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Abstract. Partial differential equation (PDE) models for infectious disease have re-
ceived renewed interest in recent years. Most models of this type extend classical com-
partmental formulations with additional terms accounting for spatial dynamics, with
Fickian diffusion being the most common such term. However, while diffusion may be
appropriate for modeling vector-borne diseases, or diseases among plants or wildlife,
the spatial propagation of airborne diseases in human populations is heavily dependent
on human contact and mobility patterns, which are not necessarily well-described by
diffusion. By including an additional chemotaxis-inspired term, in which the infection
is propagated along the positive gradient of the susceptible population (from regions
of low- to high-density of susceptibles), one may provide a more suitable description of
these dynamics. This article introduces and analyzes a mathematical model of infec-
tious disease incorporating a modified chemotaxis-type term. The model is analyzed
mathematically and the well-posedness of the resulting PDE system is demonstrated.
A series of numerical simulations are provided, demonstrating the ability of the model
to naturally capture important phenomena not easily observed in standard diffusion
models, including propagation over long spatial distances over short time scales and
the emergence of localized infection hotspots.

Keywords: nonlinear parabolic equations, reaction-diffusion systems, chemotaxis, ex-
istence and uniqueness of solutions, epidemic models, COVID-19.
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1 Introduction

Mathematical models have long found application in the modeling and study of infec-
tious disease, dating back to Daniel Bernoulli’s model of smallpox vaccination in the
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1700s |13]. Over the following centuries, mathematical models have been found numer-
ous applications in in epidemiology and public health. The most commonly employed
models are compartmental models, based on systems of ordinary differential equations
(ODEs), following the framework of the susceptible-infectious-recovered (hereafter ab-
breviated as SIR) model, itself originating from a special case of the more general model
introduced by Kermack and McKendrick [24] (see [10] for a more modern treatment,
as well as [29,30]). These models divide the population into different compartments
based on disease stage. Such models are easily implemented and analyzed, and have
relatively low computational overhead. However, they do not naturally incorporate
spatial information.

To overcome this limitation, analogous models based on partial differential equations
(PDEs) have been proposed [32,35]. These models have historically found success, par-
ticularly in modeling vector-borne diseases and diseases spread among wildlife [23]|32].
These models are typically of reaction-diffusion type, and model the spatial propa-
gation of disease as a Fickian diffusive process, in which the infection moves along a
negative gradient. Reaction-diffusion models have also been used to model infectious
diseases in human populations. While much recent work in this area has been applied
towards COVID-19 [2,|7,[11,{12,{19], PDE models have also been used for other diseases,
or described in more general settings [1}25]34].

While PDE models offer the advantage of describing spatial dynamics, their use
in modeling infectious disease in human populations remains limited, for reasons both
practical and epidemiological. From the practical point of view, PDEs require more
computational resources, more data, and more effort to implement and solve com-
pared to their ODE counterparts. Additionally, their mathematical analysis is often
complicated, and the definition of important epidemiological quantities (such as the
reproduction number) is not straightforward [1,[2].

More seriously, however, there are the issues from the epidemiological point of view:
it is not clear that a diffusive process provides a suitable description of infectious disease
in a human population, given the complex, multiscale nature of human mobility [5,
15]. Diffusion models do not provide a natural description of nonlocal transmission
dynamics. In contrast, ODE models are quite flexible in this regard, and one may model
(potentially distant) geographic regions via an additional compartmental stratification.
Thus, in addition to their computational and mathematical attractiveness, carefully
designed ODE models may also provide more suitable spatial description compared to
a PDE model in certain settings. This is particularly well-suited for models of sexually
transmitted diseases, where transmission does not depend strongly on local population
density [9,37]. Such models are, however, very data-hungry and their parametrization
can become challenging as the spatial resolution increases. This causes difficulties
when applying this approach to airborne infectious diseases in human populations,
as transmission may depend heavily on local population density patterns [21136].

The inability of reaction-diffusion models of infectious disease to incorporate nonlo-
cal mobility is a well-known limitation, and significant effort has been applied towards
resolving it. Models incorporating bilaplacian [32] and fractional diffusion [40] terms
may naturally reproduce nonlocal behavior; however, both their implementation and
analysis are different. Reaction-diffusion models have also been extended by, for ex-



ample, incorporating additional advection terms (possibly endowed with a network
structure [1,|7,[34]) or mass-transfer operators [19] to allow for nonlocal effects.

While such efforts have produced promising results, the focus in these instances is to
better reproduce the nonlocal behavior. However, another equally important question,
whether diffusion is in fact an appropriate description of the local spatial dynamics of
an airborne infectious disease in human populations, has not received similar attention.
Indeed, while additional care is occasionally given in defining the diffusive process (for
instance, preferential or nonlinear diffusion [19,138]), such considerations affect only
the rate and areas in which diffusion occurs. The underlying idea that an infectious
disease in a human population should diffuse, that is, travel from regions of high-
infection density to regions of low-infection density, as the limit of a Brownian motion,
is discussed in few works (see e.g., [2,/11,|12}|16}/17]).

In the present work, we consider that diffusion-based models of airborne infectious
diseases in humans are also limited in their description of local dynamics, and that such
limitations are of similar, if not greater, importance as their well-known problems with
describing nonlocal dynamics. In order to overcome these limitations, we introduce
a new model to better-capture the spatial propagation observed in real-world human
contagion. Specifically, the model does not only consider movement of the disease along
the negative gradient of infection density, but also the nonlinear movement along the
positive gradient of susceptible density; that is, from regions of low-to-high susceptible
concentration. While the underlying physical process is not the same, we note that this
model bears mathematical similarity to well-known models of chemotaxis, a process in
which a biological species is attracted or repelled in response to a chemical stimulus
[6,/8,(18,28}31},33].

The article is outlined as follows. We first introduce the mathematical model, char-
acterizing transmission, diffusion and a chemotactic-inspired movement, as previously
explained. We describe its basic properties and explain the underlying intuition. After
establishing the necessary formality and notation, we proceed to examine the mathe-
matical well-posedness of the model. Following this analysis, we prove the existence
of a solution (see Theorem with its properties, as e.g., positiveness. Then, after
showing an additional regularity of the solution in Proposition we prove also its
uniqueness in Theorem in the case when the diffusion coefficient for susceptibles
is constant. Moreover, in Theorem we investigate the asymptotic behavior of our
system as the diffusion coefficients for susceptible and removed compartments tend to 0
by proving the convergence to the resulting mixed ODE-PDE system. Then, we briefly
discuss some important considerations regarding the numerical solution of the model.
We then perform a proof-of-concept simulation and show that the model provides bet-
ter qualitative agreement with surveillance data compared to a purely diffusive model.
Additionally, we show that the chemotaxis model recreates important dynamics not
seen in the pure diffusion model, including transmission over long geographic distances
over short time scales. Furthermore, we show that these dynamics will occur naturally,
and do not require spatiotemporal variation of model parameters. We conclude by
summarizing the presented results and suggesting several directions for future work in
this area.



2 Mathematical model

Let us begin in a general setting, by taking a bounded connected domain Q C R,
d=1,2,3, and let i(x,t) describe the density of infected individuals at a point z in 2
at a time t. Next, we consider a bounded connected, arbitrary control region 2, C €2,
with 0f), sufficiently smooth. The overall concentration I,(t) of infection in Q, is
given by

L(t) = /Q i(z,t) d. (2.1)

Following the standard reasoning from conservation laws, I,(x,t) can change only
due to:

(A) Internal sources and sinks, or
(B) Infected population entering (or exiting) €2, from across the boundary 9S2,.

Physically, (A) above refers to the generation of new infections from inside €2, also
known as incidence and denoted as A(x,t), and removals from the infected population,
either from recovery from infection or death, within €2,. We assume, for simplicity, that
all removals are recoveries and occur at a rate ¢.

