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Abstract: In this paper, we consider the initial-boundary value problem of the nonhomo-
geneous primitive equations with density-dependent viscosity. Local well-posedness of strong
solutions is established for this system with a natural compatibility condition. The initial den-
sity does not need to be strictly positive and may contain vacuum. Meanwhile, we also give the
corresponding blow-up criterion if the maximum existence interval with respect to the time is
finite.
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1 Introduction

The primitive equations of the ocean and the atmosphere are considered to be a fundamental
model in geophysical fluid dynamics (see, for example, Pedlosky [32] and Vallis [36]). They
are described by a system of equations which are derived from the Navier-Stokes or Boussinesq
equations by assuming that the vertical motion is modeled by the hydrostatic balance.

In this paper we consider the two dimensional nonhomogeneous primitive equations in
(0, T ) ×Ω, which are given by





ρt + ∂x(ρu) + ∂y(ρw) = 0,

∂t(ρu) + ∂x(ρu
2) + ∂y(ρuw) + ∂xP − ∂x(µ(ρ)∂xu)− ∂y(µ(ρ)∂yu) = ρf,

∂xu+ ∂yw = 0,

∂yP = 0.

(1.1)

Here (x, y) ∈ Ω =M×(0, 1), whereM = [0, L] and L > 0. The horizontal velocity u, the vertical
velocity w, the density ρ and the pressure P are the unknowns. And f is a given external force.
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The viscosity coefficient µ = µ(ρ) is a function of the density ρ and is assumed to satisfy

µ ∈ C2[0,∞) and µ ≥ µ > 0 on [0,∞). (1.2)

The first mathematical and systematical studies of the (homogeneous) primitive equations
were made by Lions, Temam and Wang in [24]-[26] in which they established the global existence
of weak solutions to the system for initial data a ∈ L2. Weak solutions in 2D turn out to
be unique, see Bresch, Kazhikjov and Lemoine [2] and Kukavica, Pei, Rusin and Ziane [19].
However, the uniqueness of weak solutions in 3D case is open up to now. Concerning the strong
solutions, Cao and Titi [7] proved a breakthrough result for the 3D viscous primitive equations.
In [7], they established the global well-posedness of strong solutions to the 3D incompressible
primitive equations by making full use of the hydrostatic balance to exploit the two dimensional
structure of the key part of the pressure and decomposing the velocity into barotropic and
baroclinic components, see also Kobelkov [18] and Kukavica and Ziane [20]-[21]. Modifications
of the primitive equations dealing with either only horizontal viscosity and diffusion or with
horizontal or vertical eddy diffusivity were recently investigated by Cao and Titi in [8], by
Cao, Li, and Titi in [3]-[6]. Here, global well-posedness results are established for initial data
belonging to H2. For the well-posedness results in the Lp type spaces based on the maximal
regularity technique, one can see the works by Hieber and Kashiwabara [15] and Giga, Gries,
Hieber, Hussein and Kashiwabara [14] or [13].

The mathematical analysis of the compressible primitive equations model, meaning CPEs,
has recently been attracting the attention of many mathematicians. Gatapov and Kazhikhov
[12] proved the global existence of weak solutions in 2D case. The uniqueness of such weak
solutions was proved by Jiu, Li and Wang in [16]. Ersoy, Ngom and Sy [10] showed the stability
of weak solutions with the viscosity coefficients depending on the density for 3D CPEs, see also
Tang and Gao [34] for 2D case. The stability implies that approximate solutions will converge
to a weak solution if it satisfies some uniform bounds. Wang, Dou and Jiu [38] proved the global
existence of weak solutions to 3D CPEs with gravity field, see also Liu and Titi [29]. Concerning
strong solutions, Liu and Titi [28] proved the local existence and uniqueness of strong solutions
to the 3D CPEs. Very recently, Wang [37] gave local existence and uniqueness of strong solutions
to the 2D CPEs with density-dependent viscosity. Meanwhile, Liu and Titi consider the zero
Mach number limit of CPEs under well-prepared initial data or ill-prepared initial data, see [27]
or [30], respectively.

As intermediate equations between (homogeneous) primitive equations and compressible
primitive equations, the nonhomogeneous primitive equations were recently studied. When
initial vacuum is taken into account and µ is still a constant, Jiu and Wang [17] first proved
the local existence of the unique strong solution to 2D nonhomogeneous primitive equations for
sufficiently regular data. Furthermore, Wang, Jiu and Xu [39] established a global existence
result on strong solutions with nonnegative density in case that µ is a constant for initial data
with small H

1
2 -norm. However, there have been few studies on the nonhomogeneous primitive

equations with density dependent viscosity.

In this paper, we consider the initial-boundary value problem of the nonhomogeneous prim-
itive equations (1.1) with the viscosity µ(ρ) which depends on density ρ.

The boundary conditions on the boundary of Ω are imposed as

ρ, u, w, P are periodic in the direction x,

u|y=0 = u|y=1 = 0,

w|y=0 = w|y=1 = 0,

(1.3)
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and the initial data of velocity and density are

u|t=0 = u0(x, y),

w|t=0 = w0(x, y),

ρ|t=0 = ρ0(x, y).

(1.4)

Also the following compatibility condition is imposed:

− ρ0u0∂xu0 + ρ0

∫ y

0
∂xu0(s)ds∂yu0 − ∂xP0 + ∂x(µ(ρ0)∂xu0) + ∂y(µ(ρ0)∂yu0) + ρ0f0 := ρ0V1,

∂x

∫ 1

0
u0dy = 0.

(1.5)
By the divergence free condition, we can write

w(x, y, t) = −
∫ y

0
∂xu(x, s, t)ds.

We define the following function spaces for primitive equations :

H1
0, per(Ω) = {u ∈ H1(Ω); ∂x

∫ 1

0
u(x, y)dz = 0, u|y=0,1 = 0, u is periodic in the direction x}.

Now we state the main result as follows:

Theorem 1.1. Suppose that the initial data (ρ0, u0) satisfies the regularity condition

0 ≤ ρ0 ∈ H2,∇ρ0 ∈ L∞, u0 ∈ H1
0,per ∩H2 (1.6)

and f ∈ H1((0, T )×Ω), and the compatibility condition (1.5) for some (P0, f0, V1) ∈ H1×L2×L2.
Then there exists a small time T∗ ∈ (0, T ) and a unique strong solution (ρ, u,w, P ) to the initial
boundary value problem (1.1)-(1.4) such that

ρ ≥ 0, ρ ∈ C([0, T∗];W
1,∞) ∩C([0, T∗];W

2,2), ρt ∈ C([0, T∗];L
q),

√
ρut ∈ L∞(0, T∗;L

2),

P ∈ C([0, T∗];H
1) ∩ L2(0, T∗;H

2), ∇u ∈ C([0, T∗];H
1) ∩ L2(0, T∗;H

2),

ut ∈ L2(0, T∗;H
1), w ∈ C([0, T∗];H

1) ∩ L2(0, T∗;H
2),

(1.7)
where 1 6 q <∞. Furthermore, if T ∗ is the maximal existence time of the local strong solution
(ρ, u,w, P ) and T ∗ < T , then

sup
0≤t<T ∗

(‖∇ρ(t)‖L∞ +
∥∥∇2ρ(t)

∥∥
L2 + ‖∇u(t)‖L2) = ∞. (1.8)

We intend to use the linearization and iteration method to obtain the existence and regularity
results for the original system (1.1). Due to the loss of the derivation of vertical velocity, the
nonhomogeneous primitive equations are slightly more complicated than the incompressible
Navier-Stokes equations. One key issue is to choose a suitable working space in which we could
close the estimates and prove the existence and uniqueness of the solutions. On the other hand,
the final convergence could not be obtained easily due to the loss of the derivative order of the
vertical velocity. Indeed, we deduce

d

dt

∫

Ω
ρk+1|ηk+1|2 +

∫

Ω
|∇ηk+1|2 = C‖σk+1‖2L2Bk(t) + C‖

√
ρkηk‖2L2 + C‖∂xηk‖2L2
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and

‖σk+1‖2L2 ≤ C(

∫ t

0
‖
√
ρkηk‖L2 + ‖∂xηk‖2L2ds),

where ηk+1 = uk+1 − uk, σk+1 = ρk+1 − ρk and Bk(t) ∈ L1([0, T ]). However, we except such
result (see (3.96) and (3.98)):

d

dt

∫

Ω
ρk+1|ηk+1|2 ≤ C‖σk+1‖2L2Bk(t) + C‖

√
ρkηk‖2L2

and

‖σk+1‖2L2 ≤ C

∫ t

0
‖
√
ρkηk‖2L2 .

Thus, instead we consider regularization problems (3.1) and set the solutions as the approximate
solutions to original equations (1.1). Later, we use standard methods to get the well-posedness
of the original equations (1.1) and the initial vacuum is allowed. To get higher order a priori
estimates for the approximate solutions, we give the regularity results of the hydrostatic Stokes
equations for the general case of density-dependent viscosities, which is introduced precisely in
Section 2. It turns out that the estimates in Lemma 3.1 hold when ρ ∈ W 2,2 and ∇ρ ∈ L∞.
Thus, to expect the existence of strong solutions of (1.1)-(1.4), the initial density ρ0 must have
at least the regularity ρ0 ∈W 2,2 and ∇ρ0 ∈ L∞.

The strategy of our approach may be described as follows. In Section 3, we mainly provide
existence and regularity results for the regularization problems (3.1) which are solved by the
linearization and iteration method. In a first step, we construct approximate solutions of (3.1) by
solving iteratively linearized problems for (3.1). We may consider a problem for higher regularity
of solutions. To settle this, we need to control the time derivatives of u at initial time and hence
to impose the compatibility condition (1.5). Second, we derive (local in time) uniform bounds
with respect to the norms of the approximate solutions of (3.1). We prove it by introducing
functionals

ΦK(t) = max
16k6K

(
1 +

∥∥∥∇ρk(t)
∥∥∥
W 1,∞

+
∥∥∥∇2ρk(t)

∥∥∥
W 1,2

+
∥∥∥∇uk(t)

∥∥∥
L2

+
∥∥∥∇ukt (t)

∥∥∥
L2

)
, (1.9)

and showing that each ΦK(t) satisfies the integral inequality

ΦK(t) 6 C exp

[
C exp

(
C

∫ t

0
ΦK(s)N ds

)]
,

for some positive constant C,N > 0. And then we can conclude the local bound of ΦK(t) by
applying a Gronwall-type argument (see Lemma 2.4). In the processing of closing this integral
inequality, it is more difficult to deal with the term of

∥∥∇2ρ
∥∥
W 1,2 and ‖∇ρ‖W 1,∞ . To overcome

this difficulty, using the transport equation (1.1)1, we obtain

‖∇ρ(t)‖L∞ ≤ ‖∇ρ0‖L∞ exp(C

∫ t

0
‖u(s)‖H3ds), (1.10)

‖∇2ρ(t)‖L2 ≤ (‖∇ρ0‖L∞ + ‖∇2ρ0‖L2) exp(C

∫ t

0
‖u(s)‖H3ds), (1.11)

‖∇2ρ(t)‖L∞ ≤ ‖∇2ρ0‖L∞ exp(C

∫ t

0
‖u(s)‖H4ds), (1.12)
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and

‖∇3ρ‖L2 ≤ (‖∇3ρ0‖L2 + ‖∇2ρ0‖L∞ + ‖∇ρ0‖L∞) exp(C

∫ t

0
‖u(s)‖H4ds). (1.13)

It is easily seen that both the W 1,∞-norm and the W 2,2-norm of the density ρ need the H3-
regularity of the velocity u and both the W 2,∞-norm and the W 3,2-norm of the density ρ need
the H4-regularity of the velocity u. This requires more regularity than the solutions to the
Navier-Stokes equations. According to the regularity results of the hydrostatic Stokes equations
(see Lemma 3.1), one has

‖u‖H3 + ‖P‖H2 6 C(1 + ‖∇ρ‖L∞ + ‖∇ρ‖2L∞)(1 + ‖∇2ρ‖L2)‖f‖H1 , (1.14)

and

‖u‖H4+‖P‖H3 6 C̃(1+‖∇ρ‖L∞+‖∇ρ‖2L∞+‖∇2ρ‖L∞+‖∇3ρ‖L2)2(1+‖∇2ρ‖L2)‖f‖H2 . (1.15)

Combining (1.10)-(1.13) with (1.14)-(1.15), we can obtain the estimate of ΦK(t) and furthermore
the uniform bound of the approximate solutions to (3.1) (see Lemmas 3.4-3.10 for details). We
remark that it is sufficient to solve the problems (1.1) when we set

ΦK(t) = max
16k6K

(
1 +

∥∥∥∇ρk(t)
∥∥∥
L∞

+
∥∥∥∇2ρk(t)

∥∥∥
L2

+
∥∥∥∇uk(t)

∥∥∥
L2

)
.

That is, we use the terms of ‖∇2ρk‖L∞ , ‖∇3ρk‖L2 and ‖∇ukt ‖L2 to deal with the difficulty caused
by the term of −λρxx. Based on the obtained uniform estimates, an usual approach to prove
the existence of the solution is by proving that the approximate solutions to (3.1) are Cauchy
sequences in suitable spaces. However, it seems difficult to prove that the approximate solutions
we construct are Cauchy sequences. A method in our proof is that we apply the Aubin-Lions
lemma to choose subsequences which converge strongly in suitable spaces and we prove that the
neighbor subsequences {ukj}∞j=1 and {ukj−1}∞j=1 have same limit function which is in fact the
strong solution we expect. A novelty in our proof of solving the difficulty caused by the loss of
the derivation of vertical velocity is that we take the derivates of vertical velocity to the density
and add the regular term −λρxx on the (1.1)1 in the process of convergence. More precisely,
multiplying by σk+1 and taking by parts in x-directions, we obtain

d

dt

∫

Ω
(σk+1)2 ≤ ‖∇ρk‖W 1,∞‖ηk‖L2‖σk+1‖L2 + ‖∇ρk‖L∞‖ηk‖L2‖σk+1

x ‖L2 ,

where σk+1 = ρk+1− ρk, ηk+1 = uk+1−uk. As in the above inequality, there is a term ‖σk+1
x ‖L2

which brings difficulty to prove that ‖σk+1‖L2 → 0, k → ∞. To overcome this difficulty, we add
a new term −λρxx. Then, we have

d

dt
‖σk+1‖2L2 ≤ C‖

√
ρkηk‖2L2 + C‖σk+1‖2L2 . (1.16)

Next, we have (see (3.99))

‖
√
ρk+1ηk+1(t)‖2L2 ≤ C

∫ t

0
‖
√
ρkηk(s)‖2L2ds,

where use the fact that ρk ≥ δ. Thus, we can prove that uk+1 and uk have the same limit by
a simple recursive argument. Moreover, we can use Aubin-Lions lemma to find some conver-
gence subsequences, denoted again by (uk+1, uk, ρk+1, P k), to show the convergence successively.
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Lastly, we establish the uniqueness of strong solutions to problems (3.1). We remark that the
estimates in Section 3 are independent on λ. In Section 4, We regularize the initial data in
Theorem 1.1 so that it satisfies the assumptions in the Proposition 3.1. We then get some
uniform estimates that have nothing to do with the lower bound of density δ. Recall that the
estimates in Section 3 are independent on λ, so we can finish the proof of the Theorem 1.1 by
applying standard regularizing techniques and compactness arguments, that is, doing a two-level
approximation. We still give the strong continuity of time and a blow-up criterion to the system
(1.1)-(1.4). It is remarked that the vertical velocity losses of one derivative but the integral in
vertical direction balances out one derivative by using Poincaré inequality, which makes a help
to prove the uniqueness.

The rest of this article is organised as follows: In Section 2, we present some preliminary
lemmas which will be used frequently throughout the paper. In Section 3, We give the higher
regularity of u which is deduced from the hydrostatic Stokes system and prove the local existence
of unique strong solution to the regularization problems (3.1) for the positive case. Based on
these results, we construct the approximate solutions to problems (1.1)-(1.4). In Section 4, We
complete the proof of Theorem 1.1.

Notations and conventions The following notations will be used:
(1) ‖f‖L2

y
= (

∫ 1
0 |f |2dy) 1

2 ,

(2) ‖f‖L2
yL

∞

x
= (

∫ 1
0 ‖f‖2L∞

x
dy)

1
2 , ‖f‖L∞

y L∞
x

= esssup(x,y)∈Ω|f |,
(3) For 1 < p <∞, ‖f‖Lp = ‖f‖Lp

yL
p
x
= ‖f‖Lp

xL
p
y
= (

∫ 1
0

∫ L

0 |f |pdxdy)
1
p ,

(4)
∫
Ω =

∫
Ω dxdy.

The positive constant C, which may be different from line to line, depends on ‖µ‖C2 , Ω,
‖∇2ρ0‖L2 , ‖ρ0‖W 1,∞ , ‖u0‖H1 , ‖f‖H1 and T .

2 Preliminaries

In this section, we present some basic facts needed later.

