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We show that 1D lattice models exhibit superdiffusive transport in the presence of random “nodal
impurities” in the absence of interaction. Here a nodal impurity is defined as a localized state, the
wave function of which has zeros (nodes) in momentum space. The dynamics exponent z, a defining
quantity for transport behaviors, is computed to establish this result. To be specific, in a disordered
system having only nodal impurities, the dynamical exponent z = 4n/(4n− 1) where n is the order
of the node. If the system has time reversal, the nodes appear in pairs and the dynamical exponent
can be enhanced to z = 8n/(8n− 1). As 1 < z < 2, both cases indicate superdiffusive transport.

I. INTRODUCTION

Transport properties unveil fundamental characteris-
tics in quantum systems [1–12]. Depending on how en-
ergy, charge, or other local conserved charges propagate,
transport manifests in three typical categories: localized,
diffusive, and ballistic. General chaotic systems typically
exhibit diffusive behavior [1], while many integrable sys-
tems showcase ballistic transport owing to the presence
of non-decaying quasiparticles [1]. In quadratic systems
with random impurities, the inability of local conserved
charges to propagate results in system localization [13–
15].

The transport dynamics are characterized by the dy-
namical exponent z, representing how the width σ of the
wave packet spreads in time, defined as σ ∼ t1/z for
the late-time limit. The values of z correspond to dis-
tinct transport classes: z = 1, 2,∞ signify ballistic, diffu-
sive, and localized transport, respectively. Superdiffusive
transport, indicated by 1 < z < 2, is considered anoma-
lous, often involving unique underlying mechanisms [16].

In non-interacting systems, certain types of aperiodic
or correlated disorder cause superdiffusive transport, as
in the random dimer model [17] and the Fibonacci model
[18–20]. Recently, superdiffusive transport is proposed
in the one-dimensional spin-1/2 Heisenberg model with
the dynamical exponent of z = 3/2, for the first time
in interacting models[21–29]. It is further predicted that
all integrable models with non-Abelian symmetries ex-
hibit z = 3/2 superdiffusive transport[30, 31]. Moreover,
long-range interactions, breaking locality, also have the
potential to induce superdiffusive transport[32–37].

In a recent proposal[38], superdiffusion is induced by
a special “dephasing” in open quantum systems. Typ-
ically, dephasing appears systems in which the particle

density ĉ†i ĉi couples to an environment without memory.

∗ These authors contributed to this work equally.
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A free fermion subject to such dephasing exhibits diffu-
sive behavior [39–41]. However, superdiffusive transport
appears if the particle ĉi is replaced by the quasiparticle

d̂i, where

d̂i ≡
∑
x

dxĉi+x (1)

satisfies that (i) dx be local, i.e., dx = 0 for |x| > R, and
(ii) its Fourier transform dk =

∑
x dxe

ix have at least one
zero at some k0. Intuitively, the Bloch waves near k0 have
small dephasing probability and hence long lifetimes in
propagation, causing the superdiffusion.

In this Letter, we revisit one of the most well-studied
problems in transport, the localization problem on 1D
lattices with random impurities in the absence of inter-
action. We adopt a modified version of the 1D Anderson
model

Ĥ = Ĥ0 + V̂ =
∑
k

Ek ĉ
†
k ĉk +

∑
i

ϵid̂
†
i d̂i, (2)

where Ek is the band dispersion, and ϵi are the random
energies of impurity states satisfying ϵiϵj = Wδij , W
being the disorder strength. The only modification, in-
spired by Ref. [38], is that we have replaced the onsite

impurity state ĉi with d̂i as defined in Eq. 1. We call d̂i a
nodal impurity if the wave function in k-space, dk0

= 0,
for some k0.

