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Abstract

We consider nonparametric statistical inference on a periodic interaction potential
W from noisy discrete space-time measurements of solutions p = py of the nonlinear
McKean-Vlasov equation, describing the probability density of the mean field limit of an
interacting particle system. We show how Gaussian process priors assigned to W give rise
to posterior mean estimators that exhibit fast convergence rates for the implied estimated
densities p towards py. We further show that if the initial condition ¢ is not too smooth
and satisfies a standard deconvolvability condition, then one can consistently infer the
potential W itself at convergence rates N ~? for appropriate § > 0, where N is the number
of measurements. The exponent 6 can be taken to approach 1/2 as the regularity of W
increases corresponding to ‘near-parametric’ models.

1 Introduction

We investigate the problem of conducting statistical inference in a class of dynamical systems
whose state at time ¢ € [0, 7] is described by the probability density p = pw (¢, -) solving the
nonlinear partial differential equation (PDE)

X DoV (VW ) 1)
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known as the McKean-Viasov equation, where A, V-,V denote the Laplacian, divergence and
gradient operators, respectively. Further ¢ is the probability distribution of the initial state
and W is an interaction potential with Lipschitz gradient. In the present paper we consider
this equation on the d-dimensional torus T¢, with periodic boundary conditions. This PDE
is a non-linear and non-local Fokker-Planck type equation and plays a fundamental role in a
variety of scientific application areas ranging from opinion dynamics [31] and other models
in the social sciences [51] to mathematical biology [50], sampling and optimization [59, 55],
plasma physics [18], fluid mechanics [28], as well as statistical physics [29, 19] and kinetic
theory [63, 25, 41].

The problem we shall study here is how to recover the interaction potential W from a
discrete statistical measurement of the evolution of the macrosopic state p of the system over

*Department of Pure Mathematics and Mathematical Statistics, University of Cambridge, email:
nickl@maths.cam.ac.uk

fDepartment of Mathematics, Imperial College London, email: g.pavliotis@imperial.ac.uk,
kolyan.ray@imperial.ac.uk


http://arxiv.org/abs/2404.16742v1

time. We shall take a non-parametric approach where a possibly high- or infinite-dimensional
model is postulated for the function W, arising from a Gaussian process prior II, which then
is updated via Bayes rule from ‘regression type’ data (Y;,t;, Xi)i]L of the form

Y; = pw(ti, Xi) + &, & ~""N(0,1), i=1,...,N, (2)

where the t;, X; are sampled discretely from the the time-space cylinder X = [0,7] x T¢.
This approach is frequently taken in applications, e.g., [27, 32, 37], and fits into the general
paradigm of Bayesian non-linear inverse problems with PDEs [62], which is amenable to an
algorithmic treatment via MCMC and numerical PDE methods even in high- and infinite-
dimensional models [10, 3] — see after (6) below for more details. It also allows us to take
advantage of recent theoretical developments in the field, e.g., [43, 42] and especially [44],
but before we do so let us shed some more light on how such measurements may arise in
concrete physical situations, explaining also the interpretation of the function W as driving
interactions.

A basic interacting particle model postulates the simultaneous evolution in time ¢t € [0, 7T
of n particles X} in a d-dimensional state space T?, solving the coupled system of n stochastic
differential equations (SDEs)

. 1 ) ; )
dXtZ:_EZVW(Xf—Xg)dtJr\/idBf, i=1...,n, (3)
i7#]

where the B! are independent d-dimensional Brownian motions, and where chaotic initial
conditions are assumed, i.e., the X} are all started independently, drawn randomly from the
given initial distribution ¢. This setup can be considered as well in R¢, in particular if we
add a drift —VU(X})dt arising from a (known) confining potential U to the SDE (3). There
has been a sequence of interesting recent papers trying to address the problem of inferring
W from measurements in models such as (3), see [2, 61, 15, 53, 54, 20, 22, 1, 9, 14] — with
earlier references being [4, 34]. Key statistical aspects of this task, such as dealing with the
multi-dimensional setting d > 1 and clarifying when the potential W is indeed statistically
identifiable, still remain broadly open, however. The important reference [14] shows how the
particle densities can be estimated empirically from the data, but as our results indicate,
one can obtain faster convergence rates than in [14] in important physically relevant settings
(see below for more discussion). Furthermore, the hypotheses imposed in all the preceding
references to identify W are typically implicit and can generally not be verified for natural
parameter spaces. Note also that recently developed proof techniques for non-parametric
inference in multi-dimensional diffusion models (see [46, 24, 45, 33] and references therein)
do not apply to the model (3) when the number n of particles is large as the dimension nd
of the underlying state space then diverges rapidly.

To exploit the information present in measurements of such systems in the mean field limit
(n — o00), one ought to take advantage of the rich mathematical theory that describes the
macroscopic behaviour of particles interacting according to (3). In particular, it is well known
that under mild assumptions on the interaction potential, and with chaotic initial data, the
propagation of chaos property holds— we refer to [63] for a classical reference, to [49, 39] for
particularly clear proofs, and [28, 36, 13] for important recent developments. Specifically, it
is shown in [36] that if one considers the marginal distributions Ptk" of any fixed number
of k = o(n) particles, then in the mean field limit n — oo the laws Ptk" are approximated
in relative entropy by a product measure PF whose coordinate distributions have probability



density pw solving the PDE (1). Moreover, p = py is the density of the law Law(X;) where
X is the solution of the nonlinear (in the sense of McKean) SDE

dX; = —VW % p(t, X;)dt +V2dBy, t >0, Xg~ 6. (4)

The existence of the solution to the last equation is not difficult to prove, in particular when
the state space is the torus, by a fixed point argument in path space, see, e.g., Ch.I in [63].
The intuition is that as n increases, the distribution of any fixed particle is determined by
the local dynamics of a Brownian motion with drift term reacting to the local density p of
nearby particles by convolution with the gradient of the interaction potential. Moreover,
we can regard the laws of each distinct (fixed) pair chosen among k = o(n) particles as
approzimately independent. One can then record the ‘relative frequencies’ of the proportion
of these k particles spent in each of N ‘bins’ of a dissection of the time-space cylinder [0, 7] x
T<¢. This allows one to obtain approximate (‘histogram’ type) measurements of the particle
density pw, and by the approximate independence of the k& marginals we can justify the
measurement model (2). We believe that the results obtained here also strongly inform the
non-iid models (3), (4), possibly even by using the non-asymptotic approximations in [36]
combined with results in [58] to bound the (one-sided) Le Cam distance for equivalence of
statistical experiments. These questions are of independent interest and will be investigated
elsewhere — in the present article we content ourselves with aggregating the information in
the data to a measurement (2) of the particle densities.