Regarding (B), we may denote the movement by infected individuals across the
boundaries as a flux j, assumed generic for the moment. From standard arguments,
then we have that

8t/ai(3:,t) dz = / (\(z,t) — i(x, 1)) do — /maj -n, do. (2.2)

where n, denotes the outward normal unit vector to 0€2,. Applying the divergence
theorem, moving the time derivative inside the integral, and rearranging the latter
equality implies

/Q (D t) — M) + 6w, £) + V - j(2, 1)) da = 0. (2.3)

Since this must hold for any choice of €2,, we thus have
Oi=A—¢i—V -] (2.4)

over the whole of 2. We must specify how we define A and j, with the latter being
the primary focus of the present work. For the former, we will assume a standard
frequency-dependent formulation [9] , given as:

Mz, t) = B(m,t}%s, (2.5)

where s(z,t) refers to the susceptible population at (z,t), f(x,t) is the contact rate
(units 1/time), and n(x,t) = s(z,t) + i(z,t) + r(x,t) is the total living population at
(x,t). Here, r(z,t) represents the recovered population. We briefly remark that other
choices of A may be more suitable for certain applications, including, among others,
density-dependent or Holling-type formulations. We refer the reader to |9] for further
discussion of these issues. We now focus our attention on the choice of j.
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2.1 Standard flux choice: Fickian diffusion

For j, the most common choice is to assume the fl Fickian diffusion flux — that is, the flux
is proportional to the negative gradient of infected density. Put simply, this assumption
states that the infected population will tend towards a uniform concentration, moving
from regions of high-infection density to low-infection density. Mathematically, we may
describe this as

j=—-v;Vi, (2.6)

with v;(x,t) being the diffusion coefficient.

Following this reasoning for additional compartments, and taking advantage of a
standard frequency-dependent formulation of A, one may derive the susceptible-infected-
removed (SIR) system for susceptible, infected, and removed population densities s(z, t),
i(z,t), r(x,t), respectively:

i :
Ors = —Sﬁﬁs + V- (vsVs), inQ:=Qx(0,7T), (2.7)
Oyl = Ls —¢i+ V- (yVi), in Q, (2.8)
s+r+r
Or =¢i+ V- (1,Vr), in Q, (2.9)
Vs n=Vi-n=Vr-n=0, on ¥:=0900 x (0,7), (2.10)
s(0) = s, i(0) = ig, 7(0) = 19, in €. (2.11)

We recall that 2 denotes a bounded domain of R?, d = 1,2, 3, with a smooth boundary
0f). Here, n stands for the outward normal unit vector to the boundary 02 and T" > 0
represents a final time.

2.2 Flux definition 2: Chemotaxis-inspired

Let us consider an alternative choice for the flux. We assume that the spatial evolution
of the infectious disease depends primarily on two processes:

1. An undirected component, modeled as a random walk. As mentioned the previous
example, in the continuous limit, this is described by a diffusion operator.

2. A directed component, which corresponds to mobility which is predictable, and
not random.

To model this second process, we assume the following:

e The spatial propagation of an infectious disease depends on human mobility, in
particular how this mobility relates to contacts. In general, contacts will increase
moving from regions of lower to higher population density.

e Higher levels of infection should, in general, serve to increase, not decrease, the
spatial propagation of the disease provided sufficient availability of susceptible
individuals.



Combining the two points, we therefore postulate that an airborne infectious disease
should propagate according to the density of susceptible individuals, and in particular
will move from regions with a lower concentration of susceptible individuals to regions
with a higher concentration of susceptible individuals. The rate of this movement should
be also governed in part by the concentration of infected individuals in the area.

Putting these pieces together suggests the following, alternative definition for the

fux:
j=-vVi+ x(i)Vs, (2.12)

where x(7) is a strictly positive function of i. A possible specification for x is

X(x>t7i) :ﬂi<x7t) (2'13)

1
141i/Cy’
where p; > 0 is a chemotactic coefficient and Cy > 0 is a capacity term defining a
level of population density at which saturation occurs. Observe that when ¢ << Cj,
x(2) ~ p;1; hence, x increases in proportion to i for smaller i. However, as i increases,
this begins to change; note that for i &~ Cjy, x(i) will increase in proportion to ;i/2.
Finally, for i >> Cjj we see that

lim (i) = lim —— = Copu. (2.14)

Hence, the parameter C defines a level of infection density at which additional increases

in infection density result in a reduced effect on the spatial dynamics. Such terms may

be explained physically by, for example, natural limitations on human mobility.
Proceeding as before, the general modified model reads as follows:

{ .
Os — V- (vsVs) + s%—ﬁzﬁs =0, in Q, (2.15)
Ot — V- (1;Vi— x(1)Vs) + ¢i — Lz =0, in Q (2.16)
t ) X s+ i +r - Y% ) .
Or —V - (1,Vr) —¢i =0, in Q, (2.17)
Vs-n=(vVi—x(i)Vs) - n=Vr-n=0, on X, (2.18)
s(0) = s, i(0) = ig, 7(0) = 19, in €. (2.19)
Looking at the boundary conditions (2.18)) we deduce in particular that
Vi-n=0 onX (2.20)

as well. From here on out we will regard (2.7)-(2.11)) as simply a particular case of

(2.15)-(2.19) with p; = 0; note the capacity term Cy no longer serves any purpose in
such a case. A full list of the model parameters in (2.15)-(2.19)), their description, and
their units are provided in Table [T



’ Parameter ‘ Name ‘ Unit

6] Contact rate Days~!

o Removal rate Days~!

v; Diffusion coefficient, compartment j km? - Days~!

L Chemotactic coefficient km? - Persons - Days ™!
Co Capacity/saturation term Persons

Table 1: Description of model parameters for ([2.15)-(2.19) with the choice (2.13). Note
that (2.7)-(2.11)) corresponds to the case of p; = 0.

3 Mathematical analysis of the chemotaxis-inspired
model

In this section, we present the mathematical results regarding the system —.

In order to allow more generality to the system parameters, which in principle can be

different in space and vary in time we assume that they are space and time dependent.
We begin by specifying some notation. Let

H=1*Q), V=HYQ), W={ve H*Q); Vv-n=0on dN}.

As usual, we identify the space H with its dual space H' and we note that W C V C
H = H' C V' with dense and compact embeddings. We denote by (-,-) the pairing
between V' and V.

We assume the following hypotheses on the system parameters:

(v, Vi, 1) € (L2(Q))?, 0 < vy < vg, 3,1, < vy ace. in Q, (3.1)
BeL®(Q), 0< < fuacinQ, (3.2)
with v,,, vy, By constants,
¢ is a positive coefficient, (3.3)
X : @ x [0,+00) — R is a Carathéodory function, (3.4)

~—

that is, x(+,-,v) is measurable in @ for all v > 0 and x(z,t,-) is continuous in [0, +00
for a.e. (z,t) € Q.
Moreover, there exist two positive constants x; and X1, such that

<xim forallv>0andae. (z,t)€Q. (3.5)

x,t,v
|X(l’,t,'0)| S XM, w

An example of such a function may be (cf. (2.13)))

X(l’,t,v) = Xo(ZL‘,t) . ) with Xo € LOO(Q): Xo >0 a.e. in Qa co > 0.
%

+CQ



Finally, for the initial data we assume that
(50,70,70) € (L*(R))?, 0 < 59 < sp1, 59 >0, 79 > 0 a.e. in Q, (3.6)

with s;; constant.

The aim is to prove that the initial-boundary value problem — has a weak
solution. To this end, we introduce an approximating system depending on a parameter
¢ > 0, namely,

ats—V-(VSVS)—l—S++ifir++€s:o, in @, (3.7)

Bi — V- (Vi — x(i)Vs) + ¢i — — Bs7 i=0, inQ, (3.8)
st+it +rt +¢

or =V - (1,Vr) —¢i =0, in Q, (3.9)

Vs-n=Vi-n=Vr-n=0, on X, (3.10)

s(0) = sg, i(0) = ig, 7(0) = 19, in €, (3.11)

where v represents the positive part of v = s, i, 7. We note that the last terms on the
left-hand sides of the first two equations make sense now because the denominators are
positive. Similarly, the argument i* of y is nonnegative.

