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Abstract

We introduce a new conjecture on the computational hardness of detecting random lifts of
graphs: we claim that there is no polynomial-time algorithm that can distinguish between a
large random d-regular graph and a large random lift of a Ramanujan d-regular base graph
(provided that the lift is corrupted by a small amount of extra noise), and likewise for bipartite
random graphs and lifts of bipartite Ramanujan graphs. We give evidence for this conjecture
by proving lower bounds against the local statistics hierarchy of hypothesis testing semidefinite
programs. We then explore the consequences of this conjecture for the hardness of certifying
bounds on numerous functions of random regular graphs, expanding on a direction initiated by
Bandeira, Banks, Kunisky, Moore, and Wein (2021). Conditional on this conjecture, we show
that no polynomial-time algorithm can certify tight bounds on the maximum cut of random
3- or 4-regular graphs, the maximum independent set of random 3- or 4-regular graphs, or the
chromatic number of random 7-regular graphs. We show similar gaps asymptotically for large
degree for the maximum independent set and for any degree for the minimum dominating set,
finding that naive spectral and combinatorial bounds are optimal among all polynomial-time
certificates. Likewise, for small-set vertex and edge expansion in the limit of very small sets,
we show that the spectral bounds of Kahale (1995) are optimal among all polynomial-time
certificates.
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1 Introduction

We study the problem of distinguishing a uniformly random d-regular graph, whose law we denote
G(n, d) for a graph on n vertices (dn must be even), from a graph formed as a random lift of a base
graph. We also consider a bipartite variant of the same problem for the uniformly random d-regular
bipartite graph, whose law we denote G((n2 ,

n
2 ), d) (n must be even). Here and throughout, d ≥ 3

is fixed and we consider the limit n→ ∞, with the limit d→ ∞ sometimes taken afterwards.

Definition 1.1 (Random lift [ALMR01]). Suppose H is a d-regular multigraph on k vertices. We
write Lm(H) for the law of the random multigraph G on hm vertices formed as follows. View the
km vertices as divided into k fibers in correspondence with the vertices of H. For each non-loop
edge of H, insert a uniformly random perfect matching between the corresponding fibers in G. For
each loop of H, insert a uniformly random perfect matching of the vertices in the corresponding
fiber in G (if H has loops, we assume m is even).

This is a random version of a general notion of graph lift which we define in Section 2.2. This is an
adequate working definition for our purposes; to fully agree with other literature on lifts we must
be somewhat more careful, especially in the treatment of loops in H. We also describe the more
standard abstract framework for lifts in Section 2.2.

The main question that will motivate us is: for a fixed d-regular H, when is it possible to tell,
with high probability as m→ ∞, whether a graph has been drawn from G(km, d) or from Lm(H)?
Likewise, since when H is bipartite then G ∼ Lm(H) is also bipartite, when in this case is it
possible to tell whether a graph has been drawn from G((km2 ,

km
2 ), d) or from Lm(H)? Actually, as

stated, both problems are easy: all eigenvalues of H are also eigenvalues of any lift of H, while a
large random general or bipartite d-regular graph does not have any particular number (other than
the “trivial” eigenvalues d and, in the bipartite case, −d) as an eigenvalue with high probability.
To fool a simple algorithm that examines the spectrum for these unusual regularities, we consider
also adding a small amount of further noise to either graph distribution, say by changing a small
fraction of edges while maintaining d-regularity (see Section 2.3).

It is unlikely that brittle algebraic algorithms of the above kind will work once we adopt such a
noise model. Still, there are natural algorithmic ideas that compute more robust spectral quantities.
In particular, it is natural to consider whether not particular eigenvalues but the extreme eigenvalues
of the graph will detect random lifts.

Let λ1(G) ≥ · · · ≥ λn(G) be the ordered eigenvalues of the adjacency matrix of G. Aside from
the trivial eigenvalue(s), the typical width of the remaining spectrum of G is known:

Proposition 1.2 (Spectral gap of random regular graphs). The following hold as n→ ∞:

• If G ∼ G(n, d), then λ1(G) = d, and with high probability λ2(G) = 2
√
d− 1 + o(1) and

λn(G) = −2
√
d− 1 + o(1) [Nil91, Fri03, Bor15].

• If G ∼ G((n2 ,
n
2 ), d), then λ1(G) = d, λn(G) = −d, and with high probability λ2(G) =

2
√
d− 1 + o(1) and λn−1(G) = −2

√
d− 1 + o(1) [LS96, FL96, BDH22].

Since under reasonable noise models the spectral radius—max{|λ2(G)|, |λn(G)|} for non-bipartite
graphs and max{|λ2(G)|, |λn−1(G)|} for bipartite ones—is a robust quantity not changed much by a
small amount of noise, it is natural to ask a restriction of our question: for what H does G ∼ Lm(H)
have larger spectral radius than G ∼ G(n, d) or G ∼ G((n2 ,

n
2 ), d)?
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As mentioned above, with probability 1, every eigenvalue of H is also an eigenvalue of a random
lift G ∼ Lm(H). Therefore, in the non-bipartite case, if max{|λ2(H)|, |λn(H)|} > 2

√
d− 1+ε, then

max{|λ2(G)|, |λn(G)|} > 2
√
d− 1+ε for G ∼ Lm(H) with probability 1 (and with high probability

is greater than, say, 2
√
d− 1+ ε

2 even if we add a sufficiently small amount of noise). The analogous
statement holds for bipartite graphs as well. Our spectral radius test statistic thus detects graph
lifts whenever H fails to be Ramanujan.

Definition 1.3 (Ramanujan graph). Let H be a d-regular graph.

• We call H Ramanujan if max{|λ2(G)|, |λn(G)|} ≤ 2
√
d− 1.

• We call H bipartite Ramanujan if H is bipartite and max{|λ2(G)|, |λn−1(G)|} ≤ 2
√
d− 1.

The remarkable work of Bordenave and Collins on the spectra of graph lifts shows that this
simple condition is in fact also sufficient.

Proposition 1.4 (Spectral gap of random lifts [BC19]). Suppose H is d-regular and G ∼ Lm(H).
The following hold with high probability as m→ ∞.

• If H is Ramanujan, then max{|λ2(G)|, |λn(G)|} ≤ 2
√
d− 1 + o(1).

• If H is bipartite Ramanujan, then max{|λ2(G)|, |λn−1(G)|} ≤ 2
√
d− 1 + o(1).

Their results say much more—after removing the trivial eigenvalues, the entire spectrum of G ∼
Lm(H) looks like the spectrum of H superimposed on the typical spectrum of a graph drawn
from either G(km, d) or G((km2 ,

km
2 ), d), which in either case has the continuous Kesten-McKay

distribution [McK81] supported on [−2
√
d− 1, 2

√
d− 1]. Thus, say in the non-bipartite case, when

H is not Ramanujan then, compared to the Kesten-McKay spectrum of G ∼ G(km, d), the spectrum
of G ∼ Lm(H) will have outlier eigenvalues. When H is Ramanujan, the eigenvalues of H (a
finite number of eigenvalues while km → ∞) lie “hidden” within the bulk of the Kesten-McKay
distribution, so the spectra of G ∼ Lm(H) and G ∼ G(n, d) appear indistinguishable (informally
speaking).

Our first goal in this paper is to give new and stronger evidence than the above discussion
for the following conjecture, which may be viewed as saying that testing for graph lifts using the
spectral radius is optimal and that the indistinguishability alluded to above in fact holds.

Definition 1.5 (Strong detection). Suppose Pn and Qn are sequences of probability measures over
{0, 1}N for some N = N(n) ∈ N. We say that a function f : {0, 1}N → {p, q} achieves strong
detection between these sequences if

lim
n→∞

Pn[f(G) = q] = lim
n→∞

Qn[f(G) = p] = 0, (1)

that is, if the Type I and II errors of f , viewed as a hypothesis testing procedure, both tend to zero.

Conjecture 1.6 (Hardness of detecting lifts; informal). Suppose H is a d-regular graph on k
vertices. The following hold.

• If H is Ramanujan, then there is no polynomial-time algorithm that achieves strong detection
between the distributions Lm(H) with a small amount of extra noise applied and G(km, d) as
m→ ∞.

2



• If H is bipartite Ramanujan, then there is no polynomial-time algorithm that achieves strong
detection between the distributions Lm(H) with a small amount of extra noise applied and
G((km2 ,

km
2 ), d) as m→ ∞.

The idea for Conjecture 1.6 arose in the first author’s collaboration with the other authors of
[BBK+21], and we are grateful for their permission and encouragement to pursue evidence for and
consequences of the Conjecture independently.

We give more precise statements in Section 2.3. We will fulfill our first goal by giving lower
bounds in the local statistics hierarchy of semidefinite programs (SDP), a natural analog of the
sum-of-squares hierarchy for hypothesis testing problems proposed by [BMR21].

Our second goal is to explore the consequences of the conjecture, if it holds. These consequences
will be derived through the strategy of quietly planting solutions to various optimization problems
over random graphs. This argument will imply lower bounds for numerous algorithmic problems
of certifying bounds on functions of random d-regular graphs. We sketch the idea and describe its
consequences below after explaining our local statistics lower bounds.

1.1 Main Results: Hardness of Detection for the Local Statistics Hierarchy

The local statistics (LoSt) hierarchy, introduced by [BMR21], is a sequence of increasingly powerful
SDPs for solving hypothesis testing problems. It is inspired by the sum-of-squares hierarchy, which
is a similar construction for optimization problems [Sho87, Nes98, Par00, Las01]. In particular, the
LoSt hierarchy is based on the pseudocalibration proof technique, first used to prove sum-of-squares
lower bounds for the problem of computing the clique number of a random graph [BHK+19].

For the sake of exposition, let us focus on the noiseless version of the problem of testing non-
bipartite graphs, Q = Qn = G(km, d) versus P = Pn = Lm(H), where n = km. Let us view a
graph drawn from either distribution as having vertices in [n], drawn uniformly at random, and
let H have a fixed labelling of its vertices by [k]. Then, under the lift model G ∼ P, there is an
underlying partition σ : [n] → [k] specifying the fibers of the lift. We may describe this by Boolean
variables xu,i = 1{σ(u) = i} for u ∈ [n] and i ∈ [k]. Let us also identify G with its adjacency
matrix, Gu,v = 1{u ∼ v} ∈ {0, 1}. We view (x,G) as the output of P rather than just G.

The main objects figuring in LoSt algorithms are low-degree polynomials jointly in these two
families of variables, p ∈ R[x,G]. One may show that sufficiently symmetric such polynomials are
concentrated around their typical values, p(x,G) ≈ E(x,G)∼P[p(x,G)] (to an extent depending on
the degree and structure of p). An algorithm seeking to hypothesis test only observes G, not x. The
idea of LoSt is that this algorithm may try to find a collection of values of x that are compatible
with the values specified above. If such exist, then the algorithm decides that G was drawn from
P, and if not, then it decides that G was drawn from Q. One could define an explicit heuristic
for finding the x that “best fit” the data G, such as maximum likelihood estimation. But such a
problem would likely be computationally intractable, since the x are Boolean. Instead, LoSt forms
an SDP relaxation of the problem of deciding whether “well-fitting” values of x exist or not, in a
similar fashion to sum-of-squares relaxations.

To formulate this SDP, let us first describe the constraints that an admissible x must satisfy.
We follow the presentation of [BBK+21]. The variables xu,i and Gu,v are Boolean, and exactly one
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of the xu,i is 1 for each u. Thus:

G2
u,v −Gu,v = 0 for all u ̸= v ∈ [n]

x2u,i − xu,i = 0 for all u ∈ [n], i ∈ [k],∑
i∈[k]

xu,i − 1 = 0 for all u ∈ [n].

We denote by I ⊂ R[x,G] the ideal generated by the left-hand sides of these equations.
Moreover, P has the symmetry that the law of (x,G) ∼ P is invariant under the simultaneous

action of the symmetric group Sn on x and G by permuting the vertex labels, where a permutation
ξ ∈ Sn acts on x and G by xu,i 7→ xξ(u),i and Gu,v 7→ Gξ(u),ξ(v). As a result, the expectation
E(x,G)∼P[p(x,G)] is constant on the orbits of this action, and we will restrict our attention to
polynomials fixed by the action. We refer to such polynomials as Sn-invariant.

We are now ready to define the LoSt algorithm, with the one informality that we leave the mean-
ing of “≈” unspecified—ultimately it will be related to quantitative aspects of the concentration of
the polynomials p involved.

Definition 1.7 (Local statistics; informal). The degree-(Dx, DG) local statistics algorithm, denoted
LoSt(Dx, DG), is the following feasibility SDP: given an input graph G0, find Ẽ : R[x]≤Dx → R
satisfying:

1. (Positivity) Ẽ[p(x)2] ≥ 0 whenever deg p ≤ Dx/2.

2. (Hard constraints) Ẽ[p(x,G0)] = 0 for every p ∈ Ik with deg p ≤ Dx.

3. (Soft moment calibration; informal) Ẽ[p(x,G0)] ≈ E(x,G)∼P[p(x,G)] whenever degG p(x,G) ≤
DG, degx p(x,G) ≤ Dx, and p is Sn-invariant.

This program may be written as a feasibility SDP using the same transformation as is standard
for the sum-of-squares hierarchy; see, e.g., [Lau09]. Feasibility SDPs in general may be solved with
the classical ellipsoid algorithm [GLS12].

Remark 1.8 (O’Donnell’s caveat). For the sum-of-squares hierarchy, [O’D17] raised an important
issue noting that, even when the SDPs generated are of polynomial size, they might not be solvable
efficiently with the ellipsoid algorithm and relatives thereof if their solutions involve very large
numbers. This was addressed for many instances of sum-of-squares relaxations of combinatorial
optimization problems by [RW17]. It seems likely that LoSt SDPs suffer from a similar issue and
that a parallel theory should be developed for them, but we do not pursue this direction here.

Our main result is as follows.

Theorem 1.9 (Local statistics hardness; informal). Let H be a d-regular multigraph on k vertices.
Suppose that H is not bipartite. Then, the following hold with high probability as m→ ∞.

• If H is Ramanujan, then for any D ≥ 2, LoSt(2, D) with any fixed error tolerance cannot
distinguish Lm(H) and G(km, d) with high probability as m→ ∞, nor can it distinguish these
when any amount of extra noise is added to Lm(H).
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• If H is not Ramanujan, then there exists a constant D and a fixed error tolerance such that
the degree LoSt(2, D) can distinguish Lm(H) and G(km, d) with high probability as m → ∞,
and can still distinguish these distributions if a sufficiently small amount of extra noise is
added to Lm(H).

Suppose now that H is bipartite. Then, the following hold with high probability as m→ ∞.

• If H is bipartite Ramanujan, then for any D ≥ 2, LoSt(2, D) with any fixed error tolerance
cannot distinguish Lm(H) and G((km2 ,

km
2 ), d) with high probability as m → ∞, nor can it

distinguish these distributions when any amount of extra noise is added to Lm(H).

• If H is not bipartite Ramanujan, then there exists a constant D and a fixed error tolerance such
that the degree LoSt(2, D) can distinguish Lm(H) and G((km2 ,

km
2 ), d) with high probability as

m → ∞, and can still distinguish these distributions if a sufficiently small amount of extra
noise is added to Lm(H).

1.2 Main Results: Applications

We now describe the consequences of Conjecture 1.6. A valuable task for many interesting functions
of a graph—the independence number, chromatic number, maximum cut, minimum dominating set,
expansion, and so forth—is to certify bounds.

Definition 1.10 (Certification). Let f(G) be a real-valued function of a d-regular graph G. We say
that a function c(G) (in our setting thought of as computed by some algorithm) certifies an upper
bound on G if f(G) ≤ c(G) for all G, and certifies a lower bound on G if f(G) ≥ c(G) for all G.

The language may seem convoluted, but is helpful when we discuss the performance of algorithms
over random G. If G ∼ G(n, d), then the typical value of f(G) ≈ Ef(G) may be small, say, but it
may be hard to certify a tight bound c(G), one such that Ec(G) ≈ Ef(G), because a certification
algorithm cannot just output, say, c(G) := Ef(G) + ε, but rather when given G with an unusual
structure atypical to G(n, d) and making f(G) very large must adapt and output a correspondingly
larger bound. In this sense, certification algorithms that perform well in the average case must
perform a kind of implicit hypothesis testing and detect whether they are being given typical or
atypical instances for the distribution in question.

The prototypical strategy for designing certification algorithms is convex relaxation, forming
a linear or semidefinite program that provably bounds the independence number (or some other
quantity), using a framework such as the aforementioned sum-of-squares hierarchy. Unfortunately,
convex relaxations, especially at higher and more powerful tiers of various hierarchies such as sum-
of-squares, are notoriously technical to analyze. In particular it is a long-outstanding challenge in
this literature to prove lower bounds for certification over distributions with complex correlation
structure like G(n, d). Our approach of quiet planting is a technique for assessing the performance of
all efficient certification algorithms without directly studying convex optimization itself, conditional
on a hardness assumption such as Conjecture 1.6. This strategy has been employed for various other
problems by [BKW20, BKW22, BBK+21, Kun24].

The relevance of the Conjecture is that all of the quantities above are lift-monotone: for instance,
the independence number, as a fraction of the number of vertices, can only increase after forming
a graph lift. So, a random lift of a Ramanujan graph H with a large independent set—larger
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than is typically present in G ∼ G(n, d)—always still has a large independent set. Conversely, if an
algorithm performs certification and usually outputs a tight bound on G ∼ G(n, d), then it could be
used to distinguish G ∼ G(n = km, d) from G ∼ Lm(H): in the first case it would usually output a
small bound, while in the second case it must output a large bound (since the actual independence
number is large). Thresholding the output of this algorithm would therefore effectively test between
G(n, d) and Lm(H), contradicting the Conjecture.

The consequences of the quiet planting argument together with Conjecture 1.6 are surprising:
the existence of particular finite Ramanujan graphs with various extremal properties—large inde-
pendent sets, large cuts, low expansion, and so forth—constitutes evidence that certifying a bound
on the same quantity for random regular graphs is computationally hard. This gives a powerful new
technique for proving computational lower bounds for certification by merely exhibiting particular
finite graphs. In Section 4.1, we give some general theory around this strategy; for now, we restrict
our attention to concrete examples. We will discuss numerous quantities f(G); in each case, we
present a simple certification algorithm—often a spectral bound—and give results indicating how
close to optimal this simple strategy must be. We summarize these findings in Table 1.

Maximum t-cut We first consider the following generalization of the max-cut problem to “t-
cuts” or “multisections” for a graph G = (V,E):

MCt(G) := max
κ:V→[t]

|{{u, v} ∈ E : κ(u) ̸= κ(v)}|
|E|

∈ [0, 1]. (2)

MC2(G) is just the fraction of edges cut by a maximum cut, for example. A classical spectral
certificate due to Hoffman [Hof70] gives the bound

MCt(G) ≤ t− 1

t

(
1 +

|λn(G)|
d

)
. (3)

The question of what bound polynomial-time certificates can achieve for a given t was studied by
[BBK+21]. In particular, that work showed that, as d→ ∞ for fixed t, Hoffman’s bound is optimal
to leading order: by Proposition 1.2, it certifies MCt(G) ≤ t−1

t (1+ 2√
d
+o( 1√

d
)) with high probability,

and, conditional on Conjecture 1.6 (which is a generalization of their “equitable stochastic block
model conjecture”), no polynomial-time certification algorithm can improve on this asymptotically.

