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Abstract. One of the main computational bottlenecks when working with kernel based learning
is dealing with the large and typically dense kernel matrix. Techniques dealing with fast approxima-
tions of the matrix vector product for these kernel matrices typically deteriorate in their performance
if the feature vectors reside in higher-dimensional feature spaces. We here present a technique based
on the non-equispaced fast Fourier transform (NFFT) with rigorous error analysis. We show that
this approach is also well suited to allow the approximation of the matrix that arises when the kernel
is differentiated with respect to the kernel hyperparameters; a problem often found in the training
phase of methods such as Gaussian processes. We also provide an error analysis for this case. We il-
lustrate the performance of the additive kernel scheme with fast matrix vector products on a number
of data sets. Our code is available at https://github.com/wagnertheresa/NFFTAddKer.
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1. Introduction. Kernel methods [36, 71, 70, 56] are a crucial tool in many ma-
chine learning tasks such as support vector machines (SVMs) [35, 70, 11] or Gaussian
processes (GPs) [80, 81, 50]. In the literature many kernel designs can be found and
one of the common bottlenecks in their application is dealing with the large and of-
ten dense kernel matrix. Our goal in this paper is to analyze a general acceleration
technique for additive kernels and their derivatives routed in Fourier analysis.

Out of the many kernel choices possible, the squared-exponential, the periodic,
and the linear kernel are among the most commonly used kernels. The underlying
structure of real-world data cannot always be described by those kernels immediately.
However, combining several of such kernels by addition, multiplication or a mixture
of both can add more complexity to the model [24], with such kernel combinations
still fulfilling all kernel properties, see Williams and Rasmussen [81]. There has been
a growing interest in additive kernels and multiple kernel learning [31]. Common
applications are in computer vision for instance such as pedestrian [2, 3, 55] or hu-
man activity detection systems [12] and medicine, where additive kernel SVMs are
used to detect pedestrians, predict human activities or recognize types of cancer [12].
The main motivation of working with additive kernels is that they can reduce the
complexity and increase the interpretability of the problem. When working with GP
models for instance the problem is based on similarity and neighborhood relations.
This means that in order to sufficiently cover the domain a large amount of data is
required, what then increases the computational cost of the kernel evaluations. By
incorporating additivity to the model the complexity of the features and the curse of
dimensionality can be reduced [22, 23].

Theoretical guarantees for the additive kernel structure are given by Yang and
Tokdar [88], who present minimax risks for regression functions that admit an additive
structure.

In the literature additive kernels are mainly associated with SVMs [55, 2, 83, 12,
16, 85], GPs [22, 23, 25] or source separation tasks [53]. Below, we briefly review some
of the specifics of using additive kernels in SVMs and in GPs.
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Additive SVMs can be employed for abstract input spaces for instance and in-
terpreting the resulting predictions is typically easier. Moreover, the favourable ro-
bustness properties of SVMs remain the same for additive SVMs [16]. In other works
lookup tables are employed to reduce the training and testing time and save mem-
ory. Baek et al. [2] suggest to work with a cascade implementation of the additive
kernel SVM to reduce the computation time and use lookup tables to avoid kernel
expansion. The PmSVM-LUT method proposed by Yang and Wu [85] uses polyno-
mial approximation for the gradient to accelerate the dual-coordinate descent method.
Chan et al. [12] develop a similarity measure PLAME (piecewise-linear approximate
measure) that is incorporated with the dual-coordinate descent method. By this they
approximate the additive kernel to ensure an efficient training of the additive ker-
nel SVM. Furthermore, additive kernels are employed when prior knowledge about
the distribution of the data is given or an easily interpretable prediction function
is desired [16]. Xie et al. [83] suggest the UKSVM (uncertain kernel SVM) method
for classifying uncertain data. Another relevant application of additive kernel SVMs
is histogram-based image comparison. Common choices for such additive histogram
comparison kernels are the intersection or chi-squared kernel. Linearly combining
functions of each coordinate of the histogram yields the comparison [55].

Additive kernels are also used in GP models. Durrande et al. [23] argue that even
if the function to be approximated is not purely additive, additive Kriging models
can express the additivity of the function well. They are combining the features of
GP modeling with generalized additive models what is especially suitable for high-
dimensional problems. A similar approach is presented by Durrande et al. [22], where
additivity is incorporated in the covariance kernel to obtain GPs for additive models.
The response of the generalized additive models (GAMs) [34] simulator can then
approximately be separated into a sum of univariate functions. Duvenaud et al.
[25] propose an expressive but tractable parameterization of the kernel function. By
this all input interaction terms can be evaluated efficiently. The additive structure
incorporated into the model which is present in many real data sets leads to increased
interpretability and predictive power what yields a better performance compared to
standard GP models overall.

In many papers using a kernel of the form

t
(1.1) ki (z,x') = afc Z H Ki; (xiwl’éj)v
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with z, 2’ € R%, ¢ < d and the signal variance parameter oy € R, is suggested. It
is referred to as the t-th order additive kernel [25] or the ANOVA kernel [71]. The
term ANOVA is an abbreviation for analysis of variance. This is reasonable in this
setting since we aim to work with a kernel that compares the variance of the data
in detail. The kernels r;; are one-dimensional base kernels. Depending on the order
t of the additive kernel multiple base kernels are multiplied to cover higher order
feature interactions. Overall £ yields the sum of all possible ¢-th order interactions
of one-dimensional base kernels. Here, the idea is to compare the data on a subset of
features first and summing over several of such kernels relying on fewer features [71].
Assume all base kernels are squared-exponential kernels

xr — iL'/ 2
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with the same length-scale parameter £ € R . Then, the d-th order ANOVA kernel is
nothing else than the squared-exponential kernel evaluated at all feature dimensions
at once, since

d d
d _ 2 [k —T; Hz
m :r = fH xjy ] H < 62

B - I ~ ) e — a3
Uf exp e a— feXp T
Jj= 1

= O'fHSE(m z')

by the power law. The sum of all such ¢-th order ANOVA kernels is the full additive
kernel

(1.2) i (x,x') = Z/{

t=1

However, involving all subsets can be too over-determined for a good approximation
of the data structure. Instead combining terms only relying on a small number of
features can be more promising [76].

In this paper, we propose the use of a special case of the ANOVA kernel (1.1),
whose design is discussed in detail in the following.

It is a common phenomenon that many real-world data sets are mainly based on
sums of low-order feature interactions [25]. Therefore, we do not want to incorporate
the full additive kernel (1.2) merging base kernels of all possible dimensionality. At
the same time, we need to ensure to capture non-local structure, which is why we do
not incorporate all feature dimensions within one kernel evaluation at once. Hence,
we suggest to work with a weighted sum of kernels

(1.3) k(z;, x;) = s(xi, x)),

uMw

where x;, x; € R?, i, =1,...,N, and the sub-kernels x, depend on low-dimensional
feature interactions only. For this we define sets of feature indices W, building the
s-th group of features, that is

W W
|z - 5
Ks(®;, ;) = exp B

for s =1,..., P and P € N the number of feature groups and sub-kernels. For the
bivariate case the groups of features Wy € {(a,b) : a,b € {1,...,d},a # b} are of
length ds = 2 and for the trivariate W, € {(a,b,¢) : a,b,c € {1,...,d},a # b # ¢}
with ds = 3 for instance.

Accordingly, :L'Zv € R, i =1,...,N, are the corresponding data points re-
stricted to those indices. The resulting kernel represents the special case of the
ANOVA kernel (1.1) with ¢t = |W;| = ds and Gaussian base kernels relying on d,-
dimensional windows W; of features, and is referred to as the additive Gaussian kernel
from now on. We aim for a method that keeps the computational complexity for large-
scale applications low. Since more feature windows lead to more kernels what leads
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to solving more linear systems with dense matrices that are square in the number of
data points, we cannot work with all possible low order feature interactions. Instead
we require a procedure for reasonably reducing the number of windows.

Strategies on how to determine the sets of feature indices Wy are elaborated in
Section 2. If the number of data points IV is large, multiplying and solving with
K = a? Zle K is of quadratic or even cubic computational complexity. For this,
we suggest employing NFFT-accelerated approximations in Section 3. Naturally, the
choice of the parameter values can have a huge impact on the prediction quality and
the parameters have to be optimized. For this, we introduce a NFFT-acceleration pro-
cedure for multiplying and solving with the matrix representing the derivative of the
kernel with respect to the length-scale hyperparameter ¢, that is Kger = O'ch 25:1 K¢
with

|2} — )"

w W,
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We demonstrate the corresponding approximation error empirically and provide error
estimates analytically. In Section 4 we present an approach on how to determine W
analytically in the Fourier setting and run first experiments according to this scheme.
We showcase the numerical performance of the presented feature grouping techniques
for the additive kernel design with NFFT-accelerated kernel evaluations in Section 5
and present concluding remarks in Section 6.

Main Contributions. We summarize the main contributions of this paper as
follows:
e Novel combination of feature grouping techniques for the additive kernel set-
ting with NFFT-accelerated kernel evaluation.
e Development of an NFFT-acceleration procedure for the derivative kernel.
e Derivation of Fourier error estimates for the trivariate Gaussian kernel and
its derivative kernel.

2. Feature Engineering Techniques. In this section we focus on determining
the feature arrangement for the additive kernel introduced previously. We give a
thorough overview of existing feature engineering methods in the literature. We later
choose a few methods that are most suitable for the additive kernel setting. For the
sake of comparability and reproducibility we focus on open source Python software.
The performance of those methods is analyzed and compared comprehensively in
Section 5.

2.1. Feature Selection and Grouping Techniques in the Literature. We
now give an overview of feature selection and feature grouping techniques proposed
in the literature. This shall form the basis for feature arrangement techniques in the
additive kernel setting.

2.1.1. Feature Selection. In the literature many definitions for feature selec-
tion can be found. It is described as a dimensionality reduction technique that chooses
a smaller subset of features from the original feature set trying to fulfill different cri-
teria. In general, the most common objectives of feature selection are improving the
prediction quality, reducing the computation (training and utilization) time, reducing
measurement and storage requirements, increasing the comprehensibility and inter-
pretability, gaining a better understanding of the data and stemming the curse of
dimensionality [13, 49, 46, 32, 17, 57].
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The most common approach to categorize feature selection algorithms is classi-
fying them into filter, wrapper and embedded methods [46, 13, 42, 32, 57, 78, 69].
Filter methods select the features based on their importance with respect to the target
concept [7]. For this statistical measures such as information gain [87, 67], chi-square
test [87], Fisher score, correlation coefficient, variance threshold, reliefF [44, 67], F-
statistic [20] or mRMR [61] are employed [78, 57]. Filter methods are independent
of the choice of the learning algorithm. Therefore the obtained feature subsets can
subsequently be transferred to any learning task on that data set. This is not the
case for wrapper methods where feature selection is accomplished by performing the
learning task on candidate subsets until a stopping criterion is met [45]. By design,
wrapper methods are more computationally complex than filter methods but often
more accurate [78]. Examples are recursive feature elimination [84], the sequential
feature selection algorithm [39] or genetic algorithms. In embedded methods the fea-
ture selection is performed as part of the learning process with a specific learning
algorithm [46]. One example for embedded methods are random forests [78]. Embed-
ded methods are based on the same idea as wrapper methods but they are working
with an objective function consisting of a goodness-of-fit term and a penalty for large
number of variables [32] what makes them more efficient.