In the original Anderson model, the system shows
absence of transport at all energies for arbitrarily
small impurity strength: this is called the Anderson
localization[13–15]. We show that the above modification

ĉi → d̂i leads to superdiffusive transport, if d̂i’s are nodal
impurities. To be specific, we prove that z = 4n/(4n−1),
where n is the order of zero at the node k0. In realistic
systems, time-reversal symmetry is common, and it dic-
tates that the nodes at ±k0 appear in pairs. When only
E−k0

is degenerate with Ek0
, we show that time-reversal

symmetry enhances superdiffusive transport, resulting in
z = 8n/(8n − 1). These findings are corroborated by
extensive numerical results in large systems.
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II. DIVERGENT OF LOCALIZATION LENGTH

The eigenfunction of the free Hamiltonian Ĥ0 =∑
k Ek ĉ

†
k ĉk are plane waves, represented by |ψk⟩ =∑

x e
ikxĉ†x|0⟩, which exhibits ballistic transport. We note

that nodal impurities V̂ =
∑

i ϵid̂
†
i d̂i satisfies

⟨ψk|d̂†i d̂i|ψk⟩ =
∣∣∣d̂i|ψk⟩

∣∣∣2 = |dk|2, (3)

which implies V̂ |ψk0⟩ = 0 at the node k0. The plane wave
eigenstate |ψk0⟩ remains unscattered by nodal impurities,
leading to the divergence of the localization length ξ(k)
at k0.

In 1D disorder systems, the transmission probability
T (k) typically decreases exponentially with system size
L [13]. We can approximately represente it as T (k) =
exp(−L/ξ(k)), where ξ(k) is the localization length.

Now, we want to calculate the transmission probability
T (k). First, we examine the single impurity case, assum-

ing the impurity spans l sites, and d̂ =
∑l

a=1 daĉa. The
Hamiltonian can be expressed as:

Ĥ1 = Ĥ0 + V̂1 =
∑
k

Ek ĉ
†
kck +Wd̂†d̂, (4)

where W is impurity strength.

We rewrite this Hamiltonian in momentum space as:

Ĥ1 = Ĥ0 + V̂1 =
∑
k

Ek ĉ
†
kck +W

∑
k′,k

d∗k′dk ĉ
†
k′ ĉk. (5)

The scattering amplitude satisfies r(k′, k) = δ(Ek′ −
Ek)⟨k′|T̂ |k⟩[42]. Specifically, in this model, the t-matrix
can be obtained as:

T̂ = V̂1 + V̂1Ĝ0V̂1 + V̂1Ĝ0V̂1Ĝ0V̂1 + · · ·
= V̂1(WG0(Ek) +W 2G2

0(Ek) + · · · )

=
V̂1

1−WG0(Ek)
,

(6)

where Ĝ0 = (Ek − Ĥ0 + iη)−1 represents the Green’s

function of H0, and G0(Ek) =
∑

k′⟨k′|Ĝ0|k′⟩. Therefore,
we have:

r(k′, k) =
Wd∗k′dk

1−WG0(Ek)
δ(Ek′ − Ek). (7)

For simplicity, we assume that every momentum k only
has one equal energy partner k′ with opposite velocity.
Then, scattering between k and k′ is called reflection.

The transmission probability of a single impurity sat-
isfies T1(k) = 1−R1(k). The reflection probability R1(k)
is expressed as:

R1(k) = c(k)|dk|2|dk′ |2, (8)

where c(k) =
∣∣∣ 1
v(k)

W
1−WG0(Ek)

∣∣∣2, and v(k) = dEk

dk .

Without additional symmetry, dk′ and dk would not si-
multaneously be zero except for specific fine-tuned cases.
Thus, near the nodal point k0, R1(k) behaves as:

R1(k0 + q) ∼ |dk0+q|2 ∼ q2n, (9)

where n represents the order of the zero at the node k0
of dk.

Next, we consider the multiple-impurity case. Assum-
ing that ϵi for every site i is randomly and independently
chosen to be W with probability p, or 0 with a proba-
bility of 1 − p. In the thermodynamic limit (L → +∞),
there are, on average, pL impurities in this disordered
chain. When the condition k/p ≫ 2π is satisfied, we
have ⟨log T (k)⟩ = pL log T1(k) (see Appendix A), where
T is the transmission probability of the whole disordered
chain and ⟨· · · ⟩ denotes the average over all random dis-
order configurations. Therefore, near the node k0, the
localization length diverges as:

ξ(k0 + q) = − 1

p log(1−R1(k0 + q))
∼ 1

q2n
(10)

III. SUPERDIFFUSIVE TRANSPORT

We now illustrate how the divergence of the localiza-
tion length leads to superdiffusive transport and deter-
mines the dynamical exponent. Initially, we explore the
current of the nonequilibrium steady state (NESS) under
boundary driving.

