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We use bosonization, retaining band curvature terms, to analyze the Hall response of interacting
bosonic and fermionic two-leg ladders threaded by a flux. We derive an explicit expression of the Hall
imbalance in a perturbative expansion in the band curvature, retaining fully the interactions. We
show that the flux dependence of the Hall imbalance allows to distinguish the two phases (Meissner
and Vortex) that are present for a bosonic ladder. For small magnetic field we relate the Hall
resistance, both for bosonic and fermionic ladders, to the density dependence of the charge sitffness
of the system in absence of flux. Our expression unveil a universal interaction-independent behavior

in the Galilean invariant case.

Since its discovery in 1879 [I] the Hall effect has be-
come a remarkable tool for studying solid-state systems.
For a single band, the sign of the Hall coefficient Ry,
defined as the ratio of the induced electric field to the
product of the current density and the applied magnetic
field, permits the extraction of the effective charge g and
carrier density n, as Ry ~ —1/ng in conventional con-
ductors, indicating whether the carriers are electrons or
holes [12]. The Hall effect and its quantum version have
thus naturally found applications in metrology for sensi-
tive measurements of magnetic fields and for resistance
standards [3]. In non-interacting systems, the Hall ef-
fect is interpreted as a manifestation of the topological
properties of quantum states, such as the Berry curva-
ture in the anomalous Hall systems [4], and topological
invariants in the Integer Quantum Hall effect [5]. Studies
of the dynamical version of the Hall response have also
become relevant in fields addressing topological quantum
transport [6] and synthetic dimensions [7].

However, the understanding of Hall effect in presence
of interactions still remains a fundamental theoretical
challenge. With strong magnetic field, the fractional
quantum hall effect [§] has revealed excitations with frac-
tional charge and anyonic statistics [9]. In the opposite
limit of small magnetic field, a complete interpretation of
the Hall effect is still missing and few studies are present
[I0HI12]. Recently a numerical study of the Hall coeffi-
cient in a quasi-one dimensional system, has predicted a
universal behavior for the Hall coefficient above an inter-
action threshold [I3]. In the case of N—leg ladder sys-
tems with SU(N) symmetry, the Hall imbalance, i.e. the
difference of particle number between upper and lower
legs, was shown to take the classical value Ry = 1/n
[13], a prediction confirmed in a quantum simulation with

strongly interacting ultracold fermions [14]. The possi-
bility to reliably measure the Hall effect in strongly cor-
related ladders thus prompts for an analytical calculation
of the Hall polarization and voltage that can shed light
on the many-body effect controlling such quantities in a
correlated system. Such endeavour has proven however
elusive for the moment since the most common approx-
imations done to deal with interacting one dimensional
systems lead to an artificial particle-hole symmetry and
thus to zero Hall effect.

In this Letter we focus, for a two-leg ladder of bosons
or fermions threaded by a magnetic flux, on the study
of the Hall effect. We use a bosonization approach [I],
but properly taking into account band curvature [16} [17].
We obtain analytically both the Hall imbalance and Hall
voltage and show that the latter is given by the deriva-
tive with respect to density of the logarithm of the charge
stiffness of the system without flux. For a Galilean invari-
ant case, this relation leads back to the standard formula
[12] related to the carrier density, while in the more gen-
eral case this remarkable connection between two impor-
tant transport coefficients encodes the many-body effects
triggered by interactions in the Hall response. Beyond
the clear potential of our formula to measure Hall volt-
ages and clarify the exotic Hall response of strongly cor-
related solid-state conductors, our work paves the way to
the investigation of the topological transport properties
of strongly correlated systems of matter.

We study the ladder shown in Fig. 1] and populated
by bosons or fermions. Such a system can be realized in
platforms ranging from cold atoms, both with synthetic
dimensions [I§] or on a lattice [I9-21] to condensed mat-
ter such as graphene nanoribbons [22] 23] or Josephson

junction arrays [24H2§].
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FIG. 1. Two-leg ladder (in real or synthetic dimensions),

with an applied magnetic field perpendicular to the plane and
current along the z direction. Due to Hall effect the current is
deflected and a Hall voltage can be measured along the rungs.
¢ is the flux of the magnetic field in the plaquette. Although
the figure shows also a lattice along the chain direction, the
chains can also be uniform. The linear ramp scheme for the
measure of the Hall voltage is also shown.The inset shows the
qualitative trend of the Hall polarization as a function of the
applied flux.

Let us first examine bosonic systems. Without mag-
netic field, the generic ladder model has the Hamiltonian:

H=H +Hy,—t, /dl‘ (b{(x)bg(x) + h.C.). (1)

With a lattice along the chains, the integral along x in
becomes a discrete sum over the sites j. H; o describe
interacting bosons along the chains, while ¢, is the tun-
neling along the rung. Typical realizations of such sys-
tems for cold atoms involve contact interactions and are
the Lieb-Liniger [29] model for continuous chains [30H32]
or the Bose-Hubbard model [33] for chains with a lattice
[34-36]. When the ladder is realized using synthetic di-
mensions [7} [37], in addition to the interactions along the
chains an interaction across the rung also exists.

Not to be tied to a particular microscopic model, we
use the fact that they all have the low energy physics of
a Tomonaga-Luttinger liquid (TLL) [Il 1T}, B9H42]. An-
alyzing the TLL model for the bosonic version of Fig.
thus describes all the microscopic models in a unified
way. The single chain Hamitonian is (p = 1,2 and we set
h=1):

H, = / ;L: [UK(WHp)z n %(amqsp)?}

+ [ de 00,0, + 1, 0000] (@)

The fields 0,0, = wll, and ¢, represent respectively the
collective long wavelength excitations in the p-th chain

associated to the gradient of the superfluid phase 6,
and to the deviations of the density p,(x) of the bosons
pp(z) — po = —10,¢p(x) from the average density po.
They obey the commutation relation [¢,(x), 7Il (2')] =
imopp'd(x — 2’). In the first line, the sound velocity u
and the dimensionless TLL parameter K can be com-
puted for any given microscopic Hamiltonian [T}, 20, [42}
[46], [48]. The parameter K controls the algebraic decay of
the correlation functions [I]. The second line corresponds
to irrelevant operators that must be retained for the Hall
problem. They represent the terms generated by band
curvature [7, [49, [51] and break particle-hole symmetry.
This last point is crucial for a proper description of the
Hall effect since particle-hole symmetry immediately im-
plies a zero Hall voltage. The parameters «,y are given

by [2, 3l 54]

0 U 0 [(uK
o= (Grie) 7——apo<w)- ®)

In a galilean invariant system [I1], simplifies to v =
—1/(27m), with m the particle mass. Furthermore, in
the case of hardcore bosons or spinless fermions with a
quadratic dispersion, a = —1/(67m) [7, 49]. The gener-
alization to the case with interchain interactions is dis-
cussed in the Supplemental material (SM) [55].