Often, the general procedure for feature selection is characterized as 4 key steps:
subset generation, evaluation of the subset, stopping criteria and validation of the
result [46, 51, 42, 17]. Dash and Liu [17] furthermore define 3 categories of generation
procedures (complete, heuristic, random) and 5 categories of evaluation functions
(distance, information, dependence [75], consistency, classifier error rate).

Other common categorization approaches found in the literature focus on the
availability of the label information, the data perspective or the label and selec-
tion strategy perspective. Miao and Niu [57] distinguish between supervised, semi-
supervised and unsupervised methods [26]. Yu and Liu [89] present feature selection
techniques based on relevance and redundancy.

In general, when looking for a suitable feature selection method the following
aspects should be considered: simplicity, stability, the desired number of reduced
features, the classification accuracy and storage and computational requirements [13].

2.1.2. Feature Grouping. In addition to classical feature selection approaches
as described above several feature selection techniques based on previous feature
grouping can be found in the literature. The main idea behind this approach is
to generate groups of features where the intra-group similarity is maximized and the
inter-group similarity is minimized [48]. Afterwards feature selection is performed
based on this group arrangement.

This procedure is motivated by discovering that relevant features are highly corre-
lated in a high-dimensional setting. Therefore, groups of correlated features resistant
to sample size variations can be formed [30].

To that effect, feature grouping comes with many benefits when learning with
high-dimensional data [30]. The search space being reduced with feature grouping
and the higher resistance to sample variations [48] leads to an improved stability of
feature selection [41] and effectiveness of the search [30], helps to reduce the complexity
of the model and increase the generalization capability [48] and potentially reduces
the estimator variance [72]. Popular applications are text mining [5, 19] or microarray
domains [6].

Among the most basic feature grouping methods are exhaustive or explicit search
for feature groups [92, 93]. However, this combinatorial optimization problem is often



6 T. WAGNER, F. NESTLER, AND M. STOLL

computationally infeasible when working with large data sets. To overcome this,
greedy hill climbing strategies have been proposed, with features leading to the largest
gain in the subset score greedily being added to the candidate subset individually [92].
However, they typically only lead to local optima.

Regularization techniques are very common algorithms for generating feature
groups and belong to the category of embedded methods [30, 93, 86, 33]. By adding
a regularization term to the objective function the model is fitted minimizing the
coefficients what results in features with coefficients close to zero being dropped [30].
Common sparse-modeling algorithms are the lasso regularization [77] and its exten-
sions such as group lasso [91], adaptive lasso, fused lasso and clustered lasso. Further
regularization techniques worth mentioning are Bridge regularization [37], elastic net
regularization [94] and the orthogonal shrinkage and clustering algorithm for regres-
sion (OSCAR) method introduced by Bondell and Reich [8]. However, many of the
aforementioned methods suffer from the problem that they cannot distinguish groups
of features that are similar but still different well and often tend to merge those groups
together.

As a remedy, discriminative feature grouping (DFG) is proposed by Han and
Zhang [33]. By introducing a novel regularizer in the feature coefficients fusing and
discriminating feature groups is balanced out. Moreover, they present an adaptive
DFG (ADFG) aiming to yield a better asymptotic property.

Subspace clustering methods represent another type of feature grouping tech-
niques that intend to detect clusters in subspaces rather than the whole data space
[15]. They are distinguished between hard subspace clustering [1] and soft subspace
clustering methods [38, 21, 40]. While hard subspace clustering methods detect the
exact subspaces of the clusters, in soft clustering methods subspaces with large weights
are identified by assigning weights to features instead [15, 28]. Many of such methods
have been proposed in the literature, such as CLIQUE [1], W-k-means [38], fuzzy sub-
space clustering (FSC) [29], EWKM [40], LAC [21] and EEW-SC [18]. Alternatives
that are less sensitive to noise and missing values [15, 28] are FG-k-means, introduced
by Chen et al. [15] as an iterative alternative soft subspace clustering method, and
AFG-k-means [28]. While the feature groups are assumed to be given as inputs in
FG-k-means, the groups are detected automatically by dynamically updating them
during the iterative process in AFG-k-means instead.

Regarding stability, several group-based feature selection methods were developed
for the purpose of improving robustness. The main reason for instability in feature
selection techniques originates in the small number of samples in a high-dimensional
domain and the goal of selecting the minimal subset without redundant features [90].
For this two frameworks have been proposed: dense feature groups (DFG) [90] and
consensus group stable feature selection (CGS) [54]. Overall, the concept of those
methods originates from the observation that features close to core (peak) regions
have a high correlation.

2.2. Feature Arrangement Techniques for Additive Kernels. After hav-
ing presented existing feature engineering techniques above, we want to choose meth-
ods suitable for arranging the features in the additive kernel setting. In this context,
we refer to feature grouping as separating feature dimensions into multiple kernels by
defining corresponding feature windows Wy as introduced in (1.3). For this, several
requirements have to be fulfilled.

First, we do not only want to get rid of less relevant features but also need a
sensible scheme for separating the feature indices into several small groups. Addi-
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tionally, we want to keep the number of kernels P small since more kernels lead to
higher computational costs as more matrix vector products need to be evaluated. The
kernel matrix vector product approximations are more expensive the larger the size of
the corresponding feature subset ds. In order to exploit the full computational power
of those approximation techniques dy is required to be small. Since both demands
are opposed to each other, the number P of kernels or the number of feature groups
respectively needs to be balanced carefully with the cardinality of the feature groups.

Second, we do not necessarily have the kernel entries given explicitly. When
working with large-scale problems fast approximation methods are often employed
for speeding up multiplications with the kernel matrices. Then, the routine operates
as a black box, where the data points and a vector are given as inputs and the
kernel vector product is returned as the output. We go into more detail in Section 3.
Indeed, a number of feature selection techniques require having those entries available
explicitly.

In the remainder of this section we discuss several feature grouping techniques
that aim to determine the feature groups in a sophisticated way. We describe some
very basic feature grouping strategies first before we consider more elaborated ones
next. In Section 5 we analyze and compare their performance.

Note that we refrain from adding certain feature grouping methods to our in-
vestigations even though they are somewhat prevalent in the literature. Examples
are OSCAR, CLIQUE, FGOC (feature grouping and orthogonal constraints) that are
not competitive regarding their computational complexity. Hierarchical clustering,
(adaptive) discriminative feature grouping, k-means and fuzzy c-means clustering are
methods where the strategy on how to define feature windows are not suited to the
setting we want to employ.

2.2.1. Straightforward Feature Grouping Methods. A very basic strategy
on how to separate the feature dimensions is to simply group the features following
their feature indices determined by the column arrangement in the original data set.
For d = 6 this yields windows W; = {1,2}, W, = {3,4}, W5 = {5,6} for t =
ds = 2 and windows Wy = {1,2,3}, W, = {4,5,6} for t = d; = 3 respectively, for
instance. For ¢ = ds = 1 this represents a special case of the feature index based
allocation. Then, the feature dimensions are split into d one-dimensional windows
and the features are arranged as W, = {s} for s =1,...,d.

Even though this strategy is very basic it constitutes a valuable comparative
method for examining whether putting more effort in terms of computational complex-
ity and runtime into more complex techniques pays off in achieving higher predictive
accuracy.

2.2.2. Methods Based on Feature Importance Ranking. In previous
works [59, 79] we ranked all features by their mutual information score (MIS) [4]
and arranged them into groups of 3 following their importance scores starting with
the largest one. The MIS quantifies how much information about the label can be
obtained by knowing the feature value. It is a univariate measure that does not
examine the impact of a combination of several features on predicting the target.
However, the MIS ranking method only requires the original data as input and is
of low computational complexity. After having employed this feature arrangement
technique in previous papers already we now want to analyze its performance more
extensively by comparing it to several other methods.

Instead of computing the importance scores via MIS, other measures can be ap-
plied. Common alternatives are the Fisher score and reliefF. Alternatively, feature
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importance can be obtained by fitting a decision tree model. By introducing a thresh-
old, features with an importance score below this value are dropped.

Based on the feature importance scores, the features are ranked and arranged into
groups of the desired size. The feature arrangement can follow different strategies.
Features can either be arranged consecutively following the ranking such that the
features with the 3 highest scores are arranged into the first window and so on for
[Ws| = 3 for instance or the features are separated into different feature groups
successively so that features with similar importance scores do not end up in the
same group. We refer to these arrangement strategies as ‘consec’ and ‘distr’ from now
on.

2.2.3. Regularization Techniques. In contrast to computing each feature’s
importance score individually as described above, one can work with a regression
model for estimating sparse coefficients. In the well-known Lasso regularization, the
objective function

1
ZLasso = ﬁ”X’w - yH% + )\LaSSOHle

is minimized with respect to the coefficients w and Apasso > 0, the regularization
parameter that regulates the degree of sparsity of the estimated coefficient vector.

Elastic-Net is a regression model incorporating both the L1-norm and the L2-
norm of the coefficients to the model. The corresponding objective

1 Aen(1 = p)
ZEN = ﬁ”XU} —yll5 + Aenpllwls + — 5

[w][2

is again minimized with respect to the coefficients w and the ratio between the penalty
terms is balanced with the L1-ratio p. Note that with p = 1 the objective of Elastic-
Net equals with Lasso’s objective.

By combining L1 and L2 regularization, Elastic-Net benefits from both the spar-
sity of the Lasso model and the regularization properties of ridge, such as stability.
However, in settings with two correlated features, Lasso randomly chooses one of them
while Elastic-Net encourages a grouping effect and tends to select both [94].

Note that the features are selected based on classical regression on the data matrix
X € RV*4 rather than on how they perform in a non-linear context and hence we are
working in a different context than in the kernel setting here.

In addition to ‘consec’ and ‘distr’ we introduce the ‘direct’ feature arrangement
strategy for Lasso and Elastic-Net. In ‘direct’ the features with nonzero coeflicients
are immediately assigned to the windows consecutively following their indices without
ranking them first.

2.2.4. Feature Arrangement Based on Clustering. Another approach for
detecting feature groups is via feature clustering techniques. One way of doing this
is via connected components. This method is based on the correlation matrix hold-
ing the Pearson product-moment correlation coefficients. In clustering via connected
components two features are considered to be connected if the magnitude of their
correlation value is larger than some predefined threshold. Based on those pairs the
feature clusters are detected.

Different to the feature importance ranking and regularization techniques de-
scribed above, clustering methods are unsupervised and do not incorporate the target
values into the clustering process.
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In addition to ‘consec’ and ‘distr’ we introduce ‘single’ as a feature arrangement
strategy for the connected components method. In ‘single’ all centroid features build
a window of length 1.

2.2.5. Feature Grouping Optimization via Regularization. Alternatively
to the aforementioned approaches, we propose to determine the feature groups via an
optimization. The objective Z, of this feature grouping optimization consists of the
objective Z of the original classification/regression method plus a L1 regularization
term, that is

f
Zig(0) = Z(0) + Aggllo 1,
with Ag > 0 the regularization parameter balancing the impact of the L1 penalty,
Kig =0} Ki+---+07,Kp
~—— ——

K's K's
and Og, = (a;g7 ¢,0.), where o, is the noise parameter and cr;g =l[of,...,04,]T. Note
that in contrast to the definition of the additive Gaussian kernel x in (1.3), all sub-
kernels K8 are assigned a separate kernel weight o t. now, with respect to which the
optimization is performed. The noise o, and length-scale ¢ parameters are kept fixed
during the feature grouping optimization.