We couple the first and last sites to baths described
phenomenologically by the following four Lindblad oper-
ators:

L(bath)(ρ̂) =

4∑
m=1

2L̂mρ̂L̂
†
m − ρ̂L†

mL̂m − L̂†
mL̂mρ̂

L̂1 =
√
Γ(1 + µ)ĉ†1, L̂2 =

√
Γ(1− µ)ĉ1

L̂3 =
√

Γ(1− µ)ĉ†L, L̂4 =
√
Γ(1 + µ)ĉL

(11)

where ρ̂ represents the density matrix. The density ma-
trix’s evolution follows the Lindblad master equation:

dρ̂

dt
= i[ρ̂, Ĥ] + L(bath)(ρ̂). (12)

According to Ref. [43], the NESS current can be obtained
as:

j = 2µΓ

∫
v(k)>0

dk v(k)T (k)

= 2µΓ

∫
v(k)>0

dk v(k)e−L/ξ(k),

(13)

where v(k) = dEk

dk .

In the thermodynamic limit L → ∞, this integral
is dominated by the momenta near node k0. Given
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FIG. 1. Numerical results of nodal impurity models: (a1)(a2)(a3) for 2-site inpurity d̂i = (ĉi + iαĉi+1)/
√

1 + |α|2,
and (b1)(b2)(b3) for 3-site time-reversal impurity d̂i = (ĉi−1 + aĉi + ĉi+1)/

√
2 + a2. (a1) Evolution of mean-square

displacement in 2-site impurity model: Numerical simulations depict the evolution of mean-square displacement in 2-site
impurity model d̂i = (ĉi + αiĉi+1)/

√
1 + |α|2, showcasing nodal impurity with α = 1 (blue line) and non-nodal impurity with

α = 0.5 (orange line). The initial state is ψ(x) = δ0,x. The impurity chain with nodal impurities exhibits superdiffusive

transport, characterized by an asymptotic behavior of ⟨x2⟩ ∼ t3/2 (black dashed line), while the non-nodal impurity model
displays localized behavior. (b1) Evolution of mean-square displacement in 3-site disorder model: The same for

3-site impurity d̂i = (ĉi−1 + aĉi + ĉi+1)/
√
2 + a2. Blue line represents the nodal case a = 1, and the orange line represents

the non-nodal case a = 3. (a2) Exponent evolution in 2-site impurity model: Depicts the evolution of the exponent

β = d log⟨x2⟩(t)
d log t

for the model with 2-site impurity d̂i = (ĉi + iĉi+1)/
√
2. The behavior of β(t) converges to 3/2 at long times.

(b2) Exponent evolution in 3-site impurity model: Depicts the evolution of the same exponent for the model with 3-site

disorder d̂i = (ĉi−1 + ĉi + ĉi+1)/
√
3. The behavior of β(t) converges to 7/4 at long times. (a3) NESS current in 2-site

impurity model: NESS current of a boundary-driven quasi-particle disorder chain with 2-site impurity d̂i = ĉi + αiĉi+1,
featuring nodal impurities with α = 1 (blue line) and non-nodal impurities with α = 0.5 (orange line). The current of the nodal

disorder chain decreases as j ∼ L−1/2, whereas the non-nodal disorder chain exhibits exponential decay. (b3) NESS current

in 3-site impurity model: The same for 3-site impurity d̂i = (ĉi−1 +aĉi + ĉi+1)/
√
2 + a2. The blue line represents the nodal

case a = 1, whose current decreases as j ∼ L−1/4. The orange line represents the non-nodal case a = 3, whose current decreases
exponentially. In all the figures, the disorder strength is W = 1, and ϵi for every site i is randomly and independently chosen
to be W with a probability of p = 1/20, or 0 with a probability of 1 − p. All the data is averaged over 200 random disorder
configurations.

