CONFORMAL PARA QUATERNIONIC CONTACT CURVATURE AND THE
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ABSTRACT. A tensor invariant is defined on a para quaternionic contact manifold in terms of the
curvature and torsion of the canonical para quaternionic connection involving derivatives up to third
order of the contact form. This tensor, called para quaternionic contact conformal curvature, is similar
to the Weyl conformal curvature in Riemannian geometry, the Chern-Moser tensor in CR geometry,
the para contact curvature in para CR geometry and to the quaternionic contact conformal curvature
in quaternionic contact geometry.

It is shown that a para quaternionic contact manifold is locally para quaternionic contact conformal
to the standard flat para quaternionic contact structure on the para quaternionic Heisenberg group,
or equivalently, to the standard para 3-Sasakian structure on the para quaternionic pseudo-sphere iff
the para quaternionic contact conformal curvature vanishes.
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1. INTRODUCTION

We develop a tensor invariant in the sub-Riemannian geometry of para contact structures on a
4n + 3-dimensional differentiable manifold related to the algebra of para quaternions, known also as
split quaternions [6], quaternions of the second kind [15], and complex product structures [2]. The
para quaternionic contact structures, introduced in [5], turns out to be a generalization of the para
3-Sasakian geometry developed in [, 0].

Para quaternionic contact geometry is a topic with some analogies with the quaternionic contact
geometry introduced by O.Biquard [3] and its developments in connection with finding the extremals
and the best constant in the L? Folland-Stein inequality on the quaternionic Heisenberg group and
related quaternionic contact Yamabe problem [3, 9, 11, 10, 13], but also with differences mainly because
the para quaternionic contact structure lead to sub-hyperbolic PDE instead of sub-elliptic PDE in the
quaternionic contact case.

A para quaternionic contact (pqc) manifold (M, [g], PQ) is a 4n + 3-dimensional manifold M with a
codimension three distribution H locally given as the kernel of a 1-form n = (11,12, n3) with values in
R3. In addition, H has a conformal Sp(n, R)Sp(1,R) structure, i.e. it is equiped with a conformal class
of neutral metrics [g] of signature (2n,2n) and a rank-three bundle PQ consisting of (1,1)-tensors on H,
locally generated by two almost para complex structures I1, Is and an almost complex structure I3 on H,
satisfying the identities of the imaginary unit para quaternions, I? = I3 = idy, I3 = —idy, LIz =
—I 1 = I3, such that _€z2g(IzX; Y) = d?’]Z(X, Y), €1 = €3 = —€3 = 1, g e [g]

The 1-form 7 is determined up to a conformal factor. Hence, H becomes equipped with a conformal
class [g] of neutral Riemannian metrics of signature (2n,2n). Transformations preserving a given pqc
structure 7, i.e. 7 = u®n for a non-vanishing smooth function p and a SO(1, 2) valued smooth matrix @,
are called para quaternionic contact conformal (pgc conformal) transformations. To every metric in the
fixed conformal class one can associate a linear connection V preserving the pqc structure, introduced
in [5], the (canonical) pgc connection.

A basic example is provided by any para 3-Sasakian manifold, which can be defined as a (4n + 3)-
dimensional pseudo Riemannian manifold, whose Riemannian cone is a hypersymplectic manifold.

The para quaternionic Heisenberg group pQH with its ”standard” left-invariant pqc structure is the
unique (up to a SO(1,2)-action) example of a pqc structure with flat canonical connection [5]. As a
manifold pQH = pH" x ImpH, while the group multiplication is given by

(qlvw/> = (QOawo)o(Qaw) = (qo + qw + wo + 21Im QOQ)v

where ¢, ¢, € pH" and w,w, € Im pH. The standard flat para quaternionic contact structure is defined
by the left-invariant para quaternionic contact form

~ < o~ o~ 1
@ = (@1, @2, @3) = §(dw — qdq + dch),

where . denotes the para quaternion multiplication.

The aim of this paper is to find a tensor invariant on the tangent bundle, characterizing locally the
pqc structures, which are para quaternionic contact conformally equivalent to the flat pqc structure on
the para quaternionic Heisenberg group pQH . With this goal in mind, we describe a curvature-type
tensor WP defined in terms of the curvature and torsion of the canonical connection by (4.20), involv-
ing derivatives up to second order of the horizontal metric, whose form is similar to the Weyl conformal
curvature in Riemannian geometry (see e.g. [7]), to the Chern-Moser invariant in CR geometry [1], see
also [16], the para contact conformal curvature dveloped in [14] and to the quaternionic contact confor-
mal curvature described by Ivanov-Vassilev in [12], see also [13]. We call WP the para quaternionic
contact conformal curvature, or pgc conformal curvature. The main purpose of this article is to prove
the following two facts.
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Theorem 1.1. The pqc conformal curvature WP is invariant under pge conformal transformations.

Theorem 1.2. A pqc structure on a (4n+3)-dimensional smooth pqc manifold is locally pgc conformal
to the standard flat pqc structure on the paraquaternionic Heisenberg group pQH if and only if the pqc
conformal curvature vanishes, WP = 0.

We define a local map between the para quaternionic Heisenberg group and the para 3-Sasakian
pseudo-sphere (called the para quaternionic Cayley transform) and show in Proposition 3.1 below that
the para quaternionic Cayley transform establishes a conformal para quaternionic contact automorphism
between the standard para 3-Sasaki structure on the para quaternionic pseudo-sphere pS*"+3 and the
standard flat pqc structure on pQH. As a consequence of Theorem 1.2 and Proposition 3.1, we obtain

Corollary 1.3. A pQC manifold is locally para quaternionic contact conformal to the para quaternionic
pseudosphere pS*™ 3 if and only if the pgc conformal curvature vanishes, WP¢ = 0.

7

Our investigations follow the classical approach used by H.Weyl, see e.g. [7] and are close to [11] and
[12] while [1], and [16] follow the Cartan method of equivalence.

Remark 1.4. Following the work of Cartan and Tanaka, a pgc structure can be considered as an
example of what has become known as a parabolic geometry. The para quaternionic Heisenberg group,
as well as the para quaternionic pseudo-sphere, provide the flat models of such a geometry due to the
para quaternionic Cayley transform. It is well known that the curvature of the corresponding regular
Cartan connection is the obstruction for the local flatness. However, the Cartan curvature is not a
tensor field on the tangent bundle and it is highly nontrivial to extract a tensor field involving the lowest
order derivatives of the structure, which implies the vanishing of the obstruction. Theorem 1.2 suggests
that a necessary and sufficient condition for the vanishing of the Cartan curvature of a pqc structure is
the vanishing of the pgc conformal curvature tensor, WP = 0.

Organization of the paper. The paper relies heavily on the canonical connection introduced in
[5] and the properties of its torsion and curvature described in [5]. In order to make the present paper
self-contained, in Section 2 we give a review of the notion of a para quaternionic contact structure and
collect formulas and results from [5] that will be used in the subsequent sections.

Convention 1.5. We use the following conventions:
a) We shall use X,Y,Z,U to denote horizontal vector fields, i.e. X,Y,Z U € H;

b) {e1,...,en,Tner, ..., ey, Iea, ... Ize,, Iseq, ..., Ise,} denotes an adapted orthonormal basis of the
horizontal space H.;
¢) The summation convention over repeated vectors from the basis {e1, ..., eqn} will be used,
4n n
Ples,er) = > glevses)Rlen,er) = > [P(eb,eb) — P(Iiey, Liey) — P(Izey, Loey) + P(Isey, Isey) |;
b=1 b=1

d) The triple (i,7,k) denotes any cyclic permutation of (1,2,3). In particular, any equation involving
1,7,k holds for any such permutation;
e) s and t will be any numbers from the set {1,2,3}, s,t € {1,2,3}.

Acknowledgements The research of M. Tch. is partially financed by the Furopean Union-Next
Generation EU, through the National Recovery and Resilience Plan of the Republic of Bulgaria,
project N:BG-RRP-2.004-0008-C01. The research of S.I. is partially supported by Contract KP-06-
H72-1/05.12.2023 with the National Science Fund of Bulgaria, Contract 80-10-181 / 22.4.2024 with
the Sofia University ”St.K1.Ohridski” and the National Science Fund of Bulgaria, National Scientific
Program “VIHREN”, Project KP-06-DV-7.
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2. PARAQUATERNIONIC CONTACT MANIFOLDS AND THE CANONICAL CONNECTION

In this section we will briefly review the basic notions of paraquaternionic contact geometry and
recall some results from [5].

The algebra pQ of para quaternions (sometimes called split quaternions [6]) is a four-dimensional
real vector space with basis 1,7y, 79, r3, satisfying r% = 7‘% =1, 7‘?2) =—1, 7rire = —rory =rs3.

This carries a natural indefinite inner product given by < p, ¢ >= Re(pq), where p = t+r3z+r1y+raz
has p =t — rsz — riy — r2z. We have ||p||* = t? + 2% — y* — 2%, so a metric of signature (2,2). This
norm is multiplicative, ||pg||?> = ||p||?||q||?, but the presence of elements of length zero means that pQ
contains zero divisors.

A para quaternionic contact (pqc) manifold (M, g,pQ) is a 4n + 3 dimensional manifold M with
a codimension three distribution H equipped with a metric g of neutral signature (2n,2n) and a
Sp(n,R)Sp(1,R) structure, i.e., we have

i) a rank-three bundle PQ, consisting of (1,1)-tensors on H, locally generated by two almost para
complex structures I7, I> and an almost complex structure I3 on H, satisfying the identities of
the imaginary unit para quaternions,

(21) Ig = €g, IlIJ = —Iin = —Eklk, where €] = €9 = —€3 = 1,
which are para quaternionic compatible with the neutral metric g on H,

(2.2) g(Is., Is.) = —€sg(., ).

ii) H is locally given as the kernel of a 1-form n = (91, 72,73) with values in R®, H = Nn?_, Ker n,
and the following compatibility condition holds

(2.3) —26,9(I,X,Y) = dno(X,Y), X,Y€H.

A pqc manifold (M, g, PQ) is called para quaternionic contact conformal (pqc conformal) to (M, g, Q)
if g = vg, for a nowhere vanishing smooth function v. In that case, if 77 is a corresponding associated
one-form with para quaternionic structure I, we have 7 = v W7 for some ¥ € SO(1,2). In particular,
starting with a pgc manifold (M,n) and defining 7 = wvn we obtain a pqc manifold (M,7), pqc
conformal to the original one.

On a paraquaternionic contact manifold there exists a canonical connection defined in [5].

Theorem 2.1. [5] Let (M, g,pQ) be a para quaternionic contact manifold of dimension 4n + 3 > 7
with a fixed neutral metric g on H. Then there exists a unique supplementary subspace V' to H in T M,
locally generated by a vector fields {&1, &2, &3}, satisfying the conditions

ns (&) = dst, (gstHS)IH =0,
(§jadni) g = ex(&iadn;)|a
and a unique connection N with torsion T on M*" 3, such that:
i) V preserves the splitting H ®V and the Sp(n,R)Sp(1,R)-structure on H, Vg = 0,VpQ C pQ;
i) for X,Y € H, one has T(X,Y) = —[X,Y]y;
iti) for £ € V, the endomorphism T(&,.) i of H lies in (sp(n,R) @ sp(1,R))* C gl(4n);
iv) the connection on V is induced by the natural identification ¢ of V with the subspace sp(1,R)

(2.4)

of the endomorphisms of H, i.e. Vi = 0.