In contrast, the true value scales with high probability as MCt(G) = t−1
t (1 + P

(t)
∗√
d

+ o( 1√
d
)) for a

number P
(t)
∗ < 2 related to the ground state energy of an associated spin glass model from statistical

physics [Sen18]. Thus, as d → ∞, there is a sizeable certification gap between the true value of
MCt(G) and what polynomial-time certificates can achieve.1

On the other hand, as discussed in Appendix A.2 of [BBK+21], for finite d, their techniques
are limited because they only work with a small class of Ramanujan graphs whose construction
depends on divisibility relations between d and t (see our discussion in Section 1.3). For instance,
for d = 3 and t = 2 (maximum cut in random cubic graphs), their results only show that no
polynomial-time certificate can bound MC2(G) ≤ 0.67 with high probability when G ∼ G(n, 3).
This result is actually vacuous, because it is known that with high probability MC2(G) ≥ 0.90.

1Since an algorithm with no runtime constraints can solve maximum t-cut as well as all of the combinatorial
problems we discuss by brute force, a certification gap may be viewed a particular kind of information-computation
gap, describing a computational task that can be solved but only inefficiently.
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Using our more flexible approach to quiet planting, we are able to resolve this issue and a similar
one for d = 4, and show that there is a certification gap in both cases.

Remark 1.11 (Statistical-to-computational gap in detecting lifts). Our proofs of these certification
gaps also imply that, in some cases, it is information-theoretically possible to distinguish Lm(H)
from G(n, d) or G((n2 ,

n
2 ), d) while Conjecture 1.6 implies that it is impossible to do so in polynomial

time; that is, in some cases the problem of detecting lifts exhibits a statistical-to-computational gap.
This is because we may just solve, say, maximum k-cut by brute force and threshold the resulting
value—if the typical value for a random lift is larger than the typical value for a uniformly random
graph, then this test will detect the random lift with high probability.

Theorem 1.12 (Maximum cut, d ∈ {3, 4}). For G ∼ G(n, 3), the following hold:

1. MC2(G) ∈ [0.906, 0.925] with high probability [GL18, COLMS22].

2. Hoffman’s bound (3) certifies MC2(G) ≤ 0.971 with high probability.

3. If Conjecture 1.6 holds, then there is no polynomial-time algorithm certifying MC2(G) ≤ 0.944
with high probability.

For G ∼ G(n, 4), the following hold:

1. MC2(G) ∈ [0.833, 0.869] with high probability [DDSW03, COLMS22].

2. Hoffman’s bound (3) certifies MC2(G) ≤ 0.933 with high probability.

3. If Conjecture 1.6 holds, then there is no polynomial-time algorithm certifying MC2(G) ≤ 0.875
with high probability.

As mentioned earlier, our proof constructs concrete 3- and 4-regular Ramanujan graphs (see Fig-
ures 1 and 2, respectively). These were found by computer-assisted experimentation; it seems likely
that our methods can be extended to larger d.

Chromatic number A graph G being k-colorable is the same as having MCk(G) = 1, or ad-
mitting a k-cut that cuts every edge. Thus Hoffman’s bound (4) on MCk(G) also yields a spectral
lower bound certificate for χ(G), which works out to:

χ(G) ≥ 1 +

⌈
d

|λn(G)|

⌉
. (4)

As above, the results of [BBK+21] imply that this is asymptotically optimal as d→ ∞. The bound

scales as
√
d
2 (1 +o(1)), conditional on Conjecture 1.6 no polynomial-time certificate can improve on

this behavior, and again there is a large certification gap as the true chromatic number is known
to scale as the much larger d

2 log d [F L92].

Again for finite d the results of [BBK+21] are suboptimal. For example, Hoffman’s bound is
tight for d ∈ {3, 4, 5}, the analysis of [BBK+21] gives a certification gap for d = 6 (Hoffman’s
bound with high probability certifies χ(G) ≥ 3 and the results of [BBK+21] imply this is optimal
conditional on Conjecture 1.6, while by the results of [AM04] the true chromatic number is with
high probability χ(G) ∈ {4, 5}), but fail already for d = 7. We rectify this:
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Theorem 1.13 (Chromatic number, d = 7). For G ∼ G(n, 7), the following hold:

1. χ(G) ≥ 4 with high probability [AM04].

2. Hoffman’s bound (4) certifies χ(G) ≥ 3 with high probability.

3. If Conjecture 1.6 holds, then there is no polynomial-time algorithm certifying χ(G) ≥ 4 with
high probability.

As we discuss in Section 4.3, some extra care is needed in the choice of a formal version of Conjec-
ture 1.6 to use for this application, because the chromatic number is a less robust quantity than
some of the others we consider; if we are not careful, indiscriminately changing edges in G ∼ Lm(H)
can invalidate the coloring “lifted from” H.

Independence number As for cuts, to compare graphs of different sizes we work with the
normalized independence number α̂(G) := α(G)/|V (G)|, the fraction of vertices in a maximum
independent set. There is again a natural spectral upper bound certificate following from Hoffman’s
methods in [Hof70] (see also [Hae21] for this version), showing:

α̂(G) ≤ |λn(G)|
d+ |λn(G)|

. (5)

As d→ ∞, Hoffman’s bound scales as 2√
d
(1+o(1)), while the true normalized independence number

is known to scale as 2 log d
d (1 + o(1)) [F L92]. In this case, there is no prior work that we are aware

of on certifying bounds on the independence number (though [JPR+21] prove sum-of-squares lower
bounds for the somewhat similar though denser setting of Erdős-Rényi graphs with average degree
polylogarithmic in n), and a certification gap is not known to exist either as d→ ∞ or for finite d.
We prove that it does in both settings:

Theorem 1.14 (Independence number, d→ ∞). If Conjecture 1.6 holds, then for any ε > 0, there
is no polynomial-time algorithm certifying that α̂(G) ≤ 2√

d
(1− ε+ o(1)) with high probability when

G ∼ G(n, d), with o(1) referring to the limit as d→ ∞.

Theorem 1.15 (Independence number, d ∈ {3, 4}). For G ∼ G(n, 3), the following hold:

1. α̂(G) ∈ [0.445, 0.451] with high probability [Csó16, Har23].

2. Hoffman’s bound (5) certifies α̂(G) ≤ 0.485 with high probability.

3. If Conjecture 1.6 holds, then there is no polynomial-time algorithm certifying α̂(G) ≤ 0.458
with high probability.

For G ∼ G(n, 4), the following hold:

1. α̂(G) ∈ [0.404, 0.412] with high probability [Csó16, Har23].

2. Hoffman’s bound (5) certifies α̂(G) ≤ 0.464 with high probability.

3. If Conjecture 1.6 holds, then there is no polynomial-time algorithm certifying α̂(G) ≤ 0.428
with high probability.
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Domination number The domination number of a graph is size of the smallest dominating
set, a set of vertices such that every vertex not contained in the set is adjacent to a member of
the set. The normalized domination number of a graph G is the domination number divided by
|V (G)|, which we denote dom(G). The domination number admits a certificate even simpler than
the Hoffman-type spectral bounds: in a d-regular graph G, any vertex in a dominating set can only
“cover” d + 1 vertices of G, namely itself and its d neighbors. Therefore, we have the “trivial”
bound

dom(G) ≥ 1

d+ 1
. (6)

Yet, our methods show that the trivial bound is optimal non-asymptotically for any fixed d (in
contrast to the results on the d→ ∞ limit for the problems discussed above, where there is a o(1)
error term as d→ ∞), and establish a certification gap for all sufficiently large d.

Theorem 1.16 (Domination number, any d). There exist absolute constants C1, C2 > 0 such that,
for any d ≥ 3 and G ∼ G(n, d), the following hold:

1. C1
log d
d ≤ dom(G) ≤ C2

log d
d with high probability [AW10].

2. The trivial bound (6) certifies dom(G) ≥ 1
d+1 always.

3. If Conjecture 1.6 holds, then, for any ε > 0, there is no polynomial-time algorithm certifying
dom(G) ≥ 1

d+1 + ε with high probability.

We note that our analysis of certification is optimal; establishing a certification gap for, say, d = 3
is a matter of more precisely establishing the scaling of the true domination number, which to the
best of our knowledge is an open problem.

Vertex expansion The small-set vertex expansion Φv
ε of G = (V,E) on n vertices is the minimum

vertex expansion among subsets of vertices of size at most εn:

Φv
ε(G) := min

S⊆V
1≤|S|≤εn

|{u ∈ V : u has a neighbor in S}|
|S|

(7)

A classical result of Kahale [Kah95] gives the following spectral bound on the vertex expansion.
Let λ̃(G) := max(λ2(G), 2

√
d− 1). Then, for an absolute constant C > 0,

Φv
ε(G) ≥ d

2

(
1 −

√
1 − 4(d− 1)

λ̃(G)2

)(
1 − C · log d

log 1
ε

)
. (8)

This remains the state-of-the-art polynomial-time certificate for the vertex expansion of d-regular
graphs. Using results on number-theoretic constructions of Ramanujan graphs from [KK22], we
give evidence that Kahale’s bound is optimal in the limit of ε→ 0, for an infinite sequence of d.

Theorem 1.17 (Small-set vertex expansion). For G ∼ G
((

n
2 ,

n
2

)
, d
)
, the following hold:

1. Φv
ε(G) ≥ d− 1 −Od

(
1

log 1
ε

)
with high probability [HLW06].
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2. Kahale’s bound (8) certifies Φv
ε(G) ≥ d

2

(
1 −Od

(
1

log 1
ε

))
− o(1) with high probability. Taking

ε→ 0, this bound scales as Φv
ε(G) ≥ d

2 − o(1).

3. If Conjecture 1.6 holds and d = q + 1 where q is a prime power, then for any δ, ε > 0, there
is no polynomial-time algorithm certifying Φv

ε(G) ≥ d
2 + δ.

Edge expansion The similar but distinct quantity of small-set edge expansion Φe
ε is similarly

defined as the minimum edge expansion among subsets of vertices of size at most εn:

Φe
ε(G) := min

S⊆V
1≤|S|≤εn

|{e ∈ E : e has exactly one endpoint in S}|
|S|

(9)

Kahale also gives the following spectral bound on this quantity. For another absolute constant
C > 0,

Φe
ε(G) ≥ d−

1 +
λ̃(G)

2
+

√
λ̃(G)2

4
− (d− 1)

(1 + C · log d

log 1
ε

)
. (10)

Again, we use results from [KK22] to give evidence that this bound is optimal in the limit of ε→ 0
for an infinite sequence of d.

Theorem 1.18 (Small-set edge expansion). For G ∼ G
((

n
2 ,

n
2

)
, d
)
, the following hold:

1. Φe
ε(G) ≥ d− 2 −Od

(
1

log 1
ε

)
with high probability [HLW06].

2. Kahale’s bound (10) certifies Φe
ε(G) ≥ d − (

√
d− 1 + 1)

(
1 +Od

(
1

log 1
ε

))
− o(1) with high

probability. Taking ε→ 0, this bound scales as Φe
ε(G) ≥ d− 1 −

√
d− 1 − o(1).

3. If Conjecture 1.6 holds and d = q2 + 1 where q is a prime power, then for any δ, ε > 0, there
is no polynomial-time algorithm certifying Φe

ε(G) ≥ d− 1 −
√
d− 1 + δ.

1.3 Related Work

Local statistics As we have mentioned, the local statistics hierarchy is heavily motivated by the
pseudocalibration proof technique for sum-of-squares lower bounds, due to [BHK+19] and since
extended to other settings by works such as [GJJ+20, PR20, JPR+21]. Its original use in [BMR21]
was as a more robust algorithm for detection under a version of the stochastic block model over
regular graphs. The later work [BBK+21] used local statistics to argue for the hardness of a special
case of the problem we propose, which can also be viewed as detection in an “equitable” variant of
the stochastic block model.

Quiet planting for certification lower bounds Earlier work, such as that on sum-of-squares
relaxations for the planted clique problem culminating in [BHK+19], somewhat conflated certifica-
tion with hypothesis testing, since in that case a straightforward planted distribution (just adding
a clique into a random graph) shows an optimal lower bound on certification. Arguing as we do

10



about the hardness of average-case certification by more carefully quietly planting unusual struc-
tures originates (to the best of our knowledge) in the approach of [BKW20] to certifying bounds
on certain Gaussian optimization problems. This Gaussianity is essential to that approach of spec-
tral planting, which involves planting unusual near-eigenvectors in a random matrix by rotating its
frame of eigenvectors, in contrast to merely adding a large low-rank perturbation.

One of the innovations of [BBK+21] is to implement a similar idea in the adjacency matrix of a
random graph without spoiling the graph structure using random lifts. In fact, as discussed there,
random lifts may be seen as a natural generalization of the previous spectral planting approach
because of the property we have mentioned that graph lifts preserve the eigenvalues of the base
graph while adding further random eigenvalues around them. A similar strategy for analyzing
certification was used by [BKW22, KVWX23], while [Kun24] found that a quiet planting argument
could also be used to argue about a sampling problem.2

Generally speaking, while it would be encouraging to also have direct lower bounds against
certification or sampling algorithms in these situations, it appears that quiet planting arguments
allow us to give evidence of computational hardness in situations that are otherwise inaccessible.
In our case of certification, proving lower bounds against the sum-of-squares hierarchy for, e.g., the
maximum independent set in a random regular graph of constant degree is a long-standing and
seemingly technically challenging open problem (see the discussion of open problems in [JPR+21])
which our approach allows us to circumvent while still producing evidence of hardness.

Quiet planting with lifts of Ramanujan graphs We give a few more details about the
specific approach of [BBK+21]. Their technique may be viewed as the special case of ours that
uses Ramanujan graphs that are complete graphs H with every vertex having some number a of
loops and every edge between distinct vertices repeated some number b times. Thus their adjacency
matrix is (a − b)I + bJ and it is straightforward to determine when such a graph is Ramanujan.
The drawback of this restriction is that, if H has k vertices, we must have d = a+ (k − 1)b, so for
small d there are very few options to draw from in this class. Say for d = 3, there is just a single
3-regular Ramanujan H of this class, which is H = K4. In contrast, our approach allows for any
of the many known Ramanujan 3-regular graphs, or sporadic ones found by hand or by computer
experiment, to be used for quiet planting.

1.4 Open Problems

We mention several open problems that our work motivates:

1. It is an outstanding technical challenge to prove lower bounds against the local statistics
hierarchy for Dx > 2. This is analogous to the difficulty (now overcome in some cases) for
proving higher-degree lower bounds in the sum-of-squares hierarchy. The setting of detecting
graph lifts is a natural testbed for techniques for this question.

2. Similarly, it is an open problem to prove sum-of-squares lower bounds for arbitrary constant
degrees of the hierarchy for any of the quantities considered here for random d-regular graphs
with constant d as n→ ∞.

2The work [KVWX23] also includes an intriguing result, though specific to a different framework involving low-
degree polynomial algorithms, showing a kind of “completeness” of quiet planting: whenever a certification or refuta-
tion task of the kind we are discussing is hard, then this hardness is witnessed by a hard hypothesis testing problem.
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3. Other forms of evidence for Conjecture 1.6 would also be encouraging. One interesting di-
rection is to show that low-degree polynomials cannot detect lifts of Ramanujan graphs (see,
e.g., [KWB22] for a survey of this algorithmic framework). In that context, this raises an-
other intriguing technical challenge because, unlike the vast majority of cases treated in this
framework, neither of the distributions G(n, d) nor Lm(H) is a product measure.

4. As we discuss in Section 4.1, our approach gives an abstract lower bound against certification
up to the extremal value of a given quantity over Ramanujan graphs. This suggests two
interesting questions: first, what is the largest cut, largest independent set, smallest chromatic
number, and so forth over all Ramanujan graphs of a given degree? And second, are there
algorithms (which would have to improve upon the Hoffman-type bounds we have discussed)
that achieve these thresholds?

5. In principle, our approach is not restricted to lift-monotone properties. As we discuss in
Remark 4.6, we may execute our strategy so long as we have some procedure for controlling
how a quantity behaves under random lifts. While monotonicity is mostly enough for our
purposes, prior work has studied this more precise question for independent sets, the chromatic
number, and edge expansion [ALM02, AL06], for instance. The applications we propose
perhaps give a new motivation to revisit these matters.

6. There are also many other quantities to which it would be natural to apply our tools and
which are lift-monotone or some simple variation thereof. We have chosen ones for which at
least the true value for random regular graphs is relatively well-understood and mostly ones
for which there is a known benchmark certification algorithm, but other, less widely studied
functions of a graph that seem amenable to our methods include the logarithmic Sobolev
constant [DSC96, FF23], the λ-clustering coefficient [Bil06], the ψ-covering coefficient [Bil06],
the k-independence number [ACT16], and the size of the minimum independent dominating
set [DW02].

2 Preliminaries

Let us emphasize an important initial point: the only time we will discuss multigraphs is when
they appear as base graphs of random lifts. All other distributions will always be assumed to be
conditioned on their output being simple. (Our claims should still hold without this conditioning,
but we apply the conditioning to apply our results to classical problems about random simple
d-regular graphs.)

2.1 Notation

We write In and Jn for the n×n identity and all-ones matrices, respectively, and 1n for the all-ones
vector of length n. We omit the subscripts for these when the dimension is clear from context.

2.2 Lifts and Random Lifts

We review some background about lifts and their random versions, taking care to make a definition
that is compatible with the work [BC19] that will play an important technical role in our results.
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Definition 2.1 (m-lift). Let H be a d-regular multigraph on k vertices, and let M be its adjacency
matrix. A graph G = (V,E) is an m-lift of H if |V | = km and there exists a balanced partition
σ : V → [k] (i.e., having |σ−1(i)| = m for each i ∈ [k]) such that:

• For every i ∈ [k], σ−1(i) induces an Mi,i-regular graph on G.

• For every pair of {i, j} ∈
(
[k]
2

)
, σ−1(i) ⊔ σ−1(j) induces an Mi,j-regular bipartite graph on G,

whose bipartition is the one into σ−1(i) and σ−1(j).

Definition 2.2 (Fiber). In the above context, the subset σ−1(i) ⊂ V (G) is called the fiber of
i ∈ V (H).

We have given a definition of random lifts in Definition 1.1 in the Introduction. Let us outline
how this fits into the framework often used for lifts in the literature (especially mathematics and
random matrix theory literature). It is more common to take H to be a directed graph (in works
such as [ALMR01], choosing an arbitrary direction for each edge is mentioned). The lifting proce-
dure may then be viewed as associating a permutation in Sm with each directed edge and inserting
edges into the graph according to that permutation. This allows random lifts to be described
as operations on random permutation matrices, which is the perspective taken in random matrix
theory works on random lifts like [BC19].

So far this setup is entirely equivalent to ours which did not mention directed graphs. A
nuance arises when dealing with self-loops, however. To be more precise, the above framework also
specifies a direction-reversing involution of the edges, e 7→ e∗ with e∗∗ = e. The permutations σe
associated to the edges should then satisfy σe∗ = σ−1

e . Again, this is helpful for describing the
adjacency matrix: one may place the permutation matrix associated to σe in the block associated
to the directed edge e, and this involution-inversion rule will ensure that the resulting matrix is
symmetric.

If e is a loop in the sense that its source and terminal vertices are the same, but e and e∗ are
viewed as two different edges, then this protocol will place a random 2-regular graph on the fiber
of this single vertex. That is not what our Definition 1.1 prescribed for loops, however. In fact,
this permutation framework allows for two different kinds of loops: when the source and terminal
vertices of e are the same, e and e∗ can be two different directed edges, as we have just discussed, or
the same directed edge—the latter choice still satisfies the involution rule. In this second situation,
there is just one permutation σe involved, and the involution-inversion property requires σe = σ−1

e ,
i.e., that σ is an involution (as a permutation). This means that adding the edges corresponding
to σe places a perfect matching, or a random 1-regular graph, on the fiber of the one source and
terminal vertex of e.