the divergent behavior of the localization length near k0
(Eq. 10) and v(k0) ̸= 0, we have:

j ∼
∫

dq e−pLq2n ∼ L−1/2n (14)

Considering Fick’s law j = D dñ(x)
dx , the relationship

j ∝ L−γ implies the scaling of the diffusion constant
D ∝ L1−γ . In this particular case, we find D ∼ L1−1/2n.
Given that the states contributing to transport tra-
verse the system’s length with a finite constant veloc-

ity (v(k0) ̸= 0), the terms t and L can be interchanged,
resulting in D ∝ t1−1/2n. Consequently, this leads to

the superdiffusive behavior ⟨x2⟩ ∼ Dt ∼ t
4n−1
2n , and

z = 4n/(4n− 1).

It’s noteworthy that while previous studies assert that
in generic quantum systems, j ∼ L−γ implies z =
1 + γ[44, 45], our model presents a unique scenario. In
generic cases, most states contribute to the transport.
However, in our case, only states with momentum near
the node contribute to transport. All states contributing
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to transport possess similar velocities, while other states
remain localized. Therefore, the relationship j ∼ L−γ in
our model implies z = 2/(2 − γ). In both cases, γ = 1
(Ohm’s law) indicates diffusion, γ = 0 (current is inde-
pendent of system size) indicates ballistic transport, and
0 < γ < 1 indicates superdiffusive transport.

The simplest nodal impurity model is a nearest-
neighbor hopping with 2-site impurities:

Ĥ =
∑
i

(ĉ†i ĉi+1 + ĉ†i+1ĉi) +
∑
i

ϵid̂
†
i d̂i (15)

where d̂i = (ĉi + αeiθ ĉi+1)/
√

1 + |α|2, α represents a
positive real number, and θ ranges from 0 to 2π.

A single-particle state can be represented by Ψ(t) =∑
x ϕj(t)ĉ

†
j |0⟩. Since this model corresponds to a

quadratic free fermion, we investigate its dynamic expo-
nent z through the evolution of the point initial state
ϕx(t = 0) = δ0,j . Notably, the mean square dis-

placement asymptotically grows as ⟨x2⟩ ∼ t2/z, where
⟨x2⟩(t) ≡

∑
j j

2|ϕj(t)|2.
For α = 1, the momentum distribution |dk|2 = (1 +

αei(θ+k))/
√

1 + |α|2 exhibits a nodal point at k0 = π− θ
with order n = 1. As long as θ is not 0 or π, which
leads to v(k0) = 0, the dynamical exponent would be the
same. Without loss of generality, we set θ = π/2. Numer-
ical simulations indicate that the mean square displace-
ment asymptotically grows as ⟨x2⟩ ∼ t3/2(Fig. 1(a1)(a2))
and the current under fixed boundary driven scales with
system size as j ∼ L−1/2(Fig. 1(a3)), implying a dy-
namic exponent of z = 4

3 , characterizing the system as
undergoing superdiffusion. Conversely, for α ̸= 1, such
as α = 0.5, the momentum distribution exhibits no nodal
points, resulting in the system behaving similarly to the
Anderson model, indicating localization(Fig. 1(a1)(a3)).
The details of the boundary-driven model setup are pro-
vided in Appendix B.

While the above discussion assumes that ϵi for every
site i is randomly and independently chosen to beW with
probability p, or 0 with a probability of 1−p, our numer-
ical simulations demonstrate that randomly choosing ϵi
from the range (−W/2,W/2) yields similar results (see
Appendix C).

IV. TIME-REVERSAL SYMMETRY

Time-reversal symmetry plays a crucial role in shaping
the dynamics of the system. Under this symmetry, the
energy dispersion of Ĥ0 satisfies E(k) = E(−k), and the
momentum distribution of the impurity satisfies dk =
d∗−k. In general, there always exists a momentum region
K such that only −k has the same energy as momentum
k. In other word, when k ∈ K, E(k′) ̸= E(k) unless
k′ = ±k.

