
Furthermore, assuming the ETH, there is no f(k)no(k)-time algorithm for (Min)POHPP for
any computable function f .

Again we can give a reduction from MinPOHPP to TSP-PC by introducing a universal
vertex to an instance of MinPOHPP and forcing it to be the last vertex.

▶ Corollary 4.12. The TSP-PC parameterized by the width of the poset k is W[1]-hard.
Furthermore, assuming the ETH, there is no f(k)no(k)-time algorithm for TSP-PC for any
computable function f .

5 Outerplanar Graphs

As we have seen in Theorem 3.5, the POHPP is NP-complete for any graph class that
contains arbitrarily large balanced complete bipartite graphs. Thus, we have to focus on
classes that do not fulfill this condition. One of the best-known examples of such classes are
planar graphs. These graphs are interesting in application, e.g., Dial-a-Ride and Pick-up
and Delivery, since road networks are often planar. However, the classical Hamiltonian path
problem is NP-complete on planar graphs [38]. There are some subclasses of planar graphs
where the Hamiltonian path problem can be solved in polynomial time, which makes them
candidates for a polynomial-time algorithm for the POHPP. Here, we focus on outerplanar
graphs, where the Hamiltonian path problem can be solved in linear time [3, 13] but the
number of Hamiltonian paths may be exponential [12]. Thus, the POHPP is not trivial on
this class. Nevertheless, we will present a quadratic-time algorithm for the (Min)POHPP for
any partial order.

First, we show that we only have to consider 2-connected graphs. This is possible as the
problem on arbitrary graphs of a graph class is linear-time reducible to the problem on the
2-connected graphs of this class. Here, linear-time reducible means that any algorithm for
the 2-connected case with a running time at least Ω(n+m+ |π|) can be used to solve the
general case within the same time bound.

▶ Theorem 5.1. Given a hereditary graph class G, the MinPOHPP on G is linear-time
reducible to the POHPP on the class of 2-connected graphs in G.

Proof. We consider the block-cut tree T of G. It is easy to see that T is a path if G has a
Hamiltonian path. Let (B1, . . . , Bk) be this path where the Bi are the blocks of G. For every
Bi let πi be the restriction of π to Bi. For every i ∈ {2, ..., k− 1}, we define the partial order
π+
i and π−

i as follows. In π+
i we add all the tuples that force the cut vertex in Bi−1 ∩Bi to

be the first vertex and the cut vertex in Bi−1 ∩Bi to be the last. In π−
i we do this the other

way round. The partial order π+
1 forces the cut vertex in B1 to be the last vertex and π−

1
forces it to be the first vertex. Similar, π+

k forces the cut vertex of Bk to be the first vertex
and π−

k forces it to be the last vertex. Now we solve the MinPOHPP for all blocks Bi, once
for π+

i and once for π−
i . It is easy to see that the minimum cost ordered Hamiltonian path

P of G fulfilling the constraints of π consists of minimum cost ordered Hamiltonian paths
either for each instance (Bi, π+

i ) or for each instance (Bi, π−
i ). Thus, solving these instances

is enough to solve the problem for the whole graph G. Note that the blocks of G are also
elements of G since G is hereditary.

The block-cut tree T can be found in linear time [33]. It is easy to see that the total size
of all the instances (Bi, π+

i ) and (Bi, π−
i ) is in O(n+m+ |π|). Thus, the whole procedure

solves the MinPOHPP on G within the same time bound as the algorithm needs for the
2-connected case. ◀
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An important property of Hamiltonian paths in planar graphs is given in the following
lemma.

▶ Lemma 5.2. Let G be a planar graph and let C be a face of a plane embedding of G.
Furthermore, let (v0, . . . , vk) be the cyclic ordering of the vertices on C and let P be a prefix
of a Hamiltonian path of G. Then V (C)∩V (P ) = ∅ or there exist q, r ∈ {0, . . . , k} with q ≤ r

such that either V (C) ∩ V (P ) = {vq, . . . , vr} or V (C) ∩ V (P ) = {vr, . . . , vk, v0, . . . , vq}.