The model is initialized with all possible feature subsets with d; = 2, what leads to
P= (g) sub-kernels K8. Through the L1 regularization term sparsity is ensured and
most of the kernel weights oy, are pushed to zero. By this, only a few non-zero kernel
weights are obtained, what yields the desired optimal feature groups immediately.

Since the binomial coefficient grows big even for moderate feature dimensions,
the feature grouping optimization is performed on a small subset of the data set only.
Additionally, one can perform a feature ranking initially, using the MIS ranking for
instance, to reduce the number of pairs P by dropping the features least relevant in the
very beginning. While the feature importance ranking based and clustering techniques
do not allow for repeated feature indices, this feature grouping optimization approach
enables feature indices to appear in multiple feature windows W;.

3. NFFT-Accelerated Kernel Vector Products and Multiplications
with the Derivative Kernel When working with large-scale data, multiplying and
solving with the dense kernel matrix is the classical computational bottleneck. In this
section we give an overview of techniques for accelerating evaluations with the kernel
matrix and its derivative.

Examples for such methods are structured kernel interpolation (SKI), subset of
regressors (SoR), deterministic training conditional (DTC), fully independent training
conditional (FITC) and partially independent training conditional (PITC) approxi-
mation or hierarchical matrices (H-matrices). SKI is an approach based on inducing
points that accelerates kernel approximations through kernel interpolation [82]. An-
other inducing point approach is SoR that approximates kernel vector multiplications
based on inducing points with a specific prior for the vector. The DTC approxima-
tion works similarly to the SoR except from the relation between the function value
and the inducing points being described by an exact test conditional instead of being
deterministic such as for SoR. This means that with DTC the predictive response
has a prior variance of its own [66]. FITC is another likelihood approximation with
an extensive covariance. Different to SoR and DTC, FITC does not introduce a de-
terministic relation between the function value and the inducing points. For this, it



10 T. WAGNER, F. NESTLER, AND M. STOLL

employs an approximation to the training conditional distribution as an independence
assumption [66]. PITC further improves this approximation by equipping the train-
ing conditional with a block diagonal covariance [66]. An alternative approach are
hierarchical matrices that are data-sparse approximations of non-sparse matrices by
partitioning them into low-rank factorized sub-blocks [9].

In this paper we emphasize the NFFT-based fast summation technique we em-
ployed in Nestler et al. [59] and Wagner et al. [79]. In fact, all the above-mentioned
fast kernel vector product approximation techniques have in common that their effec-
tiveness and high efficiency is restricted to small feature space dimensions. This again
motivates the need to splitting the feature space and working with additive kernels.

Moreover, we demonstrate the effect of hyperparameter choices on learning tasks
and highlight the importance of hyperparameter optimization. Naturally, for this
the derivatives with respect to the hyperparameters are required and one typically is
faced with the task of multiplying also with the derivative matrix for that particular
hyperparameter. We here advocate for an explicit computation employing the kernel
structure as much as possible as finite difference approximations are typically not
stable enough. Another alternative would be automatic differentiation techniques such
as the one employed in Charlier et al. [14]. We introduce an NFFT-based technique for
approximating multiplications with derivative kernels. A typical example would be the
parameter training for Gaussian process regression where due to the log-determinant
one typically requires matrix-vector products with the derivative matrix as part of a
matrix function approximation for the correct computation of the parameter gradient.

3.1. Fourier Theory. In many kernel learning tasks such as the GP hyperpa-
rameter optimization, multiplying with the kernel matrix K € R™" is most computa-
tionally complex. The cost of computing its product Kv with a vector v € RY through
the conjugate gradient method is O(NN?) in each iteration, for instance. This scales
badly for large-scale applications. Therefore, we approximate these products lever-
aging the computational power of the non-equispaced fast Fourier transform (NFFT)
instead. This is realized by applying the fast summation approach, in which the
NFFT and the adjoint NFFT, confer Potts and Steidl [64], are combined to compute
sums of the form

N
(3.1) h(a)) =Y vjk(x),@;) Vi=1,...,N'

j=1

efficiently. For this, the kernel « is approximated by a trigonometric polynomial, what
can be written as

(3.2) k(x' ) = k(r) ~ Z epe?mikTr/L
kEZng

where x, 2’ € R?, r := 2’ — x, L is the period that has to be chosen appropriately, é
are the Fourier coefficients and M = (M, ..., My)T € 2N9 is a multivariate grid size,
that is a d-dimensional vector with even integer components, what gives multivariate
index sets

Ing={-2, 2 1y xox {8 My

of cardinality |Zps| = My - ... My. Typically, we set My = --- = My = m, so that
the grid size is the same respective all dimensions. Replacing & in (3.1) by its Fourier
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representation (3.2) and rearranging the sums gives

(3.3)
N
h(z})

i

Q

N
7 ~ kT (3 —a. ~ — ikT®. kT’
h($;) _ vj § : CkGka (&;—2;) _ E ek § :vje 2mikT & ; eka wl,
J=1 Jj=1

keln k€ln

where &, and &; are now scaled nodes, for which &, — &; € [~1/2,1/2]% holds. Note
that h is now a periodic function with period 1 in each coordinate direction. By
this, we can reduce the arithmetic complexity for computing Kv from O(N?) to
O(Nlog N), provided that the parameters involved are chosen appropriately. The
inner sums for all k can be computed via a so-called adjoint NFFT (or type-2 nonuni-
form FFT) and the approximation of the outer sums are then realized by a d-variate
NFFT (or type-1 nonuniform FFT). This procedure is known as NFFT-based fast
summation. NFFT and adjoint NFFT themselves are approximate algorithms for
an efficient evaluation of the required trigonometric sums at equidistant nodes. The
accuracy of these algorithms is controlled by several parameters, which we do not fur-
ther discuss here. For detailed information concerning NFFT and related algorithms
we refer to Keiner et al. [43] and references therein.

In our investigations, the kernel function & is non-periodic. Thus, the approxima-
tion by a trigonometric polynomial is not straightforward. We refer to our previous
paper [59] and references therein for more details on the underlying theory.

In 1D, the easiest periodization approach just continues the kernel function peri-
odically in order to obtain a continuous 1-periodic function #(r) := k(r + k), where
k € Z is chosen such that r + k € [—1/2,1/2], see Figure 1 for an illustration. The
Fourier coefficients of that Cp(T)-continuation will tend to zero like O(k~2). A faster
decay of the Fourier coefficients can be achieved by a smoother periodization, in which
the function is regularized at the edges by a smooth transition, see Potts and Steidl
[64].

1 N 0.4 n
0.8 , 0.3 =
0.6 |- B 0.2 - B
0.4 a 0.1{ -
02 7\ | \7 0! L]

-1 0 1 -1 0 1

FIG. 1. An even function of the form f(r) = exp(—r2/202) (left) or f(r) = exp(—r2/(202)) -
(r2/202) (right), defined on [—1/2,1/2], is periodized via simple periodic continuation. The resulting
periodic function is at least continuous, but in general not smooth. A finite number of approximating
Fourier coefficients can be obtained by sampling the function in equidistant points (marked by the
dots) and applying the FFT. Alternatively, one can make use of the analytic Fourier coefficients,
provided they are known.

The presented periodization technique is also applicable to multivariate radial
kernels in order to periodize the function and approximate it for » € [~1/2,1/2]¢. In
the numerical experiments we make use of the NFFT-based fast summation approach
[43], where only a radial section of the function is approximated, that is ||r| < 3. For
details we refer to Potts et al. [65].

. 27092
For the Gaussian kernel Kgauss(r) =€ " /2t

we can compute the Fourier coeffi-
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cients of Rgauss(r) as

1/2 )
~ _re o
Ck(’fgauss) — / e 2:2 eQﬂ'lk? dr
—1/2

1/2

27,22 (- i 2

_8—277 k20 / e (\/5 mik/2¢0) dr
—1/2

21,292 1
= =021 TR, { f(+ ik 26)],
me € [er 2\/§€ 7T1\[
2

where erf(z) = 7= I e~ dt is the complex-valued error function. The final result is
obtained by making use of simple integration techniques as well as symmetry prop-
erties of the error function, that is erf(—z) = —erf(z) and erf(z) = erf(z). The
complex-valued error function is rather difficult to evaluate numerically and is also
hard to handle analytically. For the calculation of the approximating Fourier coeffi-
cients, we prefer to use the FFT in practice, as described above. We also do not use
this analytical form of the Fourier coefficients in our error estimation later on. It is
only given here for the sake of completeness.
Note that

T r? 1
K:/gauss(r) = _ﬁﬁgauss(r)y H/glauss(r) = <€4 - €2> KgaUSS(T)a
that is for the kernel ke, (1) == 7’2/(262)6”2/242 we obtain

- - - 1 -
Ck('“@der) = (Ck("igauss) + €2Ck("$gauss)) = 5 (1 - 47T2k2€2> Clc(’%gauss)a

N =

where we apply the well-known differentiation properties for Fourier series.

So far we just considered the univariate case, where we approximate a certain
kernel in terms of m Fourier coeflicients. Considering uniform grids in higher dimen-
sions, the number of coefficients m? on the grid grows exponentially fast. Thus, the
computational efficiency of the NFFT approach pays off most for rather small input-
dimensions, say d < 4. As the presented method is designed for large-scale data with
many features, a strategy on how to arrange small groups of feature combinations
and to detect the most relevant ones is required. By this, several fast NFFT multipli-
cations each relying on a small number of features can be combined via the additive
kernel setting as introduced above.

3.2. Scaling the Data. As described above, we make use of periodic functions
and Fourier approximations in order to compute the matrix-vector products efficiently.
Since we work in a periodic setting, that is on a finite interval and not on R, we have
to ensure that the data points are scaled into a finite interval.

In order to apply the fast summation approach, as explained above, we have to
scale the data such that ||@; — @;|| < & for all pairs 4,j, which is fulfilled if all the
data are scaled such that ||x;|| < 1. Therefore, the d-dimensional data points are
scaled such that x; € [~1/4,1/4]? first. If we denote by dmax = max, ds the maximal
number of features incorporated in the sub-kernels, then the maximum norm of a data
point, restricted to a set of dyax features, is given by

V dl’l’laX
4 .

Ama,x =
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Thus, we define the scaled nodes via

PO

I 4 Amax N Vdmax'
If a length-scale parameter ¢ has already been chosen to be applied to the nodes
x; € [—1/4,1/4]%, we scale it with the same scaling factor, that is £ := £//dmax, SO
that

lz; — m5ll5 _ 1|12 — #15

202 202

The advantage of prescaling the data is that the scaling parameter is computed
based on the scaled data and is scaled equally in all dimensions. Without this prescal-
ing, the scaling is different for every fastadj object being constructed for the particular
windows each. This can turn out to be problematic when performing global sensitivity
analysis for instance, see Section 4. Note that the ¢ values displayed for the empirical
results are the initially chosen length-scale parameters for the data already scaled to
[~1/4,1/4]%. The length-scales are then scaled based on the corresponding scaling
factor before running the model.

We provide the GitHub repository prescaledFastAdj' in which the prescaling
is incorporated as described above.

3.3. Implementing the NFFT Approach. Above, we explain the theory be-
hind the fast NFFT-based approximation technique for matrix-vector multiplications
with a kernel K and its derivatives. In our setting, K is defined by the additive
Gaussian kernel (1.3)

We _ W

P 2
|z i 12
2 i j
(3.4) k(i x;) = o} ;:1 exp < 57 .