In addition to the Hamiltonians of the two indepen-
dent chains (2)) the boson tunnelling [10} 3] between the
chains gives

Hiywn, = 77% / dz cos(0r(z) — 6x(z)).  (4)

With a magnetic field and in the Landau gauge, the vec-
tor potential along chain p is A, = (=1)P7'E2  with
a the interchain distance. The vector potential is zero
along the rung. As shown in the SM [55] this leads to
the replacement 0,0, — 0,0, — eA, in . The longitu-
dinal current in chain p is obtained from the gauge field
dependence of the Hamiltonian ji(z) = —%. We

define the Hall polarization [13]:

Pu=Ni— N, = / delp(z) - pa(@),  (5)

which is easily detected [20, B8, (F9]. We introduce

the symmetric and antisymmetric basis [10, 60] ¢, , =

p1td. 11 I, 11,
V2 0 Hpo 5

tentials A,, = —=(A; £ As), yielding the full Hamilto-

V2
nian H = Z Hy + Hhop, + chrv‘ with

and the corresponding vector po-

S

v=p,0

Uy

0.0, (0)

dx 9
H, = /% |:U,,K,,(7THV —ed,) +

with the tunneling term Hyop = — fdxgt—* cos(v/26,)
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and the band curvature term

chrv. = \f ['Yaac(bp( eAP)2 + a(am(ﬁp)g}

+ {00y [y(TI; — eAa)2 +30(0200)°]
+ 2y(rll, — eAy) (L, — eA,)0ub0}, (7)

The parameters are A, =0, A, u, =u, K, = K.
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Since the Hall effect vanishes with particle-hole sym-
metry, it is perturbative in the band curvature [I0} [61], in
agreement with free fermions calculations. We use this
property to build a perturbative approach of the Hall im-
balance and voltage in the band curvature while retaining
the full non-perturbative description in the interactions.
This allows for the first time for an interacting system to
explicit compute the the Hall effect in a regime of weak
interchain tunneling. In this framework the equilbrium
imbalance is

<T7—€7 foﬁ dTHeyro. (T) \/iaz¢d(m10)>
(Pu) _ i HytHot Huop,
L <TT€_ ff dTchrv.(T)> ’
H,+Hg+Hnop.

(9)
We expand the exponentials in @ to first order in «, -y,
leading naturally to an expression of (Pg) at first order in
the band curvature terms -y, « since the zero order term
is cancelled by particle-hole symmetry.

Only the last line of @ contributes. It couples the lo-
cal density imbalance between the chains & 0,¢, to the
difference of current between the chains o« (7Il, — eA,)
and to the total longitudinal current oc (71, — eA)).
Quite remarkably, although the longitudinal total cur-
rent passing through the system can be a complicated
quantity as a function of the gauge potential (flux), the
expectation value of the current simply factorizes. Since
we ultimately divide by it, it is not necessary to explicitly
compute it, leading to further simplifications in our for-
mula since only the antisymmetric correlator is needed.
The Hall polarization reads

(PH) ~ \CZpJP / /dT

<TT (7L, — eA,) w%](w)amg(o,o» . (10)

o+ Huop.

Eq. is one of the central results of the paper: It pro-
vides an explicit formula for an analytical or numerical
calculation of the Hall imbalance once normalized with

the longitudinal current. To finish the calculation we sep-
arate the two possible regimes of such a two-leg ladder
[10, 62-65]: a Meissner phase at low magnetic field in
which currents circulate only along the legs ((II,) = 0)
and, at higher fields, a vortex phase [10] where currents
also circulate along the rungs ((II,) # 0). The two phases
are separated by a commensurate-incommensurate tran-
sition [14 15 17, [18 [68].

We first analyze the Meissner regime, for which we
can take the limit B — 0. In such phase, the symmetry
¢ — —¢o and I, — —II,, implies (I1,0,¢,0,¢,) = 0,
and the imbalance reduces to (see SM [55])

w2Bay(j,)

Py) ~
(Pr) 2u,K,

Xaa(q:O7wn :O) (11)
Thanks to , the first order perturbation in the cur-
vature gives back the expected proportionality both in
the total current and in the applied flux. The suscepti-
bility x,o measures the charge imbalance in response to
a chemical potential difference between the two chains
Within linear response theory [B5], X,0 = i
to

(Pu) _ amyK,
BL(jp)

WKy (12)
giving explicitly the Hall imbalance, normalized with the
longitudinal current and field, in term of the TLL param-
eters of the system.

Beyond a certain magnetic field, in the vortex phase,
the symmetry becomes ¢, — —¢, and II, — 2(I1,) —1II,,
resulting in ((II, — (I15)) 0 ¢5 0z o) = 0. As a result

\/§’Y<jp>K

(Pr) (7 (Il,) — eAy). (13)

L eupus K,

The contribution of (II,) # 0 lowers the Hall imbalance
compared with the Meissner phase. As B increases, the
expectation value (m(Il,) — eA,) — 0 [I0], so the Hall
polarization tends to zero a signature of the decoupling
of the chains at high magnetic field.