First, we shall prove that system — has a weak solution (s,,r), with s, 4,7
all nonnegative, so that (s,i,7) solves also the system

Bi

atS -V (VSVS) -+ m S = O, m Q, (312)

: : : : Bs S
O — V- (1;Vi—x(i)Vs) + ¢i STitrre i =0, in Q, (3.13)
Or —V - (1,Vr)—¢i =0, in Q, (3.14)

along with the boundary conditions and the initial conditions .

Next, relying on appropriate a priori estimates we shall pass to the limit as € — 0 in
3.12)-(3.14) and prove that the limit is a weak solution to the original system (2.15])-
2.19). We note that the fraction —2%— is well defined whenever s + i +r > 0 and it

S+i+r
will be well specified when s 4 ¢ 4+ r = 0, as we shall show in the existence theorem.

We start with the auxiliary approximating system (3.7))-(3.11]).

Theorem 3.1 Under the assumptions —(@) there exists a triplet

(5c,ic,72) € (HY(0,T; VYN C([0,T]; H) N L*(0,T;V))? (3.15)
satisfying the following notion of weak solution to system - :

/ (Ops:(t),v(t)) dt + / vsVs. - Vodxdt + / = sevdxdt = 0,
0 Q

g8t i+t 4e



T
/ (Opic(t),v(t)) dt +/ v;Vi. - Vodxdt + / ¢i-vdxdt
0 Q Q@

/655+ ] / ]
» dxdt = Vs, - Vodzdt,
+/Qs€+ P 6Z€U$ Qx(zE )Vs. - Vodx

T
/ (Opr<(t),v(t)) dt + / v Vr. - Vodzdt — / ¢i-vdxdt =0,
0 Q Q
for all v e L*(0,T;V). Moreover, it has the properties
0<s.<sum, 1. >0, . >0 a.e. in Q, (3.16)

whence it turns out that the solution (s.,i.,r:) solves also a weak formulation of equa-

tions (3.19)- with the boundary conditions and the initial conditions (3.11)),
that is, for allv € L*(0,T;V),

T .
/ (Ops(t),v(t)) dt + / vsVs - Vodzdt + / L svdxdt = 0,
0 Q

Qs+z+r

T
/ (Oi(t),v(t)) dt + / v;Vi - Vudxdt + / ¢ivdxdt
0 Q Q
Bs . ,
+ | ————wdxdt = | x(i)Vs - Vudzdt,
Q s+1+7r Q
T
/ (Oyr(t),v(t)) dt + / v, Vr - Vodzxdt — / ¢ivdxdt = 0.
0 Q Q

Proof. We apply the Schauder fixed point theorem, by introducing the space
X = (L*Q)) (3.17)
and the ball
M = {(s,i,7) € X5 8]l 12 + lill 2y + 17l 22y < B} (3.18)

with R denoting a large enough positive constant, which will be specified later.
We fix (5,4,7) € M and consider the system

~+
Bis — V- (1,Vs) + _fz s=0, in Q, (3.19)
st+i 47t +¢
. . =+ . ﬁg‘i‘ . .
Oy — V- (yin —x(i )Vs) + @i — - i =0, in Q, (3.20)
Or —V - (1,b,Vr)—¢i=0, in Q, (3.21)

with the boundary and initial conditions (3.10), (3.11)) and prove below that it has a

solution (s,1,7).



Then, we define the mapping
O:M— X, ®5,i,7) := (s,4,7) (3.22)

and show that ®(M) C M, (M) is a compact set of X and that ¢ is continuous.
Now we present the arguments that prove that ® is well defined. Since, due to (3.2]),
the coefficient of s in (3.19)) satisfies

gi' .
0< — < By a.e.in Q, 3.23
Sti Tt e (3:23)

it follows from the classical results concerning the well-posedness of parabolic problems
(see, e.g., [26]) that there exists a unique weak solution

s HY(0,T;VYNnC([0,T); H) N L*(0,T;V) (3.24)

to (3.19), coupled with Vs-n =0 on ¥ and s(0) = sq.
Moreover, by testing (3.19) by —s~(t), where s~ denotes the negative part of s, and
integrating over (0, ) we obtain

Sl @+ [ [ vV [ doar

_2
= HSOHH //—++ +_++5|8 | dzdr.

Recalling that sqg > 0 a.e. in {2 and using , we realize that the right-hand side is
nonpositive and so we conclude that s~ (t) = 0 for all ¢t € [0, 7], whence s > 0 a.e. in Q).
We proceed similarly by testing @D by the positive part (s(t) — sp)", integrating
over (0,t) and recalling again (3.6) and (3.23). Then, we obtain that

%H(S(t)—SM)+HZ+/O/QVS|V(S—SM)+|2dCL’dT

_ ! il t B tdadr < 0
- §H(SO—SM) HH— I A s(s — syr)Tdadr <

+é

and can infer that s < s); a.e. in (). Thus, we have proved that
0<s<syae in Q. (3.25)
Next, we deal with (3.20) rewritten as

g3+
St 4T e

Bi — V- (v Vi) + ¢i — i=-V-(x@i)Vs), (3.26)

together with Vi-n =0 on ¥ and ¢(0) = 9. We note that

0< fs
TEt 4 4T 4e

< By ae.inQ (3.27)
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and that the right-hand side of (3.26)) belongs to L?(0,T; V') thanks to (3.5)). Relying
again on the existence results for parabolic problems, we deduce that there exists a

unique solution
i€ HY(0,T;V'YNnC([0,T); H) N L*(0,T; V) (3.28)

to the problem (3.26]) along with Vi-n =0 on ¥ and i(0) = i,.
As i is now fixed, applying the same argument as before yields that (3.21)), together
with Vr-n =0 on 3 and r(0) = ry, has a unique solution

re HY0,T; V)N CO([0,T]; H) N L*0,T; V). (3.29)

Next, we deduce some uniform estimates. In the sequel, we shall denote by C' several
positive constants (that may differ from a line to the other) depending on the problem
parameters, but independent of ¢.

First, we test (3.19)) by s(t), integrate over (0, t), taking (3.1]) and (3.2]) into account,

and obtain

1 ¢ 1 t
3 IO+ [ VSO dr < 5 solly + 8 [ st
0 0
whence, by the Gronwall lemma, we deduce the estimate

HSHLoo(o,T;H)mLz(QT;V) <, (3.30)

where C' depends only on |[|So|| g, Vm, Bm and T. Further, by the comparison of the
terms in (3.19)) we also infer that

||at8||L2(O,T;V’) <C. (3.31)

Next, by testing (3.26]) by i(¢) and integrating over (0,t) we have that

L2 - 2 " 2

5 i@ + v [ VU dr+ & | (i)l dr

0 0
1. 2 ¢ . 2 t .
< g lliollyr + Bar | ()l dr +xar [ AVl IViT) | pdr. (3.32)
0 0

For the last term on the right-hand side, we apply the Young inequality

t
. X
o / 5 [0 dr < 2 / Vi dr + 2o / 152 dr,

(3.30) and the Gronwall lemma in order to obtain

ill Lo 0 731102 0.75) < C- (3.33)

Now, by comparing the terms in ([3.26]) we easily arrive at

104ill 07y < C- (3.34)
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Proceeding in the same way in (3.21)) with Vr-n = 0 on ¥ and r(0) = ry, and using
(3.33) we infer that
HTHLOO(O,T;H)nL?(o,T;V) + HatTHm(o,T;v') <C (3.35)

Due to the estimates (3.30]), (3.33]), (3.35]) it turns out that there exists a constant R
such that

||3||L2(Q) + ||i||L2(Q) + ”7"||L2(Q) <R
and we employ exactly this constant in the definition of M.

