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ABSTRACT

Improved polarization measurements at frequencies below 70 GHz with degree-level angular resolution are
crucial for advancing our understanding of the Galactic synchrotron radiation and the potential polarized anoma-
lous microwave emission and ultimately benefiting the detection of primordial B modes. In this study, we present
sensitivity-improved 40 GHz polarization maps obtained by combining the CLASS 40 GHz and WMAP Q-band
data through a weighted average in the harmonic domain. The decision to include WMAP Q-band data stems
from similarities in the bandpasses. Leveraging the accurate large-scale measurements from WMAP Q band and
the high-sensitivity information from CLASS 40 GHz band at intermediate scales, the noise level at ℓ∈ [30,100]
is reduced by a factor of 2 − 3 in the map space. A pixel domain analysis of the polarized synchrotron spec-
tral index (βs) using WMAP K band and the combined maps (mean and 16/84th percentile across the βs map:
−3.08+0.20

−0.20) reveals a stronger preference for spatial variation (PTE for a uniform βs hypothesis smaller than
0.001) than the results obtained using WMAP K and Ka bands (−3.08+0.14

−0.14). The cross-power spectra of the
combined maps follow the same trend as other low-frequency data, and validation through simulations indicates
negligible bias introduced by the combination method (sub-percent level in the power spectra). The products of
this work are publicly available on LAMBDAa).

Keywords: Cosmic microwave background radiation (322); Observational Cosmology (1146); Astronomy Data
Analysis (1858)

1. INTRODUCTION

The polarized microwave sky has been measured with in-
creasing precision and angular resolution over the past three
decades by two all-sky space experiments: the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) (Hinshaw et al. 2013;
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a) https://lambda.gsfc.nasa.gov/product/class/class_prod_table.html

Bennett et al. 2013) and the Planck satellite (Planck Collab-
oration IV 2020; Planck Collaboration VI 2020). Ground-
based experiments also made significant contributions to the
field, e.g., the Atacama B-mode Search experiment (Simon
et al. 2016; Kusaka et al. 2018), the Atacama Cosmology
Telescope (ACT, Li et al. 2021; Qu et al. 2024), the BI-
CEP/Keck Array program (Hui et al. 2018; BICEP/Keck
Collaboration et al. 2022), the Cosmology Large Angu-
lar Scale Surveyor (CLASS, Essinger-Hileman et al. 2014;
Eimer et al. 2024), the POLARBEAR experiment (Inoue et al.
2016; Adachi et al. 2022, the predecessor of the Simons Ar-
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ray experiment, Stebor et al. 2016), the Q-U-I JOint Tenerife
Experiment (QUIJOTE, Rubiño-Martín et al. 2010, 2023a),
and the South Pole Telescope (SPT, Chown et al. 2018; So-
brin et al. 2022). Despite challenges posed by low-frequency
1/ f variations associated with atmospheric, instrumental,
and calibration, ground-based experiments have excelled in
measuring intermediate to small angular scales by employing
high throughput optical systems suitably stabilized to enable
long-duration observations with high sensitivity.

This paper aims to combine the recently released CLASS
40 GHz band data (Eimer et al. 2024) with the WMAP Q-
band data (Bennett et al. 2013) through a weighted average
in the harmonic domain. The CLASS 40 GHz band data
achieved higher sensitivity than the analogous frequencies
from satellite measurements in the range 10< ℓ< 100, while
the largest scale signal had been suppressed by the filters ap-
plied in the time-ordered data processing (Li et al. 2023). We
used the WMAP Q-band data to compensate for the miss-
ing power at the largest angular scales. The decision to
use the WMAP Q band over other low-frequency (such as
Planck 44 GHz band) measurements was motivated by the
better match between the bandpasses of CLASS 40 GHz and
WMAP Q band (Figure 1). The combined products take ad-
vantage of accurate large angular scale information from the
WMAP Q band and precise measurements from the CLASS
40 GHz band at intermediate angular scales.

The polarized sky signal at 40 GHz is dominated by the
Galactic synchrotron radiation at scales larger than degree-
level, with contributions from CMB, Galactic thermal dust
radiation, and potentially anomalous microwave emission
(AME) (Planck Collaboration IV 2020; de la Hoz et al.
2023; Svalheim et al. 2023; Watts et al. 2023; Génova-Santos
et al. 2017; Herman et al. 2023). Improved measurements at
40 GHz spanning scales larger than degree level are promis-
ing for advancing our understanding of the spatial variation
and any steepening or flattening of the polarized synchrotron
spectral index, as well as the polarization fraction (currently
there are only upper limits) of the anomalous microwave
emission (Abazajian et al. 2016; Hensley et al. 2022). These
improvements will be crucial for the potential future detec-
tion of the primordial B modes (Ade et al. 2019; Wolz et al.
2023; LiteBIRD Collaboration et al. 2023).