We now turn to the calculation of the Hall wvoltage,
obtained by adding a potential difference Vi between the
two chains [6, 9], — eVH fdxaqua, such that (Pg) = 0.
In the Meissner phabe the Hall voltage is

72y (j,) . Ba 1 0

Vg = ——"Ba = — — —(u,K 14
H cu, K, a <Jp> % uprﬁpo(up ) (14)

where we have used the relation . Since the longitu-
dinal current density I, = (j,)/2 this reduces to

a 0
Ry = ¢ po = —[In(u,K,)]. (15)
This formula, which is the second central result of the
paper, quite remarkably relates the Hall voltage to the



charge stiffness D [73] (weight of the Drude peak in con-
ductivity, or response of the ground state energy of the
systems to a twist in boundary conditions) in the absence
of flux. Indeed the charge stiffness is given for a TLL by
u,K, [1]. Although we have derived in the absence
of interchain interactions we show in the SM [55] that
this formula remains valid even in their presence.

Several immediate consequences can be extracted from
(15). In a Galilean invariant model [11], uK = 2%, and
the Hall resistance reduces to

B
Ry =22, (16)
€po

One thus recovers the “naive” [12] expression of the non-
interacting Hall effect (for fermionic particles) for which
the Hall effect simply measures the inverse carrier den-
sity. This shows analytically for the first time that these
results extend to interacting particles and bosonic statis-
tics, provided Galilean invariance holds. Although a
general argument leading to in two dimensions was
known, it required both Lorentz invariance and transla-
tional invariance [3I]. In the case of an artificial gauge
field, the first condition may not be satisfied. More im-
portantly, translational invariance is only satisfied along
the chains, preventing the conservation of transverse mo-
mentum. In the SM [55], we give a simple argument ap-
plicable for an artificial gauge fields and hopping in the
transverse direction to show that in the Galilean invari-
ant case, Ry ~ 1/pg holds beyond perturbation theory.

Formula thus paves the way to efficiently use the
Hall voltage to identify the phase transitions occuring
in an interacting system. For example, it allows to dis-
tinguish the Meissner phase, where the Hall resistance
remains constant and related to the inverse density, and
the vortex phase, where the Hall resistance decreases as
a function of the magnetic field. also allows to com-
pute, in the absence of Galilean invariance, the impact
of the interactions on the Hall voltage. As we show in
the SM [55] this formula is compatible with numerical
calculations of the Hall imbalance in the Meissner phase
[9] for the Bose-Hubbard ladder.

In particular shows that the Hall voltage will sig-
nal phases in which D is anomalous such as e.g. Mott
insulating phases. Close a commensurate filling, umk-
lapp operators [I}, [75] lead to a renormalization of u,K,,.
If the umklapp is irrelevant or away from commensurabil-
ity we can simply use in the fixed point value uy K.
When the umklapp is relevant, the ladder becomes in-
sulating, (j,) = 0, and obviously (Py) = 0. Moving
away from commensurability restores the TLL [75] via
a commensurate-incommensurate transition [I7, [I8] [68].
In the vicinity of the transition [68], the renormalized
TLL exponent goes to a constant K; =1 /2, while the
velocity vanishes as u, ~ |po — po, C| As a result, .

predicts a divergent Hall resistance

_ asign(po = po.c)

Ry
€ |p0 — Po,c

(17)

with a sign reflecting the nature of the effective carriers.
A similar divergence of the Hall resistivity is also ob-
tained in the case of a nearly empty band, where K, — 1
while the velocity u, ~ pg and in the case of a nearly filled
band of hard core bosons, where u, — 1—pg. These pre-
dictions can be directly tested either in numerical studies
or potentially quantum simulations [20]. More properties
of the Hall voltage are discussed in the SM [55].

Let us finally obtain similar results for the fermionic
case, also be realizable in cold atoms[I4], [76HT9] or con-
densed matter [22] 23] experiments. Without interchain
hopping, a spin-1/2 fermions chain with repulsive contact
interaction is described in the continuum by the Gaudin-
Yang model [22, 23] and on a lattice by the Hubbard
model [82]. Due to the SU(2) symmetric interactions,
the Zeeman field leaves the spin modes [29] gapless in
contrast with the generic spinless fermion ladder [24] [26].
The Hamiltonian for fermions with a quadratic disper-
sion along the chains reads

d’T 7 *BA) Yp(z)
H= Z/ 2m

p=1,2

— b () (@)

- / de(Wiis + dlun) + U / dzpy (2)pa ()
+ % / dwV (z — 2) [y (2)p1 (2) + pa(@)pa(a)]  (18)

where 9, annihilates a fermion in the chain p, p, = w;wp,
A, is the vector potential in the Landau gauge along
the chain p, p the chemical potential, m the mass, e
the fermion charge, V(x) the short ranged-intrachain in-
teraction, U the interchain interaction and ¢; the in-
terchain hopping. Linearizing the spectrum around the
Fermi points, with ¢, (z) = e*r %), (z) + e~ FrZop,(z),
with kg = mpo the Fermi wavevector and vp = kp/m
the Fermi velocity, we bosonize using standard formulas
[24], 28] (see SM [55]) in terms of symmetric ¢,;6, and
antisymmetric ¢,;60, fields. The Hall polarization has
the bosonized expression

Az c0S V20, cos V2, (19)

Tagon

Py =2

Without band curvature and magnetic flux, the ground
state of the model [24], 25] is well known. The field 6,
is ordered with an expectation value (6,) = 7/v/8, while
the field 6, remains gapless. The curvature terms yield
a contribution to the Hamiltonian

A
_ e /dm(\@wﬂp —eA

T™mao

») o8 V20, cos V2¢,, (20)



which results in an expression of (Pp) proportional to
B(jp)x 1, with Xperp the in-plane magnetic susceptibility
of an easy axis antiferromagnetic XXZ spin-1/2 chain at
wavevector ¢ /vp. Since the XXZ chain is close to the
isotropic point, for large enough ¢, /vp, the in-plane sus-
ceptibility is the same as in the isotropic chain. Up to
logarithmic corrections [29], x . ~ 1/vp, and the pertur-
bative behavior of the imbalance in the fermionic ladder
is the same as in the bosonic ladder.