We have the following lemma about the regularity result of the hydrostatic Stokes system
in L2-setting:

Lemma 2.1. (see [40]) Let O =
∏n−1

α=1 (0, Lα) with Lα > 0, α = 1, 2, · · · , n− 1, and let
Ω = {(x′, z) ∈ O ×R; 0 < z < h (x′)}, where x′ = (x1, · · · , xn−1) and 0 < h1 < h (x′) < h2 with
some positive constants h1, h2. Assume that h ∈ Ck+3(O) and that h is periodic with respect to

x1, x2, · · · , xn−1 with periods L1, L2, · · · , Ln−1 respectively. If f ∈
(
Hk

p (Ω)
)n−1

, k ≥ 0, then the
hydrostatic Stokes system





−νh△x′u (x′, z)− νv∂zzu (x
′, z) +∇x′P (x′) = f (x′, z) , (x′, z) ∈ Ω,

divx′
∫ h(x′)
0 u (x′, τ) dτ = 0,

u is periodic with respect to x1, x2, · · · , xn−1,

u (x′, 0) = u (x′, h (x′)) = 0,

possesses a unique solution (u, P ) which belongs to
(
Hk+2

p (Ω)
)n−1×Hk+1

p (Ω), where the Sobolev

space Hm
p (Ω) defined as Hm

p (Ω) =
{
u ∈ Hm(Ω); ∂lu/∂xli, i = 1, 2, · · · , n− 1, l = 0, 1, · · · ,m,
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is O−periodic} . Moreover, we have the continuous dependence, that is, there exists a constant
C = C (Ω, νh, νv) > 0 such that

‖u‖
Hk+2

p (Ω) + ‖P‖
Hk+1

p (Ω) ≤ C‖f‖Hk
p (Ω).

We state the corresponding results for the Lp case.

Lemma 2.2. Let O =
∏n−1

α=1 (0, Lα) with Lα > 0, α = 1, 2, · · · , n− 1, and let
Ω = {(x′, z) ∈ O ×R; 0 < z < 1}, where x′ = (x1, · · · , xn−1) . If p ∈ (1,∞) and f ∈ Lp(Ω), then
the system





−△x′u (x′, z)− ∂zzu (x
′, z) +∇x′P (x′) = f (x′, z) , (x′, z) ∈ Ω,

divx′
∫ 1
0 u (x

′, τ) dτ = 0,

u is periodic with respect to x1, x2, · · · , xn−1,

u (x′, 0) = u (x′, 1) = 0,

admits a unique solution (u, P ) ∈ (W 2,p
per(Ω))n−1 ×W 1,p

per(O) ∩ Lp
0(O), where the Sobolev space

W 2,p
per(Ω) defined as W 2,p

per(Ω) =
{
u ∈W 2,p(Ω); ∂lu/∂xli, i = 1, 2, · · · , n− 1, l = 0, 1, 2,

is O−periodic} . Moreover, there exists a constant C(Ω) > 0 such that

‖u‖W 2,p(Ω) + ‖P‖W 1,p(O) ≤ C(Ω)‖f‖Lp(Ω). (2.1)

Proof. The proof of this lemma is similar to the method of [40] (see also [15]), and we omit
the details here. �

Next, we give the Gagliardo-Nirenberg interpolation inequality

Lemma 2.3. (see [31])(Gagliardo-Nirenberg interpolation inequality). For a function u : Ω → R

defined on a bounded Lipschitz domain Ω ⊂ Rn,∀ 1 ≤ q, r ≤ ∞, and a natural number m.
Suppose also that a real number θ and a natural number j are such that

1

p
=
j

n
+

(
1

r
− m

n

)
θ +

1− θ

q
,

and
j

m
≤ θ ≤ 1.

Then, we have ∥∥Dju
∥∥
Lp ≤ C1 ‖Dmu‖θLr ‖u‖1−θ

Lq + C2‖u‖Ls ,

where s is a positive constant. The constants C1 and C2 depend on the domain Ω andm,n, j, r, q, θ.

Finally, we state a Gronwall-type inequality which will be used to guarantee the local exis-
tence of solutions.

Lemma 2.4. (see [33]) Let g ∈W 1,1(0, T ) and k ∈ L1(0, T ) satisfy

dg

dt
≤ F (g) + k in [0, T ], g(0) ≤ g0,

where F is bounded on bounded sets from R into R, that is ,

∀ a > 0 ∃ A > 0 such that |x| ≤ a→ |F (x)| ≤ A.

Then for every ǫ > 0, there exists Tǫ > 0 independent of g, but depend on g0 and k such that

g(t) ≤ g0 + ǫ, ∀ t ≤ Tǫ.
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3 Well-posedness on the regularization problems

In this section, in order to prove the local-time existence and uniqueness of strong solutions
to the nonhomogeneous primitive equations, we consider the following regularization of systems
(1.1):





ρt + u∂xρ−
∫ y

0
∂xu(s)ds∂yρ− λρxx = 0,

ρut + ρu∂xu− ρ

∫ y

0
∂xu(s)ds∂yu+ ∂xP − ∂x(µ(ρ)∂xu)− ∂y(µ(ρ)∂yu) = ρf,

∂yP = 0, ∂x

∫ 1

0
u(x, y)dy = 0,

(3.1)

We remark that we get these estimates below which are independent on λ. Moreover, if
we let λ → 0, we can get the well-posedness of the original problems (1.1) with some higher
regularity with ρ ≥ δ.

Proposition 3.1. Suppose that the initial data (ρ0, u0) satisfies the regularity condition

δ ≤ ρ0 ∈ H3,∇ρ0 ∈W 1,∞, u0 ∈ H1
0,per ∩H2 ∩H3 (3.2)

and f ∈ H2((0, T ) ×Ω), and the compatibility condition (1.5) for (P0, f0, V1) ∈ H2 ×H1 ×H1.
Then there exists a small time T∗ ∈ (0, T ) and a unique strong solution (ρ, u,w, P ) to the system
(3.1) with the initial conditions (1.3)− (1.4) such that

ρ ∈ L∞(0, T ;H3) ∩ C
(
[0, T ];W 2,q

)
, ρt ∈ L∞

(
0, T ;W 1,2

)
,

u ∈ L∞
(
[0, T ];H3

)
∩ L2

(
0, T ;H4

)
, ut ∈ L∞

(
0, T ;H1

0,per

)
∩ L2(0, T ;H2),

P ∈ L∞
(
0, T ;H1

)
∩ L2

(
0, T ;H2

)
,

(3.3)

where 1 6 q <∞.

Our proof of the existence of the system (3.1) is based on linearization and iteration method.
Next, in the subsection we will show the existence of solutions to the linearized system of (3.1)
with a known vector field v by the Galerkin method. In this section, the positive constant C̃,
which may be different from line to line, depends on ‖∂3µ/∂ρ3‖C , ‖V1‖H1 , ‖∇3ρ0‖L2 , ‖∇3u0‖L2 ,
‖f‖H2 and the parameters of C.

3.1 Regularized results on regularization problems (3.1)

Our derivation of higher order a prior estimates is based on the following regularity results on
the hydrostatic Stokes system.

Lemma 3.1. Assume that ∇2ρ ∈W 1,2 and ∇ρ ∈W 1,∞. Let (u, P ) ∈ H1
0,per ×L2 be the unique

weak solution to the problem

−∂x(µ(ρ)∂xu)− ∂y(µ(ρ)∂yu) + ∂xP = f, ∂yP = 0,

∫

Ω
P = 0. (3.4)
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Then it holds that
(1)If f ∈ L2, then (u, P ) ∈ H2 ×H1 and

‖u‖H2 + ‖P‖H1 6 C (1 + ‖∇ρ‖L∞) ‖f‖L2 . (3.5)

(2)If f ∈ Lr, then (u, P ) ∈W 2,r ×W 1,r and

‖u‖W 2,r + ‖P‖W 1,r ≤ C(1 + ‖∇ρ‖L∞ + ‖∇ρ‖2L∞)‖f‖Lr , (3.6)

where r > 2.
(3) If f ∈ H1, then (u, P ) ∈ H3 ×H2 and

‖u‖H3 + ‖P‖H2 6 C(1 + ‖∇ρ‖L∞ + ‖∇ρ‖2L∞)(1 + ‖∇2ρ‖L2)‖f‖H1 . (3.7)

(4) If f ∈ H2, then (u, P ) ∈ H4 ×H3 and

‖u‖H4 +‖P‖H3 6 C̃(1+‖∇ρ‖L∞ +‖∇ρ‖2L∞ +‖∇2ρ‖L∞ +‖∇3ρ‖L2)2(1+‖∇2ρ‖L2)‖f‖H2 . (3.8)

Proof. The existence and uniqueness of the solution can be found in [40]. Here we give the
a priori estimates. First, we will show that

‖∇u‖L2
+ ‖P‖L2 ≤ C ‖f‖L2 . (3.9)

Multiplying (3.4) by u and integrating over Ω it follows that
∫

Ω
µ(ρ)|∇u|2 ≤

∫

Ω
fu ≤ C ‖f‖L2

‖u‖L2
≤ C ‖f‖2L2

+
1

2C
‖∇u‖2L2

,

and since C−1 ≤ µ ≤ C, we obtain the energy inequality ‖∇u‖L2
≤ C ‖f‖L2

.

According to Bovosgii’s theory, we can find a function v = (v1, v2) ∈ H1
0 (Ω) such that P=div

v and ‖v‖H1 ≤ C ‖P‖L2
(see [11]), then

∫

Ω
P 2dydx =

∫

Ω
P (∂xv1 + ∂yv2)dydx = −

∫

Ω
∂xPv1dydx

= −
∫

Ω
fv1 + ∂x(µ(ρ)∂xu)v1 + ∂y(µ(ρ)∂yu)v1dydx ≤ C ‖f‖L2

‖v‖H1
≤ C ‖f‖L2

‖P‖L2
,

(3.10)

so that ‖P‖L2 ≤ C ‖f‖L2 .

Next, We introduce P̃ = P/µ(ρ) to rewrite the equation (3.4) as

−∆u+ ∂xP̃ = µ(ρ)−1(f +∇µ(ρ)∇u+ P̃ ∂xµ(ρ)).

Then, it follows from the regularity results on the hydrostatic Stokes system (see Lemma
2.1) that

‖u‖H2+
∥∥∥P̃

∥∥∥
H1

≤ C
∥∥∥µ(ρ)−1(f +∇µ(ρ)∇u+ P̃ ∂xµ(ρ))

∥∥∥
L2

≤ C(‖f‖L2+‖∇ρ∇u‖L2+
∥∥∥P̃ ∂xρ

∥∥∥
L2
).

(3.11)

Using the Hölder inequality and (3.9), we have

‖∇ρ∇u‖L2 +
∥∥∥P̃ ∂xρ

∥∥∥
L2

≤ ‖∇ρ‖L∞ ‖∇u‖L2 + ‖∂xρ‖L∞

∥∥∥P̃
∥∥∥
L2

≤ C ‖∇ρ‖L∞ ‖f‖L2 .
(3.12)
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Substituting (3.12) into (3.11), we proved the first part (1) of the lemma.

Applying Lemma 2.2 we deduce that

‖u‖W 2,r +
∥∥∥P̃

∥∥∥
W 1,r

≤ C
∥∥∥µ(ρ)−1(f +∇µ(ρ)∇u+ P̃ ∂xµ(ρ))

∥∥∥
Lr

≤ C(‖f‖Lr + ‖∇ρ∇u‖Lr +
∥∥∥P̃ ∂xρ

∥∥∥
Lr
)

≤ C(‖∇ρ‖L∞ ‖∇u‖Lr + ‖∂xρ‖L∞

∥∥∥P̃
∥∥∥
Lr

+ ‖f‖Lr)

≤ C(‖∇ρ‖L∞ ‖∇u‖H1 + ‖∂xρ‖L∞

∥∥∥P̃
∥∥∥
H1

+ ‖f‖Lr)

≤ C[‖f‖Lr + ‖∇ρ‖L∞(1 + ‖∇ρ‖L∞)‖f‖L2 ]

≤ C‖f‖Lr(1 + ‖∇ρ‖∞ + ‖∇ρ‖2L∞).

(3.13)

The corresponding result (3) can be proved similarly by recalling

‖u‖H3 +
∥∥∥P̃

∥∥∥
H2

≤ C
∥∥∥µ(ρ)−1(f +∇µ(ρ)∇u+ P̃ ∂xµ(ρ))

∥∥∥
H1
, (3.14)

and using the previous estimates (3.5) and (3.6), we can get

‖u‖H3 + ‖P‖H2 6 C(1 + ‖∇ρ‖L∞ + ‖∇ρ‖2L∞)(1 + ‖∇2ρ‖L2)‖f‖H1 .

In fact,

‖u‖H3 + ‖P̃‖H2

≤ C(‖ f

µ(ρ)
‖H1 + ‖∇µ(ρ)∇u

µ(ρ)
‖H1 + ‖ P

µ(ρ)
∂xµ(ρ)‖H1)

≤ C(‖f‖H1 + ‖∇ρ∇u‖L2 + ‖P∂xρ‖L2

+ ‖∇2ρ∇u‖L2 + ‖∇ρ∇2u‖L2 + ‖∇P∂xρ‖L2 + ‖P∇∂xρ‖L2)

≤ C(‖f‖H1 + ‖∇ρ‖L∞‖∇u‖L2 + ‖P‖L2‖∂xρ‖L∞ + ‖∇2ρ‖L2‖∇u‖L∞

+ ‖∇ρ‖L∞‖∇2u‖L2 + ‖∇P‖L2‖∂xρ‖L∞ + ‖P‖L∞‖∇∂xρ‖L2)

≤ C(‖f‖H1 + ‖∇ρ‖L∞‖∇u‖L2 + ‖P‖L2‖∂xρ‖L∞ + ‖∇2ρ‖L2‖∇u‖W 1,r

+ ‖∇ρ‖L∞‖∇2u‖L2 + ‖∇P‖L2‖∂xρ‖L∞ + ‖P‖W 1,r‖∇∂xρ‖L2)

≤ C[‖f‖H1 + ‖∇ρ‖L∞‖f‖L2 + ‖∂xρ‖L∞‖f‖L2

+ ‖∇2ρ‖L2(1 + ‖∇ρ‖L∞ + ‖∇ρ‖2L∞)‖f‖Lr + ‖∇ρ‖L∞(1 + ‖∇ρ‖L∞)‖f‖L2 ]

≤ C‖f‖H1(1 + ‖∇ρ‖L∞ + ‖∇ρ‖2L∞)(‖∇2ρ‖L2 + 1).

(3.15)

Finally, (4) can be proved similarly by recalling

‖u‖H4 + ‖P̃‖H3 ≤ C̃(‖ f

µ(ρ)
‖H2 + ‖∇µ(ρ)∇u

µ(ρ)
‖H2 + ‖ P

µ(ρ)
∂xµ(ρ)‖H2) (3.16)

and using the previous estimates (1), (2) and (3). We complete the proof of the Lemma 3.1. �

Next, we state some regularity estimates on density. Due to the loss of derivation of velocity,
this estimates on density require more regularity of horizontal velocity than ones of the Navier-
Stokes equations.
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Lemma 3.2. Assume that ∇ρ0 ∈ W 1,∞(Ω) and ∇2ρ0 ∈ W 1,2(Ω), let ρ be the unique solution
to the problem

∂tρ+ ∂xρv − ∂yρ

∫ y

0
∂xv(s)ds − λ∂xxρ = 0, ρ|t=0 = ρ0, (3.17)

where λ > 0 is a small number. Then we have the following regularity results:

(1)If v ∈ L1([0, T ],H3(Ω)), then

‖∇ρ(t)‖L∞ ≤ ‖∇ρ0‖L∞ exp(C

∫ t

0
‖v(s)‖H3ds), (3.18)

and

‖∇2ρ(t)‖L2 ≤ (‖∇ρ0‖L∞ + ‖∇2ρ0‖L2) exp(C

∫ t

0
‖v(s)‖H3ds). (3.19)

(2)If v ∈ L1([0, T ],H4(Ω)), then

‖∇2ρ(t)‖L∞ ≤ ‖∇2ρ0‖L∞ exp(C

∫ t

0
‖v(s)‖H4ds), (3.20)

and

‖∇3ρ(t)‖L2 ≤ (‖∇3ρ0‖L2 + ‖∇2ρ0‖L∞ + ‖∇ρ0‖L∞) exp(C

∫ t

0
‖v(s)‖H4ds). (3.21)

Proof. Taking the gradient operator ∇ to (3.17) and multiplying by p|∇ρ|p−2∇ρ, we have

(|∇ρ|p)t + v · ∂x|∇ρ|p −
∫ y

0
∂xv(s)ds∂y |∇ρ|p + p∂xρ∇v|∇ρ|p−2∇ρ+ p∂yρU |∇ρ|p−2∇ρ

− λ∇∂xxρp|∇ρ|p−2∇ρ = 0,

(3.22)

where U = (−
∫ y

0 ∂xxv(s)ds,−∂xv(x)). Integrating over Ω, we obtain

d

dt

∫

Ω
|∇ρ|p + 2λ

∫

Ω
p|∇∂xρ|2|∇ρ|p−2 ≤ p

∫

Ω
|∇ρ|p|∇v|+ p

∫

Ω
|∇ρ|p|

∫ y

0
∂xxv(s)ds|

≤ p ‖∇v‖L∞ ‖∇ρ‖pLp + p

∥∥∥∥
∫ y

0
∂xxv(s)ds

∥∥∥∥
L∞

x L∞

y

‖∇ρ‖pLp .