Within this region K, the reflection probability of a

single impurity can be expressed as:

R1(k) = c(k)|dk|2|d−k|2. (16)

Moreover, if dk0
= 0, it implies d−k0

= 0. If k0 ∈ K,
this doubles the order of zeros of the reflection proba-
bility, leading to an enhanced divergent behavior of the
localization length near node k0:

ξ(k0 + q) = 1/q4n. (17)

Consequently, the dynamical exponent is given by z =
8n

8n−1 , and ⟨x2⟩ ∼ t2−1/4n.

For a concrete example, consider a nearest-hopping

model H0 =
∑

i(ĉ
†
i ĉi+1+ ĉ

†
i+1ĉi) with 3-site time-reversal

impurities d̂i = (ĉi−1+aĉi+ ĉi+1)/
√

(2 + a2), where a is
a real number. The momentum distribution is given by
dk = (2 cos k + a)/

√
2 + a2. In this case, K = [−π, π].

For |a| < 2, consider a = 1, where dk has nodes
with order n = 1. Numerical simulations reveal that
the nonequilibrium steady-state (NESS) current of this
disordered chain under boundary-driven conditions scales
with the system size as j ∼ L−1/4 (Fig. 1(b3)), and the
mean square displacement grows as ⟨x2⟩ ∼ t7/4 at late
times (Fig. 1(b1)(b2)).

In contrast, under condition |a| > 2, for instance, we
choose a = 3. Here, dk exhibits no nodes. Numerical sim-
ulations indicate that the NESS current of this disorder
chain under boundary-driven conditions decreases expo-
nentially (Fig. 1(b3)), and the evolution of mean square
displacement suggests system localization (Fig. 1(b1)).

V. CONCLUSION AND DISCUSSION

In this paper, we present a new 1D disorder systems
by replacing the onsite impurities in the Anderson model
with nodal impurities. The nodal impurity model ex-
hibits superdiffusive transport.

The mechanism driving superdiffusive transport is
straightforward: on one hand, we have a free fermion
model with ballistic eigenmodes. On the other hand, the
scattering of nodal impurities localizes most eigenmodes
except for the measure-zero eigenmodes with nodal mo-
mentum k0. This leads to a power-law divergence of the
localization length ξ(k) at the node k0. Modes with mo-
menta near the nodes contribute to the superdiffusive
transport, and the dynamical exponent z is determined
by the highest order n of the node by z = (4n − 1)/4n
in general. Furthermore, this superdiffusive behavior is
enhanced under time-reversal symmetry, resulting in a
dynamical exponent of z = (8n− 1)/8n.

It’s crucial to note that the concept of “nodal points”
is not limited to disorder systems; similar phenomena
are observed in dephasing systems [38]. The underlying
philosophy of this “nodal point” picture is both simple
and general. A “nodal point” corresponds to a measure-
zero ballistic mode, where the mean free path diverges. In
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cases where the divergent behavior near the nodal point
k0 follows a power law, modes in the vicinity of the nodal
point have the potential to drive superdiffusive transport.

We believe that the “nodal point” picture can also be
applied to construct superdiffusive models in interacting
systems. For example, we can replace free fermion Hamil-
tonian Ĥ0 in our model with an integrable model, which
also possesses ballistic modes. As long as we can find
some local operator Oi, which can scatter these ballistic
modes to diffusive or localized modes but leaves a specific

mode with momentum k0 unscattered, we can construct
a superdiffusive model by using these operators as impu-
rities, dephasing, or interactions. In this way, we may
find a chaotic model exhibiting superdiffusive transport.
We leave this for future study.
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Appendix A: Transmission probability with multiple impurities

In this appendix, following the demonstration of [46], we show that the averaged logarithm transmission probability
of multiple impurities ⟨log T ⟩ is just the sum of logarithm transmission probability of single impurity when impurity
density is low.

