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We study neutrino flavor evolution in the quantum many-body approach using the full neutrino-
neutrino Hamiltonian, including the usually neglected terms that mediate non-forward scattering
processes. Working in the occupation number representation with plane waves as single-particle
states, we explore the time evolution of simple initial states with up to N = 10 neutrinos. We
discuss the time evolution of the Loschmidt echo, one body flavor and kinetic observables, and the
one-body entanglement entropy. For the small systems considered, we observe ‘thermalization’ of
both flavor and momentum degrees of freedom on comparable time scales, with results converging
towards expectation values computed within a microcanonical ensemble. We also observe that the
inclusion of non-forward processes generates a faster flavor evolution compared to the one induced
by the truncated (forward) Hamiltonian.

I. INTRODUCTION

The evolution of neutrino flavor in hot and dense media
provides key input to our understanding of the synthesis
of light nuclei in the early universe and heavy nuclei in
the collapse or merger of compact astrophysical objects,
and affects the neutrino signal from a future galactic
supernova. Astrophysical neutrinos are usually studied
through so-called Quantum Kinetic Equations (QKEs),
which are evolution equations for the one-body reduced
neutrino density matrix, accounting for both momentum
and flavor degrees of freedom [1–5]. The QKEs have been
derived from quantum field theory using various meth-
ods, including the two-particle-irreducible (2PI) effective
action [6] truncated to three loops [3, 7]. The QKEs
involve both coherent forward scattering and collisional
kernel, and lead to a rich phenomenology of collective
phenomena and flavor instabilities (see the review [8] and
references therein).

While the computational implementation of the full
QKEs and their interface with compact objects evolu-
tion codes is an arduous task, understanding the lim-
its of applicability of the one-body approach underly-
ing the QKEs remains an active area of research. The
question whether the one-body analysis leaves out im-
portant many-body correlations and entanglement effects
goes back to the early days of the field [9, 10] and has
received attention over the years [11–16].

More recently, the validity of the QKE treatment of the
neutrino gas has come under scrutiny in the context of
quantum many-body approaches to this problem (see [17]
and references therein). As far as we are aware, all exist-
ing quantum many-body studies of the neutrino system

use a truncated Hamiltonian H
(T )
νν [18] that only couples

pairs of momentum-space neutrino operators satisfying

forward kinematics. In other words, H
(T )
νν contains terms

that either preserve or exchange the momenta of inter-
acting neutrino pairs (forward and exchange terms). As
argued in Ref. [19], the use of the truncated Hamiltonian
is not justified in a first-principles many-body approach.

On the other hand, the truncated ν-ν Hamiltonian has
the virtue of mapping onto a spin-spin Hamiltonian with
all-to-all couplings [18], which is amenable to many-body
analyses [20–31] and implementation on quantum com-
puters [32–36]. In certain regimes, the many-body results
are at variance with the QKE expectations (see for ex-
ample Refs. [17, 29, 30]), and there is an ongoing debate
on whether these calculations can indeed challenge the
validity of the QKEs approach [19, 37, 38].
The path towards more realistic many-body studies

requires several developments, which include: (i) assess-
ing the impact of using the full many-body Hamiltonian
rather than its truncated version; (ii) exploring more
general initial pure states (not product states of plane
waves), and possibly admixtures of pure states, that more
realistically describe the physical system; (iii) studying
the dynamics of larger systems and systematically study-
ing the scaling of relevant observables with the number of
neutrinos. In this work, we address point (i) above: first,
we work out the full neutrino-neutrino Hamiltonian Hνν

and set up the framework to implement the time evolu-
tion using the occupation number representation. Then
we explore the evolution of simple initial states. In this
simplified setting, we study the time scales for evolution
of flavor and momentum degrees of freedom, and their
interplay. While we use a plane wave single-particle ba-
sis, we emphasize that in principle any initial state can
be built within this formalism, thus allowing one to study
point (ii) above.
This paper is organized as follows: in Sect. II we setup

the basic formalism, present the full Hamiltonian and
give its matrix elements in the occupation number ba-
sis. In Sect. III we introduce the one-body density ma-
trix and the corresponding entanglement entropy, em-
phasizing the interplay between flavor and momentum
degrees of freedom. In Sect. IV we discuss the relevant
energy scales in the problems of astrophysical interest.
In Sect. V we study the time evolution in a toy model
with N = 2, illustrating some features that generalize to
larger systems. In Sect. VI we study the time evolution of
neutrino systems with N = 6, 8, 10 in a two-dimensional
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setup and investigate qualitative and quantitative dif-
ferences that emerge when using the full and truncated
Hamiltonian. We summarize our results in Sect. VII and
provide some more technical details in appendices A and
B.

II. FORMALISM

In order to write down the Hamiltonian we describe
neutrino fields να(x) as four-component spinors (α ∈
{e, µ, τ} denoting the flavor). At energies much smaller
than the electroweak scale the Hamiltonian takes the
form (repeated flavor indices are summed over)

H = Hkin +Hνν +Hν−m (1)

with

Hkin =

∫
d3x ν̄α(x) (−iδαβγ · ∇+mαβ) νβ(x),

Hνν =
GF√
2

∫
d3x ν̄α(x)γµPLνα(x) ν̄β(x)γ

µPLνβ(x),(2)

where we will use the following gamma matrices

γ0 =

(
0 σ0

σ0 0

)
, γi =

(
0 σi

−σi 0

)
γ5 = iγ0γ1γ2γ3 (3)

with σ0 being the two dimensional identity matrix and σi

the ith Pauli matrix. PL = (1−γ5)/2 and m is a complex
mass matrix for Dirac neutrinos (for Majorana neutrino
the kinetic term acquires an overall factor of 1/2 and
the mass matrix becomes symmetric). Hν−m denotes the
interaction of neutrinos with quarks and charged leptons.
For a complete description of neutrino-matter interaction
see for example [7]. In this work we do not consider the
effects of Hν−m. In what follows we expand the neutrino
fields in creation and annihilation operators and derive a
representation of the Hamiltonian in Fock space.

A. Neutrino fields and spinors

We expand the free Dirac neutrino fields as follows

νi(x) =
∑
h=±

∫
d3p

(2π)3

(
u(p, h)ai(p, h)e

−ipx

+ v(p, h)b†i (p, h)e
ipx

)
(4)

in terms of helicity spinors u(p, h), v(p, h) and creation
/ annihilation operators for neutrinos (ai(p, h)) and an-
tineutrinos (bi(p, h)). The h ∈ {+,−} label refers to he-
licity and i ∈ {1, 2} refers to the mass eigenstate. With
the normalizations adopted here, the creation and anni-
hilation operators carry mass dimension −3/2 and satisfy
the following anti-commutation relations:

{aα(p, h), a†β(p
′, h′)} = (2π)3δ(3)(p− p′) δhh′ δαβ . (5)

In our conventions the spinors are dimensionless and
normalized such that

u†(p, h)u(p, h′) = v†(p, h)v(p, h′) = δhh′ . (6)

The helicity 4-spinors are given by:

u(p,+) =

√
E + |p|
2E

(
r(p) ξ+(p̂)
ξ+(p̂)

)
, (7)

u(p,−) =

√
E + |p|
2E

(
ξ−(p̂)

r(p) ξ−(p̂)

)
, (8)

v(p,+) =

√
E + |p|
2E

(
ξ−(p̂)

−r(p) ξ−(p̂)

)
, (9)

v(p,−) =

√
E + |p|
2E

(
−r(p) ξ+(p̂)

ξ+(p̂)

)
, (10)

with E =
√
p2 +m2 and r(p) = m/(E + |p|) =√

(E − |p|)/(E + |p|). Denoting by θp, ϕp the polar and
azimuthal angles of p̂ ≡ p/|p|) the helicity Pauli spinors
are

ξ+(p̂) =

(
cos

θp
2

eiϕp sin
θp
2

)
ξ−(p̂) =

(
−e−iϕp sin

θp
2

cos
θp
2

)
(11)

and satisfy (σ⃗ · p̂) ξ±(p̂) = ± ξ±(p̂).
Throughout, we treat neutrino masses as perturbations

and neglect terms of higher order in mi/|p|. As is well
known, in this approximation the L-handed neutrino field
appearing in the weak Hamiltonian only involves left-
helicity neutrinos and right-helicity antineutrinos

PLνi(x) =

∫
d3p

(2π)3

(
u(p,−)ai(p,−)e−ipx

+ v(p,+)b†i (p,+)eipx
)
. (12)

Further focusing on the many-body dynamics of neutri-
nos (ignoring antineutrinos for simplicity) we only need
to consider terms involving left-helicity neutrino mode
operators. To simplify the notation, we thus suppress
the redundant helicity label: ai(p,−) → ai(p).
Finally, since the interaction Hamiltonian is most nat-

urally expressed in terms of flavor fields, we introduce the
flavor basis mode operators and express the Hamiltonian
in terms of these. In the two-flavor case, the relation
between mass and flavor operators is given by

ae(p) = cos θ a1(p) + sin θ a2(p)

aµ(p) = − sin θ a1(p) + cos θ a2(p) . (13)
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B. Hamiltonian

In what follows we focus on the many-body dynamics
of neutrinos, ignoring antineutrinos for simplicity. For
completeness, the terms in Hνν involving anti-neutrinos
are reported in Appendix B. As discussed above, we
quantize the fields in the mass basis and work in the
ultra-relativistic limit mi/|p| ≪ 1. We then express the
Hamiltonian in terms of creation and annihilation opera-
tors of left-helicity neutrinos, for which we use the flavor
basis: aα(p), α ∈ {e, µ, τ}. From now on, we restrict
our discussion to the case of two flavors e and µ. The
generalization to three flavors is straightforward.