Once we have adopted the paradigm of Bayesian nonlinear regression with data (2), the
question of whether consistent statistical inference on W, pyy is feasible can be determined by
studying analytical properties of the parameter to solution map W — py of the underlying
PDE — this was first shown in [42] and a general theory is laid out in [44]. For the present
non-linear Fokker-Planck equation (1) we exploit ideas from [7, 8] that allow to realise py
as a limiting fixed point of sequences of suitable linear parabolic problems, as well as a
‘Girsanov type’ estimate in relative entropy for solutions to linear and nonlinear Fokker-
Planck equations [5, 36]; this bound permits us to replace the arguments for linear PDEs from
Sec. 2.1.1 in [44]. Our key analytical results consist, first (Lemma 3), of proving Lipschitz
continuity of the non-linear forward map W + py on bounded subsets of C?(T4);

lowy — pwa 2y S IVIWVL = Wa) * pwy |2y S IWh — Wall -5

where 8 > 0 is a measure of the regularity of the initial condition ¢ € H?. Using the theory
from [44] this implies that Gaussian process priors for interaction potentials W give rise to
sensible non-parametric models for the relevant regression functions pyy. In particular, this
enables us to obtain fast convergence rates for recovery of py by Bayesian plug-in estimates
Py, arising from the posterior mean Wy = ENW|(Y;, t;, Xi)Y,]. We then tackle the inverse
problem and prove a partial converse to the first inequality in the last display, specifically a
stability estimate
1W3 = W) % o 2y S lows — pwals

for a norm || - ||+ that involves partial derivatives in the space and time variables, see (22) for
details. When W7 has a bound on the number of non-zero Fourier modes, this further implies
novel injectivity (or ‘inverse stabilty’) estimate for the entire map W +— py as soon as decon-
volving the ‘factor’ pw, is possible. This permits us to provide concrete verifiable hypotheses
on only the initial condition ¢ under which full inference on the interaction potential becomes



feasible at polynomial convergence rates N~ 0 > 0, as soon as W is Sobolev smooth. The
Bayesian posterior mean estimators that attain these convergence rate can be implemented
by MCMC techniques, and unlike frequentist methods studied in earlier references, our ap-
proach does not require or postulate an explicit identification formula for W. Rather, the
aforementioned stability estimates are sufficient to guarantee recovery, which is one of the
main reason why Bayes methods are attractive in nonlinear inverse problems arising with
PDEs and data assimiliation tasks, see [44] and references therein.

Our proofs exploit information in the observations available at finite (in fact, short) time
horizons, and are not based on any kind of ergodicity properties of the particle system.
Several of the recent papers on inference for the McKean SDE cited earlier develop inference
methodologies based on observing particles over a long time interval, and rely on the ergodic
properties of the dynamics in the limit as 7" — oo. This approach is not necessarily well-suited
for the mean field dynamics. Indeed, it is well known [11, 7, 13, 12] that the McKean-Vlasov
dynamics can exhibit phase transitions, i.e. multiple stationary states can exist. In particular,
for the dynamics on the torus in the absence of a confining potential, the uniform measure is
always a stationary state for the mean field dynamics, and clearly no information about the
interaction potential can be deduced from it. For example, the spectral theoretic approach
that was proposed in [53] and that is based on linearising the McKean-Vlasov operator around
the invariant measure, does not work in this case, since the linearised Mckean-Vlasov operator
is simply the Laplacian. But even when the McKean SDE has a unique informative invariant
measure, long term horizon asymptotics may not be useful as the invariant measures are
generally smooth and hence not easily deconvolvable.

2 Main results

2.1 Notation

We will denote by C(T¢) the space of (bounded) continuous functions on T¢ while L?(T9)
denotes the usual Hilbert space of square integrable functions for Lebesgue (probability) mea-
sure dz on T?. The spaces H*(T%),C®(T%) consist of all functions that have partial (in the
former case, weak) derivatives up to order o € N defining elements of L2(T?), C(T¢), respec-
tively, and we set C(T9) = Nas0C*(T?), CO(T?) = C(T?) by convention. For regularity
estimates for the PDE (1), it is also convenient to introduce the space W (T%) of functions
in C(T?) whose weak partial derivatives up to order « lie in the space L>(T?) of bounded
functions. We have C%(T¢) — W*>(T%) where — means a norm-continuous imbedding.
We can further define Sobolev spaces H®(T?) = (H~%(T%))* also for a < 0 as the topological
dual space. The convolution * of functions and measures is defined as usual, for instance if
f,9 € C(T9) then fxg(x) = [1a f(z — y)g(y)dy,x € T

We further define function spaces on the time-space cylinder X = [0,7] X T<, such as
the Hilbert space L?(X,)\) where A = A is the uniform probability measure on X. For
B a normed space we also use standard parabolic PDE notation for the function spaces
LP([0,T],B) of maps H : X — R whose norms ||H(t,-)||p lie in LP([0,T]). The spaces
H™([0,T], B) then denote those functions H € L?([0,7], B) whose (weak) time derivatives
(07 /0t)H for all 0 < j < m lie in L%([0,T], B), with corresponding Hilbert space norm. We
also write P = P(T?) for the set of all (Borel-) probability measures on T¢.



2.2 Gaussian process regression in the McKean-Vlasov model

For an initial condition ¢ € H?, consider the time marginal densities p = py providing the
unique periodic solutions to the non-linear parabolic PDE (1) on the time-space cylinder
X = [0,T] x T¢, see Theorem 4. Consider N independent and identically distributed (iid)
observations (t;, X;,Y;)¥, arising from the model (2), where the (t;, X;) are drawn iid from
the uniform distribution A on [0,7] x T9, independently of the noise &;. We denote by
Dy = ((t;, Xi, Y:))X, the observation vector, with law P}. As explained in the introduction,
such regression-type forward models are widely used in (Bayesian) inverse problems [44] and
are approximately justified in interacting particle models (3) by the propagation of chaos
phenomenon.

We devise a Bayesian model for the solutions py of the PDE (1) in the non-linear regres-
sion framework (2), placing a prior on the interaction potential W, our quantity of interest,
while treating the initial condition ¢ as given. Another common approach in data assimila-
tion with such time evolution equations would be to assign a prior to the initial condition ¢
— see for instance the recent article [47] in the 2D Navier-Stokes model.

We employ Gaussian process priors [57] for the interaction potential — these will be sup-
ported on a separable normed linear space (W, || - ||w) satisfying the imbedding

W < C*(T% N {W :
Td

W(x)dx = O} . (5)
Note that the potential W is identifiable only up to constants as the gradient VW relevant
in models (1),(3),(4) annihilates constants, so fixing [ W = 0 is natural for identifiability
reasons. The separability is required to apply Gaussian process techniques from [23, 44] —
we can think of W to equal a Sobolev space H*+!(T¢) for o > 1+ d/2 or, to obtain sharper
results, we can also take periodic Besov spaces W = B, (T9),a > 2 ([23], p.370). Concrete
examples will be discussed below, but for now we let II be any Borel probability measure on
some space W satisfying (5).

The posterior distribution obtained from such a prior II and data (2) is given by Bayes’
formula via standard arguments [21, 44];

N
1
dI(W|Dy) < eXWAII(W); tn(W) = -3 SO —pw(ts, X)IP, Wew.  (6)

i=1

Posterior draws w ~ II(|Dy) can be approximately calculated from Markov chain Monte
Carlo (MCMC) techniques, for instance by the pCN, ULA or MALA algorithm, following
the now well established paradigm of Bayesian inversion and uncertainty quantification in
PDE models, see [62, 10, 3, 52] and also Section 1.2.4 in [44] for an overview. Each MCMC
step requires one numerical solution of the non-linear Fokker-Planck equation (1), for which
a variety of methods exists, see [6, 26, 60] for recent references. We can then form ergodic
averages (1/K) " le wy, of these MCMC draws wy, to approximately compute the posterior
mean estimate W = EY[W|Dy] of the interaction potential W, which in turn delivers esti-
mates also of the particle densities py; by one further numerical solution of the Fokker-Planck
equation (1) with interaction potential W. For a concrete example and further discussion on
applying MCMC method for instance to the Keller-Segel model for chemotaxis (which is a
non-linear, non-local PDE of the form (1), [7, Sec. 6.5]), see for instance [37].