At first, we consider the scattering process of single impurity V = d̂†d̂, where d̂ =
∑l

a=1 daĉa. We can decompose
the wave function at the left (L, x < 0) and right (R, x > l) into incoming and outgoing waves:

ϕL(x) = ϕinL e
ikx + ϕoutL eik

′x (A1)

ϕR(x) = ϕoutR eikx + ϕinR e
ik′x (A2)

The outgoing amplitudes are linked to the incident amplitudes by the reflection and transmission coefficients r and t
from the left, and r′, t′ from the right:

ϕoutL = tϕinL + r′ϕinR (A3)

ϕoutR = rϕinL + t′ϕinR (A4)

The scattering matrix can be defined as(
ϕoutL
ϕoutR

)
= S

(
ϕinL
ϕinR

)
where S =

(
r t′

t r′

)
. (A5)

The reflection and transmission probability from the left are respectively R = |r|2 and T = |t|2, and similar from the
right R′ = |r′|2 and T ′ = |t′|2. The probability flux conservation ensure that S is unitary, S†S = Id, which leads to
T = T ′, R = R′ and T +R = T ′ +R′ = 1.

We can also decompose the wave function into left-moving and right-moving components:

ϕL(x) = ϕ+Le
ikx + ϕ−Le

ik′x (A6)

ϕR(x) = ϕ+Re
ikx + ϕ−Re

ik′x (A7)

The transfer matrix M maps the the amplitudes from the left side of this impurity to the right:(
ϕ+R
ϕ−R

)
=M

(
ϕ+L
ϕ−L

)
(A8)

From equation (A5), we can get the transfer matrix

M =

(
t− rr′/t′ r′/t′

−r/t 1/t

)
. (A9)

In multiple impurities case, the total transfer matrix is just the product of transfer matrixes of all impurities. In
two impurity case, M12 =M1M2. The total transmission amplitude is

t12 =
t1t2

1− r′1r2
(A10)
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The logarithm transmission probability is

log T12 = log T1 + log T2 + log |1−
√
R1R2e

iθ| (A11)

When distance δx between two impurities is randomly and kδx≫ 2π, θ is also randomly distributed in [0, 2π].

⟨log |1−
√
R1R2e

iθ|⟩ =
∫ 2π

0

dθ log |1−
√
R1R2e

iθ| = 0 (A12)

Thus, the log-averaged transmission is additive

⟨log T12⟩ = log T1 + log T2 (A13)

Considering that ϵi in inpurity model (Eq. A14) for every site i is randomly and independently chosen to be W
with probability p, or 0 with a probability of 1− p.

Ĥ =
∑
k

Ek ĉ
†
k ĉk +

∑
i

ϵid̂
†
i d̂i (A14)

There are average pL impurities in this disorder chain. Under the condition k/p≫ 2π, the log-averaged transmission
probability satisfies

⟨log T (k)⟩ = pL log T1(k) (A15)

Furthermore, [46] illustrate that the typical transmission is Ttyp = exp{⟨log T ⟩}. Therefore, we define localization
length as ξ(k) = −1/(pL log T1(k)).

Appendix B: Boundary driven setup

In this appendix, we illustrate the boundary driven setup utilized to derive the scaling relation between NESS current
and system size, a method commonly employed to investigate transport properties in various studies[21, 44, 47, 48].

We couple the first and the last site to baths described phenomenologically by the following 4 Lindblad operators,

L(bath)(ρ) =

4∑
k=1

2LkρL
†
k − ρL†

kLk − L†
kLkρ (B1)

L1 =
√
Γ(1 + µ)ĉ†1, L2 =

√
Γ(1− µ)ĉ1 (B2)

L3 =
√
Γ(1− µ)ĉ†L, L4 =

√
Γ(1 + µ)ĉL (B3)

where ρ is density matrix. The density matrix’s evolution is governed by the Lindblad master equation:

dρ

dt
= i[ρ, Ĥ] + L(bath)(ρ). (B4)

Here, Ĥ =
∑

i(ĉ
†
i ĉi+1 + ĉ†i+1ĉi) +

∑
i ϵid̂

†
i d̂i =

∑
ij Hij ĉ

†
i ĉj represents the Hamiltonian of the impurity model. In free

fermion case, current j is proportional to µ. Without loss of generality, we set Γ = µ = 1. As the complete Liouvillean
is quadratic, the equation of motion is closed, and the NESS is specified by the two-point green function C, where

Cij = ⟨ĉ†i ĉj⟩ = Tr(ĉ†i ĉjρ).