Defining δm2 = m2
2 − m2

1, the kinetic term of the

Hamiltonian reads

Hkin =

∫
dp

(2π)3[(
|p|+ m2

1 +m2
2 − cos 2θ δm2

4|p|

)
a†e(p)ae(p)

+

(
|p|+ m2

1 +m2
2 + cos 2θ δm2

4|p|

)
a†µ(p)aµ(p)

+
sin 2θ δm2

4|p|

(
a†e(p)aµ(p) + a†µ(p)ae(p)

)]
,

(14)

with the last term representing the usual vacuum mix-
ing term.
The neutrino-neutrino terms in the interaction Hamil-

tonian Hνν take the form

Hνν =
GF√
2

∑
α,α′,β,β′

∫
dq

(2π)3
dq′

(2π)3
dp

(2π)3
dp′

(2π)3
(2π)3δ(p+ q− p′ − q′)

×
(
a†α′(p

′) aα(p) a
†
β′(q

′) aβ(q)
(δα′αδβ′β + δα′βδβ′α)

2
g(p′,p,q′,q) + ...

)
, (15)

with

g(p′,p,q′,q) ≡ ū(p′,−)γµPLu(p,−) ū(q′,−)γµPLu(q,−) = f†(p′,q′) f(p,q) (16)

f(p,q) =
√
2

(
e−iϕp sin

(
θp
2

)
cos

(
θq
2

)
− e−iϕq cos

(
θp
2

)
sin

(
θq
2

))
. (17)

From Eq. (15) we see that Hνν takes each pair of occu-
pied states with momenta p, q to states with momenta
p′, q′, subject to the condition p+q = p′ +q′, and acts
on the flavors by either leaving them unchanged or by
swapping them. The weight for each set of momenta con-
sidered is given by the function g(p′,p,q′,q) in Eq. (16).
Note that g(p′,p,q′,q) = g(q′,q,p′,p) =

−g(p′,q,q′,p), where the last equality follows from the
Fierz identities. In the forward scattering kinematics
(p′ = p or p′ = q), this expression reproduces the
familiar factors encountered in the literature [10]

g(p,p,q,q) = −g(q,p,p,q) = 1− p̂ · q̂ . (18)

As an illustration, we consider the 2-dimensional case
with py = 0 and px > 0 (corresponding to ϕp = 0,
ϕq = 0), which leads to

g(p′,p,q′,q) → 2 sin

(
θp − θq

2

)
sin

(
θp′ − θq′

2

)
.

(19)
The one-dimensional case (all momenta along the z axis)
corresponds to θp,p′,q,q′ = 0, π, depending on the sign of
the z-component of the momenta. Eq. (19) shows that in
this case a non-zero amplitude is only obtained when the
initial and final state momenta are ‘head on’ (i.e. when

the momenta satisfy momentum conservation pz + qz =
p′

z+q′
z and both conditions sign(qz) = −sign(pz) and

sign(q′
z) = −sign(p′

z) hold).
When working in finite volume, the formulae presented

above need to be modified in the usual way. Assuming
the box has linear size L and volume V = L3, the 3-
momenta p are uniquely identified by triplets of integers
(zp)x,y,z through (p)x,y,z = [(2π)/L](zp)x,y,z. As a con-
sequence, the integrals over 3-momenta are replaced by
finite sums over triplets of integers through the usual re-
lation ∫

d3p

(2π)3
→ 1

V

∑
zp

, (20)

and the Dirac delta functions of momentum conservation
become Kroeneker deltas according to

(2π)3δ(3)(p+ q− p′ − q′) → V δzp+zq−zp′−zq′,0. (21)

C. Fock space

We consider for simplicity only two neutrino flavors
(denoted by e and µ) and work in Fock space. A single-
particle state is identified by the three-momentum pi (i ∈
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{1, ...., k}) and a flavor label α (α ∈ {e, µ}). We consider
only neutrinos with negative helicity, so we don’t have
to specify any other quantum numbers. There are 2k
single particle states and a basis vector in Fock space is
specified by the set of occupation numbers niα ∈ {0, 1}.
The dimension of this space is 22k 1.

We set out to study the problem in which the initial
state has total number of neutrinos N < k:

N =
∑

i = 1, .., k
α = e, µ

niα . (22)

Since Hνν conserves the total number of neutrinos, we
need to evolve the state in the space of fixed N , which
has dimension

dN,k =

(
2k
N

)
. (23)

The dN,k basis vectors are labeled by

n = {n1e, n1µ, ..., nke, nkµ} , (24)

the 2k-dimensional array of occupation numbers obey-
ing the condition (22), and represent anti-symmetrized
products of N single-particle states:

|n⟩ = S.D.

( ∏
iα: niα=1

|pi, α⟩

)
, (25)

where “S.D.” stands for Slater Determinant. A generic
state is specified by dN,k complex amplitudes cn as fol-
lows

|Ψ⟩ =
∑
n

cn |n⟩ . (26)

Finally, to take into account the anti-commutation of
the creation and annihilation operators correctly, we need
to introduce the ordering rule for the operators in defin-
ing the basis vectors |n⟩ in Eq. (25). The basis vectors
|n⟩ are defined via the application of a sequence of cre-
ation operators ordered in an increasing order of flavor
and momenta, i.e. momenta with a smaller label are on
the left, and within a given momentum label the electron
flavor goes to the left of the muon flavor. For example,
the normalized basis state of three neutrinos with flavor
and momenta (p1, e), (p1, µ), (p2, e) (labeled by n with
n1µ = n2e = n1µ = 1 and all other occupation numbers
njβ = 0) is given by

|n⟩ = a†e(p1)√
V

a†µ(p1)√
V

a†e(p2)√
V

|0⟩ . (27)

1 When considering nf flavors, one simply makes the replacement
2k → nf × k.

Its complex conjugate is defined as

⟨n| = ⟨0| ae(p2)√
V

aµ(p1)√
V

ae(p1)√
V

. (28)

This defines an ortho-normal basis, i.e. ⟨n|m⟩ = δn,m.
The application of an annihilation operator aα(pi) to a
basis vector |n⟩ results in

aα(pi)|n⟩ = V 1/2fn,i,α δni,α,1 |n[iα]⟩ (29)

where

n[iα] = n with ni,α → 0 (30)

and

fn,i,α = (−1)
∑

(j,β)<(i,α) nj,β . (31)

The volume factor in Eq. (29) arises due to the normal-
ization adopted for the creation and annihilation oper-
ators (see Eq. (5) and its finite volume version). The
summation

∑
(j,β)<(i,α) nj,β in the exponent of the anti-

commutation factor f{n},i,α means that we sum nj,β for
all (j, β) that are on the left of (i, α) in the ordering rule
introduced above.

D. Matrix elements of the Hamiltonian

We next discuss in some detail the matrix elements of
the Hamiltonian HKin and Hνν in the occupation num-
ber basis. With the notation introduced in the previous
subsection, the matrix element of quadratic operators of
the form a†α(pi)aβ(pj) is

1

V
⟨m| a†α(pi) aβ(pj) |n⟩

=
(
fm,i,α δmi,α,1

)(
fn,j,β δnj,β ,1

)
⟨m[iα]|n[jβ]⟩

≡ A2(m,n; {i, α}, {j, β}) (32)

The matrix elements of quartic operators of the form

a†α(pi)a
†
β(pj)aϵ(pk)aζ(pl) are

1

V 2
⟨m|a†α(pi) a

†
β(pj) aϵ(pk) aζ(pl) |n⟩

=
(
fm,i,α δmi,α,1

)(
fm[iα],j,β δ(m[iα])j,β ,1

)
×
(
fn[lζ],k,ϵ δ(n[lζ])k,ϵ,1

)(
fn,l,ζ δnl,ζ ,1

)
⟨m[iα][jβ]|n[lζ][kϵ]⟩

≡ A4(m,n; {i, α}, {j, β}, {k, ϵ}, {l, ζ}). (33)

where

n[iα][jβ] = n[iα] with nj,β → 0 . (34)

With Eq. (32,33), the Hamiltonian’s matrix elements
can be written in the following way. First, the kinetic
energy, including the vacuum mixing terms, reads
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⟨m|HKin|n⟩ =
∑
i

[(
|pi|+

m2
1 +m2

2 − cos 2θ δm2

4|pi|

)
A2(m,n; {i, e}, {i, e})

+

(
|pi|+

m2
1 +m2

2 + cos 2θ δm2

4|pi|

)
A2(m,n; {i, µ}, {i, µ})

+
sin 2θ δm2

4|pi|

(
A2(m,n; {i, e}, {i, µ}) +A2(m,n; {i, µ}, {i, e})

)]
. (35)

The matrix elements of the normal-ordered interaction Hamiltonian can be written using Eq. (33). For the full
Hamiltonian including non-forward terms, one finds

⟨m|H(F )
νν |n⟩ = − 1

V

GF

2
√
2

∑
α,β=e,µ

∑
i,j,k,l

δzpi
+zpj

−zpk
−zpl

,0 g(pi,pk,pj ,pl)

×
[
A4(m,n; {i, α}, {j, β}, {k, α}, {l, β}) +A4(m,n; {i, α}, {j, β}, {k, β}, {l, α})

]
. (36)

Finally, restricting summation over k, l in Eq. (36) to the forward limit (k = i or l = i), we obtain the usual truncated
(‘forward scattering’) Hamiltonian,

⟨m|H(T )
νν |n⟩

=− 1

V

GF√
2

∑
α,β=e,µ

∑
i,j

(1− p̂i · p̂j)
[
A4(m,n; {i, α}, {j, β}, {i, α}, {j, β}) +A4(m,n; {i, α}, {j, β}, {i, β}, {j, α})

]
(37)

where the summations of i, j run over all momentum
modes.