To find the Hall resistance, we follow the same path
than for bosons. In the bonding-antibonding basis, after
bosonization, the potential difference reads

VvV, =— Vi /dx cos V20, cos \/§¢a, (21)

Tao

and we have to determine Vy such that (Py)piv, = 0.
To lowest order in 1/m, we obtain the same expression
for Ry as in the bosonic case, . We have explicitly
checked in the SM [55] that at low flux, a relation similar
to is valid for a two-leg ladder of non-interacting
fermions.

In conclusion, we have derived an analytic expression
for the Hall imbalance and Hall voltage for a two-leg lad-
der threaded by a flux using a bosonization approach re-
taining band curvature terms. One of our central results
relates the Hall resistance to the logarithmic derivative of
the charge stiffness with respect to the density. This for-
mula, applicable both for bosons and fermions — as long
as there is only one gapless mode — allows a direct and
practical calculation of the interaction effects on the Hall
voltage. In particular it shows that the Hall resistance
diverges close to a Mott insulating phase, on the other
side, in the Galilean invariant case, it depends only on
density as in the non-interacting case.

The Hall response studied here can be detected in the
controllable quantum simulator of a two-leg ladder with
interacting bosonic [I9H21] and fermionic [87, [88] atoms.
A first measure of Hall response in a quantum simulator
with strongly interacting ultracold fermions has recently
appeared [I4], opening the way towards further experi-
mental study in different regimes of the interaction and
magnetic field. For bosons instead a systematic mea-
surement of the Hall coefficient was shown recently in
Ref. [89] and our study is compatible with the experi-
mental platforms of Refs. [I4] 90, O1]. Another experi-
mental platform could be Josephson junctions networks
[24, 27, 28, 92], 093], where the Hall resistivity could be
directly measured. A last possible platform, transmon
qubits [94, 05] have recently been shown to realize the
hardcore boson ladder, and there are recent proposals [96]
to realize artificial gauge fields in a transmon ladder. A
theoretical challenge is now to extend these results to a
larger number of legs for the Hall effect, or so investigate
if similar universal relations would also exist for other
transport quantities such as the thermopower or Nernst
effect [97).
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Supplemental Material for ”Hall response in interacting bosonic and fermionic
ladders”

BAND CURVATURE IN TOMONAGA-LUTTINGER LIQUIDS

single component case

We consider first a single component Tomonaga-Luttinger liquid [S1]. The four possible cubic order terms in IT and
0, ¢ are

H® = /dm [(820)* + BrT1(0,9)% + 7(711)28,6 + 8(wI1)*] . (81)

Under particle-hole transformation, ¢ — —¢ and II — —II, so all cubic terms vanish in a particle-hole symmetric
case.

Parity invariance

Under a parity transformation P, we have Py(x)P = (—x), so
T PYR(2)P o+ TPy () P = e M () 4 R (<) (2)
and PYgr(z)P = ¢ (—x), PYr(x)P = ¢r(—z). In terms of the dual fields,

PY(z)P = 6(—x), (S3)
Po(x)P = —¢(-x), (S4)

and by taking the derivatives, PII(z)P = —II(—x) and POy¢(x)P = O0,¢(—z). So if our Hamiltonian is parity
invariant, we must have § = § =0 in Eq. .
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Time reversal invariance

In the case of time reversal T, since time reversal is anti unitary, we have T~ 1T = —i and since T~ 14 (z)T = ()
72‘ka —1 ikpir —1 _ ’ikF:E 77:ka
e T Yr(@)T + ™I Y (2)T = ™" "Pp(z) + € Yr(z), (S5)

indicating that time reversal exchanges right movers and left movers. Using the bosonized expressions, and taking
into account anti unitarity, we must have

T'9()T = —6(z), (S6)
Tl¢@)T = ¢(x), (S7)

so that T~ (z)T = —1l(z) and T~10,¢T = 9,¢(x). If the Hamiltonian has time-reversal symmetry, we also find
8 =0=0in Eq. .

In conclusion, in a system without particle-hole symmetry but with parity or time-reversal invariance, the most
general cubic terms are given by Eq. (3) of the paper.

Two component Tomonaga-Luttinger liquid

In the case of the two component system, time reversal symmetry becomes T 1¢,T = ¢, and T, T = —II,
for v = p,o. If the two chains are equivalent, under exchange of the chains, ¢, — —¢, and II, — —II, is another
symmetry. The most general cubic term to add to the bosonized Hamiltonian is then of the form

chrvature - Z /dxan1n2n3n4 ('/THp)nl (771_-[0)”2
Z g =3
X(020p)"* (O ds)"™, (S8)

with the constraints ni +ns even from time reversal invariance, and ns+n4 even from symmetry under chain exchange.
With the help of the symmetries, the cubic term reduces to

Heurvature = /dx [al (Wnp)2az¢p + ag (az¢p)3 + a3 (WHJ)2az¢p
+a4(am¢p)2am¢d + a572HpHUaz¢d] , (SQ)

where we have set a1 = (x010, A2 = pp30, A3 = (Xp210, A4 = 12, 5 = (1101 to lighten the notation. Eq. (9) of the
letter (with A, = A, = 0) is of the the form (S9)) with

a1 =7/V2  ay=a/V2 (510)
a3 =v/V2; as=3a/V2 (S11)
as = V/2y (512)

Microscopic expressions of the band curvature coefficients

The coefficients a;,23.4 can be related with us, and K, by considering the effect of a change of average total
density p; — pt + Ap equivalent to 9,0, — 9,0, — ™/2Ap/m on the Hamiltonian [S2HS4]. Under such change,
H_yrvature @dds a contribution

—71Ap
2

/ da [ar (11,2 + 3a5(0,0,)? + as(w1L,)? + a4(9y60)?] (S13)



to the quadratic Hamiltonian. Since the resulting Hamiltonian must coincide with the bosonized Hamiltonian of a
system of density py + Ap, we must have the relations

0 upr>
_ S14
“ %Xﬁ@ (514)

0 Uy
_ 815
2 api (37@1(,)\/5 ) (815)

0 (usK,
_ 516
s Opy <772\/§> (816)