Therefore, it follows that ®(M) C M. Recalling also and (3.34), due to
the compact embedding of H'(0,7;V") N L*(0,T;V) into L*(0,T; H) = L*(Q) (see,
e.g., [27, p. 58]), we conclude that ®(M) is a compact set of X.

It remains to prove that @ is continuous. We consider a sequence (3,,i,,7,) € M
such that (5,,i,,7,) — (5,4,7) strongly in X, as n — oo. Letting now (s,,4,,7,) =
O (3p,1n,7n) and (s,i,7) = ®(3,i,7), we want to prove that (s,,i,,7,) — (s,4,7)
strongly in X, as n — oo.

Relying on the previous estimates for the solution to — we have that

||5n||Hl(O,T;V’)mLoo(0,T;H)mL2(0,T;V) + ||in||H1(O,T;V’)HLOO(O,T;H)ﬂLQ(O,T;V)
+ ||7"nHHl(o,T;V')nLoo(0,T;H)nL2(o,T;v) <C.

Hence, by compactness, there is a subsequence of n, still denoted by n, such that

Sp = 8, Uy —> U, Ty — T

weakly in H'(0,T; V') N L*(0,T;V), weak* in L°(0,T; H),

strongly in L?(0,T; H) and a.e. in ), as n — oo. (3.36)
We have to prove that (s, 7,7) is exactly ®(3,4,7) and that the whole sequence (s, 5, )

converges in X. For this aim, we should be able to pass to the limit as n — oo in the
variational formulation of the problem. Namely, we have that

T B;-l—
8tn ) d SV and n
/0 (Opsp(t),v(1)) t+/Ql/ s vxt+/

_ =+ _
QSF+i, +TF +¢

spudxdt =0, (3.37)

T
/ (Opin(t),v(t)) dt + / v; Vi, - Vodxdt + / Gipvdrdt
0 Q Q

BE,: . =+
+ = invdrdt = | x(i, )Vs, - Vodzdt, (3.38)
QSt+1, +7 +e¢ Q

T
/ (Oprn(t),v(t)) dt + / vV, - Vodxdt — / Pinvdxdt =0, (3.39)
0 Q Q@

for all v € L*(0,T;V).
First, we discuss the convergence of some terms. We have
Bi,, Bi'
— -+ — v = — =+ —
St +i, +7 +¢ ST+i +T7 4¢

v a.e. in Q)
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and B
Bi,

S, +1, +r, t¢

v SBM|U|7

whence, by the Lebesgue dominated convergence theorem, we deduce that

Biy B

Clians =+
St+1 +7t+e¢

T v strongly in L*(Q).
St+i, +TF ¢

Recalling (3.36)), as s, — s strongly in L?(Q), we obtain

git gi
/ n spvdrdt — svdxdt as n — 0o.
Q

SE4i, 4T e QST +i +7t4¢

Similarly, we deduce that

<+ =+
/ 554 tpvdxdt — b3 wdxdt as n — 00.
Q

SE4i, 4T e QST +i +Tt4e¢

Still in the second equation we have the convergence of the term on the right-hand side

/ X(@ Vs, - Vodadt — / X(@)Vs - Vodzdt as n — oo
Q Q

because of the same argument: indeed, we have
X(ZZ)VU — X(ZJF)VU strongly in (L*(Q))?,
due to (3.4)-(3.5) and the Lebesgue dominated convergence theorem, and

Vs, — Vs weakly in (L*(Q))?,

due to (3.36). Then, by passing to the limit in (3.37)-(3.39) and using again (3.36]) we

finally deduce that (for all v € L*(0,T;V))

svdxdt = 0,

T BE+
Os(t), d Vs - Vodxd
A<s@mmt+éus vxtﬁ/

QST +i +Tt 4¢

T
/ (0pi(t),v()) dt+/ v; Vi - Vvda:dt+/ pivdzdt
0 Q Q@

<+
+/ Bs iwdxdt = / X(ﬁ)Vs - Vudxdt,
Q Q

St T e

T
/ (Opr(t),v(t)) dt + / v, Vr - Vodxdt — / ¢pivdxdt = 0,
0 Q Q

13
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whence we see that (s, i,7) is the unique solution to the initial boundary value problem
for (3.19)-(3.21)). Moreover, owing to the lower semicontinuity of norms, we note that
(s,4,r) satisfies the estimate

HS||H1(O,T;V’)OLOO(O,T;H)OLQ(O,T;V) + ||i||Hl(o,T;V/)mLoo(o,T;H)mL2(o,T;V)
+ HT|’Hl(o,T;VI)mLoo(0,T;H)nL2(0,T;V) <C. (3.43)

As the limit is uniquely determined, it turns out that the whole sequence (s, i,, 75)
converges strongly in X. In fact, by contradiction let us assume that there is a subse-
quence ny such that (s, ,i,,,7,) does not converge. Hence, by arguing as in (3.36])
there exists another subsequence ny, j such that (s,, ;,in, ;;7n, ;) satisfies (3.36]) and con-
sequently converges to the unique solution (s, 7, 7) to the initial boundary value problem

for (3.19)-(3.21)). Then we arrive at a contradiction.

Therefore, by the Schauder fixed point theorem, we have proved that there exists a
triplet (s.,i.,7.) that is a weak solution to system —.

At this point, as s. clearly satisfies , we have to show that i, and r. are
nonnegative in order to complete the proof of . To this end we first introduce a
Lipschitz continuous approximation of the logarithm function. Namely, let 6 € (0, 1)

and define
Ind, ifv<d

Js(v):=< Inv, fd<v<1/§ forveR.
Ins, ifo>1/0
We note that js is the derivative of the convex and nonnegative function

R vlnd —6+1, ifvo<d
Js(v):=¢ vlnv—v+1, fd<v<1/6 forveR,
vlng —3+1, ifo>1/6

with jA(; taking the minimum value 0 at v = 1.

In the next computations we shall use, for simplicity, the notation ¢ and r instead
of i, and r.. We test by js(i) and integrate with respect to time. Then, with the
help of we easily have that

~ . |Vi|2
Js(i(t))dz + U ———dxdT
Q Q:in{6<i<1/5} !

~ 5+
< /ja(io)daf:—i—/ (_ _fs — —¢> ijs(i)dzdr
Q \ST 411 +TT +¢

+
+ / X G Vidudr, (3.44)
Q:n{o<i<i/ey ?

where @Q; := Q x (0,t), t € (0,7). Now, we treat in detail the terms on the right-hand
side. We note that

/ Jslio)dx = / (ipInd — 6 + 1)dx
Q Qn{ip<d}

1 1
+/ (201H20—20+1)d$+/ (ioln———+1)d$.
QN{6<ip<1/6} QN{ip>1/6} 0 0

14



As ig > 0 a.e. in Q and 6 < 1, it is clear that

/ (iplnd — 0+ 1)dx < / ldz.
Qnfio<d} Q

For the second integral on the right-hand side above, the reader can easily check that
/ (io Inio — io + 1)da < /<|¢o|2 +1)dz < C,
QN{6<io<1/6} Q
since 19 € H. For the third integral we have that

1 1
/ (iolﬂ————Fl)dQ?é/ ZoanodZESC
Qn{ig>1/6} 0 0 QN{ig>1/6}

About the second term on the right-hand side of (3.44)), we split the integral in three
parts as for the previous one and discuss each of them separately. Taking into account
the sign of factors and using (3.2)), we infer that

ps+
— — ¢ ) ijs(i)dxdr
Qinfi<sy \3t +i +7" +¢
35" :
= — — ¢ ) tInddxdr
Qinfi<sy \3T +1i +7T +¢

_ / < Bs* _ ¢) Go(i) + 6 — Vdadr
Qinfi<sy \3t +1 +7t +¢ ’

< ﬂM//](; ))dzdr + ¢ ldzdr.
Q¢

Next, we have that

B o
= — ¢ | ijs(i)dadr
/Qm{agig/(s} <§+ LTt 4e

/ <_ BT <;5>(j5()+z—1)d:cd7'
Qinfs<i<i/sy \s5t +1i +T7" +¢

< ﬂM//jg dxdT—i-(ﬁM—Hb)/ (|i] + 1)dzdr.