III. REDUCED DENSITY MATRICES AND
ENTANGLEMENT ENTROPY

The full many-body system described by the state |Ψ⟩
in Eq. (26) can be partitioned into two subsystems in
various ways, and the corresponding entanglement can
be studied. In this context, the key object is the reduced
density matrix, obtained by tracing over one of the two
subsystems, starting from the full description of the state
given by the density operator

ρ = |Ψ⟩⟨Ψ| =
∑
n,m

cnc
∗
m |n⟩⟨m| . (38)

A central object in our study is the one-body reduced
density matrix, that corresponds to partitioning the sys-
tem into one particle versus N − 1 particles and tracing
over N−1 particle states. This object is of great interest
because (i) Neutrino measurements involve interactions
of single neutrinos, hence knowledge of the one-body den-
sity matrix allows one to predict all observables of inter-
est; (ii) The von Neumann entropy computed in terms
of the one-body density matrix quantifies the degree of

entanglement of a single neutrino with the other N − 1;
(iii) the quantum kinetic equations (QKEs) are evolu-
tion equations for the one-body reduced density matrix.
Therefore, the one-body reduced density matrix provides
the common ground on which one can study and compare
QKEs and many-body approaches.
Denoting the single-particle states by |ψi⟩ = |pki

, αfi⟩
(with αfi ∈ {e, µ}), using the notation introduced in Sec-
tion IIC the one-body reduced density matrix takes the
form

ρ(1) =
∑
i,j

|ψi⟩⟨ψj | ρ(1)ij , (39)

ρ
(1)
ij =

1

N

∑
n,m

cnc
∗
m δni1δmj1 fn,ifm,j δn[i],m[j] .(40)

An alternative, very useful expression for the elements
of the one-body reduced density matrix in terms expec-
tation values of creation and annihilation operators of
single-particle states is given by

ρ
(1)
ij =

1

N
⟨Ψ|

a†j√
V

ai√
V
|Ψ⟩ . (41)

The von Neumann entropy computed with ρ(1),

S(ρ(1)) = −Tr
(
ρ(1) log ρ(1)

)
, (42)

provides a measure of the entanglement between a single
particle and the rest of the system [39].
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Invariance under translations and orthogonality of
single-particle momentum eigenstates implies that ρ(1)

has a block structure on orthogonal single-particle sub-
spaces labeled by three-momentum:

ρ(1) =

k∑
i=1

∑
α,β∈{e,µ}

|pi, α⟩⟨pi, β| ρ(1)αβ(pi) , (43)

ρ
(1)
αβ(p) =

1

N
⟨Ψ|

a†β(p)√
V

aα(p)√
V

|Ψ⟩ . (44)

Up to a normalization, ρ
(1)
αβ(p) is the dynamical quantity

appearing in the QKEs. The diagonal entries are positive
definite and represent the occupation numbers of electron
and muon neutrinos in momentum p, normalized to N .
For each momentum pi, it is convenient to define

N±
i = ρ(1)ee (pi)± ρ(1)µµ(pi) . (45)

N+
i is the total occupation number in momentum pi

(normalized to N), and it is very useful to study the
kinetic properties of the state. On the other hand, N−

i
characterizes the flavor content of the state in momen-
tum pi. In what follows, among other things we will use
the time dependence of N±

i to identify the time scales of
flavor and kinetic evolution.
ρ
(1)
αβ(pi) is not a density matrix: its trace over flavor in-

dices is N+
i /N , where N+

i is the total occupation number
of momentum bin pi, irrespective of flavor (see Eq. (45)).
WhenN+

i ̸= 0, rescaling by N+
i /N , we can define density

matrices in flavor space for each momentum bin,

ρ̄(i) =
∑

α,β∈{e,µ}

|pi, α⟩⟨pi, β| ρ̄(i)αβ(pi) , (46)

ρ̄
(i)
αβ(pi) =

N

N+
i

ρ
(1)
αβ(p) , (47)

in terms of which the full one-body density matrix
reads 2:

ρ(1) =

k∑
i=1

N+
i

N
ρ̄(i) . (48)

Finally, the von Neumann entropy of ρ(1) can be writ-
ten as

S(ρ(1)) = −
∑
i

N+
i

N
log

N+
i

N
+
∑
i

N+
i

N
S(ρ̄(i)) . (49)

This expression shows that the entanglement entropy of a
single neutrino with the rest of the system can arise from

2 Note that when N+
i → 0, all entries of ρ

(i)
αβ(pi) vanish, so that

there is no singularity in the definition of ρ̄(i). Moreover, in the
limit N+

i → 0 one also has N+
i ρ̄(i) → 0, hence no contribution

to ρ(1) from momentum bin pi.

entanglement in both momentum (first term above) and
flavor (second term above).
To make the above statements more precise, we can

further trace the one-body density matrix over flavor or
momentum degrees of freedom. Tracing over flavor, we
get

ρ(1),K =

k∑
i=1

N+
i

N
|pi⟩⟨pi| , (50)

S(ρ(1),K) = −
∑
i

N+
i

N
log

N+
i

N
. (51)

Similarly, tracing over momenta gives

ρ
(1),F
αβ =

k∑
i=1

ρ
(1)
αβ(pi) , (52)

with ρ
(1)
αβ(pi) defined in Eq. (44). For an initial state

containing Ne electron neutrinos and Nµ muon neutri-

nos across all momentum modes, one finds ρ(1),F =
diag(Ne/N,Nµ/N).

The time over which S(ρ(1)), S(ρ(1),K), S(ρ(1),F ),
S(ρ̄(i)) reach the first maximum are proxy timescales for
global, kinetic, and flavor equilibration. We will illustrate
these points in Section VI.

IV. SETUP FOR HOT AND DENSE MEDIA

In this section, we discuss the energy scales charac-
terizing the dynamics of neutrinos in situations of as-
trophysical interest and define a rescaled, dimensionless
Hamiltonian suitable for computational implementation.
In situations of astrophysical interest, such as just below
the decoupling region in a supernova, the initial state of
the neutrinos is not too far from equilibrium. Therefore,
it makes sense to introduce a notion of near-equilibrium
distribution and temperature, which characterizes the
typical scale of the neutrino’s momenta. In equilibrium,
N , T , and V are related by N/V = (3ζ(3)T 3)/(4π2). In
our near-equilibrium situation, we assume that the above
relation is approximately valid and assume the scaling
1/V ∼ T 3/N to estimate the relative size of the various
contributions to the Hamiltonian 3

When the temperature of the system is order MeV,
widely separated energy scales enter the Hamiltonian,
that is,

|p| ∼ T ≫ GFT
3 ≫ δm2/T . (53)

The scales T and GFT
3 differ by about ten orders of

magnitude. As discussed below, this wide separation ef-
fectively removes the effect of self-interactions connect-
ing neutrino pairs with different kinetic energy, i.e. with

3 For a temperature of 1 MeV, we obtain V ∼ 108N fm3.



7

|pi| + |pj | ̸= |p′
i| + |p′

j |. On the other hand, GFT
3 and

δm2/T differ by two-to-three orders of magnitude de-
pending on the magnitude of the mass splitting used.
These two scales together control the flavor evolution of
the system.

To make the interplay between the three parameters
more explicit, we rescale the Hamiltonian for the rest of
the discussion. We take as the unit of energy (and inverse

time) the quantity E ≡ GF /(
√
2V ), and introduce the

dimensionless parameters

T̄ =
T

E
∼ 1010 (54)

ω̄ =
δm2

4TE
∼ 10−3 − 10−2 (55)

|p̃| =
|p|
T

∼ O(1). (56)

The Hamiltonian of the neutrinos can now be written in
terms of dimensionless operators in the following way:

H(F/T ) = E
(
H̄Kin + H̄(F/T )

νν

)
(57)

H̄Kin =
1

V

k∑
i=1

(
T̄ |p̃i| −

ω̄ cos 2θ

|p̃i|

)
a†e(pi)ae(pi)

+

(
T̄ |p̃i|+

ω̄ cos 2θ

|p̃i|

)
a†µ(pi)aµ(pi)

+
ω̄ sin 2θ

|p̃i|

[
a†e(pi)aµ(pi) + a†µ(pi)ae(pi)

]
H̄(F/T )

νν = − 1

V 2

∑
(i,j,k,l)

g(pi,pk,pj ,pl)

× a†α(pi)a
†
β(pj)aα(pk)aβ(pl) .

Note that we have dropped the terms proportional to
(m2

1 + m2
2)/|pi| in the diagonal part of the vacuum

term H̄Kin, as they are always subleading compared to
the term proportional to |pi| → T̄ |p̃i|. The summa-
tion (i, j, k, l) in H̄νν denotes all pairs that conserve 3-
momentum for the full Hamiltonian H(F ). In the trun-
cated case H̄

(T )
νν , we additionally impose that pi = pk

and pj = pl, or pi = pl and pj = pk.

V. A TOY PROBLEM WITH N = 2

In this section, we explore the impact of the non-
forward interaction on the evolution of flavor and mo-
mentum degrees of freedom in a dense neutrino system
by inspecting a toy model. In the model, there are 4
momentum modes (k = 4) for neutrinos to fill, and we
consider states with two neutrinos (N = 2). Therefore
the dimension of the relevant Hilbert space is d2,4 = 28.
The momentum modes p̃ = p/T in this toy system are

chosen as follows:

p̃1 = (sinϕ, cosϕ, 0)

p̃2 = (
√
r2 − cos2 ϕ, − cosϕ, 0)

p̃3 = (sinϕ, − cosϕ− ε, 0)

p̃4 = (
√
r2 − cos2 ϕ, cosϕ+ ε, 0) , (58)

with ϕ ∈ [0, π/2], r > 1 and ε ∈ R. In this system,
p1+p2 = p3+p4 for any r, ϕ and ε. Therefore the quartic
terms in H̄νν involving creation of p1,p2 (p3,p4) and
annihilation of p3,p4 (p1,p2) will have non-zero matrix
elements. Note also that |p1| + |p2| = |p3| + |p4| only
when ε = 0. One important finding in this section is that
the non-forward interaction significantly affects the time
evolution only when ε ≲ 1/T̄ , i.e. when the difference in
kinetic energy of the two pairs is on the order of or smaller
than potential energy due to the self-interactions.