Then after applying Gronwall’s inequality and Sobolev inequality, we derive that

‖∇ρ(t)‖Lp 6 ‖∇ρ0‖Lp exp

(
C

∫ t

0
‖v(s)‖H3 ds

)
,

where p ≥ 1, which implies (3.18).

To prove (3.19), we first give the estimate ‖∂xxρ‖L2 . The other terms can be dealt with in
a similar way. Taking ∂xx on both sides of (3.17) then multiplying by ∂xxρ and integrating over
Ω, we have

d

dt

∫

Ω
|∂xxρ|2+

∫

Ω
[∂xxv∂xρ∂xxρ−

∫ y

0
∂xxxv(s)ds∂yρ∂xxρ+2∂xv|∂xxρ|2−2

∫ y

0
∂xxv(s)ds∂xxρ∂xyρ]

+

∫

Ω
λ|∂xxxρ|2 = 0.
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By Hölder inequality and Young inequality, we have

d

dt
‖∂xxρ‖2L2 +

∫

Ω
λ|∂xxxρ|2

≤ ‖∂xxv‖L2‖∂xρ‖L∞‖∂xxρ‖L2 + ‖
∫ y

0
∂xxxv(s)ds‖L2‖∂yρ‖L∞‖∂xxρ‖L2

+ ‖∂xv‖L∞‖∂xxρ‖2L2 + ‖
∫ y

0
∂xxv(s)ds‖L∞‖∂xxρ‖L2‖∂xyρ‖L2

≤ ‖∂xρ‖L∞‖v‖H2‖∂xxρ‖L2 + ‖∂xxρ‖L2‖∂xxxv‖L2‖∂yρ‖L∞ + ‖∂xxρ‖2L2‖v‖H3

+ ‖v‖H3‖∂xxρ‖L2‖∂xyρ‖L2 .

Therefore, we have

2
d

dt
‖∂xxρ‖L2 ≤ ‖v‖H3‖∇ρ‖L∞ + C‖v‖H3(‖∂xxρ‖L2 + ‖∂xyρ‖L2).

Similar inequality also hold for ∂xyρ and ∂yyρ. Hence,

2
d

dt
‖∂xyρ‖L2 ≤ ‖v‖H2‖∇ρ‖L∞ + C‖v‖H3(‖∂xxρ‖L2 + ‖∂xyρ‖L2 + ‖∂yyρ‖L2)

and

2
d

dt
‖∂yyρ‖L2 ≤ ‖v‖H2‖∇ρ‖L∞ + C‖v‖H3(‖∂yyρ‖L2 + ‖∂xyρ‖L2).

Summing up the above inequalities and using the Gronwall’s inequality, one gets

‖∇2ρ‖L2 ≤ [‖∇2ρ0‖L2 +

∫ t

0
‖∇ρ0‖L∞ exp(

∫ τ

0
C‖v(s)‖H3ds)‖v‖H2dτ ]exp(

∫ t

0
C‖v(τ)‖H3dτ)

≤ (‖∇2ρ0‖L2 + ‖∇ρ0‖L∞) exp(C

∫ t

0
‖v(s)‖H3ds).

Next, we shall perform some estimates to show that (3.20). Taking ∇∂x on both sides of (3.17)
and multiplying by p|∇∂xρ|p−2∇∂xρ, we have

∂t|∇∂xρ|p +∇∂xv∂xρp|∇∂xρ|p−2∇∂xρ+ ∂xv∇∂xρp|∇∂xρ|p−2∇∂xρ

+∇v∂xxρp|∇∂xρ|p−2∇∂xρ+ v∇∂xxρp|∇∂xρ|p−2∇∂xρ−∇
∫ y

0
∂xxvds∂yρp|∇∂xρ|p−2∇∂xρ

−
∫ y

0
∂xxvds∇∂yρp|∇∂xρ|p−2∇∂xρ−∇

∫ y

0
∂xvds∂xyρp|∇∂xρ|p−2∇∂xρ

−
∫ y

0
∂xvds∇∂xyρp|∇∂xρ|p−2∇∂xρ− λ∇∂xxxρp|∇∂xρ|p−2∇∂xρ = 0.

Integrating over Ω, we have

d

dt
‖∇∂xρ‖pLp +

∫

Ω
λ|∇∂xxρ|2p(p − 1)|∇∂xρ|p−2

≤ ‖∇∂xv‖L∞‖∂xρ‖Lpp‖∇∂xρ‖p−1
Lp + ‖∂xv‖L∞p‖∇∂xρ‖pLp + ‖∇v‖L∞p‖∇∂xρ‖pLp

+ ‖v‖H4p‖∇∂xρ‖p−1
Lp ‖∂yρ‖Lp + ‖v‖H3p‖∇∂xρ‖p−1

Lp ‖∇∂yρ‖Lp + ‖v‖H3p‖∇∂xρ‖pLp ,
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which implies that

d

dt
‖∇∂xρ‖Lp ≤ ‖v‖H4‖∇ρ‖Lp + C‖v‖H3(‖∇∂yρ‖Lp + ‖∇∂xρ‖Lp).

Similarly, one has

d

dt
‖∇∂yρ‖Lp ≤ ‖v‖H4‖∇ρ‖Lp + C‖v‖H3(‖∇∂yρ‖Lp + ‖∇∂xρ‖Lp).

Therefore
d

dt
‖∇2ρ‖Lp ≤ C‖v‖H3‖∇2ρ‖Lp + ‖v‖H4‖∇ρ‖Lp .

Applying the Gronwall’s inequality yields that

‖∇2ρ‖Lp ≤ exp

∫ t

0
C‖v(s)‖H3ds(‖∇2ρ0‖Lp +

∫ t

0
‖v‖H4(s)ds‖∇ρ‖Lp)

≤ (‖∇2ρ0‖Lp + ‖∇ρ0‖Lp) exp(

∫ t

0
C‖v‖H4(s)ds).

Let p→ ∞, one has

‖∇2ρ‖L∞ ≤ (‖∇2ρ0‖L∞ + ‖∇ρ0‖L∞) exp(

∫ t

0
C‖v‖H4(s)ds).

Similar arguments also hold for the higher order derivatives. Therefore, direct estimates imply
that

d

dt
‖∂xxxρ‖L2 ≤ ‖v‖H4(‖∇2ρ‖L∞ + ‖∇ρ‖L∞) + C‖v‖H3(‖∂xxxρ‖L2 + ‖∂xxyρ‖L2),

d

dt
‖∂xxyρ‖L2 ≤ ‖v‖H3(‖∇2ρ‖L∞ + ‖∇ρ‖L∞) + C‖v‖H3(‖∂xxxρ‖L2 + ‖∂xyyρ‖L2 + ‖∂xxyρ‖L2),

d

dt
‖∂xyyρ‖L2 ≤ ‖v‖H3(‖∇2ρ‖L∞ + ‖∇ρ‖L∞) + C‖v‖H3(‖∂yyyρ‖L2 + ‖∂xyyρ‖L2 + ‖∂xxyρ‖L2),

and

d

dt
‖∂yyyρ‖L2 ≤ ‖v‖H3(‖∇2ρ‖L∞ + ‖∇ρ‖L∞) + C‖v‖H3(‖∂yyyρ‖L2 + ‖∂xyyρ‖L2).

Combining the above estimates, one has

d

dt
‖∇3ρ‖L2 ≤ ‖v‖H4(‖∇2ρ‖L∞ + ‖∇ρ‖L∞) + C‖v‖H3‖∇3ρ‖L2 .

This will imply after applying the Gronwall’s inequality

‖∇3ρ‖L2 ≤ (‖∇3ρ0‖L2 + ‖∇2ρ0‖L∞ + ‖∇ρ0‖L∞) exp(

∫ t

0
C‖v‖H4ds).

Here, we complete the proof of this lemma. �



14

3.2 Well-posedness on linearized equations

In this subsection, we will consider the following linearized problem of (3.1) in (0, T )× Ω:





ρt + v∂xρ−
∫ y

0
∂xv(s)ds∂yρ− λρxx = 0,

ρut + ρv∂xu− ρ

∫ y

0
∂xv(s)ds∂yu+ ∂xP − ∂x(µ(ρ)∂xu)− ∂y(µ(ρ)∂yu) = ρf,

∂yP = 0, ∂x

∫ 1

0
u(x, y)dy = 0,

(3.23)

where v is a known divergence-free vector field and λ is a small parameter. The initial and
boundary conditions are formulated as

ρ, u, P are periodic in the direction x,

u|y=0 = u|y=1 = 0,

u|t=0 = u0(x, y),

ρ|t=0 = ρ0(x, y).

(3.24)

We will prove the global existence and uniqueness of strong solutions to (3.23)-(3.24) for the
positive initial data so that we can construct a sequence of the approximate solutions to the
initial boundary value problem (3.1) by iteration method.

Now we give the following lemma:

Lemma 3.3. Assume that the hypotheses of Proposition 3.1 are satisfied by (ρ0, u0, f). If
vt ∈ L∞

(
0, T ;H1

0,per

)
∩L2(0, T ;H2), v ∈ L∞

(
0, T ;H1

0,per ∩H2 ∩H3
)
∩L2

(
0, T ;H4

)
, v|t=0 = u0

and ∂x
∫ 1
0 v(x, y)dy = 0 in Ω, then for any T > 0, there exists a unique strong solution (ρ, u, P )

to the initial boundary value problem (3.23)-(3.24) such that

ρ ∈ L∞(0, T ;W 3,2) ∩ L∞(0, T ;W 2,∞) ∩C
(
[0, T ];W 2,q

)
, ρt ∈ L∞

(
0, T ;W 1,2 ∩ L∞

)
,

u ∈ C
(
[0, T ];H1

0,per ∩H2 ∩H3
)
∩ L2

(
0, T ;H4

)
, ut ∈ L∞(0, T ;H1) ∩ L2(0, T ;H2),

√
ρut ∈ L∞

(
0, T ;L2

)
, P ∈ L∞

(
0, T ;H1

)
∩ L2

(
0, T ;H2

)
,

(3.25)

where 1 ≤ q <∞.

Proof. Equations (3.23)1 and (3.23)2 are linear parabolic equations and can be solved by
standard Galerkin approximation. The existence and regularity of solutions to (3.23)1 follow
with similar arguments as (3.23)2 below. Now we only give some estimates. Together with
Lemma 3.2, (3.23)1 and Aubin Lions lemma, we deduce that ρ ∈ L∞(0, T ;W 3,2 ∩ W 2,∞),
ρt ∈ L∞(0, T ;W 1,2 ∩ L∞) and ρ ∈ C([0, T ];W 2,q) for any 1 ≤ q <∞.

Now we turn to the non-stationary hydrostatic Stokes equations. Since the uniqueness of
strong solutions can be easily proved, we only prove the existence. First, we construct the approx-
imate solutions by the semi-discrete-Galerkin method. To do this, we define a finite-dimensional
space Xn=span

{
ψ1, · · · , ψn

}
, n ∈ N , where the function ψn is the n-th eigenfunction to the fol-

lowing eigenvalue problem of the Dirichlet-Periodic problem for the hydrostatic Stokes equations
in Ω:
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− ∂xxψn − ∂yyψn + ∂xPn = λnψn,

∂x

∫ 1

0
ψn(x, y)dy = 0, ∂yPn = 0,

ψn|y=0 = ψn|y=1 = 0,

ψn is periodic in the direction x.

(3.26)

Here λn is the n-th eigenvalue of the hydrostatic Stokes operator. The sequence
{
ψi

}∞

i=1
can be renormalized in such a way that it is an orthonormal basis of L2, which is also an

orthogonal basis of H1
0,per(Ω) =

{
ψ ∈ H1(Ω);ψ|y=0,1 = 0, ψ(0, y) = ψ(L, y)

}
and a basis in

H1
0,per(Ω) ∩H2=X. Introduce the function spaces

X = H1
0,per(Ω) ∩H2 =

{
ψ ∈ H1 ∩H2(Ω);ψ|y=0,1 = 0, ψ(0, y) = ψ(L, y)

}

and Xm = span
{
ψ1, ψ2, · · · , ψm

}
, ψ =

∞∑

m=1

(ψ,ψm)L2 ψm in H2, where we denote (ψ,ψm)L2 =

∫
Ω ψψ

m.

Then applying the standard Galerkin method, we construct an approximate solutions um ∈
C1([0, T ];Xm) such that for all φ ∈ Xm,

∫

Ω
[ρumt + ρv∂xu

m− ρ
∫ y

0
∂xv(s)ds∂yu

m−∂x(µ(ρ)∂xum)−∂y(µ(ρ)∂yum)] ·φ =

∫

Ω
ρf ·φ, (3.27)

um(0) =
m∑

k=1

(u0, ψ
k)L2ψk. (3.28)

In fact, since ρ ≥ δ > 0 in Ω and ρ ∈ W 1,∞(0, T ;W 1,2), we can rewrite (3.27) with φ =
ψk(k = 1, · · · ,m) as a system of linear ODEs with regular coefficients. From the theory of linear
ODEs, we obtain a unique Galerkin-solution um for every fixed m. Next, we will show that a
subsequence of the approximate solutions um converges to a solution of the original problem
(3.23). To show this, we need to derive some uniform bounds.

Note that
C−1 6 µ 6 C,

|∇µ| 6 C|∇ρ|,
∣∣∇2µ

∣∣ 6 C
(
|∇ρ|2 +

∣∣∇2ρ
∣∣) and |∇3µ| ≤ C̃(|∇ρ|3 + |∇ρ||∇2ρ|+ |∇3ρ|),

on [0, T ] × Ω̄.

Taking φ = umt in (3.27) and integrating by parts, we obtain

∫

Ω
ρ |umt |2 + 1

2

d

dt

∫

Ω
µ |∇um|2

=

∫

Ω
ρfumt −

∫
ρv∂xu

mumt +

∫

Ω
ρ

∫ y

0
∂xv(s)ds∂yu

mumt +
1

2

∫

Ω
µ′ (ρ) ∂tρ |∇um|2 .

(3.29)
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Then Hölder inequality, the linear transport equation (3.23)1, (3.18) and (3.20) yield
∫

Ω
ρ |umt |2 + 1

2

d

dt

∫

Ω
µ |∇um|2

≤ ‖√ρumt ‖L2 ‖
√
ρ‖L∞ ‖f‖L2 + ‖∂xum‖L2 ‖

√
ρumt ‖L2 ‖

√
ρ‖L∞ ‖v‖L∞

+ ‖∂yum‖
L2 ‖

√
ρumt ‖L2 ‖

√
ρ‖L∞

∥∥∥∥
∫ y

0
∂xv(s)ds

∥∥∥∥
L∞

+ C ‖v‖L∞ ‖∂xρ‖L∞ ‖∇um‖L2

+C

∥∥∥∥
∫ y

0
∂xv(x, s)ds

∥∥∥∥
L∞

‖∂yρ‖L∞ ‖∇um‖L2 + λC‖ρxx‖L∞‖∇um‖L2

≤ C + ǫ ‖√ρumt ‖2L2 + C ‖∇um‖2L2 ,

(3.30)

where we have used the following estimate
∥∥∥∥
∫ y

0
∂xv(s)ds

∥∥∥∥
L∞

=

∥∥∥∥
∫ y

0
∂xv(s)ds

∥∥∥∥
W

1,2
x W

1,2
y

≤ ‖∂xv‖W 1,2
x L2

y
≤ ‖v‖H2 .

Therefore, applying Gronwall’s inequality, we obtain
∫ T

0
‖√ρumt (t)‖2

L2 dt+ sup
06t6T

‖∇um(t)‖2L2 6 C. (3.31)

Next, we differentiate (3.27) with respect to t and take φ = umt . We can deduce

1

2

d

dt

∫

Ω
ρ |umt |2 +

∫

Ω
µ(ρ) |∇umt |2

= −1

2

∫

Ω
ρt(u

m
t )2 −

∫

Ω
ρtv · ∂xumumt +

∫

Ω
ρt

∫ y

0
∂xv(s)ds · ∂yumumt

−
∫

Ω
µt(ρ)∇um∇umt −

∫

Ω
ρvt∂xu

mumt −
∫

Ω
ρv∂xu

m
t u

m
t +

∫

Ω
ρ

∫ y

0
∂xvt(s)ds∂yu

mumt

+

∫

Ω
ρ

∫ y

0
∂xv(s)ds∂yu

m
t u

m
t +

∫

Ω
ρftu

m
t +

∫

Ω
ρtfu

m
t =

10∑

i=1

Ii.