One can also attempt to minimise the negative log-posterior over YW (amounting to a MAP
estimate, or Tikhonov regulariser), but we note that the problem is non-convex due to the



nonlinearity of W +— py, hence MCMC may be more robust to the presence of local optima in
the criterion function. Computational guarantees for gradient based MCMC methods can be
obtained in principle following ideas from [48] combined with some of the stability estimates
from the proofs that follow. But this is beyond the scope of the present paper — we shall
focus here on analysing the statistical properties of the posterior distribution II(-|Dy) under
the objective (‘frequentist’) assumption that an actual ground truth potential Wy generated
the interacting particle system and thus data from equation (2). Therefore the statistical

N
analysis is under the law P%O of the data vector Dy, and —5Wo will denote convergence in
P%O-probability.

2.3 Posterior contraction rates for the particle densities

We first establish contraction rates for posterior distributions (6) arising from rescaled and
possibly projected Gaussian process priors over T¢. We start with a mean-zero Gaussian
process (V(z) : x € T?) with reproducing kernel Hilbert space (RKHS) H whose law IIy/
satisfies the following assumption. For definitions and background material on Gaussian
processes and their associated RKHS, see Chapter 11 of [21] or [57].

Condition «a. Let Iy be a centred Gaussian probability measure on W from (5) with RKHS
(H, || - |l3%). Further suppose that for some a > d/2 + 1, the continuous embedding H —
HTY(T9) holds.

To deal with various non-linearities in our regression problem, we follow ideas in [42] and
rescale the ‘base prior’ via

W=V . Sy = N 2wiisssa (7)
VNN’ N ’

to introduce extra regularisation in the posterior distribution. Here, o + 1 models the reg-
ularity of the interaction potential W (so a models the regularity of VW), while 8 > 0 is
determined by that of the initial condition py(0,-) = ¢ € HP. The extra regularisation
allows us for instance to deduce space or time regularity estimates for pyy corresponding to
interaction potentials W drawn from the posterior, see Theorem 5 below. Note that such
priors are special cases of the rescaled Gaussian process priors considered in several ‘direct’
statistical settings [21].

We will further consider L?(T¢)-projections my, (W) of the law of W onto sequences of
linear subspaces Wyxn C W, including the case Wy = W for all N. The final prior law of such
W on W or Wy will be denoted by II = IIy. A typical example of such a projection is the
truncation of an infinite dimensional Gaussian process onto its finite-dimensional counterpart,
as is usually done in practice. We note that less aggressive shrinkage would be permitted in
(7) but we opt for the present choice as this allows us to directly use results from [44] in the
proofs.

The following theorem shows that we can solve the regression problem underlying (2) via
the implied prior arising from a Gaussian process model for the interaction potential W. [We
restrict to even integers (3 to facilitate the application of parabolic PDE theory in the proofs.]

Theorem 1. Suppose ¢ € HB(T?) for some even integer B > 3+ d and let Iy be a Gaus-
stan measure satisfying Condition «. Consider the rescaled Gaussian process prior from



(7) projected onto a linear subspace Wy of W. Let Wy € H satisfy de Wo = 0, and as-
sume further that there exists a sequence Wy y € H N Wy such that |Won|n = O(1) and
|\Wo —Won|g-s =O0(0n) as N — oo. Then for M,L > 0 large enough, we have

N N
(W € War : low — pwoll 2y < Lon| D) —'Wo 1
as N — oo, where

Wun ={W =Wi+ Wy € Wn : [Wi|lg-s < Mdn, [Walu <M, [Wlc: <M}. (8)
_ at+1+48

The convergence rate dy = N 2@+D+25+d derived above corresponds to the forward rate
of an (a + 1)-smooth truth in an inverse problem with ‘polynomial ill-posedness’ 8. The
self-convolutional term VW x py appearing in models (1) and (4) suggests the ill-posedness
here should be related to the smoothness of py,. In the present nonlinear parabolic PDE
setting, the regularity of the densities pyy, is driven by that of the initial condition ¢ rather
than that of Wy, see Theorem 5, which is reflected in the role of 3 in the forward rate, see (19)
below. Whether this is optimal is a delicate question concerning the optimality of regularity
estimates in nonlinear parabolic PDEs. Note that the convergence rate d accelerates to the
‘parametric’ rate 1/ V/N as soon as either the model for W or the initial condition ¢ is very
smooth, i.e., as a or 8 — oc.

To compare the convergence rates obtained in the preceding theorem to the existing
literature, let us consider a general version of the interacting particle system (3) on all of R%:

. . 1 . . .
dX; = —VU(X})dt — — > VW(X] - X])dt+V2dB}, i=1,...,n, (9)
i#j

where U is a suitable confining potential. For (spatially) 8-smooth p solving the corresponding
non-linear Fokker-Planck equation, Della Maestra and Hoffmann [14] show that the minimax

rate for pointwise estimation of p is the ‘usual’ nonparametric rate n_ﬁ. One can check
that their minimax lower bound is established by considering W = 0, that is, in a diffusion
model without interaction term, where regularity of U translates directly into that of p.
However, when U is zero or much smoother than W, our results show that we can expect

significantly faster rates n_#ﬁ“d for the forward map pyw if the deconvolution structure
is correctly taken advantage of.

This suggests that methods that are only based on the smoothness of p € H” and not
(as we do via our Lemma 3) on properties of the underlying parameter to solution map
(U,W) — pyw may not be able to fully exploit the information available in the data. This
highlights a significant advantage of modelling W directly, as the Bayes method does. We
also note that by placing a prior on W, and hence pyy, one obtains posterior draws py that
lie in the range of the forward map (i.e., they solve the PDE (1)). This is key for applying
our stability estimate (14) below for recovery of W. While the Bayes method does this
automatically, it is not necessarily the case for other methods that first estimate py directly
by some smoothing method which relaxes the PDE constraint.

In summary, our results demonstrate that the estimation rates for p are more complex
than the regularity of p alone might suggest, and that they depend on a delicate interplay of
the interaction term W, the initial condition ¢, and the confining potential U.



2.3.1 Examples of Gaussian priors
We now discuss examples of Gaussian priors satisfying the conditions of Theorem 1.

Example 1 (Periodized Matérn process). Consider the Gaussian process on T¢ given by

1 22
V(gj) = (Zw)d/2 Z (1 T 4W2’k‘2)(a+1)/2gkek(x)’ 9k ~ d N(Ov 1)7 T € Td7
0#£kezd

where the e, o €2™#() are the L?(T%)-orthonormal trigonometric polynomials over T¢. This
is the L?(T9)-series expansion resulting from periodising the usual Matérn process on R?, see
Section A.1.1 of [24] for details. We have excluded the constant function from the trigono-
metric basis to incorporate our identifiability condition de W =0.

By standard arguments (Ex. 2.6.15 in [23]), the RKHS of V' equals

H = H"Y(T4) N { y W = 0} , (10)

with equivalent norm || - |3 =~ || - ||ge+1. The above process has a version V' whose sample
paths are in C*+t1=4/2=1(T9) for any n > 0 ([21], Proposition 1.4). Thus using [21], Lemma
1.7, we see that V defines a Gaussian random element of C™(T¢) for any 7o < o+ 1 — d/2,
and since for o > 1 + d/2 the space C™(T?) imbeds continuously into the separable Besov
space B7_{(T%) — C?(T9),2 < r < 7o, (cf. p.370f. in [23]) we can realise the law of V as a
Gaussian Borel probability measure on

W:Bgol(’]I'd)ﬁ{ WzO}, any r < a+1—d/2,

Td
so that Condition « is verified.
Remark 1. Passing through a separable space is important to apply techniques from Gaus-

sian process theory [23], Ch.2, but the introduction of Besov spaces could be avoided by
increasing the smoothness to o > 1+ d and taking W = H* %2 as in Theorem B.1.3 in [44].