We shall call the above connection the canonical pge connection. The vector fields &1, &2, &3 are called
Reeb vector fields or fundamental vector fields.
The fundamental 2-forms wg of the pqc structure p@ are defined by
—2esweg = dngm, Ews =0, eV
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The second condition ii) yields that the torsion restricted to H has the form
3
(25) TX,Y)=-[X,Y]y =-2)  ews(X, V)& = —2w1(X, V)& — 2wa(X,Y)&2 + 2w3(X, V) Es.
s=1

The fourth condition iv) implies
(2.6) VI = —a; @ Iy + epoypy @ I;, V& = —a; @ &g + epap @ &5,

where the sp(1, R)-connection 1-forms «; are determined by the pqc structure [5, Theorem 3.8].

If the dimension of M is seven, the conditions (2.4) do not always hold. It is shown in [5] that if we
additionally assume the existence of Reeb vector fields as in (2.4), then Theorem 2.1 holds. Henceforth,
by a pqc structure in dimension 7 we shall mean a pqe structure satisfying (2.4).

Notice that equations (2.4) are invariant under the natural SO(1, 2) action. Using the triple of Reeb
vector fields we extend g to a metric on M by requiring span{&1,&2,£3} =V L H and g(&s, &) = —€505k-
The extended metric does not depend on the action of SO(1,2) on V, but it changes in an obvious
manner if 7 is multiplied by a conformal factor. Clearly, the canonical pqc connection preserves the
extended metric on TM,Vg = 0.

2.1. The torsion endomorphism. The properties of the canonical pqc connection are encoded in the
properties of the torsion endomorphism Ty =T'(&,.) : H — H, ¢ € V. Recall that any endomorphism
U of H can be decomposed with respect to the para quaternionic structure (pQ,g) uniquely into
Sp(n, R)-invariant parts as follows ¥ = UH++ 4 ¥+== 4 =+~ + U==+ where YT+ commutes with
all three I;, ¥+~ ~ commutes with I; and anti-commutes with the others two and etc.

The two Sp(n,R)Sp(1, R)-invariant components are given by

(27) \11[3] = \IJ+++, \If[_l] =0T T Ut T

Denoting the corresponding (0,2) tensor via g by the same letter one sees that the Sp(n,R)Sp(1,R)-
invariant components are the projections on the eigenspaces of the Casimir operator

(2.8) T=hLeh + Ll + [3®I3,

corresponding to the eigenvalues 3 and —1, respectively. If n = 1 then the space of symmetric endo-
morphisms commuting with all I;,7 = 1,2, 3 is 1-dimensional, i.e. the [3]-component of any symmetric

endomorphism ¥ on H is proportional to the identity, W(3 = Trf)l dig-
Decomposing the torsion endomorphism T¢ € (sp(n) + sp(1))* into symmetric part T¢*™ and anti-

symmetric part T, we define the tensors 7(X,Y) and pu(X,Y) on H by
50 T(X,Y) = =T (&, LX,Y) — ;T (&, [X,Y) — e T (&, kX, Y);
(29) w(X,Y) = e, T, [,X,Y).

The tensors 7 and p do not depend on the particular choice of the Reeb vector fields and are invariant
under the natural action of SO(1,2).
We summarize the description of the torsion from [5] in the following Proposition.

Proposition 2.2. [5] The tensor 7 on H is symmetric, trace-free, belongs to the [-1]- component and
determines the symmetric part of the torsion endomorphism, i.e. it satisfies the relations

(2.10) 7(X,Y) =7, X), 7(eq,ea)="7Is€a,eq) =0;
(211) T(X, Y) — T(Il,X, Il, Y) — T(I2X, IQY) + T(I3X, I3Y) = 0;
(2.12) Tsvm(¢,, X,Y) = —i T(L,X,Y) + (X, ISY)]

The tensor p is symmetric trace-free, has the properties
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(2.13) WX, 1Y) = —eu(X,Y),
belongs to the [3]- component and determines the skew-symmetric part of the torsion endomorphism
(2.14) T¢s, X,Y) = p(I,X,Y).

If the dimension is seven then p = 0.

2.2. The curvature and the Ricci type tensors. Let R = [V, V] — V| ; be the curvature tensor
of V and denote the curvature tensor of type (0,4) by the same letter. The first Bianchi identity for
the canonical pqc connection reads

215 Y {R(A,B,C,D)}: 3 {(VAT)(B,C,D)+T(T(A,B),C,D)}:b(A,B,C,D),
(A,B,C) (A,B,C)

where 37 4 p ) denotes the cyclic sum and A, B,C, D € I'(TM).
The curvature of a metric connection is skew-symmetric with respect to the last two arguments,
R(A,B,C,D) = —R(A, B,D,C). It follows directly from first Bianchi identity (2.15) that

(2.16) 2Zam(A, B,C, D) = 2R(A, B,C, D) — 2R(C, D, A, B)

— b(A,B,C, D)+ b(B,C,D,A) — b(A,C,D,B) — b(A, B,D,C).

The horizontal Ricci tensor and the scalar curvature Scal of the canonical pgc connection, called pgc
Ricci tensor and pqc scalar curvature, respectively, are defined by

Ric(X,Y) = R(eq, X, Y, e,), Scal = Ric(eq, €q).
The curvature of the canonical pqc connection admits several traces, defined in [5] by
dnps(A, B) = R(A, B, eq, Iseq), 4nos(A, B) = R(eq, Iseq, A, B), 4n(s(A, B) = R(eq, A, B, Ise,).

The curvature operator R(B,C) preserves the pqc structure on M since the connection V preserves
it. In particular, R(B, ') preserves the splitting H & V and the paraquaternionic structure on H, so
R(B,C) € sp(n,R) @ sp(1,R) on H. We use the following result established in [5].

Lemma 2.3. [5] On a pge manifold the next identities hold

(2.17) &R(A,B,; X, ,Y)+ R(A, B, X,Y) = —2¢;p;j (A, Bw;(X.,Y) — 2ep1(A, B)wi(X,Y);
1

(2.18) R(A, B)g = —2eipr(A, B); + 2€ipj (A, B}k, pi = 5 |ewdas — €ja; A Oék};

It is shown in [5] that all horizontal Ricci type contractions of the curvature of the canonical pqc
connection can be expressed in terms of the torsion endomorhism. We utilize the following from [5].

Theorem 2.4. [5] On a (4n + 3)-dimensional pge manifold the horizontal Ricci tensors Ric and
C(X, IY) are symmetric, the horizontal Ricci tensors ps(X, I,Y), 0s(X, I,Y) are symmetric (1,1) ten-
sors with respect to I and the next formulas hold
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(2.19) ‘MdXJU:t%?ﬂXJﬁ+@n+@ﬂXﬁﬂ+@m+1®MXJ%

(220)  pu(X, 1Y) = es%gw Y) g [er(X,Y) = 7(LX,LY)] + 26u(X,Y);

(2.21) 0.(X, 1Y) = es%gm v)+ D2 r (0, Y) — 7(LX L))

222) QGXLY) = ~[rtma(X.Y) = ZEr(Y) + e r (X LY) = 2 (XY )
(2.23) 7(6.6) = gt — 6l

(2.24) (6,65, 1) = pe(1;X, 6) = —p(LiX, ) = wel[6i, €. 0

(2.25) (6. €)) = eupn(6.) = Tzt (Seal)

For n =1 the above formulas hold with u = 0.

Scal
Tdn~
endomorphism of a pqc manifold vanishes exactly when it is locally para 3-Sasakian provided the pqc
scalar curvature is nonvanishing and the dimension is bigger than seven.

It is established in [5] that the whole curvature is determined from the horizontal curvature. We will

Clearly, the condition Ric = g is equivalent to 7 = p = 0. It was shown in [5] that the torsion

use the next result proved in [5].

Theorem 2.5. [5] On a pge manifold the curvature of the canonical connection satisfies the equalities:
1
(2:26) R(&:X.Y.2) = —(Vxp)(LY. 2) = £ |(Vy7)(LiZ, X) + (Vy7)(Z, LX)

+ 1 [(Van @Y X) + (V28 5] + (X V)pr(1:2,60) — (X, Vs (1.2,60)
—w;(X, Z)pe (LY, &) + wi (X, Z)p; (LY, &) — w; (Y, Z)pi(Li X, &) + wi (Y, Z)p; (1iX, &).

(2:27)  R(&, &5, X, Y) = (Ve ) (X, Y) = (Ve 1) (LX,Y) + €5 (Vxpr) (1Y, &)

2 [(Ven Xy + (Ve LY)] + 1[(Ve DX V) + (Ve r) (X, 1)

Scal
8n(n + 2)

where the Ricci 2-forms are given by

+ €k T(g/ﬁ X7 Y) - T(gju Xu ea)T(§i7 €a, Y) + T(§J7 €a, Y)T(glu Xu ea)u

3 (Vo 1) Lias 1:X) + €1(V e, 1) (X, c0)

(228) 3(2” + 1)pl(§l,X) = —Eil 1

4(vea7)(eaaX) -
‘ 2n+1

““T6n(n + 2)

(2n+1)(2n—1)

16n(n + 2)

X (Scal);

(2.29) 3(2n + 1)p; (I X, &) = —3(2n + Dpi(I; X, &) = — X (Scal)

4dn+1

(Ve,7)(€a,X) — Eig(veaﬂ([ﬁa, I, X);

(n—1)(2n+1)
8n(n + 2)

+2(n +1)(Ve, 1)(X, €q) +
(2.30) (n—1)(Ve,7)(€a, X) +2(n+2)(Ve, 1t)(€a, X) — d(Scal)(X) = 0.

As a consequence of Theorem 2.5 one gets the next result originally proved in [5].
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Proposition 2.6. [5] A pge manifold is locally isomorphic to the paraquaternionic Heisenberg group
exactly when the curvature of the canonical connection restricted to H vanishes, R),, = 0.

3. PARA QUATERNIONIC HEISENBERG GROUP AND THE PARA QUATERNIONIC CAYLEY TRANSFORM

Since our goal is to classify para quaternionic contact manifolds locally conformal to the para quater-
nionic Heisenberg group, we recall its definition from [5], define the para quaternionic Cayley transform
and show that it is a local para quaternionic contact authomrphism between the para 3-Sasakian struc-
ture on the pseudo-sphere and the para quaternionic Heisenberg group.

3.1. The para quaternionic Heisenberg group. As a manifold the para quaternionic Heisenberg
group of topological dimension 4n + 3 is G(pH) = pH™ x Im(pH) with the group law given by

(q/,w/) = (QOawo)o(Q7w) = (QO +q,wo +w+ 2Im(q0(j)>,

where ¢, ¢, € pH"™ and w,w, € Im(pH).
On G(pH) we define the para quaternionic contact form in para quaternionic variables as follows

s x o= 1
O = (03,0102) = g(dw — qdq + dqq).
In real coordinates we get
~ 1
O3 = de — x%dt® + t*dx® — 2%dy* + y*dz*

(3.1) 6,

1
§dy —y?dt® — 2%dx® + t*dy® + x*dz?;

M@z
|

1
= §dz — 20dt* + y*dzx® — x%dy® + t*dz".
The structure equations of G(pH) are
dO3 = 2(dt® A dz® + dy® A dz®);
dO; = 2(dt® A dy® + da® A dz%);
d©y = 2(dt® A dz® — dz® A dy®).
The left-invariant horizontal vector fields T,, X, = J3T,,Y, = —J1T,, Z, = —J2T, are given by
T, = 0/0t, + 22°0/0x + 2y*0/0y + 2290/ 0z; X, =0/0x, +2t°0/0x — 22°0/0y + 2y*0/Dz;
Yo = 0/0y, + 2290/0x — 2t°0/0y — 220/ 0z; Zog = 0/0zq — 2y*0/0x + 220 /0y — 2t*0/0z.
The horizontal metric of signature (2n,2n) is defined by
g(TauTa) = g(Xa7Xa) = _g(Ya7Ya) = _g(Za,, Za) = 1

The central (left-invariant vertical) Reeb vector fields are {3 = 20/0x, & =20/0y, & =20/0z and
a straightforward calculation shows the following commutation relations

[JiTaaTa] = _2€i§iu [JiTau JjTa] = 26/65/6'

It is easy to verify that the left-invariant flat connection on G(pH) coincides with the canonical pqc

connection of the pqc manifold (G(pH), ©).
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3.2. An embeding of the paraquaternionic Heisenberg group G(pH). Consider the hypersurface
Y CpH" xpH : ¥ = (¢,p) € pH x pH : Re(p) = —|¢'|*.