(3.32)

Then using (3.23)1, we can deduce

I1 = −1

2

∫

Ω
(v∂xρ−

∫ y

0
∂xv(s)ds∂yρ− λρxxu

m
t u

m
t

=
1

2

∫

Ω
(vρ∂xu

m
t u

m
t −

∫ y

0
∂xv(s)dsρ∂yu

m
t u

m
t − λCδρxxu

m
t u

m
t )

≤ ‖v‖H2 ‖
√
ρumt ‖

L2 ‖∇umt ‖L2 ‖
√
ρ‖

L∞

+ λCδ‖ρxx‖L∞‖√ρumt ‖L2 ‖∇umt ‖L2

≤ Cδ ‖
√
ρumt ‖2L2 + ǫ ‖∇umt ‖2L2

(3.33)

where using Pioncare inequality in y-direction and

I2 = −
∫

Ω
(v∂xρ−

∫ y

0
∂xv(s)ds∂yρ− λρxx)v∂xu

mumt

≤ C(‖v‖L∞ ‖∂xρ‖L∞ ‖∂xum‖L2 ‖umt ‖L∞
y L2

x
‖v‖L2

yL
∞
x

+ ‖v‖L∞ ‖∂yρ‖L∞ ‖∂xum‖L2 ‖umt ‖L2
yL

∞
x

∥∥∥∥
∫ y

0
∂xv(s)ds

∥∥∥∥
L2
xL

∞

y

+ ‖ρxx‖L∞‖∂xum‖L2 ‖umt ‖L∞
y L2

x
‖v‖L2

yL
∞
x
)

≤ C + ǫ ‖∇umt ‖2L2 .

(3.34)
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Similarly, we can get I3 ≤ C + ǫ ‖∇umt ‖2L2 , and I4 ≤ C + ǫ ‖∇umt ‖2L2 , where ǫ is some small
number.

For the term I5, we have

I5 =

∫

Ω
ρvt∂xu

mumt ≤ ‖ρ‖L∞
‖umt ‖L6

yL
2
x
‖vt‖L3

yL
∞

x
‖∇um‖L2

≤ C ‖ρ‖L∞
‖∂yumt ‖

L2
yL

2
x
‖vt‖W 1,2

y W
1,2
x

‖∇um‖L2

≤ C ‖vt‖2H1 + ǫ ‖∇umt ‖2L2 ,

(3.35)

where we use Poincare in y-direction.

I8 + I6 ≤ C ‖√ρumt ‖2L2 + ǫ ‖∇umt ‖2L2
. (3.36)

For the term I7, one has

I7 ≤ C ‖∂yum‖L2 ‖umt ‖L2
yL

∞
x

∥∥∥∥
∫ y

0
∂xvt(s)ds

∥∥∥∥
L2
xL

∞

y

≤ C ‖vt‖2H1 + ǫ ‖∇umt ‖2L2 .

(3.37)

A similiar argument to I9 yields that

I9 ≤ C(‖ft‖2L2 + ‖√ρumt ‖2L2). (3.38)

For the last term I10, we get that

I10 ≤ ‖v‖L∞ ‖∂xρ‖L∞ ‖f‖L∞

y L2
x
‖umt ‖L∞

x L2
y
+ ‖f‖L2 ‖∂xρ‖L∞

∥∥∥∥
∫ y

0
∂xv(s)ds

∥∥∥∥
L∞
y L2

x

‖umt ‖L∞

x L2
y

+ λ‖ρxx‖L∞ ‖f‖L∞

y L2
x
‖umt ‖L∞

x L2
y
≤ C ‖f‖2H1 + ǫ ‖∇umt ‖2L2 .

(3.39)
where we use Poincare inequality in y-direction.

Substituting all the estimates into (3.32) with suitably small ǫ > 0, we obtain

d

dt
‖√ρumt ‖2L2 + ‖umt ‖2H1 6 C

(
1 + ‖f‖2H1 + ‖ft‖2L2 + ‖vt‖2H1

)
+C ‖√ρumt ‖2L2 .

By Gronwall’s inequality, we deduce that

sup
06t6T

‖√ρumt (t)‖2L2 +

∫ T

0
‖umt (t)‖2H1 dt 6 C

(
1 + ‖√ρumt (0)‖2L2

)
. (3.40)

Recall that V1 is given in (1.5), essentially V1 = ut|t=0, and ρ0 ≥ δ. Using the facts that

umt (0) =

m∑

k=1

(ut(0), ψ
k)L2ψk → ut(0) in L

2 as m→ ∞, we deduce from (3.31) and (3.40) that

sup
06t6T

(
‖∇um(t)‖2L2 + ‖√ρumt (t)‖2L2

)
+

∫ T

0
‖umt (t)‖2H1 dt 6 C̃. (3.41)

Using the uniform bound on m, there is a sequence {mk} such that (∇umk , umk
t )

∗→ (∇u, ut)
in L∞

(
0, T∗;L

2
)
and umk

t
w→ ut in L

2
(
0, T∗;H

1
)
for some limit function u.
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By Aubin compactness theorem, we have also

um → u in L2(0, T ;L2(Ω)) strongly.

It is easy to see that u is a weak solution to the original non-stationary hydrostatic Stokes
equations (with the initial data u0). Moreover, observe that for a.e. t in (0, T ),

∫

Ω
µ(ρ)∇u · ∇φ =

∫

Ω
ρ(f − ut − v∂xu+

∫ y

0
∂xv(s)ds∂yu) · φ

for all φ ∈ X, which follows from (3.27) by passing to the limits. Hence it follows from
the classical results in [1] that for a.e. t in (0, T ), there exists P ∈ L2 such that (u, P ) is
a weak solution of the stationary hydrostatic Stokes equations (3.4) with F = ρ(f − ut −
v∂xu+

∫ y

0 ∂xv(s)ds∂yu). From Lemma 3.1 and estimates (3.41), we easily deduce that ∇u, P ∈
L∞(0, T ;H1)∩L2(0, T ;H2). The time-continuity of u in H2 follows from a standard embedding
result. This verifies (u, ρ, P ) is the solution to (3.23) and

ρ ∈ L∞(0, T ;W 2,∞ ∩H3), ρt ∈ L∞(0, T ;W 1,2 ∩ L∞)

u ∈ L∞(0, T ;H2) ∩ L2(0, T ;H3), ut ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1).
(3.42)

Next, we prove that u ∈ L∞(0, T ;H3) ∩ L2(0, T ;H4), under the initial condition u0 ∈ H3

and the compatibility condition (1.5). Additionaly, supposed u0 ∈ H3, from the equation (3.1)2,
one has ut|t=0 ∈ H1(Ω).

We differentiate (3.1)2 with respect to t and multiply utt, one has
∫

Ω
ρ|utt|2 +

1

2

d

dt

∫

Ω
µ(ρ)|∇ut|2

= −
∫

Ω
ρtututt −

∫

Ω
ρtv∂xuutt −

∫

Ω
ρvt∂xuutt −

∫

Ω
ρv∂xututt

+

∫

Ω
ρt

∫ y

0
∂xv(s)ds∂yuutt +

∫

Ω
ρ

∫ y

0
∂xvt(s)ds∂yu+

∫

Ω
ρ

∫ y

0
∂xv(s)ds∂yututt

+

∫

Ω
div(µ(ρ)t∇u)utt +

∫

Ω
ρtfutt +

∫

Ω
ρftutt +

1

2

∫

Ω
µ(ρ)t|∇ut|2 =

11∑

i=1

Ji.

(3.43)

For J1, we have

J1 ≤ Cδ‖ρt‖L∞‖√ρutt‖L2‖ut‖L2 ≤ Cδ‖∇ut‖2L2 + ǫ‖√ρutt‖2L2 ,

where we use Poincare inequality in y-direction and Cδ is some positive constant depending on
δ. To control J2 − J4, by Holder inequality, we have

J2 + J3 + J4 ≤ Cδ‖ρt‖L∞‖v‖L∞‖∂xu‖L2‖√ρutt‖L2

+ ‖√ρ‖L∞‖vt‖L∞‖∂xu‖L2‖√ρutt‖L2

+ ‖√ρ‖L∞‖v‖L∞‖√ρutt‖L2‖∂xut‖L2

≤ Cδ + ǫ‖√ρutt‖2L2 + C‖vt‖2H2 + C‖∇ut‖2L2 .

As the same manner of the derivation above, we can see

J5 + J6 ≤ Cδ‖ρt‖L∞‖
∫ y

0
∂xvds‖L∞‖∂yu‖L2‖√ρutt‖L2

+ ‖√ρ‖L∞‖
∫ y

0
∂xvtds‖L∞‖∂yu‖L2‖√ρutt‖L2

≤ Cδ + ǫ‖√ρutt‖2L2 + C‖vt‖2H2 ,
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and

J7 + J8 ≤ ‖√ρ‖L∞‖
∫ y

0
∂xv(s)ds‖L∞‖∂yut‖L2‖√ρutt‖L2

+ Cδ‖∇ρt‖L2‖∇u‖L∞‖√ρutt‖L2

+ Cδ‖ρt‖L∞‖∆u‖L2‖√ρutt‖L2

≤ ǫ‖√ρutt‖2L2 + Cδ‖vt‖2H2 .

Furthermore, we have

J9 + J10 + J11 ≤ ‖ρt‖∞‖f‖L2‖√ρutt‖L2 + ‖√ρ‖∞‖ft‖L2‖√ρutt‖L2 + ‖ρt‖L∞‖∇ut‖2

≤ Cδ + ǫ‖√ρutt‖2L2 + C‖∇ut‖2L2 .

Therefore, collecting the estimates above, after choosing ǫ small enough, we get

‖√ρutt‖2 +
d

dt
‖∇ut‖2L2 ≤ Cδ‖∇ut‖2L2 + Cδ + Cδ‖vt‖2H2 .

Then Gronwall inequality yields

∫ t

0
‖√ρutt(s)‖2L2ds+ ‖∇ut(t)‖2L2 ≤ Cδ. (3.44)

From Lemma 3.1 and (3.23)2, we have

‖u‖H3 ≤ C‖F‖H1(1 + ‖∇ρ‖L∞ + ‖∇ρ‖2L∞)(1 + ‖∇2ρ‖L2), (3.45)

where

F = ρ(f − ut − v∂xu+

∫ y

0
∂xv(s)ds∂yu).

Therefore, using the above estimates (3.42) and (3.44), we have

F ∈ L∞(0, T ;L2),∇F ∈ L∞(0, T ;L2) and u ∈ L∞(0, T ;H3).

We differentiate (3.23)2 with respect to t, consider the hydrostatic Stokes problem:

−div(µ(ρ)∇ut) + ∂xPt = Ft,

where

Ft = −ρtut − ρutt − ρtv∂xu− ρv∂xut − ρvt∂xu+ ρt

∫ y

0
∂xv(s)ds∂yu+ ρ

∫ y

0
∂xvt(s)ds∂yu

+ρ

∫ y

0
∂xv(s)ds∂yut + µ(ρ)t∇u+ µ(ρ)t∆u+ ρtf + ρft.

From Lemma 3.1, we have
‖ut‖H2 ≤ C‖Ft‖L2(1 + ‖∇ρ‖L∞). (3.46)

Combining with estimates (3.42) and (3.44), we have Ft ∈ L2(0, T ;L2) and ut ∈ L2(0, T ;H2).

Following with similar arguments as above, we easily deduce that u ∈ L2(0, T ;H4). The
time-continuity of u in H3 follows from a standard embedding result. This completes the proof
of the lemma. �
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Remark 3.1. If (ρ, u, P ) is a strong solution to the linearized problem (3.23)-(3.24) satisfying
(3.25), then it satisfies the following identity analogous to (3.32): for a.e. t in (0, T ),

1

2

d

dt

∫

Ω
ρ |ut|2 dx+

∫

Ω
µ(ρ) |∇ut|2

= −
∫

Ω
ρt(ut)

2 −
∫

Ω
ρtv · ∂xuut +

∫

Ω
ρt

∫ y

0
∂xv(s)ds · ∂yuut −

∫

Ω
µt(ρ)∇u∇ut

−
∫

Ω
ρvt∂xuut +

∫

Ω
ρ

∫ y

0
∂xvt(s)ds∂yuut +

∫

Ω
ρftut +

∫

Ω
ρtfut.

(3.47)

3.3 Proof of Proposition 3.1

In this subsection, we mainly prove the existence and uniqueness of strong solutions to the
original system (3.1) for the case of a positive initial density.

To see this, assume that µ ∈ C3[0,∞), ρ0 ∈ W 3,2, ∇ρ0 ∈ W 1,∞ and ρ0 ≥ δ in Ω̄ for some
constant δ > 0. We construct approximate solutions, inductively, as follows:
(1) Define u0 = 0, and
(2) Assume that uk−1 is defined for k ≥ 1. Then define (ρk, uk, P k) to be the unique global
strong solution to the linearized problem (3.23)-(3.24) with v replaced by uk−1.

Next, we will give the uniform bounds of the approximate solutions and prove that these
solutions converge to a local strong solution to the system (3.1). Moreover, we show that the
local strong solution is unique.

3.3.1 Uniform bounds

To prove uniform bounds for the approximate solutions, we introduce a functional ΦK(t) defined
by

ΦK(t) = max
16k6K

(
1 +

∥∥∥∇ρk(t)
∥∥∥
W 1,∞

+ ‖∇ukt (t)‖L2 +
∥∥∥∇2ρk(t)

∥∥∥
W 1,2

+
∥∥∥∇uk(t)

∥∥∥
L2

)
(3.48)

where K ≥ 1 an integer. Second, we will estimate each term of ΦK in terms of some integrals of
ΦK , apply arguments of Gronwall-type inequality and thus prove that ΦK is locally bounded.
Finally, it is easy to see that the boundness of ΦK is sufficient to give uniform bounds for the
approximate solutions.

To simplify the presentation, we use the following notations

µk = µ(ρk), k = 1, 2, · · · .

Using the facts that C ≥ ρ0 ≥ δ, according to the parabolic maximum principle, we deduce that

δ 6 ρk 6 C on [0, T ]× Ω̄.

Furthermore, we have ∣∣∣∇µk
∣∣∣ 6 C

∣∣∣∇ρk
∣∣∣ ,

∣∣∣∇2µk
∣∣∣ 6 C

(∣∣∣∇ρk
∣∣∣
2
+

∣∣∣∇2ρk
∣∣∣
)
, and |∇3µk| ≤ C̃(|∇ρk|3 + |∇ρk||∇2ρk|+ |∇3ρk|) on [0, T ] × Ω̄.
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Lemma 3.4. Assume that (ρk, uk, P k) is the unique global strong solution to the linearized
problem (3.23)-(3.24) with v replaced by uk−1. Then, for any t ∈ [0, T ], it holds that

∫ t

0

∥∥∥
√
ρkukt (s)

∥∥∥
2

L2
ds+

∥∥∥∇uk(t)
∥∥∥
2

L2
6 C + C

∫ t

0
ΦK(s)8 ds (3.49)

for all k, 1 6 k 6 K.

Proof. Multiplying the linearized momentum equation by ukt and integrating over Ω, we
derive

∫

Ω
ρk

∣∣∣ukt
∣∣∣
2
+

1

2

d

dt

∫

Ω
µk

∣∣∣∇uk
∣∣∣
2

=

∫

Ω
ρkfukt −

∫

Ω
ρkuk−1∂xu

kukt +

∫

Ω
ρk

∫ y

0
∂xu

k−1(s)ds∂yu
kukt +

1

2

∫

Ω
µ′

(
ρk
)
ρkt

∣∣∣∇uk
∣∣∣
2

=

∫

Ω
ρkfukt −

∫

Ω
ρkuk−1∂xu

kukt +

∫

Ω
ρk

∫ y

0
∂xu

k−1(s)ds∂yu
kukt

+

∫

Ω
uk−1∂xρ

k
∣∣∣∇uk

∣∣∣
2
−

∫

Ω

∫ y

0
∂xu

k−1(s)ds∂yρ
k
∣∣∣∇uk

∣∣∣
2
− λρkxx|∇uk|2 =

6∑

i=1

Ii.

(3.50)
where we use the linear transport equation (3.23)1 .

To estimate the right hand side of (3.50), the higher-order a priori estimates of the approx-
imate solutions are required. Note that

(
uk, P k

)
∈ H1

0,per × L2 is a solution of the hydrostatic
Stokes equations

−∂x
(
µ(ρk)∂xu

k
)
− ∂y

(
µ(ρk)∂yu

k
)
+ ∂xP

k = F k and ∂yP
k = 0 in Ω,

where F k = ρkf − ρkukt + ρkuk−1∂xu
k + ρk

∫ y

0 ∂xu
k−1(s)ds∂yu

k.