Now assume Wy € H defined in (10) which also lies in W (by what precedes, or abstractly
by Corollary 2.6.17 in [23]). Applying Theorem 1 with Wy = W, Wy y = Wy, then gives
that for M, L > 0 large enough,

___atl+B PN
I(W € Wy : low — pwollp2(xy < LN~ Z@072550 | |[W]|c2 < M|Dy) — "o 1,
as N — oo for this prior.

Example 2 (Truncated Fourier prior). For implementation by MCMC, and also in order
to conduct inference on the interaction potential later, it is of interest to remove the higher
Fourier frequencies from the Matérn prior for W just constructed. For Ky € N, Ky — N 00
00, consider the truncated Fourier series prior

1 1
- Z 2
VNoy keZd:0<|k|<Ky (1 +[&]

Ty (W)(2) sarmasker(). o N, (1)

which equals the L?-projection of W onto Wy = Ex,, the span of the trigonometric
polynomials up to frequency Ky (excluding constants). Let Wy € H, and set Wy n =



Zkezd:0<|k‘§KN<WO, er)rzex € HN Wy to be the Fourier projection of Wy onto the first Ky
frequencies. Then [|[Wo n|l% < [|[Wollgat+r and |[Wo — Wo nllg-s S K;,a_l_ﬁ = O(dy) for

~

1
Ky 2 N2(+D+28+d  Applying Theorem 1 gives that for M, L > 0 large enough,
N _ at1+8 PN
OW e Wun : llpw — pwillp2xy < LN 20042544 [ D) —"Wo 1,

_ 1
as N — oo, with regularisation Wy n set given in (8). Note the condition Ky 2 N 2(atD)+25+d
means the prior scaling rather than the truncation drives the prior smoothness.

Remark 2 (Symmetric potentials). In many physical applications, the interaction potential
W is symmetric. This can be encoded into the prior by separating the real and imaginary
parts of the trigonometric polynomials ey, o< e2™*() into ¢ () ox cos(2mkz) and dopi 1 () o
sin(27kx), and setting the prior coefficients of ¢or11 to be zero. This yields prior and then
also posterior draws that are symmetric about zero and all our results apply equally for
Sobolev smooth symmetric truths Wy.

Remark 3 (Almost finite-dimensional models). One can also consider smoother Gaussian
processes, for instance

V(‘T) = (27T)d/2 Z e_r‘k|1/2gkek(x)7 gk ~iid N(07 1)7 MRS Tda
0#£kezZd

where |k|; = |k1|+---+]|kq| and 7 > 0. These model infinitely differentiable periodic functions
with exponentially decaying Fourier coefficients. For example, as in [56], we consider the
rescaled Gaussian process

Vv
~ log N’

where less rescaling is needed than above since the sample paths of V' are already very regular.
The RKHS of V is

He=Sh= > hgep: |k = Y hje'™h <oos, (12)

0#£keZd 0#£kezZd

which embeds continuously into any Sobolev space H*t! o > 0, meaning we have all the
required regularity properties needed above. Our arguments can then be modified to extend
to such settings by standard arguments, see Section C of [56] for details. For Wy € H,., we
thus have for M, L > 0 large enough,

N
(W € W llow — pwollze(xy < Ly, [[Wllweoe < M|Dy) =0 1

as N — oo, where 0% = (log N)"/v/N for somen > 0 and W), = {W = Wi+Ws : [|[Wi|5-s <
My, IWalln, < M, ||W||c2 < M}. Such priors work for truths with exponentially decaying
Fourier coefficients and are thus relevant when the interaction potential Wy can be well
approximated by relatively few Fourier modes. This occurs in several physical applications,
for example the Kuramoto-Shinomoto-Sakaguchi (O(2)) model for synchronization or the
(wrapped) Gaussian (attractive or repulsive) interaction potential; we refer to [7, Sec. 6] for
further discussion and several examples.



2.4 Recovering the interaction potential

We now consider conditions under which we can consistently recover the interaction potential
Wy from noisy observations (2) of the McKean-Vlasov PDE (1).

We notice that the posterior contraction rate dn for ||pw — pwy|z2 from the previous
theorem becomes close to the parametric rate 1/v/N as 3 — oo, even if we keep the regularity
« of the prior model for the potential W fixed. This reflects the self-convolving nature of
the McKean-Vlasov dynamics: the density py can be very smooth even when W is not,
as long as the initial condition is sufficiently regular in a Sobolev sense. A consequence is
that the interacting particle dynamics partially mask information about W unless the initial
condition is somehow atypical. Viewed this way, inferring W becomes a statistical inverse
problem which compounds a deconvolution step and a nonlinear inverse problem for the
Fokker-Planck equation (1). We now show that this inverse problem can be solved, provided
that the initial condition ¢ is not too smooth, measured by a lower bound on the decay of
its Fourier coefficients. In other words, if we can prepare the system to start in a somewhat
irregular initial state, then the observed dynamics of the interacting particle system will reveal
the potential W to the Bayesian posterior distribution arising from a prior that concentrates
on at most a finite (but growing) number of Fourier modes.

At the heart of the main statistical result Theorem 3 is the following stability estimate
for the forward map W — py under such hypotheses.

Theorem 2. Suppose Wy € H! for a > 14 d/2 and ¢ € HP(TY) where f > 3 +d is
an even integer. Assume ¢ is strictly positive ¢ > ¢Gmin > 0 on T¢ and that the Fourier
coefficients ) of ¢ satisfy

|B(k)| > clk| ™, ke, (13)
for some ¢ > B+ d/2. Let W = Zkezd:m\gK Wier € Ex be band-limited by K Fourier
frequencies and assume ||[W||ly2.00 + [Wolw2e < M as well as [1,(W — Wo)dz = 0. Then
there ezists a constant C = C(d, T, M, ||¢|| g6, Gmin) > 0 such that for any 0 < ty < %K‘C
we have

W —=Wol7. < C (K_QO‘_Q +to 'K (low = pwoll3r (o 400,11y + low — PWOH%Z([o,tO},Hl))> :
(14)

The analytical intuition of this stability estimate could be phrased as saying that if we can
obtain precise estimates of the space and time derivatives of pyy,, we will be able to identify
Wy € H under the hypothesis (13). So both the space and time dynamics of the densities
pw are relevant for reconstruction. We can combine this estimate with the truncated Fourier
series prior in Example 2 to consistently recover the underlying potential.

Theorem 3. Suppose Wy € H for a > 14d/2 and ¢ € HP(T?), where 8 > 3 +d is an even
integer. Further assume that ¢ is lower bounded by ¢pmin > 0 and satisfies (13). Consider the
1

truncated Fourier series prior in Example 2 with Ky ~ N2e+t0+28+d . Then for L > 0 large
enough,
B2 N
H(W S EKN : HW — WOHL2 > LK]?:/C/25N,8 |DN) —)PWO 0,

__ otl+B ) . _
as N — oo, where 6y = N~ 2@+D¥28%d  [n particular, the rate is N0 for

(o -+ 14 5)(8 ~2)/8 ~3¢/2

0 =
20a+1)+28+d

(15)

10



Moreover, if Wy = EX[W|Dy] € Ek,, is the posterior mean, then we also have

|[Wx — Wollr2 = Opx (N7%) as N — oo.
0

Theorem 3 uses the stability estimate (14) with ¢y ~ K;,C — 0 small, which shows that as
long as the initial condition ¢ is sufficiently irregular, the short-time dynamics of the system
are already enough to consistently recover W as N — oo. This is especially relevant in our
setting where ergodic averages may be uninformative for W, since the uniform distribution
is always a stationary state for the mean-field dynamics on the torus [7]. Whether one can
further exploit long-time information under relevant physical scenarios is a subtle question
given the existence of phase transitions and, consequently, of multiple stationary states for
McKean-Vlasov dynamics. In any case, our result already shows that Bayesian methods can
extract relevant short-time information from the data.