Ks

As introduced in Nestler et al. [59] this is implemented as a black box approach, where
only the data points restricted to the windows W, the kernel parameter ¢ and a vector
v, the kernel shall be multiplied with, are required as inputs and the corresponding
approximation of K4v is returned. The underlying kernel is defined as

. 2l 2} |3
(3.5) ff%a“bs(:vg/v'*,a:}/vs) = exp <— . = !

in the implementation, that is with ¢ = v/2¢, k8 = k.. Summing over several of
such approximations each relying on another window W, and multiplying this sum
by the signal variance parameter 07 we obtain Kv = 0% S KEssy,

As motivated earlier, the choice of hyperparameters affects the performance of
the learning algorithm tremendously. Figure 2 visualizes the impact of the parameter
choices on the prediction quality with additive kernel ridge regression (KRR) on the
Protein and KEGGundir data sets for instance, where the solution to the system

(3.6) (K + Bhv =y,

Lhttps://github.com/wagnertheresa/prescaled Fast Adj
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Protein KEGGundir

RMSE

2 —
10% 101 ;0 10721071 10

4

10—110_2 102

Fi1Gc. 2. RMSE surface for additive kernel ridge regression and different length-scale and regu-
larization parameters £ and 3, where N = 1000 and the windows are determined consecutively via
MIS ranking.

with 8 € R the regularization parameter, is sought. The plot shows the root mean
square error (RMSE) on a grid of different values for the length-scale parameter
¢ and B and highlights the significance of hyperparameter optimization. For more
information on the data we refer to Section 5.

For optimizing the objective of a regression model for instance, the kernel vector
product Kv must be differentiated with respect to the kernel parameters oy and £.
Differentiation with respect to the signal variance can easily be realized for the kernel
evaluation & in (3.4) since

P w 2
0K ;™ —x; I3 2
— Y —9 - 7 2 =K.
an Ufg;EXp( 252 of J

Therefore, the multiplication of the derivative kernel % and v can be performed

similarly to the product Kv using the same implementation except that the sum of
the approximations K,v is multiplied by 20 instead of 0?7 that is
oK, _ 2
oo,V = 5f
eter is straightforward.

However, differentiation with respect to the length-scale parameter ¢ gives

UJ% Zle Kg2'3y. Differentiation with respect to the regularization param-

P Ws Ws (12 Ws Ws (2 P
0K 2 ;" — 2|3 ;" — ;|3 9 Cs,;
=0;) ——@m———exp| -5 | =0} E oK, .,
ol 03 202 03 I
s=1 S=1 N e’
K¢
£
with Cs,, = )V — w;/V 2 is more complicated. For the entry-wise multiplication in

the Hadamard products Cs o Kg many nice properties as the associative law do not
hold. Thus, we cannot employ our technique from approximating Kv with the kernel
K855 a5 in (3.5) directly. Instead, we introduce a derivative kernel

) — o)

W§ WS
(3.7) nder(mWS a:WS) =t _J = 2 ex f—”wl % 2
: s i &)= 2 b 2 ’
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Protein KEGGundir

10 fine default rough fine default rough

relative error
|

—— (=10 —— (=100 -~ standard multiplication ~ —— approximation with NFFT

runtime

10 10* 10° 10* 10 10 10° 10* 107 10* 10° 10

F1a. 3. Fourier approximation error for computing Kv with different values of £, where v =1,
Ny = 1000, dpmaz = 3 and the windows are determined consecutively via MIS ranking, in comparison
with standard multiplication.

with ¢ = v/2¢. For implementation reasons, the parameter in the denominator of

both terms in £ is chosen equally, that is K3 = LK’ and Kdy = 2y =
2P 2 g-der
Uf Zs:l ZKS v.

The corresponding implementations can be found in the prescaledFastAdj
repository, in which the NFFT-accelerated kernel and derivative kernel evaluations
are implemented. 8" and k9 are referred to as kernel = 1 and kernel = 2,
respectively. Within the ‘fastsum’ module of the underlying NFFT? repository [43],
k8295 is embedded as the ‘gaussian’ kernel and x%°" as the ‘xx_gaussian’ kernel.

In Figure 3 we illustrate the Fourier approximation error for multiplying the
kernel K with the 1 vector for subsets of the data sets Protein and KEGGundir,
several choices for the length-scale parameter £ and the three different setup presets
for the parameters of the NFFT fastsum method ‘fine’ (m = 64), ‘default’ (m = 32)
and ‘rough’ (m = 16). Here, by relative error we denote the relative difference of the
Euclidean norms of the exact product Kv and its Fourier approximation. Note that
we restrict the size of the considered subsets to 104 at a max since the computations
break for bigger matrices in the standard multiplication due to a lack of memory.
However, the NFFT-based approximation runs smoothly in such cases. The setups
control the number of Fourier coefficients and therefore describe the degree of accuracy
in the approximation, where ‘fine’ provides the most precise approximations, ‘rough’
is least precise and ‘default’ is in between. This characteristic is also displayed in
the figure. The relative error plots for the ‘rough’ setup are on a higher level than
the ‘default’ ones that lie above the ‘fine’ ones for the corresponding parameters /.
Moreover, we compare the runtime for computing Kv via standard multiplication
and approximation with the NFFT approach in the second row of the plot. While the
NFFT approach has a basic complexity for setting up the fast adjacency object and for
computing the Fourier coefficients the runtime does not ascent steeply for larger scales.

2https://github.com/NFFT /nfft
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Protein KEGGundir
fine default rough fine default rough

relative error
= = =
DA ]
|
It
|
|

,_
i

— (=001 £=0.1 — (=1 — (=10 — (=100 = standard multiplication —— approximation with NFFT

/

10 10* 10° 10* 10 10 10° 10* 107 10* 10° 10

runtime

F1a. 4. Fourier approximation error for computing %—IZU with different values of £, where v =1,
Ny, = 1000, dpmaz = 3 and the windows are determined consecutively via MIS ranking, in comparison
with standard multiplication.

In contrast, the standard multiplication starts at a very low level for small subset sizes
but increases strongly for larger kernels. Whereas the NFFT setups obviously do not
impact the runtime plots for the standard multiplication, the runtime of the NFFT
approximations differs. The most Fourier coefficients have to be computed in ‘fine’
and the least in ‘rough’. Therefore, ‘fine’ naturally has a higher runtime than ‘default’
that has a higher runtime than ‘rough’. While the value of ¢ mostly does not seem to
have a huge impact on the runtime, the Fourier approximation error evidently highly
differs for various values of £. For very small values of £ the relative error can become
larger than 10. In contrast, for medium sized values of ¢ the relative error ranges
between 1072 and 107!°, depending on the setup, and for large values the relative
error is between 10™* for ‘rough’ and 10719 for ‘fine’.

Figure 4 shows the analogous results for the Fourier approximation error for
multiplying the derivative kernel %—If with the 1 vector. Overall, the relative errors
and runtimes show the same trend as in Figure 3. The main difference is that the
relative error is by far the smallest for £ = 0.1 for the ‘fine’ and ‘default’ setup presets.
In contrast, £ = 0.01 clearly yields the largest error and for the length-scales larger
or equal 1 the relative error is at the same level in between. In contrast, the relative
errors for length-scales larger or equal 1 show a greater variation for the distinct values
of £ up to several orders of magnitude in Figure 3.

The relative approximation errors are not satisfactory for all values of ¢, of course.
The NFFT approach does not approximate the product Kv well when the value of ¢ is
very small. Note that ¢ always appears squared in the denominator of the exponential.
With that, very small values ¢ lead to kernel matrices K&*"*° with all entries close to
zero except the diagonal being ones. This gives an identity matrix of full rank. The
other extreme case is when the values of ¢ are very large. Then, all entries in K&*"°
are close to one what gives a rank 1 matrix. In the derivative case the approximation
error is biggest for very small and very large values of ¢. In both cases, all entries of
Kd¢r are close to zero, what yields a zero matrix of zero rank.
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Protein KEGGundir
eigenvalue cg iteration count eigenvalue cg iteration count
107 \ 10° 1750

/\
0\

10° |
1071 ]

250 \

)2 10T 100 10T 10
length-scale

0 —
1000 10727101 10" 10T 10
length-scale

Fic. 5. Figenvalue decay and iteration count of unpreconditioned CG to solve (3.6) to reach
the relative residual tolerance 10™4 for fized N = 1000 and regularization parameter 8 = 0.0001 but
different length-scales £, where the windows are determined consecutively via MIS ranking.

When the kernel matrices are of such special structure, multiplying and solving
with the kernel matrix is not as challenging. This is emphasized by Figure 5 where
the eigenvalue decay is shown alongside the CG iteration count for different values of
£. As before K has beneficial properties for very small and very large values of £ and
as such CG does not require many iterations until convergence. More iterations are
needed for very small values ¢ than for very large ones for the KEGGundir data set.
That effect can be attributed to K being of full rank in contrast to having rank 1,
what is a more difficult system to solve, naturally. More importantly the number of
iterations clearly has a peak for moderate values of ¢, when K is dense and not of a
special structure. In the eigenvalue plots the slowly decaying curves correspond to a
large CG iteration count.

Since we are mostly concerned with settings in which the system is not as well-
posed and those cases align with values ¢ for which the NFFT-approach provides a
good Fourier approximation error, the NFFT-based approximation is a competitive
acceleration method independently of that effect.

3.4. Fourier Error Estimates. After illustrating the empirical Fourier approx-
imation error in different settings above, we derive analytical error estimates next.
For that, we assume that the kernels are considered on [—1/2,1/2]3 and periodized
by simple periodic continuation, as explained above. Moreover, we assume that the
length-scale parameter £ is already scaled by the scaling factor for the corresponding
data points. Since kernels in higher dimensions can be derived via tensor products,
the heart of the presented proofs consists of estimating the analytical Fourier coeffi-
cients and their sums for the univariate case. As we exclusively work with dimensions
smaller or equal three in the presented additive kernel design, we derive the resulting
error estimates for d = 3. The case d = 2 can be treated similarly, whereas the
estimates for d = 1 immediately follow from the computations, see Remarks 3.3 and
3.5. The error estimates for the Gaussian kernel in two dimensions have already been
presented in a slightly different form in Potts and Steidl [64]. Our proofs follow a
similar baseline. To the best of our knowledge the Fourier approximation error for
the derivative Gaussian kernel, see Theorem 3.4, is estimated for the first time in this

paper.
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As introduced above in (3.1) and (3.3), kernel vector products can be represented

in a summation form as denoted by h and approximated by a truncated Fourier series
denoted by h, that is

N
h(z}) = Zvj/i(:cg,a:j) Vi=1,...,N',
j=1

h(x})

i

Q

N N
> R kT (2 — R orikTa. ikTa!
h(.’l),’L) — E vj § Cke%nk (z;—x;) _ E en E vje 2mikTx; e27r1k: :1:17
Jj=1

Jj=1 k€lnm keln

for @}, x; € [-1/2,1/2]® already scaled.
Then, by the Holder inequality the Fourier approximation error is determined by

(3.8) h(a}) — h(x})| = > ajrerr (@), ;)| < all]cerr o,
j=1
for i = 1,..., N’ and skgrr the difference between the kernel representation by a

Fourier series and its approximation by a truncated one, where

N
Z |aj‘>
j=1

K = ma K ' x| = ma K 7).
[rERR |00 w,w/e[—l/)fl,l/4]d‘ ERR(Z', 2)] TE[_1/2ﬁ/2]d| ERR(T)]

lellr -

We present theoretical bounds on the achievable approximation error ||kgrr||oo in the
following, where we set

Im::{k:EZd:—%Sk:j<

f3

Vi=1,...,d}

To this end, we consider the periodized Gaussian and derivative Gaussian kernels in
d = 3 dimensions. For r := z' —x € [-1/2,1/2]3, we obtain

Ii(’l‘) _ Z Ck(H)GQﬂ'ikTr o Z Ck<l€)627rik7r ~ Z ékeQWikTr —. HF("')a

keZ3 k€L, keI,

where ¢ (k) are the analytical Fourier coefficients and ¢, the discrete Fourier coeffi-
cients obtained from m? equidistant samples. The Fourier approximation error that
is studied in this subsection is now defined as

KERR(T) = K(r) — Kp(r).