Clearly, X is the 0-level set of p = |¢|? + ¢ and

(3.2) dp = q'dq + dq'q + dt = 2(t*dt* + x°dz® — y*dy® — 2°dz") + dt.

The standard para quaternionic structure Jz,.Ji, Jo on R**4 induced by the multiplication on the
right by the para quaternions r3, 71,72 € pH" 1, is

Jadt® = dz®,  Jidt® = dy®, Jodt® = dz°,
(3.3) Jsdy® = —dz®, Jidx® =dz%, Jodx® = —dy?,
Jgdt = dI, Jldt = dy, Jgdt =dz.
Combining (3.2) with (3.3) and comparing with (3.1) we get
Jadp = 2(t%dx® — zdt® + y*dz® — 2%dy®) + dx = 20s;
Judp = 2(t%dy® 4 2%dz® — y?dt® — 2%dz®) + dy = 20;;
Jodp = 2(t%dz% — 2%dy® + ydz® — 2°dt*) + dz = 20,.
We identify G(pH) with ¥ by (¢/,w’) — (¢/,p’ = —|¢'|* +w'). Since dp’ = —¢'dq’ —dq'q’ +dw’, we write
~ 1 - - 1 _
0 = S(dw —q'dg' +dq'q') = 5dp’ +dd'q.
Taking into account that O is pure imaginary we can write the last equation in the form
~ 1 - 1 - _
(3.4) © = (dp’ —dp') + 5(dd'q' - ¢'dq).
3.3. The para 3-Sasakian pseudo sphere and the para quaternionic Cayley transform. The
second explicit example is the pqe-structure on the para 3-Sasakian pseudo-sphere. The para 3-Sasakian
structure on the pseudo-sphere (hyperboloid) pS**+3 = {|q|*> + |p|?> = 1} C pH™ x pH is inherited from
the standard flat hypersymplectic structure on R****4 = pH™ x pH. In para quaternionic variables, the
pqc 1-form on the pseudo sphere pS*™+3 = {|q|? + |p|?> = 1} C pH™ x pH is defined as follows
(3.5) 7 =dq.q+ dp.p — q.dG — p.dp.
We consider the map from the pseudo-sphere pS4"+3 minus the points X,
So = (q:p) €pS"H i p -1 = (t - 1)? +2” —y? — 22 =0
to the paraquaternionic Heisenberg group G(pH) = X, defined by
C: (pS‘*"“” - Eo) =%, (d.p)= C((q,p)), ¢=p-1""q p=@-D"(p+1)

. p—1)(p+1 ’-1 2
since Re(p') = Re((p ‘pz(ﬁj )) = }gtuz = - |p@1‘2 =—|q'*.

The inverse map (q,p) = C~1 ((q’,p’)) is given by

g=20' -1, p=0@ -1)F +1).

We call this map para quaternionic Cayley transform.
An easy calculation gives

(3.6) dy = =2p =) Ndp.(p -1 dd = (p—1)"[dg— dp.p— 1)),

Using (3.4) together with (3.6), we calculate
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2C°0 = —(p—1) " dp.(p— 1)+ (p— 1) "dp.(p—1)7"
+p- )" dg—dp(p— 1) gD (=) |da—a(p— 1) dp](p - 1)
=@-1)"" {dq-t? - q-dti} (-1t

~p =) |dplp = 1) - 1) + lalPdp(p - )5 - 1)

0 =)= De - ) dp+ |~ ) dpl(p - 1)
= (=1 da.g— ¢da].(- 1) = (0= )V |dplp = ) - pp)(p - 1)
=) - - ) dp](p— 1)
=(p-1)""L {dq.(j — q.dg+dp.p — p.dﬁ} (p—1)""'= " _1 1|2)\.ﬁ./_\,
where A = ‘g jl is a unit paraquaternion and 7] is the standard paraquaternionic contact form on the

pseudo-sphere pS4"+3 given by (3.5).
Since p — 1 =2(p' — 1)~ we have A\ = ﬁ(p’ — 1) and we can put (3.7) into the form
_ 8 -
3.8 ACH TN = —6.
(3.5 )=

Thus, we prove the next

Proposition 3.1. The para quaternionic Heisenberg group G(pH) and the para 3-Sasakian pseudo-
sphere pS*™ T3 are locally pgc conformally equivalent via the para quaternionic Cayley transform

4. PARA QUATERNIONIC CONTACT CONFORMAL CURVATURE. PROOF OF THEOREM 1.1

In this section we define the para quaternionic contact conformal curvature and prove Theorem 1.1.

4.1. Conformal transformations. A conformal para quaternionic contact transformation between
two para quaternionic contact manifold is a diffeomorphism ®, which satisfies ®*n = pu ¥ - 5 for some
positive smooth function p and some matrix ¥ € SO(1,2) with smooth functions as entries, where
n = (n1,m2,n3)" is considered as an element of R3. The canonical pqc connection introduced in [5] does
not change under the action of SO(1,2), i.e., the canonical connection of ¥ -7 and n coincides. Hence,
as we study pqc conformal transformations we may consider only transformations ®*n = u 7.

4.2. Para quaternionic conformal transformations. Let h be a positive smooth function on a pqc
manifold (M,n). Let 7 = 577 be a conformal deformation of the pqc structure 7. We will denote the
objects related to 7 by over-lining the same object corresponding to 7. Thus,

dij = —(2h*)"tdh A + (2h) " dn, g=(2n)"'g.
The new triple {&1, &2, &3}, determined by the conditions (2.4) defining the Reeb vector fields, is
& = 2h&, + I, Vh,

where Vh is the horizontal gradient defined by Vh = dh(e,)eq, ¢(Vh,X) = dh(X).

The horizontal hyperbolic sub-Laplacian and the norm of the horizontal gradient are defined by
Aph = tr{;(V?h) = g(eq,ea) V?h(ea,eq), [Vh|> = g(eq,eq)dh(es)dh(e,), respectively. The
canonical pqc connections V and V are connected by a (1,2)-tensor S,

(4.1) VaB =V 4B+ S4B, A,BeT(TM).
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Condition (2.5) yields g(SxY, Z) — g(Sy X, Z) = ™' 32°_ e.ws(X,Y)dh(I,Z), while Vg = 0 implies
9(SxY,Z)+ g(SxZ,Y) = —h~1dh(X)g(Y, Z). The last two equations determine g(SxY, 2),
3
(4.2) g(SxY,2) = —(2h) " Hdh(X)g(Y, 2) + > _ esdh(I,X )w,(Y, Z)
s=1
3 3
+dh(Y)g(Z,X) = Y esdh(1,Y )wy(Z, X) = dh(Z)g(X,Y) = Y e,dh(I,Z)ws(X,Y)}.

s=1 s=1

Using Theorem 2.1 and after some calculations, we obtain

= —Vdh(X,L,Y) — e;h~ [dh(I, X )dh(I;Y) — dh(I; X )dh(L,Y))].
The identity d* = 0 yields V2h(X,Y) — V2h(Y, X) = —dh(T(X,Y)). Applying (2.5), we have
3

(4.4) V2h(X, Y)= [v2h][sym] (X,Y) + Z esdh(&s)ws(X,Y),

s=1
where [ ][5y, denotes the symmetric part of the corresponding (0,2)-tensor.
Decompose (4.3) into [3] and [-1] parts according to (2.7), use the properties of the torsion tensor
Te, and (2.9) to come to the next transformation formulas

Proposition 4.1. Let = %77 be a pgc conformal transformation of a given pgc structure . Then the

two parts of the torsion endomorphism transforms as follows
(4.5) 7 =7+ VR aym) -1,
' fi = p+ (2h) " [V2h — 207 dh © dh) g0,

where [Vzh][sym”_l] denotes the (-1)-component of the symmetric part of the horizontal Hessian and
[V2h — 2h~tdh ® dh] 3][0] s the trace-free part of the (3)-component. Explicitly,

3 3
(V2] sy (X, Y) = i [3V2h(X, Y)+ 3 eVAh(ILX, LY) 43 edh(€)ws (X, Y)} :

s=1 s=1
3
(4.6) [V2h — 2k~ dh @ dh]g0)(X,Y) = i [VQh(X, Y) =) e V(X LY)
s=1

—% (dh(X)dh(Y) -3 esdh(IsX)dh(Isy))} - % (Ahh - %|Vh|2)g(X, Y).

s=1

The tensor g(Sg, X,Y) is given by
1
A7) g(SeX,Y) = Z[v?h(x, LY) = V2W(L,X,Y) — & V2h(I[; X, 1Y) + ;V2h(I X, ij)}
+ (2h)7! {eidh(IkX)dh(IjY) — idh(L; X)dh(1,Y) — dh(1;X)dh(Y) + dh(X)dh(IiY)}
1
+ - (=AR+ 207 [ VA?) wi(X,Y) + €dh(&)w;i (X, Y) — e;dh(&;)wi(X,Y).

4.3. Para quaternionic contact conformal curvature. Let (M, g, Q) be a (4n+3)-dimensional pqc
manifold. We consider the symmetric (0,2) tensor L defined on H by the equality

Scal

(4-8) mga

1
Scalg) = -7+ pu+

Ric_
e 1]—|-2 5

1 1 1
L= (— — = Ri -
(4(n+1) @n+5) B0 T 35,09
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where Ric_q) is the [-1]-part of the horizontal Ricci tensor, Ricgj] is the trace-free [3]-part of Ric and
we use the identities in Theorem 2.4 to obtain the second equality.
Let us denote the trace-free part of L with Lg, hence,

1 1 1
1.9 Lo = ——— Rici_; + —— Ric =
(4.9) O At 1) T 3n g p) B0 T 3T T

The Kulkarni-Nomizu product of two (not necessarily symmetric) tensors is defined by
(A® B)(X,Y,2,V) = AX,Z)B(Y,V) + A(Y,V)B(X, Z) — A(Y, Z)B(X,V) — A(X,V)B(Y, Z).

We also note explicitly that following usual conventions I,L (X,Y) = g(I,LX,Y) = —L(X, I,Y).
Now, define the (0,4) tensor PW R on H as follows

3
(4.10) PWR(X,Y,Z,V)=R(X,Y.ZV)+(g® L)(X,Y,Z,V) = Y es(w, © LLL)(X,Y, Z,V)
s=1

+% 3 cwilX,Y) {L(Z, LV) - L(LZ,V) — &L(L;Z, 1,V) + e:L(I, Z, IjV)}
(i.7.k)
3 3
+3 ew(Z,V) [L(X, LY) - L(I,X,Y) } S (rD) Y e, (X, Y ) (Z,V),
s=1

s=1

where 3 ; ) denotes the cyclic sum.
A substitution of (4.8) and (4.9) in (4.10), invoking Proposition 2.2 gives

M

(411) PWR(X,Y,Z,V)=R(X,Y,Z, V) + (g © Lo)(X,Y,Z,V) = ) es(ws ® IsLo)(X,Y, Z,V)

s=1

+ % Sz:e [ws (X,Y) { (Z,1,V) - 7(I,Z, V)} +ws(Z, V){T(X, LY) = 7(I.X,Y) + 4u(X, [Sy)H
+ % [(g ®9)(X,Y,Z,V) - 23: €s ((ws O ws)(X,Y,Z, V) + dws (X, Y ws(Z, v))} ,
s=1

Proposition 4.2. The tensor PW R is completely trace-free, i.e.
Ric(PWR) = ps(PWR) = 0s(PWR) = (;(PWR) = 0.