Since the density matrix satisfies the Lindblad master equation (B4), in the Heisenberg picture, the evolution of an

operator Ô satisfies:

dÔ

dt
= i[Ĥ, Ô] +

∑
k

2L†
kÔLk − ÔL†

kLk − L†
kLkÔ (B5)

= i[Ĥ, Ô] +
∑
k

L†
k[Ô, Lk] + [L†

k, Ô]Lk. (B6)
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By substituting Ô = ĉ†i ĉj into Eq. (B5), we obtain the evolution of the two-point green function:

dC

dt
= XC + CX† + P, (B7)

where X = iHT −R, R11 = RLL = 1, P11 = 2, and all other elements of R and P is zero.

The current of Ĥ0 =
∑

i(ĉ
†
i ĉi+1 + ĉ†i+1ĉi) is

j = ⟨ĉ†i ĉi+1 − ĉ†i+1ĉi⟩ = 2 ImCi,i+1. (B8)

Considering the case of an l-site disorder d̂i =
∑l−1

a=0 daĉi+a, we let ϵ1 = ϵ2 = 0, ensuring no disorder hopping between
sites 1 and 2. Consequently, the NESS current of the disorder chain is j = 2 ImC1,2.

Appendix C: Numerical results for sampling ϵi from uniform distribution

In this section, we present numerical simulations (Fig. 2) for the case that disorder strength ϵi is randomly and
independently sampled from [−W/2,W/2]. The physical quantity is the same as Fig. 1 in main text.

[1] B. Bertini, F. Heidrich-Meisner, C. Karrasch, T. Prosen,
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FIG. 2. Numerical results of nodal impurity models: (a1)(a2)(a3) for 2-site inpurity d̂i = (ĉi + iαĉi+1)/
√

1 + |α|2,
and (b1)(b2)(b3) for 3-site time-reversal impurity d̂i = (ĉi−1 + aĉi + ĉi+1)/

√
2 + a2. (a1) Evolution of mean-square

displacement in 2-site impurity model: Numerical simulations depict the evolution of mean-square displacement in 2-site
impurity model d̂i = (ĉi + αiĉi+1)/

√
1 + |α|2, showcasing nodal impurity with α = 1 (blue line) and non-nodal impurity with

α = 0.5 (orange line). The initial state is ψ(x) = δ0,x. The impurity chain with nodal impurities exhibits superdiffusive

transport, characterized by an asymptotic behavior of ⟨x2⟩ ∼ t3/2 (black dashed line), while the non-nodal impurity model
displays localized behavior. (b1) Evolution of mean-square displacement in 3-site disorder model: The same for

3-site impurity d̂i = (ĉi−1 + aĉi + ĉi+1)/
√
2 + a2. Blue line represents the nodal case a = 1, and the orange line represents

the non-nodal case a = 3. (a2) Exponent evolution in 2-site impurity model: Depicts the evolution of the exponent

β(t) = d log⟨x2⟩(t)
d log t

for the model with 2-site impurity d̂i = (ĉi + iĉi+1)/
√
2. The behavior of β(t) converges to 3/2 at long times.