Note that the sums h(x}) are ultimately not evaluated directly, but approximated by
the NFFT algorithms, that is

N

T\ o ~ —2mikTx; 2mikTx/
h(x;) ~ E ¢k E vje il e :

k€L, j=1

approx. via adjoint NFFT

approx. via NFFT
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what introduces further approximation errors. However, these approximation errors
are neglected at this point and the pure Fourier approximation error is considered in
the following. The NFFT algorithms depend on several parameters controlling the
accuracy. Choosing these parameters appropriately, the NFFT approximation errors
can be made negligibly small.

LEMMA 3.1. (Aliasing error) Let f € Lao(T3) be a function with absolutely con-
vergent Fourier series

flx) = Z cu(f)e2™ R e (f) :/ Fla)e 2+ 4g

and let an approzimation of f be given by (replacing the analytic Fourier coefficients
by the discrete Fourier coefficients using m equidistant samples on the grid Z,,)

: 1 j y
o A 2rike Ao J —27ijk/m
fr(z) = Z éxe k=g Z ! (m) e~ 2migk/m
keZ,, JEL,
Then
(3.9) Ge=cr(f)+ D chrme(f)
reZ3\{0}
and the approximation error can be estimated for all x € T by
|f () — fr(z)] <2 Z Z |Chtmr (f)| = 2 Z |Chetmr (f)] -
reZ3\{0} ke, kEZ\I,

Proof. For the derivation of the well-known aliasing formula (3.9), which states
the relationship between the analytic and the discrete Fourier coefficients, we refer
to the standard literature on Fourier analysis, see for instance Plonka et al. [62] and
references therein.

The stated estimate between f and fr is then a simple consequence of the triangle
inequality, as sketched in the following. We rewrite the function f as

f(:B) _ Z Ck(f)e27rik"':c + Z Z Ck+mT(f)62ﬂ'i(k:+m'r‘)Tm
kel keZ,, rezZ3\{0}
and its approximation fp as
fr@) =Y (™ L NN ke ()T,
kEL,, ke, reZ*\{0}
and conclude
f@) = frlw)= 30 30 (eritrmnTe ke o (),
k€T, reZ3\{0}
Consequently, applying the triangle inequality gives

| ( ) ‘< Z Z |Ck+mr f)|

keZ,, rez3\{0}
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3.4.1. Gaussian Kernel. We review the theoretical results presented in Potts
et al. [65], where the authors consider the Gaussian kernel in two variables and derive
an upper bound for ||Kgrr|co- This result can be extended to higher dimensions,
where formulas follow the same rules but become somewhat more extensive. In the
following theorem we improve the error estimates of Potts et al. [65] and restrict our
considerations to the case d = 3.

THEOREM 3.2. Let the kernel matriz be defined by the trivariate Gaussian k"

brm

in (3.5). Then, for n:= Vo3 > 1 the following estimate holds true

5
e < 159(1,0) (vw) " ) T 1024(n,0),

2
where
o—1/86 ot
Y(n,€) := (V2me ™" + Eeﬁf/Q i
e
and
e—1/8¢62 )
A(n, L) = L e V2(mn s .
20/ V2e1/2 1
2

™)

Proof. Throughout this proof we make use of the short hand notation f(x) :=

o=’ /20% Further, we will employ the following simple estimates

(3.10) Z 1 < i 1 12
’ k2 = 4=<k2 6’
k=1 k=1
(3.11) mfe—%?”zfz < /Oo e r—
’ - 2021
k=1 0
=1 ~ 1 2
3.12 — < —dr = —
12 k—z/2+1 k27 Sy 22 T
- —2k%72¢? > —x2n220? —m2m2e% /2
(3.13) Z e < e dz < 2€2m7r2e / ,
k=m/2+1 m/2

where the last line follows from

> 2 > 2 2 [ e ¢
e % dr < e—c(w—i—a) dx < e—ca e—2acw do =
o 0 0 2ac

and the estimates (3.11)—(3.13) are simply obtained by estimating the sum from above
by an integral over a monotonically decreasing function.
The Fourier transform of the univariate Gaussian is defined as

2

(3.14) F0 = [ gapem e ar = oo
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By applying integration by parts twice, we obtain for the Fourier coeflicients and

k+#0

1/2 ‘
alf) = [ et

~1/2

k+1 1 —1/8¢62 1 1z 7 —27ika
=(-1) e - f(z)e dz

46271'2]’(;2 47T2k2 _1/2
1 2 1 o .
— k+1 —1/8¢ —2mikx
= (=1 1020252 ¢ /3~ Ar2)2 [m f(@)e dz
1 > 1"
— 2rkx)d
+ 27242 |, f"(z) cos(2mkz) dx,

where f(z) = (—2e=7 /20 (£=222 —1). The second last integral is simply the Fourier
transform of f”, which is given by 472k f (k).

In order to obtain an estimate for |cx(f)| we may simply use the triangle inequality
and it remains to estimate

() cos(2rkz) da
1/2

o]
<[ @i
1/2
further. First, we note that f” changes its sign in x¢ := £ and, thus, the value of the
integral depends on whether ¢ > % or { < %
Ifl < % we compute

oo —1/8¢2
" — (1Y = €
[ @l =) =5

and for ¢ > % it holds

oo 20—1/2 o—1/8¢6
" _pr(ly / _ - >
| @l = ) -2r0 = 2= - S0

/2
Therefore,
e—1/80 .
— <
e (f)] < (V2me> R 4 ¢ 20m 7k :.
1
m2k2/ £z
With that, we conclude
e—1/867 el
2 2 : 2
lem2(f)] < €V2me™ + 26;7*1/2 =:v(n, ?).
2 >3
Next, applying (3.10) and (3.11) we compute
—1/8¢2 1
m/2 € 1
1 ) < - < 3 3
Z'Ck(f” § §+ 8_1122 6_41/2 317
_ 1
k=1 < ~0.202 :0>1

64 3
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where we make use of 2~ 2e~1/8" < 8e~! ~ 2.94 < 3 for all 2 € R. Further, with
(3.12) and (3.13) we deduce

e—1/80
S el < e 1 | V2T e A, 1)
Ck S (S7 _1/2 = 7, .
k=m/2+1 v 7\/56 A > %
™

Note that for n > 1 we obtain A(n,£) < (2ey/7)~ ' + V2r e /2 =~ 0.377, where
we make use of the fact that the function z—le—1/8%”

(0,1/2).

Based on Lemma 3.1 and by exploiting the underlying symmetry we have

Irerrlloo <2 > len (Hllens (Hllews ()]

is monotonically increasing on

keZ3\ I,
m/2 9 m/2
=23l (NI Y JeDN) +2-3lemp(NP D2 lerlh)]
k=—m/2 k=—m/2
2 3 len(Dliea()llen, ()] = 651 + 655 + 255,
llFell oo 2m /241

where we exploit the tensor product structure cg(e1217/26) = ci (f)er, (f)cns (f).
Based on the above derived estimates and by using |co(f)] < 1 we obtain

25

S1 <m0 (1+2-3)" = - (.0,
5
So <9, 0 (1+2-3) = 59(n.0)*
and
- 3 m)2 - 2
Ss<8| > el +4:3 D lal(f) > fe(f)
k=m/2+1 k=—m/2 k=m/2+1
m/2 2 oo
+2:30 > len(h)] > (£
k=—m/2 k=m/2+1

2
<8A(n, £)® +12- gA(n,E)Q +6- Z5A(n,e).
Now, we summarize
75
IkpRRlloc < -7(0, ) +157(n, €) + 16A(n, £)° + 60A(n, £)* + T5A(, £).

Since A(n,f) < 2, we have A(n,£)? < 2A(n, ) and A(n,()* < 5£A(n,¢). With that,
we obtain a somewhat more simple estimate of the form

0
5 2539
el < 1590,6) (100 + 3 ) + 52 A0
——’

<102
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We have now established a rigorous error bound for one sub-kernel x&*"*°. The
result for the additive kernel k follows straightforwardly by applying the bound to
each kernel individually.

REMARK 3.3. Considering the one-dimensional case with k(% (r) := e~/ (26)
we obtain

1d
kg lloo < 2lemp(Hl+4 3 ler(f)]
k=m/2+1

< 29(n, £) + 4A(n, 0),

with y(n,£) and A(n, ) as stated above.

For very small values of the kernel parameter ¢, see left plot in Figure 6, the
periodized kernel can be considered to be smooth and the exponential decay dominates
the error bound. However, the smaller the kernel parameter ¢, the slower the Fourier
coefficients decrease to zero. Meaningful values for m are limited in order to achieve
n=1.

In the case of moderate values of £, see second plot in Figure 6, the periodized
kernel has a sharp kink and the terms ~ n=2 and ~ n~' have a greater influence on
the estimate. For large values of ¢, see right plot in Figure 6, a constant kernel with
zero error is approached, since essentially only co(f) # 0.

1 - 1F -] 11— T
0.5+ - 0.5 -1 0.5 -
(s ! 4 0L ! L 0 ! -
—-05 0 0.5 —05 0 0.5 —-05 0 0.5
T T T

F1G. 6. Periodized Gaussian kernels in 1D, with parameters £ = 0.03, £ = 0.3 and £ = 3 (from
left to right).

3.4.2. Derivative Gaussian Kernel. For the derivative Gaussian kernel we
again consider the case d = 3, where

2 2 2
||93||ze_\|m|\§/2z2 — 1 —at/20 —a3/20% o~} /20 b T /20 gl /20 T3 —a3/20?
202 202 202

and we obtain

en (11 13711872 ) = cp, (9)exa (Fewy () + exs (Fera()ers (F) + e, (Nens (Fers (9)

—a2? /207 2

202 ¢
THEOREM 3.4. Let the kernel matriz be defined by the trivariate derivative Gauss-

ian k%" in (3.7). Then, for n = “T;" > 1 the following estimate holds true

for the Fourier coefficients, where we define f(z) :==e and g(z) = —a* /2%

el < (36004 159(0) ) (15 + 121(9.0)

116
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where A(n,£) and ~v(n,?) are stated in Theorem 3.2 and

e—1/8€2 ) -

- e S 1
&, l) = (772 + %) éﬂe*’ﬂ + 187726234 2\ 5417 7

? + W : else

e—l/se2 ) .
S(n, ) = erfc(n) n N’ n 1 o 4 m <5 ST
9 — : 3 .