This is all to say that, in the setup of Definition 1.1, we treat all self-loops as the latter type
of self-loop. This choice is permitted by the setup of [BC19] as well, and therefore Proposition 1.4
holds as stated.

Remark 2.3 (Random regular graph vs. union of random matchings). The result of several self-
loops in the base graph is a union of several uniformly random perfect matchings in a random lift.
In general, the law of the union of d random perfect matchings is similar but not identical to that of
a random d-regular graph drawn from the configuration model (if both are conditioned to be simple).
However, these models are contiguous and thus the kinds of results we are working with transfer
between them; see [Jan95].
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2.3 Noise Models and Precise Conjectures

Definition 2.4 (Graph distance). For d-regular graphs G, H on the same number of vertices,

the distance ∆(G,H) = |E(G)△E(H)|
2n is a metric on d-regular graphs of the same size, where n =

|V (G)| = |V (H)|. This is equal to the minimum number of edges that need to be changed to
transform G into H, divided by the size of the vertex set.

Definition 2.5 (Random noise). Let ε ∈ (0, 1), and G be a d-regular graph on n vertices. We
write Srand

ε G for the random graph that is formed by deleting ⌊εn⌋ edges uniformly at random, and
then adding back ⌊εn⌋ edges uniformly at random conditional on the final graph being d-regular.
We abuse the notation slightly and write Srand

ε G where G is the law of a random graph for the law
of the random graph drawn from G to which random noise is then applied.

Definition 2.6 (Bipartite random noise). Let ε ∈ (0, 1), and G be a bipartite d-regular graph on n

vertices. We write Srand,bi
ε G for the random bipartite graph that is formed by deleting ⌊εn⌋ edges

uniformly at random, and then adding back ⌊εn⌋ edges uniformly at random between the bipartition
of G conditional on the final graph being d-regular. We again abuse the notation slightly and write
Srand,bi
ε G where G is the law of a random bipartite graph for the law of the random bipartite graph

drawn from G to which random noise is then applied.

Definition 2.7 (Respectful random noise). Let ε ∈ (0, 1). Let H be a d-regular multigraph with
adjacency matrix M . We write S̃rand

ε Lm(H) for the random graph that is formed by drawing
G ∼ Lm(H), and then changing ⌊εn⌋ edges as in the definition of random noise, conditional on
none of added edges going between the fibers of i, j ∈ V (H) if Mij = 0. We likewise define the

respectful bipartite random noise S̃rand,bi
ε Lm(H).

Definition 2.8 (Adversarial noise). Let ε ∈ (0, 1). Let H be a d-regular multigraph. We write
Sadv
ε Lm(H) for any distribution formed by sampling G ∼ Lm(H), having an adversary (with access

to additional independent random bits) draw a G′ from a distribution Sadv
ε G of d-regular graphs

supported on those G′ with ∆(G,G′) ≤ ε, and outputting G′. Formally speaking, Sadv
ε Lm(H) is a

set of probability distributions, and when we write G ∼ Sadv
ε Lm(H), we mean that G is drawn from

any of these. In particular, when we say that a hypothesis testing problem is hard under adversarial
noise, we mean that there exists a choice of adversary that makes the problem hard.

Definition 2.9 (Respectful adversarial noise). In the setting of adversarial noise operators, if H
is a d-regular multigraph with adjacency matrix M , we write S̃adv

ε Lm(H) for the same family of
probability distributions subject to the additional constraint of the adversary never adding any edges
between the fibers of i, j ∈ V (H) if Mij = 0.

We will formulate several precise variations of our main conjecture allowing for different noise
models. These conjectures are adapted to different applications.

Conjecture 2.10. Let H be a d-regular multigraph on k vertices and ε > 0. We propose the
following conjectures:

1. If H is Ramanujan, then there is no polynomial-time algorithm that achieves strong detection
between Srand

ε Lm(H) and G(n, d). The same holds with Srand
ε replaced by any of S̃rand

ε , Sadv
ε ,

or S̃adv
ε .
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2. If H is bipartite Ramanujan, then there is no polynomial-time algorithm that achieves strong
detection between Srand,bi

ε Lm(H) and G((n2 ,
n
2 ), d). The same holds with Srand,bi

ε replaced by

S̃rand,bi
ε , Sadv

ε , or S̃adv
ε .

We note that these conjectures admit an ordering by their strength: adversarial noise models
include the corresponding random noise models as special cases of the choice of adversary and
thus make weaker claims of computational hardness than any of the random noise models (both
unipartite and bipartite), and non-respectful noise models make weaker claims of hardness than
respectful noise models. (At a high level, the more permissive the noise model the more we expect
the associated problem to be hard.)

Remark 2.11. The prior work [BBK+21] instead proposed applying noise by applying a random
sequence of edge switchings where a pair of edges {a, b}, {c, d} is replaced by the pair {a, c}, {b, d}.
This is a natural and more local procedure, but creates some difficulties in applying respectful ver-
sions of the noise operator; for instance, applying “respectful switchings” to a lift of a base graph
(ones that do not introduce edges between the fibers of i, j ∈ V (H) when i and j are not adjacent
in H) will never create a graph that is not again a lift of the same graph H (and thus that does not
have eigenvalues exactly equal to those of H) unless the base graph contains a 4-cycle.

3 Local Statistics Algorithm: Proof of Theorem 1.9

In this section, we will prove the hardness for local statistics (LoSt) algorithms stated in Theorem
1.9 as supporting evidence for Conjecture 2.10.

In the following analysis, H will be a connected d-regular multigraph on k vertices (the case of
disconnected H is trivial since in this case H has multiple eigenvalues equal to d). For simplicity,
we will denote Pn := Lm(H) where n = km and Qn := G(n, d) or Qn := G

((
n
2 ,

n
2

)
, d
)

depending
on whether H is bipartite. Note that Pn are defined without any noise. At the end of this section,
we will argue that the LoSt algorithm is robust under the noise operators defined in the previous
section. In this section we will abbreviate “with high probability” to “w.h.p.”, which always refers
to the limit n→ ∞.

3.1 Non-Backtracking Walks

Let AG be the adjacency matrix for a d-regular multigraph G. A length-s non-backtracking walk
on G is a sequence (v0, v1, . . . , vs) of vertices that forms a walk on G such that for every i ∈ [s− 1],
vi−1 ̸= vi+1, i.e., the walk does not “backtrack.”

The non-backtracking matrices are the matrices A
(s)
G for s ∈ N, whose u, v entry counts the

number of non-backtracking walks on G from vertex u to vertex v of length s. For d-regular
graphs, these matrices satisfy the following simple recurrence:

A
(0)
G = I,

A
(1)
G = AG,

A
(2)
G = A2

G − dI,

A
(s+1)
G = AGA

(s)
G − (d− 1)A

(s−1)
G for s ≥ 2.
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In particular, A
(s)
G = qs(AG), for a sequence of monic univariate polynomials qs ∈ R[z] called the

non-backtracking polynomials, which also form a sequence of orthogonal polynomials with respect
to the Kesten-McKay measure:

Definition 3.1 (Kesten-McKay measure). The Kesten-McKay measure with parameter d ≥ 2,
denoted µKM(d), is the probability measure supported on [−2

√
d− 1, 2

√
d− 1] with density

d

2π

√
4(d− 1) − x2

d2 − x2
1{|x| ≤ 2

√
d− 1}. (11)

The following result is useful when dealing with inner products between non-backtracking ma-
trices, whose proof can be found in Lemma 4.5 in [BMR21].

Proposition 3.2. Let G be drawn from P or Q. For any s, t = O(1), with high probability,

⟨A(s)
G , A

(t)
G ⟩ = n · E

λ∼µKM(d)

[qs(λ)qt(λ)] +O(log n). (12)

The proof uses the idea that sparse random graphs do not have many short cycles, and most
vertices are far from any short cycle. The precise definition and statement are as follows.

Definition 3.3. Fix constants L and C. We call a vertex in G bad if it is at most L steps away
from a cycle of length at most C. A vertex is good if it is not bad.

Proposition 3.4. Let G be drawn from P or Q. Then, with high probability, there are fewer than
O(log n) bad vertices in G.

In the analysis of the LoSt SDP, we actually need to work with occurrences of simple paths in
the input graph, and thus we also need to define self-avoiding matrices.

A length-s walk (v0, v1, . . . , vs) is self-avoiding if it corresponds to a simple path, i.e., all the

vertices vi are distinct. The self-avoiding matrix A
⟨s⟩
G where s ∈ N, is a matrix whose u, v entries

counts the number of self-avoiding walks on G from vertex u to vertex v of length s. Clearly, A
⟨s⟩
G

are different from A
(s)
G . Yet, as an easy corollary of Proposition 3.4 above, these matrices are not

that different, and for every fixed d and s, w.h.p. for G drawn from P or Q they satisfy

∥A⟨s⟩
G −A

(s)
G ∥2F ≤ O(log n). (13)

3.2 Path Statistics SDP

We first study a simplified version of the Local Statistics SDP, which will be useful for analyzing
the full Local Statistics SDP later on.

Recall the definitions in Section 1.1 and Section 2.2. Let (x,G) be a random lift drawn from
Lm(H) of H, where the set of variables xu,i, u ∈ [n], i ∈ [k] encodes the underlying partition or
labelling σ : [n] → [k] associated to the fibers of the lift. We may alternatively regard x as a
collection of k vectors x1, . . . , xk ∈ {0, 1}n, where xi is the indicator vector of σ−1(i). We define
the partition matrix3 for the planted labelling as

P :=
∑
i∈[k]

xix
⊤
i .

3We remark here that this definition of partition matrix is slightly different from that in [BBK+21], and is used
to simplify some expressions involved in the computation.
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Recall σ : [n] → [k] is a balanced partition: every vertex belongs to one label class, and every
label class has size n

k . The following facts are easy to see as a consequence.

Fact 3.1. The partition matrix P satisfies the following properties:

P ⪰ 1

k
J,

Pu,u = 1 for all u ∈ [n],

⟨P, J⟩ =
n2

k
.

If moreover the base graph H is bipartite, the lifted graph G is again bipartite, and σ : [n] → [k]
naturally induces a balanced bipartition of the vertices in G from the bipartition of H. On the
other hand, if the lifted graph G is connected, there is a unique balanced bipartition of its vertex set
so that G is a bipartite graph on the bipartition.4 In this case, let us assume we have arranged the
vertices according to the underlying bipartition, such that all the edges of G are between vertices
{1, 2, . . . , n2 } and {n

2 + 1, n2 + 2, . . . , n}. This leads to another property of the partition matrix P .

Fact 3.2. If H is a connected bipartite graph, arrange the vertices of G so that all the edges of G
are between vertices {1, 2, . . . , n2 } and {n

2 + 1, n2 + 2, . . . , n}. Then, the partition matrix P satisfies
the following properties:

P ⪰ 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
,

Pu,v = Pv,u = 0 for all u ∈
{

1, 2, . . . ,
n

2

}
and v ∈

{n
2

+ 1,
n

2
+ 2, . . . , n

}
.

In the Path Statistics SDP, we will focus on the path statistics given by the polynomials that
count the number of non-backtracking walks on G of a certain length with the same labels on the

two endpoints. Note that this is exactly given by ⟨P,A(s)
G ⟩ = ⟨P, qs(AG)⟩, where A

(s)
G is the sth

non-backtracking matrix of G.
Let M be the adjacency matrix of H, and let M =

∑k
i=1 λiviv

⊤
i be its spectral decomposition.

The following states that the path statistics in the planted model are strongly concentrated, which
follows from Lemmas 3.19, and 3.27 which we will show later, and that, in the notation of that
section,

⟨P,A(s)
G ⟩ = ⟨P,A⟨s⟩

G ⟩ +O(log n) =
∑
i∈[k]

p(Ps,{0,s},{i,i})(x,G) +O(log n).

Lemma 3.5. Suppose G ∼ Lm(H), and let P be the partition matrix associated with G. For every
s ∈ N and increasing, nonnegative function ∆(n),

P

(∣∣∣∣∣⟨P,A(s)
G ⟩ − n

k

k∑
i=1

qs(λi)

∣∣∣∣∣ > ∆(n)

)
≤ O

(
n

∆(n)2

)
,

where λ1, . . . , λk are the eigenvalues of the adjacency matrix M of H.

4To see this, note that if G is connected then it has a spanning tree, so any bipartition of G is also a bipartition
of this tree. A simple inductive argument shows that any tree has a unique bipartition.
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Now we are ready ready to define the Path Statistics SDP. Given an input graph G0, the Path
Statistics SDP attempts to find a “pseudo-partition matrix” P̃ satisfying Fact 3.1 and Fact 3.2
exactly, and Lemma 3.5 approximately up to some error.

Definition 3.6. Suppose H is not bipartite. The level-D Path Statistics Algorithm with error
tolerance δ > 0 for distinguishing between Lm(H) and G(n, d) takes as input a d-regular graph G0

and solves the following feasibility SDP: find P̃ such that

1. P̃u,u = 1 for every u ∈ V (G0),

2. ⟨P̃ , J⟩ = n2

k ,

3. ⟨P̃ , A(s)
G0

⟩ ∈
(
1
k

∑k
i=1 qs(λi)

)
n+ [−δn, δn] for all 0 ≤ s ≤ D, and

4. P̃ ⪰ 1
kJ .

Definition 3.7. Suppose H is bipartite. Let G0 be d-regular, connected and bipartite. Arrange its
vertices so that all the edges are between {1, 2, . . . , n2 } and {n

2 + 1, n2 + 2, . . . , n}.
The level-D Path Statistics Algorithm with error tolerance δ > 0 for distinguishing between

Lm(H) and G
((

n
2 ,

n
2

)
, d
)
takes as input a bipartite d-regular graph G0 and solves the following

feasibility SDP: find P̃ such that

1. P̃u,u = 1 for all u ∈ V (G0),

2. ⟨P̃ , J⟩ = n2

k ,

3. P̃u,v = P̃v,u = 0 for all u ∈ {1, 2, . . . , n2 } and v ∈ {n
2 + 1, n2 + 2, . . . , n},

4. ⟨P̃ , A(s)
G0

⟩ ∈
(
1
k

∑k
i=1 qs(λi)

)
n+ [−δn, δn] for all 0 ≤ s ≤ D,

5. P̃ ⪰ 1
kJn and P̃ ⪰ 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
.

Remark 3.8. In the bipartite version, we assume that the input G0 is connected and bipartite. For
a graph drawn from Lm(H), it is always bipartite, and with high probability it is connected if H
is connected (see Theorem 1 of [ALMR01]). Similarly, for a graph drawn from G

((
n
2 ,

n
2

)
, d
)
, it is

always bipartite, and with high probability it is connected (as follows from Proposition 1.2, since a
disconnected graph has trivial eigenvalue d with multiplicity greater than 1).

Now let us state versions of our main theorem for the Path Statistics SDP (rather than the
Local Statistics SDP, which we will proceed to afterwards).

Definition 3.9. The spectral radius of a connected d-regular graph G is ρ(G) = maxi:|λi|<d |λi|.

Theorem 3.10. Suppose H is d-regular, connected and non-bipartite. If ρ(H) > 2
√
d− 1, then

there exist D and error tolerance δ > 0 at which the level-D Path Statistics SDP can w.h.p. distin-
guish Lm(H) from G(n, d). If ρ(H) ≤ 2

√
d− 1, then no such D and δ exist.

Suppose H is d-regular, connected and bipartite. If ρ(H) > 2
√
d− 1, then there exist D and

error tolerance δ > 0 at which the level-D Path Statistics SDP can w.h.p. distinguish Lm(H) and
G
((

n
2 ,

n
2

)
, d
)
. If ρ(H) ≤ 2

√
d− 1, then no such D and δ exist.

19



Remark 3.11. In Theorem 3.10, we assume the base graph H is connected. If H is not connected,
then any lift of H is also disconnected, which makes it very simple to distinguish Lm(H) from
G(n, d) or G

((
n
2 ,

n
2

)
, d
)
.

Proof of Theorem 3.10. Recall that we use P to denote the “planted” distribution of random lifts of
H, and Q to denote the “null” distribution of random d-regular graphs/random bipartite d-regular
graphs. Let the spectrum of H be the multiset {{λ1, . . . , λk}}.

By Fact 3.1, Fact 3.2, and Lemma 3.5, the Path Statistics SDP is w.h.p. feasible on G drawn
from P. We will show the Path Statistics SDP w.h.p. is:

• infeasible on G drawn from Q if ρ(H) > 2
√
d− 1,

• feasible on G drawn from Q if ρ(H) ≤ 2
√
d− 1.

Since the analysis for the non-bipartite case and the bipartite case is almost identical, we will first
consider the case of non-bipartite H and in the end we will explain how to adapt the analysis to
bipartite H.

(1a) H is not bipartite and ρ(H) > 2
√
d− 1: Let λ := ρ(H). We will construct a degree D

polynomial f that is strictly positive on [−2
√
d− 1, 2

√
d− 1] and satisfies

∑
i:|λi|<d f(λi) < 0. We

may set f to be a transformed Chebyshev polynomial of the first kind. Let us recall some properties
of these polynomials, Ts(x) for s ∈ N. We have deg(Ts) = s, |Ts(x)| ≤ 1 for |x| ≤ 1, and, for every
ε > 0 and large constant B > 0, there exists S = S(B, ε) such that for every Ts(x) of even degree
s ≥ S, Ts(x) ≥ B for |x| ≥ 1 + ε. The last fact follows from the following identity (see, e.g., 18.5.1
of [Olv10]): when |x| > 1, then

Ts(x) =
1

2

((
x−

√
x2 − 1

)s
+
(
x+

√
x2 − 1

)s)
(14)

In particular, for s even, we have

Ts(x) ≥ 1

2

(
x+

√
x2 − 1

)s
≥ 1

2
xs. (15)

Therefore, to produce the polynomial f we wanted above, we can set f(x) = −TS(2
√
d− 1·x)+2,

where S is chosen to be an even degree large enough such that
∑

i:|λi|<d f(λi) < 0. Clearly, this

construction satisfies f being strictly positive on [−2
√
d− 1, 2

√
d− 1].

By Proposition 1.2, when G is drawn from Q, w.h.p. AG−dJ/n has eigenvalues in [−2
√
d− 1−

o(1), 2
√
d− 1 + o(1)]. Thus, f(AG − dJ/n) = f(AG) − f(d)J/n ⪰ 0 by the assumption that f is

strictly positive on [−2
√
d− 1, 2

√
d− 1], and thus nonnegative on [−2

√
d− 1−o(1), 2

√
d− 1+o(1)]

for sufficiently large n.
Now, using this f , we show that the Local Statistics SDP is w.h.p. infeasible for G drawn from Q.

Suppose for the sake of contradiction that P̃ is a feasible solution for the degree-D Path Statistics
SDP on input G drawn from Q, where D ≥ deg(f). Recall that the non-backtracking polynomials
qs are mutually orthogonal with respect to the inner product ⟨p, q⟩KM(d) := Eλ∼KM(d)[p(λ)q(λ)].
Then, by rewriting

f =
D∑
s=0

⟨f, qs⟩KM(d)

∥qs∥2KM(d)

qs
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in the basis of non-backtracking polynomials and applying the constraints P̃ satisfies in the Path
Statistics SDP, we have

0 ≤
〈
P̃ , f(AG) − f(d)

n
J

〉
≤

D∑
s=0

⟨f, qs⟩KM(d)

∥qs∥2KM(d)

⟨P̃ , qs(AG)⟩ − f(d)
n

k
+ δ|f(d)|n

≤
S∑

s=0

⟨f, qs⟩KM(d)

∥qs∥2KM(d)

[(
1

k

k∑
i=1

qs(λi)

)
n+ δn

]
− f(d)

n

k
+ δ|f(d)|n

=

1

k

∑
i:|λi|<d

f(λi) + δ∥f∥2KM(d) + δ|f(d)|

n
< 0,

when δ > 0 is set to be small enough, since
∑

i:|λi|<d f(λi) < 0. This gives a contradiction and
completes the proof.