The condition ¢ > 3+d/2 ensures that ¢ can satisfy both ¢ € H? and (13) simultaneously.
If the lower bound (13) is too weak, i.e. the initial density is much harder to deconvolve that
its Sobolev smoothness 3 suggests, then our result may not imply consistency. Consistency
with polynomial rates is possible as soon as € > 0, which holds for ( satisfying

(a+1+8)(8-2)

36 '
This range is non-empty for o > 0 large enough. For semi-parametric applications to
Bernstein-von Mises theorems (e.g., as in Sec. 4.1.1 in [44]) it is important that these rates

can be sufficiently fast in regular models: for instance we can always obtain 36 > 1 as long
as a > ag(f,d) for some oy = ap(B,d), if (13) holds for ( = 5+ d/2 + n and all n > 0.

B-2
One can further check that the rate K]?QC/ 25N5 holds in Theorem 3 if one takes any

ﬁ+d/2<(<2

1
Ky 2 N2+D+28+d | though taking larger Ky here deteriorates the final rate. One can also
1

extend the theorem to Ky < N2etD+25+d giving deconvolution rate
—a— 3¢/2 [ 252 A
KNO{ 1 + K]VC/ (g B + £]€[+1> ,

where now £y = I+ K ;,O‘_l_ﬁ is a possibly slower contraction rate (since the prior truncation
may now drive the forward rate).

Remark 4 (Deconvolution rates for almost finite-dimensional models). We can also consider
the truncated version of the prior in Remark 3, truncating at level Ky as in (11). For
Wy € H, defined in (12) and Ky > % log N, we obtain the same near-parametric contraction
rate 8 = (log N)"/+/N for the densities py as in Remark 3. Turning to the deconvolution,
we deduce the rate

2(8-2) B—=2

2(8—2)
< (log NY** =7 'N~7 .

W — Wol|2 S e ™5~ 4+ K3 ()

Thus for Wy € H,, one can also recover the true potential Wy, and thus solve the inverse
problem, at the near-parametric rate (log N)" /v/N as the regularity 3 — co.

We next give a concrete example of a distribution ¢ for which the above theorem applies
and consistent recovery of the potential Wy with polynomial rates is possible.

11



Example 3 (Periodised symmetric multivariate Laplace distribution). Consider the symmet-
ric d-dimensional multivariate Laplace distribution on R?, usually defined via its characteristic
function m, ¢ € R%. This distribution has a density function of the form ([35], p. 235)

2 (P
_ Y d
10 = o () T KeapO2), veRt,
where K is the modified Bessel function of the second kind, having integral representation
Ky(z) = [5° e7®sht cosh(At)dt. Consider the periodized version of this density

@)=Y falz+k), xe(0,1]%

kezd

which defines a strictly positive density function on the torus T?¢ with Fourier series

1

=——>3—, keZ
1+ 272 |k|?

70 = Prlff 10 = [ 1 (@) e = Fral£8)

where the relation with the Fourier transform of the unperiodized density f; follows from
Theorem 8.35 of [17]. For any m > 1, consider the m-fold convolution ¢, = f7" s« f7

which defines a positive probability density function on T¢ with Fourier transform

A 1
onk) = oy

Then ¢, € H? for any 8 < 2m — d/2 and satisfies the deconvolution condition (13) with
¢ =2m.

Applying Theorem 3 with Wy € H € H' N W2 and 8 = 2m —d/2 —n for n > 0
arbitrarily small, we obtain contraction rate

(W € By : |W —=Wollz2 > LN~ |Dy) =0 0
as N — oo, where #’ is any constant satisfying

(a+ 14 2m — d/2) 25422 — 3m

0/
< 2(a+1)+4m

(which can get arbitrarily close to the upper bound by taking > 0 small enough). The
right-hand side is strictly positive if and only if
(2m —d/2)(m +d/2+2)

(2m —d/2 — 2) ’

a+1>

in which case we can take 6’ > 0. Thus for any fixed m, one can consistently recover Wy € H
with polynomial rates for « large enough.

3 Proofs

3.1 Proof of Theorem 1: forward contraction rate

We verify the conditions of Theorem 2.2.2 in [44], namely Condition 2.1.1 of [44] with regu-
larization space R = W2 on which the prior concentrates (in view of (5) and the continuous

12



imbedding C? < W2%). This consists of showing (i) boundedness of py on the domain X
and (ii) Lipschitz continuity of the forward map W + py : H=?(T¢) — L?(X), uniformly
over || - ||yy2.-balls of radius M > 0. While that theorem requires that Wy € HNR, it is
straightforward to modify the proof to require only Wy € R = W2 along with a suitably
good approximation sequence Wy y in the RKHS H, see (2.22) or Exercise 2.4.3 in [44].

(i) Boundedness: using the Sobolev embedding theorem H%2?+¢(T?) < C(T?) for any
e > 0 and the L>®([0, T]; H**1(T%)) regularity estimate (27) from Theorem 5 with k = d — 1,

sup  |lpw |z () < sup sup || pw ()| ras2+<
W [Wllr<M W[ W ]| yy2,00 <M OSEST 16)
= b low Il oe o 1y )y < Caram ool yas

W:[W | y2,00 <M

since ¢ € H? with 8 > 3 + d. This verifies (2.3) in Condition 2.1.1 of [44].

(ii) Lipschitz continuity of the forward map: we control the distance between solutions to
the McKean-Vlasov equation (1) for different potentials via the relative entropy/Kullback-
Leibler divergence of the marginal densities. We first require the following estimate from [36,
5], adapted on the torus.

Lemma 1. Let W; € W°(T4), i = 1,2, ¢ € H3*4(T%) N P(T?), and consider the solutions
pi, © = 1,2, of the corresponding Fokker-Planck equations

Op;
8/1)5 = Ap; +V - (pi(VW; x p;)), (17)

Then for all t > 0,

H(pr(D)]pa (1)) = /T pr(t, ) o Z;EZ gd:s

1t
= 5/ /d VW1 % pi(u) = VWa * pa(u)[* p1 (u) dxdu.
o JT

Proof. The estimate follows from [36], Lemma 3.1, which follows from [5], Theorem 1.1. The
proof can be easily adapted so that it holds for Fokker-Planck equations posed on T¢ instead
of R%. We now check the conditions (H1)-(H3) of [36][Lem. 3.1].