Proof. Proposition 2.2 and (4.8) imply the following identities

(412)  T(X,Y)= % [3L(X, Y) + L(LX, 1Y) + L(I X, LY) — L(I:X, IgY)} :
(413)  u(X,Y) = [LOGY) — LLX, BY) = DX, BY) + LI X, I5Y) — ~tr Lg(X, ¥)]:
(114)  T(EX.Y) = 3 [LUXY) + L LY)] 4+ u(lX,Y)

1 3 1 1 1
= —JLULX,Y) = TLOXIY) + el (X, LY ) = 26X LY ) = o (ir D) wi(X,Y).
n

After substituting (4.12) and (4.13) into the first four equations of Theorem 2.4, we derive
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2n+ 3

Ric(X,Y) = trLg(X,Y)

8n—|—11

3
L(X,Y) = 5 | L(LiX LY ) + & LU X L;Y) + e L X, Iky)];
1
pi(X,Y) = LIX.LY) = L(IiX,Y) = gtrLwi(X.Y);
n

(4.15) 0i(X,Y) = — Ltr Lun(X,Y)
n
n-+2

[L(IiX, Y) = L(X, 1Y) — e:L(Ik X, ;Y ) + e, L(I; X, IkY)} :

2n—1
Cl(X,Y): 8n2 terl-(X,Y)
3 8n+3 1
2 L(LX,Y) — L(X, LY ——i[LIX,I-Y —LI-X,IY]
s 2 ) - B3y - Lapx ny) - L X By)
Take the corresponding traces in (4.10) and use (4.15) to verify the claim. O

We outline the following

Theorem 4.3. On a pQC manifold the curvature of the canonical connection satisfies the equalities:

3
(4.16) R(X.Y.Z V)~ R(ZV,X,Y) = -2 e {ws(x, V)L Z, V) — ws(Z, VI, X, Y)}

+ % 23: € [ws(K Z) (T(ISX, V) +7(X, ISV)) +wl(X,V) (T(ISZ, Y) +7(Z, ISY))}

s=1

Zg:e [ws (X, 2) ( (LY, V) + 7(Y, ISV)) +wy(Y,V) (T(ISZ,X) (2, ISX))]

s=1

1
2
The [3]-componenet of the horizontal curvature with respect to the first two arguments is given by
3

(4.17) 3R(X,Y,Z,V)+ Z esRUIX,1,Y, Z,V)

s=1
= 2[g(Y, 2)r(X, V) + g(X,V)r(2,Y)| = 2[9(Z, X)r(Y, V) + 9(V,Y)7(Z, X))
3

& [ws (V)X LV) + wu (X, V)T (VL 2)| =23 e [ws (X, 2)7(Y, LV) + wi (Y, V)7 (X, 1,2)]

1 s=1

+
[N}
NE

3
2%, [wS(X Y) (T(Z, LV)—1(I,Z, V))—4ws(Z, V)X, Y)}+ﬂ Y ews(X,Y)ws(Z, V).

2n(n +2)

M“ﬁ

s=1

Il
-

S

Proof. The first Bianchi identity (2.15), its consequence (2.16) together with the help of Proposition 2.2
and (2.5) imply the identity (4.16) in a straightforward way.
Set A=Z,B =1V in (2.17) and take a cyclic sum to get

3
¢ R(ZV,IX, 1Y) +3R(Z,V.X,Y) = =4 e.p;(Z,V)ws(X,Y)
s=1 s=1

(4.18)

Mc.o

3
=Y e [#ws(Z, V) 4271, 2, V) — 2r(Z, I,V) — 8u(Z, I,V) | ws (X, ).
n
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where we used (2.20) to obtain the last equality. Furthermore, we have applying (4.18)

3
(419) BR(X.Y.Z,V)+ > eR(LX,1Y,Z, V) =3R(ZV,X,Y) +3Zam(X.Y, Z,V)

s=1
+ e [R(Z, V,I,X,L,Y)+Zam(I,X, .Y, Z, V)} =3R(Z,V,X,Y)+3Zam(X,Y, Z,V)-3R(Z,V,X,Y)
3

Scal
+Z} € [mws (Z,V)+21(1,2,V)—=27(Z, I,V )—8u(Z, ISV)} ws(X, Y)—i—; esZam(I, X, 1Y, Z,V)

3
=3Zam(X,Y,Z,V)+ Y eZam(I.X,1.Y, Z,V)

s=1

3
+3 e [ Scal ws(Z, V) +27(1,2,V) — 27(Z,1,V) — 8u(Z, ISV)}wS(X, V).
s=1

Next, after substituting (4.16) into (4.19) we obtain (4.17) by series of straightforward calculations. [

Comparing (4.11) with (4.17) we obtain the next

Proposition 4.4. On a pgc manifold the [-1]-part with respect to the first two arguments of the tensor
PW R wvanishes identically,

3
1
PWR_(X.Y.Z.V) = [3PWR(X, Y,Z,V)+ > e.PWR(LX, LY, Z, V)} =0.
s=1

The [3]-component with respect to the first two arguments of the tensor PW R is determined completely
by the torsion and the pqc scalar curvature as follows

3
1
(1200 PWRy(X.Y.Z,V) = 1 [PWR(X, Y.2,V) =S e, PWR(I,X, LY. Z, V)}

s=1
3 3
%[R(XYZV) ZesR(IXIYZV]Jr%Zest [ XIY)_T(st,y)}
s=1 s=1
Scal 3
m[@@g)xyzv Z;es ws O ws)(X,Y, Z, V)}

3
HgOP(X,Y, ZV) = elws ® Lp)(X,Y, Z,V).
s=1

Definition 4.5. We denote the [3]-part of the tensor PWR described in (4.20) by WPIe WP :=

PW Rz and call it the para quaternionic contact conformal curvature.

4.4. Proof of Theorem 1.1. The significance of the tensor PW R is partially justified by the following

Theorem 4.6. The tensor PW R is invariant under pgc conformal transformations, i.e. if
n=(2h)"'Un then  2hPWR;=PWR,,

for any smooth positive function h and any SO(1,2)-matriz .
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Proof. After a series of standard computation based on (4.1), (4.2), (4.7) and a careful study of the
structure of the obtained equation we put it in the following form

3
s=1
1
—5 2 @wl(X.Y) [ M(ZLV) - MLZ,V) = e M(LZ V) + e M(LZ, V)|
(i,4,k)

w

—g(Z,V) [M(X, Y) — M(Y, X)} -3 ew(ZV) [M(X, LY) — M(Y, ISX)}

s=1

3
+ 5o (trM) D e (X, V)wu(ZV) + 5 Z M; [w] (X,Y)wi(Z, V) — wi(X, Y )w; (Z, V)},
=1 " (i)

where the (0,2) tensor M is given by

Mw

(4.22) M(X,Y) = %(v%(x, Y)- 5 {dh esdh(I,X)dh(L,Y) + ;g(X Y)|Vh| D

s=1

and trM = M (eq, €q), Ms = M(eq, Ise,) are its traces. Using (4.22) and (4.4), we obtain
(4.23) trM = (2h)~" (Ahh —(n+ 2)h*1|Vh|2), M, = —2nh=Ydh(,).
After taking the traces in (4.21), using (4.22) and the fact that the [3]-component (VZh) of the

horisontal hessian V2h is symmetric, we obtain

l
+ 315ng, Sz% — Scal = 8(n + 2)trM.

_ 2
(424)  Ric— Ric = 4(n + 1) Miaym) + 6 M) + —

The Sp(n,R)Sp(1, R)-invariant, [-1] and [3], parts of (4.24) are
2n+3

(425) (% - Ric)[_l] = 4(n + 1)M[sym][—1]7 (% - R’LC)[g] = 2(2n + 5)M[3] + (t?" M) g.

The identities in Theorem 2.4 together with equations (4.24), (4.25) and (4.8) yield

( 1 Tic n 1 e 2n +3
An+10) " 200 +5) B T 32n(n +2)(2n + 5)
1 1 M +3
—(——— Rier  RiCtal —
(4( T Tt 5 5y BT 32000 1 2) (20 4 5)
1_+_+ Scal
2T T T o+ 2)

Next, from (4.22) and (4.4) we obtain

(4.26) Mgy = Scalg)

Scal g)

Scal

32n(n + 2) g] =L-L

1
9| = [grne

3
1
(4.27) M(X,Y) = Migym)(X,Y) + — 57 esdh(&s)ws(X,Y).
s=1
Substitute (4.26) into (4.27), insert the obtained equality into (4.21) and use (4.23) to complete the

proof of Theorem 4.6. 0

At this point, a combination of Theorem 4.6 and Proposition 4.4 ends the proof of Theorem 1.1.
The second equality in (4.24) combined with the first equation in (4.23) yield

Corollary 4.7. On a pgc manifold the pgc scalar curvature transforms under the pgc conformal trans-
formation 7j = (2h)~1Un according to the equation

(4.28) Scal = 2hScal — 8(n + 2)*h 1 |Vh|? +8(n + 2)Aph.
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The equation (4.28) constitutes the sub-hyperbolic Yamabe equation.

5. CONVERSE PROBLEM. PROOF OF THEOREM 1.2

Suppose WP® = (0, hence PW R = 0 by Proposition 4.4. In order to prove Theorem 1.2 we search
for a conformal factor, such that after a pqc conformal transformation using this factor the new pqc
structure has flat pqc canonical connection, when restricted to the horizontal space H. After we achieve
this task we can invoke Proposition 2.6 and conclude that the given structure is locally pqc conformal
to the flat pqc structure on the para quaternionic Heisenberg group G(pH ).

With this considerations in mind, it is then sufficient to find (locally) a solution & of equation (4.27)
with Migym) = —L. In fact, a substitution of (4.27) in (4.21) and an application of the condition
WPri¢ = () = PWR allows us to see that the pqc structure n = %77 has flat pqc canonical connection.

Let us consider the following overdetermined system of partial differential equations with respect to
an unknown function u

3
(5.1) V2u(X,Y) = —du(X)du(Y) - 3 e, [duIXdu(I Y) - du(gs)ws(x,y)}

s=1

1
+ 5g(X, Y)|Vul? - L(X,Y),

(5.2) Viu(X,&) =B(X,&) — L(X, Ldu) + %du(IiX)|Vu|2
— du(X)du(&;) + e;du(I; X)du(&r) — eidu(IX)du(E;),

(5.3)  VZu(&, &) = —B(&, &) + B(Lidu, &) — 6&IVMI4 = (du(&))? — ex(du(§;))” — €;(du(&r))?,

Scal
G4 VPl &) = ~Bl& &) + B(lidu, &) — 2u(€)du(€y) + g dulée)
(5.5) V2u(€y, &) = —B(&k, &) + B(Lidu, &) — 2du(&;)du(&r) — q%du(@).

Here the tensor L is given by (4.8), while the tensors B(X,¢&;) and B(¢;,¢;) do not depend on the
unknown function u and will be determined later in (5.11) and (5.28), respectively. If we make the
substitution
2u=1Inh,  2hdu=dh,  V’h=2hV’u+4hdu® du,
in (4.22) we recognize that (4.27) transforms into (5.1). Therefore, it is sufficient to show that the
system (5.1)-(5.5) admits (locally) a smooth solution.
The integrability condition of the over-determined system (5.1)-(5.5) is the Ricci identity

(5.6)  V3u(A,B,C) - V3u(B,A,C)=—R(A,B,C,du) — V*u((T(A,B),C), A,B,CecT(TM).

The proof of Theorem 1.2 will be achieved by considering all possible cases of (5.6). It will be
presented as a sequel of subsections, which occupy the rest of this section. The goal is to show that the
vanishing of the pqe conformal tensor W?4¢ implies the validity of (5.6), which guaranties the existence
of a local smooth solution to the system (5.1)-(5.5).