The Hamiltonian is block diagonal in the basis of
Eq. (25) since it commutes with the total momentum
operator and hence connects states with the same total
momentum. Among the 28 basis states, 4 states have
two neutrinos with the same momentum and different
flavor. These 4 states have total momentum of 2pi, and
they each form a 1 × 1 block. Second, for the blocks
with a total momentum of pi + pj (i ̸= j), there are 4
such states in each block due to the choice of flavor for
each neutrino. Therefore there are six 4× 4 blocks with
those total momenta. Finally, since p1 + p2 = p3 + p4,
blocks with total momenta p1 +p2 and p3 +p4 are con-
nected via H̄νν for the full Hamiltonian. In summary, for
the only-forward Hamiltonian, there are four 1×1 blocks
and six 4×4 blocks, while for the full Hamiltonian, there
are four 1 × 1 blocks, four 4 × 4 blocks, and one 8 × 8
block connecting states with p1 + p2 and p3 + p4.
Let us take a closer look at the 8× 8 block. We order

the eight basis vectors |v1⟩...|v8⟩ as follows:

V |v1⟩ = a†e(p1)a
†
e(p2)|0⟩ , V |v5⟩ = a†e(p3)a

†
e(p4)|0⟩

V |v2⟩ = a†e(p1)a
†
µ(p2)|0⟩ , V |v6⟩ = a†e(p3)a

†
µ(p4)|0⟩

V |v3⟩ = a†µ(p1)a
†
e(p2)|0⟩ , V |v7⟩ = a†µ(p3)a

†
e(p4)|0⟩

V |v4⟩ = a†µ(p1)a
†
µ(p2)|0⟩ , V |v8⟩ = a†µ(p3)a

†
µ(p4)|0⟩ .

To write down the matrix elements of the Hamiltonian in
these basis states, we first introduce shorthand notations:

Dij(±i,±j) = T̄ (|p̃i|+ |p̃j |)±i
ω̄ cos 2θ

|p̃i|
±j

ω̄ cos 2θ

|p̃j |
(59)

ω̄i =
ω̄ sin 2θ

|p̃i|
(60)

for the kinetic parts and

fij = f(pi,pj) (61)

M =

4 0 0 0
0 2 2 0
0 2 2 0
0 0 0 4

 (62)
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for the interactions, with the function f(pi,pi) in
Eq. (61) defined in Eq. (17). With these notations, the

kinetic part of the Hamiltonian, H̄Kin, including vacuum
mixing, takes the form

H̄Kin =



D12(−,−) ω̄2 ω̄1 0 0 0 0 0
ω̄2 D12(−,+) 0 ω̄1 0 0 0 0
ω̄1 0 D12(+,−) ω̄2 0 0 0 0
0 ω̄1 ω̄2 D12(+,+) 0 0 0 0
0 0 0 0 D34(−,−) ω̄4 ω̄3 0
0 0 0 0 ω̄4 D34(−,+) 0 ω̄3

0 0 0 0 ω̄3 0 D34(+,−) ω̄4

0 0 0 0 0 ω̄3 ω̄4 D34(+,+)


. (63)

The interaction terms read

H̄(T )
νν =

(
f†12f12M 0

0 f†34f34M

)
(64)

and

H̄(F )
νν =

(
f†12f12M f†12f34M

f†34f12M f†34f34M

)
. (65)

One thing to note about the eigenvalue spectrum of
H̄νν is that 5 of them are zero and three take the same
value. (When considering the total Hamiltonian, the vac-
uum mixing terms in H̄Kin lift this degeneracy.) This is
due to the fact that each block is given by the 4 × 4
matrix M multiplied by the products of two fab factors,
corresponding to the incoming and outgoing momentum
pairs. As a result, the first 4 columns of H̄νν and the last
4 are linearly dependent. Together with the structure of
M , this implies that the rank of the matrix H̄νν is 3.
This is a special feature seen only in 2-neutrino systems.

In contrast to the above point, there is an important
general feature of the problem that emerges from the
analysis of this toy model. Given that in situations of
(astro)physical interest T̄ /ω̄ > 1010, when |p̃1|+ |p̃2| and
|p̃3|+ |p̃4| differ by O(1), transitions between the blocks
with the total momentum of p1+p2 and p3+p4 caused
by H(F ) become negligible. The two blocks are dynam-
ically decoupled, similarly to what happens in any two-
level quantum system when the off-diagonal mixing term
is much smaller than the unperturbed level splitting. In
this regime, the evolution is effectively controlled by the
truncated Hamiltonian H̄(T ). Only when the difference
between |p̃1| + |p̃2| and |p̃3| + |p̃4| is of similar mag-

nitude as |f†12f34|/T̄ , the neutrino-neutrino non-forward
interactions contribute to the dynamics. To test this ob-
servation, we analyse the time evolution of the toy model
with T̄ = 104, ω̄ = 1, and sin 2θ = 0.8 as we vary the pa-
rameter ε that controls the “kinetic energy conservation”
condition through |p̃3|+ |p̃4| = |p̃1|+ |p̃2|+O(ε). We fix
the momentum parameters to be r = 2.0 and ϕ = π/4
and study

|ψ(t)⟩ =
8∑

i=1

ci(t) |vi⟩ . (66)

For the purpose of illustration, we show results for initial
states |ψ(0)⟩ = |v1⟩ (two electron neutrinos with momen-
tum p1 and p2) and |ψ(0)⟩ = |v2⟩ (electron neutrino with
momentum p1 and muon neutrino with momentum p2).
In Fig. 1 we plot the Loschmidt echo |⟨ψ(0)|ψ(t)⟩|2 as
a function of time and compare it to the time evolution
obtained the truncated (“forward”) Hamiltonian. As ex-
pected, |⟨ψ(0)|ψ(t)⟩|2 starts to significantly deviate from
the truncated behavior around ε ∼ 1/T̄ = 10−4 and the
effect of non-forward scattering increases as ε decreases.
For ε ∼ 10−5 ∼ 0.1/T̄ or smaller, the evolution becomes
essentially indistinguishable from the ε = 0 case.

This dynamical pairwise kinetic energy conservation
limits the number of relevant terms in the full Hamilto-
nianH(F ). This is still much less restrictive than the ‘for-
ward’ kinematics enforced in the truncated Hamiltonian
H(T ). In fact, for each pair of momenta p and q, three-
momentum and kinetic energy conservation open up an
infinite set of momentum pairs p′ and q′ (parameterized
by two angles as shown in Appendix A) that contribute
to the evolution, to be contrasted to just one option in
‘forward’ kinematics. The pairwise kinetic energy con-
ditions becomes very restrictive only if one considers a
1-dimensional set up. In this case, the discussion below
Eq. (19) implies that |pz|+ |qz| = |p′

z|+ |q′
z| only holds

if p′
z = pz or p′

z = qz. In other words, pairwise kinetic
energy condition enforces forward or exchange kinematics
and the evolution with the full and truncated Hamilto-
nian effectively coincide.

When kinetic energy conservation holds approxi-
mately, i.e. at ε ∼ 0, all eight states with total mo-
mentum of p1 + p2 (or equivalently p3 + p4) get non-
zero amplitudes over time without suppression via T̄ .
This spread of amplitude is governed by the interplay
between the neutrino’s self-interaction and their vacuum
oscillation. One then naturally expect to see the effect
of non-forward scattering in flavor equilibration and ran-
domization of momenta. We can see a hint of this even in
this two-neutrino toy model. To study these phenomena,
in Fig. 2, we compare the N+

1 and N−
1 (see definition

in Eq. (45)). for the state evolved via either H(F ) (in
black) or H(T ) (in red). Obviously, kinetic evolution oc-
curs only with the full Hamiltonian — the occupation
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FIG. 1. Loschmidt echo |⟨ψ(0)|ψ(t)⟩|2 in the two-neutrino toy model, for |ψ(0)⟩ = |v1⟩ (left panel) and |ψ(0)⟩ = |v2⟩ (right
panel). In both cases the Hamiltonian parameters are T̄ = 104, ω̄ = 1, and sin 2θ = 0.8. The momentum parameters are
r = 2.0, ϕ = π/4 and ε = 0, 10−2 − 10−5.

FIG. 2. Expectation values of N+
1 and N−

1 for the mode
p1 over time for the full and truncated Hamiltonian. The
Hamiltonian parameters are chosen as T̄ = 104, ω̄ = 1.0, and
sin 2θ = 0.8. The momentum parameters are r = 2.0, ϕ = π/4
and ε = 0.0. The initial state is v1, i.e., neutrinos with flavor
e and momentum p1,p2.

number of a given momentum mode cannot change via
forward scattering or exchange processes. This is evident
in the constant solid red line showing the total occupation
number of the momentum mode. Regarding flavor con-
version, which occurs for both full and truncated set-ups,
the evolution speed at initialization appears to be faster
with the full Hamiltonian. This is correlated with the fact
that the total occupation of the mode decreases quickly
due to the non-forward interaction. Therefore, at least in
this toy model, the time scales for kinetic evolution (and
ultimately thermalization) and flavor evolution are cor-
related. We will further investigate the relation between
kinetic and flavor equilibration in the next section.