! ad A : else

+
V2rly  2y/2mn

Proof. Throughout this proof we make use of the short hand notations f(x) =
e=’/2¢ and g(z) = %x2€_2e_w2/2€27 as already introduced above. First, we compute
the Fourier transform of the function g. We see g(z) = 402 f”(x)+ 3 f(x) and conclude

(3.15) (k) = / g(z)e R de = (—2r2 k26 + 1Y f(k),
where f(k) = (v/2me=2K"7"¢" ag stated in (3.14). In addition to the estimates (3.10)-
(3.13), we w111 make use of the following additional estimates
(3.16)
i k‘2 _on2k22 < ° 9 727r2ac252d _ 1 erfc (ﬂ'ﬁm/\/i) 4 m 77‘(‘252’!712/2
e < x“e x = Wer Sr208 Sr22® ,
k=m/2+1 m/2 2m g T
(3.17)
-1
m/2 € 1
1 — < —
Sweree o1 Joop S5
=1 vV 27 - 871'2£3 87271-2@2 - else

These estimates are obtained as follows. Note that the function h(z) := g2e= 2w

with /() = 2ze=27 =" (1 — 272¢222) is monotonically decreasing for z > (v/2m() !
Thus, presuming e\’T/C” > 1 we are able to estimate the first sum by the stated integral.
The well-known complementary error function is defined by

erfe(z) =1 — erf(z) = 1 — 7/

and tends to zero exponentially fast for x — oco.

The second estimate is obtained as follows. The function x2e is monoton-
ically increasing from 0 to (v/27l)~!, where we may estimate the sum above by the
integral of the shifted function. In the area where the function decreases, we obtain
an upper estimate by the integral of the function itself. However, the position of the
maximum depends on the parameter ¢. Thus, let (ﬂw@)_l >1 = (< (\/571')_1
and k; € Ny be the largest natural number < (v/27l)~!. Then, we obtain an upper
estimate via

—2724:2 02

e 2 —2n2(x41)202 ! o _on?a2? e’ % o op2,22
/(m—f—l) —2 @D gt 22—|—/ 2% T dr < 22+/ e ?" T dr,
0 0 it ez Jo
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which consists of two integrals estimating the sums up to k; and from k, + 2, re-
spectively, plus the area of the rectangle of with 1 and height (272¢2e)~! being the
maximum value of the integrated function.

For large £ > (v/2m)~! we obtain the estimate

[eS) [eS)

52,2 5222 52,2 _5.2.2)2

e 274 +/ 3328 27r:v2dx<e 2l +/ $2€ Qﬂzidx’
1 0

what is simply the area of the rectangle of width 1 and height e*%%?, what is the
function value at x = 1, plus an integral estimating the remaining sum starting at
k = 2 from above.

Now, we consider the Fourier coefficients c;(g), k € Z, of the 1-periodic continu-
ation of g and state an estimate for the absolute values |c;(g)|. Applying integration
by parts two times we obtain

1/2 _ o—2mikz 1 1/2 1 1/2 .
ce(9) = / g(x)e_%”]”dm = [g’(x) } / g//(x)e—%rlkzdx

S APk |y AR )y
> " —27ikx = "
g (z)e dx—Q/ 9" (z) cos(2mkx)dx
_ (*1)“1671/%2 A /—oo 1/2
42 k202 8¢2 4m2k?

where ¢ (z) = (272" /2 (1 4 2%/(20*) — 522/(2(2)). Thus, by making use of the
well-known derivative related properties of the Fourier transform and the triangle
inequality, we get

9" (x)|dz,

o—1/86 o—1/86 1 /oo

< - [
lox(9)| < 3o —zm + 3o HIIBI 5o

1/2

where, |§(k)| < (2n2k20% 4 1)0v/2me=2K° 7" by (3.15) and (3.14).
In order to estimate the last integral, we examine the sign of the function

1 1‘4 51‘2 2 2
'@ =5 <124_e2+2)e o

Obviously, g”(0) > 0 and changes its sign in the points

5—+17 5417
1 =14 Tandxgzzﬁ —

with 1 < x2. Depending on whether x; and x5 are smaller or larger than % we obtain
. 1 1 2
the following values. If 75 < 5 <= (< 5,/ v o 0.2341

. 11 e~1/8¢ 1
de= -3¢ ()= —— | — —1
[ = -4 = (g -1).
where ¢'(z) = $07%(2 — 0722)2e~" /2 In the case z1 < i <m = [c

(%\/5+?m’ %\/5—3/?)

0o " To . 00 . e—l/SZ2 1 ,
/1/2 lg" (x)|da /1/29 (x) x+/ g (@)dz = —75 ( 8@2) 9'(x2)

z2

)
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2

Finally, if 21 > % = (> % v 0.7551 and splitting the integral into regions

of equal sign leads to

R / , e—1/86 /1
/1/2 9" (@)ldw = 29'(@1) = 29/ (z2) + 55— <8£ B 1) ‘

For the derivative evaluated in x; and x5 we compute

M) = ZL (o _ B VAT (srvinya 1
g'(z1) 572 (2 5 e ~ 0.83 57"

! _ 22 (o BHVIT (sovin/a 1
g (x2) = 502 (2 5 e ~ —0.56 57’

and in summary (estimating 0.83 < 0.9 and 0.56 < 0.6)

e—1/8€2 1 5

() iR

o0 —1/8¢2 1 3
" <€ _ 2. (; 21 2 ]

/1/2|g (x)|dz < 57 (1 8£2>+5€ S 2\/5+\/ﬁ’2\/57\/ﬁ) (IT)
e /8¢ (1 3 e
ST (852 - 1) + 2% A>3 =T (I1I)

Putting everything together gives

-

671/862
—a : case (I)
8¢4
lex(g)] < PR 1 Dypame ey L Je S g
A= ? e 2m2k? 7N + 5p | case (I1)
671/822 3
TRiA + Y] : case (III)
6—1/822 X ~
1A 971004 < 2
< (2m?k20? + %)g\/ﬂe—zw%zﬂ i 167r12k2€4 ; <5y/5rum
: else

2m2k202 + 4722y
where we use x~2e~1/8 < 3 and e~ 1/82 < 1 for all x > 0. It follows

lemy2(9)] < (%71‘2m2€2 + %)K\/ Ome ™ Pm?/2

e—1/807
—_— (<1 2
+ 47r2§n2€4 = 2\ 5+v17
m2m2e2 + T2m2¢ clse
—1/8¢2
— (0% + 1) 0/2me 8n2(2 ts % 5+3/ﬁ
= (77 + 5) e + 1 3¢
S+ else
nc 2

= f(na 6)
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For the sums to be estimated we obtain by the estimates (3.16), (3.13) and (3.12)

o0
Z lew(9)| < erfc() + \/ﬂmge_772 + v2r o
k=m/2+1 4 4 Amm2/l
eﬂ/&@2 X g
s E Wetw
——— + 75— el
w202m + om2im
erfe(n) N2 1
< n n
-4 2ﬁe * 4ﬁne
e—1/8€2 X _
I s N
1
+ : else
V2rly  2y/2mn
=: 5(n, )
and by (3.17), (3.11) and (3.10)
m/2 orm . 1 o-1/8¢2 ) -
1 < 1 e /87 /<1
Z|Ck(9)|<*+ ¢ . = V2r o4 4 0604 S Vs
4 27203/ 2me 21 else 4 1 1
b=t ) 1202 + ]/ else

Now, we can simply compute the maximum possible values regarding the single cases
and obtain

Sl <barlely 8T
k:lkg 1724 Ty Ty

The error ||kErR|co can now be estimated by the sum of the non considered
Fourier coeflicients, see Lemma 3.1. By making use of the underlying symmetry we
obtain

Iverelloe <2 D lewy (9llews (Nllers (] + - + ler, ()llens (Hllers (9)]

keZ3\Z,,

m/2 9 m/2 m/2

< 6lemp@I( Y IelNN) +12empn (N D el D el
k=—m/2 k=—m/2 k=—m/2
m/2 m/2

+6lema (NP D len(9) + 12lemp(@)licmpa (Nl D lex()
k=—m/2 k=—m/2

+2:3- 3 lew (9)llew ()llews ()

il oe >m/2+1

=: 651 + 1255 + 653 + 1254 + 655.
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We make use of g(z) < e~ !, implying |co(g)| < e™? < i, and obtain

Sy < &m,0) - (%)%

Sy <y(n,0)- % -3,
S3 < 7(77,5)2 1*25,

Su <&M 0 -v(n,0)- 3

and

k=m/2+1 k=m/2+1

m/2 0o 2
+4( S |ck<g>)( ) |ck<f>|>
k=—m/2 k=m /241
o) ) m/2
+4-2-( > |Ck(9)|> ( > |Ck(f)|) ( > ICk(f)I)

k=m/2+1 k=m/2+1 k=—m/2

m/2 2 S
+2( 3 |ck<f>|) ( > ck<g>|)
k=—m/2 k=m/2+1
m/2 m/2 0o
+2.2( > |ck<g>|)( > |ck<f>|)( > |ck<f>|),

k=—m/2 k=—m/2 k=m/2+1

55:8( 3 |ck<g>|)( 3 |ck<f>|)

and with the estimates from above
S5 < 85(n,0)A(n, £)* + 30A(n, £)* + 205(n, £) A1), £)
25
+ ?S(n,é) + 75A(n, £)

25 116
< 8.0+ A0 (55500 +57)

where we simplify A(n,£)> < 2A(n,{), as in the proof of the previous theorem. In
summary, the derived estimate reads as

Ipmslloe < €0, €) (15 4+ 129(n, 0)) + 153(1, 0) (15 + 310, )
+758(n, €) + 6A(, £) (1;65(77, 0+ 87)
< (5600 +15901.0) (15 + 129(3.0)
+ 7551, £) + 6A(n, £) (1;)65(77, 0+ 87) . 0

We have now established a rigorous error bound for the derivative of one sub-
kernel k9", The result for the additive kernel k9" follows straightforwardly.
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REMARK 3.5. Considering the one-dimensional case with 09 (r) = %e’r2/<2£2)
we obtain

1d
Irgiklloe < 2emp(@)l +4 S len(g)l

k=m/2+1
< 28(n, £) +4S(n, 1),

with £(n,£) and S(n,l) as stated above.

04l T T T 1 oal T T T 1 oal
02} 102 /V\/V\ 02}
of 1o} 4 of——
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Fic. 7. Periodized Gaussian derivative kernels in 1D, with parameters £ = 0.03, £ = 0.3 and
£ =3 (from left to right).

3.4.3. Comparison of Empirical Approximation Error and Analytical
Error Estimates. In order to check if the actual kernel approximation error can
indeed be estimated by the error bounds derived above, we perform the following
experiments. We generate N = 10* uniformly distributed random points in T; €
[—1/2,1/2]3. Then, we evaluate the kernel functions

2
Hgauss(,r) — e—\|r|\2/2l2 and Hdcriv(r) — %e—ﬂ'ﬂp/222
in the points r;, j = 1,..., N, for different values of /. In order to approximate the

kernel by a trigonometric sum with Fourier coefficients ¢ we evaluate the kernel func-
tion on a regular grid of m?® points in [—1/2,1/2]3, where we select m € {16, 32, 64}.
Finally, we evaluate the obtained trigonometric polynomials in the random points r;
and compute the measured worst case error via max;=1.... n |[kErr(T;)].