0 U
_ o S17
o %XW&@) (817)

Noting that p, = 2po, it is straightforward to verify that for u, = u, = v and K, = K, = K, a1,2,3.4 reduce to the
coefficient in Eq. (9) of the letter. In the case of a Galilean invariant system, a further relation [S4] can be obtained by
considering the total particle current j;, = g +®,. By commuting ¢, with the full Hamiltonian, the particle current
is obtained as

]S(.’E) = \/i [uprHs + 7T(2a1Hsax¢p + 05H08m¢a)] , (818)

and in a Galilean invariant system, the current

Js :/dxjs(z), (S19)

is proportional to the momentum P. Since the momentum operator P is the infinitesimal generator of translations
[S5], given the canonical commutation relation, it is

P
P:/dl’ |:_\/5H3+Hsax¢p+naax¢a . (820)

As a result, in a Galilean invariant system, we must have as = 2a; and u,K, o< p;. In turn, this implies that a; and
as are unrenormalized by interactions and independent of density. Since the Hall resistivity Ry is proportional to
as/(u,K,), we conclude that in the Galilean invariant case, the Hall resistance is proportional to the inverse of the
density, and independent of interaction. In the absence of Galilean invariance, we can relate a5 to the variation of the
ground state energy under application of Aharonov-Bohm fluxes ®; in chain 1 and ®5 in chain 2 in the presence of a
density imbalance Ap,. Under such perturbations, we have

o+
(rll,) = 2122 (S21)
V2L
D — Dy
,) = ———=, 522
(e, = 2 (522)
mApg
Oxpo) = — , S23
(Brte) = ~"F (523)
yielding a shift in ground state energy
Apa(P? — D2
AE = _a5w7 (S24)
2v2L
that can be matched with the Taylor expansion to third order of the ground state energy to obtain
V2L  9°E V2L  O’E
as = — — , (S25)
7 02010(Ap,) m 02030(Aps)
or in terms of particle densities p; in chain 1, and ps in chain 2,
L 0*F O*FE )
as = — — . 526
5 ’]T\/§ (82‘1316p1 (92(1)181)2 ( )



4

When the chains are decoupled, 0°E/(02¢10p2) = 0, and this non-perturbative expression of as reduces to the
derivative of charge stiffness with respect to density that we obtained using perturbation theory. A formula analogous
to Eq. (S25)), relating the Hall resistivity to a third derivative of ground state energy, has been derived in [S6]. In our
notations, it reads
2°E
9A,0A,0V,
92V

Now, if we consider a small variation of Vi, the variation of the imbalance will be Ap, = (9*E/0V#)AVy, injecting
the relation in the shift of the ground state energy gives back the relation of [S6].

BAND CURVATURE TERMS AND GAUGE INVARIANCE
In the presence of band curvature terms [S7], the Hamiltonian of a Tomonaga-Luttinger liquid is
B dx 5 U 9
H = /% {uK(WerA) + ?(3145) ]
+ / dz [(0,0)® + (71l — eA)?0, )] . (S28)

Indeed, in the absence of the vector potential, we recover the usual expressions of the Tomonaga-Luttinger Hamiltonian
with band curvature [S2[S7]. Under a gauge transformation, A — A + Vx, while the fermion annihilation operators

ei(0—9) 599
YR = ﬁn7 ( )
ei(0+¢)
Y = (S30)

\/27‘(‘&0"7’

transform [S8] as 1, — e?*X4),,, yielding € — 0 + ey, with ¢ invariant. This implies that the combination 71l — eA
satisfies gauge invariance, ensuring that Eq. (S28)) is gauge invariant.

PERTURBATIVE CALCULATION OF THE HALL IMBALANCE IN THE BOSONIC LADDER

The denominator of Eq. (9) is 1 + O(~,«). Since the numerator is O(y,a) its contribution to (Pg) is thus
O(72,ay,a?) and can be neglected. Expanding the exponential of the numerator to first order in H,.,. in Eq. (9) of
the letter gives

N
PPy = 2 / dr / 0 (T Heuro (10260 (2, 0)) 1 o s10
0 0 (S31)

L 8 L
=2 [Cay [ ar [ da((t, - eA ), (T (7T — €40)0,00) (1,710,600 000 1, 1,
™ Jo 0 0 r

where in the second line of Eq. , we have taken into account the particle-hole symmetry of H, + Hy + Hpop. .
As a result, the term of order zero and all contributions cubic or linear in 0,¢, in the first order term vanish, leaving
only the contribution of (7Il, — AA,)(nIl, — eA;)0,¢, to consider. Moreover, since H, and H, + Hpop. decouple,
we can average separately 71, — eA, and (7Il, — eA;)0,¢,. Using the definition of the current,

(1)
<PL = eup \[/ / dl’ - 6A0)8z¢a] (xaT)az¢a(0’0)>Ha+Hhop_ y (832)

Meissner phase In the limit of small flux, in the Meissner phase, we can separate the expectation value into
(To 1y (2, 7) 02 b0 (2, 7) 0205 (0,0)) 4, —0 and A, (T;02¢5 (2, 7)0205(0,0)) 4, —0. The first term vanishes by the particle-
hole symmetry of the sine-Gordon Hamiltonian (II, — —II,,¢, — —¢,), as long as our system remains in the
commensurate phase. That leaves us only with the second term

Py _
L

<Jp fA / dT/ da (T 0500 (2, 7) 0200 (0.0)) gy gy, (S33)



which is proportional to the static susceptibility

2 [P L
Xoo(q=0,wp, =0) = =) dT/ dx <Tram¢cr(xvT)az¢a(070)>H,,+Hhop. ’ (S34)
0 0
so that
(Py’) _ 710, Ba,.
= oo S35
1) = T (535)
An exact expression of the static susceptibility yo,o is obtained by adding a perturbation A\v/20,¢ to H, + H hop.»
completing the square and shifting 9,¢ by a constant. One finds x,, = iﬁ:, and in the Meissner phase
pY myKya .
Fo) _ 8ot ;) (536)