Qt

Finally, it turns out that

Bt o
— — ¢ | ijs(i)dxdr
Qin{i>1/6y \5T +1i +T7" +¢

Bst 1
Qn{i>1/5} \S" +1 +Tr" +¢€

< BM//ya da:dT+6M/ (|7 + 1)dzdr,

t

15



due to 1/6 < i in the set of integration.
Now we discuss the last term on the right-hand side of (3.44). As x(it) = x(i)

whenever ¢ > 0, using (3.5) and (3.43)) we deduce that

-+
/ X(Z )VS - Vidzdr < Xl,M/ |Vs||Vi| dzdr < C.
Q:N{d<i<1/d} Q

]

Then, collecting the previous estimates to control the right hand side of (3.44), we
can apply the Gronwall lemma in order to obtain

- vil?
/ )z + / o NI e < ) (3.45)
Q Q:N{0<i<1/6} ¢
with C' independent of ¢ and ¢ as well. Our aim is now to pass to the limit as 6 — 0.
Since it holds that
R R +00 if i<0
Js(i) = (i) =< 1 if i=0
ilni—14+1 if ¢>0
pointwise, by the Fatou lemma we recover that

/j(z'(t))dx < C forallt e [0,T]

(recall that i € C([0,T); H)), whence necessarily i« > 0 a.e. in ). Moreover, still by
virtue of (3.45)), we infer that

/ 4v,, |Vz’1/2‘2 dxdr < C,
Q

which offers the additional estimate (cf. (3.43)))

i'/? <C. (3.46)

"LOO(O,T;L‘*(Q))OL?(O,T;V) =

At this point, it remains to prove that r is non negative. For this aim it suffices to test
by the negative part r~(t), integrate and use and the sign of the term —¢i in
the equation. Therefore, we can drop out the positive parts in — and conclude
the proof of Theorem [3.1] O

Theorem 3.2 Under the assumptions —(@ there exists a triplet

(s,1,7) € (H'(0,T: V') N C(0, T); H) 0 L0, T5 V))? (3.47)
that is a weak solution to system —, with the properties
0<s<sy,i>0,r>0a.e inQ (3.48)
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and where the term

ﬂ in equations (2.15) and (2.16))

s+i+r
has to be understood as 0 whenever s 4+ i +1r = 0. (3.49)

Moreover, if we set n = s+ 1+ 1 the conservation property

/n(x,t)dx = / no(z)dz, for allt € [0,T], (3.50)
Q 0

holds, where ng := sq + 19 + 7o.

Proof. We recall that the weak solution (s.,i.,7.) to equations (3.12)-(3.14)), with
the boundary conditions (3.10) and the initial conditions (3.11]), satisfies the uniform

estimates (3.43)), (3.46) in addition to the properties (3.16). Then, there exist a triplet

(s,i,r) and a subsequence, still denoted by ¢, such that

Se =S, 1e —> 1, Te =T
weakly in H'(0,T; V') N L*(0,T;V), weak* in L°(0,T; H),
strongly in L?(0,T; H) and a.e. in Q, ase — 0, (3.51)

with (s, ,7) satisfying (3.48)). Then, we aim to pass to the limit in the variational form

of (B12)-(.4), that is,

sevdxdt = 0,

! Bie
8t £ ) d SV g'v d d
/0<s(t)v(t)> t+/Qz/ s v:rt+/

QSetict+r-+e

T
/ (Opic(t),v(t)) dt + / v; Vi - Vodxdt + / ¢i-vdzdt
0 Q Q@

+ / B vdudt / \(6)Vs. - Vodzdt,
QSetletr.+¢ Q

T
/ (Opre(t),v(t)) dt + / v, Vre - Vodxdt — / ¢ivdrdt =0,
0 Q Q

for all v € L*(0,T;V). We note that &iﬁ converges a.e. and weak™ in L>(Q) to
Bi

a function g which is bounded, staying between 0 and 3y, and is equal to - ~> When
s+ 1+ 1r > 0. On the other hand, since s. — s a.e., it turns out that the limit product
gs should satisfy : indeed, s = 0 when s + ¢ +r = 0. The same conclusion holds
also for the similar term in the second variational equality.

For the integral on the right-hand side of the second equation, we have that

/ X(ic)Vs. - Vodzdt — / X(1)Vs - Vodzdt as e — 0. (3.52)
Q Q

17



Indeed, it holds that
X(i.)Vv — x(i)Vov strongly in (LZ(Q))d,

by virtue of — and the Lebesgue dominated convergence theorem; then, on
account of the weak convergence of Vs, to Vs in (L*(Q))?, due to , follows.
As for the other integrals in the variational equalities there is no trouble for passing
to the limit, we can conclude that (s,i,7) is a weak solution to (2.15)-(2.19).
In order to prove ([3.50), we sum up the equations (2.15)), (2.16]), (2.17)), then test the
sum by 1. Using the boundary conditions and integrating from 0 to ¢, it is a standard
matter to arrive at (3.50). This ends the proof. 0]

Now, under the additional hypothesis that sy is bounded from below by a positive

constant, i.e.,

L= (3.53)

So
we prove the following result.

Proposition 3.3 Let the assumptions of Theorem hold. In addition, we assume
. Then there exists a constant s,, > 0 such that

Sm < s<spy ae inQ@. (3.54)

Proof. We would like to test equation by the function v = —ps P71, for p > 1,
then deduce a uniform estimate for H%Hp and then pass to the limit as p — oo. The
chosen test function is not in V, so that it should be replaced by a smooth approximation,
as we rigorously did before in the calculation of the estimate for the function 5(2) in the
proof of Theorem [3.I] However, here we shall skip the rigorous approach and perform
only the formal computation. Hence, we test by the function v = —ps™?~! and
obtain

d 1 '
— —dx—i—/usp(p—ir 1)s P2 |Vs|* d :/ pi
0

dt Jq sP QS+i+r

We observe that

ps Pdzx. (3.55)

|Vs| o
L il v p/2
81+p/2 P o

and integrate (3.55)) from 0 to ¢. Using (3.1)) and (3.2)) we obtain

2_’2

1|7 I
/ — dx+4um7i//\vsp/2|2dxd7
als(t) P JoJao
1 p t p
< /— dx—i—ﬁMp// —| dxdr.
Q|50 oJa|s(7)

By applying the Gronwall lemma we deduce that

p 1 t
/ dx+4um]i// Vs 2" dudr
ql|s(t) P JoJa

1 p
< eﬁMpT/ —| dx, forallte0,T],
Q|50

18



whence we have

< eﬁMT
Lp(Q)

1
s(t)

Then we pass to the limit as p — oo and obtain that

S0

, forallte[0,T].
LP(©)

11/ oo o 7100 () < et 11/50l oo @) »

whence
e BuT

5>
||1/80HL°0(Q)

We point out that another consequence of this argument is

=: S, a.e.in Q.

—p/2
15722 o o sz < G- for all p € [1,+00), (3.56)
with C independent of p. This concludes the proof. O
The previous result implies that
0<sp,<n=s+i+r ae in Q. (3.57)

Next, we are going to prove some additional regularity properties for s.