In Figure 8 the measured errors for different m and ¢ are represented by the dotted
lines. The solid lines show the estimates, as presented in Theorems 3.2 and 3.4. We
can see that the estimated errors are indeed below the corresponding estimates, where
for some values of £ the true error is a few orders of magnitudes smaller than estimated.
However, the error behavior is described qualitatively very well by our estimates.

3.4.4. Evaluation of Accuracy. The ultimate goal of the NFFT-accelerated
kernel vector multiplication is to obtain fast “accurate” approximate products. For
this we want to evaluate the accuracy of the approximation. Let us denote the exact
kernel vector product as p = Kwv, the exact kernel vector product with the Fourier
approximation error as pg = Kgv and the approximate kernel vector product with
Kg as pg = Kgv. Then, the overall approximation error is determined by

lp —pe| < |p—pE|+ IPE — DE|

Here, |p — pg| describes the Fourier approximation error as introduced above in (3.8)
and |pp — Pg| emerges from employing an approximation algorithm, such as the
conjugate gradient method for solving with the kernel matrix for instance. Note
that an additional approximation error originates from applying the NFFT as already
mentioned above.
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Fic. 8. Comparison of the measured estimates ||kgrr|lco and corresponding error bounds.
Results for the Gaussian kernel k := k9%SS are depicted in the first line, for the Gaussian derivative
kernel k := k%™ in the second line. The grid size m in each direction has been set to m = 16,
m = 32 or m = 64 (from left to right).

4. Global Sensitivity Analysis. The analysis of variance (ANOVA) is a con-
cept studied in the context of statistical methods as well as pure and numerical analy-
sis. In an analytical framework, one may study the so-called classical ANOVA decom-
position of functions [10, 52, 47], in order to understand which variables and groups
of variables are most important to the function. Expanding a function by using or-
thonormal systems makes it easy to decompose its variance by means of the basis
coefficients, as presented by Potts and Schmischke [63]. We briefly introduce this
concept below.

4.1. Sensitivity Analysis in Terms of Fourier Coefficients. We start with
some preliminaries and introduce the required notation. In the following, we study
periodic functions f : T* — R on the d-dimensional torus T ~ [-1/2,1/2)¢ and
denote by

[d = {1,....d}

the set of all dimensions or rather features. As usual, we denote by P(S) the set of
all subsets of a set S.

Subsets of [d], that is elements of P([d]), are denoted by small bold letters u.
Such a subset is identified with a vector with ascending entries, for example

the subset w = {1, 4,3} is identified with the vector u = (1,3,4) € N

For & € R? we denote by x* € RI*l the restriction of  to the dimensions present in
u, for example

x=(9,8,7,6,5),u={1,4,3} = x* = (9,7,6).

Furthermore, we denote by supp(x) the set (or vector) of all dimensions j with z; # 0,
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for example
2 = (2,0,0,1,3) = supp(x) = (1,4,5).

Let v,u € P([d]) with v C u. Then, we define the elements of the vector F(v,u) €
{0, 1}/* via

1 :u;=wv; forsomei=1,...,[v|
b

F(v,u); =

( )i {O s else

where j = 1,..., |u|, containing the information which elements of v are also included

in w. As an example, for v = (1,4) and u = (1,2,4) we obtain F(v,u) = (1,0,1).
The classical ANOVA decomposition of a function f € Lo(T4) is a unique decom-

position of the form

fl@)y= > ful@)=fo+ fry(@) + froy(@2) + o + frua (@),

consisting of 2¢ ANOVA terms f,, = fu (). The ANOVA decomposition is defined
in such a way that the single ANOVA terms f,, are pairwise orthogonal with respect
to the usual Ly inner product, that is (fu, fo) = [ra fu(®) fo(x)dz = 0 for u # v.
The ANOVA term fj is a constant, which equals the mean value of the function.

In the special case of a trigonometric polynomial

(4.1) f@) = 3 fuetmke,

kel,,

one can show that, confer Potts and Schmischke [63],

(42) fu(mu) — Z fk‘ e27rik:Tm — Z fk e27ri(k:”)Tm“.
ke, keI,
supp(k)=u supp(k)=u

From (4.2) we see that an ANOVA term f,, includes only the frequencies k, which
have non-zero entries on the set of indices u and are zero in all dimensions included in
[d] \ u, meaning that the ANOVA decomposition introduces a disjoint decomposition
of the trigonometric polynomial (4.1) in terms of its Fourier coefficients.

In order to understand the importance of variables and subsets of variables u to
the function, one studies the variance of f and analyzes the contributions of the single
ANOVA terms. It is well-known that the variance of a trigonometric polynomial is
easily determined by summing over the absolute values of the Fourier coefficients, that
is

2

fr

()= Y

ke, \{0}

For the single ANOVA terms f,, we obtain the same, namely

UQ(fu) = Z

ke,
supp(k)=u

2

)

Jr




32 T. WAGNER, F. NESTLER, AND M. STOLL

so that we conclude

()= Y, *(fu)
uC{1,....d}
u#)

Based on that, the so-called global sensitivity indices (GSI), confer Sobol [73, 74] and
Potts and Schmischke [63], are defined by

_ 2(fu)
o(f)

where we may replace the variances by the sums of the corresponding Fourier coeffi-
cients, as explained above. Non-important subsets u will not significantly contribute
to the overall variance, meaning p,(f) = 0. In contrast, a large GSI is obtained for
important wu.

pu(f): € [0,1],

4.2. Computing the GSI in the Kernel Setting. Now, we consider the
matrix vector product (3.1) with coefficients v; and « being an additive kernel with
windows Ws, s = 1,..., P, for which |Ws| = dax holds true. We obtain

“i%’i Z Cr o2k (@] —2 ")
j=1  s=1keT,

P

(4.3) =373 e Sk, W) e 2R = (),

s=1keZ,,

where Z,,, C Z%x and
N .
S(k7 Ws) = Z Uje27nk7:z:j s .

Jj=1

Note that exactly the same approximation is used for all windows, that is, the set of
Fourier coefficients {¢x} is the same for all W;. This is possible since all windows have
the same length dp,.x and the same length scale parameter £. The approximation (4.3)
is clearly again a trigonometric polynomial and we can now compute the sensitivity
indices as explained above. We summarize the procedure of computing the GSI in
this setting in the following algorithm.

Note that in Algorithm 4.1 we consider the special case where all given windows
in the kernel have exactly the same cardinality, that is [Ws| = dmax- The case [Ws| <
dmax can be realized analogously and is not more complicated. The notation will be
slightly more complex for this more general case, since the set of Fourier coefficients
{¢k,k € I} differs for windows of different lengths. We would like to mention
that the adjoint NFFT that has to be computed in step 2 in the above algorithm is
computed using the pynufft® software package in our Python codes.

3https://github.com/jyhmiinlin/pynufft
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Algorithm 4.1 Computation of GSI

Input: The set of windows Wy C {u C [d] : |u| = dmax}, $ = 1,..., P, scaled
training data a; with ||ar:;/v < 1/4, and corresponding coefficients v;, j =1,..., N,
superposition dimension dp,,y, length-scale parameter £ > 0 and corresponding kernel
Fourier coefficients ¢, k € Z,,, C Z%max (precomputed via periodization and FFT).
1. For all u € Ule P(Ws) initialize 6,, := 0.
2. Foralls=1,...,P do:
(a) Compute S(k,Ws), k € Z,,, (this is an adjoint or rather type-2 NFFT).
(b) For all § # v € P(Ws) compute

91} :9u+ Z |ékS(k’W9)|2
supp(k)=supp(F (v,Ws))

3. Compute the overall variance

o?(h) = > 0.

@#’UGUle P(Ws)

4. Forall ) £v € Ule P(Ws) compute the GSI via

. 0,
pu(h) = 200

Output: Global sensitivity indices p,(h) for all v € Ule P(Ws) \ 0, that is, for all
given windows W and all their subsets, except for v = ().

4.3. Variation of the GSI scores. As explained above, sensitivity indices are
computed for all subsets of features of cardinality smaller or equal dp,ax. Those subsets
are then sorted by their GSI in descending order. Since the sum of those indices is 1
over all feature subsets, we define a GSIscore € (0,1) determining how many of those
subsets shall be assigned to the feature window. Starting with the subset with the
largest GSI, subsets are added to the feature window until the sum of GSI reaches
GSIscore- The larger the GSI score the more feature subsets are selected. Of course,
GSIscore has to be selected carefully in order to obtain good feature windows. The
optimal choice can vary for different data sets and is not straightforward. In Figure 9
we compare the RMSE, window size and runtime yielded by models with windows
generated for different GSI scores. As expected the RMSE increases when increasing
the GSI score up to a certain level. At some point, adding more feature subsets to
the window does not lead to better prediction quality. Interestingly, the number of
features and windows included in the model is equal for most GSI scores. Only for very
large GSI scores, the number of windows goes up steeply. The time for running the
model with the corresponding windows behaves accordingly. The prediction quality
of the additive model with windows generated with global sensitivity analysis clearly
outperforms the full KRR model for the two data sets considered. Note that the
performance of sklearn KRR with the full kernel could likely be improved by a more
exhaustive grid search. In the following, we set GSIs.ore = 0.99, as we achieve a
very high prediction quality with this score and can keep the number of features and
windows involved and thus the runtime moderate.
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Fic. 9. Comparison of RMSE, window size and runtime for the additive KRR model for
different GSI scores with N = 1000, dmaz = 3, Njear = d and initial £ =1 and 3 = 1.

5. Numerical Results. To demonstrate the predictive power of the feature ar-
rangement techniques presented above we perform additive kernel ridge regression
on benchmark data sets with NFFT-approximations. The corresponding implemen-
tations are available in the GitHub repository NFFTAddKer, see https://github.com/
wagnertheresa/NFFTAddKer. The underlying repository for the fast NFFT-based
kernel evaluations is prescaledFastAdj as introduced above that accesses parts of
the NFFT library.

In the following we compare the results of the more sophisticated with the basic
techniques to examine whether it is worth putting more effort into the preprocessing
phase of learning the windows W, and whether additive kernels actually allow for
higher accuracy.

Furthermore, we investigate whether the intuition holds true that feature groups
covering feature interactions incorporate more information into the model what leads
to higher prediction accuracy than groups consisting of single features only.

5.1. Experimental Setup. All experiments were run on a computer with 8 x
Intel Core i7 — 7700 CPU @ 3.60 GHz processors with NV106 graphics and 16.0
GiB of RAM. We consider the UCI data sets Protein [68] (N = 45730, d = 9),
KEGGundir [58] (N = 63608, d = 26) and Bike Sharing [27] (N = 17379, d = 14)
and the StatLib data set Housing [60] (N = 20640, d = 8). Note that data points with
missing entries or entries exceeding the range defined for the feature are dropped in
the KEGGundir data set. The data is z-score normalized, the labels are transformed
to normalize the target distribution and the data and length-scale parameters are
prescaled as described in Subsection 3.2. We perform grid search for the additive
kernel ridge regression. All results presented in this paper were generated with the
parameter choices listed in Table 1 unless stated otherwise.
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General parameter setting
train—test split datagplit = 0.5
signal variance parameter of=+/1/P
CG convergence tolerance tolog = 1073
NFFT parameter setup | setupyppr = “default”
Parameter setting for feature grouping techniques
subset size for feature grouping N =1000
subset size for FGO N}ngGO = 500
threshold for dropping features thres = 0.0
L1 regularization parameter for lasso Ll =0.01
L1 regularization parameter for EN BEL = 0.01
L1 ratio for EN ratioky = 0.5
fixed length-scale parameter for FGO lrgo =1
fixed regularization parameter for FGO Brgo = 0.1
GSI score GSIgcore = 0.99
initial length-scale parameter for GSI /nit =1
initial regularization parameter for GSI élétl =1
Candidate parameter values for grid search
length-scale parameter ¢€[1072,1071,1,10%, 107
regularization parameter B € 10721071, 1,10, 10?]
TABLE 1

Parameter setting for the experiments presented in this paper.