L UsUp K,

Numerical simulation [S9] show a dependence of Hall polarization on flux, density and filling.
Vortex phase When we are in the vortex phase, (II,) # 0, and as a result, the evaluation of
(T- 1, (2, 7)0r 0 (2, T) 0 P05 (0,0)) is slightly different. Since the fixed point Hamiltonian in the Meissner phase is

d *
H: = / % |:UZ.K:.(7THJ — m(ll,))% + %(&%)2 ; (S37)
the symmetry becomes II, — 2(Il,) — II, and ¢, — —¢, and
(T (2, 7)0p 00 (2, 7) 0205 (0,0)) = (o ){Tr0p s (2, T) 0205 (0, 0)). (S38)
We find
<P1511)> _ 'Y(jp>\/§ p L _ ’Y<jp>\/§ TK;
L T ewk, (r(Ily) — eAg)/O dT/O dx <Tram¢a(1’77)8m¢o(0;O)>HU+Hhopv y = m(ﬂnd —eAy) w
(S39)

For large flux, (7 (Il,) — eA,) — 0, and the Hall imbalance vanishes. In that limit, the chains are decoupled by the
applied flux. The Meissner and the Vortex phase are separated by a commensurate-incommensurate transition [ST0].
The vicinity of the commensurate-incommensurate transition requires a specific treatment, for instance by considering
the Luther-Emery limit K, = 1/2.

Hall voltage

To compute the the Hall Voltage we add a potential difference Vg between the two chains [S6],

EVH
- / 020,64, (340)

and we search for Vi such that (9,¢,) = 0 in first order perturbation theory. The condition becomes

Vi

/ drdx <TT {ﬁy(wnp —eA,)(x,7) (1, — eAy) (2, 7)0p 0 (2, T) — iy

aqua(x,ﬂ} am¢a(o,o>> —o  (s41)

In the Meissner phase, the Hall voltage is

72y (js) . Ba 1 0

V :—73 = s)—— N
" eup,K, a={js) 2e u,K, 0po

(UPKP> ’ (842)

where we have used the relation [S2]

__ 9 (wK,
L < 2 ) (543)



Since the longitudinal current density I, = (j5)/2 this formula reduces to

a 1o}

Ry = —
a eu,K, Opo

(upKp). (S44)
In a system with Galilean invariance, the stiffness u,/K, = Z2% is unrenormalized [S11], and Eq. (S44)) simplifies to

Ry = —, S45
"= (545)

which is the usual formula for the Hall resistance [S12] in a metal. Numerical simulations at low flux, show (Figs. 5a
and 5b of [S9]) a Hall voltage multiplied by density behaving linearly with the flux, in agreement with Eq. . For
realization of ladders coming from synthetic dimensions, an interchain interaction exists in addition to the tunnelling.
For incommensurate fillings, such an interaction comprises forward scattering 0,¢10,¢2 that renormalizes u,/K, and
Uy /Ky but not u,K, or usK,, and backward scattering cos 2(¢1 — ¢2) that renormalizes K, but not K,. Thus, at
the perturbative level, when backward scattering is irrelevant, u,K, is not affected by interactions and Eq. (544])
remains applicable even in the presence of interchain interaction as long as the system is in the Meissner phase.
Furthermore, if the system has Galilean invariance, the Hall resistance will be given by Eq. (S45)). When interchain
backward scattering becomes relevant, the system enters a charge density wave phase [S13HS15] in which x,, = 0.
In such phase, (Pgy)") = 0 and no Hall effect is present. An important case in which Galilean invariance is absent is
when a periodic lattice is present, allowing the formation of a Mott insulator [S16]. In the vicinity of commensurate
filling, the velocity u, ~ (po — po,c) while K, is renormalized to a constant value. This implies Ry diverges as
1/(po— po,c)- Since the divergence of the Hall resistance results from a vanishing u,, it is a signature of the breakdown
of Tomonaga-Luttinger theory in the vicinity of pg.. To determine the actual behavior of Ry in the immediate
vicinity of pg . demands a full study of the commensurate-incommensurate quantum critical point [SI7THSI9]. Both
the Mott transition and the band-filling transition have been studied in the case of a ladder of hard core bosons [S20],
making such systems a potential testbed for the divergence of the Hall resistance. Simultaneous zeros or divergences
of the TL exponent K, and the velocity u, are also possible [S21], and would give rise to a different prefactor in the
divergence of Rp.

PERTURBATIVE CALCULATION OF HALL IMBALANCE IN THE FERMIONIC LADDER

The calculation follows the same outline as in the fermionic case, but there are a few significant differences due to
differences in the low-energy theory describing the antisymmetric modes.

Low energy Hamiltonian

The full second quantized Hamiltonian reads

NG 2
1= % [a B (A ca,) vyto) - woerine) - oo [ dntolvs + ohin)

2m
p=1,2

+U/Mm@mw+%/MV@ﬂﬂM@MWﬂ+m@m@W(MQ

where 1, annihilates a fermion in the chain p, p, = 1#;51#,), Ap is the vector potential in the Landau gauge along the
chain p, p the chemical potential, m the mass, e the fermion charge, V(z) the short ranged-intrachain interaction,
U the interchain interaction and ¢, the interchain hopping. With V' (z) = 0, Eq. reduces to the Gaudin-Yang
[S22] [S23] model in magnetic field.



Retaining only momenta around the Fermi points, we rewrite the Hamiltonian (S46|) in the form

H = HR + Hyp, + Htunn. + Hint. (847)
, 1 .

He = ) / dzvpyl ,(<i0s — eAdp)tnp + 5 / dayly (10, + eAy)*r p, (S48)

p=1,2
. 1 )

Hi = ), / davpy,  (i0s + eAp)Yrp + 5 — / ded] (10, + eAp)*brp, (S49)
p=1,2

Htunn. - _tJ_ Z /dx(wl,lwa + wingﬂ% (850)

v=R,L
Hint = U/dw[(PR,l + pra)(pr2 + pr2)] + U/dw[wk,lw;m,m@ +f 0] PRAVL]
+[V(0) — V(2k d V() da(p? 2 2 2 S
7)] 2(prR1PL,1 + PR2PL2) + 9 (pr1+ PRr2+PL1 T PL2), (S51)

with 9, () = e*Fhg,(z) + e~ *F2ey, (x), with krp = 7py the Fermi wavevector and vp = kr/m the Fermi velocity.
We have defined

V(k) = / dzV (z)e ke, (S52)

the Fourier transform of the intrachain interaction.