Proposition 3.4 Under the same assumptions as in Theorem |3.4, we assume in ad-

dition and
vs is constant, B € L*(0,T;V), so € W. (3.58)

Then, the component s of the solution (s,i,r) found by Theorem 15 also a strong
solution of and satisfies

HSHHl(O,T;V)mLOO(O,T;W) <C. (3.59)
Proof. In preparation of the following calculations we set the notation

st
s+i+7r

and, on account of (3.48)), claim that 0 < ¢(s,7,7) < sy a.e. in Q.
We first test (2.15)) by 0;s and integrate with respect to time. Then, by the Young
inequality we obtain

t
//|6t5|2d:cd7—|—£/]V8(t)]2dx
0Ja 2 Jo

= %/Q|v80|2dx_/Ot/ﬂﬂ@/)(s,i,r)(ats)dde

s I 1
< & HSOH%/ + 3 // |3t8|2 dxdr + = 33,53, T meas(Q),
2 2 JoJa 2

U(s,i,r) = (3.60)
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which obviously implies that [[s|| ;1o 7.m)nne 0.1 < C. By a subsequent comparison
of terms in (2.15) we infer that ||As|[;2 7. < C, whence by elliptic regularity we find
out that

||5HH1(O,T;H)QLOO(O,T;V)OLQ(O,T;W) <C. (3.61)

Now we are going to prove (3.59)). We proceed formally by testing (2.15) by —Ad;s and
integrating from 0 to t. We have

¢
//|V8ts|2dxd7'+é/|As(t)|2dac
0Jo 2 Ja

%/Q\ASOFCZJU—/Ot/ﬂw(s,i,r)Vﬁ'V(atS)dxdT
—//ﬁV@D(s,z’,r)-V(@ts)dzndT. (3.62)
0Ja

In the last two terms on the right-hand side we apply the Young inequality to absorb
the resulting contribution 1 fot Jo IVOis|? with the respective term on the left-hand side.
Besides, we observe that

t
// [(s,i,7) 2|V dedr < C (3.63)
0Ja
since |¢(s,1,7)|> < s3;, and 8 € L*(0,T;V). Now, we calculate
, i(i +7) s(s+r) . st
_ s 64
Vi (s,i,r) (s+i+r)2vs+(s+i+r)2vz (s+i+r)2vr (3.64)

and note that the absolute value of every fraction is smaller than 1, so that V¢(s, i)

is bounded in (L?(Q))¢ from (3.43). In conclusion, by (3.62 - - and it is

straightforward to deduce (|3.59)). O

Thanks to the previous results we are now able to prove the uniqueness of the
solution.

Theorem 3.5 Let (3.1)-(3.6), (3.53), (3.58) hold and assume in addition that there

exists a constant Ly; such that

Ix(x,t,v1) — x(x,t,v9)| < Lpslvg — o] for all vi,v3 >0, a.e. (z,t) € Q.  (3.65)

Then, the problem (W (-) has a unique weak solution (s,i,r).

Proof. Let (s;,i,7;), j = 1,2, be two weak solutions to — and, within this
proof, set s := §1 — 89, © := iy — 19, 7 := 11 — ro. We consider the difference of the
equations , add the term v,s to both sides, then test by 0;s. At the same time,
we take the difference of the equations , testing by ¢, and the difference of the
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equations (2.17)), testing by r. Then we add all the resultants and obtain

s L. .
| 10l dwdr 5 10 + 5 1500 + v | 193 dods

t

1
+ [ ¢i*drdr + 3 Ir|13; + v [ |Vr|* dedr
Q¢

< / vesOpsdzdr + | B(¥(s1,01,71) — ¥(82,92,72)) (i — Ops)dwdr
t Qt
+/ (x(11)Vs1 — x(ia)Vsq) - Vidzdr + [ ¢irdzdr, (3.66)

where the notation v from the previous proof has been used. Now we treat some terms.
By a direct verification we see that there is a positive constant C, such that

[ (s1,1, 1) = (82, 82, 72)| < Cy([s] + [il + |r])

and by repeated use of the Young inequality we deduce that

‘/ vss(Ops)dxdr + | pirdrdr

+ [ B(W(s1,01,71) — ¥(S2,i2,72))(i — Ops)dxdT
Qt
< % |8,s|? dedr + C'/ (s* + i + r?)dzdr.
Q¢ ¢

Then, by (3.65)) we infer that

/ (x(i1)Vs1 — x(i2)Vsq) - Vidxdr

t

= / (x(i1) — x(i2))Vsy - Vidzdr +/ X(i2)Vs - Vidzdr

t t

t
< Ly / 167 Loy 951 Ly V(7)1 e

t
[ 1950 193
0
In the first term we use the bound in (3.59) (note that W C W4(Q) continuously)

and the compactness of the embedding V' C L*(€2), which, along with the Lions lemma
(see, e.g., |27, p. 9], give

t
L / 1 gy 1752 ey 937 1 b

t
VUm . .
< G [ Vi dadr € [ WO
t 0
Vm .12 ¢ . 2 ¢ . 2
< 5 |Vi|" dedT + 6 i(T)|ly, dr + Cs ()7 dr
Qt 0 0
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for all § > 0 with a related constant Cs. Letting § < v,,/2, we can collect everything
and apply the Gronwall lemma to show that the left-hand side of ([3.66) is equal to zero
for all t € [0, T], whence s =i =r = 0 and the theorem is completely proved. O

4 Analysis of a reduced system

In practice, let us point out that it makes sense to assume v, and v, small, and in
particular vy, v, << ;, for a few reasons. First, the s and r populations do not
spread disease. Second, introducing diffusion in these compartments introduces an
irreversible process in which the populations move from high-to-low concentration areas,
tending to equilibrium over time. This is not realistic as, generally speaking, people’s
mobility is transient, and they will return to an initial starting location. Consequently,
over the time-scales relevant in the current work (days/weeks), we do not expect the
spatial distribution of the susceptible or recovered populations to vary significantly.
Accordingly, it is often appropriate to directly set vy = v, = 0, see [32]. In view of
these considerations, the asymptotic behavior of our system —, as the two
coefficients v, and v, tend to 0, turns out to be worth of investigation.

From now on, v, v, are assumed to be constant. Our intention is showing that as
Vs, Vp — 0 the solution to — converges in some topology to a solution of the

following problem

g
8ts+s+i+T5—0, in Q, (4.1)
. . . . S . .

Ot — V- (1;Vi— x(1)Vs) + ¢i — s—i—ﬁzﬁz =0, in Q, (4.2)
or —¢i =0, in Q, (4.3)
(v;Vi—x(i)Vs) -n=0, on X, (4.4)
s(0) = s, i(0) = ig, 7(0) = 19, in €. (4.5)

Namely, we are going to prove the following convergence result.

Theorem 4.1 Let (3.1)-(3.6), (3.59), and

Be L*0,T;V), sp€V, roeV (4.6)

hold, where vy and v, in are now replaced by two arbitrary sequences vy, and v, ,
of positive numbers monotonically decreasing and converging to 0 as n — oo. Denote
by (Snyin,Tn) a weak solution in L*(0,T; V") to

Bi. o

atSn \Y% (Vsmvsn) + m Sp — 07 m Q, (47)

Dhin — V- (Ui — x(in)Vsn) + i — —D i 0 inQ,  (48)
tin % n X\ n n 5, + Zn + r n — Y ) .

atrn -V (Vr,nvrn) - qbln = 07 in Qa (49)
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Vs, -n=(v;Vi, —x(i,)Vs,) - n=Vr, -n=0, on X, (4.10)
$n(0) = 50, i, (0) = dg, r,(0) = 1o, in Q, (4.11)
whose existence and the regularity properties

Sm < 8p < Sar, 1n >0, 7, >0 ace. in Q, (4.12)

are guaranteed by Theorem[3.9 and Proposition|[3.3. Then, the estimate

[snll g1 0 7. mypo 0.0y + a1 o v iyn iz o s mnr2 0. mv)
+lrnll g 0,0y 000y < € (4.13)

holds for some constant C' independent of Vs, vy,. Moreover, there exist a triplet
(s,i,7) and a subsequence, still denoted by n, such that

Sp =8, Th —T
weakly in H(0,T; H), weak* in L(0,T;V),

strongly in C([0,T]; H) and a.e. in Q, (4.14)
VsnSn — 0, Vppry — 0

strongly in L*(0,T; W) and a.e. in Q, (4.15)
Ty — 1

weakly in H'(0,T; V') N L*(0,T;V), weak* in L>=(0,T; H),

strongly in L*(0,T; H) and a.e. in Q, (4.16)

as n — oo, with the limit triplet (s,i,r) being a weak solution to -, with
to be understood in L*(0,T;V").