Under our assumptions on the interaction potential and on the initial condition ¢, from
Theorem 4 below it follows that the Fokker-Planck equations (17) have a unique, strictly
positive solution p;(t) € P(T?) N C%(T?) for all t > 0. By standard convolution inequalities,
V Wy pg is bounded, therefore (H1) is satisfied. This implies, in particular, that the weighted
LP spaces in the proof of [36], Lemma 3.1 can be replaced by the flat spaces LP(T%). Further-
more, since W; € W2°(T4) and p; is bounded on T? for all T' > 0, together with Young’s
inequality for convolutions, we have that VIWy % p; € L2((0,T); LP(T%)) for p > d+ 2 (in fact,
we can take p = oo), VW * pg € L2((0,T); L*(T%)) and VW * p; € L>=((0,T); L*(T%)), i.e.
(H2)-(H3) are satisfied. O

Lemma 2. Let W; € W2>(T9), ¢ € H3**4(T9) N P(T?) and consider the corresponding
solutions p; = pw, to (1). If [|Wil|ly2.0 < M, then for allt € [0,T],

| o lps) du < € [TV = W) palt) e
0 0

where C = C(d, T, M, ||¢|| ga)-
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Proof. Arguing as in (16) and using Theorem 5,

1l Lo 2y < C(D)p1ll Loo (0,14 (Tey) < Cold, T M, ||| gra)- (18)

Using Lemma 1, Young’s convolution inequality and Pinsker’s inequality (e.g., Prop. 6.1.7 in
[23]) we have for all 0 <t < T

1 t
Hipr®loa) < gloslme [ [ I9W1 ) = Vs pa(u)l? ded
t
< G [ [ IVWs (or0) = pa(u))? dad
0 JT

t
+Co/ IV (W1 — Wa) * pa(w)|? dadu
0 Jrd

IN

t
COHVW1||2L2(W)/O lor () _p2(u)”2Ll(Td) du

+Co|| V(W1 — W) * p2||%2([0,t]><']1'd)

IN

t
2Co W |2 /0 H(p1 ()| () duu + Col|V (Ws — Wa) # pall2a 0. e

Setting n(t) = fot H(p1(u)|p2(u)) du, the above estimate can be written as
() < 2CoM?1(t) + Col[V (Wi — Wa) * pal|F2 10 ray-
The result now follows using the differential form of Gronwall’s inequality [16, Sec. B.2]. O

The second part of the following lemma shows that the map W +— py is S-smoothing,
suggesting a mildly ill-posed inverse problem. We have not attempted to optimise 5 here but
believe it close to being sharp.

Lemma 3. Let W; € W2>(T9), ¢ € H3**4(T9) N P(T?) and consider the corresponding
solutions pw, to (1). Suppose [|Wi|lw2.0 < M fori=1,2.

(i) Then for some constant C = C(d, T, M, ||| ga),
2 r 2
Hle - szHL?(X,)\) < C/O HV(WI - WZ) * pWQ(t)||L2(Td)dt-

(i) If in addition ¢ € HP(T9), where B > 3 + d is an even integer, then
lowy — pwallz2xpy) < ClIWh — Wal[y-5 (19)
for some constant C(d, 3, T, M, ||}||gs)-

Proof. (i) For any densities p, g, recall that the Hellinger distance h(p,q) = [(y/p — Q)
satisfies h%(p,q) < H(p|q) (e.g. Lemma B.1 in [21]). Moreover, writing (p — ¢)* = (/P +

VD (VP = a)* yields |p — g7, < 4max(|[plloo; [[alloc)h?(p, q). Using these facts and that
pw;, (t) are probability densities for all ¢ > 0,

17 4 T
f/ low (£, ) = pwa (8, ) |2 gyt < o mac HpWiHL“’(X)/ H(pw, (1, )| pw (1, -))dt.
0 =5 0
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Using (18) and Lemma 1 then gives the result.
(ii) Let en(x) = €22 m € Z4, denote the usual trigonometric polynomials. Since
(f(x =), em)r2(ray = —€—m(T)(f, €—m) L2(1a), Parseval’s theorem yields

10, (W1 = W) s pusy (8, ) ()2 < 4 | D mal (W = Wa,em) 2|l {ows (£, ), €m) 12|

mezd
<472 37 maP(1+ m2) W — Wayem) 2]
mezd
< 3 (L M) P pw, (E, ), em) 2]
meZd

for any = € T9. This implies that
V(Wi = Wa) % pw, (t,-) (@) * < 47|l pw (E, ) Fraes Wi — WallF s

By the regularity estimate (27) in Theorem 5, || pws || 12 (0,1, mr5+1(ray) < C(d, B, T, M, ||¢|| g5) <
oo. Integrating the second last display in space and time, and substituting this into the con-
clusion of (i) then implies

T
lows — pwalZagay < C /0 w2yt Wi = Wall3y—a < C'[ W1 = Wall3ys.

O

The estimate given in Lemma 3(ii) is uniform over || - [|[g = || - ||w2.c-balls for W, which
verifies the Lipschitz estimate (2.4) in Condition 2.1.1 of [44] with k = 8. We may thus apply
Theorem 2.2.2 of [44], which completes the proof of Theorem 1.

3.2 Proof of Theorems 2 and 3: stability estimate and deconvolution

Proof of Theorem 2. Let Ly 1) := Ap+V- (VW xp,_1), for smooth 1, denote the operator
defined in the linearized McKean-Vlasov equation (25). We will prove the result for the
linearized solutions before passing to the limit n — oo. Further define the linear parabolic
operator Py, = (0/0t — Ly.), which satisfies Pw ,pw,, = 0 where pw,, is a solution to
(25), see Theorem 4.

Step 1: Reduction to deconvolution with the particle density. Let pw, pw, be two solutions
of (1) for distinct W, Wy, and denote by pw.n, pw,,n their n-approximated linearised solutions.
As the Py, operators are linear, we can write

dp
@W,n(pW,n - pWo,n) =0~ EPWQJL + gW,nPWO,n

= (Lwvn — Lwon)PWon
=V (pWOJLV(W * PWin—1 — WO * pWo,n—l))' (20)

The densities py, n(t,-) are strictly positive throughout [0, 7] x T¢ in view of (26). Hence by
standard theory for periodic elliptic equations, the operator Lo, %) = V - (pw,.n(t)V1)) is
invertible on L3(T?) := L?(T%)N{ [;a f = 0} for every t: if we select the integral zero solution
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u=Lg ,lmh to the elliptic equation Lg,u = h, we have a uniform in n,t elliptic regularity
estimate (proved just as on p.127-128 in [44]),

ILgnehllze < elbllg-1, ke L§(T?),

with ¢ depending only on the (universal) constant in the Poincaré inequality on T? as well
as the lower bound ¢, from (26). We also notice that for any ¢,

/d @W,n(pW,n - pWo,n) = /d(XW,n - gWQ,n)pWo,n =0
T T

as both Zy,, and Ly, 5, are in divergence form. Therefore we can apply the inverse of L, ;
to (20) and obtain

W s pwn—1 = Wo * pwon—1 = Lo [Pwnlpwn — pwon)], o [0,T] x T%,
where we note that the left hand side integrates to zero since [W = [Wo, [ pwyn—1 =
[ pwn—1 = 1. Rearranging we obtain the identity
(W = Wo) * pwon—1 = L [PWn(pwin — pwon)] + W * (pwon—1 — pwin—1), on [0,7] X T

We can now fix any time horizon 0 < ty < T and estimate

to
10V = o) ¢ a0

to

to
< /0 | Lok o[ Pwlpwn — prvo) O3 paydt + /0 IW % (pwoun—t — pint) ()2

to

to
< /0 1070t = Lwn) (P — Puinn) O+t + /O Iowon-1 — P (Ol 22 paydt

S llowin — PWo,n”%fl([o,tO},Hfl) + [lown — PWo,n”sz([o,to],Hl)- (21)

We can take limits in this inequality: this is clear for the left hand side by Lemma 4 and since
convolution with W — Wy is uniformly Lipschitz on L?(T%). For the right hand side of (21) we
notice that by Theorem 5 and Rellich’s compactness theorem (p.305 in [17]), the sequences
{pwn — pwyn : n € N} converge in H*([0,¢0], H~1) and L?([0,t0], H') along a subsequence
to their unique limit, which in view of Lemma 4 equals pyw — pw,. As the constants implied
by < in (21) are n-independent, we deduce for any 0 < to < T that

to
/0 ”(W_WO)*PWo(t)H%Z(Td)dt < C(”PW—PWO”%{1([0,t0},H71)+”PW—PWOHQLz([QtO],HI)) (22)

for a constant C' = C(T,d, M, ¢pin, |0|| 5) > 0.
Step 2. Deconvolving at small times. Let Wy g = ZkeZd:\k|§K<W07ek>Lzek denote the