Then, it follows from Lemma 3.1 that

∥∥∥uk
∥∥∥
H2

+
∥∥∥P k

∥∥∥
H1

≤ C
∥∥∥F k

∥∥∥
L2

ΦK . (3.51)

Using Hölder inequalities, Gagliardo-Nirenberg inequalities, and anisotropy Sobolev inequal-
ities, one has

∥∥∥F k
∥∥∥
L2

≤
∥∥∥∥ρ

kf − ρkukt + ρkuk−1∂xu
k + ρk

∫ y

0
∂xu

k−1(s)ds∂yu
k

∥∥∥∥
L2

≤ C
∥∥∥ρkf

∥∥∥
L2

+
∥∥∥
√
ρkukt

∥∥∥
L2

+
∥∥∥uk−1

∥∥∥
L6

∥∥∥∂xuk
∥∥∥
L3

+

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L∞

y L2
x

∥∥∥∂yuk
∥∥∥
L2
yL

∞

x

≤ C(1 +
∥∥∥
√
ρkukt

∥∥∥
L2

+
∥∥∥uk

∥∥∥
1
3

H2
Φ

5
3
K +

∥∥∥uk
∥∥∥

1
2

H2
Φ

3
2
K +Φ2

K),

(3.52)

where we used the following facts:

∥∥∥uk−1
∥∥∥
L6

≤ C1

∥∥∥∇uk−1
∥∥∥

2
3

L2

∥∥∥uk−1
∥∥∥

1
3

L2
+ C2

∥∥∥uk−1
∥∥∥
L2

≤ C
∥∥∥∇uk−1

∥∥∥
L2
,
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∥∥∥∂xuk
∥∥∥
L3

≤ C1

∥∥∥∇∂xuk
∥∥∥

1
3

L2

∥∥∥∂xuk
∥∥∥

2
3

L2
+ C2

∥∥∥∂xuk
∥∥∥
L2

≤ C1

∥∥∥∇2uk
∥∥∥

1
3

L2

∥∥∥∇uk
∥∥∥

2
3

L2
+ C2

∥∥∥∇uk
∥∥∥
L2
,

and
∥∥∥∂yuk

∥∥∥
L2
yL

∞
x

≤ C1

∥∥∥∂y∂xuk
∥∥∥

1
2

L2

∥∥∥∂yuk
∥∥∥

1
2

L2
+C2

∥∥∥∂yuk
∥∥∥
L2

≤ C1

∥∥∥∇2uk
∥∥∥

1
2

L2

∥∥∥∇uk
∥∥∥

1
2

L2
+C2

∥∥∥∇uk
∥∥∥
L2
.

Substituting (3.52) into (3.51) and using Young’s inequality, we obtain
∥∥∥uk

∥∥∥
H2

+
∥∥∥P k

∥∥∥
H1

≤ C(φ5K +
∥∥∥
√
ρkukt

∥∥∥
L2
φK). (3.53)

Applying (3.53), we obtain

I2 ≤ ǫ‖
√
ρkukt ‖2L2 + C

∫

Ω
ρk|uk−1|2|∂xuk|2

≤ ǫ‖
√
ρkukt ‖2L2 + C‖∇uk−1‖2L2(‖∇uk‖L2‖uk‖H2 + ‖∇uk‖2L2)

≤ ǫ‖
√
ρkukt ‖2L2 + Cφ8K ,

(3.54)

where we use

‖∂xuk‖L4 ≤ C1‖∂xuk‖
1
2

L2‖∇∂xuk‖
1
2

L2 + C2‖∂xuk‖L2 .

Using Hölder inequalities, Gagliardo-Nirenberg inequalities, and anisotropy Sobolev inequalities,
one has

I3 ≤ C‖
√
ρkukt ‖L2‖

∫ y

0
∂xu

k−1(s)ds‖L∞L2‖∂yuk‖L2L∞

≤ Cφ4K + ǫ‖
√
ρkukt ‖2L2 ,

(3.55)

and

I4 =

∫

Ω
uk−1∂xρ

k
∣∣∣∇uk

∣∣∣
2
≤

∥∥∥uk−1
∥∥∥
L∞
y L2

x

∥∥∥∂xρk
∥∥∥
L∞

∥∥∥∇uk
∥∥∥
L2

∥∥∥∇uk
∥∥∥
L2
yL

∞
x

≤
∥∥∥∇uk−1

∥∥∥
L2

∥∥∥∂xρk
∥∥∥
L∞

∥∥∥∇uk
∥∥∥
L2

(C1

∥∥∥∇2uk
∥∥∥

1
2

L2

∥∥∥∇uk
∥∥∥

1
2

L2

+ C2

∥∥∥∇uk
∥∥∥
L2
) ≤ CΦ6

K + ǫ
∥∥∥
√
ρkukt

∥∥∥
2

L2
.

(3.56)

Similary, it yields

I5 = −
∫

Ω

∫ y

0
∂xu

k−1(s)ds∂yρ
k
∣∣∣∇uk

∣∣∣
2

≤
∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L∞

y L2
x

∥∥∥∂xρk
∥∥∥
L∞

∥∥∥∇uk
∥∥∥
L2

∥∥∥∇uk
∥∥∥
L2
yL

∞

x

≤ CΦ6
K + ǫ

∥∥∥
√
ρkukt

∥∥∥
2

L2
,

(3.57)

and

I6 =

∫

Ω
−λρkxx|∇uk|L2 ≤ λ‖ρkxx‖L∞Φ2

K ≤ CΦ3
K . (3.58)

Finally, substituting (3.54)-(3.58) into (3.50), with small ǫ, we obtain
∫

Ω
ρk

∣∣∣ukt
∣∣∣
2
dx+

d

dt

∫

Ω
µk

∣∣∣∇uk
∣∣∣
2
dx ≤ CΦ8

K .

Integrating the above inequality over (0, t), we complete the proof of the lemma. �
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Lemma 3.5. Assume that (ρk, uk, P k) is the unique global strong solution to the linearized
problem (3.23)-(3.24) with v replaced by uk−1. Then, for any t ∈ [0, T ], it holds that

∥∥∥
√
ρkukt (t)

∥∥∥
2

L2
+

∫ t

0

∥∥∥∇ukt (s)
∥∥∥
2

L2
ds 6 C(1 + ‖V1‖L2) exp

[
C

∫ t

0
ΦK(s)16 ds

]
(3.59)

for all k, 1 6 k 6 K.

Proof. Recall from (3.47) that

1

2

d

dt

∫

Ω
ρk

∣∣∣ukt
∣∣∣
2
+

∫

Ω
µ(ρk)

∣∣∣∇ukt
∣∣∣
2
+ µt(ρ

k)∇uk∇ukt

=

∫

Ω

[
ρk(ft − uk−1∂xu

k
t +

∫ y

0
∂xu

k−1(s)ds∂yu
k
t − uk−1

t ∂xu
k +

∫ y

0
∂xu

k−1
t (s)ds∂yu

k)

+ρkt (f − 1

2
ukt − uk−1∂xu

k +

∫ y

0
∂xu

k−1(s)ds∂yu
k)

]
ukt .

(3.60)

Hence using the linearized continuity equation (3.23)1, we have

1

2

d

dt

∫

Ω
ρk

∣∣∣ukt
∣∣∣
2
+

∫

Ω
µ(ρk)

∣∣∣∇ukt
∣∣∣
2

≤
∫

Ω
ρkukt ft +

∫

Ω
ρkukt u

k−1∂xu
k
t +

∫

Ω
[ρkukt

∫ y

0
∂xu

k−1(s)ds∂yu
k
t ] +

∫

Ω
ρkukt u

k−1
t ∂xu

k

+

∫

Ω
[ρkukt

∫ y

0
∂xu

k−1
t (s)ds∂yu

k] +

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k)fukt

+

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k)
1

2
ukt u

k
t

+

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k)uk−1∂xu

kukt

+

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k)

∫ y

0
∂xu

k−1(s)ds∂yu
kukt

−
∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k)∇uk∇ukt

= C

10∑

i=1

Ji.

(3.61)

By Hölder inequalities, Gagliardo-Nirenberg inequalities and anisotropy Sobolev inequalities,
it follows that

(3.62)
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J1 ≤
∥∥∥ρk

∥∥∥
1
2

L∞

‖ft‖L2

∥∥∥
√
ρkukt

∥∥∥
L2

≤ C(‖ft‖2L2
+ ǫ

∥∥∥
√
ρkukt

∥∥∥
2

L2

).

J2 ≤
∥∥∥ρkukt

∥∥∥
L4

∥∥∥∂xukt
∥∥∥
L2

∥∥∥uk−1
∥∥∥
L4

≤ C(C1

∥∥∥∇(ρkukt )
∥∥∥

1
2

L2

∥∥∥ρkukt
∥∥∥

1
2

L2

+ C2

∥∥∥ρkukt
∥∥∥
L2

)(C1

∥∥∥∇uk−1
∥∥∥

1
2

L2

∥∥∥uk−1
∥∥∥

1
2

L2

+ C2

∥∥∥uk−1
∥∥∥
L2

)
∥∥∥∂xukt

∥∥∥
L2

≤ C(C1

∥∥∥∇ρkukt + ρk∇ukt
∥∥∥

1
2

L2

∥∥∥ρkukt
∥∥∥

1
2

L2

+ C2

∥∥∥ρkukt
∥∥∥
L2

)
∥∥∥∇uk−1

∥∥∥
L2

∥∥∥∂xukt
∥∥∥
L2

≤ C(C1Φ
1
2
K

∥∥∥∇ukt
∥∥∥

1
2

L2

∥∥∥
√
ρkukt

∥∥∥
1
2

L2

+ C2

∥∥∥
√
ρkukt

∥∥∥
L2

)
∥∥∥∇uk−1

∥∥∥
L2

∥∥∥∂xukt
∥∥∥
L2

≤ CΦ
3
2
K

∥∥∥
√
ρkukt

∥∥∥
1
2

L2

∥∥∥∇ukt
∥∥∥

3
2

L2

+ CΦ
3
2
K

∥∥∥
√
ρkukt

∥∥∥
L2

∥∥∥∇ukt
∥∥∥
L2

≤ CΦ6
K

∥∥∥
√
ρkukt

∥∥∥
2

L2

+ ǫ
∥∥∥∇ukt

∥∥∥
2

L2

,

(3.63)

where we have used
∥∥∥∇ρkukt + ρk∇ukt

∥∥∥
1
2

L2

≤ C(
∥∥∥∇ρkukt

∥∥∥
1
2

L2

+
∥∥∥ρk∇ukt

∥∥∥
1
2

L2

) ≤ CΦ
1
2
K

∥∥∥∇ukt
∥∥∥

1
2

L2

.

Here and below, ǫ is some small number.

For the term J3, we deduce

J3 ≤
∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L∞
y L2

x

∥∥∥ρkukt
∥∥∥
L2
yL

∞
x

∥∥∥∂yukt
∥∥∥
L2

≤ C
∥∥∥∂xuk−1

∥∥∥
L2

(Φ
1
2
K

∥∥∥∇ukt
∥∥∥

1
2

L2

∥∥∥
√
ρkukt

∥∥∥
1
2

L2

+
∥∥∥
√
ρkukt

∥∥∥
L2

)‖∇ukt ‖L2

≤ C
∥∥∥
√
ρkukt

∥∥∥
2

L2

Φ6
K + ǫ

∥∥∥∇ukt
∥∥∥
2

L2

,

(3.64)

where we have used

∥∥∥ρkukt
∥∥∥
L2
yL

∞
x

≤ C
∥∥∥∂xρkukt + ρk∂xu

k
t

∥∥∥
1
2

L2

∥∥∥ρkukt
∥∥∥

1
2

L2

+ C
∥∥∥ρkukt

∥∥∥
L2

.

Similarly, it yields

J4 + J5 ≤
∥∥∥ρkukt

∥∥∥
L3

∥∥∥uk−1
t

∥∥∥
L6

∥∥∥∂xuk
∥∥∥
L2

+

∥∥∥∥
∫ y

0
∂xu

k−1
t (s)ds

∥∥∥∥
L∞

y L2
x

∥∥∥ρkukt
∥∥∥
L2
yL

∞
x

∥∥∥∂yuk
∥∥∥
L2

≤ C(Φ
1
3
K

∥∥∥∇ukt
∥∥∥

1
3

L2

∥∥∥ρkukt
∥∥∥

2
3

L2

+
∥∥∥ρkukt

∥∥∥
L2

)
∥∥∥∇uk−1

t

∥∥∥
L2

∥∥∥∂xuk
∥∥∥
L2

+ C(Φ
1
2
K

∥∥∥∇ukt
∥∥∥

1
2

L2

∥∥∥ρkukt
∥∥∥

1
2

L2

+
∥∥∥ρkukt

∥∥∥
L2

)
∥∥∥∇uk−1

t

∥∥∥
L2

∥∥∥∂yuk
∥∥∥
L2

≤ CΦ
8
3
K

∥∥∥∇ukt
∥∥∥

2
3

L2

∥∥∥
√
ρkukt

∥∥∥
4
3

L2

+
θ

2

∥∥∥∇uk−1
t

∥∥∥
2

L2

+ C
∥∥∥
√
ρkukt

∥∥∥
2

L2

Φ2
K

+ CΦ3
K

∥∥∥∇ukt
∥∥∥
L2

∥∥∥
√
ρkukt

∥∥∥
L2

+
θ

2

∥∥∥∇uk−1
t

∥∥∥
2

L2

+ C
∥∥∥
√
ρkukt

∥∥∥
2

L2

Φ2
K

≤ CΦ6
K

∥∥∥
√
ρkukt

∥∥∥
2

L2

+ θ
∥∥∥∇uk−1

t

∥∥∥
2

L2

+ ǫ
∥∥∥∇ukt

∥∥∥
2

L2

,
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where ǫ, θ is some small number.

For the term J6, we deduce

J6 =

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k − λρkxx)fu

k
t

≤
∥∥∥uk−1

∥∥∥
L4

∥∥∥ukt
∥∥∥
L4

‖∂xf‖L2

∥∥∥ρk
∥∥∥
L∞

+

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L2
xL

∞
y

∥∥∥ukt
∥∥∥
L2
yL

∞

x

‖∂yf‖L2

∥∥∥ρk
∥∥∥
L∞

+
∥∥∥uk−1

∥∥∥
L4

∥∥∥∂xukt
∥∥∥
L2

‖f‖L2

∥∥∥ρk
∥∥∥
L∞

+

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L2
xL

∞

y

∥∥∥∂yukt
∥∥∥
L2

‖f‖L2
yL

∞
x

∥∥∥ρk
∥∥∥
L∞

+ λ‖ρkxx‖L2‖ukt ‖L∞L2‖f‖L∞L2 ≤ CΦ2
K + ǫ

∥∥∥∇ukt
∥∥∥
2

L2

.

(3.65)
Similarly, it yields

J7 =

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k − λρkxx)

1

2
ukt u

k
t ≤ C(ǫ, δ)

∥∥∥
√
ρkukt

∥∥∥
2

L2

Φ6
K + ǫ

∥∥∥∇ukt
∥∥∥
2

L2

.

(3.66)

To estimate the term J8, we use (3.53) to get

J8 =

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k − λρkxx)u

k−1∂xu
kukt

≤
∥∥∥uk−1

∥∥∥
L2
xL

∞

y

∥∥∥∂xρk
∥∥∥
L∞

∥∥∥uk−1
∥∥∥
L∞

y L2
x

∥∥∥∂xuk
∥∥∥
L2
yL

∞

x

∥∥∥ukt
∥∥∥
L2
yL

∞

x

+

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L∞

y L2
x

∥∥∥∂yρk
∥∥∥
L∞

∥∥∥uk−1
∥∥∥
L2
xL

∞
y

∥∥∥∂xuk
∥∥∥
L2
yL

∞
x

∥∥∥ukt
∥∥∥
L2
yL

∞
x

+ λ‖ρkxx‖L∞‖uk−1‖L∞

y L2
x
‖∂xuk‖L2‖ukt ‖L∞

x L2
y

≤ Φ3
K

∥∥∥uk
∥∥∥
H2

∥∥∥∇ukt
∥∥∥
L2

+Φ3
K

∥∥∥∇ukt
∥∥∥
L2

≤ CΦ16
K + CΦ8

K

∥∥∥
√
ρkukt

∥∥∥
2

L2
+ ǫ

∥∥∥∇ukt
∥∥∥
2

L2
.

(3.67)

The terms J9 and J10 are estimated in a similar way:

J9 =

∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k − λρkxx)

∫ y

0
∂xu

k−1(s)ds∂yu
kukt

≤
∥∥∥uk−1

∥∥∥
L2
yL

∞

x

∥∥∥∂xρk
∥∥∥
L∞

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L2
xL

∞
y

∥∥∥∂yuk
∥∥∥
L∞

y L2
x

∥∥∥ukt
∥∥∥
L2
yL

∞

x

+

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L2
xL

∞

y

∥∥∥∂yρk
∥∥∥
L∞

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds∂yu
k

∥∥∥∥
L2
yL

∞

x

∥∥∥∂yuk
∥∥∥
L2
xL

∞

x

∥∥∥ukt
∥∥∥
L2
yL

∞

x

+ ‖ρkxx‖L∞‖
∫ y

0
∂xu

k−1‖L∞L2‖∂yuk‖L2‖ukt ‖L∞L2

≤ Φ3
K

∥∥∥uk
∥∥∥
H2

∥∥∥∇ukt
∥∥∥
L2

+Φ3
K

∥∥∥∇ukt
∥∥∥
L2

≤ Cφ16K + Cφ8K

∥∥∥
√
ρkukt

∥∥∥
2

L2
+ ǫ

∥∥∥∇ukt
∥∥∥
2

L2
,

(3.68)
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and

J10 = −
∫

Ω
(uk−1∂xρ

k −
∫ y

0
∂xu

k−1(s)ds∂yρ
k − λρkxx)∇uk∇ukt

≤
∥∥∥uk−1

∥∥∥
L∞

y L2
x

∥∥∥∂xρk
∥∥∥
L∞

∥∥∥∇uk
∥∥∥
L∞

x L2
y

∥∥∥∇ukt
∥∥∥
L2

+

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L∞

y L2
x

∥∥∥∂yρk
∥∥∥
L∞

∥∥∥∇uk
∥∥∥
L2
yL

∞

x

∥∥∥∇ukt
∥∥∥
L2

+ λ‖ρkxx‖L∞‖∇uk‖L2‖∇ukt ‖L2

≤ CΦ14
K +CΦ6

K

∥∥∥
√
ρkukt

∥∥∥
2

L2

+ ǫ
∥∥∥∇ukt

∥∥∥
2

L2

.