We close this section by pointing out that the evolu-

tion time scales can be affected by the angular factors
g(p′,p,q′,q) in the Hamiltonian matrix elements, given
in Eq. (16). From now onwards, we will refer to these as
the “g factors”. The magnitude of the g factors depends
on the relative angles of the incoming and outgoing mo-
mentum modes, parameterized in this simple model by
ϕ in Eq. (58). In Fig. 3, we plot the time dependence of
the sum of occupation numbers N+

3 +N+
4 of initially un-

occupied momentum modes (|ψ(0)⟩ = |v1⟩). for different
choices of the angle ϕ in Eq. (58). As ϕ approaches π/2,
the angle between p1 and p2 decreases and the effect of
non-forward scattering vanishes. This has physical impli-
cations related to geometric effects, as neutrino crossing
angles away from a source are geometrically suppressed.
Besides this, even in absence of geometric suppression,
this feature is expected slow-down the evolution time
scales in simulations with small number of neutrinos and
small number of available momentum modes. Some of
these artifacts will appear in our discussion in the next
Section.
In this section, we studied several key features of the

full Hamiltonian in the two-neutrino toy model:

• Most notably, the hierarchy between the neutrino
kinetic and potential energy (T̄ ≫ 1) results in
pair-wise kinetic energy conservation. Together
with three-momentum conservation, for each pair
of momenta p and q this still opens up an infinite
set of momentum pairs p′ and q′ that contribute
to the evolution (see Appendix A).

• Non-forward processes induce kinetic (momentum)
randomization and have the potential for acceler-
ating flavor evolution.

• The quantitative impact of non-forward terms in
the Hamiltonian depends on the magnitude of the
g factors, which decrease as the relative angle of
two incoming momentum modes decreases.
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FIG. 3. Time evolution induced by the full Hamiltonian
H(F ) for the sum of occupation numbers N+

3 +N+
4 of initially

unoccupied momentum modes p3 and p4 (|ψ(0)⟩ = |v1⟩). The
Hamiltonian parameters are T̄ = 104, ω̄ = 1, and sin 2θ = 0.8.
The momentum parameters are r = 2.0 and ε = 0 while we
vary ϕ.

VI. TWO-DIMENSIONAL MODELS

In this section, we study the time evolution of var-
ious neutrino systems under the full Hamiltonian H(F )

and truncated Hamiltonian H(T ) with momentum modes
taken on a two-dimensional grid:

p̃ ≡ p/T =
2π

LT
z

z = {(zx, zy); zx, zy ∈ Z}
with 0 < |z| ≤ zmax and 0 < zx . (67)

We exclude the zero mode and introduce a “UV” cut-off
pmax that sets the maximal magnitude on the momenta.
Moreover, we only consider the modes with a positive
x component to mimic astrophysical situations in which
there is a net flux of neutrinos.

With this setup, we first demonstrate that kinetic en-
ergy conserves pair-by-pair through the self-interactions
and show that we can safely take this as an exact conser-
vation law at typical temperature of interest T ≳ MeV.
Given that, we impose the pair-wise kinetic energy con-
servation on both the Hilbert space and Hamiltonian, and
explore the collective flavor evolution and kinetic (mo-
mentum) randomization in this system while varying the
number of neutrinos N = 6, 8, 10 and initial states. All
codes developed for the numerical simulations performed
in this section are available online4.

4 https://github.com/yukariyamauchi/neutrinos beyond fwd

A. Pair-wise kinetic energy conservation

As discussed in Section V, when the typical magnitude
of neutrino three-momenta (dictated by the temperature)
is much larger than the neutrino self-interaction poten-
tial energy, out of all couplings contained in Hνν , only
the ones satisfying approximate pair-wise kinetic energy
conservation are expected to affect the dynamics. Here
we demonstrate this within the two-dimensional models
specified by the grid of momentum modes in Eq. (67).
For this purpose, we simulate the time evolution numer-
ically via exact diagonalization of the two Hamiltonians:
the full Hamiltonian and the one with the kinetic energy

conservation imposed in Hνν , which we denote as H
(K)
νν .

Explicitly, H
(K)
νν is

H̄(K) = H̄Kin + H̄(K)
νν

H̄(K)
νν = − 1

V 2

∑
pi,j,k,l∈{p}

[
a†α(pi)a

†
β(pj)aα(pk)aβ(pl)

× δpi+pj ,pk+pl
δ|pi|+|pj |,|pk|+|pl| g(pi,pk,pj ,pl)

(68)

Comparison with Eq. (57) reveals that H̄
(T )
νν ⊂ H̄

(K)
νν ⊂

H̄
(F )
νν .
We set zmax = 3 for the grid of momenta, which gives

11 modes. The simulation is performed in the Hilbert
space with the number of neutrinos N = 2 and 4. There-
fore the dimension of the Hilbert space is dN,11 = 231 or
7315 for N = 2, 4 respectively. We do not make a further
truncation to the Hilbert space. In the following demon-
strations, the Hamiltonian parameters are ω̄ = 1.0 and
sin 2θ = 0.8. We take as initial state at time t = 0 a su-
perposition of all basis states with N electron neutrinos,
assigning an equal amplitude to all such basis states:

|ψ(0)⟩ = 1√
11CN

∑
n

δN,
∑11

i=1 ni,e
|n⟩ , (69)

where nCk denotes the binomial coefficient.
As an example, in the case of N = 2 the squared

modulus of the amplitude of the 20th basis state, which
has electron neutrinos with momentum (zx, zy) = (1,−2)
and (2, 2) is shown in Fig. 4. When the temperature is
low, the state can transition to other 2-neutrino states
such as the one with momentum modes (1, 0) and (2, 0).
However, as the temperature increases, such transitions
are suppressed unless kinetic energy is conserved. In the
infinite-temperature limit, the initial state can transition
only to the states of neutrinos with momentum modes
(2,−2) and (1, 2) on the grid. Fig. 4 shows that as the
temperature T̄ goes up, |c20(t)|2 converges to the time
evolution with H(K). The difference between the ampli-
tude from H(F ) and H(K) is negligible at T̄ = 103 (in
black solid line).
To quantify more globally the difference between

two simulations done with H(F ) or H(K), we
employ the Kullback–Leibler (KL) divergence [40]

https://github.com/yukariyamauchi/neutrinos_beyond_fwd
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FIG. 4. The squared modulus of the amplitude of the 20th
basis state simulated with H(F ) (denoted as “Full”) and with

H(K) (denoted as “Kec”). The Hamiltonian parameters are
ω̄ = 1.0 and sin 2θ = 0.8. The model has k = 11 momentum
modes, and N = 2 neutrinos. Note that the black solid line
is almost on top of the red solid line.

FIG. 5. The Kullback–Leibler divergence of the two proba-
bility densities Pkec(t = 10/E) and Pfull(t = 10/E) defined by

the set of |cn(t)|2 evolved with H
(K)
νν and H

(F )
νν , respectively.

The Hamiltonian parameters are ω̄ = 1.0 and sin 2θ = 0.8
while varying T̄ . The model has 11 momentum modes, and
the number of neutrinos is 2 or 4.

DKL(Pkec(t) || Pfull(t)), where Pkec(t) and Pfull(t) are
probabilities defined by their corresponding |cn(t)|2. In
Fig. 5 we show the KL divergence at time t = 10/E)
for the N = 2, 4 systems while varying T̄ . The KL di-
vergence decreases with temperature T̄ according to a
power law, thus offering a parametric evidence for the
‘dynamical’ pair-wise kinetic energy conservation.

B. Details of the simulated systems

In the rest of the section, we impose that pair-wise ki-
netic energy conservation holds exactly in the neutrino-
neutrino self-interaction as in H(K). Additionally, we ex-
clusively focus on the neutrino self-interaction and turn
off the vacuum oscillations by setting ω̄ = 0. This con-
dition allows us to decompose the entire Hilbert space
into the subspaces with a fixed total momentum, kinetic
energy, and particle numbers Ne (electron neutrino) and
Nµ (muon neutrino). Even within each subspace with
these fixed quantities, there are multiple disconnected

subspaces — the matrix element of H
(F )
νν is non-zero only

when the two states have a pair of two momentum modes
whose total momentum and kinetic energy are the same.
On the momentum grid with zmax = 5 with k = 35 mo-
mentum modes as shown in the left panel of Fig. 6, we
focus on three such subspaces: H1 with N = 6, H2 with
N = 8, and H3 with N = 10, where N denotes the total
number of neutrinos. We choose the number of electron
neutrino to be Ne = N/2 + 1. Some defining quantities
of the Hilbert spaces are summarised in Table. I.
The basis states in these Hilbert spaces are enumerated

by picking a “reference basis state” and listing all other
basis states that can be reached from the reference state
via repeatedly applying the self-interaction H̄

(K)
νν . The

reference state we used for H1 is |n⟩ with

nie =

{
1 i = 1, 6, 11, 26

0 otherwise

niµ =

{
1 i = 9, 34

0 otherwise .

(70)

The reference state for H2 is

nie =

{
1 i = 1, 6, 11, 13, 21

0 otherwise

niµ =

{
1 i = 26, 29, 34

0 otherwise ,

(71)

and the reference state used for H3 is

nie =

{
1 i = 1, 6, 9, 11, 13, 21

0 otherwise

niµ =

{
1 i = 26, 27, 29, 34

0 otherwise .