Other parameters that have to be chosen are the maximal length of the windows
dmax and the total number of features included Ngeat that are required for the feature
arrangement techniques based on a feature importance ranking. In the remainder of
this section we analyze how the choice of these parameters affects the performance
of the corresponding regression model. Finally, we compare the feature importance
ranking based methods to the approaches based on optimization and global sensitivity
analysis.

In this section, we examine the following feature arrangement techniques: consec-
utive feature grouping (consec), decision tree (DT), mutual information score (MIS),
Fisher score (Fisher), RreliefF as filter (relfilt) and wrapper (relwrap) method, lasso,
elastic net (EN), feature clustering based on connected components (FC CC), feature
grouping optimization (FGO) and global sensitivity indices (GSI).

5.2. Variation of the Maximal Window Length. As motivated above, fast
approximation techniques can only exploit their full computational power in small
feature spaces. Therefore, a maximal window length d;,.x must be defined to deter-
mine the windows accordingly. For the NFFT-accelerated approximation dy,.x shall
be smaller than 4.

In Figure 10 we analyze the impact of its value on the feature importance rank-
ing based techniques for different arrangement strategies, where the total number of
features involved is fixed to two-thirds of d. We compare the RMSE of the additive
regression model obtained with the corresponding windows, the time for determining
the windows and the mean time for fitting and predicting the model in the grid search
routine for the KEGGundir data set. In most RMSE plots the bars shrink the larger
dmax- While FC CC clearly has the best time for fitting and predicting and yields the
second best windows setup time, it cannot keep up with the competitors regarding
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Fic. 10. Comparison of RMSE, window setup time and time for fitting and predicting the
additive KRR model with the corresponding windows for different feature arrangement techniques
and strategies, fired number of total features included Nyeqy = 2d/3 and different mazimal window
length dmag for the KEGGundir data set.

RMSE. relfilt and relwrap take the longest for setting up the windows and are among
the slower methods for fitting and predicting. The corresponding RMSE is in the mid-
field but cannot compensate for the high runtimes however. Lasso and EN provide
the second best runtime for fitting and predicting, the third best window setup time
and are among the best in RMSE. DT provides one of the best RMSE results and is in
the midfield in the window setup time. However, the fitting and predicting takes one
of the longest. In comparison, MIS and Fisher yield quite similar RMSE values as DT
but take longer for generating the windows. Fitting and predicting is faster by several
orders of magnitude though. In total, MIS performs slightly better than Fisher in all
categories. Naturally, consec is fastest in determining the windows. The RMSE is far
from the best and fitting and predicting is among the slowest. While some feature
arrangement strategies beat others in particular techniques, no clear trend of one of
them outperforming the others can be identified.

As expected the choice of dp,,, mostly does not impact the window setup time.
However, it generally does not strongly affect the time for fitting and predicting
the model either. For most techniques the runtime increases by factor 2 to 4 when
changing dp,.x from 1 to 3, what is barely visible in the figure. The larger dy,.x the
more Fourier coefficients have to be computed per sub-kernel K. A smaller value
of dmax however leads to a larger number of windows and sub-kernels P for a fixed
number Ngot. Therefore, both aspects mostly balance each other out.

5.3. Variation of the Total Number of Features Included. The experi-
ment on the maximal window length has illustrated that dy.x = 3 can be a good
choice since it usually yields the smallest RMSE while it only leads to an insignif-
icantly greater computational effort. Next, we investigate how the total number of
features included impacts the overall performance for fixed dyax = 3.

Figure 11 shows the performance of the feature importance ranking based tech-
niques for different arrangement strategies, fixed dya.x = 3 and different values d/3,
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Fic. 11. Comparison of RMSE, window setup time and time for fitting and predicting the ad-
ditive KRR model with the corresponding windows for different feature arrangement techniques and
strategies, fized dmaz = 3 and different number of total features included Nyeqs for the KEGGundir
data set.

2d/3 and d for Nge,t. The runtime plots behave similarly as the ones in Figure 10 for
the different feature arrangement techniques. Again, we cannot recognize that one
of the arrangement strategies is superior to the other ones and the choice of Nyt
does not seem to have an impact on the time for running the model. For all but one
technique, the RMSE is largest for Neot = d/3 and smallest for Nie,y = 2d/3. In
most cases, the RMSE for Ng,t = d is either at the same level or larger than for
Nfoat = 2d/ 3.

5.4. Comparison to GSI, FGO and Full Kernel Ridge Regression. In
the previous subsections we observed that using lasso and EN to determine the feature
windows usually led to the smallest RMSE. Moreover, the window setup time and the
time for fitting and predicting the model with the corresponding windows is superior
to most of the other methods. MIS can be considered as the best technique that is not
based on a regularization. The only other method that could keep up with MIS is DT
that reached similar RMSE. While the window setup time of DT is actually smaller
than for MIS, the time for running the model is larger by up to 3 orders of magnitude.
Even though none of the feature arrangement strategies is clearly preferable for those
techniques, ‘distr’ might be slightly the best for MIS, ‘direct’ for lasso and ‘consec’
for EN.

In Figure 12, we compare those leading feature importance ranking based tech-
niques MIS; lasso and EN to GSI, FGO and the state-of-the-art sklearn kernel ridge
regression with the full kernel on 4 benchmark data sets.

Note that other than for the KEGGundir data set Ng.,t = d can lead to a further
RMSE improvement for other data sets, in particular when d is small for instance.
Therefore, we choose Nieay = 2d/3 for the KEGGundir and Bike Sharing data set
and Ngeat = d for the Protein and Housing data set. Moreover, we set dmax = 3
for the feature importance ranking based techniques and refer to Table 1 for the
further parameter setting. For all 4 data sets considered, EN performs better than
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FiG. 12. Comparison of the feature importance ranking based techniques MIS, lasso and EN
with FGO and GSI for the additive KRR model, and sklearn KRR on the full kernel, with dmaez = 3,
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MIS in all three categories. Comparing lasso and EN, we cannot recognize an obvious
trend of one outperforming the other. For the Bike Sharing and Housing data, lasso
yields a better RMSE than EN but worse runtimes and for the Protein data set EN
clearly returns a better RMSE but slightly worse runtimes. As expected, FGO and
GSI require by far the longest window setup time but often yield a very competitive
runtime for training and fitting the model. Once the windows are set up with these
methods running the model is usually quite efficient since FGO and GSI usually return
fewer windows of shorter length since they are not affected similarly by the choices of
dmax and Nee,t. However, the RMSE obtained with those windows cannot always keep
up with the competitors. Note that a careful adjustment of the model parameters in
FGO and GSI can lead to a competitive RMSE for the Protein and KEGGundir data
sets. The RMSE obtained with windows generated via GSI is already competitive
for the KEGGundir, Bike Sharing and Housing data sets. Since GSI windows usually
incorporate many features separately, the intuition that windows with larger d yield
better RMSE cannot be confirmed in general. The red bar represents the performance
of sklearn KRR with the full kernel. The additive models clearly provide a better
RMSE that is more than two or three times smaller than for the full KRR model.
The time for fitting and predicting the model can be slightly smaller if the number
of data points is small such as for the Bike Sharing data set. As motivated above in
Figure 3, the computational complexity of NFFT-based additive kernel evaluations
is evidently smaller for large scale problems. Note that the red bar is missing in the
Protein and KEGGundir plots since the computations break for bigger matrices in
the sklearn KRR model due to a lack of memory.

5.5. Extension to Other Kernels. Naturally, the NFFT-accelerated kernel
matrix and derivative kernel evaluations and the presented feature arrangement tech-
niques are not only tailored to the Gaussian kernel but can be applied to other kernels
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directly. One of the most popular alternatives is the Matérn(3) kernel

1/2 |z —'[|2
/-@Nfdtem(m,m') = exp <Z .

Analogously to (1.3) for the additive Gaussian kernel, we can define the Matérn(3)
kernel additively as

P W, W,
1/2 ;" — ;|2
kol (ai, ) = ?Z ( )

1/2
K,MS

In the prescaledFastAdj repository Hll\/{jtérn is referred to as kernel = 3 and embedded

as ‘laplacian_rbf’ in the underlying NFFT repository [43]. Differentiation with respect
to the signal variance parameter oy gives

8K1/2 W W

€, — X, 2 2 1/2
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and with respect to the length-scale parameter ¢ we obtain
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with Cyr,,, = H(B:/VS - w;/v 2. For the latter we added the ‘der_laplacian_rbf’ kernel

W, W, W W
1/2 (E248 —Z; 2 |, —Z; 2
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to the NFFT repository that is referred to as kernel = 4 within prescaledFastAdj.

1/2
With that, we obtain 8? 0*20]«2& 1K1/2 nd aaz v= fzé 1 éKséfM

In Figure 13 we compare the performance of different feature arrangement tech-
niques for an additive KRR model working with the Matérn(}) instead of the Gauss-
ian kernel as in Figure 12. In comparison to the model with the Gaussian kernel,
the Matérn(2) kernel does not lead to huge differences in the runtimes for fitting and
predicting the model. The different kernel definition does not modify the MIS, lasso
and EN techniques but also for FGO and GSI we cannot recognize huge variations in
the window setup time in comparison to Figure 12. The RMSE plots however show
greater alternation. Especially for the FGO technique, the RMSE obtained with the
Matérn(4) kernel can improve as for the KEGGundir and Bike Sharing data set but
also detenorate as for the Protein data set. The other feature arrangement techniques
do not show great variations in performance between the two kernels.

It is also possible to include further kernels such as the Matern( ) by specifying
the function and its derivatives within the NFFT package. It remains to derive the
corresponding Fourier error estimates in future work.

6. Conclusion. In this paper we have analyzed feature arrangement techniques
for additive regression models and their applicability to NFFT-accelerated kernel
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Fic. 13. Comparison of the feature importance ranking based techniques MIS, lasso and EN
with FGO and GSI for the additive KRR model, and sklearn KRR on the full kernel, with dmaez = 3,
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evaluations. We presented several options for splitting the original feature space
into smaller feature groups and examined their performance. For simplicity, we
demonstrated the numerical results on an additive KRR model, but the computa-
tions can easily be applied to other kernel methods. Moreover, we developed an
NFFT-acceleration procedure for kernel evaluations with the derivative kernel and
motivated its computational power empirically. This is of great relevance in hyper-
parameter optimization tasks for GPs, for instance. We derived the corresponding
Fourier error estimates for the trivariate Gaussian kernel and its derivative kernel
analytically and demonstrated its quality. Finally, we compared the additive KRR
model to the state-of-the-art sklearn KRR model with the full kernel matrix. In our
experiments, the additive model could consistently yield clearly better RMSE while
requiring smaller runtimes for fitting and predicting the model if the data is large
enough. We mostly focused on the Gaussian kernel in this paper, but briefly motivate
the extension to other kernels such as the Matérn(3) kernel and present first numer-
ical results. It remains to derive additional theoretical guarantees for this kernel in
future work.
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