We start with the next Lemma, which is an application of a standard result in differential geometry.

Lemma 5.1. In a neighborhood of any point p € M*"+3 and a pQ-orthonormal basis

{Xi(p), Xa(p) = L X1(p) - -, Xan(p) = 3Xan—3(p), £1(p), E2(p), E3(p) }

of the tangential space at p, there exists a pQ - orthonormal frame field

{X17X2 = Ilea v 5X4’n. = I3X4n73;€17§27§3}5 Xa‘p - Xa(p);gs‘p - gs(p)v
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such that the connection 1-forms of the canonical connection are all zero at the point p, i.e., we have

(5.7) (Vx, Xp)p = (Ve, Xo)ip = (Vx, ) p = (Ve,&s)p = 0,

fora,b=1,... 4n,s,t,r = 1,2,3. In particular,
(Vx, L) Xo)ip = (Vx, L)s)ip = (Ve L) Xo)1p = ((Ve, Ls)&r)p = 0.

Proof. Since V preserves the splitting H @V we can apply the standard arguments for the existence of a
normal frame with respect to a metric connection (see e.g. [17]). We sketch the proof for completeness.

Let {X1,... ,X4n,§~1,§~2,§~3} be a pQ-orthonormal basis around p such that Xa‘p = X.(p), g}m =
&(p). We want to find a modified frame X, = o2 X}, & = 0{ éj, which satisfies the normality conditions
of the lemma.

Let @ be the sp(n, R)@sp(1, R)-valued connection 1-forms with respect to the frame {Xl, s Xan, &1, 6o, 53},
VXb:wZXcu vgszwggtu BE{Xlu'-'7X4naglug2ug3}'
Let {x!,..., 2" "3} be a coordinate system around p, such that

0 0
%(p):Xa(p), W(p):&(p), a=1,...,4n, t=1,2,3.

One can easily check that the matrices with entries

dn+3 P dn+3 P
o = exp (— ; wg(@)mx(?) € Sp(n,R), of = exp (— ; wf(%)pxc> € Sp(1,R)

are the desired matrices making the identities (5.7) true.
Next, the last identity in the lemma is a consequence of the fact that the choice of the orthonormal
basis of V' does not depend on the action of SO(1,2) on V' combined with (2.6). O

Definition 5.2. We refer to the orthonormal frame constructed in Lemma 5.1 as a pqc-normal frame.

Since (5.6) is Sp(n, R)Sp(1, R)-invariant it is sufficient to check it in a pgc-normal frame.
From now on the frame {e1,ea = I1e1,e3 = Izer,eq = Izeq... €40 = Is€an-3,81,62,&3} is a fixed
pgc-normal frame at a fixed point p € M.

5.1. Case 1, XY, 7 € H. Integrability condition (5.10).
The equation (5.6) on H takes the form

(5.8) V3u(Z,X,Y) - V3u(X,Z,Y) = -R(Z, X,Y,du)

+2w1(Z, X)V2u(&1,Y) + 2wa(Z, X)V3u(&2,Y) — 2w3(Z, X)V3u(&3,Y),
where we have used (2.5). The identity d?u = 0 gives
(5.9) VAu(X, &) = VPu(és, X) = du(T (&, X)) = T(és, X, du).

After we take a covariant derivative of (5.1) along Z € H, substitute the derivatives from (5.1) and (5.2),
then anti-commute the covariant derivatives, substitute the result in (5.8), use (4.10) with PWR = 0,
(5.9), (4.8) and the properties of the torsion described in Proposition 2.2, we obtain by series of standard
calculations, that the integrability condition in this case is

(510) (VZL)(X.Y)~ (VxL)(Z.Y)

3
= e [ws(Z, YVIB(X, &) — we(X,V)B(Z, &) + 2ws(Z, X)B(Y, &) .-
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Now, we determine the tensors B(X,&s). The traces in (5.10) give the next sequence of equalities

(VeaL)(I-ea,I-X) = Un+ 1)B(L;X,&) + exB(L X, &) + ¢,B(1p X, &);

3
(5.11) Z B(L.X. &) = %[(VeaL)(ea,X) —thrL] = 4n1_ o> ea(Ve, L) (Lsea, I.X);
s=1 s=1
1
B(X,&) = ST [(VeaL)(Iiea,X) T g((VGGL)(ea,IiX) - VlixtrL)},

where the second equality in (5.11) is precisely equivalent to (2.30).

Lemma 5.3. The condition (5.10) is equivalent to

(5.12) (VZzL)(X,Y) - (VxL)(Z,Y)=0 mod  g,w1,ws, ws.

Proof. Observe the cyclic sum 3, vy [((V2L)(X,Y)—(VxL)(Z,Y)] = 0. The condition (5.12) implies

(5.13) (VzL)(X,Y) - (VxL)(Z, Y) = 9(Z.Y)O(X) - g(X,Y)C(2)
- Zes [€4(Z,Y)B(X, &) — w,(X, V)B(Z,&) + 20,(Z, X)B(Y,&,) |,

for some tensors C(X), B(X,&s). The traces in (5.13) yield
(Ve L)(Lieq, ; X) = (4n + 1)B(L; X, &) + exB([; X, &) + €;B(Ix X, &) + €C(X)  implying

3 3
D eu(Ve, L) (Isa, I.X) = es(4n — 1)B(L.X, &) + 3C(X).
s=1 s=1

The latter together with the second equality in (5.11) shows C(X) = 0. O
Proposition 5.4. If WP = 0 then the condition (5.10) holds.
Proof. The second Bianchi identity

(5.14) > {(VaR)(B,C.D.B)+ R(T(4,B),C, D, B)} =
(A,B,C)
combined with (2.5) yields

3
(5.15) S (ViR Z VW) =23 e (X, V)R, Z2,V,W)| =0,
(X,Y,Z) s=1

The trace in (5.15) leads to
(5.16) (Ve,R)(X.Y,Z, eq) = (VxRic)(Y, Z) — (Vy Ric)(X, Z)
+2 Ze[ (€5, Y, Z,1,X) — R)Es, X, Z, 1Y) + w(X, Y)Ric(&,, Z)]
We use WP = 0, (5.16) and apply (4.10) to calculate
(5.17) (Ve ,R)(X,Y, Z,eq) = =(VyL)(X, Z) + (Vx L)(Y, Z)
+ ies [(VISXL)(K 1,2) = (Viy L) (X, I, Z) = (Vi,zL)(X, IY) + (V1,2 L) (L X, Y)} mod g, ws.

s=1

By substituting (4.12), (4.13) into (2.26) we get
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3
(5.18) 2 Z €s [R(é‘s, Y, Z,I,X)— R(&, X, Z, ISY)}
=1 ,
= =3 [(Viv DX, L2) = (Vi.x L)Y, L.Z) + (Viy D(LX, Z) = (Vi,x L)LY, Z)]

3
gZ[VyL (VXL)(Y,Z)—es(VyL)(ISX,ISZ)+eS(VXL)(ISY,IsZ)} mod g, ws.

The second Bianchi identity gives 3= vy 7)(Vxpi)(Y;Z) =0 mod g,ws. Use (4.15) to see

3
(5.19) 3((VYL)(X,Z) (VxL)(Y, ) Zes(VyL IX,ISZ)—(VXL)(ISY,ISZ))

s=1

|
[
o™
»
—

(VISZL)(X,ISY)—(VISZL)(ISX,Y)}:O mod g, ws.

A substitution of (5.17), (5.18), (5.19) and (4.15) in (5.16) shows, after standard calculations, that

3
(5:20) (4n+3)[(VyL)(X,2) = (Vx L)V, 2)| = 3 &[(Viy DX, 2) = (Vix D)LY, )]

s=1

3
23", {(VYL)(ISX,ISZ)—(VISXL)(Y,ISZ)+(VISyL)(X,ISZ)—(VXL)(ISY,ISZ)] —0 mod g,w,.

s=1
Taking the [3]-component with respect to X, Y in (5.20), we obtain

3
(5.21) (Vy D)X, 2) = (VX L)Y, 2) = 3. &[(Viy LI(LX, 2) = (Vix D)LY, 2)] =0 mod g,
s=1

A substitution of (5.21) in (5.20) gives

3
(5:22) 2n[(VyD)(X,2) — (VX D)V, 2)] = 3 & [(Viy L)X, 1,2) = (Vx L)LY, 1,7)]
s=1
3
+(VyL)(X,Z) — (VxL)(Y. Z) = ) e, [(VYL)(ISX, 1.7) — (Vi.xL)(Y, ISZ)} =0 mod g,w,.

s=1
Taking the [-1]-component with respect to X, Z of (5.22), calculated with the help of (5.21), yields

(5:23) (6n—1)[(VyL)(X,2) = (VxD)(Y. 2)] - i3 (Viy D)X, L.2) = (VxL)(LY, L.2)]

s=1
3
+(@2n+1) Zes[VyL IX,ISZ)—(VISXL)(Y,ISZ)} —0 mod g,w,.
s=1

The equations (5.22) and (5.23) lead to

(VyL)(X,2) - (VxL)(Y.Z) = > e [(VyL)(ISX, 1,Z) — (Vi xL)(Y, ISZ)} = 0 mod g,ws.

s=1

The latter and (5.22) imply

(5.24) (2n—1)[(vyL)(X, Z)— (VxL)(Y,Z)| =0 mod g,w,
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and Lemma 5.3 completes the proof of (5.10). O

5.2. Case 2, Z,X € H, ¢ €V. Integrability condition (5.27).
In this case (5.6) turns into

(5.25) Viu(Z,X,&) - Viu(X, Z,&) = —R(Z, X, &, du) — V2u(T(Z,X),&) =
— 2€;du(&5)pr(Z, X ) + 2¢idu(&r ) pi (Z, X)
+ 26w (Z, X)V?u(&;, &) + 2¢wi(Z, X)V2u(&;, &) + 2exwi(Z, X)V2u(r, &),

after using (2.5) and (2.18). Take a covariant derivative of (5.2) along Z € H, substitute into the
obtained equality (5.1) and (5.2) and anti-commute the covariant derivatives to get

(5.26) V3u(Z,X,&) — V3u(X,Z,&) = (VzB)(X, &) — (VxB)(Z,&)

+ other terms comming from the wse of (5.1) and (5.2).

Next, we substitute (5.26) into (5.25), use (5.10), already proved in Proposition 5.4, together with (5.3),
(5.4), (5.5) and the second equation in (4.15), perform some basic calculations, we arrive at

3
(527) (VZB)(Xv gt) - (VXB)(Zv gt) - L(Z7 ItL(X)) + L(X7 ItL(Z)) = _2ZESB(§Su§t)ws(Z7 X)7

s=1

which is the integrability condition in this case. The functions B(&s, &) are uniquely determined by

1
(5.28) B(§6: ) = 1| (VeuB)(Lueas &) + Lleas e0) L(liea, Lies) .
Proposition 5.5. If Wi = 0 then the condition (5.27) holds.