(3.69)

Substituting these estimates of J1-J10 into (3.61) with small θ, ǫ > 0, we obtain

d

dt

∫

Ω
ρk

∣∣∣ukt
∣∣∣
2
dx+

∫

Ω

∣∣∣∇ukt
∣∣∣
2
dx

≤ C(1 + ‖ft‖2L2
) + CΦ16

K (1 +
∥∥∥
√
ρkukt

∥∥∥
2

L2

) + θ
∥∥∥∇uk−1

t

∥∥∥
2

L2

.

(3.70)

Thus, the desired estimates can be obtained exactly as in [[9], Lemma 8]. We complete the
proof of Lemma 3.5. �

Now, we give estimates of
∥∥∇ρk

∥∥
L∞

and ‖∇2ρk‖L2 , which are

Lemma 3.6. Assume that (ρk, uk, P k) is the unique global strong solution to the linearized
problem (3.23)-(3.24) with v replaced by uk−1. Then, for any t ∈ [0, T ], it holds that

∥∥∥∇ρk(t)
∥∥∥
L∞

6 C exp

[
C (1 + ‖V1‖L2) exp

(
C

∫ t

0
ΦK(s)20 ds

)]
, (3.71)

and ∥∥∥∇2ρk(t)
∥∥∥
L2

6 C exp

[
C (1 + ‖V1‖L2) exp

(
C

∫ t

0
ΦK(s)20 ds

)]
(3.72)

for all k, 1 6 k 6 K.

Before we give the proof of Lemma 3.6, we first prove

Lemma 3.7. Assume that (ρk, uk, P k) is the unique global strong solution to the linearized
problem (3.23)-(3.24) with v replaced by uk−1. Then, for any t ∈ [0, T ], it holds that

∥∥∥uk
∥∥∥
H3

+
∥∥∥P k

∥∥∥
H2

≤ C(‖f‖2H1 +
∥∥∥
√
ρkukt

∥∥∥
2

L2
+

∥∥∥
√
ρk−1uk−1

t

∥∥∥
2

L2
+ ‖∇ukt ‖L2Φ4

K +Φ20
K ) (3.73)

for all k, 1 6 k 6 K.

Proof. It follows from Lemma 3.1 that

‖uk‖H3 + ‖P k‖H2 6 C‖F k‖H1(1 + ‖∇ρk‖L∞ + ‖∇ρk‖2L∞)(1 + ‖∇2ρk‖L2),

where F k = ρkf − ρkukt + ρkuk−1∂xu
k + ρk

∫ y

0 ∂xu
k−1(s)ds∂yu

k.

Therefore, we have

‖uk‖H3 + ‖P k‖H2 ≤ C
∥∥∥F k

∥∥∥
H1

Φ3
K ≤ C(‖F k‖L2Φ3

K +
∥∥∥∇F k

∥∥∥
L2

Φ3
K). (3.74)
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The first term on the right hand side of (3.74) can be estimated in a similar way as in (3.52).

To estimate the second term on the right hand side of (3.74), one has
∥∥∥∇F k

∥∥∥
L2

Φ3
K ≤ (

∥∥∥∇ρk
∥∥∥
L∞

‖f‖L2 +
∥∥∥ρk

∥∥∥
L∞

‖∇f‖L2
+

∥∥∥∇ρk
∥∥∥
L∞

∥∥∥∂tuk
∥∥∥
L2

+
∥∥∥ρk

∥∥∥
L∞

∥∥∥∇∂tuk
∥∥∥
L2

+
∥∥∥∇ρk

∥∥∥
L∞

∥∥∥uk−1
∥∥∥
L∞
x L2

y

∥∥∥∂xuk
∥∥∥
L∞
y L2

x

+
∥∥∥∇uk−1

∥∥∥
L∞
y L2

x

∥∥∥∂xuk
∥∥∥
L2
yL

∞
x

∥∥∥ρk
∥∥∥
L∞

+
∥∥∥uk−1

∥∥∥
L∞
y L2

x

∥∥∥∇∂xuk
∥∥∥
L2
yL

∞
x

∥∥∥ρk
∥∥∥
L∞

+
∥∥∥∇ρk

∥∥∥
L∞

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L∞
y L2

x

∥∥∥∂yuk
∥∥∥
L∞
x L2

y

+

∥∥∥∥ρ
k

∫ y

0
∂xxu

k−1(s)ds∂yu
k

∥∥∥∥
L2

+
∥∥∥ρk∂xuk−1∂yu

k
∥∥∥
L2

+
∥∥∥ρk

∥∥∥
L∞

∥∥∥∥
∫ y

0
∂xu

k−1(s)ds

∥∥∥∥
L∞
y L2

x

∥∥∥∇∂yuk
∥∥∥
L∞

x L2
y

)Φ3
K

=

11∑

i=1

Li.

(3.75)
The estimates for L1-L4 are given as follows.

L1 + L2 ≤ Φ4
K ‖f‖H1 ,

and
L3 + L4 ≤ Φ4

K

∥∥∥∇ukt
∥∥∥
L2

.

To estimate the term L5, thanks to the Gagliardo-Nirenberg inequality, one has

L5 ≤ ‖∇ρk‖L∞‖∇uk−1‖L2‖uk‖H2Φ3
K ≤ C‖√ρukt ‖L2φ6K + Cφ10K .

A similar argument yields

L6 ≤ (C1

∥∥∥∂y∇uk−1
∥∥∥

1
2

L2

∥∥∥∇uk−1
∥∥∥

1
2

L2
+ C2

∥∥∥∇uk−1
∥∥∥
L2
)(C1

∥∥∥∂xxuk
∥∥∥

1
2

L2

∥∥∥∂xuk
∥∥∥

1
2

L2

+ C2

∥∥∥∂xuk
∥∥∥
L2
)Φ3

K

≤ C
∥∥∥
√
ρuk−1

t

∥∥∥
L2

Φ8
K +Φ9

K + ǫ‖uk‖H2 .

(3.76)

Using (3.53) and the Gagliardo-Nirenberg inequality, we deduce

L7 ≤ C(
∥∥∥∇uk−1

∥∥∥
L2

∥∥∥uk
∥∥∥

1
2

H3

∥∥∥∇2uk
∥∥∥

1
2

L2
+

∥∥∥∇uk−1
∥∥∥
L2

∥∥∥∇2uk
∥∥∥
L2
)φ8K

≤ ǫ
∥∥∥uk

∥∥∥
H3

+ C
∥∥∥
√
ρukt

∥∥∥
L2

Φ9
K +Φ13

K ,

(3.77)

where we have used
∥∥∥∇∂xuk

∥∥∥
L2
yL

∞
x

≤ C1

∥∥∥∂x∇∂xuk
∥∥∥

1
2

L2

∥∥∥∇∂xuk
∥∥∥

1
2

L2
+ C2

∥∥∥∇∂xuk
∥∥∥
L2
.

The estimates for L8 and L9 are given as follows.

L8 ≤ Φ4
K

∥∥∥∂xuk−1
∥∥∥
L2

(C1

∥∥∥uk
∥∥∥

1
2

H2

∥∥∥∇uk
∥∥∥

1
2

L2
+C2

∥∥∥∇uk
∥∥∥
L2
)

≤ CΦ11
K + ǫ

∥∥∥uk
∥∥∥
H2
.

(3.78)
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L9 ≤
∥∥∥∥
∫ y

0
∂xxu

k−1(s)ds

∥∥∥∥
L∞

y L2
x

∥∥∥∂yuk
∥∥∥
L∞

x L2
y

φ3K

≤
∥∥∥uk−1

∥∥∥
H2

(C1

∥∥∥uk
∥∥∥

1
2

H2

∥∥∥∇uk
∥∥∥

1
2

L2
+ C2

∥∥∥∇uk
∥∥∥
L2
)φ3K

≤ C(
∥∥∥√ρukt

∥∥∥
2

L2
+
∥∥∥√ρuk−1

t

∥∥∥
2

L2
+Φ20

K ).

(3.79)

The estimate of L10 is the same as that of L6. For the last term L11, we get that

L11 ≤ Φ4
K(C1

∥∥∥uk
∥∥∥

1
2

H3

∥∥∥uk
∥∥∥

1
2

H2
+ C2

∥∥∥uk
∥∥∥
H2

)

≤ ǫ
∥∥∥uk

∥∥∥
H3

+ C
∥∥∥
√
ρukt

∥∥∥
L2

Φ9
K + φ13K .

(3.80)

Substituting estimates L1-L11 into (3.75) with small ǫ > 0, we obtain

∥∥∥uk
∥∥∥
H3

+
∥∥∥P k

∥∥∥
H2

≤ C(‖f‖2H1+
∥∥∥
√
ρkukt

∥∥∥
2

L2
+
∥∥∥
√
ρk−1uk−1

t

∥∥∥
2

L2
+‖∇ukt ‖L2Φ4

K+Φ20
K ) ≤ C(1+Φ20

K ).

The proof of the lemma is finished. �

Now we prove Lemma 3.6.

Proof of Lemma 3.6 It follows from (3.18) and (3.19) that

‖∇ρk(t)‖L∞ 6 ‖∇ρ0‖L∞ exp

(
C

∫ t

0
‖uk−1(s)‖H3 ds

)
,

and

‖∇2ρk(t)‖L2 6 (
∥∥∇2ρ0

∥∥
L2 + ‖∇ρ0‖L∞) exp

(
C

∫ t

0
‖uk−1(s)‖H3 ds

)
.

Applying Lemma 3.7 and Lemma 3.5 leads to

∥∥∥∇ρk
∥∥∥
L∞

≤ C exp
[
C

∫ t

0
ΦK(s)20ds+ C

∫ t

0

∥∥∥∇uk−1
t

∥∥∥
2

L2
ds+ C

∫ t

0

∥∥∥∇uk−2
t

∥∥∥
2

L2
ds
]

≤ C exp[exp(C

∫ t

0
ΦK(s)20ds) + C(1 + ‖V1‖L2) exp(C

∫ t

0
ΦK(s)16ds)]

≤ C exp[C(1 + ‖V1‖L2) exp
( ∫ t

0
ΦK(s)20ds)].

(3.81)

Similarly, we can obtain

∥∥∥∇2ρk(t)
∥∥∥
L2

6 C exp

[
C (1 + ‖V1‖L2) exp

(
C

∫ t

0
Φ20
K (s) ds

)]
.

The proof of Lemma 3.6 is complete. �

Now, we give eatimates of
∥∥∇2ρk

∥∥
L∞

and ‖∇3ρk‖L2 , which are

Lemma 3.8. Assume that (ρk, uk, P k) is the unique global strong solution to the linearized
problem (3.23)-(3.24) with v replaced by uk−1. Then, for any t ∈ [0, T ], it holds that

∥∥∥∇2ρk(t)
∥∥∥
L∞

6 C exp[C̃δ(1 + ‖V1‖L2)2 exp(C̃

∫ t

0
Φ42
K (s)ds)], (3.82)



29

and ∥∥∥∇3ρk(t)
∥∥∥
L2

≤ C exp[C̃δ(1 + ‖V1‖L2)2 exp(C̃

∫ t

0
Φ42
K (s)ds)]. (3.83)

for all k, 1 6 k 6 K.

Before we prove Lemma 3.8, we still need the following lemma:

Lemma 3.9. Assume that (ρk, uk, P k) is the unique global strong solution to the linearized
problem (3.23)-(3.24) with v replaced by uk−1. Then, for any t ∈ [0, T ], it holds that

∫ t

0
‖
√
ρkuktt(s)‖2L2ds+ ‖∇ukt (t)‖2L2 ≤ Cδ(1 + ‖V1‖L2)2 exp[C

∫ t

0
Φ42
K (s)ds], (3.84)

for all k, 1 6 k 6 K and Cδ is a positive constant depending on δ.

Proof. We differentiate (3.1)2 with respect to t and multiply uktt, one has

∫

Ω
ρk|uktt|2 +

1

2

d

dt

∫

Ω
µ(ρk)|∇ukt |2

= −
∫

Ω
ρkt u

k
t u

k
tt −

∫

Ω
ρkt u

k−1∂xu
kuktt −

∫

Ω
ρkuk−1

t ∂xu
kuktt −

∫

Ω
ρkuk−1∂xu

k
t u

k
tt

−
∫

Ω
ρkt

∫ y

0
∂xu

k−1∂yu
kuktt −

∫

Ω
ρk

∫ y

0
∂xu

k−1
t ∂yu

kuktt −
∫

Ω
ρk

∫ y

0
∂xu

k−1∂yu
k
t u

k
tt

+

∫

Ω
∇ρkt∇ukuktt +

∫

Ω
ρkt∇2ukuktt +

1

2

∫

Ω
µ(ρk)t|∇ukt |2 +

∫

Ω
ρkt fu

k
tt +

∫

Ω
ρkftu

k
tt =

12∑

i=1

Mi.

(3.85)
Then one has the following estimates to the terms in the right-hand side of (3.85).

M1 = −
∫

Ω
ρkt u

k
t u

k
tt ≤ ǫ‖

√
ρkuktt‖2L2 + Cδ‖ρkt ‖2L∞‖∇ukt ‖2L2 ≤ ǫ‖

√
ρkuktt‖2L2 + CδΦ

4
K‖∇ukt ‖2L2 .

M2 =

∫

Ω
ρkt u

k−1∂xu
kuktt ≤ Cδ‖

√
ρkuktt‖L2‖ρkt ‖L∞‖∇uk‖L∞

x L2
y
‖uk−1‖L∞

y L2
x
≤ ǫ‖

√
ρkuktt‖2L2 + CδΦ

16
K .

M3 = −
∫

Ω
ρkuk−1

t ∂xu
kuktt ≤ ‖

√
ρk‖L∞‖

√
ρkuktt‖L2‖uk−1

t ‖L∞

x L2
y
‖∂xuk‖L2

yL
∞

x

≤ ǫ‖
√
ρkuktt‖2L2 + CδΦ

12
K .

M4 = −
∫

Ω
ρkuk−1∂xu

k
t u

k
tt ≤ ‖

√
ρk‖L∞‖

√
ρkuktt‖L2‖uk−1‖L∞‖∂xukt ‖L2

≤ ǫ‖
√
ρkuktt‖2L2 + CΦ10

K‖∂xukt ‖2L2 ,

where we use
‖uk‖H2 ≤ CΦ5

K.

Similarly as above, we have
M5 ≤ ǫ‖

√
ρkuktt‖2L2 + CδΦ

16
K ,

M6 ≤ ǫ‖
√
ρkuktt‖2L2 + CδΦ

12
K ,

and
M7 ≤ ǫ‖

√
ρkuktt‖2L2 + CΦ10

K ‖∂xukt ‖2L2 .
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We get by (3.23)1 that

M8 =

∫

Ω
∇ρkt∇ukuktt

=

∫

Ω
uktt(∇uk−1∂xρ+ uk−1∇∂xρk + ∂xu

k−1∂yρ
k +

∫ y

0
∂xu

k−1∇∂yρ

+

∫ y

0
∂xxu

k−1∂yρ
k + λ∇∂xxρk)∇uk

≤ Cδ(‖
√
ρkuktt‖L2‖uk−1‖H2ΦK‖uk‖H2 + ‖

√
ρkuktt‖L2Φ2

K‖uk‖H2 + ‖
√
ρkuktt‖L2ΦK‖uk‖H3)

≤ ǫ‖
√
ρkuktt‖2L2 + CδΦ

42
K ,

where we use
‖uk‖H3 ≤ C(1 + Φ20

K ).

For M9 and M10, we have

M9 +M10 =

∫

Ω
ρkt∇2ukuktt +

1

2

∫

Ω
µ(ρk)t|∇ukt |2

≤ ǫ‖
√
ρkuktt‖2L2 + CδΦ

6
K‖∇ukt ‖2L2 + CδΦ

14
K .

M11 +M12 =

∫

Ω
ρkt fu

k
tt +

∫

Ω
ρkftu

k
tt

≤ Cδ‖ρkt ‖L∞‖f‖L2‖
√
ρkuktt‖L2 +Cδ‖ρk‖L∞‖ft‖L2‖

√
ρkuktt‖L2

≤ ǫ‖
√
ρkuktt‖2L2 + CδΦ

12
K .

Summing up the above inequalities with small enough ǫ yields
∫

Ω
ρk|uktt|2 +

1

2

d

dt

∫

Ω
µ(ρk)|∇ukt |2 ≤ CδΦ

10
K ‖∇ukt (t)‖2L2 + CδΦ

42
K .

By Gronwall inequality, we have

∫ t

0
‖
√
ρkuktt(s)ds‖2L2 + ‖∇ukt (t)‖2L2 ≤ Cδ(1 + ‖V1‖2H1) exp(C

∫ t

0
Φ42
K (s)ds).