(72)

The momentum modes are labeled in an increasing order
of zy and zx, e.g.,

z1 = (1,−4) , z6 = (3,−3) , z9 = (2,−2)

z11 = (4,−2) , z13 = (2,−1) , z21 = (1, 1)

z26 = (2, 2) , z27 = (3, 2) , z29 = (1, 3)

z34 = (2, 4) . (73)
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FIG. 6. Left: 35 momentum modes are shown in pink circles on the grid with the maximal magnitude zmax = 5 (blue line).

Right: The equilibrium expectation values of NN
+/−
i computed with Eq. (74) are shown in blue and red respectively for H3.

Hilbert space Ne Nµ k Total z
∑

i |zi| dh

H1 4 2 14 (13,0) 23.30 158
H2 5 3 18 (16,0) 26.95 1434
H3 6 4 20 (21,0) 33.38 6922

TABLE I. Some defining quantities of the three Hilbert sub-
spaces we study, that is, the number of neutrinos Ne, Nµ, the
number of momentum modes k involved in the time evolution,
total momentum, total kinetic energy, and the dimension of
the Hilbert space (dh).

From these reference states, H
(K)
νν populates a total of

14, 18, or 20 momentum modes for H1,2,3, thus allowing
us to study the effects of non-forward scattering. The
dimension of the Hilbert space becomes dh = 158, 1434,
and 6922 for H1,2,3 respectively.

By construction, any initial state in Hi (i = 1, 2, 3)
stays in Hi when evolved with H(K). For the sake of
simplicity, we study the time evolution of 15 basis states
for each case. These initial states have the same momen-
tum content as the reference states but have different
flavor contents, with the total number of electron neu-
trinos fixed to N/2 + 1. For N = 6, there are 15 such
basis states since 6C4 = 15. For N = 8, 10 we picked
15 states from 8C5 or 10C6 number of such basis states.
These initial states are far from equilibrium in both fla-
vor and kinetic degrees of freedom. We leave the study
of a more realistic initial state that mimics the situation
in hot dense media of neutrinos to future work.

The time evolution of these initial states is performed
by exactly diagonalizing the full or truncated Hamil-
tonian and applying the corresponding unitary time-

evolution operator e−iHt to the initial state. The Hamil-
tonian parameters are chosen to be sin 2θ = 0.8 and
ω̄ = 0. The diagonal terms in HKin proportional to T̄
are dropped, since they are proportional to the identity
in the restricted Hilbert spaces. For the rest of the sec-
tion, we study various quantities that charachterize the
time evolution of the chosen initial states: Loschmidt
echo, N

+/−
i , and the one-body entropies introduced in

Sec. III.
We close this section by introducing a microcanonical

ensemble for the systems we study [41]. All basis states
of a given Hilbert space, Hi (i = 1, 2, 3), have the same
kinetic energy, which dominates the energy of the basis
states given the hierarchy Eq. (53). Since all the basis
states |j⟩ in Hi have the same particle numbers Ne, Nµ,
and total energy, in a microcanonical ensemble they are
equally probable and the corresponding density operator
is

ρmc =
1

dh

dh∑
j=1

|j⟩⟨j| . (74)

In equilibrium, the expectation values of various observ-
ables O are computed as Tr [ρmcO]. The equilibrium ex-
pectation values of N+ and N− will be used to in later
sections to quantitatively assess kinetic and flavor equi-
libration of our models. These equilibrium values are
shown in the right panel of Fig. 6 for H3.

C. Loschmidt echo

We begin the comparison of the time volution un-
der the full and truncated Hamiltonian by studying the
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FIG. 7. Loschmidt echo over time for the three cases, N = 6
(in H1), N = 8 (in H2), and N = 10 (in H3). Results from
the time evolution under the full Hamiltonian, (F), are shown
in solid lines, while truncated ones, (T), are in dotted lines.
For each case, we chose a basis state in H1, H2, or H3 as the
initial state. We turn off the vacuum oscillation (ω̄ = 0).

Loschmidt echo L ≡ |⟨ψ(t)|ψ(0)⟩|2. At early time, the
decrease of the Loschmidt echo indicates how quickly the
amplitude of the wave function spreads from the initial
state to the rest of the Hilbert space. The curvature of
the echo at time t = 0 is the negative of the variance of
the Hamiltonian ⟨ψ(0)|H|ψ(0)⟩2 − ⟨ψ(0)|H2|ψ(0)⟩. This
variance naively quantifies how densely the initial state is
connected to the rest of the Hilbert space via the Hamil-
tonian, since theH2 piece measures the sum of the square
moduli of the Hamiltonian matrix elements between the
initial state and all other states. In particular in our
simulation setup, since the initial state is taken to be
one of the basis states |ψ(0)⟩ = |i⟩, the curvature of the
Loschmidt echo at t = 0 is

d2

dt2
|⟨ψ(t)|ψ(0)⟩|2

∣∣∣
t=0

= −
∑
j ̸=i

|⟨i|H|j⟩|2 . (75)

Therefore one expects that the Loschmidt echo decreases
more rapidly with the full Hamiltonian than with the
truncated Hamiltonian for a given initial state.

Early-time behavior of the Loschmidt echo is shown
for one of 15 initial states for N = 6, 8, 10 in Fig. 7.
As expected, the Loschmidt echo evolved under the full
Hamiltonian (solid lines) decreases faster to lower values
compared to those form the truncated simulation (dotted
lines). Although the Loschmidt echo does not give sepa-
rate information about the time scale of flavor evolution
or kinetic randomization, it can still provide us with the
evidence that the full Hamiltonian is able to spread the
amplitude of the wave function more quickly to a larger
Hilbert space than what the truncated Hamiltonian can
achieve. Note that the Loschmidt echo from the full sim-
ulations especially with N = 8 and 10 show rather quick
convergence, whereas the others fluctuate about ∼ 0.3.

This is due to the smallness of the number of neutrinos
and a resulting small dimension of the Hilbert space. It is
demonstrated in [30] that the Loschmidt echo decreases
and converges quickly for N = 10 − 16 systems under
the truncated time evolution. We have confirmed this
behavior in our simulations for N = 10− 14.
To quantify the difference in randomization time scale

under the full or truncated Hamiltonian, we introduce
tL, defined as the time at which the Loschmidt echo
reaches its first minimum. In Fig. 8, we show tL and
the Loscmidt echo at the time for all 15 initial states in
all N on the left panel. The circles show tL obtained in
the wave function evolved by the full Hamiltonian, while
triangles correspond to the truncated Hamiltonian. The
difference between tL and the Loschmidt echo at the time
tL by H(F ) and H(T ) is striking. The full time evolution,
on average, achieves a minimum Loschmidt echo a few
order of magnitude smaller, in a shorter time. To em-
phasize this point, we compare the time scale for each
initial state from the full and truncated Hamiltonian on
the right panel of Fig. 8. The figure shows t

(T )
L − t

(F )
L ,

i.e., the difference of tL between two Hamiltonians on the
horizontal axis and the ratio of the echos L(T )/L(F ) on
the vertical axis. For almost all initial states taken for
N = 6, 8, 10, tL is smaller with the full time evolution and
Loschmidt echo is smaller at the first minimum. Within
our study, we are not able to observe an obvious trend
in tL as we vary the number of neutrinos N . We will
leave the study of the behavior of the Loschmidt echo in
systems with larger N to future work.

D. Single neutrino observables

In this section we analyse kinetic randomization and
flavor evolution of our neutrino systems separately
through the occupation numbers N+, N− introduced in
Eq. (45). In particular, we show that these expectation
values converge to their equilibrium values from the mi-
crocanonical ensemble in Eq. (74), thus demonstrating
the equilibration process of our models.
The neutrino flavor degrees of freedom evolve over time

due to their vacuum oscillation (which we do not con-
sider here by setting ω̄ = 0) and self-interaction. While
forward scattering can cause flavor equilibration by ex-
changing flavors among neutrinos [30], non-forward scat-
tering processes are expected to speed-up the equilibra-
tion process by activating the modes which are inaccessi-
ble via forward scattering and letting flavor mixing hap-
pen within those modes. To visualize this effect, we in-
spect N−

i , which is the difference between the occupation
number of flavors e and µ for the momentum mode zi.
As an example, in the left panel of Fig. 9 we show N−

i
over time for all modes zi from the time evolution of a
basis state in H3 (N = 10). When using the truncated
Hamiltonian, only the 10 initially populated bins evolve
(shown in red), starting at either N N−

i = 1 (electron
neutrino) or N N−

i = −1 (muon neutrino). On the other
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FIG. 8. Left: Loschmidt echo time scale tL when the echo reaches its first minimum and the echo at the time. The initial
states chosen in Sec. VIA are evolved either via the full and truncated Hamiltonian. These initial states differ only by the flavor
content of each momentum mode, but the populated momentum modes and total number of electron (and muon) neutrinos
are fixed. Due to this choice, combined with the artifact of the momentum grid, some simulations yield the same Loschmidt
echo. Right: the difference between tL and ratio of the Loschmidt echo at tL are shown for each initial state.

FIG. 9. Left: N−
i (normalized to 1) for each momentum mode pi over time. The initial state is a basis state in H3 (with

N = 10) and is time evolved under the full (F) or truncated (T) Hamiltonian. Right: N+
i (normalized to 1) for each momentum

mode pi over time from the same simulation as the left panel.

hand, when using the full Hamiltonian, 10 additional mo-
mentum modes are activated via non-forward scattering
processes through the time evolution. We see this effect
in Fig. 9 already at early time t ∼ 0.2/E . A closer look
at the evolution of N−

i at very early time indicates an
acceleration of flavor evolution via non-forward scatter-
ings. We will quantify this acceleration in more detail in
the next section by looking at the one-body entropy.