Proof. To prove the assertion it is sufficient to show that the left hand side of (5.27) vanishes mod  ws.
Differentiating (5.10) and taking the corresponding traces yields

(5:29) (V2 1, L)(X,Y) = (V2, xL)(Liea, Y) = =(VyB)(X, &) — 2(VxB)(Y, &)
— € [(kayﬁ)(Xa &) +2(VixB)(Y. &) — (ViyB)(X, &) — 2(V,xB)(Y, &c)] ;

(5.30) (V2 xL)(Liea,Y) — (V2 yL)(Liea, X) = (VxB)(Y, &) — (VyB)(X, &)

—€ [(Vlkyﬁ)(Xv &) — (VixB)(Y, &) — (Vv B)(X, &) + (Vi xB)(Y, €k)} mod  wg;
(5:31) (V.. L)(Tiea, V) = (4n+1)(VxB)(Y, &)+ e (VxB) (I, &) — e:(VxB) (Y, &) mod  ws;
(532) — vg{,lthT L+ (V§(7eaL)(6a, IZY) = 3(Vxl8)(}/, 51) —361'(VXB)(I]€Y, gj) +3€i(VXB)(IjY, gk)
We obtain from equalities (5.30) and (5.31) that
(5.33) [vgea - VﬁmX}L(Iiea, Y) + [vgmy ~ V2, | L(Liea, X)
— 4n[(VxB)(Y, &) - (V¥ B)(X,&)
+ € {(VXB)(L@Y@) + (Vi yB)(X, &) — (VyB) (I X, &) — (Vi xB)(Y, 6;‘)]

— & [(VXB) (LY, &) + (Vi B)(X, &) — (VyB) (X, &) — (Vi xB)(V.&)|  mod w,.
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On the other hand, the Ricci identities

(5.34) {v;ea - Vgaﬁx]L(Iiea,Y) — “R(X,ea,Y, ep)L(ew, [iea) — 4nCi(X, ea) LY, €a)
+ Ve, L)(X,Y) + 26(Ve, L)1k X, Y) — 26:(Ve, L)(L; X, Y),

the first Bianchi identity (2.15) and Proposition 2.2 imply

5.35) |V%. — V% |L(Iiea,Y) + |V2 v = V2, |L(Iieq, X) =
X,eq €q,X eq,Y Y.eq

26:[(Ve, L)1k X, V) = (Ve, L) (X, IbY)] = 26 [(Ve, DX, Y) = (Ve D)(X, [;Y)]
FOT(6,Y, ea) L(X, eq) + 26, T(&;, Y, ea) LI X, ea) — 26T (Ex, Y, ea) L(L; X, €0)
— 2T (&, X, eq)L(Y, eq) —26,T(&;, X, ea) L(ILY, €q) + 26, T (Ek, X, €a) L(L;Y, e4)
— R(X,Y,eq,ep)Lep, Lieq) — 4n[Gi( X, ea)L(Y,eq) — Gi(Y,eq)L(X, e4)] mod  ws.

The second equality in (4.15) and a suitable contraction in the second Bianchi identity give the next
two equations valid mod wy

(Ve, L)(X, 1Y) — (Ve, L)(IX,Y) = (Ve, pi) (X, Y)
(Vxpe)(&5:Y) = (Vypr) (&, X) — pe(T(&5, X), Y) + pi(T(§5,Y), X);
(Ve L)X, LY) = (Ve L)(1; X, Y) = (Ve,p;)(X,Y)

(Vxpi) &k, Y) = (Vypj) (& X) = pj (T (&, X),Y) + p;j (T (&, Y), X).

A substitution of (4.12), (4.13) into (2.28) together with (5.10) and an application of (5.11) give

(5.36)

Lemma 5.6. We have the following formulas for the Ricci 2-forms
o (&, X) = —¢;B(X, &) — B(I X, &), pi(&k, X) = ;B(X, &) — B(L X, &),
(5.37) 1
pi(X, &) = Eiﬂd(fTL)(X) +B(LiX,&).
The identity VZu(&;, &) — V2u)E;, &) = —T(&, &5, du), (5.4), (4.8), (2.23), (2.24) and (5.37) imply
Lemma 5.7. The tensors B(&;,&;) are symmetric, B(§;,§;) = B(&;,&).

When we take the covariant derivative of (5.37), substitute the obtained equalities together with
(5.35), (5.36) in (5.33), we derive the formula

(5.38) (4n+2)|(VxB)(Y,&) — (VyB)(X.&)| —  [(Vi,xB) (LY. &) = (Viy B)(I, X, )]
— & (VixB) (Y. &) — (ViyB)(X,&)| = F(X,Y) mod w,
where the (0,2)-tensor F is defined by
(5:39) F(X,Y)=—R(X,Y,eq er)L(es, lica) — 4n[G(X, a) LY, ea) = G(Y, a) L(X, €0)|
LT (&Y, ea) L(X, eq) + 2¢; [T(gj, Y, ea) L(Iu X, ea) — T(&, Y, ea) L(I; X, ea)}
= 27(&, X, ea) LY, €0) = 265 [ T(5, X, €a) LUKY, €0) = T(6, X, ea) L(L;Y, e0)]
— € [pj (T(&k X),Y) = pj (T (&, Y), X)} — e, [pj (T(k, 1;X), I;Y) — pj (T (&, ;Y), IjX)}

6 [r(T (&, X),Y) = pe(T(&,Y), X)| + €5 | pulT(& I X), 1Y) = plT(E5, IeY ), 1 X))
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Solving for (VxB)(Y,&) — (VyB)(X,&;) from (5.38) we obtain
(5.40) 16n(n+1)2n+1)|(VxB)(Y,&) — (VyB)(X, &)]

= (8% +8n+ 1)F(X,Y) — e F(LX,LY) + (2n+1) [ejF(IjX, LY) + e F(IL X, Iky)} mod  w.
The condition WP = 0 and (4.10) give
(5.41)  — R(X,Y, eq,ep)L(Liea, e3) = AL(X, ea) L(Y, Liea) — 2L(X, ea) L(L;Y, eq)

+2L(IX, ea) L(Y, €4) — 26; [L(X, ea) (LY, Inea) — L(Iu X, ea) L(Y, L0
— (X, ea) L(ILY, Ijeq) + L(I; X, ea) L(Y, Ikea)} —trL [L(X, LY) - L(LX,Y)].

Using (4.15), we obtain from (5.41)
(542) — R(X,Y, eq, e5)L(Liea, ep) — 4n [Q(X, ea)L(Y, ea) — G(Y, ea) L(X, ea)}

— —(8n— DL(X, ea) L(Y, Liea) — ——(trL) [L(X, LY) - L(LX, Y)}

2n
n % [L(Y, o) LI X, eq) — L(X, ea) L(LY, ea)} + gei [L(Y, ea)LU; X, Iea) — L(X, ea) L(L;Y, Ikea)}
- gei [L(Y, ea)LULX, I;eq) — L(X, ea) L(I1Y, Ijea)] .

Since ps is a (1,1)-form with respect to I (see Proposition 2.4), we have
pJ(T(§k7 I]X)7 I]Y) = pj(eau I]Y)T(§k7 I]X7 ea) = pj(eau Y)T(§k7 I]Xu I]ea)
Using (4.15) we obtain

(5.43)  —€ip; (T (&, X),Y) = €rpi (T (&, 1;X), LY ) + €ipi(T(&5, X), Y) + €p1(T(&5, 1k X), 1Y)

—2T(&, X, ea) L(Y, €a) — 2¢; [T(fj, X, ea) L(IiY, eq) — 2T (& X, €a) L(1;Y, ea)}
= Leq,Y) [ — T X, Liea) + €T (€ I X, ea) + €T, X, Inea) — eT(65, I X, ea) — 2T (&, X, ea)}

+ L(eq, I;Y) { — e, T (&, 1; X, Liea) + €T 8k, X, ea)} — L(ea, Y) | — 6;T(&, e X, Inea) + €T (&5, X, ea)}

+ ;—;trL [ —T(&, X, LY) + T(&, X, Y) — T(&, IX,Y) + T(&;, X, IkY)}
- %trL. L(X,LY) + %L(Y, ea) [5L(X, Liea) — L(LiX, e0) — e:L(I; X, Inea) + e L(I1,X, Ijea)}
— GL(X, eq) [L(IkY, Ijed) — L(I,Y, Ikea)} + 6L X, e) L(LY, Tieq) + ex LI X, €a) LY, Tieg).
The last four lines in (5.39) equal the skew symmetric sum of (5.43), which is given by

(5.44) —5L(X, el)L(Y, Liea) — % [L(Y, ) LLX, ea) — L(X, ea) L(LY, ea)}

. gei [L(Y, ea)LU; X, Inea) — L(X, ea) L(L;Y, Ikea)} " gei [L(Y, ea) LULX, L;eq) — L(X, ea) L(I1Y, Ijea)}
T 2itrL [L(X, LY) - L(L X, Y)} + 26, L(I; X, ea) LY, Tiea) + 265 L(Iu X, ea) (1LY, Tieq).
n

A substitution of (5.42) and (5.44) in (5.39) yields
(5.45) F(X,Y) =2¢;L(I; X, eq)L(L;Y, Lieq) +2e, L(I1, X, €4) L(1Y, Iieq) —4(2n+ 1) L(X, e,) L(Y, L;eq).
Inserting (5.45) into (5.40) completes the proof of (5.27). O
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5.3. Case 3, { €V, X,Y € H. Integrability condition(5.49).
In this case (5.6) reads

(5.46) V3u(&, X,Y) — V3u(X,&,Y) = —R(&, X, Y, du) — V2u(T (&, X),Y).

When we take a covariant derivative along a Reeb vector field of (5.1) and a covariant derivative along
a horizontal direction of (5.2), use (5.2), (5.1), (5.3), (5.4), (5.5), (5.9), we obtain

(5.47) V3u(& X,Y) — V3u(X,&,Y) + V2u(T (&, X),Y)

= —du(L;Y) [ei]Ba(IiX, &)+ 41 d(tr L)(X)| — du(LY) [;B(I; X, &) + eB(X, &)]

— du(lY) [exB(1 X, &) — eB(X, &)] + 9(X,Y)B(du, &)
+ i (X, Y)B(Tidu, &) + ejw; (X, Y)B(Idu, &) + exwi (X, Y)B(Idu, &)
— du(X)B(Y, &) — eidu(L;X)B(LY, &) — €;du(l; X)B(1;Y, &) — exdu(lp X)B(I.Y, &)
+ i (VxL)(Y, Lidu) — (Vx L)(LY, du) + e:(Vx L) (1Y, Idu) — e;(Vx L)(I;Y, Ikdu)}
—(Ve, L)(X,Y) — (VxB)(Y,&) + L(X,LLY) - T(&, X, LY) = T(&,Y, LX)
— €wi (X, Y)B(&, &) — €w; (X, Y)B(&, &) — enwi(X, Y)B(&, Ek)-

On the other hand, a substitution of (4.12) and (4.13) in (2.26), an application of (5.37) together with
the already proven (5.10) and (5.27) shows after a series of standard calculations that

(5.48) R(&, X,Y,Z) = —€;B(1; Z,&)w;(X,Y) — exB(IkZ, &)wi (X, Y)
+n(Y.2) [GBULX. ) + 1 darD)(X)]| + (7. 2)[6B(X.60) + B X, )]
— (Y, 2)[6B(X, &) — B X, &)] + 9(X, Z)B(Y, ) + (X, 2)B(LY, &)
+ 6005 (X, Z)B(Y, €) + e (X, Z)B(ILY, &) — (X, Y)B(Z,&) — e;B(L Z, & )wr(X, V)
+ i {(VXL)(IZ-Y, Z) — (VxL)(Y,L,Z) — e:(Vx L) (kY. L, Z) + e:(Vx L)(; Y, I;CZ)} .

In the derivation of the above equation we used (5.11) and Lemma 5.7.
After substituting equations (5.48), with Z = du, and (5.47) in (5.46), we obtain that the integrability
condition (5.46) reduces to

(5.49)  (Ve,L)(X,Y) + (VxB)(Y, &) + L(Y, LL(X)) + L(T (&, X),Y) + g(T(&,Y), L(X))

3
= — Z ESB(fs, gi)ws(Xu Y)
s=1

Notice that Case 3 implies Case 2 since (5.27) is the skew-symmetric part of (5.49).

Lemma 5.8. For the vertical part of the Ricci 2-forms we have the equalities
1

pi(&ja gk) )

(5.50) 8n? | .

pil&i &) = —eid(tr L)(&) — exB(&i, &), pil&i &) = —eipd(tr L) (&) + ¢;B(&. &).