Proof. Assume for contradiction that the claim is not true for C. Then, let P be the
shortest prefix of a Hamiltonian path of G that does not fulfill the claim. Due to the choice
of P , the last vertex of P , say vj , must be an element of C. The choice of P implies
that the prefix P \ {vj} fulfills the claim and without loss of generality we may assume
that V (P ) ∩ V (C) = {v0, . . . , vi, vj} with i + 1 < j < k. Let A = {vi+1, . . . , vj−1} and
B = {vj+1, . . . , vk}. The subpath of P between vi and vj runs completely outside of C and
separates A from B. Thus, the graph induced by V (G)\V (P ) is not connected and P cannot
be a prefix of a Hamiltonian path of G. ◀

Any 2-connected outerplanar graph has a unique Hamiltonian cycle and the outerplanar
embedding of the graph has this cycle as its outer face [55]. This Hamiltonian cycle can
be found in linear time [45]. Therefore, in the following we assume that the outerplanar
embedding of the graph is given and that the vertices are numbered cyclically on the outer
face from 0 to n−1 in clockwise direction. We identify the respective number with the vertex.
Furthermore, we use the operators ⊕ and ⊖ as the addition and subtraction modulo n, i.e.,
a⊕ b ≡ a+ b mod n and a⊖ b ≡ a− b mod n. An important ingredient of our algorithm is
the efficient checking of the minimality of the vertex in the partial order restricted to the
unchosen vertices. This can be done in constant time by encoding the elements that are
smaller than a vertex v in π via an interval. The variable fπ(v) contains the first vertex on
C after v in clockwise direction that is smaller than v in π. The variable ℓπ(v) contains the
last vertex with this property. If v is minimal in π, then both fπ(v) and ℓπ(v) are equal to v.

Our algorithm uses dynamic programming (see Algorithm 2). We consider tuples (a, b, ω)
where a, b ∈ {0, . . . , n − 1} and ω ∈ {1, 2}. The numbers a and b represent the interval
[a, b] = {a, a ⊕ 1, . . . , b ⊖ 1, b} of the outer face of G, i.e., it contains all the vertices that
are visited if we go from a to b on C in clockwise direction. The value ω describes whether
vertex a (if ω = 1) or vertex b (if ω = 2) is the last vertex of the path. Again we use a vector
M which has one entry from Q ∪ {∞} for every tuple. The entry of tuple (a, b, ω) contains
the minimal costs of an ordered path in G that contains all the vertices of the interval [a, b],
ends in a (if ω = 1) or b (if ω = 2) and is a prefix of a linear extension of π. If no such
path exists, then the entry contains the value ∞. The entries of M are filled inductively
starting with the tuples whose intervals contain exactly one vertex. Here, we only have to
check whether the respective vertex is minimal in π which can be done by simply checking
whether fπ(v) = ℓπ(v) = v (see line 7). Thus, we may assume that the entries of all tuples
whose interval contains i − 1 elements are filled correctly. Now assume that we want to
compute the entry of tuple (a, b, ω) whose interval contains i elements, i.e., i = (b⊖ a) + 1
(see Figure 3 for an illustration). First assume ω = 1, i.e., the vertex a should be the last
vertex of the respective path. There are two possible predecessors of a in the path. Either
it is the neighbor x of a on C that follows on a in clockwise direction or it is vertex b. For
both options, we have to check whether the entry of (x, b, ψ) in M is < ∞, where ψ = 1 if x
is the predecessor of a in the path and otherwise ψ = 2. In the second case, we also have to
check whether the vertices a and b are adjacent. The case ω = 2 works analogously.



18 Computing Hamiltonian Paths with Partial Order Restrictions

a

x

b

a y

b

Figure 3 One step in Algorithm 2. The solid interval represents the interval [a, b] for which we
want to compute the entry in M . The left graph shows the case where ω is 1 and the right graph
shows the case where ω is 2. The vertices that should be last in the subpath are filled gray. The
dotted intervals represent the respective interval for which the entry of M is checked. In both cases,
we check whether the edge ab exists.

▶ Theorem 5.3. Algorithm 2 solves the MinPOHPP on a 2-connected outerplanar graph
with n vertices in time O(n2).