Lemma 3.10. Assume that (ρk, uk, P k) is the unique global strong solution to the linearized
problem (3.23)-(3.24) with v replaced by uk−1. Then, for any t ∈ [0, T ], it holds that

∥∥∥uk
∥∥∥
H4

+
∥∥∥P k

∥∥∥
H3

≤ C̃(Φ28
K + ‖

√
ρkuktt‖L2ΦK), (3.86)

for all k, 1 6 k 6 K.

Proof. Recall that

‖uk‖H4 ≤ C̃‖F k‖H2Φ3
K = C̃(‖F k‖W 1,2 + ‖∇2F k‖L2)Φ3

K , (3.87)

where F k = ρkf − ρkukt + ρkuk−1∂xu
k + ρk

∫ y

0 ∂xu
k−1(s)ds∂yu

k.

We only give the estimate of the term

C̃‖∇2F k‖L2Φ3
K , (3.88)
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where

‖∇2F k‖L2

= ‖∇2ρk∂tu
k‖L2 + ‖∇ρk∇∂tuk‖L2 + ‖∇ρk∇∂tuk‖L2 + ‖ρk∇2∂tu

k‖L2

+ ‖∇2ρkuk−1∂xu
k‖L2 + ‖∇ρk∇uk−1∂xu

k‖L2 + ‖∇ρkuk−1∇∂xuk‖L2

+ ‖∇2uk−1∂xu
kρk‖L2 + ‖∇uk−1∇∂xukρk‖L2 + ‖∇uk−1∂xu

k∇ρk‖L2

+ ‖∇uk−1∇∂xukρk‖L2 + ‖uk−1∇2∂xu
kρk‖L2 + ‖uk−1∇∂xuk∇ρk‖L2

+ ‖∇2ρk
∫ y

0
∂xu

k−1(s)ds∂yu
k‖L2 + ‖∇ρk∇

∫ y

0
∂xu

k−1(s)ds∂yu
k‖L2

+ ‖∇ρk
∫ y

0
∂xu

k−1(s)ds∇∂yuk‖L2 + ‖∇ρk
∫ y

0
∂xxu

k−1(s)ds∂yu
k‖L2

+ ‖ρk∇
∫ y

0
∂xxu

k−1(s)ds∂yu
k‖L2 + ‖ρk

∫ y

0
∂xxu

k−1(s)ds∇∂yuk(s)ds‖L2

+ ‖∇ρk∂xuk−1∂yu
k‖L2 + ‖ρk∇∂xuk−1∂yu

k‖L2 + ‖ρk∂xuk−1∇∂yuk‖L2 +∇ρk
∫ y

0
∂xu

k−1(s)ds∇∂yuk‖L2

+ ‖ρk∇
∫ y

0
∂xu

k−1(s)ds∇∂yuk‖L2 + ‖ρk
∫ y

0
∂x(s)dsu

k−1∇2∂yu
k‖L2

=

25∑

i=1

Oi.

(3.89)
We now provide estimates for the right-hand side terms of (3.89). By direct estimates, we have

O1 ≤ ‖∇2ρk‖L∞‖ukt ‖L2 .

O2 +O3 ≤ ‖∇ρk‖L∞‖∇ukt ‖L2 .

O4 ≤ ‖ρk‖L∞‖∇2ukt ‖L2 .

O5 ≤ ‖∇2ρk‖L∞‖uk−1‖L∞

y L2
x
‖∂xuk‖L2

xL
∞

y
.

O6 +O10 +O20 ≤ ‖∇ρk‖L∞‖∇uk−1‖L2
xL

∞
y
‖∇uk‖L2

yL
∞
x
. (3.90)

O7 +O13 +O16 +O23 ≤ ‖∇ρk‖L∞‖uk−1‖H2‖∇2uk‖L2 .

O8 +O21 ≤ ‖ρk‖L∞‖∇uk‖L∞‖∇2uk−1‖L2 .

O9 +O11 +O22 ≤ ‖ρk‖L∞‖∇uk−1‖L2
xL

∞
y
‖∇2uk‖L2

yL
∞
x
.

O12 ≤ ‖ρk‖L∞‖uk−1‖L2
xL

∞
y
‖∇2∂xu

k‖L2
yL

∞
x
.

O14 ≤ ‖∇2ρk‖L∞‖
∫ y

0
∂xu

k−1(s)ds‖L2
xL

∞
y
‖∂yuk‖L∞

x L2
y
.

O15 +O17 ≤ ‖∇ρk‖L∞‖∂xuk−1‖L2
xL

∞
y
‖∂yuk‖L2

yL
∞
x

+ ‖∇ρk‖L∞‖
∫ y

0
∂xxu

k−1(s)ds‖L2
xL

∞

y
‖∂yuk‖L2

yL
∞

x
.

O18 +O19 +O24 ≤ ‖ρk‖L∞‖
∫ y

0
∂xxxu

k−1(s)ds‖L2
xL

∞
y
‖∂yuk‖L∞

x L2
y

+ ‖ρk‖L∞‖
∫ y

0
∂xxu

k−1(s)ds‖L∞‖∇∂yuk‖L2

≤ C‖uk−1‖H3‖uk‖H2 .
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O25 ≤ ‖ρk‖L∞‖
∫ y

0
∂xu

k−1(s)ds‖L2
xL

∞
y
‖∇2∂yu

k‖L2
yL

∞
x

≤ ΦK(‖uk‖
1
2

H4‖uk‖
1
2

H3 + ‖uk‖H3).

Summing the above inequalities yields that

‖uk‖H4 = C̃(‖F k‖W 1,2Φ3
K + ‖∇2Fk‖L2Φ3

K)

≤ C̃[‖∇uk−1
t ‖2L2 + ‖∇ukt ‖2L2 + ‖ρk‖L∞‖∇2ukt ‖L2 + ‖f‖H1 +Φ28

K ]

≤ C̃Φ28
K + C̃‖∇2ukt ‖L2 ,

where we use the facts that ‖u‖H2 ≤ C(1 + φ5K) and ‖u‖H3 ≤ C(1 + φ20K ).

Similar to (3.46), we consider hydrostatic stokes equation:

−div(∇µ(ρk)∇ukt )− ∂xP
k
t = F k

t ,

where

F k
t = −ρkt ukt − ρkuktt − ρkt u

k−1∂xu
k − ρkuk−1∂xu

k
t − ρkuk−1

t ∂xu
k + ρkt

∫ y

0
∂xu

k−1(s)ds∂yu
k

+ ρk
∫ y

0
∂xu

k−1
t (s)ds∂yu

k + ρk
∫ y

0
∂xu

k−1(s)ds∂yu
k
t + µ(ρk)t∇uk + µ(ρk)t∆u

k

+ ρkt f + ρkft.

From Lemma 3.1 and (3.25), we obtain

‖∇2ukt ‖L2 ≤ CΦ12
K + C‖

√
ρkuktt‖L2ΦK .

Moreover,
‖u‖H4 ≤ C̃(Φ28

K + ‖
√
ρkuktt‖L2ΦK). (3.91)

�

Now, we give the proof of Lemma 3.8.
Proof of Lemma 3.8 It follows from (3.20) and (3.21) that

‖∇2ρ(t)‖L∞ + ‖∇3ρ(t)‖L2

≤ (‖∇2ρ0‖W 1,2 + ‖∇ρ0‖W 1,∞) exp(C

∫ t

0
‖u(s)‖H4ds)

≤ C exp(C

∫ t

0
‖u(s)‖H4ds)

≤ C exp[

∫ t

0
C̃(ΦK(s)28 + ‖

√
ρkuktt(s)‖2L2)ds]

≤ C exp[C̃δ(1 + ‖V1‖L2)2 exp(C

∫ t

0
ΦK(s)42ds)] exp

[
C̃

∫ t

0
ΦK(s)28 ds

]

≤ C exp[C̃δ(1 + ‖V1‖L2)2 exp(C̃

∫ t

0
ΦK(s)42ds)],

(3.92)

where C̃δ depending on C̃ and δ. The proof of Lemma 3.8 is complete. �
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To get the uniform local boundness of ΦK with respect to K, we combine (4.2), (4.4), (4.5)
and (3.82)-(3.85) to obtain

ΦK(t) ≤ C exp[C̃δ(1 + ‖V1‖L2)2 exp(C̃

∫ t

0
ΦK(s)42ds)].

Define ΨK(t) = log(C̃−1
δ log[C−1ΦK(t)]). Then it follows that

ΨK(t) ≤ log(1 + ‖V1‖L2) + C̃

∫ t

0
eC̃δe

ΨK(s)
ds.

Thanks to Lemma 2.4, there exists T0 ∈ (0, T ) depending only on C̃δ such that

sup
06t6T0

ΦK(t) 6 C exp
[
C̃δ(1 + ‖V1‖L2)

]
.

Recall that K is a fixed large integer. Thanks to Lemma 3.4-3.10, we deduce the following
uniform bounds of the approximate solutions:

sup
06t6T0

(∥∥∥uk
∥∥∥
H2

+
∥∥∥P k

∥∥∥
H1

+
∥∥∥
√
ρkukt

∥∥∥
L2

+
∥∥∥ρk

∥∥∥
W 2,∞

+
∥∥∥ρk

∥∥∥
W 3,2

+ ‖uk‖H3 + ‖∇ukt ‖L2

)

+

∫ T0

0

(∥∥∥ukt
∥∥∥
2

H2
+

∥∥∥uk
∥∥∥
2

H4
+

∥∥∥P k
∥∥∥
2

H2

)
dt 6 C exp{C exp(C̃δ(1 + ‖V1‖L2))}

(3.93)
for all k > 1.

3.3.2 Convergence

Based on uniform estimates of (3.93), we prove that the approximate solution (ρk, uk, P k) con-
vergences to a solution to (3.1) in a sufficiently strong sense. Define

σk+1 = ρk+1−ρk, ηk+1 = uk+1−uk and −
∫ y

0
∂xη

k+1(s)ds = −
∫ y

0
∂xu

k+1(s)ds+

∫ y

0
∂xu

k(s)ds.

Then it follows from the linearized momentum equation (3.23)2 that

ρk+1∂tη
k+1 + ρk+1uk∂xη

k+1 − ρk+1

∫ y

0
∂xu

k(s)ds∂yη
k+1 + ∂x(P

k+1 − P k)− div[µ(ρk+1)∇ηk+1]

= σk+1(f − ∂tu
k − uk∂xu

k +

∫ y

0
∂xu

k(s)ds∂yu
k)− ρkηk∂xu

k + ρk
∫ y

0
∂xη

k(s)ds∂yu
k

+ ∂x[(µ(ρ
k+1)− µ(ρk))∂xu

k] + ∂y[(µ(ρ
k+1)− µ(ρk))∂yu

k].
(3.94)

Hence multiplying (3.94) by ηk+1, integrating over Ω and using (3.23)1, we obtain

d

dt

∫

Ω
ρk+1 |ηk+1|2

2
+

∫

Ω
µk+1|∇ηk+1|2 =

∫

Ω
[σk+1(f − ∂tu

k − uk∂xu
k +

∫ y

0
∂xu

k(s)ds∂yu
k)ηk+1

−ρkηk∂xukηk+1 + ρk
∫ y

0
∂xη

k(s)ds∂yu
kηk+1 + div[(µk+1 − µk)∇uk]ηk+1 + λρkxx|ηk+1|2]. (3.95)

Using Hölder inequalities, Gagliardo-Nirenberg inequalities, Young inequalities and the fact
that C−1 6 µk 6 C and λ is a small enough number, we deduce that
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d

dt

∫

Ω
ρk+1|ηk+1|2 + 1

2C

∫

Ω
|∇ηk+1|2 ≤ C‖σk+1‖2L2(‖f − ∂tu

k − uk∂xu
k

+

∫ y

0
∂xu

k(s)ds∂yu
k‖2L∞

y L2
x
+ ‖∇uk‖2L∞) + C‖

√
ρkηk‖2L2

=: C‖σk+1‖2L2Bk(t) + C‖
√
ρkηk‖2L2

(3.96)
where Bk(t) = ‖f − ∂tu

k − uk∂xu
k +

∫ y

0 ∂xu
k(s)ds∂yu

k‖2
L∞

y L2
x
+ ‖∇uk‖2L∞ and we have uesd

‖ηk+1‖L2
yL

∞

x
≤ ‖∂xηk+1‖

1
2

L2
xL

2
y
‖ηk+1‖

1
2

L2
xL

2
y
+ ‖ηk+1‖L2

xL
2
y
≤ ‖∇ηk+1‖L2 .

Now, we deal with the term ‖σk+1‖2
L2 . It follows from (3.23)1 that

σk+1
t + uk∂xσ

k+1 + ηk∂xρ
k −

∫ y

0
∂xu

k(s)ds∂yσ
k+1 −

∫ y

0
∂xη

k(s)ds∂xρ
k − λσk+1

xx = 0. (3.97)

Hence multiplying (3.97) by σk+1, integrating over Ω, we obtain

d

dt

∫

Ω
(σk+1)2 + λ‖σk+1

x ‖2L2

≤ ‖∇ρk‖W 1,∞‖ηk‖L2‖σk+1‖L2 + ‖∇ρk‖L∞‖ηk‖L2‖σk+1
x ‖L2

≤ C‖
√
ρkηk‖L2‖σk+1‖L2 + C‖

√
ρkηk‖L2‖σk+1

x ‖L2

≤ C‖
√
ρkηk‖2L2 + C‖σk+1‖2L2 + ǫ‖σk+1

x ‖2L2 .

Since σk+1(0) = 0, Gronwall’s inequality yields

‖σk+1‖2L2 ≤ C

∫ t

0
‖
√
ρkηk(s)‖2L2ds. (3.98)

Substituting (3.98) into (3.96) and integrating (3.96) over (0, t), we obtain

‖
√
ρk+1ηk+1(t)‖2L2 +

∫ t

0

∫

Ω
|∇ηk+1(s)|2ds

≤
∫ t

0
[C

∫ s

0
‖
√
ρkηk(τ)‖2L2dτBk(s)]ds + C

∫ t

0
‖
√
ρkηk(s)‖2L2ds

≤ C

∫ t

0
‖
√
ρkηk(τ)‖2L2dτ

∫ t

0
Bk(s)ds + C

∫ t

0
‖
√
ρkηk(s)‖2L2ds

≤ C

∫ t

0
‖
√
ρkηk(s)‖2L2ds,

(3.99)

where we have used the fact that
∫ t

0 Bk(s)ds ≤ C for all k. Now, we only check the nonlinear
terms of Bk(t) and the boundness of other terms directly follows from the regularity (3.93). For
the nonlinear term, one has

‖uk∂xuk‖2L∞

y L2
x
≤ C‖uk‖4H2 ,

and

‖
∫ y

0
∂xu

k(s)ds∂yu
k‖2L∞

y L2
x
≤ C‖uk‖4H2 .
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Hence, it follows from the regularity (3.93) that
∫ t

0 Bk(s)ds ≤ C for all k.

Finally, a simple recursive argument shows that

sup
06t6T0

‖
√
ρk+1ηk+1(t)‖2L2 ≤ C

T0
k−1

(k − 1)!

∫ T0

0
‖
√
ρ1η1(t)‖2L2 . (3.100)

Next, thanks to (3.93) and Aubin-Lions Lemma, it is easy to show the existence of subse-
quences, denoted again by (uk+1, uk, ρk+1, P k+1), such that

uk+1, uk → u in L2(0, T0;H
1(Ω),

ρk+1 → ρ in L∞(0, T0;L
2(Ω)),

P k+1 → P weakly in L2(0, T0;L
2(Ω)).

Thus it is a simple matter to check that the limit (ρ, u, P ) ia a weak solution to regularization
problems (3.1).

Combining with (3.93), we prove that (ρ, u, P ) is a strong solution to regularization problems
(3.1), satisfying

sup
06t6T0

(
‖u‖H2 + ‖P‖H1 + ‖√ρut‖L2 + ‖ρ‖W 2,∞ + ‖ρ‖H3 + ‖u‖H3 + ‖∇ut‖L2

)

+

∫ T0

0

(
‖ut‖2H1 + ‖u‖2H4 + ‖P‖2H2

)
dt 6 C exp{C exp(C̃δ + C̃δ‖V1‖L2)}.

(3.101)

3.3.3 Uniqueness

Next, we prove the uniqueness of the strong solution to the system (3.1).