Proof. From the formula for the curvature (2.27) and Proposition 2.2 it follows

Anpi(&i, &k) = —€k(Ve,pj)(Ljea, &) + T (& €ar €0)T (Ek, ev, Lica) — T'(&, en, Liea)T (Ek, €as €b);
4’]’ij (57,7 gk) = _(veapj)(lieau gk) + T(glu €a, eb)T(§k7 €b, Ijea) - T(§i7 €a, Ijeb)T(é-/m €b, ea)'

(tr L)* + ¢;B(&, &5) + exB (&, &),



24 MARINA TCHOMAKOVA, STEFAN IVANOV, AND SIMEON ZAMKOVOY

Lemma 5.6 allows us to compute

(Veapi)(Ikea, &) = €x(Va,B)(Ikea, &) + €(Ve,B)(jeq, &5).

After a calculation in which we use the integrability condition (5.27), the preceding paragraphs imply
the first equation of (5.50).
For the calculation of p;(&;, &) we use again (5.27) to obtain

(Ve B)(Liea, k) = —L(Liea, Ixep) Lea, ep) + 4nB(&;, Ek).-
Letting A=¢;,B=X,C=Y,D =e,, E = I;e, in the second Bianchi identity (5.14) we get
(5.51)  (Ve,ps)(X,Y) = (Vxps) (&, Y) + (Vyps)(&ir X)

3

+ pS(T(&,X),Y) - pS(T(givy)aX) - QZGtWt(X, Y)Ps(ft,fi) =0.
t=1

Setting s = 4,Y = L;X in (5.51), using (4.15), (4.4) with respect to the function tr L, together with
Lemma 5.6 we obtain

(5:52) & (Ve L)X, X) + (VxB)(X.&)| - [(Ve,L)(LX, LX) + (V1xB)(L:X, &)| =
pi(ea,X) T(fl,llX, ea) — T(fl,X, Il-ea) .

We take the trace in (5.52) and use the properties of the torsion listed in Proposition 2.2 to conclude

(5:53)  2|(VeB)(er, &) +d(trL)(&)] = pileas o) [T(&, Ties, ea) = T(&is 0, Tica)| = 0,
which implies the formula for p;(&;, &) after a short computation. Finally, with the help of (2.25) we
obtain the formula for p;(&;,&;). O

Proposition 5.9. If W =0 then the condition (5.49) holds.

Proof. Tt is sufficient to consider only the symmetric part of (5.49) since its skew-symmetric part is the
already established (5.27).
Setting s = 7,Y = I; X in (5.51), using (4.15), Lemma 5.6, Lemma 5.8 and (5.27), we calculate

(5:5) (Ve L)(X,X) + (VxB)(X,&)] =& (Ve L)L X, ,X) + (Vi xB) (1, X, &)

= 26, L(X, Inea) L(I; X, ) — €;p;(€a, X) [T(@, X, Ijeq) — T(&, I, X, ea)] .
Similarly, we take s = k,Y = I}, X in (5.51), use (4.15), Lemma 5.6, Lemma 5.8 and (5.27) to obtain

(V6. L)(X, X) + (VB)(X, &) - e (Ve, L)X, [ X) + (V1 xB) (1u.X, )|

= 26, L(IL X, Ijea) L(X, ea) — e1pi(ea, X) [T(@, X, Iyea) — T(&, X, ea)] .
We replace X with I; X, subtract the obtained equality from (5.54) and add the result to (5.52) to get
(5:55) 2[(Ve,L)(X.X) + (VAB)(X.&)] = ~26,L(X. Tuea) LU, X, e) + 26, L(L, X Lyea) L(L, X, )

+ cipileas X) [ T(6 LiXe0) = T(6 X, iea) | = €505 (eas X) [ T(6 X, o) = T(Ei, ;X )]
+ prlea, IiX) {T(gi, L X,eq) + e, T(&, I X, Ikea)} .

Next, using (4.14) and the second equality in (4.15) applied to (5.55) together with some standard
calculations concludes the proof of (5.49). O
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5.4. Cases 4 and 5, §;,§; € V., X € H. Integrability conditions (5.61), (5.59) and (5.56).
Case 4, ¢;,§; €V, X € H. In this case (5.6) reads

(556) vgu(§i7§j7 X) - V3U(§j,§i, X) = _R(§i7§j7 Xu du) - VQU(T(gzagj)u X)

Working as in the previous case, using (5.3),(5.4), (5.5), substituting (4.12), (4.13) (4.15) into (2.27),
applying the already proven (5.10), (5.27), (5.49) and performing a series of standard calculations we
conclude that (5.56) is equivalent to

(557) (V&B)(X7 5]) - (VSJB)(Xv 51) = L(X7 Ijea)B(eaagi) - L(X7 Iiea)B(eaagj)

+ ejL(eaa X)pk(j’ieav 51) - T(gla Xa GG)B(eaa gj) + T(gja Xa GG)B(eaa gl) - Ek% B(Xv é.k)

= [2L(X, Lje,) + T(¢;, X, ea)}B(ea, £) — [2L(X, Liea) + T(&, X, ea)}B(ea, £) — ek% B(X, &).

where we used Lemma 5.6 to derive the second equality.
Case 5., X € H, ¢;,& € V. In this case (5.6) becomes

(5.58) V3u(X,&,&) — VPu(é, X, &) = —R(X, &, &, du) + V2u(T (&, X), &)
— 2€;du(&)pr(X, &) + 26;du(&r)pi(X, &) + T'(&i, X, eq) VZu(eq, ).

With a similar calculations as in the previous cases, we see that (5.58) is equivalent to
(5.59) (Ve B)(X, &) + (VxB)(&i, &)
trL
— 2L(X, Ljea)B(ea, &) + (& X, ea)Blea, ) + eug B(X, &) = 0.
Case 5y, X € H, ¢;,& € V. In this case (5.6) reads

(5.60) VPu(X,&,&) — Voul(&), X, &) = —R(X, &, &, du) + Vu(T(&), X), &) =

— 2¢;du(&)pr(X, &) + 2¢;du(ée) pi(X, &) + T(&5. X, ea) Vulea, ).
and (5.60) is equivalent to
(5.61) (Ve, B)(X, &) + (VxB)(&5,&5) — 2B(ea, §)L(X, [jea) + T(§), X, €a)B(eq, &) = 0.
Proposition 5.10. If W% = 0 then the conditions (5.61), (5.59) and (5.56) hold.

Proof. Differentiating the already proven (5.27) and taking the corresponding traces we get

(5.62) (Vg(ﬁeaIB%)(Iiea, &) +2(VxL)(eq,en)L(Lieq, Lrey) = 4n(VxB) (&, &);
(5.63) (V2. xB)(Licas &) = (V2, 1,6, B)(X, &) = 2(Ve, L) (X, Liea) L(Tiep, €a)

—2(Ve, L)(Liep, ea) L(X, Iteq) = 2(VxB) (&, &) + 26i( Vi, xB) (&5, &) — 26(Vi, xB) (§k, &r)-

Subtracting (5.63) from (5.62), we obtain
(5.64) |V, — Vga,x}ﬁ(ﬂea,&) + (V2. 1.6, B)(X, &) + 2(Ve, L) (Tiew, ea) L(X, Liea)

n 2[(VXL)(ea, ey) — (Ve, L)(X, ea)}L(Iieb, Liea)
=202n - 1)(VxB)(&, &) — 26:(Vi xB) (&5, &) + 26:(V i, xB) (§, &)
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The Ricci identities and (2.18) yield

(5.65) Ve, — Vo, x |B(liea, &) = 2(Ve,B)(X, &) + 26:(Ve, B) Ik X, &) — 26:(Ve, B)(1; X, &)
—4AnG; (X, eq)B(ea, &) + 2€,p1(X, ea)B(Liea, ;) — 26,0 (X, eq)B(Lieq, &k).
(5.66) (V2 1,e.B)(X, &) = —2n0i(X, ea)B(ea, &) — 4n(Ve,B) (X, &).

€a,

Next, we apply the already established (5.10) and use the condition L(e,, Ise,) = 0 to get

(5.67) (VxL)(eq,ep) — (Ve, L) (X, e0) | L(Liey, Lieq) = —3B(eq, &) L(X, Tie,)
—361'153(6(1, fj)L(IkX, Iiea) + 3€iB(6a, fk)L(IjX, Iiea).
(5.68) (Ve,L)(Tiep, eq)L(X, Lieq) = (4n + 1)B(eq, &) L(X, Lieq) + €1B(eq, &) L(X, Lie,)

+€jB(ea7§k)L(X7 Ikea)'
We substitute (5.68), (5.67), (5.66), (5.65) into (5.64) and obtain after some calculations that
(5:69) (1—2n)[(VeB)(X.&) + (VxB)(€, &) + & [(Ve,B)I X, &) + (V1 xB) (€. )]
— (Ve B X, &) + (V1,xB) (&, &)| = Digg(X),
where D;;,(X) is defined by
(5.70)  Dige(X) = [2nGi(X, ea) +ni(X, ea) = (4n = 2)L(X, ica) | B(ea, &)

e {pk(X, Liea) + 3L(IuX, Lea) + 6 L(X, Ijea)}B(ea, &)

—€i|pj(X,Lieq) + 3L(L; X, Lieq) — e, L(X, Iyeq) | B(ea, &x).

The second Bianchi identity (5.14) taken with respect to A =¢;,B=¢;,C = X,D =e,, E = I,e, and
the formulas described in Theorem 2.4 yield

(5'71) (Vgips)(fj, X) - (ngps)(&,X) + (VXPS)(giagj)
= pS(T(givX)agj) - ps(T(éj,X),éi) - ejps(eavX)pk(Iiea-gi) - ek%[)s(fk,X)-

Setting successively s = 1,2,3 in (5.71), using (5.9) with respect to the function ¢r L and applying
Lemma 5.6 and Lemma 5.8, we obtain after some calculations

(VeB)(1iX, &) — (Ve BLX, &)] + e | (Ve B)(X. &) + (VxB) (€, 60)| = aije(X):

5 (Ve B X&) = (Ve,B)(I;X, &) + e [(Ve,B)(X, &) + (VxB) (&, sk{ = Bin(X);
(VeB)(1hX.&) = (Ve B) (1 X, &)] — & | (Ve B) (X, &) + (VxB)(&:&)]

—;[(Ve,B)(X, &) + (VxB)(&. )] = 73w (),

where
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@iji(X) = pi(ea, &)T (5, X, €a) = pilea; §)T (s X, €a) + €5pi(€as X)pr(li€a, &)
_ Gi%d(tr L)(ea)T(&5, X, ea) + Gk%pi(&ca){);
Bige(X) = pj(ea, &)T(&5, X, €a) = pj(ea; §)T(&, X, €a) + €5 (ea, X)pr(lica, &)
+ ejid(tr L)(ea)T(&, X, eq) + Ek%pj (&ks X);
Vi (X) = pr(ea, &) T(&5, X, €a) = prlea; §)T (&, X, €a) + €jpr(ea, X)pr(liea, &)
tr L

N #(tr L)d(tr L)(X) + e, pi (€, X).