(1b) H is not bipartite and ρ(H) ≤ 2
√
d− 1: Now we turn to the case when ρ(H) ≤ 2

√
d− 1,

and aim to show that the Path Statistics SDP is feasible on G drawn from Q. We set P̃ := g(AG)+
J/k for an appropriately chosen polynomial g. We would like to construct a polynomial g such that
g is strictly positive in [−2

√
d− 1, 2

√
d− 1] and ⟨g, qs⟩KM(d) ∈ 1

k

∑
i:|λi|≤2

√
d−1 qs(λi) + [−δ/4, δ/4]

for s = 0, 1, . . . , D.
By Theorem 5.6 in [BBK+21], for any λ ∈ [−2

√
d− 1, 2

√
d− 1], constant D, and δ > 0, there

exists an even5 polynomial gλ such that

⟨gλ, qs⟩KM(d) ∈ qs(λ) + [−δ/4, δ/4] for s = 1, . . . , D,

⟨gλ, q0⟩KM(d) = 1.

Moreover, for any fixed δ > 0, these polynomials have constant degrees that depend uniformly on
D, satisfy gλ ≥ 0, and in particulalr gλ(d) ≥ 0. Thus, we may simply set g = 1

k

∑
i:|λi|≤2

√
d−1 gλi

.

By Lemma 5.16 in [BBK+21] and Lemma 4.5 in [BMR21], when G is drawn from Q, w.h.p.

⟨g(AG), A
(s)
G ⟩ = (n+O(log n))⟨g, qs⟩KM(d).

Thus, for every 0 ≤ s ≤ D,〈
g(AG) +

1

k
J,A

(s)
G

〉
= (n+O(log n))⟨g, qs⟩KM(d) +

1

k
⟨J, qs(d)J/n⟩

=

1

k

∑
i:|λi|<d

qs(λi)

n+
1

k
qs(d)n+ [−δn/4, δn/4] + o(n)

5An even polynomial g has nonzero coefficients only on even degrees, and thus is an even function. While this
property is not used here, it is needed in part (2).
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So, g(AG) + J/k would satisfy the moment constraints w.h.p. We still need to verify the inner
product constraint against J and the diagonal constraints. A simple calculation verifies〈

g(AG) +
1

k
J, J

〉
=
n2

k
+ g(d)n.

For the diagonal entries,

g(AG)u,u =
D∑
s=0

⟨g, qs⟩KM(d)

∥qs∥2KM(d)

(qs(AG))u,u

=
D∑
s=0

⟨g, qs⟩KM(d)

∥qs∥2KM(d)

(A
(s)
G )u,u

=

1
k

∑
i:|λi|≤2

√
d−1 1

∥q0∥2KM(d)

(A
(0)
G )u,u

=
k − 1

k
,

for all vertices u that are not bad vertices as defined in Definition 3.3, since for a good vertex

u, (A
(0)
G )u,u = 1 and (A

(s)
G )u,u = 0 for s ≥ 1. Thus, the diagonal constraints and inner product

constraint against J are not exactly satisfied. Let

Ỹ =
k−1
k

k−1
k − g(d)

n

(
g(AG) − g(d)

n
J

)
.

Note that this makes sure that, for all good vertices u,

Ỹu,u =
k−1
k

k−1
k − g(d)

n

(
k − 1

k
− g(d)

n

)
=
k − 1

k
.

Moreover, Ỹ satisfies

⟨Ỹ , A(s)
G ⟩ =

k−1
k

k−1
k − g(d)

n

(
⟨g(AG), A

(s)
G ⟩ − g(d)

n
⟨g(AG), J⟩

)

∈
k−1
k

k−1
k − g(d)

n

1

k

∑
i:|λi|<d

qs(λi)

n+ [−δn/4, δn/4] + o(n) − g(d)2


∈

1

k

∑
i:|λi|<d

qs(λi)

n+ [−δn/4, δn/4] + o(n),

⟨Ỹ , J⟩ =
k−1
k

k−1
k − g(d)

n

(
⟨g(AG), J⟩ − g(d)

n
⟨J, J⟩

)

=
k−1
k

k−1
k − g(d)

n

(g(d)n− g(d)n)

= 0.
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Now, using the same trick as in Proposition 4.8 in [BMR21], we may further modify Ỹ into a
desirable Y to fix the diagonal entries of the bad vertices, while Y still approximately satisfies the
other constraints. Let the spectral decomposition of AG be

∑
i λiviv

⊤
i . We note that due to the

nonnegativity of g,

g(AG) − g(d)

n
J = g(d)

J

n
+

∑
i:|λi|<d

g(λi)viv
⊤
i − g(d)

n
J

=
∑

i:|λi|≤2
√
d−1

g(λi)viv
⊤
i

has nonnegative eigenvalues and thus Ỹ ⪰ 0. We write Ỹ as the Gram matrix of vectors α1, . . . , αn ∈
Rn. Since Ỹu,u = k−1

k for good vertices u, ∥αu∥2 = k−1
k . For the bad vertices, note that every entry

of g(AG) is at most a constant depending on g, and thus ∥αu∥ = O(1) for the rest of bad vertices.
Recall from Proposition 3.4 that w.h.p. there are at most O(log n) bad vertices. Since ⟨Ỹ , J⟩ = 0,
we have

∑
u αu = 0. Let Γ ⊆ [n] be the set of good vertices in G. Then,∥∥∥∥∥∥

∑
u̸∈Γ

αu

∥∥∥∥∥∥ = O(log n)

By removing at most O(log n) vertices from Γ, we may form a subset Γ′ of Γ, and choose a
collection of vectors βu for u ̸∈ Γ′ such that

∥βu∥2 =
k − 1

k∑
u̸∈Γ′

βu =
∑
u̸∈Γ′

αu.

Consider the new Gram matrix Y formed by αu for u ∈ Γ′ and βu for u ̸∈ Γ′. Clearly, all the
diagonal entries of Y are equal to k−1

k . Moreover, we have

⟨Y, J⟩ =

∥∥∥∥∥∥
∑
u∈Γ′

αu +
∑
u̸∈Γ′

βu

∥∥∥∥∥∥
2

=

∥∥∥∥∥∑
u

αu

∥∥∥∥∥
2

= 0,

⟨Y,A(s)
G ⟩ = ⟨Ỹ , A(s)

G ⟩ + ⟨Y − Ỹ , A
(s)
G ⟩

= ⟨Ỹ , A(s)
G ⟩ +

2
∑

u̸∈Γ′,v∈Γ′

A
(s)
G u,vα

⊤
u (αv − βv) +

∑
u̸∈Γ′

A
(s)
G u,u(∥αu∥ − ∥βu∥)


= ⟨Ỹ , A(s)

G ⟩ +O(log n),

since w.h.p. there are at most O(log n) vertices outside Γ′, there are at most a constant number of

nonzero entries in each row of A
(s)
G , each of which has magnitude bounded by a constant, and all
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the vectors αu, βu involved have norm at most 1. Finally, setting P̃ = Y + J/k, P̃ clearly satisfies
the PSD constraint as Y ⪰ 0 is a Gram matrix. We may easily verify that P̃ is a feasible solution
to the level-D Path Statistics SDP with error tolerance δ:

P̃u,u = Yu,u +
1

k
= 1,

⟨P̃ , J⟩ = ⟨Y, J⟩ +
n2

k

=
n2

k
,

⟨P̃ , A(s)
G ⟩ = ⟨Y,A(s)

G ⟩ +

〈
J

k
,A

(s)
G

〉
= ⟨Ỹ , A(s)

G ⟩ +

〈
J

k
,A

(s)
G

〉
+O(log n)

∈

1

k

∑
i:|λi|<d

qs(λi)

n+
1

k
qs(d)n+ [−δn/4, δn/4] + o(n),

completing the proof.

(2) H is bipartite: Finally, we address how to adapt the previous analysis to the bipartite
case. When ρ(H) > 2

√
d− 1, we may show that the Path Statistics SDP is w.h.p. infeasible when

G is drawn from Q, the uniform distribution over bipartite d-regular graphs. In this case, by
Proposition 1.2, w.h.p. the nontrivial eigenvalues of G fall in [−2

√
d− 1 − o(1), 2

√
d− 1 + o(1)].

Using the same polynomial f constructed in part (1a), we may show

f

(
AG − d

n
J +

d

n

[
Jn/2 −Jn/2
−Jn/2 Jn/2

])
= f(AG) − 1

n
f(d)J − 1

n
f(−d)

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⪰ 0,

where the vertices of G are arranged in the order such that 1
n

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
is the orthogonal

projection to the eigenvector corresponding to eigenvalue −d. Suppose P̃ is a feasible solution to
the Path Statistics SDP. Similarly to before, checking the inner product〈

P̃ , f(AG) − f(d)

n
J − f(−d)

n

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]〉
leads to a contradiction.

When ρ(H) ≤ 2
√
d− 1, we may show that the Path Statistics SDP is w.h.p. feasible when G

is drawn from Q, the uniform distribution over bipartite d-regular graphs. We may again use the
same g = 1

k

∑
i:|λi|≤2

√
d−1 gλi

as constructed in (1b). Note that g is a sum of k− 2 polynomials gλi

rather than k − 1 polynomials as in (1b), because in the bipartite case the Ramanujan graph H
has two trivial eigenvalues ±d. Consider the matrix

g(AG) − g(d)

n
J − g(−d)

n

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
,
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which will be close to the final construction. Using the same argument as earlier, one may show that
the diagonal entries are equal to 1 for all good vertices. Importantly for the bipartite situation, since
g is a sum of gλi

, of all which are even polynomials, g is again an even polynomial. In particular,
g(AG) only contains even powers of AG, and by the bipartiteness of the graph G, the entries (u, v)
of g(AG) corresponding to vertices in different parts of G are equal to 0.

To show that the Path Statistics SDP is feasible, we again set P̃ to be a slight modification of

k−1
k

k−1
k − g(d)n− g(−d)n

(
g(AG) − g(d)

n
J − g(−d)

n

[
Jn/2 −Jn/2
−Jn/2 Jn/2

])
,

following the analysis in (1b) by swapping out some vectors6 in the Gram matrix representation

of it, plus 1
kJ + 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
.

Lastly, before moving on to the Local Statistics Algorithm, let us define the Symmetric Path
Statistics SDP parametrized by λ, which simply replaces all of the nontrivial eigenvalues that
appear in the moment constraints of the Path Statistics SDP by λ.

Definition 3.12 (The Symmetric Path Statistics SDP, Non-Bipartite Version). The level-D Sym-
metric Path Statistics Algorithm parametrized by λ with error tolerance δ > 0 on input a d-regular
graph G0 is the following feasibility SDP: find P̃ such that

1. P̃u,u = 1 for every u ∈ V (G0),

2. ⟨P̃ , J⟩ = n2

k ,

3. ⟨P̃ , A(s)
G0

⟩ ∈
(
k−1
k qs(λ) + 1

kqs(d)
)
n+ [−δn, δn] for all 0 ≤ s ≤ D,

4. P̃ ⪰ 1
kJ .

Definition 3.13 (The Symmetric Path Statistics SDP, Bipartite Version). Let G0 be d-regular,
connected and bipartite. Arrange its vertices so that all the edges are between {1, 2, . . . , n2 } and
{n
2 + 1, n2 + 2, . . . , n}.
The level-D Symmetric Path Statistics Algorithm parametrized by λ with error tolerance δ > 0

on input G0 is the following feasibility SDP: find P̃ such that

1. P̃u,u = 1 for every u ∈ V (G0),

2. ⟨P̃ , J⟩ = n2

k ,

3. P̃u,v = P̃v,u = 0 ∀u ∈ {1, 2, . . . , n2 }, v ∈ {n
2 + 1, n2 + 2, . . . , n},

4. ⟨P̃ , A(s)
G0

⟩ ∈
(
k−2
k qs(λ) + 1

kqs(d) + 1
kqs(−d)

)
n+ [−δn, δn] for all 0 ≤ s ≤ D,

5. P̃ ⪰ 1
kJ and P̃ ⪰ 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
.

6In the bipartite situation, one needs additionally to make sure during this modification that all of the vectors
corresponding to the vertices in one part of the bipartite graph G are orthogonal to the vectors corresponding to the
vertices in the other part. This makes sure the off-diagonal blocks of the final matrix are 0.
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It is straightforward to infer the following fact about the Symmetric Path Statistics SDP from
the proof of Theorem 3.10 above.

Theorem 3.14. The following hold:

1. If λ > 2
√
d− 1, then there exist D and error tolerance δ > 0 at which the level-D (non-

bipartite) Symmetric Path Statistics SDP parametrized by λ is w.h.p. infeasible for G drawn
from G(n, d). If λ ≤ 2

√
d− 1, then for any D and δ > 0, the level-D (non-bipartite) Sym-

metric Path Statistics SDP parametrized by λ is w.h.p. feasible for G drawn from G(n, d).

2. If λ > 2
√
d− 1, then there exist D and error tolerance δ > 0 at which the level-D (bipar-

tite) Symmetric Path Statistics SDP parametrized by λ is w.h.p. infeasible for G drawn from
G
((

n
2 ,

n
2

)
, d
)
. If λ ≤ 2

√
d− 1, then for any D and δ > 0, the level-D (bipartite) Symmetric

Path Statistics SDP parametrized by λ is w.h.p. feasible for G drawn from G
((

n
2 ,

n
2

)
, d
)
.

3.3 Local Statistics SDP

Recall that we have already defined the Local Statistics SDP with informal moment constraints in
Definition 1.7. Now we will make formal the moment constraints with a suitable notion of error
tolerance. Note that one goal in the definition of the Local Statistics SDP is to make sure that,
for a graph G drawn from the planted distribution P, w.h.p. the Local Statistics SDP is feasible.
Let us define a basis for the symmetric polynomials that appear in the moment constraints in the
Local Statistics SDP. For technical reasons, we will treat the bipartite case differently from the
non-bipartite case. We first start with the non-bipartite case, for which we can use existing results
from [BBK+21].

3.3.1 Basis of Symmetric Polynomials: Non-Bipartite Case

Definition 3.15. A partially labelled graph (α, S, τ) is a triple of a graph α, a subset of distinguished
vertices S ⊆ V (α), and a labelling τ : S → [k]. We say that a graph is fully labelled if S = V (α),
and in this case write (α, τ) for short. A homomorhism from (α, S, τ) into a fully labelled graph
(G, σ) is a map ϕ : V (α) → V (G) that is a graph homormorphism from α to G and agrees on
labels for the subset S of distinguished vertices. An occurrence of (α, S, τ) in (G, σ) is an injective
homomorphism.

For every partially labelled graph (α, S, τ), there exists an associated polynomial in R[x,G] that
counts the number of occurrences of it in a labelled graph (G, σ):

p(α,S,τ)(x,G) =
∑

ϕ:V (α)↪→V (G)

∏
{u,v}∈E(α)

Gϕ(u),ϕ(v)

∏
i∈S

xϕ(i),τ(i).

Note that degx(p(α,S,τ)) = |S| and degG(p(α,S,τ)) = |E(α)|.

Let S[x,G] ⊆ R[x,G] be the space of polynomials that are fixed under the action of Sn, and
similarly let S[x,G]≤Dx,DG

⊆ R[x,G]≤Dx,DG
be the space of corresponding polynomials with degree

in x and G bounded by Dx and DG respectively. The following lemma is easy to verify.

Lemma 3.16 ([BBK+21]). The set of polynomials {p(α,S,τ) : |S| ≤ Dx, |E(α)| ≤ DG} form a basis
for S[x,G]≤Dx,DG

.
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Now that we have a basis for S[x,G] the space of polynomials that are fixed under the action of
Sn, the moment constraints in the Local Statistics SDP are equivalent to the moment constraints
restricted to the basis elements, i.e.,

Ẽ[p(α,S,τ)(x,G0)] ≈ E(x,G)∼P[p(α,S,τ)(x,G)] for all (α, S, τ) : |S| ≤ Dx, |E(α)| ≤ DG.

We will then use the following results proved in [BBK+21] about the expectations of these basis
polynomials. Recall we use M to denote the k×k adjacency matrix of the base graph H. Following
[BBK+21], for a partially labelled graph (α, S, τ) we define

(M)(α,S)τ =
∑

τ̂ :V (α)→[k]
τ̂ |S=τ

∏
v∈V (α)

∏
i∈[k]Mτ̂(v),i(Mτ̂(v),i − 1) · · · (Mτ̂(v),i − degτ̂ ,i(v) + 1)∏

{u,v}∈E(α)Mτ̂(u),τ̂(v)
,

where degτ̂ ,i(v) is the number of neighbors of v in α that are mapped to group i under the labelling
τ̂ . Note that this quantity is multiplicative on disjoint union (α1 ⊔ α2, S1 ⊔ S2, τ1 ⊔ τ2). Let
ζ(α) = |V (α)| − |E(α)|, and write cc(α) for the number of connected components of α.

Lemma 3.17 ([BBK+21]). Let (x,G) be drawn from the configuration model7 corresponding to
random lift of the base graph H whose adjacency matrix is M . For any partially labelled graph
(α, S, τ),

E[p(α,S,τ)(x,G)] = (n/k)ζ(α)(M)(α,S)τ +O(nζ(α)−1).

Lemma 3.18 ([BBK+21]). Let (α, S, τ) be a partially labelled graph with O(1) edges and at least
1 cycle. Let (x,G) be drawn from the random lift of the base graph H whose adjacency matrix is
M . Then, for any function f(n) > 0,

P[p(α,S,τ)(x,G) > f(n)] = O

(
ncc(α)−1

f(n)

)
Lemma 3.19 ([BBK+21]). Let (α, S, τ) =

⊔
t∈cc(H)(αt, St, τt) be a partially labelled forest with

O(1) edges. Let (x,G) be drawn from the random lift of the base graph H whose adjacency matrix
is M . Then, for any function f(n) > 0,

P

∣∣∣∣∣∣p(α,S,τ)(x,G) − (n/k)cc(α)
∏

t∈cc(α)

(M)(αt,St)
τt

∣∣∣∣∣∣ > f(n)

 = O

(
n2cc(α)−1

f(n)2

)

We moreover need the following simple result about the polynomials corresponding to edgeless
partially labelled graphs.

Lemma 3.20. Let (x,G) encode any lift of the base graph H whose adjacency matrix is M . For
any partially labelled graph (α, S, τ) that is edgeless, i.e., if α is a collection of isolated vertices,

p(α,S,τ)(x,G) = N(α,S,τ),

where N(α,S,τ) :=
[∏

i∈[k]
n
k

(
n
k − 1

)
· · ·
(
n
k − |τ−1(i)| + 1

)]
(n− |S|)(n− |S| − 1) · · · (n− |V (α)|+ 1).

7See [BBK+21, Section 5.4] for this caveat of working with the configuration model. The upshot is that high
probability events transfer from one model to the other.
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In particular, the statement of Lemma 3.20 does not involve the expectation under P, but rather
holds for an arbitrary lift of H, since these polynomials are only related to the x variables and do
not use the G variables. We will later on enforce these hard constraints and will refer to them as
label constraints.

3.3.2 Basis of Symmetric Polynomials: Bipartite Case

Next let us consider the bipartite case. Recall in this case P = Lm(H) and Q = G
((

n
2 ,

n
2

)
, d
)
.