Suppose that there exists solutions (ū, ρ̄) and (u, ρ) satisfying (3.1). Then we have

ρ̄∂t(ū− u) + ρ̄ū∂x(ū− u)− ρ̄

∫ y

0
∂xū(s)ds∂y(ū− u)

+ ∂x(p̄− p)− ∂x
[
µ(ρ̄)∂x(ū− u)

]
− ∂y

[
µ(ρ̄)∂y( ū− u)

]

= (ρ̄− ρ)(f − ut) + (ρ− ρ̄)u∂xu− (ρ− ρ̄)∂yu

∫ y

0
∂xu(s)ds

+ ∂x
[
(µ(ρ̄)− µ(ρ))∂xu

]
+ ∂y

[
(µ(ρ̄)− µ(ρ))∂yu

]
− ρ̄(ū− u)∂xu− ρ̄

∫ y

0
∂x(ū− u)ds∂yu.

(3.102)
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Multiplying ū− u and using Hölder and Young’s inequality, we have

d

dt

∫

Ω
ρ̄(ū− u)2 +

∫

Ω
µ(ρ̄)|∇(ū− u)|2

≤
∫

Ω
[(ρ̄− ρ)(f − ut)(ū− u) + (ρ− ρ̄)u∂xu(ū− u)− (ρ− ρ̄)∂yu

∫ y

0
∂xu(s)ds(ū− u)

+ ∂x(ū− u)(µ(ρ̄)− µ(ρ))∂xu+ ∂y(ū− u)(µ(ρ̄)− µ(ρ))∂yu

− ρ̄(ū− u)2∂xu− ρ̄

∫ y

0
∂x(ū− u)ds∂yu(ū− u)]

≤ ‖ρ̄− ρ‖L2 ‖ū− u‖L∞

y L2
x
‖f − ut‖L2

yL
∞

x
+ ‖ρ̄− ρ‖L2 ‖ū− u‖L2 ‖∂xu‖L∞ ‖u‖L∞

+ ‖ρ̄− ρ‖L2 ‖ū− u‖L2
yL

∞

x
‖∂yu‖L∞

∥∥∥∥
∫ y

0
∂xu(s)ds

∥∥∥∥
L∞

y L2
x

+ ‖ρ̄− ρ‖L2 ‖∇u‖L∞ ‖∇(ū− u)‖L2

+
∥∥√ρ̄(ū− u)

∥∥
L2 ‖∇(ū− u)‖L2 ‖u‖H2

≤ C ‖ρ̄− ρ‖2L2 ‖∇f −∇ut‖2L2 + ǫ ‖∇(ū− u)‖2L2 + C ‖ρ̄− ρ‖2L2 ‖u‖2H3 + ǫ ‖∇(ū− u)‖2L2

+ C
∥∥√ρ̄(ū− u)

∥∥2
L2 + ǫ ‖∇(ū− u)‖2L2 .

(3.103)
Here and below, ǫ is some small number.
We use the fact that µ ≤ µ and 0 < ǫ < 1, we have

d

dt

∫

Ω
ρ̄(ū− u)2 +

∫

Ω
|∇(ū− u)|2

≤ C ‖ρ̄− ρ‖2L2 (‖∇f −∇ut‖2L2 + ‖u‖2H3) + C
∥∥√ρ̄(ū− u)

∥∥2
L2 .

(3.104)

Next, it follows from the first equation of (1.1) that

∂t(ρ− ρ̄) + (u− ū)∂xρ−
∫ y

0
∂x(u− ū)(s)ds∂yρ+ ū(∂xρ− ∂xρ̄)

−
∫ y

0
∂xū(s)ds(∂yρ− ∂y ρ̄)− λ∂xx(ρ− ρ̄) = 0.

Mutiplying ρ− ρ̄, we have

1

2

d

dt

∫

Ω
(ρ− ρ̄)2 +

∫

Ω
λ|∂x(ρ− ρ̄)|2 +

∫

Ω
(u− ū)∂xρ(ρ− ρ̄)−

∫

Ω

∫ y

0
∂x(u− ū)(s)ds∂yρ(ρ− ρ̄) = 0.

Using Hölder inequality, one has

1

2

d

dt

∫

Ω
(ρ− ρ̄)2 ≤ ‖u− ū‖L2 ‖ρ− ρ̄‖L2 + ‖∇(ū− u)‖L2 ‖ρ− ρ̄‖L2

≤ ǫ ‖∇(u− ū)‖2L2 + C ‖ρ− ρ̄‖2L2 .

(3.105)

Therefore, we deduce

d

dt

∫

Ω
ρ̄(ū− u)2 +

1

2

d

dt

∫

Ω
(ρ− ρ̄)2 +

∫

Ω
|∇(ū− u)|2

≤ C ‖ρ̄− ρ‖2L2 (‖∇f −∇ut‖2L2 + ‖u‖2H3 + 1) + C
∥∥√ρ̄(ū− u)

∥∥2
L2

≤ C(‖ρ̄− ρ‖2L2 +
∥∥√ρ̄(ū− u)

∥∥2
L2)(‖∇f −∇ut‖2L2 + ‖u‖2H3 + 1).

(3.106)
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Combining (3.101) and Gronwall inequality, one obtains

‖ρ− ρ̄‖2L2 +
∥∥√ρ̄(ū− u)

∥∥2
L2 ≤ 0.

Hence, we have ρ = ρ̄, and u = ū. This completes the existence and uniqueness for nonneg-
ative initial density.

4 Proof of Theorem 1.1

4.1 Existence and uniqueness

First, let λ → 0 in systems (3.1). We can get a unique strong solution of original problems
(1.1)-(1.4) satisfying the initial assumption in Proposition 3.1.

Now we prove the existence and uniqueness of Theorem 1.1 for the general case, let (ρ0, u0)
be an initial data satisfying the hypotheses of Theorem 1.1. For each δ ∈ (0, 1), choose ρδ0 ∈
W 3,2,∇ρδ0 ∈W 1,∞, uδ0 ∈ H3 and µδ ∈ C3[0,∞) such that

0 < δ ≤ ρδ0 ≤ ρ0 + 1, ρδ0 → ρ0 in W 2,2,∇ρδ0
∗−→ ∇ρ0 in L∞,

uδ0 → u0 in H2 and µδ → µ in C2[0,∞),

and denote by (uδ0, P
δ
0 ) ∈ H1

0 × L2 a solution to problem (1.5). Then, according to Proposition
3.1, there is a unique strong solution (ρδ, uδ, P δ). We will show that a subsequence of the
approximate solutions uδ converges to a solution of the original problem. To show this, we need
to derive some uniform bounds. The regularity of solutions follows with similar arguments as
above. We will only give the main estimates. We introduce a functional Φ(t) defined by

Φ(t) = 1 +
∥∥∥∇ρδ(t)

∥∥∥
L∞

+
∥∥∥∇2ρδ(t)

∥∥∥
L2

+
∥∥∥∇uδ(t)

∥∥∥
L2
, (4.1)

Lemma 4.1. Assume that (ρδ, uδ, P δ) is the unique local strong solution to the regularization
problem (3.1) on [0, T0]. Then, for any t ∈ [0, T0], it holds that

∫ t

0

∥∥∥
√
ρδuδt (s)

∥∥∥
2

L2
ds+

∥∥∥∇uδ(t)
∥∥∥
2

L2
6 C +C

∫ t

0
Φ(s)8 ds. (4.2)

Lemma 4.2. Assume that (ρδ, uδ, P δ) is the unique local strong solution to the regularization
problem (3.1) on [0, T0]. Then, for any t ∈ [0, T0], it holds that

∥∥∥
√
ρδuδt

∥∥∥
2

L2
+

∫ t

0

∥∥∥∇uδt (s)
∥∥∥
2

L2
ds 6 C(1 + ‖V1‖L2) exp

[
C

∫ t

0
Φ(s)16 ds

]
(4.3)

Lemma 4.3. Assume that (ρδ, uδ, P δ) is the unique local strong solution to the regularization
problem (3.1) on [0, T0]. Then, for any t ∈ [0, T0], it holds that

∥∥∥∇ρδ(t)
∥∥∥
L∞

6 C exp

[
C (1 + ‖V1‖L2) exp

(
C

∫ t

0
Φ(s)20 ds

)]
, (4.4)

and ∥∥∥∇2ρδ(t)
∥∥∥
L2

6 C exp

[
C (1 + ‖V1‖L2) exp

(
C

∫ t

0
Φ(s)20 ds

)]
. (4.5)
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Now, combining Lemma 4.1-4.3, we have

Φ(t) 6 C exp

[
C (1 + ‖V1‖L2) exp

(∫ t

0
Φ(s)20 ds

)]
.

Define Ψ(t) = log(C−1 log[C−1Φ(t)]). Then it follows that

Ψ(t) ≤ log(1 + ‖V1‖L2) + C

∫ t

0
CeCeΨ(s)

ds.

Thanks to this integral inequality, there exists T∗ ∈ (0, T0) depending only on ‖V1‖L2 and C
such that

sup
06t6T∗

Φ(t) 6 C exp (C + C‖V1‖L2) .

See the proof of Lemma 6 in [33]. We get the uniform local boundness of Φ(t) with respect to δ.
Thanks to Lemma 3.1, we deduce the following uniform bounds of the approximate solutions:

sup
06t6T∗

(∥∥∥uδ
∥∥∥
H2

+
∥∥∥P δ

∥∥∥
H1

+
∥∥∥
√
ρδuδt

∥∥∥
L2

+
∥∥∥ρδ

∥∥∥
W 1,∞

+
∥∥∥ρδ

∥∥∥
W 2,2

)

+

∫ T0

0

(∥∥∥uδt
∥∥∥
2

H1
+

∥∥∥uδ
∥∥∥
2

H3
+

∥∥∥P δ
∥∥∥
2

H2

)
dt 6 C exp [C exp (C + C‖V1‖L2)] .

(4.6)

Since the corresponding solutions (ρδ, uδ, P δ) satisfy the bound (4.6) with ‖V1‖L2 and the
constants T∗ and C are independent of δ, we can choose a subsequence of solutions (ρδ , uδ, P δ)
which converges to a limit (ρ, u, P ) in a weak sense. Obviously, it is a strong solution to the
original problem satisfying the regularity estimate (4.6). The uniqueness follows from the above
proof similarly. Hence, we prove the existence and uniqueness of strong solutions of the general
case to the system (1.1)-(1.4).

4.2 Continuity

In this subsection, we prove the continuity in time of (ρ, u, P ). Firstly, we consider the
continuity of ρ. By the first equation of (1.1) and (4.6), we deduce that

ρ ∈ L∞(0, T∗;W
1,∞), ρt ∈ L∞(0, T∗;L

q),

where 1 ≤ q < ∞, which implies that ρ ∈ C([0, T∗];W
1,∞-weak). On the other hand, using

(3.18), one has
lim sup

t→+0
‖ρ(t)‖W 1,∞ 6 ‖ρ0‖W 1,∞ .

It follows that limt→+0 ‖ρ(t)− ρ0‖W 1,∞ = 0, that is, ρ is left-continuous at t = 0 (see [11]).
Because the continuity equation is time reversible, it yields that ρ ∈ C([0, T∗];W

1,∞). Similarly,
we can obtain ρ ∈ C([0, T∗];W

2,2).

Secondly, we show the continuity in time of (u, P ). It is usual to prove that (see [35])

u ∈ C([0, T∗];W
1,p) ∩ C([0, T∗];H

2 − weak)

for 1 ≤ p <∞.
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We now show that (u, P ) ∈ C([0, T∗];H
2×H1). Observe that for each t ∈ [0, T∗], u = u(t) ∈

H1
0,per ∩H2 is a solution of the hydrostatic Stokes equations

−∂x (µ(ρ)∂xu)− ∂y (µ(ρ)∂yu) + ∂xP = F and ∂yP = 0 in Ω, (4.7)

where F = ρf − ρ∂tu+ ρu∂xu+ ρ
∫ y

0 ∂xu(s)ds∂yu.

It is required to show that F ∈ C([0, T∗], L
2). From (3.47) in Remark 3.1, we deduce that the

function t 7→
∥∥√ρut(t)

∥∥2
L2 is continuous on [0, T∗]. Therefore, recalling that ρ ∈ C([0, T∗];W

1,∞),
we conclude that ρut ∈ C([0, T∗], L

2).

It follows that
∥∥∥∥ρ(t)

∫ y

0
∂xu(t, τ)dτ∂yu(t)− ρ(s)

∫ y

0
∂xu(s, τ)dτ∂yu(s)

∥∥∥∥
L2

≤ ‖ρ(t)− ρ(s)‖L∞

∥∥∥∥
∫ y

0
∂xu(t, τ)dτ

∥∥∥∥
L∞

y L2
x

‖∂yu(t)‖L∞
x L2

y

+ ‖ρ(s)‖L∞

∥∥∥∥
∫ y

0
∂xu(t, τ)dτ −

∫ y

0
∂xu(s, τ)dτ

∥∥∥∥
L∞

y L2
x

‖∂yu(t)‖L∞

x L2
y

+ ‖ρ(s)‖L∞

∥∥∥∥
∫ y

0
∂xu(t, τ)dτ

∥∥∥∥
L∞

‖∂yu(t)− ∂yu(s)‖L2 → 0 as t→ s.

(4.8)

The term ρu∂xu has the similar argument. Hence, we obtain that F ∈ C([0, T∗];L
2).

Similar to the estimate (3.6), we easily deduce that for any t, s ∈ [0, T∗],

‖P (t)− P (s)‖L2 6 C (‖µ(ρ(t))∇u(t) − µ(ρ(s))∇u(s)‖L2 + ‖F (t) − F (s)‖L2) ,

which implies, in particular, that P ∈ C([0, T∗];L
2).

Rewrite (4.7) as
−∆u+ ∂xP̃ = µ−1(F +∇µ∇u+ P̃ ∂xµ(ρ)),

where P̃ = P/µ, µ = µ(ρ).

Similar to the estimate (3.11), we can show that

‖u(t)− u(s)‖H2 +
∥∥∥P̃ (t)− P̃ (s)

∥∥∥
H1

≤ C ‖F (t)− F (s)‖L2 + ‖∇µ(ρ(t))∇u(t) −∇µ(ρ(s))∇u(s)‖L2

+ ‖P̃ (t)∂xµ(ρ(t))− P̃ (s)∂xµ(ρ)‖L2

≤ C ‖F (t)− F (s)‖L2 + ‖[∇µ(ρ(t)) −∇µ(ρ(s))]∇u(t)‖L2 + ‖∇µ(ρ(s))(∇u(t) −∇u(s))‖L2

+ ‖[P̃ (t)− P̃ (s)]∂xµ(ρ(t))‖L2 + ‖P̃ (s)(∂xµ(ρ(t))− ∂xµ(ρ(s)))‖L2 → 0 as t→ s,
(4.9)

which implies that (u, P ) ∈ C([0, T∗];H
1 ×H2).

4.3 Blow-up criterion

Now we show the blow-up criterion (1.8) in Theorem 1.1. Introduce the functionals Φ(t) and
J(t) as

Φ(t) = 1 + ‖∇ρ(t)‖L∞ +
∥∥∇2ρ(t)

∥∥
L2 + ‖∇u(t)‖L2 ,
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and
J(t) = 1 + ‖u(t)‖H2 + ‖P (t)‖H1 + ‖√ρut(t)‖L2 + ‖ρ(t)‖W 1,∞ + ‖ρ(t)‖W 2,2

+

∫ t

τ

(
‖ut(s)‖2H1 + ‖u(s)‖2H3 + ‖P (s)‖2H2

)
ds.

Thanks to the results in Lemma 3.1 and Lemma 4.1-4.3, we can prove that for any t ∈ (τ, T ∗),

‖∇u(t)‖2L2 ≤ C(1 + ‖∇u(τ)‖L2) + C

∫ t

τ

Φ(s)Nds,

‖u(t)‖H2 + ‖P (t)‖H1 ≤ C(1 + ‖√ρut(t)‖L2)Φ(t)
N ,

‖u(t)‖H3 + ‖P (t)‖H2 ≤ C(‖f‖2H1 + ‖∇ut‖2L2 +Φ(t)N ),

‖√ρut(t)‖2L2 +

∫ t

τ

‖∇ut(t)‖2L2 ds ≤ C(1 + ‖√ρut(τ)‖L2) exp(C

∫ t

τ

Φ(s)Nds),

‖ρ(t)‖W 1,∞ ≤ ‖ρ(τ)‖W 1,∞ exp(

∫ t

τ

‖u‖H3 ds),

‖ρ(t)‖W 2,2 ≤ ‖ρ(τ)‖W 2,2 exp(C

∫ t

τ

‖u‖H3 ds)

for some N > 0.

In view of the above estimates, we deduce

J(t) ≤ exp
[
CJ(τ) exp

(
CJ(τ)

∫ t

τ

Φ(s)Nds
)]

for τ < t < T ∗.

By the definition of the maximality of T ∗ in Theorem 1.1, it follows that J(t) → ∞ as
t→ T ∗. Hence, we can show that

∫ T ∗

τ

(‖∇ρ(t)‖L∞ +
∥∥∇2ρ(t)

∥∥
L2 + ‖∇u‖L2)Ndt = ∞,

which implies the blow up criterion (1.8). Up to now, we complete the proof of Theorem 1.1.
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