Change of basis

It is convenient to rewrite (S47)) in a bonding-antibonding band basis [S24]

o+ (_1)1)711/)”’”, (S53)

v,p —

>

that diagonalizes Hyynp. -

Following a standard procedure, one can introduce A, , = (A; £ A3)/2 and bosonize the Hamiltonian [S1], [S24]
expressing it in terms of the charge and spin basis (p, o),

In the bonding-antibonding basis introduced in Eq. 1l with the vector potentials A,, = %, the non-
interacting Hamiltonian takes the form

Hr + Hr + Hiynn. = vF Z /dx [Qﬁ%,j(_@'aw —eAy)Yr; + djz,j(iax + eAp)z/}L,J}

j=0,7

1 .
+ om Z /dxw;j[(zam +eA,)? + (eAy)? by j — evFAU/dx(z/)ngRﬁ - 1/)270%;7# +h.c)

=R,L

As ‘ ,
+ e S [ Ul gli0n + AW + 100+ 0A,)].
m v=R,L
(S54)
We introduce a bosonized representation [S1],
ei(0i—a;) et(0i+¢;) g55
S e T o (559
where
7'('Hj = 8$9j, (856)

[0 (), 1 (y)] = ;5 0(x — y), (S57)



with j, 7" € {0, 7}, and ag a short distance cutoff. It is convenient to use new boson fields [S24] [S25]

7¢0+¢w9 00+ 04

= , S58
(rbp \/5 14 \/i ( )
¢0 - d)ﬂ' 00 - 07r
o — 00 - 5 S59
¢ 7 7 (S59)
In terms of the new fields, we have
2cos /26, cos V2,
Pu = Y [ ol 0] ) = [ a2V ORI (560)

v=R,L

In the bosonized language the non-interacting Hamiltonian is rewritten as
v
He Hy = 55 [ do [(711,)* + (0,0,)* + (1L, = eV2A,? + (0:0,)°]

2evp A Ag)? 2
_ &/dxsin\/ﬁea sin v/2¢, —/d:v(e o) Ouby + V21, /dx(')gmo
s ™

en) m\/ﬁ
1
- / Az [3(rTL, — eV2A4,)%0.6, + (D:6,)" + 3(TT1o)? + (9265)2)0a by + 6(xTT, — /24, )Tl5 s
6rmV2
" \/572;40 /dx {Sin V26, sin \f2¢>06@.¢p — cos V20, cos \f2¢g(7rl_[p — e\/iAp)} ,
Tmag
(S61)
while interactions take the form
2U + 2V (0) — V (2kr) V(2kp) V(0) V(0) —2U
Hz'nt. = ‘/dir A2 (8I¢P)2 + ) (HP - e\/iAP)z + A2 ('/THU)2 + T(aIQSU)Q
n W/dms\@ﬁ 2U + V(0) — V(2kr) /dmwg%
(2map)? (2map)?
(S62)
and the Hall polarization is
dx
Py = 2/ — 08 V20, cos V2¢,. (S63)
Tagop

The ground state of the Hamiltonian Hy + Hjpe. for m — +oo and A, = A, = 0 [S24] [S25] is well known. The field
0, is long range order, with expectation value (f,) = m/+/8, while the field 0, remains gapless. Upon application
of A, # 0, a diamagnetic current (j5) = v2u,K,(7(lI,) — ev/2A,)/7 proportional to A, is generated, while in a
magnetic field B, A, = Ba/2. Eq. , contains a term proportional to Bjs in the last line. To first order in 1/m
it gives a contribution to the Hall polarization

(Pyy = TEBals) / AT 12 o5 \/30, (1, 7) c0s V2o (2, 7) cos /20, (0,0) cos V36, (0,0)),  (S64)

u,K, (rag)?

where the correlator is calculated in the unperturbed (m = +o00,4, = A, = 0) ground state. Since [S24] [S26]
b0 = Qo — \/ith/UF with the Hamiltonian

i- / dz {;’;[(wng)? +(0:80)2 + W cos \/éeg} , (S65)

we can rewrite

me? Ba(js) / dxdr

<PH> = upr (77@0)2

<TT c0s V20, (z, 7) cos <\/§[¢Eg(x,7) — 30(0,0)] - %w) cos \/590(0,0)>, (S66)

UF



where we have used the U(1) symmetry of the Hamiltonian 1] under (5,, — ¢~g + A. Using a duality 0, < (;30, the
integral in Eq. (S66) is brought to the form

/ (d“"dT <T €08 V205 (7, 7) cos V2, (0, 0) cos (ﬁ[e (z,7) — 05(0,0)] — 2”””)>, (S67)

map)? vp

while the sine-Gordon Hamiltonian (S65|) is reduced the the bosonized Hamiltonian of an easy-axis XXZ spin-1/2
chain [S1I]. Since the magnetization density in the hard plane of such XXZ chain is [S1]

ei\/iea

S%(x) 4+ 18Y(x) = cos V2¢g, (S68)