Note that these two distributions are still invariant under the action of Sn, so one may still want
to work with the basis we defined in the previous section. However, in this case, we can extract
more information from a graph G drawn from P and Q since w.h.p. G is bipartite and connected
(see Remark 3.8), and it would be more convenient for the analysis to work with a different basis
(together with slightly modified P and Q). In particular, for a connected d-regular bipartite graph
G, there exists a unique balanced bipartition of the vertex set V (G) into A ⊔ B such that all the
edges of G are between A and B, and this bipartition can moreover be found in linear time.

Therefore, we will work with modified P and Q such that each distribution is conditioned on the
event that G is connected, and has all edges with one endpoint in A := {1, . . . , n2 } and the other
in B := {n

2 + 1, . . . , n}. The reason we assume that a fixed bipartition is that, once we recover the
unique balanced bipartition of G, we may reindex its vertex set so that the edges respect this fixed
bipartition. It is easy to check that this procedure results in the modified P and Q above. Denote
the modified distributions as P̃ and Q̃. If one can distinguish P and Q w.h.p., one can also do so
for P̃ and Q̃, and vice-versa.

Now, observe that the distribution of (x,G) drawn from P̃ is invariant under the simultaneous
action of the wreath product Sn/2 ≀Z2: ((ξ1, ξ2), a) ∈ (Sn/2 ×Sn/2)×Z2, which acts on x and G by
permuting the vertices such that ξ1 acts on the vertices in A = {1, . . . , n2 }, ξ2 acts on the vertices
in B = {n

2 + 1, . . . , n}, and a ∈ Z2 either swaps A and B if a = 1 or does nothing if a = 0.
By the same argument as before, we only need to focus on the polynomials that are fixed under

this action of Sn/2 ≀ Z2. To this end, we slightly modify the definition of partially labelled graphs
in the previous section, and define partially labelled bipartite graphs. We also assume that the
vertices of the base graph H are arranged so that all of the edges in H are between {1, . . . , k2} and

{k
2 + 1, . . . , k}.

Definition 3.21. A partially labelled bipartite graph (α = ((V1(α), V2(α)), E(α)), S = S1⊔S2, τ) is
a triple of a bipartite graph α, a subset of distinguished vertices S with S1 ⊆ V1(α) and S2 ⊆ V2(α),
and a labelling τ : S → [k] such that τ maps vertices in S1 to {1, . . . , k2} and maps vertices in S2
to {k

2 + 1, . . . , k}. We say that such a graph is fully labelled if S = V (α), and in this case write
(α, τ) for short. Let G = ((V1, V2), E) be a bipartite graph. We say a map f : V (α) → V (G) is
partition-preserving if f(V1(α)) ⊆ V1 and f(V2(α)) ⊆ V2, or f(V1(α)) ⊆ V2 and f(V2(α)) ⊆ V1.
A homomorhism from (α, S, τ) into a fully labelled bipartite graph (G = ((V1, V2), E), σ) is a map
ϕ : V (α) → V (G) that is a partition-preserving graph homormorphism from α to G, and agrees on
labels for the subset S of distinguished vertices. An occurrence of (α, S, τ) in (G, σ) is an injective
homomorphism.

For every partially labelled bipartite graph (α, S, τ), there exists an associated polynomial in
R[x,G] that counts the number of occurrences of it in a labelled bipartite graph (G = ((V1, V2), E), σ),
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where (V1, V2) = (A,B) is the fixed partition {1, . . . , n2 } ⊔ {n
2 + 1, . . . , n} described above:

p(α,S,τ)(x,G) =
∑

ϕ:V (α)↪→V (G)
partition-preserving

∏
{u,v}∈E(α)

Gϕ(u),ϕ(v)

∏
i∈S

xϕ(i),τ(i).

Note that degx(p(α,S,τ)) = |S| and degG(p(α,S,τ)) = |E(α)|.

Let S̃[x,G] ⊆ R[x,G] be the space of polynomials that are fixed under the action of Sn/2 ≀ Z2,

and similarly let S̃[x,G]≤Dx,DG
⊆ R[x,G]≤Dx,DG

be the space of corresponding polynomials with
degree in x and G bounded by Dx and DG respectively. Similar to Lemma 3.16, one can show
these polynomials form a basis for S̃[x,G]≤Dx,DG

.

Lemma 3.22. The set of polynomials {p(α,S,τ) : α bipartite, |S| ≤ Dx, |E(α)| ≤ DG} form a basis

for S̃[x,G]≤Dx,DG
.

Now that we have a basis for S̃[x,G] the space of polynomials that are fixed under the action
of Sn/2 ≀ Z2, the moment constraints in the Local Statistics SDP for distinguishing P̃ and Q̃ are
equivalent to the moment constraints restricted to the basis elements, i.e.,

Ẽ[p(α,S,τ)(x,G0)] ≈ E(x,G)∼P[p(α,S,τ)(x,G)] for all (α, S, τ) : |S| ≤ Dx, |E(α)| ≤ DG.

Recall we use M to denote the k × k adjacency matrix of the base graph H, whose vertices
are arranged so that all the edges are between {1, . . . , k2} and {k

2 + 1, . . . , k}. We say a labelling
τ : V (α) → [k] of a bipartite graph α = ((V1(α), V2(α)), E(α)) is partition-respecting if τ(V1(α)) ⊆
{1, . . . , k2} and τ(V2(α)) ⊆ {k

2 + 1, . . . , k}, or τ(V2(α)) ⊆ {1, . . . , k2} and τ(V1(α)) ⊆ {k
2 + 1, . . . , k}.

For a partially labelled bipartite graph (α, S, τ) we define

(M)(α,S)τ =
∑

τ̂ :V (α)→[k]
τ̂ |S=τ

partition-respecting

∏
v∈V (α)

∏
i∈[k]Mτ̂(v),i(Mτ̂(v),i − 1) · · · (Mτ̂(v),i − degτ̂ ,i(v) + 1)∏

{u,v}∈E(α)Mτ̂(u),τ̂(v)
,

where degτ̂ ,i(v) is the number of neighbors of v in α that are mapped to group i under the labelling
τ̂ . By analogous arguments to those in [BBK+21], we can show the statements in Lemma 3.17,
Lemma 3.18, and Lemma 3.19 still hold for P̃, since we may reuse the calculations from Lemma 5.13
in [BBK+21] and compute the expectation of p(α,S,τ) under the configuration model corresponding

to P̃ by only summing over partition-preserving injections and partition-respecting labellings. We
omit the proofs for Lemma 3.18 and Lemma 3.19 for P̃, which are identical to those for the non-
bipartite case given in [BBK+21] and are simple applications of Markov’s inequality. We give the
adapted proof of Lemma 3.17 for P̃ below:

Proof of Lemma 3.17 for P̃. Instead of working with the distribution P̃ over random lifts of H di-
rectly, we will work with configuration model corresponding to P̃, which has the properties that the
probability that the drawn graph is simple is bounded away from 0 as n → ∞, and that the con-
ditional distribution on the event of the drawn graph being simple is identical to P̃. See [BBK+21,
Section 5.4, Claim 5.11] for the definition of configuration model and this simple argument. In
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particular, if some event holds with high probability for P̃, it also holds with high probability for
the corresponding configuration model, and vice versa.

Fix a balanced labelling σ : [n] → [k] such that σ−1(i) have the same size and moreoever,
σ({1, . . . , n2 }) = {1, . . . , k2} and σ({n

2 + 1, . . . , n}) = {k
2 + 1, . . . , k}. Let G be drawn from the

configuration model corresponding to random lifts of H with σ being the underlying fixed partition.
Fix a partition-respecting τ̂ : V (α) → [k] that is an extension of τ : S → [k]. If ϕ : V (α) ↪→ [n]

is a partition-preserving injection that agrees with the labels, i.e., τ̂(u) = σ(ϕ(u)) for all u ∈ V (α),
then, using standard calculations for the configuration model [BBK+21, Lemma 5.12], we may
compute the probability that ϕ is an occurrence of (α, S, τ) in G as

P[ϕ is an occurrence of (α, S, τ)]

=
∏

i≤ k
2
<j

(Mi,j · n
k − Eτ̂(i),τ̂(j)(α))!

(Mi,j · n
k )!

∏
v∈V (α):
τ̂(v)=i

Mi,j !

(Mi,j − degτ̂ ,j(v))!


= (k/n)|E(α)|

∏
v∈V (α)

∏
i∈[k]Mτ̂(v),i(Mτ̂(v),i − 1) · · · (Mτ̂(v),i − degτ̂ ,i(v) + 1)∏

{u,v}∈E(α)Mτ̂(u),τ̂(v)
+O(n−|E(α)|−1).

Furthermore, we notice that ϕ is automatically partition-preserving since it agrees with the labels
of a partition-respecting extension τ̂ of τ . Moreover, whenever τ̂ is not partition-respecting, the
probability above is 0 for any injection ϕ that agrees with the labels of τ̂ .

Finally, for a fixed partition-respecting τ̂ , the number of partition-preserving injections ϕ :
V (α) ↪→ [n] that agrees with the labels is (n/k)|V (α)| + O(n|V (α)|−1). Lastly, we observe that the
analysis above does not depend on the specific choice σ. Thus, we conclude that for (x,G) drawn
from configuration model corresponding to P̃,

E[p(α,S,τ)(x,G)]

= EσE[p(α,S,τ)(x,G)|σ]

=
∑

τ̂ :V (α)→[k]
τ̂ |S=τ

partition-respecting

(n/k)|V (α)|−|E(α)|
∏

v∈V (α)

∏
i∈[k]Mτ̂(v),i · · · (Mτ̂(v),i − degτ̂ ,i(v) + 1)∏

{u,v}∈E(α)Mτ̂(u),τ̂(v)

+O(n|V (α)|−|E(α)|−1)

= (n/k)ζ(α)M (α,S)
τ +O(nζ(α)−1)

as desired.

Similar to Lemma 3.20, we have the following result about the polynomials corresponding to
edgeless partially labelled bipartite graphs.

Lemma 3.23. Let (x,G) encode any lift of the bipartite base graph H whose adjacency matrix is
M . For any partially labelled bipartite graph (α = ((V1(α), V2(α)), E(α)), S = S1 ⊔ S2, τ) that is
edgeless,

p(α,S,τ)(x,G) = N(α,S,τ),
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where

N(α,S,τ) :=

∏
i∈[k]

n

k

(n
k
− 1
)
· · ·
(n
k
− |τ−1(i)| + 1

) ·

2∏
j=1

(n
2
− |Sj |

)(n
2
− |Sj | − 1

)
· · ·
(n

2
− |Vj(α)| + 1

)
.

Last but not the least, we add to the ideal Ik generated by our set of hard constraints the
following additional constraints that are always satisfied by (x,G) encoding the lift of a bipartite H,
where the vertices of G are arranged so that G is bipartite on A = {1, . . . , n2 } and B = {n

2 +1, . . . , n},

and the vertices of H are arranged so that H is bipartite on {1, . . . , k2} and {k
2 + 1, . . . , k}:

xu,ixv,j = 0 for all u ∈ {1, . . . ,
n

2
}, v ∈ {n

2
+ 1, . . . , n}, and i, j ∈ {1, . . . ,

k

2
}

xu,ixv,j = 0 for all u ∈ {1, . . . ,
n

2
}, v ∈ {n

2
+ 1, . . . , n}, and i, j ∈ {k

2
+ 1, . . . , k},

which encodes the condition that vertices from different parts of the lifted graph G do not get
assigned labels from the same part of H.

3.3.3 Defining Local Statistics SDP

Now that we have defined the suitable basis of symmetric polynomials to work with for both the
non-bipartite case and the bipartite case, let us define the Local Statistics SDP.

For any partially labelled forest (α, S, τ), we have ζ(α) = |V (α)| − |E(α)| = cc(α). Therefore,
by Lemma 3.17 and Lemma 3.19, for any partially labelled forest (α, S, τ), w.h.p. the value of

p(α,S,τ)(x,G) on input (x,G) drawn from P is close to (n/k)ζ(α)(M)
(α,S)
τ , up to an error of δncc(α)

for any constant δ > 0. For any partially labelled graph (α, S, τ) with O(1) edges and at least one
cycle, ζ(α) = |V (α)| − |E(α)| < cc(α), and w.h.p. the value of p(α,S,τ)(x,G) on input (x,G) drawn

from P is at most O(ncc(α)−1/2) by Lemma 3.18. Lastly, we note that the polynomials p(α,S,τ)
corresponding to edgeless partially labelled graphs do not involve the G variables and only involve
the x variables, and by Lemma 3.20 and Lemma 3.23 they equal N(α,S,τ). This can be thought of
as reflecting that the x variables encode the underlying balanced partition in any lifted graph of
H. Putting everything together, we give the precise definition of Local Statistics SDP with error
tolerance δ > 0 in the moment constraints as follows:

Definition 3.24. The degree-(Dx, DG) Local Statistics Algorithm with error tolerance δ is the
following feasibility SDP: given an input graph G0, find Ẽ : R[x]≤Dx → R such that

1. (Positivity) Ẽ[p(x)2] ≥ 0 whenever deg p(x)2 ≤ Dx.

2. (Hard Constraints) Ẽ[p(x,G0)] = 0 for every p ∈ Ik.

3. (Label Constraints) For every edgeless (α, S, τ) with at most Dx distinguished vertices,

Ẽ[p(α,S,τ)(x,G0)] = N(α,S,τ).
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4. (Moment Constraints) For every (α, S, τ) with at most Dx distinguished vertices and at most
DG edges,

Ẽ[p(α,S,τ)(x,G0)] ∈ (n/k)ζ(α)(M)(α,S)τ + [−δncc(α), δncc(α)].

We remark that, with the scalings of nζ(H) and ncc(H) in the moment constraints, for any δ > 0,
this SDP is w.h.p. feasible on input G drawn from P by our argument above:

Lemma 3.25. Fix Dx, DG constant, and δ > 0. With high probability, the degree-(Dx, DG) Local
Statistics Algorithm with error tolerance δ is feasible on input G ∼ P.

3.4 Proof of Local Statistics Hardness

Now we restate our result of local statistics hardness for distinguishing P and Q, in the absence of
noise Sε.

Theorem 3.26 (Local statistics hardness without noise). Let H be a d-regular multigraph on k
vertices. Consider the infinite sequence of n = km,m ∈ N for which the relevant distributions are
well-defined. Suppose H is not bipartite. Then, the following hold:

• If H is Ramanujan, then for any constant D and δ > 0, the degree (2, D) Local Statistics
algorithm with error tolerance δ cannot distinguish Lm(H) and G(n, d) for any ε > 0.

• If H is not Ramanujan, then for sufficiently small noise parameter ε > 0, there exists a
constant D and δ > 0 such that the degree (2, D) Local Statistics algorithm with error tolerance
δ can distinguish Lm(H) and G(n, d).

Suppose H is bipartite. Then, the following hold:

• If H is Ramanujan, then for any constant D and δ > 0, the degree (2, D) Local Statistics
algorithm with error tolerance δ cannot distinguish Lm(H) and G

((
n
2 ,

n
2

)
, d
)
for any ε > 0.

• If H is not Ramanujan, then for sufficiently small noise parameter ε > 0, there exists a
constant D and δ > 0 such that the degree (2, D) Local Statistics algorithm with error tolerance
δ can distinguish Lm(H) and G

((
n
2 ,

n
2

)
, d
)
.

The following lemma will be useful for proving for proving Theorem 3.26, which holds under
both the non-bipartite case and the bipartite case.

Lemma 3.27 ([BBK+21]). Let (Ps, {0, s}, {i, j}) be a partially labelled path of length s, with one
endpoint labelled i and the other labelled j. Then,

(M)
(Ps,{0,s})
{i,j} = qs(M)i,j .

Proof of Upper Bounds in Theorem 3.26. Note that by Lemma 3.25, the Local Statistics SDP is
w.h.p. feasible on G0 drawn from P. To show that Local Statistics SDP does distinguish P and Q,
we just need to show that it is w.h.p. infeasible on G0 drawn from Q.
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(a) H is not bipartite: We first consider the non-bipartite case. We will show that when G0 is
drawn from Q, w.h.p. the Local Statistics is infeasible when ρ(H) > 2

√
d− 1. We will do so by a

reduction to the Path Statistics SDP.
Suppose for the sake of contradiction that Ẽ is a feasible pseudoexpectation to the degree-(2, D)

Local Statistics Algorithm with error tolerance δ on input G0. We would like to show this implies
feasibility of the Path Statistics SDP.

Recall that a degree 2 pseudoexpectation Ẽ : R[x]≤2 → R can be specified by the pseudomoment
matrix

[
1 ℓ⊤

ℓ Q

]
=


1 ℓ⊤1 · · · ℓ⊤k
ℓ1 Q1,1 · · · Q1,k
...

...
. . .

...
ℓk Qk,1 · · · Qk,k

 ,
where (ℓi)u = Ẽ[xu,i] for u ∈ [n], i ∈ [k], and (Qi,j)u,v = Ẽ[xu,ixv,j ] for u, v ∈ [n], i, j ∈ [k]. Consider

P̃ =
∑

i∈[k]Qi,i. We will show that P̃ is a feasible solution to the Path Statistics SDP.
We verify the diagonal constraints are satisfied:

P̃u,u =
∑
i∈[k]

Ẽ[x2u,i]

= Ẽ

∑
i∈[k]

xu,i


= 1.

For inner product constraint against J , let (S1, S1, {i}) and (S2, S2, {i, i}) be partially labelled
graphs with 1 and 2 isolated vertices respectively such that all vertices receive label i. Then,

⟨P̃ , J⟩ =
k∑

i=1

⟨Qi,i, J⟩

=
k∑

i=1

∑
u,v∈[n]

Ẽ[xu,ixv,i]

=

k∑
i=1

Ẽ[p(S2,S2,{i,i})(x,G0)] + Ẽ[p(S1,S1,{i})(x,G0)]

=
k∑

i=1

N(S2,S2,{i,i}) +
k∑

i=1

∑
u∈[n]

Ẽ[xu,i]

= k
(n
k

)(n
k
− 1
)

+ n

=
n2

k
,

where we use Lemma 3.20 and that p(S1,S1,{i}) =
∑

u∈[n] xu,i in the third to last line.
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For the moment constraints, let (Ps, {0, s}, {i, i}) be a partially labelled path of length s, whose
endpoints both receive label i, and let (Cs, {0}, {i}) be a partially labelled cycle of length s, one of
whose vertex receives label i. For any 0 ≤ s ≤ D, we have

⟨P̃ , A(s)
G0

⟩ =
k∑

i=1

⟨Qi,i, A
(s)
G0

⟩

=
k∑

i=1

(
⟨Qi,i, A

⟨s⟩
G0

⟩ + o(n)
)
,

where we use that w.h.p. the self-avoiding matrix A
⟨s⟩
G satisfies ∥A⟨s⟩

G − A
(s)
G ∥2F ≤ O(log n) as a

corollary of Proposition 3.4, and P̃ =
∑k

i=1Qi,i has its entries bounded by 1 since it is positive
semidefinite with ones on the diagonal,

=

k∑
i=1

∑
u,v∈[n]

Ẽ[xu,ixv,i](A
⟨s⟩
G0

)u,v + o(n)

=
k∑

i=1

Ẽ[p(Ps,{0,s},{i,i})(x,G0)] +
k∑

i=1

Ẽ[p(Cs,{0},{i})(x,G0)] + o(n)

∈
k∑

i=1

(n
k

(M)
(Ps,{0,s})
{i,i} + [−δn, δn]

)
+ o(n)

=

k∑
i=1

n

k
qs(M)i,i + [−kδn, kδn] + o(n)

=
1

k
⟨qs(M), Ik⟩n+ [−kδn, kδn] + o(n)

=

(
1

k

k∑
i=1

qs(λi)

)
n+ [−kδn, kδn] + o(n),

which satisfies the moment constraints with error tolerance δ′ = (k + 1)δ.
Finally, let us verify the PSD constraint. For any u ∈ [n], we have∑

i∈[k]

(ℓi)u =
∑
i∈[k]

Ẽ[xu,i] = 1,

so (
∑

i ℓi)(
∑

i ℓi)
⊤ = J . Since the pseudomoment matrix is PSD, the following matrix, which is a

sum over k principal submatrices of the pseudomoment matrix, is again PSD:[
k (

∑
i∈[k] ℓi)

⊤∑
i∈[k] ℓi

∑
i∈[k]Qi,i.