(b2) Exponent evolution in 3-site impurity model: Depicts the evolution of the same exponent for the model with 3-site

disorder d̂i = (ĉi−1 + ĉi + ĉi+1)/
√
3. The behavior of β(t) converges to 7/4 at long times. (a3) NESS current in 2-site

impurity model: NESS current of a boundary-driven quasi-particle disorder chain with 2-site impurity d̂i = ĉi + αiĉi+1,
featuring nodal impurities with α = 1 (blue line) and non-nodal impurities with α = 0.5 (orange line). The current of the nodal

disorder chain decreases as j ∼ L−1/2, whereas the non-nodal disorder chain exhibits exponential decay. (b3) NESS current

in 3-site impurity model: The same for 3-site impurity d̂i = (ĉi−1 +aĉi + ĉi+1)/
√
2 + a2. The blue line represents the nodal

case a = 1, whose current decreases as j ∼ L−1/4. The orange line represents the non-nodal case a = 3, whose current decreases
exponentially. In all the figures, the disorder strength is W = 1, and ϵi for every site i is randomly and independently sampling
from [−W/2,W/2]. All the data is averaged over 200 random disorder configurations.
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“Kardar-parisi-zhang physics in the quantum heisenberg
magnet,” Phys. Rev. Lett. 122, 210602 (2019).

[24] Olalla A. Castro-Alvaredo, Benjamin Doyon, and
Takato Yoshimura, “Emergent hydrodynamics in inte-
grable quantum systems out of equilibrium,” Phys. Rev.
X 6, 041065 (2016).

[25] Bruno Bertini, Mario Collura, Jacopo De Nardis, and
Maurizio Fagotti, “Transport in out-of-equilibrium xxz
chains: Exact profiles of charges and currents,” Phys.
Rev. Lett. 117, 207201 (2016).

[26] Sarang Gopalakrishnan and Romain Vasseur, “Kinetic
theory of spin diffusion and superdiffusion in xxz spin
chains,” Phys. Rev. Lett. 122, 127202 (2019).

[27] Pieter W. Claeys, Austen Lamacraft, and Jonah Herzog-
Arbeitman, “Absence of superdiffusion in certain random
spin models,” Phys. Rev. Lett. 128, 246603 (2022).

[28] Jacopo De Nardis, Sarang Gopalakrishnan, Romain
Vasseur, and Brayden Ware, “Stability of superdiffusion
in nearly integrable spin chains,” Phys. Rev. Lett. 127,
057201 (2021).

[29] Aaron J. Friedman, Sarang Gopalakrishnan, and Ro-
main Vasseur, “Diffusive hydrodynamics from integrabil-

http://dx.doi.org/10.1038/ncomms16117
http://dx.doi.org/10.1103/PhysRevLett.122.210602
http://dx.doi.org/10.1103/PhysRevX.6.041065
http://dx.doi.org/10.1103/PhysRevX.6.041065
http://dx.doi.org/10.1103/PhysRevLett.117.207201
http://dx.doi.org/10.1103/PhysRevLett.117.207201
http://dx.doi.org/10.1103/PhysRevLett.122.127202
http://dx.doi.org/10.1103/PhysRevLett.128.246603
http://dx.doi.org/ 10.1103/PhysRevLett.127.057201
http://dx.doi.org/ 10.1103/PhysRevLett.127.057201


9

ity breaking,” Phys. Rev. B 101, 180302 (2020).
[30] Enej Ilievski, Jacopo De Nardis, Sarang Gopalakrishnan,

Romain Vasseur, and Brayden Ware, “Superuniversality
of superdiffusion,” Phys. Rev. X 11, 031023 (2021).

[31] Bingtian Ye, Francisco Machado, Jack Kemp, Ross B.
Hutson, and Norman Y. Yao, “Universal kardar-parisi-
zhang dynamics in integrable quantum systems,” Phys.
Rev. Lett. 129, 230602 (2022).

[32] Alexander D. Mirlin, Yan V. Fyodorov, Frank-Michael
Dittes, Javier Quezada, and Thomas H. Seligman,
“Transition from localized to extended eigenstates in the
ensemble of power-law random banded matrices,” Phys.
Rev. E 54, 3221–3230 (1996).

[33] Lisa Borland and JG Menchero, “Nonextensive effects in
tight-binding systems with long-range hopping,” Brazil-
ian journal of physics 29, 169–178 (1999).

[34] Vipin Kerala Varma, Clélia de Mulatier, and Marko
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