Taon

the integral in Eq. (S66)) gives the static magnetic susceptibility in the hard plane y,, of an XXZ spin-1/2 chain in
the Ising phase at a wavevector 2t /vp. [S27] So finally,

e?Ba(js) 2t |
P — - = —— Wy = 0 , S69
< H> mu, K, X <q Vp w ) ( )

which is formally similar to the bosonic result. In fact, since the easy axis XXZ chain is in the Ising phase but close to
the isotropic point, its gap shows a Kosterlitz-Thouless essential singularity [S28], so with a reasonably large ¢, /vp,
the susceptibility is the same as the one of the isotropic chain. Up to logarithmic corrections, the susceptibility goes as
1/vp, and the perturbative behavior of the imbalance in the fermionic ladder is the same as in the bosonic ladder. In
the absence of intrachain interaction, V' (z) = 0, the interaction Hj;,; has a SU(2) symmetry, and the antisymmetric
field 6, is also gapless. The expression of the Hall polarization is the same, but the magnetic susceptibility X, is
the one of the Hubbard model in a Zeeman field [S29]. It still behaves as 1/vp up to logarithmic corrections, so even
in that high symmetry case, the behavior is the same as in the bosonic case. In our approach, interchain hopping is
treated within bosonization, which is valid provided the interchain hopping is small compared with the bandwidth
in an isolated chain. For interchain hopping of the order of the bandwith, a different approach in which the full
noninteracting band structure is obtained first, and interactions are added perturbatively is called for. [S30] If we
now turn to the Hall resistance, we can follow the same steps as in Sec. and introduce a potential difference between
the two chains. In the bonding-antibonding basis, after bosonization, the potential difference reads

VvV, = eVH/da:cos\fG cos V2¢,, (S70)

Taop

and we have to determine Vi such that (Pg) g4y, = 0. To lowest order in 1/m, we obtain

Py — 2 { o) Ba } / dedr (T [c05 /20, c05 /20,1, 7) [cos V28, €05 V20,](0,0) ) = 0, (ST1)

(rap)? 2mupK

and in the case of density-density only interactions, u,K, = uK. Moreover, according to the non-perturbative
definition of the band curvature term [S2], and as in the bosonic case, we have

a 0
Ry = PN 9o [In(upKp)). (S72)

We check in App. that at low flux, the above relation is valid in the case of a two-leg ladder of non-interacting
fermions.

HALL CONDUCTANCE IN A FREE FERMION LADDER

If we consider a two-leg tight binding ladder with non interacting fermions of Hamiltonian

T_yp 2
H = Z [—t”(c;’pel[( i+l cj1,p + He) — tlc;’,pcj}—p

= Vi(nja —nj2)], (S73)
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the longitudinal current is

oH
s — T3 4
J 9 (S74)
while the Hall imbalance is
oOH
Py =——. S75
w = (575)

The Hamiltonian is diagonalized in momentum space, with two bands of fermions having dispersion

d d
E4 (k) = =2t cos 5 cos (%)) + \/t2L + [2t|| sin 3 sin (%)) - VJ_:|.

For V) = 0,p = ® = 0, when ¢, < 2t sin(mpo/2), both bands are partially filled. We will from now on consider a
system satisfying such condition and turn on small values of ¢, ®, V) . To calculate the Hall resistivity in such system,

we will impose that (Pg) = 0. When both V; # 0 and ® # 0, E,.(k) # E.(—k), so the Fermi points are not anymore

(q)

symmetric around k£ = 0. We call kF’T the Fermi point of the r = + band of sign ¢ = +. We have the condition

B (b)) = B (k) = E_(k)) = E_(k5)), (S76)
leading, to lowest order in ® and V, to

. O I SOy R

= —— &, ST7
2 T 2 T2t (877)

so that Zh q kgfzu = 27po remains constant. The ground state energy being

kCH

Egs = Z/ E.( (S78)

applying the Hellmann-Feynman theorem and differentiating with respect to V|, we obtain the imbalance

Fr aE
= [ (579
In the limit of low flux, BBE(,(f) ~ TV—L SO
Vi o) ) ), )
(Py) = ot (k) — ke) — kS + k). (S80)

Since the result is already of first order in V , we can take the limit V|, — 0 to evaluate the Fermi momenta. Doing
so, we find

Vi

(Pr) = _ﬂ'tH sin(mpg)

(S81)

So far, we have not considered the contribution of the Aharonov-Bohm flux ¢. In the limit of V; — 0, the Aharonov-

Bohm flux gives a contribution to the Hall imbalance (Pf) = %%. These two contributions have to cancel
each other, so the Hall imbalance depends on the Aharonov-Bohm flux via V) = —t) cos(mpg)®¥. The longitudinal
current depends on ¢ as j; = ﬂ sin(mpg) ¥, so we obtain

m d
Vi=——F—J S82
+ 2 tan(mpo) (582)
The relation between the longitudinal current and the Aharonov-Bohm flux implies that the charge stiffness of the
ladder is D = 2¢) sin(7po) /7. Taking its logarithmic derivative, we recover the coefficient in Eq. (S82)). So the relation
established perturbatively using bosonization is verified in a non-interacting case with non-quadratic dispersion by a
direct calculation.
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HALL RESISTANCE IN A GALILEAN INVARIANT SYSTEM

In a Galilean invariant system, a simple argument can be given to explain the dependence of the Hall resistance on
the particle density. While it is reminiscent of the argument used in the two-dimensional case [S31] to show that the
Hall resistance is inversely proportional to the density, it does not rely on the Lorentz covariance of the electromagnetic
vector potential, so it applies equally to artificial gauge fields. It only requires invariance under Galilean boosts along
the chain direction. We will choose a gauge in which the vector potential is along the rungs A, = Bz and A, = 0.
Under a Galilean boost generated by the time-dependent unitary operator

UU — 6’L"L)Ptefim’UX, (883)

where
P=—i / Az Ppl0athn, X = / dzxf iy, (S84)

are respectively the total momentum and position operators, the Hamiltonian becomes
UIHU, —iU}8,U, = U'HU + vP, (S85)
while the annihilation operator becomes
Y(x) = ™ ET (2 4 vt). (S86)

the interchain hopping is

i) / da (P9l 2V (2) + Hoc), (S87)

and after the Galilean boost, we find a vector potential A; = B(z — vt) in the moving frame, so we have an electric
field Ey, = vB. Moreover, under the boost, the current j, is shifted by an amount eppv, so Galilean boost allow
us to map a system in equilibrium in the ground state to a system with a longitudinal current (j,) = epov and a
transverse electric field E,, = vB. This leads to a Hall resistance Ry = Eya/((j.)B) = a/(epo), as we have found in
our perturbative calculation.
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