Proof. We prove the following claim. For any tuple (a, b, ω) ∈ S, the respective M -value is
the minimal cost of an ordered path P of G fulfilling the following properties (or ∞ if no
such path exists):

(i) P consists of the vertices a, a⊕ 1, . . . , b⊖ 1, b,
(ii) λ(P) is a prefix of a linear extension of π,
(iii) if ω = 1, then the last element of λ(P) is a, otherwise it is b.

For all tuples (a, a, ω), this claim holds since their entries in M are set to 0 if a is a
minimal element of π and to ∞ otherwise (see line 7 in Algorithm 2). Thus, we may assume
that the claim holds for all tuples (a, b, ω) where the set [a, b] = {a, a⊕ 1, . . . , b⊖ 1, b} has
size i− 1. Now let (a, b, ω) be a tuple where the set [a, b] has size i.

First assume that the entry of (a, b, ω) in M is < ∞. We consider the case that ω = 1.
The case ω = 2 can be shown analogously. Since the entry in M was set to a value < ∞ in
line 14 or 16, fπ(a) ∈ [a, b] and ℓπ(a) ∈ [a, b]. Thus, any vertex v ∈ V (G) with v ≺π a is an
element of the interval [a, b]. Furthermore, the entry of (x, b, 1) is < ∞ or the the entry of
(x, b, 2) is < ∞ with x = a⊕ 1. Thus, due to the induction hypothesis, there is an ordered
path P fulfilling the conditions i till iii for one of the two tuples. Hence, P contains the
elements of the interval [x, b] and λ(P) is a prefix of a linear extension of π.

If M(x, b, 1) is < ∞, then P ends in x. Since the edge xa is part of the outer face of G,
the path that is constructed from P by appending a to the end is an ordered path containing
the vertices of [a, b]. Since all the vertices that are smaller than a in π are contained in [a, b],
this path be can be extended to a linear extension of π. However, if M(x, b, 1) = ∞, then
M(x, b, 2) < ∞ and ab ∈ E(G). Thus, the ordered path P ends in b and we can add the edge
ab at the end of P . Hence, there is an ordered path fulfilling all three conditions for (a, b, ω).

Now assume there is a path fulfilling all conditions for the tuple (a, b, ω). Let P be
the path with minimal cost. Again we only prove the case ω = 1, the other case follows
analogously. As ω = 1, the path P ends in vertex a. Let P ′ be the subpath of P without a.
Let x = a⊕ 1. The path P ′ contains exactly the elements of the interval [x, b]. Furthermore,
it can be extended to a linear extension of π because P can be extended.

We claim that P ′ either ends in b or in x. To show this, we consider the subgraph of
G that is induced by the vertices of the interval [a, b]. We add the edge ab to this graph



J. Beisegel, F. Ratajczak, and R. Scheffler 19

Algorithm 2 MinPOHPP for outerplanar graphs
Input: 2-connected outerplanar graph G with outer face (0, . . . , n− 1), partial order π on

V (G), cost function c : E(G)→ Q
Output: Minimum cost of an ordered Hamiltonian path P of G where λ(P) is a linear

extension of π, or ∞ if no such path exists
1 begin
2 S ← {(a, b, ω) | a, b ∈ {0, . . . , n− 1}, ω ∈ {1, 2}};
3 foreach v ∈ V (G) do
4 fπ(v)← first vertex u in order (v ⊕ 1, . . . , v ⊖ 1, v) with (u, v) ∈ π;
5 ℓπ(v)← last vertex u in order (v ⊕ 1, . . . , v ⊖ 1, v) with (u, v) ∈ π;
6 foreach (a, b, ω) ∈ S do
7 if a = b and fπ(a) = ℓπ(a) = a then M(a, b, ω)← 0;
8 else M(a, b, ω)←∞;
9 for i← 2 to n do

10 foreach (a, b, ω) ∈ S with (b⊖ a) + 1 = i do
11 x← a⊕ 1;
12 y ← b⊖ 1;
13 if ω = 1 and fπ(a) ∈ [a, b] and ℓπ(a) ∈ [a, b] then
14 M(a, b, ω)← min{M(a, b, ω),M(x, b, 1) + c(ax)};
15 if ab ∈ E(G) then
16 M(a, b, ω)← min{M(a, b, ω),M(x, b, 2) + c(ab)};