After N−
i s decrease to nearly zero for both full and

truncated evolutions around t ∼ 0.5/E , N−
i s show nar-

rower fluctuations with the full Hamiltonian than with
the truncated Hamiltonian. In the full evolution, N−

i
(normalized to 1) converges to the equilibrium values
(right panel of Fig. 6) quickly and fluctuate around the
equilibrium by ≲ 0.02. This is shown in the upper panel
in Fig. 10 — the black lines are the difference of N−

i

from the microcanonical value, N−
i − N−

i,M.C., for all 20

momentum modes and the red line (σN−) shows the stan-
dard deviation of the difference across the 20 modes.
ClearlyN−

i s converge to the equilibrium values at around
t = 0.5/E and the fluctuate around equilibrium. This is
the first evidence we show regarding the equilibration of
flavor degrees of freedom in our models. We will further
confirm this finding in the next section.

Kinetic randomization of many-body neutrino systems
is what we observe only in the presence of the non-
forward self-interactions. On the right panel of Fig. 9, we
show NN+

i for all momentum modes for a 10-neutrino
simulation in the Hilbert space H3 — the same initial
state as the one shown on the left panel for N− is used.
Our results indicate that momentum mode occupation
numbers start fluctuating around asymptotic values for
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FIG. 10. Top: deviation of N−
i from the equilibrium values

(computed with Eq. (74)) for all momentum modes, along
with the standard deviation (σN−). Bottom: deviation of
N+

i from the equilibrium values for all momentum modes,
along with the standard deviation (σN+). The initial state is
the same as the one shown in Fig. 9.

times t ∼ (2− 5)/E , depending on the momentum mode.
The convergence of N+ to equilibrium is shown in the
lower panel of in Fig. 10 — the black lines are the dif-
ference of N+

i from the microcanonical value for all 20
momentum modes and the red line (σN+) shows the stan-
dard deviation of the difference across the 20 modes. The
deviation of N+

i from equilibrium does not appear to
drop as quickly as the deviation of N−

i from equilibrium.
This could be attributed to the fact that it takes time for
some momentum modes to be populated from a certain
initial state due to the smallness of the g factors – an
effect that we expect to disappear in larger systems and
for initial states with more isotropic momentum distri-
bution.

To summarise, the time evolution of N+
i and N−

i in
our model with N = 10 neutrinos shown in Fig. 9 demon-
strate two things. First, non-forward scattering change
the flavor evolution of the state by activating momen-
tum modes that are initially unoccupied. It appears that
the activation of unoccupied modes accelerate the flavor
equilibration. Second, even in such a small system of
neutrinos, the initial state that is far from equilibrium
can kinetically thermalize. The time scales for flavor and
kinatic equilibration appear to be both t ∼ O(1)/E , and
further studies will be needed to possibly disentangle the
two.

E. Entanglement entropy

Finally, we quantitatively assess the time scales of the
flavor evolution and kinetic thermalization via the one-
body entropies S(ρ(1)), S(ρ̄(i)) and S(ρ(1,K)), which are
introduced in Eq. (49) and Eq. (51) respectively. The

FIG. 11. Time evolution of the one-body entropy S(ρ(1)), its

kinetic component S(ρ(1),K), and flavor component S(1),AF =

S(ρ(1)) − S(ρ(1),K) for a 10-neutrino basis state. The black
lines show the entropies from the time evolution with the full
Hamiltonian, while the red lines show the entropies from the
time evolution generated by the truncated Hamiltonian. The
maximal entropy computed from the microcanonical ensemble
is shown by the blue line.

one-body entropy S(ρ(1)) quantifies the entanglement of
one neutrino with the rest of the system, and it can be
divided to two parts: the kinetic entanglement S(ρ(1,K))
and flavor entanglement (S(1),AF = S(ρ(1)) − S(ρ(1,K)).
In Fig. 11, we show these one-body entropies of a 10-
neutrino state over time. The initial state is the same
N = 10 basis state as the one used in Fig. 9. The black
lines show the entropies from the full simulation, while
the red lines show those from the truncated evolution.
For each Hamiltonian, S(ρ(1)), S(ρ(1,K)), and S(1),AF are
shown in solid line, dashed line, and dash-dotted line re-
spectively. At initialization, the flavor component of the
entropy, S(1),AF , is zero since each neutrino has definite
flavor e or µ. On the other hand, since 10 momentum
modes are occupied, the kinetic component, S(ρ(1,K)),
starts at a non-zero value. Under the time evolution with
the full Hamiltonian, both the kinetic and flavor compo-
nent of the entropy grow and their sum asymptotes to the
maximal value predicted via the microcanonical ensem-
ble (shown in the blue line). Under the truncated evo-
lution, while the flavor component of the entropy grows
over time, the kinetic component stays constant due to
the lack of non-forward scattering processes. In this ex-
ample, the flavor component of the entropy grows at very
similar rate with the full or truncated evolution. We will
take a closer look at the difference between flavor evolu-
tion under the two Hamiltonians later in the section.

To quantify the time scale associated to the growth of
entropy for N = 6, 8, 10, we define tS to be the time when
the one-body entropy S(ρ(1)) reaches its first maximum.
We show tS and the value of entropy at tS divided by the
maximal value via microcanonical ensemble in Fig. 12 for
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FIG. 12. Time at which the one-body entropy S(ρ(1)) reaches
its first maximum, tS , and the entropy at tS is shown for 15
initial states with N = 6 (black), N = 8 (blue), or N = 10
(red). Circles show the results with obtained with the full
Hamiltonian, while the triangles show those obtained with
the truncated Hamiltonian.

N = 6, 8, 10 neutrinos evolved from the 15 initial states
introduced in Sec. VIA. Most notably, for the full simu-
lation shown in circles, most initial states reach over 95%
of the maximal entropy around tS ∼ 0.5/E . Interestingly,
among the systems we study, we do not see much differ-
ence in tS as the number of neutrino is varied. Note that
the initial states will not be able to reach the maximal
entropy under the truncated time evolution, as shown by
the triangles in Fig. 12. This is because the kinetic com-
ponent of the entropy can not be maximized due to the
lack of non-forward scattering processes.

To gain insight on the flavor and kinetic equilibration
time scales, we look into the kinetic and flavor com-
ponent of the entropy separately. Regarding the flavor
evolution, the flavor component of the one-body entropy
is a weighted (by N+

i /N) sum of the one-mode entropy

S(ρ̄(i)) as is shown in Eq. (49). Therefore, to remove the
information on the kinetic randomization, we will first
study the one-mode entropy directly. Following that, we
will study the time scale of kinetic randomization from
the kinetic component S(ρ(1,K)) of the one-body entropy.

The entropy of the one-mode (normalized) density ma-
trix ρ̄(i) quantifies the entanglement of neutrinos due to
their flavor degrees of freedom. As was hinted via the 2-
neutrino toy model in Fig. 2, flavor evolution can be ac-
celerated by non-forward scattering processes since they
open up momentum modes that are initially unoccupied,
and flavor evolution can take place within those new sec-
tors of the Hilbert space. To illustrate this observation,
in Fig. 13, we show the one-mode entropy S(ρ̄(i)) over
time for 5 (z1, z6, z9, z11, z13) out of 10 momentum modes
that are occupied in the 10-neutrino initial state. The
entropy of the wave function evolved under the full and
truncated Hamiltonians are shown in black and red lines

FIG. 13. The entropy per momentum bin, S(ρ̄i), is shown
for 5 (z1, z6, z9, z11, z13) out of 10 momentum modes that are
initially occupied in a 10-neutrino basis state. Black lines
show the entropy computed via the full Hamiltonian, while
the red lines show those from the truncated Hamiltonian. The
line patterns characterizes a given momentum bin, regardless
of the Hamiltonian used for the time evolution.

respectively. The same line type is used for the entropy
of the same momentum mode from the full and truncated
time evolution. The figure shows that the entropy grows
slightly faster under the full time evolution than via the
truncated one (except those in short dashed lines which
behave nearly the same for full and truncated evolution).
To quantify the time scale of flavor evolution, we in-

troduce tS̄ to be the time when the one-mode entropy
reaches 90% of the maximal value, i.e., 0.9 × log 2, for

the first time. In Fig. 14, we show the time scales t
(F/T )

S̄
(full or truncated evolution) on the horizontal and ver-
tical axis respectively for initial momentum modes in all
15 simulations. Since we focus on the momentum modes
in Eq. (73) that are occupied at t = 0 and do not count in
those that are populated later by the non-forward scat-
tering processes, the total number of data points should
be 90 for N = 6, 120 for N = 80, and 150 for N = 10
for both full and truncated set-ups. However, we dis-
carded those tS̄ > 0.6/E , thus 17 (N = 6), 20 (N = 8),
or 9 (N = 10) data points from the truncated simula-
tions are excluded from the plots. The distribution of

points around the line of t
(F )

S̄
= t

(T )

S̄
in black demon-

strates the speed-up of flavor evolution via non-forward
scattering processes even in these small systems. To show
this result even more explicitly, in Fig. 15 we plot the

normalized histogram of the ratio t
(T )

S̄
/t

(F )

S̄
for the range

[0, 3.25]. The bin with range [0.95, 1.05) is marked with
the black vertical line. By comparing the bins on the left
and right side of the vertical line, one can clearly see that
the non-forward processes affect the time scale of flavor
evolution for individual momentum modes and induce a
bias towards faster equilibration.
While we observed acceleration of flavor evolution via
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FIG. 14. The time scale tS̄ from the full and truncated evolution are on the horizontal and vertical axis respectively. Results

from all 15 simulations and for all momentum modes in Eq. (73) are shown together. The solid lines show the line of t
(F )

S̄
= t

(T )

S̄
.