Proof. From Theorem [B.2]it is clear that
(8, %n,T0) € (HY0,T; VYN C([0,T]; H) N L*(0,T; V))?

for all n € N. In addition, as the initial data sy and ro are in V' (see (4.6)) and the
terms in the equations (4.7)) and (4.9)),

Bin

——" s, and — ¢i, t least) in L?(0,T; H),
Sn-i-’in—i—?“ns an @i, are (at least) in L( )

from the parabolic regularity theory (cf., e.g., |26]) it turns out that both
Sny Ty lie in HY(0,T; H) N C([0,T]; V)N L*(0,T; W)

and strongly solve (4.7)), (4.9). Then, we are allowed to test (4.7) by s, — As, and (4.9)
by r — Ar,,, integrate by parts using the boundary conditions (4.10|) and integrate from
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0 to t. Next, we add the resultants obtaining

1 Bin
ey N e P e L

Q Qi Sn T in+ 1y

1
+ I v [ (9 8r )

Qt

1 1 .
Slsolli + Slrolly = | w(sn,in, ) VB - Vs, dadr
2 2 Q

— BVY (S, in, 1) - Vspdrdr + & (i1 + Viy - Vry,) dedr, (4.17)

Q1 Q1
for all ¢ € [0, 7], where we have used the notation ¢ from (3.60). Note that all terms
on the left-hand side are nonnegative and, in view of (4.6 and (3.63]), (3.64) that can

be repeated here, we easily infer that

IN

- W (Snytn, )V - Vspdrdr — BVYU(Sn,in, ) - VSpdrdr
Q1 Qt

t
< IVBIEagn + C / IV 50(r) Py
t
T Bu / (¥t + (970 (P a0) 11V 507 b

On the other hand, we have that

t
¢ (inry, + Vi - Vry) dedr < 2¢/ | in(T) ||V |70 (T) || vdT.
Qt 0

At this point, we control the right-hand side of (4.17) by the last inequalities and
consider the estimate (3.32)), which can be repeated here for i,, without any modification.
We add the two resulting inequalities and obtain

@ v | (Tl +1850) + 5 O
v [ (O +100 )+ 3 10l + o [ 1930

< C+C [T+ 5 [ il + 197 ) [0
+20 [ ialraDlvar + s [ Tty

t
o / IV 50 () g 1V () 5 (4.18)

where we warn that now the positive constant v, (see (3.1])) is a bound from below
only for the diffusion coefficient ;. Next, we use the Young inequality for the terms on
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the right-hand side of (4.18)), taking care in particular of
t t
BM/O I\Vin(T)HHHVSn(T)llHdT+2¢/O | in (D 7o () lvdr
t
01 [ IV Vi)l

Vm t i t .
< 7/0 ||Vln(7')||%1d7+0/0 (in(P)IZ + s (D + Ira(®Z) dr.

After that, we apply the Gronwall lemma and, due to the elliptic regularity theory as
well, we find out that

HSnHLoo(o,T;V) Vs HSnHL2(0,T;W) + HinHL°°(O,T;H)0L2(0,T;V)
+ “TRHLOO(O,T;V) +VVrn ||rn||L2(O,T;W) <C, (4.19)

for some uniform constant C. Now, on account of (4.19) and by comparison of terms

in equations (4.7)), (4.8)), (4.9) we deduce that

||at3n||L2(o,T;H) + ||atin||L2(0,T;V/) + ||8t7"n||L2(0,T;H) <C,

which completes the proof of . Having shown these estimates, all the properties
previously derived in the proofs of Theorem and Proposition |3.3| continue to hold,
in particular for every n € N the function ¢, is non negative and s,, satisfies with
Sm, sy fixed and independent of v; ,,, vy .

Now, thanks to (4.13)) and (4.19) we can conclude that there are a subsequence of

n, still denoted by n, and a triplet (s,4,7) such that, by weak and weak™ compact-
ness, along with the Ascoli theorem, the convergences (|4.14))-(4.16)) hold. Moreover, by

passing to the limit in (4.7)-(4.11)), as
V- (vsnVsy,) =0, V- (.,Vr,) = 0 strongly in L*(Q) as n — oo,

and applying the same arguments as in the previous limit procedures we easily show

that (s,,7) is a weak solution to (4.1)-(4.5) and conclude the proof. O

5 Numerical simulations

In this section, we perform a suite of ten numerical simulations of the reduced model
([£.1)-(4.5) in the Ttalian region of Lombardy. Across the ten cases, we vary the values of
the chemotaxis parameter p;, diffusion coefficient v;, and capacity term Cj as detailed
in Table [2, We are primarily interested in the following basic questions:

1. How do changes in u;, v; and Cj affect the model behavior, both quantitatively
and qualitatively?

2. Does incorporating a chemotaxis term allow for a more realistic description of
airborne infectious disease transmission in human populations? Specifically, is
the model more able to account for
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Figure 1: Left: observed cumulative infections across five relevant provinces in Lom-
bardy (data and figure retrived from ) Right: geographic locations of each province.

(a) Transmission over large geographic distances?
(b) The effects of population density and density patterns on transmission?

(c) The relatively rapid appearance of the disease and subsequent sustained
transmission in major urban centers, even in the absence of an infected pop-
ulation at initialization and/or time space-varying parameters?

Note that existing PDE models of infectious disease, including those studied in ,
,, have difficulty in reproducing some or all of these behaviors.

To evaluate the model, we compare the cumulative case counts in the early stages
of COVID-19 pandemic with surveillance data. Despite the use of COVID-19 for the
example, the introduced model should not be regarded as a model of COVID-19, and
the subsequent simulations should not be interpreted as attempts to simulate COVID-
19 in a rigorous manner. The choice of this example is based primarily on practical
considerations, as the severity, scope, and recency of the COVID-19 pandemic have led
to a large amount of publicly available, reasonably high-quality spatiotemporal data.
However, due to well-known difficulties in interpreting such data quantitatively ( ,),
we restrict our comparisons to a qualitative analysis of cumulative incidence in the
provinces of Lodi, Cremona, Bergamo, Brescia, and Milano. A geographic depiction
of the relevant locations and the corresponding surveillance data (courtesy of ) is
provided in Figure [I}

The outbreak initially begins in the provinces of Lodi and Cremona (particularly
concentrated in the town of Codogno, province of Lodi). However, within the first sev-
eral weeks, the outbreak becomes far more concentrated in the more populous northern
provinces of Bergamo, Brescia and Milan. In our numerical simulations, we hope to
observe a similar spatiotemporal dynamics consistent with reality; that is, the initial
outbreak in Lodi and Cremona is quickly overshadowed by greater contagion in Berg-
amo, Brescia, and Milan. Further, ideally we observe these dynamics without changes
to the problem parameterization. While updating parameters in order to more pre-
cisely account for e.g. lockdowns and other restrictions may be helpful for a detailed
model of COVID-19, in the present work we are more interested in simply observing if

26



[Sim. [ iz [Co I [ ¢ |

km? - P km?
1 0.0 S TETROnS 0= 0 Persons 0.175 Days~! | 1/18 Days™!
2Days DayQS
km? - P K
2 0.0 % 195 2| g Persons | 0.175 Days~! | 1/18 Days ™!
Days Days
km?- P km?
3 0.01 S ZEORS 0 E ) 50 Persons | 0.175 Days~! | 1/18 Days™!
2Days Dayzs
km?-p K
1 0.01 9 11 90 =2 | 200 Persons | 0.175 Days~! | 1/18 Days !
2Dabys DayQS
km?- P K
5 001 /2 195 = | 50 Persons | 0.175 Days~! | 1/18 Days™!
Days Days
km?- P km’
6 0.01 S ZEOIS o 5 E | 900 Persons | 0.175 Days~! | 1/18 Days™!
2Days Dast
kmZ-p K
7 0.02 LTS0S |y o X 50 Persons | 0.175 Days~! | 1/18 Days~!
2Days DayZS
km?- P K
8 0.02 S TR g 6 X900 Persons | 0.175 Days~! | 1/18 Days™!
Days Days
km?- P km?
9 0.02 " 195 = | 50 Persons | 0.175 Days—! | 1/18 Days ™!
Days Days
km?- P km?
10 0.02 2 TEROIS o 5 E 900 Persons 0.175 Days™! | 1/18 Days™!
Days Days

Table 2: Parameter values for each of the ten numerical simulations for Lombardy.

the chemotaxis model can capture the more general spatio-temporal features observed
in reality. Hence, we believe that these core behaviors 2a-2¢ listed above should be
observed, even for a simple, time-constant parameterization.