Fourier projection of Wy € HY*! onto the first K frequencies. By Parseval’s theorem and
since f W = f Wy we have

W = W22 < [Woll e K2 4 [W — Wi |22

SK_2Q_2+ Z ’W(k) _Wo(k)‘2‘/?wo,n(tv k)’z

SK™272 4 sup

0<|k|<K WH(W - WO) * pWo,n(t7 )H%z
> 0,1\"»
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For t > 0, define the stability constant

() = sup : (24)

o<lkj<k |Pwon(t, k)[*
which we now upper bound. By Theorem 5 we know

H dPWom

e oy < C(ds T2 8, M, 8] zs),

and hence t — py, »(t) is Lipschitz as a map from [0, 7] — L*(T%) which implies ||pw, n(t) —
@l L1 (ray < Ct. But since L'-norms bound the Fourier coefficients uniformly, for any k € Z,

|PWon (k)] = 16(k)] — [pwo.n(k) — S(k)| = clk|~¢ —

Thus for any 0 < ¢ < tg = 55K ¢, the stability constant in (24) satisfies tx,(t) < %ch.
Integrating the inequality (23) in time then gives

to to
L1 = Walltade S take 272 5 K[V = Wo) ¢ e, )

and hence by (21),

—2a— = 2 2
W = Wol7e S K272 + 5 K (|l pw — pwollir (o, -1y + low — pwollZ2(0.40), 1))
completing the proof. O

Proof of Theorem 3. The proof follows from combining the contraction rate for the forward
map from Example 2 with the stability estimate from Theorem 2. By Example 2, the posterior
concentrates on the set

Wy ={W € Exy : |low — pwyllz2x) > Lon, [Wllwzoo < M},
a+148
where 0y = N 2(@tD+26+d g0 it suffices to prove the result for W € Wy. Using the inter-

polation inequality (A.5) in [44], [lul| g1 (pay S Hu||1L2 1@ l|lu H}{/:/{(Td for any v > 1. By (27) of

Theorem 5, ||pw |l r2(jo.77,ms+1) < C for any W € Wy, and hence applying the interpolation
with v = 8 4+ 1 and using Holder’s inequality yields

2 ’ 2 & s
1
low = owalEoyary 5 ([ owl®) = w0l e ) = llow = owall 5

Turning to the time regularity, using Proposition 2.1 in Ch. 4 in [38], we have the interpolation

inequality
1
ol oz S 10l o e 1ol o zy:z2y

for any integer m > 1. But by (28) of Theorem 5, H%”LQ([O’T];HU < C for all £ =
0,1,...,3/2 and hence we may take m = /2 to obtain

m—1 822
HPW - pWo”Hl([O,T];Hﬂ) 5 HPW - pWo”L;n([QT};L% = HPW - pWo”Lg()()’
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Apply Theorem 2 with tg ~ KX,C gives that for any W € Wy C Ek,,

2 20—2 s¢ 22 et 20—2 3¢ 5
W = Wollapay S K" + Ky <5N‘* +6ff,“> SKYy P+ Kydy

1
Substituting in Ky ~ N2@+1+28+d and dy shows that the second term dominates for all
a>0and f >3+ dsince ( >+ d/2. The convergence of the posterior mean vector now
follows from arguments as in Theorem 2.3.2 in [44] and the details are left to the reader. O

3.3 Regularity properties for the McKean-Vlasov PDE

In this section, we collect properties and regularity estimates for the nonlinear parabolic
McKean-Vlasov PDE (1) driving the dynamics of our model, as well as its linearization.
Recall that we work on the torus T? = R?/Z¢ = (0,1]? and that P = P(T%) denotes the set
of probability densities (with respect to Lebesgue measure) on T¢. The basic existence and
uniqueness of classical solutions to (1) follows from [7, 30]; see also [28, Thm. 2].

Theorem 4 ([7], Theorem 2.2). If W € W2>(T%) and ¢ € H3*t4(T?) N P(T?), then there
exists a classical solution p : [0,T] x T¢ — [0,00) such that p(t,-) € P(T%) N C?*(T9) for all
t> 0.

Similar to [63, 8, 7], we approximate the McKean-Vlasov equation (1) by a sequence of

linear parabolic PDEs. For n = 1,2,..., consider the sequence of linear equations on T¢
Opn .
W - Apn +V- (anW * pn—l) - D%W,npna (25)
p(07 ) = ¢7

where ¢ € HP(T?) N P(T?) and we take a smooth time-independent initialization py €
C>=((T))P(T?). One then shows as in [63, 8, 7]:

Lemma 4. Let W € W2°(T%) and ¢ € H3*YH(TH)NP(T?). As k — oo we have (if necessary
along a subsequence)

sup |lpwi(t) — pw ()| g2 — 0.
0<t<T

We now establish quantitative regularity estimates which hold uniformly over potentials
W of bounded norm, which was crucial in our proofs above. It builds on the results of [8, 30].
We remark that the smoothness of py is driven by the regularity of the initial condition ¢,
while the regularity of W is less crucial as it factors into the estimates only after convolution
with p,_1, which is a smoothing operation.

Theorem 5. Let 3 > 3+d be an integer and suppose W € W2°(T?) satisfies | W ||y2.0c < M.
Let further ¢ € HP(T?) NP(T?) be a strictly positive probability density inf, ¢(x) > dmin > 0
and let pg € C®(T?) N P(T?) be strictly positive. Then the sequence of PDEs (25) has a
unique solution p, € CY2([0,T] x T%), which is strictly positive

inf  pp(t,z) > NMdmin, M, T) > 0, (26)
z€Te,te[0,T)

for a constant A that depends only on ¢pn, M, T, and satisfies de pn(t,x)de = 1 for all
t€[0,T]. For k=0,1,...,8 — 1, we have the following reqularity estimate in space:

lonll 2o, m9; 55 +2(Tayy + [lonll Lo (0,17 HE+1 (1)) < C(dy K, T, M, ||| o). (27)
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Furthermore, if 8 = 2j is an even integer, we have the time reqularity

¢ . .
ddfgn c L2([0,T];H2J—2€+1(Td)) mLOO([O’T];H2]—2Z(Td)) fOTO < / S],
with the estimate
g dzpn dgpn
> + || =
1—0 Lz [0 T] H2i— 2Z+1(Td)) dt Loo([QT];sz—ze(Td)) (28)

< C(d7]7T7 M7 |’¢HH23)

Moreover, all the above estimates hold with p, replaced by p, the solution to the McKean-
Viasov equation (1).

Proof. The existence of a unique solution p, to (25) that is a probability density follows
from standard linear parabolic PDE theory, e.g. [16, Ch. 7]. The basic regularity in time
and space follow from Theorems 27.2-27.3 (time) and Theorem 27.5 (space) of [64], see
also [40, Thm. 2, Thm. 3]. In particular, since py is smooth, for n = 1 we have a linear
parabolic PDE (written in non-divergence form) with smooth coefficients VIV x pg € C*
and AW % pg € C*°. Furthermore, the compatibility conditions are automatically satisfied
since we have periodic boundary conditions. Therefore, from [40, Thm. 2] it follows that

p1 € L2([0,T]; H+1(T4)) N fiten ([0 T]; L*(T%)). From this we deduce that we have the
same space/time regularity as p; for VW * p,_1 and of AW % p,_1, since W € W2,
Applying again [40, Thm. 2] we conclude the existence and uniqueness of solutions p, €
L%([0, T); HATY(T9) N jiten ([0,T]; L*(T4)) to (25), which justifies taking any derivatives we
need in what follows. It remains to show the quantitative regularity estimates, which we
show hold uniformly in n and over potentials ||[W{|y2,00 < M.