Now, we solve the system consisting of (5.70) and (5.72) with the help of Lemma 5.7. We obtain

(5.73)

(5.74) 20|(VeB)(IiX, &) — (Ve,B) (X, )| + [(VeB) (X, &) + (V1,xB)(ér, &)]

- [(Vskﬂ)(ﬁX’ &)+ (VL-XB)(&,@')} = —€iDije(X) — €, Djii (X) + (2n — )74k (X).
The first two equalities in (5.72) together with (5.74) lead to
(5:75) 2(n+1)|(VeB) (X, &) — (Ve B) (X&) + | (Ve B) (L, X,6) — (Ve B)(; X, &)|+

(Ve B)U:X. &) — (Ve B)(LiX.&)] = As(X),

where
(5.76) Aije(X) = —€iDije(X) — €;Djri (X) + (2n — 1)7ijn (X) — exoviju(1;X) + €xBiji (1;: X).
Consequently, we derive easily that

(5.77) 2(n+2)(2n+ 1) |(Ve,B)(1x X, &) — (Ve B)(1x X, &)
= (2n + 3) Ay (X) — Ajri(X) — Apij (X).
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The second equality in (4.15) together with (4.14) and Lemma 5.6 applied to (5.73) and (5.70), followed

by some standard calculations give expressions of
ekﬂijk(IiX) — ekaijk(IjX) and — EiDijk(X) — €D (X) + (2n — 1)'7ijk(X)

in terms of L and B(.,¢), which substituted into (5.76) yields the following formula for A;;x(X)

(5.78)  Ain(X) = —ﬁ (tr L) [(1 = 20)e: BLX, &) + (1 = 20) B X, &) + (Sn + 6) e B X, &) |
= iL(X, ea)| (204 8) eiB(Lica, &) + 20+ 3) € B(Ljea, &) + 26 BlIyea, &)
+ iL(IiX, ¢a)| (20 +3) iB(ea, &) + (20 = 3) BlIea, &) + 4B(Lea, &)
+ iL(IjX, ca)| = (20— 3) B(lkew, &) + (20 + 3) ;Bleas &) — 4B(Lica, &)]

n iL(IkX, ea) [ — (100 + 9) B(Ijeq, &) + (100 + 9) B(Iiea, &) + 2¢1.B(ca, gk)} .

Inserting (5.78) into (5.77) and using (4.14) we arrive at the proof of (5.57). We substitute (5.57) into

the first equality of (5.72) to obtain (5.59). We insert (5.59) into (5.69) to see that (5.60) holds.

O
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5.5. Case 6, &,§;.&; € V. Integrability conditions (5.80) and (5.82).
Case 6q, &k, &, & € V. In this case the Ricci identity (5.6) becomes

(5.79) VPu(&r, &, &) — V(& &k &) = —R(Ek. & &y du) — Vu(T (€, &), &)
= —2¢;du(&;) pr (&, &) + 2€5du(&r) pi(Ek, §i) — €ipj(Ikea, k) Vdu(ea, §5) — %(tr L) Vu(&;,&5).

With the help of Lemma 5.6 and Lemma 5.8 we see after some calculations that the integrability
condition (5.79) takes the form

(5.80)  (Ve,B)(&k:&5) — (Ve B)(&i, &) = —%(“‘L) [eiB(&ir &) — 2€6;B(&5,&5) + erB(&k, &r)]
+ 2B(€a, gi)B(Ijeaa é-k?) + B(eaa gi)B(Ikeaa 5]) + B(Iieaa 516)18(6117 5])

Case 6y, &, &5, & € V. In this case, equation (5.6) reads
(5.81)  VPul(éy, &5, &) — Voul€), &, &) = —R (&, &, &, du) — V(T (6, &), &)

= —2¢;du(&;) pr (&, &5) + 2€5du(8r) pi(Ek, &) + €jpi(Ikea, §k)Vdulea, &) + € V3u(&, &)

After a series of straightforward calculation similar as above, we show that (5.81) is equivalent to

(5.82) (Ve;B)(&k:&5) — (Ve B)(E5,€5) = 3B(Ljea, Ek)Blea, §5) — ﬁ(tr L)B(&i, &)

2n
Proposition 5.11. If W9 = 0 then the conditions 5.80, 5.82 hold.

(tr L)

Proof. Differentiate (5.59) and take the corresponding trace to get
(5.83) (Vi e.B)Inea, &) + (V2 1,6 B) (&) =
2(Ve, L) (Inew, Ijea)B(ea, &) + 2L(Iken, Liea)(Ve,B)(€a, &)
= (Ve, T)(&, Inen, ea)Blea, &) — T(&i, Inen, €a)(Ve,B)(€a, &)
— rod(tr L)(ea)B(Ikeq &) — 5-(tr L)(Ve, B) (Tkea. ).
On the other hand, the Ricci identities, (5.28), (2.18) and (4.15) yield
(5.84) (Ve 1 B) (s &) = —4n(Ve, B) (&, &) — de;(tr L)B(E;, ;) + dei(tr L)B(&:, &);
(5.85) (V2 e.B)(Ikea, &) = 4n(Ve,B) (&), &) — 2(Ve, L) (eas e5) L(Ij€a, Trey) + 4nC(&i, €a)B(ea, &)
+2€;pi(€a, &) B(Ik€a, Ek) — 2€pk(€as &) B(Ikea, &) + T(&is €as €0)(Ve, B) (Ikea, &)
Substituting (5.84) and (5.85) in (5.83) we come to
(5:86) 4n|(VeB)(& &) — (Ve B)(&:&)|
=2(Ve, L) (Ixep, Ijeqa)Bleq, &) + 2 [(VebB)(ea,éi) + (Ve L)(ep, ea)}L(IkebJjea)
— Blea: &) [4nGu(§is€0) + (Ve, T)(&s Tressea)| = 2611 ear &) + 3odltr L)(ea) | B(Ikea, &)
26,01 (€as 6)B(UkCas &) + T(Es Tiear ) (Ve B)(€as &) = (Ve B) (00, ;)
= 5t L)(Ve,B)(Tiea, &) + e (tr DIB(E;,€;) — dealtr L)B(G, €).
We find with the help of (5.48), the symmetry of L and (5.11) that

AnCr (&, eq) = (4n + 1)B(Ireq, &) + €5B(eq, &) + B(Lieq, k) — %d(fTL)(Ijea)

1
~1 [(VebL)(Iiea, Iey) — €j(Ve,L)(ea, Iiey) + (Ve, L) (Iieq, Liey) — €;(Ve, L) jeq, ep)|.
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follows from (4.14) that

1
(Ve, T) (&, Ixep, ea) = ~1 [ej(vebL)(Ijeba ea) +3(Ve, L) (Ixep, Liea) + €;(Ve, L) (en, Ijea)

— (Ve, L) (Liey, Ineq) — %d(tr/:)(fjea) .

The sum of the last two equalities yields
(5.87) anCp(&,,e,) + (Ve, T)(E;, Inen, eq) = AnB(Ireq, &) — AnB(lieq, k).

Finally, combining (5.86), (5.87), Lemma 5.6, (5.49), (5.27) with L(ep, Isep) = 0 leads to a series of
standart calculations, which at the end imply (5.80).
The other integrability condition in this case, (5.82), can be obtained similarly using (5.61) and the

Ricci identities. The proof of Theorem 1.2 is completed. g
REFERENCES
[1] Alekseevsky, D. & Kamishima, Y., Quaternionic and para-quaternionic CR structure on (4n+3)-dimensional
manifolds, CEJM 2(5) 2004 732-753. 2
[2] A. Andrada, S. Salamon, Complex product structures on Lie algebras, Forum Math. 17 (2) (2005) 261-295. 2
[3] Biquard, O.,Métriques d’Einstein asymptotiquement symétriques, Astérisque 265 (2000). 2
[4] Chern, S.S. & Moser, J., Real hypersurfaces in complex manifolds. Acta Math. 133 (1974), 219-271. 2, 3
[5] M. Tchomakova, S. Ivanov & S. Zamkovoy, Geometry of para quaternionic contact structures, arXiv:2404. 2, 3, 4,
5,6,7,8,10
[6] Dancer, A. S., Jorgensen, H. R., Swann, A. F., Metric geometries over the split quaternions, Rend. Sem. Mat.
Univ. Politec. Torino 63 (2005), no. 2, 119-139. 2, 4
[7] Eisenhart, L.P., Riemannian geometry, Princeton University Press, 1966. 2, 3
(8] S.Ivanov, I. Minchev, D. Vassilev, Quaternionic Contact Einstein Structures and the Quaternionic Contact Yamabe
Problem, in: Mem. of AMS, vol. 231, 2014, Number 1086. 2
[9] S. Ivanov, I. Minchev, D. Vassilev, Extremals for the Sobolev inequality on the seven dimensional quaternionic
Heisenberg group and the quaternionic contact Yamabe problem, J. Eur. Math. Soc. (JEMS) 12 (4) (2010) 1041-
1067. 2
[10] S. Ivanov, I. Minchev, D. Vassilev, Solution of the q¢ Yamabe equation on a 3-Sasakian manifold and the quater-
nionic Heisenberg group, Analysis & PDE 16:3 (2023), 839-860 https://msp.org/apde/2023/16-3/p07.xhtml/pc,
DOI:10.2140/apde.2023..101 2
[11] S. Ivanov, A. Petkov, The qc Yamabe problem on non-spherical quaternionic contact manifolds, Journal de
Mathe’matiques Pures et Applique’es, vol. 118, (2018), 44-81. DOI: 10.1016/j.matpur.2018.06.011 2
[12] S. Ivanov, D. Vassilev, Conformal quaternionic contact curvature and the local sphere theorem, Journal de
Mathe’matiques Pures et Applique’es, 93 (2010), pp. 277-307. 2, 3
[13] S. Ivanov, D. Vassilev, Extremals for the Sobolev Inequality and the Quaternionic Contact Yamabe Problem,
World Scientific Publishing Co. Pvt. Ltd., Hackensack, NJ, 2011. 2
[14] S. Ivanov, D. Vassilev, S. Zamkovoy, Conformal Paracontact curvature and the local flatness theorem, Geom.
Dedicata 144 (2010), 79-100. 2, 3
[15] P. Libermann, Sur le probleme d’equivalence de certains structures infinitesimales, Ann. Mat. Pura Appl. 36 (1954)
27-120. 2
[16] Webster, S. M., Real hypersurfaces in complex space. Thesis, University of California, 1975. 2, 3
[17] Wu, H.-H., The Bochner technique in differential geometry, Math. Rep., 3 (1988), no. 2, i-—xii and 289-538. 17

(Marina Tchomakova) UNIVERSITY OF SOFIA, FACULTY OF MATHEMATICS AND INFORMATICS, BLVD. JAMES BOURCHIER
5, 1164, SOFIA, BULGARIA
Email address: mari_06@abv.bg

(Stefan Ivanov) UNIVERSITY OF SOFIA, FACULTY OF MATHEMATICS AND INFORMATICS, BLVD. JAMES BOURCHIER 5,

1164,

SOFIA, BULGARIA

AND INSTITUTE OF MATHEMATICS AND INFORMATICS, BULGARIAN ACADEMY OF SCIENCES
Email address: ivanovsp@fmi.uni-sofia.bg



	1. Introduction
	2. Paraquaternionic contact manifolds and the canonical connection
	2.1. The torsion endomorphism
	2.2. The curvature and the Ricci type tensors

	3. Para quaternionic Heisenberg group and the para quaternionic Cayley transform
	3.1. The para quaternionic Heisenberg group
	3.2. An embeding of the paraquaternionic Heisenberg group G(pH)
	3.3. The para 3-Sasakian pseudo sphere and the para quaternionic Cayley transform

	4. Para quaternionic contact conformal curvature. Proof of Theorem 1.1
	4.1. Conformal transformations
	4.2. Para quaternionic conformal transformations
	4.3. Para quaternionic contact conformal curvature
	4.4. Proof of Theorem 1.1

	5. Converse problem. Proof of Theorem 1.2
	5.1. Case 1, X,Y,Z H. Integrability condition  (5.10)
	5.2. Case 2, Z,X H, iV. Integrability condition  (5.27)
	5.3. Case 3, V,  X, Y H. Integrability condition(5.49)
	5.4. Cases 4 and 5, i, j V, XH. Integrability conditions  (5.61), (5.59) and (5.56)
	5.5. Case 6, k,i,jV. Integrability conditions  (5.80) and (5.82)

	References