We reconstructed the geometry and defined the initial susceptible and infected com-
partments following [20]. Regarding the numerical solution, we employed a triangular
mesh consisting of 53,506 triangles, giving an average spatial resolution of .44 kilome-
ters. The solution was advanced in time using a BDF2 scheme, using Heun’s method at
the first time-step to ensure second-order temporal accuracy throughout the simulated
time period. We do not discuss the numerical solution of the problem further, how-
ever, we note that several relevant considerations regarding the numerical solution for
problems of this type can be found in [20,39], and apply equally to the current problem.

The results of the simualtions are presented in Fig. 2] (for 14,=1.0 km? Days™') and
Fig. [3| (for 1,=2.5 km?-Days™!). For both values of v;, we see many of the same general
trends. In the absence of chemotaxis (u; = 0), the numerical simulations are not
qualitatively consistent with the surveillance data. In particular, the outbreak remains
most severe in the province of Lodi, and growth is similar in the Milan, Bergamo, and
Cremona regions. Once chemotaxis is introduced, the simulations begin to show a better
qualitative agreement with the surveillance data. Around day 15, the rate of growth
in the Bergamo, Brescia, and Milan regions begins to significantly outpace Cremona
and Lodi. Doubling pu; from .01 to .02 further exacerbates these effects, and results
in even faster growth Bergamo, Brescia, and particularly Milan. While increasing u;
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does appear to lead to increased transmission in Cremona, the extent of this increase
is substantially smaller than in Bergamo, Brescia and Milan. Interestingly, increasing
1; appears to reduce transmission in Lodi.

In comparison to the effect of chemotaxis, the effect of the diffusion parameter v;
is relatively small. Nonetheless, we do observe several important differences between
the two simulated values. In the absence of chemotaxis, increased diffusion appears to
reduce transmission in each province, with the exception of Milan, where transmission
increases slightly. This makes sense, as Milan is significantly further away from the
initially infected areas; hence, increasing the diffusion leads to the infection reaching
Milan more quickly. However, in the other regions, diffusion primarily serves to re-
duce the local infection concentration, and hence overall transmission. However, when
chemotaxis is present, the effect of diffusion becomes more complex. Notably, increased
diffusion leads to increased transmission in Bergamo, Brescia, and Milan; however, it
still results in decreased transmission in Lodi and Cremona.

Finally, the capacity parameter Cj did not appear to greatly affect transmission for
any value of y; or ;. This may simply be due to the small range of values considered
in the present work, however. A more thorough investigation of this parameter, over a
larger range of values, may be necessary to make more definitive conclusions about its
importance.

Qualitatively, we also depict the infected compartment over the entire region for days
1, 5, 10, and 15 for v; = 1.0 and p; = 0.00, 0.01, 0.02 in Figs. respectively. When
looking at the purely-diffusive model (Fig. [d), we see that the infection concentration
remains primarily in the initially affected regions and diffuses in a regular, local, pattern,
independent of the local population density. In contrast, the chemotaxis model (Figs. ,
@ shows a significantly more complex spatioteporal evolution. In particular, by day 5,
we already see the appearance of nonlocalized dynamics, with the appearance of isolated
hotspots in Milan. These continue to grow, and by day 15 have become a signifcant
source of new transmission. Furthermore, additional pockets of transmission, appear
northwest of Bergamo and Brescia (occurring in significant population centers), by day
15. In contrast, the purely diffusive model is unable to account for such dynamics,
whose existence is well-supported by the available surveillance data as well as other
sources (see e.g. [36]).

Overall, our considered simulations suggest that a chemotaxis model may provide a
superior description of airborne infectious disease transmission in human populations, as
compared to a purely diffusive model. Our numerical simulations demonstrate that the
chemotaxis model provides results more consistent with the spatiotemporal surveillance
data observed in airborne epidemics. In particular, the chemotaxis model is able to
better recreate the propagation of an airborne disease over large geographic distances
to reach major population centers. Furthermore, these behaviors all occur the models’
behavior, and will occur even when model parameters are not adjusted in time and/or
space.
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Figure 2: Cumulative simulated incidence in the provinces of Bergamo, Brescia, Lodi,
Milano, and Cremona over 30 days, for 7,=1.0 km?- Days~! and varying values of p;
and CO‘
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Figure 3: Cumulative simulated incidence in the provinces of Bergamo, Brescia, Lodi,
Milano, and Cremona over 30 days, for 1,=2.5 km?- Days~! and varying values of p;
and C().

6 Conclusions

In the present work, we have introduced a novel PDE model for the airborne trans-
mission of infectious disease in human populations. The novelty of the model is in the
addition of a nonlinear, chemotaxis-like term to a standard reaction-diffusion model.
While the standard reaction-diffusion models state that the infection should propa-
gate from areas of high-to-low concentration of infection, the chemotaxis term further
postulates that additional transmission should occur along the inverse gradient of the
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Figure 5: Left-to-right, top-to-bottom: The infected compartment on days 1, 5, 10, and
15 for v; = 1.0, pu; = 0.01

Infected / k

susceptible population; that is, from areas of low-to-high concentration of suceptible in-
dividuals. We provided an intuitive explanation motivating the reasoning behind model
and literature supporting this idea.

We then proceeded demonstrating the mathematical well-posedness of the model,
and show that the model provides unique solutions under reasonable assumptions, for
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sufficiently smooth initial conditions. Furthermore, we also proved that solutions still
exist for epidemiologically relevant parameters, including the scenario in which diffusion
and chemotaxis are only considered in the infected population, and the susceptible and
removed compartments are purely reactive.

This particular scenario was then used as the basis for a numerical simulation study,
in which we simulated the propagation of an infectious disease in the Italian region of
Lombardy for varying parameter values. Qualitatively, we found that the chemotaxis
model was able to account for important dynamics observed in the surveillance data;
however, the purely-diffusive model was unable to account for these dynamics. The
results of these simulations suggest that the chemotaxis model may be more well-suited
for modeling airborne infectious disease in human populations, as compared to a diffu-
sion model.

This work can be extended in several ways. In order to simulate a particular infec-
tious disease at a quantiative level, rather than just evaluating basic qualitative agree-
ment, likely requires a more sophisticated compartmental structure, able to account
for hospitalizations, asympotmatic individuals, population demographic characteristics,
and other important considerations. Nonetheless, we do not expect that these exten-
sions will affect the mathematical results shown herein, which should easily generalize to
more complex compartmental structures. Furthermore, applying the chemotaxis model
to a wider range of diseases and geographic areas is necessary to provide a further ex-
amination of the models’ behavior. From the numerical point of view, a more detailed
analysis of numerical methods, including splitting and stabilization schemes, may be of
importance when extending the model to larger-scale problems. Finally a mathemati-
cal analysis based on some epidemiological considerations, including the derivation of
a basic reproduction number, is also a direction for future work.
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