]
By Schur complement’s criterion for positive semidefiniteness, we have

∑
i∈[k]

Qi,i −
1

k

(∑
i

ℓi

)(∑
i

ℓi

)⊤

= P̃ − 1

k
J ⪰ 0.
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This completes the proof that P̃ is a feasible solution to the level-D Path Statistics SDP if Ẽ is a
feasible solution to the degree-(2, D) Local Statistics SDP.

However, by Theorem 3.10, w.h.p. the level-D Path Statistics SDP is infeasible on input drawn
from Q for D large enough. Therefore, we reach a contradiction, and conclude that there exists a
constant D and δ > 0 such that the degree-(2, D) Local Statistics Algorithm is w.h.p. infeasible on
Q when ρ(M) > 2

√
d− 1, and thus can be used to distinguish P and Q.

(b) H is bipartite: Now we explain how to adapt the previous argument to the bipartite case.
We again use the reduction to the Path Statistics SDP.

We use the same construction from (a). Recall that in the bipartite case we arrange the
vertices of G0 into two parts so that all edges are between the vertices A := {1, . . . , n2 } and
B := {n

2 + 1, . . . , n}. Consider

P̃ =
∑
i∈[k]

[
Q

(1,1)
i,i Q

(1,2)
i,i

Q
(2,1)
i,i Q

(2,2)
i,i

]
,

where the matrices Qi,i are written in the block form

[
Q

(1,1)
i,i Q

(1,2)
i,i

Q
(2,1)
i,i Q

(2,2)
i,i

]
partitioned by A and B.

Clearly, the diagonal constraints P̃u,u = 1 are still satisfied. Note that the off-diagonal blocks

Q
(1,2)
i,i = Q

(2,1)
i,i = 0, since for any u ∈ A, v ∈ B, the hard constraints enforce

(Q
(1,2)
i,i )u,v = Ẽ[xu,ixv,i] = 0.

Thus, we may equivalently express P̃ as

P̃ =
∑
i∈[k]

[
Q

(1,1)
i,i 0

0 Q
(2,2)
i,i

]
,

and P̃ satisfies the hard constraints that the off-diagonal blocks are zero.
Now let us verify the inner product constraints. Let (S1, S1, {i}) and (S2, S2, {i, i}) be partially

labelled graphs with isolated vertices as defined before. We have〈∑
i∈[k]

[
Q

(1,1)
i,i 0

0 Q
(2,2)
i,i

]
, J

〉
=

k∑
i=1

 ∑
u,v∈A

Ẽ[xu,ixv,i] +
∑

u,v∈B
Ẽ[xu,ixv,i]


=

k∑
i=1

Ẽ[p(S2,S2,{i,i})(x,G0)] + Ẽ[p(S1,S1,{i})(x,G0)]

=
k∑

i=1

N(S2,S2,{i,i}) +
k∑

i=1

∑
u∈[n]

Ẽ[xu,i]

= k
(n
k

)(n
k
− 1
)

+ n

=
n2

k
,
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where we use Lemma 3.23 and that p(S1,S1,{i}) =
∑

u∈[n] xu,i in the third to last line.
For the moment constraints, let (Ps, {0, s}, {i, i}) be a partially labelled even path of length s

that is even, whose endpoints both receive label i, and let (Cs, {0}, {i}) be a partially labelled even
cycle of length s that is even, one of whose vertex receives label i. For even s, we again have

⟨P̃ , A(s)
G0

⟩ =
k∑

i=1

〈[
Q

(1,1)
i,i 0

0 Q
(2,2)
i,i

]
, A

(s)
G0

〉

=
k∑

i=1

(〈[
Q

(1,1)
i,i 0

0 Q
(2,2)
i,i

]
, A

⟨s⟩
G0

〉
+ o(n)

)
,

=
k∑

i=1

 ∑
u,v∈A

Ẽ[xu,ixv,i](A
⟨s⟩
G0

)u,v +
∑

u,v∈B
Ẽ[xu,ixv,i](A

⟨s⟩
G0

)u,v

+ o(n)

=

k∑
i=1

Ẽ[p(Ps,{0,s},{i,i})(x,G0)] +

k∑
i=1

Ẽ[p(Cs,{0},{i})(x,G0)] + o(n)

∈
k∑

i=1

(n
k

(M)
(Ps,{0,s})
{i,i} [−δn, δn]

)
+ o(n)

=
k∑

i=1

n

k
qs(M)i,i + [−kδn, kδn] + o(n)

=
1

k
⟨qs(M), Ik⟩n+ [−kδn, kδn] + o(n)

=

(
1

k

k∑
i=1

qs(λi)

)
n+ [−kδn, kδn] + o(n),

which satisfies the moment constraints with error tolerance δ′ = (k + 1)δ. Note that for bipartite
H and odd s, ( 1k

∑k
i=1 qs(λi))n = 0, since the spectrum of a bipartite graph is symmetric and qs is

an odd function for odd s. We thus do not need to worry about path and cycles of odd lengths in

this case, because the matrix P̃ is block diagonal and the nonzero entries of A
(s)
G are all supported

on the off-diagonal blocks for odd s, so the inner product ⟨P̃ , A(s)
G ⟩ is automatically 0.

Finally, we verify the PSD constraints. By the same argument as in part (a), the following
matrix is PSD:

X1 =


k (

∑
i∈[k] ℓ

(1)
i )⊤ (

∑
i∈[k] ℓ

(2)
i )⊤∑

i∈[k] ℓ
(1)
i

∑
i∈[k]Q

(1,1)
i,i

∑
i∈[k]Q

(1,2)
i,i∑

i∈[k] ℓ
(2)
i

∑
i∈[k]Q

(2,1)
i,i

∑
i∈[k]Q

(2,2)
i,i

 =

 k 1⊤n/2 1⊤n/2

1n/2
∑

i∈[k]Q
(1,1)
i,i 0

1n/2 0
∑

i∈[k]Q
(2,2)
i,i

 ,

where ℓi =

[
ℓ
(1)
i

ℓ
(2)
i

]
is again in the block form partitioned by A and B and we use that for any u ∈ [n],

(
∑

i∈[k] ℓi)u = 1. We also know the following matrix is again PSD since it is obtained from X1 by
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conjugating with a specific diagonal matrix:

X2 =

 k −1⊤n/2 1⊤n/2

−1n/2
∑

i∈[k]Q
(1,1)
i,i 0

1n/2 0
∑

i∈[k]Q
(2,2)
i,i

 .
By the Schur complement criterion applied to X1, we get as in part (a) that P̃ − 1

kJ ⪰ 0. By Schur

complement’s criterion applied to X2, we get P̃ − 1
k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⪰ 0. This completes the proof

of the PSD constraints.
So, P̃ is a feasible solution to the level-D Path Statistics SDP if Ẽ is a feasible solution to the

degree-(2, D) Local Statistics SDP for the bipartite situation. However, by Theorem 3.10, w.h.p. the
level-D Path Statistics SDP is infeasible on input drawn from Q for D large enough. Therefore,
we conclude that there exists a constant D and δ > 0 such that the degree-(2, D) Local Statistics
Algorithm is w.h.p. infeasible on Q when ρ(M) > 2

√
d− 1, and thus can be used to distinguish P

and Q.

We now turn to the proofs of the hardness results in Theorem 3.26. Recall that by Lemma 3.25,
the Local Statistics SDP is w.h.p. feasible on G0 drawn from P. To show that Local Statistics SDP
fails to distinguish P, and Q, we just need to show the Local Statistics SDP is again w.h.p. feasible
on input drawn from Q.

Before we set off to prove the lower bounds, we state the following result that will simplify the
analysis of the moment constraints.

Definition 3.28. Let (α, S, τ) be a partially labelled forest. We say (α, S, τ) is pruned if all the
leaves of the forest belong to the set S of distinguished vertices.

Lemma 3.29 ([BBK+21, Lemmas 5.19 and 5.23]). Let G ∼ Q and Ẽ be a degree-Dx pseudoexpec-
tation that depends on G. If Ẽ w.h.p. satisfies the hard constraints, the positive semidefiniteness
constraint, and the moment constraints for all pruned partially labelled forests with at most DG

edges and Dx distinguished vertices, then w.h.p. it satisfies all the moment constraints for the
degree-(Dx, DG) Local Statistics SDP.

Remark 3.30. We note that although [BBK+21] only prove the statement of Lemma 3.29 for the
case when Q = G(n, d), it is easy to see that the same analysis immediately extends to the bipartite
case Q̃ associated to Q = G

((
n
2 ,

n
2

)
, d
)
.

Proof of Lower Bounds in Theorem 3.26. Let M be the k × k adjacency matrix of H. We will
show that if ρ(M) ≤ 2

√
d− 1, we may construct a pseudoexpectation Ẽ for any degree-(2, D) Local

Statistics Algorithm with error tolerance δ > 0 that is w.h.p. feasible on input G0 drawn from Q.
Let us first consider the non-bipartite case.

(1) H is not bipartite: Let P̃ (λ) be a pseudo-partition matrix to the level-D Symmetric Path
Statistics SDP parametrized by λ with |λ| ≤ 2

√
d− 1, whose asymptotic almost sure existence on

G0 ∼ Q is guaranteed by Theorem 3.14. Recall this matrix satisfies:

1. P̃
(λ)
u,u = 1 for every u ∈ V (G0),
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2. ⟨P̃ (λ), J⟩ = n2

k ,

3. ⟨P̃ (λ), A
(s)
G ⟩ ∈ k−1

k qs(λ)n+ 1
kqs(d)n+ [−δn, δn],

4. P̃ (λ) ⪰ 1
kJ .

As before, we will use that a degree-2 pseudoexpectation Ẽ for the Local Statistics SDP may
be specified by a PSD degree-2 pseudomoment matrix

[
1 ℓ⊤

ℓ Q

]
=


1 ℓ⊤1 · · · ℓ⊤n
ℓ1 Q1,1 · · · Q1,n
...

...
. . .

...
ℓn Qn,1 · · · Qn,n

 ,
where (ℓu)i = Ẽ[xu,i] and (Qu,v)i,j = Ẽ[xu,ixv,j ]. Note that here we use the other block representa-
tion of Q, where Qu,v are indexed by vertices u, v ∈ [n] of G0.

Let the spectral decomposition of M be M =
∑k

i=1 λiviv
⊤
i = dJk/k +

∑
i:|λi|<d λiviv

⊤
i . Our

construction sets (ℓu)i = 1
k for every u and i, and the remaining block to

Q =
1

k − 1

∑
i:|λi|<d

P̃ (λi) ⊗ viv
⊤
i +

1

k(k − 1)
Jn ⊗ (Jk − Ik).

First we verify the PSD constraint:

Q− ℓℓ⊤

=
1

k − 1

∑
i:|λi|<d

P̃ (λi) ⊗ viv
⊤
i +

1

k(k − 1)
Jn ⊗ (Jk − Ik) − 1

k2
Jn ⊗ Jk

=
1

k − 1

∑
i:|λi|<d

P̃ (λi) ⊗ viv
⊤
i +

1

k
Jn ⊗

(
1

k(k − 1)
Jk −

1

k − 1
Ik

)

=
1

k − 1

∑
i:|λi|<d

(
P̃ (λi) − 1

k
Jn

)
⊗ viv

⊤
i +

1

k(k − 1)
Jn ⊗

 ∑
i:|λi|<d

viv
⊤
i


+

1

k(k − 1)
Jn ⊗

(
1

k
Jk − Ik

)
=

1

k − 1

∑
i:|λi|<d

(
P̃ (λi) − 1

k
Jn

)
⊗ viv

⊤
i +

1

k(k − 1)
Jn ⊗

(
Ik −

1

k
Jk

)
+

1

k(k − 1)
Jn ⊗

(
1

k
Jk − Ik

)

=
1

k − 1

∑
i:|λi|<d

(
P̃ (λi) − 1

k
Jn

)
⊗ viv

⊤
i ⪰ 0,

where we use P̃ (λi) − 1
kJn ⪰ 0, viv

⊤
i ⪰ 0, and that tensor product of positive semidefinite ma-

trices is again positive semidefinite. By the Schur complement criterion, we conclude that the
pseudomoment matrix is PSD.
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Next we verify the hard constraints:

Ẽ[x2v,i] = (Qv,v)i,i

=
1

k − 1

∑
k:|λk|<d

P̃ (λk)
v,v (vkv

⊤
k )i,i

=
1

k − 1
(I − Jk/k)i,i

=
1

k

= Ẽ[xv,i]

and

Ẽ[(xu,1 + · · · + xu,k)xv,i] =

k∑
j=1

1

k − 1

 ∑
r:|λr|<d

P̃ (λr)
u,v

(
vrv

⊤
r

)
j,i

+
1

k
1{j ̸= i}


=

1

k
+

1

k − 1

∑
r:|λr|<d

P̃ (λr)
u,v

k∑
j=1

(
vrv

⊤
r

)
j,i

=
1

k
+

1

k − 1

∑
r:|λr|<d

P̃ (λr)
u,v (vr)i

k∑
j=1

(vr)j

=
1

k

= Ẽ[xv,i],

where we use the fact that
∑

j(vr)j = ⟨vr, (1, . . . , 1)⊤⟩ = 0 in the second to last line, since vr is an
eigenvector orthogonal to the constant vector, the eigenvector of the eigenvalue d.

We also verify the label constraints, i.e., the hard moment constraints on the edgeless labelled
graphs. We have∑

u∈[n]

Ẽ[xu,i] =
n

k
,

∑
u,v∈[n]:u̸=v

Ẽ[xu,ixv,j ] =
∑

u,v∈[n]:u̸=v

 1

k − 1

 ∑
r:|λr|<d

P̃ (λr)
u,v (vrv

⊤
r )i,j +

1

k
1{i ̸= j}


=
n(n− 1)

k(k − 1)
1{i ̸= j} +

1

k − 1

∑
r:|λr|<d

(vrv
⊤
r )i,j

∑
u,v∈[n]:u̸=v

P̃ (λr)
u,v


=
n(n− 1)

k(k − 1)
1{i ̸= j} +

1

k − 1

∑
r:|λr|<d

(vrv
⊤
r )i,j

⟨P̃ (λr), Jn⟩ −
∑
u∈[n]

P̃ (λr)
u,u


=
n(n− 1)

k(k − 1)
1{i ̸= j} +

1

k − 1

∑
r:|λr|<d

(vrv
⊤
r )i,j

(
n2

k
− n

)
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=
n(n− 1)

k(k − 1)
1{i ̸= j} +

1

k − 1

(
n2

k
− n

)(
Ik −

Jk
k

)
i,j

=

{
n
k

(
n
k − 1

)
if i = j,

n2

k2
if i ̸= j,

as desired.
Finally, we verify the moment constraints. By Lemma 3.29, we only need verify the moment

constraints on the class of pruned partially labelled forests. So long as these constraints are satisfied,
the remaining moment constraints are automatically satisfied with high probability.

A minimal partially labelled forest with 1 distinguished vertex is just a single labelled vertex,
which we have already dealt with in the label constraints.

A minimally partially labelled forest with 2 distinguished vertices is either two isolated labelled
vertices, or a path of length s with endpoints labelled by i, j. The case of 2 isolated labelled vertices
is again dealt with in the label constraints, so we only need to verify the moment constraints imposed

by the paths with labelled endpoints. Recall A
⟨s⟩
G0

is the self-avoiding matrix of G0, which is useful
for writing down the polynomial associated with partially labelled paths. For a path of length s
with two endpoints labelled i and j, we verify

Ẽ[p(Ps,{0,s},{i,j})]

= ⟨Qi,j , A
⟨s⟩
G0

⟩

= ⟨Qi,j , A
(s)
G0

⟩ + o(n)

where we use that w.h.p. the self-avoiding matrix A
⟨s⟩
G0

satisfies ∥A⟨s⟩
G0

− A
(s)
G0

∥2F ≤ O(log n) as a

corollary of Proposition 3.4, and Qi,j has its entries bounded by 1
k since Q is PSD with 1

k on the
diagonal,

=

〈
1

k − 1

 ∑
r:|λr|<d

P̃ (λr) ·
(
vrv

⊤
r

)
i,j

+
1

k
Jn · (Jk − Ik)i,j

 , A
(s)
G0

〉
+ o(n)

=
1

k − 1

∑
r:|λr|<d

(
vrv

⊤
r

)
i,j

⟨P̃ (λr), A
(s)
G ⟩ +

1

k(k − 1)
(Jk − Ik)i,j⟨Jn, A(s)

G ⟩ + o(n)

=
∑

r:|λr|<d

(
vrv

⊤
r

)
i,j

(
1

k
qs(λr)n+

1

k(k − 1)
qs(d)n± 1

k − 1
δn

)
+

1

k(k − 1)
(Jk − Ik)i,jqs(d)n+ o(n)

note that |vrv⊤r |i,j ≤ 1 since vr are unit vectors, and thus the total error term is bounded by ±δn,

∈ 1

k
qs

(
M − d

Jk
k

)
i,j

n+
1

k(k − 1)
qs(d)n ·

(
Ik −

Jk
k

+ Jk − Ik

)
i,j

+ [−δn, δn] + o(n)

=
1

k
qs

(
M − d

Jk
k

)
i,j

n+
1

k
qs

(
d
Jk
k

)
i,j

n+ [−δn, δn] + o(n)

=
n

k
qs(M)i,j + [−δn, δn] + o(n),

which satisfies the moment constraints with error tolerance 2δ.
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Thus, using the solutions from the level-D Symmetric Path Statistics SDP, we have constructed
a degree-2 pseudomoment Ẽ for the degree-(2, D) Local Statistics SDP that is w.h.p. feasible on
input G0 ∼ Q.

(2) H is bipartite: Now we address the bipartite case. Again let P̃ (λ) be a pseudo-partition
matrix to the level-D Bipartite Symmetric Path Statistics SDP parametrized by λ with |λ| ≤
2
√
d− 1, whose asymptotic almost sure existence on G0 ∼ Q̃ is guaranteed by Theorem 3.14.

Recall that this matrix satisfies:

1. P̃
(λ)
u,u = 1 for every u ∈ V (G0),

2. ⟨P̃ (λ), J⟩ = n2

k ,

3. P̃
(λ)
u,v = P̃

(λ)
v,u = 0 for all u ∈ {1, 2, . . . , n2 } and v ∈ {n

2 + 1, n2 + 2, . . . , n},

4. ⟨P̃ (λ), A
(s)
G ⟩ ∈ k−2

k qs(λ)n+ 1
kqs(d)n+ 1

kqs(−d) + [−δn, δn],

5. P̃ (λ) ⪰ 1
kJ , and P̃ (λ) ⪰ 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
.

We further note that Conditions 2, 3, and 5 together imply that

P̃ (λ) ⪰ 1

k
J +

1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
,

since these conditions enforce that (1, . . . , 1, 1, . . . , 1)⊤ and (1, . . . , 1,−1, . . . ,−1)⊤ are two orthog-
onal eigenvectors of P̃ (λ) with eigenvalue n

k .
Let the spectral decomposition of M , the adjacency matrix of H, be

M =

k∑
i=1

λiviv
⊤
i =

d

k
Jk −

d

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

∑
i:|λi|<d

λiviv
⊤
i .