FIG. 15. The histogram of the ratio t
(T )

S̄
/t

(F )

S̄
(truncated/full) in the range < 3.25. Results from all 15 simulations and for all

momentum modes in Eq. (73) are counted in together. The histogram is normalized by the total number of counts, that is 90,
120, 150 for N = 6, 8, 10 respectively.

the full Hamiltonian in our small models, it is difficult to
conclude much about the dependence of the time scales
on N and k. We will leave a study of flavor evolution
time scale with larger number of neutrinos and/or larger
number of momentum modes to future work, where we
expect to see further speed-up in the equilibration in the
flavor degrees of freedom.

We close the section by demonstrating kinetic ther-
malization in our neutrino systems evolved with the full
Hamiltonian. The kinetic properties of many-body neu-
trino systems are captured by the occupation numbers
N+

i , and their expected values in equilibrium can be
computed from the microcanonical ensemble in Eq. (74).
Equivalently, the kinetic one-body entropy S(1,K) should
increase over time and asymptote to the maximal value
predicted from the microcanonical ensemble as the sys-

tem equilibrates. In Fig. 16, we show the ratio of S(1,K)

to its maximal value in microcanonical ensemble over
time for the 15 initial states in black, blue, and red
lines for N = 6, 8, 10 cases respectively. The ratios for
N = 8, 10 are shifted by 0.1 and 0.2, respectively. The
values of S(1,K) in equilibrium are 2.567 for N = 6, 2.837
for N = 8, and 2.909 for N = 10. The systems with
6 neutrinos have trouble completely thermalizing in our
model. On the other hand, we see a nice convergence of
the entropy to the maximal value for 8 and 10-neutrino
states.

In this section, we analysed the one-body entropy and
the time scales tS and tS̄ , that are defined according
to the growth of entropy over time. Under the full
time evolution, the one-body entropy S(ρ(1)) reaches the
first maximum for 6, 8, and 10-neutrino systems around
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FIG. 16. The ratio of the kinetic component of the one-body
entropy, S(1,K), to its maximal value in equilibrium is shown
over time for 15 initial states. The lines N = 8 (blue) and
N = 10 (red) are shifted by 0.1 or 0.2 for better visualization.
The dotted lines show the maximal entropy predicted from
the microcanonical ensemble.

t ∼ 0.5/E , and we do not see an obvious trend as we
vary the number of neutrinos. According to the defini-
tion of S(ρ(1)), the maximal entropy cannot be achieved
using the truncated Hamiltonian due to the lack of non-
forward scattering processes. Flavor evolution is where
we can directly compare the full and truncated Hamil-
tonian. First, we show that flavor equilibration demon-
strated in Ref. [30] in the forward limit occurs with the
full Hamiltonian as well. Furthermore, we show evidence
within our models that the full Hamiltonian changes the
flavor evolution in the direction of accelerating the equi-
libration. Thermalization of the momentum distribution
is demonstrated in our model, and the time scale for ki-
netic thermalization appears to be slightly longer longer
than the flavor equilibration time scale. We do not have
evidence that these time scales are independent of the
models we chose. In particular, the separation of two
time scales can vary with the number of neutrinos or
available momentum modes. We leave the study of these
time scales with larger number of neutrinos and/or mo-
mentum modes to future work.

VII. CONCLUSIONS AND OUTLOOK

In this paper we studied neutrino flavor evolution
in the quantum many-body approach using the full
neutrino-neutrino Hamiltonian, going beyond the com-
monly adopted truncated version that allows only for the
couplings of neutrino pairs satisfying the forward kine-
matics condition.

We have set up a framework to implement the time
evolution of the system using the occupation number rep-
resentation for the many-body system. In this setup,

we have explored the evolution of simple initial states,
i.e. product states of neutrinos with different flavor and
momenta. For simplicity, we have restricted the analy-
sis to two flavors. We have studied a toy model with
N = 2 neutrinos and models with momenta on a two-
dimensional grid with N = 6, 8, 10 neutrinos and up to
k = 20 momentum modes. We have quantified the time
scales for evolution of flavor and momentum degrees of
freedom, and their interplay. The main lessons from our
explorations can be summarized as follows:

• The hierarchy between the neutrino kinetic and po-
tential energy (T ≫ GFT

3) results in dynamical
pair-wise kinetic energy conservation. This is the
statement that non-forward terms inHνν , that cou-
ple incoming and outgoing pairs of neutrions, sig-
nificantly affect the time evolution only when the
difference in kinetic energy of the two pairs is on
the order of or smaller than potential energy due
to the self-interactions. This observation leads to
simplifications in the algorithm for time evolution.
Moreover, it is worth mentioning that together with
three-momentum conservation, for each pair of mo-
menta p and q this dynamical kinetic energy con-
servation still opens up an infinite set of momentum
pairs p′ and q′ that contribute to the evolution (see
Appendix A). A byproduct of this analysis is that
one can only see significant differences between full
and truncated evolution in systems with spacetime
dimension d > 2.

• On the qualitative side, we find that non-forward
processes affect the dynamics significantly. First,
even for the small systems with up to N = 10 con-
sidered in this study, we find that non-forward pro-
cesses induce kinetic (momentum) randomization
on top of the flavor randomization already induced
by the truncated Hamiltonian [30]. We observe
‘thermalization’, i.e. convergence towards expec-
tation values in a suitably defined microcanonical
ensemble, in both flavor and momentum on com-
parable time scales. We also observe that the in-
clusion of non-forward processes generates a faster
flavor evolution compared to the one induced by
the truncated (forward) Hamiltonian.

• On the quantitative side, we studied the impact on
the evolution time scales using a number of met-
rics, such as the Loschmidt echo and the entangle-
ment entropy associated with the one-body density
matrix. The time scales in all observables are com-
parable, with t ∼ O(1)/E .

Many open questions remain before one can draw def-
inite conclusions about problems of astrophysical inter-
est. We can identify several interesting thrusts for fu-
ture investigations: (i) Work towards more realistic ini-
tial condition within the many-body approach. A key
step in this direction is the simulations with larger num-
ber of neutrinos (N), which will enable a number of
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interesting investigations. These include studying the
scaling of various observables and time scales with N ;
exploring the possible emergence of coherent enhance-
ments, e.g. by considering states with multiple neutrinos
within a given solid angle; exploring the effect of spa-
tially non-homogeneous initial conditions; assessing the
impact on nucleosynthesis [42] and on the neutrino sig-
nal from galactic supernovae. (ii) Implementation on a
quantum computer, which requires finding efficient map-
pings of the full Hνν onto qubit Hamiltonians. (iii) Work
towards a comparison with the QKEs, using as common
ground the one-body density matrix.
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Appendix A: Kinematics of 2 → 2 scattering

Consider the reaction να(p) + νβ(q) → να′(p′) +
νβ′(q′). We want to parameterize all the pairs of 3-
vectors p′, q′ such that p + q = p′ + q′ and |p| +

|q| = |p′| + |q′| in terms of p, q, and two angles, de-
noted below by θ and ϕ. This is achieved by (i) boost-
ing to the center of mass (CMS) system of the ini-
tial momentum pair (p,q) → (pCMS ,qCMS); (ii) pa-
rameterizing the outgoing momenta for elastic scatter-
ing (pCMS ,qCMS) → (p′

CMS ,q
′
CMS) in terms of the

polar and azimuthal angles (θ, ϕ) of the unit vector
v̂ ≡ p′

CMS/|p′
CMS |; (iii) boosting back to the original

reference frame (p′
CMS ,q

′
CMS) → (p′,q′).

Explicitly, in terms of the CMS velocity β = (p +

q)/(|p| + |q|), γ = 1/
√

1− β2, the unit vector v̂ =
(sin θ cosϕ, sin θ sinϕ, cos θ), and |pCMS | = |qCMS | =
γ(|p| − β · p), one has

p′ = |pCMS |
(
v̂ + β

(
γ +

γ − 1

β2
β · v̂

))
(A1)

q′ = |qCMS |
(
−v̂ + β

(
γ − γ − 1

β2
β · v̂

))
. (A2)

Appendix B: Hamiltonian including anti-neutrinos

In Section II we explicitly wrote only the neutrino-
neutrino part of Hνν , ignoring anti-neutrinos. Here we
will write down all terms in the many-body Hamiltonian,
taking into account both neutrinos and anti-neutrinos.
Treating neutrino masses as a perturbation, we only in-
clude positive helicity anti-neutrino modes and use the
notation bα(p,+) → bα(p), with α = e, µ.
The kinetic part of the Hamiltonian for the anti-

neutrinos can be obtained by just replacing the ae/µ by
be/µ in Eq. (14). When considering the interaction terms,
the ν̄-ν̄ and ν-ν̄ terms in Hνν are proportional to the
same angular function g(p′,p,q′,q) that controls the ν-
ν interactions. Keeping only the terms that conserve
total particle number (i.e. discarding terms that mediate
ν ↔ νν̄ν) we find

Hνν =
GF√
2

∑
α,α′,β,β′

∫
dq

(2π)3
dq′

(2π)3
dp

(2π)3
dp′

(2π)3
g(p′,p,q′,q)

δα′αδβ′β + δα′βδβ′α

2

×
(
a†α′(p

′) aα(p) a
†
β′(q

′) aβ(q) (2π)
3δ(p+ q− p′ − q′)

+ 2 a†α′(p
′) aα(p) bβ′(q′) b†β(q) (2π)

3δ(p− q− p′ + q′)

+ 2 bα′(p′) b†α(p) a
†
β′(q

′) aβ(q) (2π)
3δ(p− q− p′ + q′)

+ bα′(p′) b†α(p) bβ′(q′) b†β(q) (2π)
3δ(p+ q− p′ − q′)

)
. (B1)
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