We start with space regularity and follow ideas in [8, 30]. We prove (27) by induction on
k, starting with £ = 0. We multiply (25) by p,, integrate in x, do the standard integration
by parts, use Holder and Young inequalities to deduce

d
L loulB + I pall2e = (o o~ g
_<vpnapnvwn—l>L2
1 1
< §van“%2 + §Hpn||%2\|VWn—1H%z,
where we have used the notation W,,_1 := Wxp,,_1. Since |[VW,_1|lr2 < |IVW | r2llpn-1llr1 <

M by Young’s convolution inequality, we deduce

M2
2 2
5 lonls + 3 IV onliZa < 2 llonl (29)

for all ¢ € [0,7T], where we recall p, = pn(t,-). Using the differential form of Gronwall’s
inequality ([16], Section B.2), we have

2 2
lpn(t, )72 < " Tllp(0,)]72 = " Tl6]72 (30)

for all ¢ € [0,T]. Furthermore, integrating (29) in time and using (30),

T
;ﬁﬂ%mw;+/|w%<wpﬁ<mﬁ%MT )6 (31)
€10,
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We proceed in similar manner with the higher regularity estimates. For the H?Z-in-space
estimate, we multiply (25) by Vp,, integrate by parts, use Holder’s and Young’s inequalities
and the fact that ||p,—1||;1 = 1 to deduce that

1d

2 dt -
1 9 1 2
< SlAplta+3 [ |V (o TWar)| da
Td

1
< SI8plZ + Vo IWa a2 + o AW, 12
1
< S IApalZ I Wo i e IV 3 + AWt [l pu 3.

Using (29)-(30), we similarly obtain %HV;}NH%Q + | Apal32 < C(M,T)||¢]|3. Integrating in
time and using (31) and Poincaré’s inequality on the torus,

T
sup [VpulZe +c / loal%e dt < C(T, M)|I]12. (32)
t€[0,7] 0

This establishes (27) for k = 0.
For the higher regularity estimates (27) with integers 1 < k < f — 1, we proceed by
induction on k as in [8, 30]. Assume that (27) holds for £k — 1. We differentiate (25) by 9,

for some multi-index v with |v| = k, multiply by Ad,p,, integrate by parts and use Young’s
inequality to obtain

1d
L2198, pul2s + | ABypn22 :/ 180,000 - (9T W) d
2dt Td
. d (33)
< §”A8VPHH%,2 + Cd Z Hpn (a:cZW * pn—l) H%{kJrl-
=1

But by Lemma 5,

100 (0, W pr—1) |50 < C(dy ke, M) || o || s | o1 || e

Substituting this estimate into (33), summing over all v = |k|, integrating over [0,7] and
using the induction hypothesis,

T T
SE(J]IDT]HPn(t)H%kH +/0 Hpn(t)lﬁfmdtSC(dakaM)/O lon O et llpn-1 ()| dt + 18]I
telo,

< C(da ka M,T, ||¢||Hk+17 ‘|p0‘|Hk+1)v

which establishes (27) for k as desired. Now since the p, are uniformly bounded in the
relevant Hilbert space norms, the Banach-Alaoglu theorem implies that they converge weakly
in these Hilbert spaces to their limits along a subsequence. Combined with the inequality
bl < liminf, ||h,| g for any weakly convergent sequence h, — h in a Hilbert space, we
may take limits in the last inequalities, to give the following apriori estimate for the solution
to the McKean-Vlasov PDE

oMl L2 jo,17; %42 (1)) + 2]l oo (0,77 %41 (mayy < C(T, po, M). (34)
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We now consider regularity in time. For 8 = 2j, we have that p, € L%([0,T]; H¥+1(T4)) N
HI+3([0, T); L2(T?)) with &/ 'p, € C([0, T]; HX(T?)), see [40, Thm. 2]. To get the quan-
titative estimates, we follow the proof of [8, Theorem 4.3], proceeding by induction on the
number of time-derivatives ¢. For ¢ = 0, this follows immediately from (27). Suppose now

we have the time regularity estimate (28) for some integer 0 < ¢ < j. We differentiate (25)
dp

(-times in t to obtain, using the notation p() := il

P = ApP + V- (pp VW ppy)
— Ap® +Z<> (VW o).

Taking the H*~2/=1(T%)-norm in space and using Lemma 5 since 2j — 2¢ > 2,

{—k
oS+ ||§{2j72£71(']1‘d) < 2|pY HH2J 2641 () +C€Z||p W*pf@—l)niﬂj’zz(w)
k=0
)4

é 2||10n HH2J 2Z+1(Td)+C]MZHIO HZ] 2¢ ']l'd Hp Hsz 20— 1(']1'd)
k=0

where C' depends only on j and [[W ||y 2.e(ay < M. Integrating over time ¢ € [0,7] then
gives

¢ ¢
”,0( +1 ”iQ(O,T;H%*%*l(Td)) S 2|’p’£L)H%2 OT.H2j72£+1(Td))

(Zk

+C]MZ ||Ion HLQ(OTHZ] 2¢ ']1*d ||,0 ||L°°(OTH23 20— 1(']Td))

Since 0 < k, ¢ — k < ¢, we may now apply the inductive hypothesis (28) to conclude that
IO sz gy < Ol T, IW llwrzoos [0l 72s ol ),

which is the first part of the required estimate for £+ 1. Similarly, taking the H*~2~2-norm
in space and arguing as above yields

Z .
112 o as—as-2niy < CUds i T IW llze [0l a2 loll s,

which proves the desired estimate for ¢ + 1. This proves (28) for ¢ = 0,...,j as required,
based on the smoothness of the initial condition ¢ € H?/. As before, we can then pass to the
limit n — oo to obtain the estimates for the mean field PDE.
To obtain the lower bound (26) to the solution to the McKean-Vlasov PDE, we follow
the proof of [36][Lem. 5.1] that is based on the argument presented in [28][Thm. 2]. Fix
"€ (0,T], let pi(xz) = p(t,x) denote the solution to the McKean-Vlasov PDE (1), and
consider the unique strong solution of the linear (in the sense of McKean) SDE

dY; = VW % prr_ (V) dt +V2dB,, Yy = .

Using Ito’s formula, the PDE (1) and taking expectations gives for ¢ € [0,7"],
t
E*pr—¢(Yy) = pr(2) — Em/ pr—s(Ys) AW * prr_(Y5) ds, (35)
0
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where E* denotes the expectation with respect to the law of the process Y; starting at x.
We use now the fact that p,(z) > 0, u € [0,T], together with the estimate [[AW * py| e <
W20 | pullr < M to deduce that

t
E*pr (Vi) < ppo(z) + M / E%pr (Y2 ds.
0

From the integral form of Gronwall’s inequality, it follows that for all ¢ € [0,T"],
E?prr—4(Yy) < pro() (1 + Mte) < ppo(a) (1+ MTeMT).
Setting now ¢t = T” gives that for any 7" € (0,T],

¢min

/ > —
pr(%) 2 T rp et

as required. The same argument also applies to the sequence of PDEs (25). We omit the
details. O

Lemma 5. Let W € W2®(T%), v € H* and v € H*"' for integer k > 2. Then

[F (VW s g)lle < Ok, d, W lwzeo ) f || i lgll i1 (36)

Proof. The proof follows from the estimates in [30], pp. 65-66. O
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