We similarly construct the degree-2 pseudomoment matrix that represents a degree-2 pseudoexpec-
tation Ẽ

[
1 ℓ⊤

ℓ Q

]
=


1 ℓ⊤1 · · · ℓ⊤n
ℓ1 Q1,1 · · · Q1,n
...

...
. . .

...
ℓn Qn,1 · · · Qn,n

 ,
by setting (ℓu)i = 1

k for every u and i, and

Q =
1

k − 2

( ∑
i:|λi|<d

P̃ (λi) ⊗ viv
⊤
i +

1

k
Jn ⊗

(
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)

+
1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⊗
(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

))
.
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First we verify the positive semidefiniteness constraint:

Q− ℓℓ⊤

=
1

k − 2

∑
i:|λi|<d

P̃ (λi) ⊗ viv
⊤
i +

1

k(k − 2)
Jn ⊗

(
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)

+
1

k(k − 2)

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⊗
(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
− 1

k2
Jn ⊗ Jk

=
1

k − 2

∑
i:|λi|<d

P̃ (λi) ⊗ viv
⊤
i +

1

k(k − 2)
Jn ⊗

(
k − 1

k
Jk −

k − 2

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)

+
1

k(k − 2)

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⊗
(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
=

1

k − 2

∑
i:|λi|<d

(
P̃ (λi) − 1

k
Jn − 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

])
⊗ viv

⊤
i

+
1

k(k − 2)

(
Jn +

[
Jn/2 −Jn/2
−Jn/2 Jn/2

])
⊗

 ∑
i:|λi|<d

viv
⊤
i


+

1

k(k − 2)
Jn ⊗

(
1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
+

1

k(k − 2)

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⊗
(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
=

1

k − 2

∑
i:|λi|<d

(
P̃ (λi) − 1

k
Jn − 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

])
⊗ viv

⊤
i

+
1

k(k − 2)

(
Jn +

[
Jn/2 −Jn/2
−Jn/2 Jn/2

])
⊗
(
Ik −

1

k
Jk −

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

])
+

1

k(k − 2)
Jn ⊗

(
1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
+

1

k(k − 2)

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⊗
(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
=

1

k − 2

∑
i:|λi|<d

(
P̃ (λi) − 1

k
Jn − 1

k

[
Jn/2 −Jn/2
−Jn/2 Jn/2

])
⊗ viv

⊤
i

+
1

k2

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
⊗
[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
⪰ 0,
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where we use the properties

P̃ (λi) − 1

k
Jn − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
⪰ 0,

viv
⊤
i ⪰ 0,[

Jn/2 −Jn/2
−Jn/2 Jn/2

]
⪰ 0,[

Jk/2 −Jk/2
−Jk/2 Jk/2

]
⪰ 0,

and that tensor product of positive semidefinite matrices is again positive semidefinite. By the
Schur complement criterion, we conclude that the pseudomoment matrix is PSD.

Next we verify the hard constraints:

Ẽ[x2v,i] = (Qv,v)i,i

=
1

k − 2

∑
k:|λk|<d

P̃ (λk)
v,v (vkv

⊤
k )i,i

=
1

k − 2

(
I − 1

k
Jk −

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

])
i,i

=
1

k

= Ẽ[xv,i]

and

Ẽ[(xu,1 + · · · + xu,k)xv,i]

=
k∑

j=1

1

k − 2

( ∑
r:|λr|<d

P̃ (λr)
u,v

(
vrv

⊤
r

)
j,i

+
1

k

(
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
i,j

+
1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
u,v

(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
i,j

)

notice that k−1
k Jk + 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik has row sum equal to k−2, and k−1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1
kJk − Ik has row sum equal to 0, and thus

=
1

k
+

1

k − 2

∑
r:|λr|<d

P̃ (λr)
u,v

k∑
j=1

(
vrv

⊤
r

)
j,i

=
1

k
+

1

k − 2

∑
r:|λr|<d

P̃ (λr)
u,v (vr)i

k∑
j=1

(vr)j

=
1

k

= Ẽ[xv,i],
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where we use the fact that
∑

j(vr)j = ⟨vr, (1, . . . , 1)⊤⟩ = 0 in the second to last line, since vr is an
eigenvector orthogonal to the constant vector, the eigenvector of eigenvalue of d.

We moreover verify the label constraints, i.e., the hard moment constraints on the edgeless
labelled graphs. For two labels i, j ∈ [k], we say they are in the same group if either i, j ∈ {1, . . . , k2}
or i, j ∈ {k

2 + 1, . . . , k}, and we say they are in different groups otherwise. We have∑
u∈[n]

Ẽ[xu,i] =
n

k

and ∑
u,v∈[n]:u̸=v

Ẽ[xu,ixv,j ]

=
∑

u,v∈[n]:u̸=v

1

k − 2

∑
r:|λr|<d

P̃ (λr)
u,v (vrv

⊤
r )i,j

+
∑

u,v∈[n]:u̸=v

1

k(k − 2)

(
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
i,j

+
∑

u,v∈[n]:u̸=v

1

k(k − 2)

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
u,v

(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
i,j

=
n(n− 1)

k(k − 2)


0 if i = j,
1 if i ̸= j in the same group
k−2
k if i ̸= j in different groups


+

−n
k(k − 2)


0 if i = j,
1 if i ̸= j in the same group

−k−2
k if i ̸= j in different groups


+

1

k − 2

∑
r:|λr|<d

(vrv
⊤
r )i,j

∑
u,v∈[n]:u̸=v

P̃ (λr)
u,v


=


0 if i = j,
n(n−2)
k(k−2) if i ̸= j in the same group
n2

k2
if i ̸= j in different groups


+

1

k − 2

∑
r:|λr|<d

(vrv
⊤
r )i,j

⟨P̃ (λr), Jn⟩ −
∑
u∈[n]

P̃ (λr)
u,u


=


0 if i = j,
n(n−2)
k(k−2) if i ̸= j in the same group
n2

k2
if i ̸= j in different groups


+

1

k − 2

(
Ik −

1

k
Jk −

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

])
i,j

(
n2

k
− n

)
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=


0 if i = j,
n(n−2)
k(k−2) if i ̸= j in the same group
n2

k2
if i ̸= j in different groups

+


n
k

(
n
k − 1

)
if i = j,

−2n(n−k)
k2(k−2)

if i ̸= j in the same group

0 if i ̸= j in different groups


=

{ n
k

(
n
k − 1

)
if i = j,

n2

k2
if i ̸= j

}
,

as desired.
Finally, we verify the moment constraints. By Lemma 3.29, we only need verify the moment

constraints on the class of pruned partially labelled forests. So long as these constraints are satisfied,
the remaining moment constraints are automatically satisfied with high probability.

As before, the moment constraints of pruned partially labelled forests with isolated distinguished
vertices are subsumed by the label constraints.

Now the only other pruned partially labelled forests with two distinguished vertices are paths
with two labelled endpoints. It remains to verify the moment constraints imposed by these paths.
For a path of length s with two endpoints labelled i and j, we verify

Ẽ[p(Ps,{0,s},{i,j})]

= ⟨Qi,j , A
⟨s⟩
G0

⟩

= ⟨Qi,j , A
(s)
G0

⟩ + o(n)

again by the same reason that A
⟨s⟩
G0

and A
(s)
G0

are close and Qi,j has its entries bounded by 1
k ,

=

〈
1

k − 2

∑
r:|λr|<d

P̃ (λr) ·
(
vrv

⊤
r

)
i,j
, A

(s)
G0

〉

+

〈
1

k(k − 2)
Jn ·

(
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
i,j

, A
(s)
G0

〉

+

〈
1

k(k − 2)

[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
·
(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
i,j

, A
(s)
G0

〉
+ o(n)

=
1

k − 2

∑
r:|λr|<d

(
vrv

⊤
r

)
i,j

⟨P̃ (λr), A
(s)
G0

⟩

+
1

k(k − 2)

(
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
i,j

⟨Jn, A(s)
G0

⟩

+
1

k(k − 2)

(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
i,j

〈[
Jn/2 −Jn/2
−Jn/2 Jn/2

]
, A

(s)
G0

〉
+ o(n)

=
∑

r:|λr|<d

(
vrv

⊤
r

)
i,j

(
1

k
qs(λr)n+

1

k(k − 2)
qs(d)n+

1

k(k − 2)
qs(−d)n± 1

k − 2
δn

)

+
1

k(k − 2)

(
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
i,j

qs(d)n

+
1

k(k − 2)

(
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
i,j

qs(−d)n+ o(n)
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note that |vrv⊤r |i,j ≤ 1 since vr are unit vectors, and thus the total error term is bounded by ±δn,

∈ n

k

 ∑
r:|λr|<d

qs(λr)vrv
⊤
r


i,j

+
n

k(k − 2)
qs(d) ·

 ∑
r:|λr|<d

vrv
⊤
r +

k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik


i,j

+
n

k(k − 2)
qs(−d) ·

 ∑
r:|λr|<d

vrv
⊤
r +

k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik


i,j

+ [−δn, δn] + o(n)

=
n

k
qs

(
M − d

1

k
Jk + d

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

])
i,j

+ [−δn, δn] + o(n)

+
n

k(k − 2)
qs(d) ·

(
Ik −

1

k
Jk −

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+
k − 1

k
Jk +

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
− Ik

)
i,j

+
n

k(k − 2)
qs(−d) ·

(
Ik −

1

k
Jk −

1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+
k − 1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

]
+

1

k
Jk − Ik

)
i,j

=
n

k

[
qs

(
M − d

Jk
k

+ d
1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

])
+ qs

(
d

1

k
Jk

)
+ qs

(
−d1

k

[
Jk/2 −Jk/2
−Jk/2 Jk/2

])]
i,j

+ [−δn, δn] + o(n)

=
n

k
qs(M)i,j ± δn+ o(n),

which satisfies the moment constraints with error tolerance 2δ.
Thus, using the solutions from the level-D Bipartite Symmetric Path Statistics SDP, we have

constructed a degree-2 pseudomoment Ẽ for the degree-(2, D) Local Statistics SDP that is w.h.p. fea-
sible on input G0 ∼ Q̃.

3.5 Robustness of Local Statistics SDP

In this section, we show that our results in Theorem 3.26 is furthermore robust against adversarial
noise. More specifically, we finish the proof of Theorem 1.9 by analyzing the effect of the adversarial
noise Sε.

Let G0 be a d-regular input graph to the Local Statistics SDP, and let G̃0 be the d-regular
graph obtained from G0 after the application of the adversarial noise Sε. By definition of the noise
model in Section 2.3 Sε, the graphs G0 and G̃0 differ by a set of at most εn edges. In particular, for
ε small enough, the local neighborhoods of most vertices remain unaffected by the noise operator,
and this essentially guarantees that the matrices associated to G0 and G̃0 of interest in our analysis
will remain “close” after the perturbation.

To show the robustness, we need to show

(a) When G0 ∼ P with ρ(H) ≤ 2
√
d− 1, the Local Statistics SDP w.h.p. remains feasible after

applying the adversarial noise operator Sε to G, for a small enough ε.
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(b) When G0 ∼ P with ρ(H) > 2
√
d− 1, the Local Statistics SDP w.h.p. remains infeasible after

applying the adversarial noise operator Sε to G, for a small enough ε.

To prove (a), we note that A
⟨s⟩
G0

and A
⟨s⟩
G̃0

will be close after the perturbation of a small linear

number of edges. More precisely, the sum of entrywise absolute value of the difference A
⟨s⟩
G0

− A
⟨s⟩
G̃0

is bounded by O(εn) with the hidden constant depending only on d and s; we refer the reader
to [BMR21, Section 4.4] for a detailed argument of this claim.8 Moreover, we note that in the

computation of the moment constraints ⟨Qi,j , A
⟨s⟩
G̃0

⟩, the matrix Qi,j have all entries bounded by

1 in magnitude, since the pseudomoment matrix is PSD whose diagonal entries can be easily

verified to be bounded by 1. Together with the entry-wise bound of A
⟨s⟩
G0

− A
⟨s⟩
G̃0

, we conclude

that ⟨Qi,j , A
⟨s⟩
G̃0

⟩ = ⟨Qi,j , A
⟨s⟩
G0

⟩ + O(εn), which will still satisfy the moment constraints for an

appropriately chosen error tolerance δ.

To prove (b), we again use that A
⟨s⟩
G0

and A
⟨s⟩
G̃0

are close as discussed above. We can similarly

repeat the upper bound proof of Theorem 3.26 by swapping A
⟨s⟩
G̃0

with A
⟨s⟩
G0

to show that the moment

constraints are still approximately satisfied after the perturbation of a small linear number of edges,
and conclude the infeasibility of the Local Statistics SDP by reducing to the infeasibility of the
Path Statistics SDP in Theorem 3.10.

4 Applications

4.1 General Theory

We first develop some general statements about the implications that Conjecture 2.10 (the formal
version of Conjecture 1.6) can have for certification. We hope that these will prove useful in future
work.

Definition 4.1 (Ramanujan supremum). Let f be a real-valued function of a d-regular graph.
When G is a lift of a base graph H with adjacency matrix M , we say that another graph G′ on the
same vertex set as G H-respects G if it contains no edges between vertices in fibers of i, j ∈ V (H)
with Mij = 0. And, we call G and G′ cobipartite if they are both bipartite on the same bipartition.
We define the following:

M(f) := sup
c

{
there exists d-regular Ramanujan H such that min

∆(G,G′)≤ε
f(G′) ≥ c

with high probability as m→ ∞ when G ∼ Lm(H) for all ε sufficiently small

}
,

M̃(f) := sup
c

{
there exists d-regular Ramanujan H such that min

∆(G,G′)≤ε
G′ H-respects G

f(G′) ≥ c

with high probability as m→ ∞ when G ∼ Lm(H) for all ε sufficiently small

}
,

8[BMR21, Section 4.4] proves the analogous claim for the non-backtracking matrices A
(s)
G0

and A
(s)

G̃0
, but it is clear

that the same argument would work for the self-avoiding matrices.
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Mbi(f) := sup
c

{
there exists d-regular bipartite Ramanujan H such that min

∆(G,G′)≤ε
G,G′ cobipartite

f(G′) ≥ c

with high probability as m→ ∞ when G ∼ Lm(H) for all ε sufficiently small

}
.

M̃bi(f) := sup
c

{
there exists d-regular bipartite Ramanujan H such that min

∆(G,G′)≤ε
G′ H-respects G

f(G′) ≥ c

with high probability as m→ ∞ when G ∼ Lm(H) for all ε sufficiently small

}
.

Note in the last two definitionsthat if H is bipartite and G H-respects G′ a lift of H, then G and
G′ are also cobipartite.

We state an abstract result on certification using these quantities.

Theorem 4.2. Let f be a real-valued function of a d-regular graph and δ > 0.

1. If Conjecture 2.10 holds for Ramanujan base graphs with (non-bipartite, non-respectful) ran-
dom noise or adversarial noise, then there is no polynomial-time algorithm that certifies an
upper bound of M(f) − δ on f(G) with high probability when G ∼ G(n, d).

2. If Conjecture 2.10 holds for Ramanujan base graphs with respectful random or adversarial
noise, then there is no polynomial-time algorithm that certifies an upper bound of M̃(f) − δ
on f(G) with high probability when G ∼ G(n, d).

3. If Conjecture 2.10 holds for bipartite Ramanujan base graphs with bipartite random or ad-
versarial noise, then there no polynomial-time algorithm that certifies an upper bound of
Mbi(f) − δ on f(G) with high probability when G ∼ G((n2 ,

n
2 ), d).

4. If Conjecture 2.10 holds for bipartite Ramanujan base graphs with respectful bipartite random
or respectful adversarial noise, then there no polynomial-time algorithm that certifies an upper
bound of M̃bi(f) − δ on f(G) with high probability when G ∼ G((n2 ,

n
2 ), d).

The proof is a straightforward combination of the Conjecture (in its various forms) with the defi-
nitions of the quantities involved.

In practice, what will be more useful for most situations than this abstract statement is the
following simpler corollary.

Definition 4.3 (Lift-monotone property). We say that a function f(G) of a d-regular graph G is
lift-monotone if for any d-regular graph H, whenever L is a lift of H, then f(L) ≥ f(H).

Definition 4.4 (Robustly lift-monotone property). We say that a function f(G) of a d-regular
graph G is robustly lift-monotone if, for any fixed d-regular multigraph H, there is some δH :
R → R such that δH(ε) → 0 as ε → 0, and, whenever L is a lift of H and ∆(L′, L) ≤ ε, then
f(L′) ≥ f(H) − δH(ε).

Proposition 4.5. Suppose that f satisfies one of the following:

1. f is lift-monotone and C-Lipschitz for some constant C > 0 with respect to the metric ∆(·, ·).
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2. f is robustly lift-monotone.

3. Whenever G is a lift of H and G′ H-respects G, then f(G′) ≥ f(H).

Then,

M(f), M̃(f) ≥ sup
H d-regular Ramanujan

f(H),

Mbi(f), M̃bi(f) ≥ sup
H d-regular bipartite Ramanujan

f(H).

Remark 4.6 (Beyond lift-monotone properties). As the title of this paper indicates, we are mostly
focusing on lift-monotonicity as a tool for proving lower bounds against certification. However, this
is not at all necessary, and we have intentionally formulated Theorem 4.2 in a more abstract way
to emphasize that any means of controlling properties of lifts suffices to execute the quiet planting
strategy. Relatively little is known about this question for random lifts of general base graphs for
the quantities we will be focusing on, but some preliminary results may be found in the early line
of work [ALMR01, ALM02, AL06].

Finally, we point out the following intriguing phenomenon, which suggests that proving lower
bounds against certification for general graphs is harder than for bipartite graphs (a phenomenon
reminiscent of how it is easier, per the work of [MSS13], to construct bipartite Ramanujan graphs
than general Ramanujan graphs).

Theorem 4.7. If H is a Ramanujan graph, then there exists H ′ a lift of H that is a bipartite
Ramanujan graph. Consequently, if f is lift-monotone, then

sup
H d-regular bipartite Ramanujan

f(H) ≥ sup
H d-regular Ramanujan

f(H). (16)

Proof. The “canonical” or Kronecker double cover of H gives the requisite lift [BHM80], and the
other result follows immediately.

As a consequence, hardness results in the style of those below for ordinary graphs drawn from
G(n, d) translate immediately to the same results for bipartite graphs drawn from G((n2 ,

n
2 ), d).

Remark 4.8. Similarly, a statement like M̃bi(f) ≥ M̃(f) will be true provided that f is robustly
lift-monotone, but only with alternative definitions that ask for a large value of f(G) to hold over
G ∼ Lm(H) with probability 1, rather than with high probability.

4.2 Maximum t-Cut

We recall that MCt(G) is defined as the normalized size of the maximum t-cut of G:

MCt(G) := max
κ:V→[t]

|{{u, v} ∈ E : κ(u) ̸= κ(v)}|
|E|

∈ [0, 1].

Proposition 4.9. MCt(G) is robustly lift-monotone.
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Proof. Let H be a d-regular graph, and L be any lift of H. Suppose κ : V (H) → [t] encodes the
maximum t-cut of H. Now define κ : V (L) → [k] by assigning κ(v) to vertices in the fiber of
v ∈ V (H). It is easy to see that κL encodes a t-cut in L of the same normalized size as κ.