17 else if ω = 2 and fπ(b) ∈ [a, b] and ℓπ(b) ∈ [a, b] then
18 M(a, b, ω)← min{M(a, b, ω),M(a, y, 2) + c(by)};
19 if ab ∈ E(G) then
20 M(a, b, ω)← min{M(a, b, ω),M(a, y, 1) + c(ab)};

21 return minv∈{0,...,n−1} M(v, v ⊖ 1, 1);

if it is not already present. We call the resulting graph G∗. It is easy to see that G∗ is
a 2-connected outerplanar graph and the vertices on the outer face of G∗ have the same
cyclic ordering as in G. Furthermore, P is a Hamiltonian path of G∗. Hence, Lemma 5.2
implies that the vertices of every prefix of P appear consecutively on the outer face of G∗.
In particular, this holds if we remove the last vertex of P, i.e, vertex a, and the second last
vertex of P. Hence, the second last vertex of P must be a neighbor of a on the outer face
of G∗. The two neighbors on the outer face are x and b. Therefore, P ′ ends either in x or
in b. In both cases, P ′ is the minimum cost path fulfilling the properties for tuple (x, b, 1)
or (x, b, 2), respectively, since otherwise we could replace P ′ in P with this minimum cost
path and improve the cost of P. Due to the induction hypothesis, the entry M(x, b, 1) or
M(x, b, 2) contains the cost of P ′. In both cases, Algorithm 2 has set M(a, b, ω) to the cost
of P.

Finally, we consider the running time bound. We use an adjacency matrix of G containing
the cost of each edge. This matrix can be constructed in time O(n2). To compute the values
fπ(v) and ℓπ(v) we have to iterate through π only once and this can be done in time O(n2).
There are O(n2) many tuples in set S. For each of those tuples, we have to check a constant
number of entries of M and whether the values fπ(v) and ℓπ(v) of some vertex v are within
some interval. This can both be done in constant time. Furthermore, we have to check the
existence of a particular edge. Since we use an adjacency matrix, this is also possible in
constant time. Hence, the total running time is bounded by O(n2). ◀
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Using Theorem 5.1, we can extend this result to all outerplanar graphs.

▶ Theorem 5.4. Given an outerplanar graph with n vertices, the MinPOHPP can be solved
in time O(n2).

Similar as for Algorithm 1, we can easily modify Algorithm 2 in such a way that it not
only outputs the minimum cost, but also computes the minimum cost Hamiltonian path if
some exists.

6 Further Research

The results obtained in this paper give rise to many related questions pertaining Hamiltonicity
with precedence constraints. The result on outerplanar graphs suggests that a similar
algorithm could be obtained for the class of series-parallel graphs which form a superclass of
outerplanar graphs. Furthermore, we have seen that bounding the width of the given poset,
leads to a polynomial-time algorithm. It seems reasonable to ask whether bounding other
parameters of a poset will lead to similar results. Our NP-completeness result shows that
bounding the height of a poset is not effective for graph classes containing complete bipartite
graphs. However, no such result is known for bounded poset dimension. Note that the trivial
poset has dimension 2 and, therefore, POHPP is NP-complete for any graph class for which
the regular Hamiltonian path problem is hard, even if the poset dimension is bounded by
a constant ≥ 2. However, for classes such as threshold graphs or chain graphs – for which
Hamiltonian path is solvable in polynomial time – bounding the poset dimension could be a
viable approach. Furthermore, it would be interesting to approach the same problems on
directed graphs. While directed graphs are already considered in the TSP-PC and the SOP,
it might be possible to achieve further results for the POHPP.

By using cyclic orders [35, 36, 47] instead of regular partial orders, we can define the
Partially Ordered Hamiltonian Cycle Problem: Given a graph G = (V,E) and a partial cyclic
order C ⊂ V 3 on the vertex set of G, is there a Hamiltonian cycle that respects the order C?
This problem appears to be considerably harder to tackle, as the structure of cyclic orders is
much more complex than that of partial orders [30, 31].
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