Suppose L′ is a d-regular graph such that ∆(L,L′) ≤ ε. Let n = |V (L)|, and E′ := E(L) \
E(L′) ⊆ E(L) be the set of edges in L but not in L′. |E′| ≤ εn. We note that

{{u, v} ∈ E(L) : κL(u) ̸= κL(v)} ⊆ {{u, v} ∈ E(L′) : κL(u) ̸= κL(v)} ∪ E′,

since every edge that exists in both graphs receives the same pair of labels given by κL. Then,

MCt(H) =
|{{u, v} ∈ E(H) : κ(u) ̸= κ(v)}|

|E(H)|

=
|{{u, v} ∈ E(L) : κL(u) ̸= κL(v)}|

|E(L)|

≤ |{{u, v} ∈ E(L′) : κL(u) ̸= κL(v)}|
|E(L′)|

+
|E′|

|E(L′)|

≤ MCt(L
′) +

εn
dn
2

= MCt(L
′) +

2

d
ε,

which finishes the proof.

To prove Theorem 1.12, we then invoke Theorem 4.2 together with Proposition 4.5, which
together imply that it suffices to produce 3- and 4-regular Ramanujan graphs with suitably large
cuts. These are given in Figures 1 and 2, respectively.

4.3 Chromatic Number

Proposition 4.10. −χ(G) satisfies Condition 3 of Proposition 4.5.

Proof. Let H be a d-regular graph, and L be any lift of H. Suppose χ(H) = c and h : V (H) → [c]
is a proper coloring of H using c colors. Now consider g : V (L) → [c] defined by assigning color
h(v) to the vertices in the fiber of v ∈ V (H). It is easy to verify that g is a proper coloring of L.
Thus,

−χ(H) = −c ≤ −χ(L).

The same holds for any modification of L that does not introduce edges within the color classes,
which is true of any graph that H-respects L.

Again, to prove Theorem 1.13 we may use Theorem 4.2 and Proposition 4.5, whereby it suffices
to produce a 3-colorable, 7-regular Ramanujan graph, which we do in Figure 4. We note in this
case that our argument only gives a lower bound on M̃(−χ), so we obtain hardness conditional on
the version of Conjecture 2.10 using the respectful noise operator.
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4.4 Maximum Independent Set

Recall that we define the normalized independence number of a graphG to be α̂(G) := α(G)/|V (G)|.

Proposition 4.11. α̂ is robustly lift-monotone.

Proof. Let H be a d-regular graph, and L be any lift of H. Suppose S ⊆ V (H) is the maximum
independent set of H. Now consider T ⊆ V (L) which is the union of all the fibers of vertices v ∈ S.
It is easy to verify that T is an independent set of L.

Now suppose L′ is a d-regular graph such that ∆(L,L′) ≤ ε. Let n = |V (L)|, and N ⊆ V (L′)
be the set of vertices in L′ whose incident edges differ from those in L. Clearly, |N | ≤ 2εn. We
note that T \N ⊆ V (L′) is an independent set of L′, since the incident edges of any v ∈ T \N are
the same as those in L. Thus,

α̂(H) =
|S|

|V (H)|
=

|T |
|V (L)|

≤ |T \N |
|V (L′)|

+
|N |

|V (L′)|
≤ α̂(L′) + 2ε,

which finishes the proof.

Proof of Theorem 1.14. For this asymptotic result, we consider a family of d-regular base multi-
graphs H = H(k,d) on k vertices, where (k − 1) | d, having adjacency matrix

A =


0 d

k−1
d

k−1 · · · d
k−1

d
k−1 0 d

k−1 · · · d
k−1

d
k−1

d
k−1 0 · · · d

k−1
...

...
...

. . .
...

d
k−1

d
k−1

d
k−1 · · · 0

 =
d

k − 1
1k1⊤k − d

k − 1
Ik. (17)

All non-trivial eigenvalues of this adjacency matrix are − d
k−1 , so H is Ramanujan provided that

k ≥ d
2
√
d−1

+ 1, while α̂(H) = 1
k . Thus by Proposition 4.5 we have that α̂ satisfies

M(α̂) ≥ 2√
d
−Od→∞

(
1

d

)
. (18)

Therefore, by Theorem 4.2, conditional on Conjecture 2.10, we find the stated optimality of the
Hoffman bound.

Proof of Theorem 1.15. In this case, we will take fuller advantage of the power of Theorem 4.2
instead of merely relying on robust lift-monotonicity. Note that, if a base graph H has a self-loop,
then the entire associated fiber in G ∼ Lm(H) is excluded from the lifted independent set that
shows α̂(G) ≥ α̂(H). This is excessive: if there is only a single loop attached to a vertex in H, then
the induced subgraph on that fiber in G will be a perfect matching, half of whose vertices can be
included in the independent set in G.

Let us formalize this idea. Define H ′ to be H with all self-loops removed. Let ℓ(v) be the
number of self-loops that v has in H for each v ∈ V (H) = V (H ′). Define a modified normalized
independence number:

α̂′(H) := max

{
#{v ∈ I : ℓ(v) = 0} +

#{v ∈ I : ℓ(v) = 1}
2

: I independent in H ′
}

≥ α̂(H). (19)
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(Of course, one may continue in the same fashion and allow for smaller fractions of fibers coming
from vertices with more self-loops, but this simple observation is all we will need.) The argument
above together with the robustness part of the argument for Proposition 4.11 implies

M(α̂) ≥ sup
H d-regular Ramanujan

α̂′(H). (20)

Finally, we use this observation together with Theorem 4.2 to prove our lower bounds for
d ∈ {3, 4}. As usual, it suffices to exhibit particular Ramanujan graphs. For d = 3, we use the
same graph as for Theorem 1.12, which is depicted in Figure 1. For d = 4, we use a different graph,
given in Figure 3 (this case does not require the treatment of loops above).

We have seen in the course of the proof that, for the independence number, lift monotonicity
alone does not always give a tight characterization of the size of the largest independent set in a
random lift. We observed a rather trivial instance of this phenomenon due to self-loops, but a more
ranging version of it occurs as well, where even in simple graphs sometimes large independent sets
in a random lift do not typically occupy a small number of entire fibers, but rather a small fraction
of many fibers. See [ALMR01, ALM02] for initial results characterizing this phenomenon.

4.5 Minimum Dominating Set

Recall that we define the normalized domination number of a graph G to be

dom(G) := min
S⊆V (G)

a dominating set

|S|
|V (G)|

.

Proposition 4.12. −dom(G) is robustly lift-monotone.

Proof. Let H be a d-regular graph, and L be any lift of H. Suppose S ⊆ V (H) is the minimum
dominating set of H. Now consider T ⊆ V (L) which is the union of all the fibers of vertices v ∈ S.
It is easy to verify that T is a dominating set of L.

Suppose L′ is a d-regular graph such that ∆(L,L′) ≤ ε. Let n = |V (L)|, and N ⊆ V (L′) be
the set of vertices in L′ whose incident edges differ from those in L. Clearly, |N | ≤ 2εn. We note
that T ∪ N is a dominating set of L′, since for every vertex v ∈ V (L′) \ N , its neighborhood is
uncorrupted and it is covered by some vertex in T , and every vertex v ∈ N is included in T ∪ N
by construction. Thus,

−dom(H) = − |S|
|V (H)|

= − |T |
|V (L)|

≤ −|T ∪N |
|V (L′)|

+
|N |

|V (L′)|
≤ −dom(L′) + 2ε,

which finishes the proof.

Recall also, as mentioned in the Introduction, that for any d-regular graph G on n vertices,
n

d+1 is always a trivial lower bound on the size of any dominating set of G, since any vertex of a
dominating set can only “cover” d+ 1 vertices of G, namely itself and its d neighbors. Therefore,
for any d-regular G,

dom(G) ≥ 1

d+ 1
. (21)

We proceed with our proof that this bound is optimal for each d.
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Proof of Theorem 1.16. We consider the complete d-regular graph H = Kd+1. The adjacency
matrix of H is A = Jd+1 − I, so its non-trivial eigenvalues are all −1 and H is Ramanujan. H
also satisfies dom(H) = 1

d+1 , since any vertex alone is a dominating set. Thus, by Theorem 4.2
and Proposition 4.5, we find that the trivial lower bound above is optimal for polynomial-time
certification algorithms conditional on Conjecture 2.10.

4.6 Vertex Expansion

Since for this problem (and edge expansion below) the definitions are somewhat more involved and
were only briefly given in the Introduction, we review the main ingredients below.

Definition 4.13 (Vertex boundary). Let G be a graph and S ⊆ V (G). The vertex boundary of S
is the set of vertices

∂vS := {u ∈ V (G) : {u, v} ∈ E(G) for some v ∈ S} .

Note that the set ∂vS is not necessarily disjoint from S.9 When we need to be explicit with the
underlying graph G, we denote the vertex boundary by ∂Gv S.

Recall that the small-set vertex expansion was then defined as

Φv
ε(G) := min

S⊆V
1≤|S|≤εn

|∂vS|
|S|

. (22)

Proposition 4.14. −Φv
ε(G) is robustly lift-monotone.

Proof. Let H be a d-regular graph, and L be any lift of H. Suppose S ⊆ V (H) achieves the

minimum vertex expansion among sets of size at most ε|V (H)|, i.e., Φv
ε(H) = |∂H

v S|
|S| . Now consider

T ⊆ V (L) which is the union of all the fibers of vertices v ∈ S. Note that the vertex expansion of

T in L is the same as the vertex expansion of S in H and that T satisfies |T |
|V (L′)| = |S|

|V (H)| ≤ ε, since

the vertex boundary of T ⊆ V (L) is the union of the corresponding fibers of vertices in the vertex
boundary of S ⊆ V (H).

Suppose L′ is a d-regular graph such that ∆(L,L′) ≤ γ. Let n = |V (L)|, and N ⊆ V (L′) be the
set of vertices in L′ whose incident edges differ from those in L. Clearly, |N | ≤ 2γn. We note that
∂Lv T ⊆ ∂L

′
v T ∪N , since for every vertex v ∈ V (L) \N , its neighborhood is the same as that in L′,

and v ∈ ∂L
′

v T if v ∈ ∂Lv T . Finally, note that |T | = |S| · |V (L)|
|V (H)| = |S|

|V (H)|n. Then,

−Φv
ε(H) = −|∂Hv S|

|S|
= −|∂Lv T |

|T |
≤ −|∂L′

v T |
|T |

+
|N |
|T |

≤ −Φv
ε(L′) +

2γn
|S|

|V (H)|n
= −Φv

ε(L′) +
|V (H)|
|S|

γ,

which finishes the proof.

Recall also that our benchmark certificate is Kahale’s bound [Kah95] in terms of λ̃(G) :=
max(λ2(G), 2

√
d− 1). The bound says that, for an absolute constant C > 0,

Φv
ε(G) ≥ d

2

(
1 −

√
1 − 4(d− 1)

λ̃(G)2

)(
1 − C · log d

log 1
ε

)
. (23)

9Another definition of vertex boundary that excludes the vertices from S is also common.

53



In particular, the algorithm outputting this lower bound with high probability certifies a bound of

Φv
ε(G) ≥ d

2

(
1 −Od

(
1

log 1
ε

))
− od;n→∞(1) (24)

when G ∼ G(n, d) or G ∼ G
((

n
2 ,

n
2

)
, d
)
. Further, for every fixed d, Kahale’s spectral bound in the

double limit of first taking n → ∞ and then taking ε → 0, with high probability certifies a lower
bound of Φv

ε(G) ≥ d
2 − od;n→∞,ε→0(1).

In our proof of Theorem 1.17, we will consider a family of bipartite Ramanujan graphs due to
Morgenstern [Mor94] and studied in [KK22].

Theorem 4.15 ([KK22, Theorem 1.1]). For every prime power q, there exists an infinite family
of d = (q + 1)-regular bipartite Ramanujan graphs G, such that there exists a subset S ⊆ V (G)

satisfying |S| = O(
√

|V (G)|), and |∂vS|
|S| = d

2 .

Proof of Theorem 1.17. Using Theorem 4.2 and Proposition 4.5 together with the bipartite Ra-
manujan graphs guaranteed by Theorem 4.15 gives the result immediately, showing in particular
that Kahale’s bound for vertex expansion is optimal in the limit to leading order..

Remark 4.16. We remark here Conjecture 1.6 leaves open the hardness of certifying a bound at the
critical value Φv

ε(G) ≥ d
2 (with no error terms) for the values of d = q+ 1 when G ∼ G

((
n
2 ,

n
2

)
, d
)
.

We also leave the hardness of certifying vertex expansion for G ∼ G(n, d) as a future direction;
see Theorem 4.7 and the surrounding discussion for an indication of why this is harder than the
bipartite problem, at least using our tools.

4.7 Edge Expansion

We review the versions of the above quantities, bounds, and constructions for edge rather than
vertex expansion.

Definition 4.17 (Edge boundary). Let G be a graph and S ⊆ V (G). The edge boundary of S is
the set of edges

∂eS := {{u, v} ∈ E(G) : u ∈ S, v ̸∈ S} .

We denote the edge boundary as ∂Ge S when needing to specify the underlying G.

Recall that the edge expansion is then defined as

Φe
ε(G) := min

S⊆V
1≤|S|≤εn

|∂eS|
|S|

. (25)

Proposition 4.18. −Φe
ε(G) is robustly lift-monotone.

Proof. Let H be a d-regular graph, and L be any lift of H. Suppose S ⊆ V (H) achieves the

minimum edge expansion among sets of size at most ε|V (H)|, i.e., Φe
ε(H) = |∂H

e S|
|S| . Now consider

T ⊆ V (L) which is the union of all the fibers of vertices v ∈ S. Note that the edge expansion of T

in L is the same as the edge expansion of S in H and that T satisfies |T |
|V (L′)| = |S|

|V (H)| ≤ ε, since the
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edge boundary of T ⊆ V (L) is the union of the edges between the corresponding fibers of edges in
the edge boundary of S ⊆ V (H).

Suppose L′ is a d-regular graph such that ∆(L,L′) ≤ γ. Let n = |V (L)|, and E′ := E(L) \
E(L′) ⊆ E(L) be the set of edges in L but not in L′. |E′| ≤ γn. We note that ∂Le T ⊆ ∂L

′
e T ∪ E′,

and |T | = |S| · |V (L)|
|V (H)| = |S|

|V (H)|n. Then,

−Φe
ε(H) = −|∂He S|

|S|
= −|∂Le T |

|T |
≤ −|∂L′

e T |
|T |

+
|E′|
|T |

≤ −Φe
ε(L

′) +
γn
|S|

|V (H)|n
= −Φe

ε(L
′) +

|V (H)|
|S|

γ,

which finishes the proof.

Our benchmark certificate here is a variant of Kahale’s bound for vertex expansion. The bound
says that, for an absolute constant C > 0,

Φe
ε(G) ≥ d−

1 +
λ̃(G)

2
+

√
λ̃(G)2

4
− (d− 1)

(1 + C · log d

log 1
ε

)
(26)

In particular, the algorithm outputting this lower bound with high probability certifies a bound of

Φe
ε(G) ≥ d− (

√
d− 1 + 1)

(
1 +Od

(
1

log 1
ε

))
− od;n→∞(1) (27)

when G ∼ G(n, d) or G ∼ G
((

n
2 ,

n
2

)
, d
)
. Further, for every fixed d, Kahale’s spectral bound in the

double limit of first taking n → ∞ and then taking ε → 0 with high probability certifies a lower
bound of Φe

ε(G) ≥ d− 1 −
√
d− 1 − od;n→∞,ε→0(1).

The same references as in the previous section again provide the Ramanujan graphs that we
will use in our argument.

Theorem 4.19 ([KK22, Theorem 1.7]). For every prime power q, there exists an infinite family
of d = (q2 + 1)-regular bipartite Ramanujan graphs G, such that there exists a subset S ⊆ V (G)

satisfying |S| = O(
√

|V (G)|), and |∂eS|
|S| = d− 1 −

√
d− 1.

Proof of Theorem 1.18. The proof is again immediate using Theorem 4.2, Proposition 4.5, and the
graphs provided above by Theorem 4.19. In particular, conditional on Conjecture 2.10, Kahale’s
bound for edge expansion in the limit of ε→ 0 is optimal to leading order.

Remark 4.20. As for vertex expansion, our argument leaves open the hardness of certifying a bound
at the critical value Φe

ε(G) ≥ d− 1 −
√
d− 1 for the values of d = q2 + 1 when G ∼ G

((
n
2 ,

n
2

)
, d
)
.

The hardness of certifying edge expansion for G ∼ G(n, d) is again an interesting question and, per
Theorem 4.7, likely harder to establish theoretical lower bounds for than the bipartite case we have
treated here.
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

1 0 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 1 0 0 1 1 0
0 0 0 0 0 0 1 0 0 1 0 1
0 0 0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 0 1 0 1 1
0 1 1 0 0 0 1 0 0 0 0 0
1 0 0 1 1 0 0 0 0 0 0 0
1 0 0 1 0 1 0 0 0 0 0 0
0 1 1 0 1 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0
0 0 1 0 1 1 0 0 0 0 0 0



Figure 1: The 3-regular Ramanujan graph used in the proof of Theorems 1.12 and 1.15 on the
maximum cut and maximum independent set of 3-regular graphs, respectively. The graph is formed
from a bipartite 3-regular graphs by replacing one edge (shown dashed in gray) with a pair of
loops. This graph has d = 3, |V (H)| = 12, max{|λ2(H)|, |λn(H)|} ≈ 2.825 < 2.828 ≈ 2

√
2,

MC2(H) = 17
18 ≈ 0.944, and α̂′(H) = 5+1/2

12 ≈ 0.458, where α̂′ is the modified independence number
discussed in the proof in Section 4.4.
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

1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
0 1 1 1 1 0 0 0
1 0 1 1 0 1 0 0
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0



Figure 2: The 4-regular Ramanujan graph used in the proof of Theorem 1.12 on the maximum
cut of 4-regular graphs. The graph is formed from the complete bipartite graph K4,4 by replac-
ing two edges (shown dashed in gray) with pairs of loops. This graph has d = 4, |V (H)| =
8,max{|λ2(H)|, |λn(H)|} ≈ 3.236 < 3.464 ≈ 2

√
3, and MC2(H) = 14

16 = 0.875.
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

0 1 1 1 1 0 0
1 0 1 1 1 0 0
1 1 0 0 0 1 1
1 1 0 0 0 1 1
1 1 0 0 0 1 1
0 0 1 1 1 0 1
0 0 1 1 1 1 0



Figure 3: The 4-regular Ramanujan graph used in the proof of Theorem 1.15 on the maximum
independent set of 4-regular graphs. This graph appears in Figure 3 of [JHS+24] in a different
context. This graph has d = 4, |V (H)| = 7, max{|λ2(H)|, |λn(H)|} = 3 < 3.464 ≈ 2

√
3, and

α̂(H) = 3
7 ≈ 0.428.
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

0 0 0 0 1 1 1 0 1 1 1 1
0 0 0 0 1 1 1 1 1 1 1 0
0 0 0 0 1 1 1 0 1 1 1 1
0 0 0 0 0 1 1 2 1 0 0 2
1 1 1 0 0 0 0 0 1 1 1 1
1 1 1 1 0 0 0 0 1 1 1 0
1 1 1 1 0 0 0 0 1 1 1 0
0 1 0 2 0 0 0 0 0 1 1 2
1 1 1 1 1 1 1 0 0 0 0 0
1 1 1 0 1 1 1 1 0 0 0 0
1 1 1 0 1 1 1 1 0 0 0 0
1 0 1 2 1 0 0 2 0 0 0 0



Figure 4: The 7-regular Ramanujan graph used in the proof of Theorem 1.13 on the chromatic
number. The graph is formed by modifying the complete multipartite graph K3,3,3 (a Ramanujan
6-regular graph), which appears as the induced subgraph on the “inner” nine vertices. Note that
there are three pairs of repeated edges, forming a triangle on the “outer” three vertices. This graph
has d = 7, |V (H)| = 12,max{|λ2(H)|, |λn(H)|} ≈ 3.791 < 4.898 ≈ 2

√
6, and χ(H) = 3.
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