Analogous combinations have been done for SPT (Craw-
ford et al. 2016; Chown et al. 2018) and ACT (Aghanim
et al. 2019; Madhavacheril et al. 2020; Naess et al. 2020)
data at higher frequencies (>90 GHz). A joint analysis of
WMAP and Planck data has been conducted in (Watts et al.
2023). The data products have reinforced our comprehen-
sion of CMB lensing (Omori et al. 2019, 2023; Qu et al.
2024), cosmic infrared background (Kilerci et al. 2023), Sun-
yaev Zel’dovich effect (Calafut et al. 2021; Gatti et al. 2022;
Radiconi et al. 2022; Mallaby-Kay et al. 2023; Meinke et al.

2023), Galactic dust science (Guan et al. 2021; Lowe et al.
2022; Córdova Rosado et al. 2024), and related fields.

The structure of the paper is as follows: in Section 2 we
introduce the data and simulations, and in Section 3 we de-
scribe the method to combine the data. We present the band-
passes, combined maps, and noise power spectra in Section
4, and a pixel-based polarized synchrotron index analysis in
Section 5. We summarize in Section 6.

2. DATA AND SIMULATIONS

In this section, we briefly introduce the experiments and
data used in this work. A summary of relevant properties can
be found in Figure 1 and Table 1.

2.1. CLASS

The CLASS telescope array is located on Cerro Toco in
the Atacama Desert of northern Chile (longitude 67◦W, lati-
tude 23◦S) and surveys the sky with single-frequency-band
telescopes centered at 40 GHz and 90 GHz, as well as a
dual-band 150/220 GHz telescope (Essinger-Hileman et al.
2014; Harrington et al. 2016). During typical CMB scans
conducted until May 2022, the CLASS telescopes observed
the sky at a constant elevation angle of 45◦, scanning az-
imuthally at 1 or 2 deg/s. Additionally, their boresight an-
gles change daily between −45◦ and +45◦ with increments
of 15◦. Adopting this scanning strategy and possessing a
large field-of-view (∼ 20◦ in azimuth and 15◦ in elevation,
Eimer et al. 2012; Xu et al. 2020), the CLASS telescopes ef-
fectively map ∼ 75% of the sky daily, covering declination
angles (δ) ranging from −76◦ to 30◦. The front-end polar-
ization modulator – variable-delayed polarization modulator
(VPM, Chuss et al. 2012) – on the CLASS telescopes signif-
icantly improves the stability of the observation (Harrington
et al. 2021; Cleary et al. 2022), enabling stable measurements
even for the largest angular scales (ℓ < 20).

In this paper, we used the full coadd 40 GHz maps and the
two base splits comprising observations made from 31 Au-
gust 2016 to 19 May 2022 (Eimer et al. 2024). Details on
the CLASS 40 GHz data pipeline can be found in Li et al.
(2023). The reference frequency for these maps is 38 GHz,
and the telescope beam can be approximated with a Gaus-
sian beam with FWHM 1.56◦. We also used the 200 noise
simulations of the total map and the noise simulations of the
two splits (600 simulations in total). In the polarized syn-
chrotron spectral index analysis (Section 5), we used the re-
observed Planck (rPlanck) PR4 353 GHz maps. The Stokes
Q/U components in the rPlanck maps were created by first
projecting the Planck maps into the time domain assuming
the CLASS 40 GHz pointing model, and then processing
the time streams following the same methodology applied to
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Figure 1. Synchrotron Survey Overview. Left: the green scale in the map shows the polarization intensity of the Planck Commander
synchrotron map at 30 GHz (Planck Collaboration IV 2020). Unless explicitly stated, all maps presented in this paper use the Mollweide
projection and are in the Galactic coordinate system. The gray regions are beyond the CLASS survey boundary. The CLASS s9 mask (Eimer
et al. 2024) is outlined by thicker white curves, with thinner curves delineating CLASS s0 and bright source mask (only the part inside the
s9 mask region). The region in between the thinner and thicker curves captures most of the polarized synchrotron power while excluding
the brightest regions. Right: the green curve shows the polarized synchrotron amplitude in Rayleigh-Jeans temperature units with power-law
(βs = −3.1 power law) frequency dependence. The amplitude at 30 GHz is obtained as the mean of polarization amplitude between thinner and
thicker borders in the left panel. The red curve represents the polarized CMB amplitude, and the horizontal bars with up arrows are the noise
levels for frequency bands listed above the figure. The bolded arrow indicates the noise level of the combined maps produced in this work.
These are obtained as the mean polarization amplitude from the 200 CMB or noise simulations in the same region. Data and simulations were
smoothed to FWHM = 2◦ Gaussian beam for this calculation. The shaded regions are the bandpasses for different bands, normalized to unity
at maximum.

the CLASS 40 GHz demodulated data (Li et al. 2023). The
rPlanck PR4 353 GHz maps were used as the polarized ther-
mal dust template for the CLASS 40 GHz-band data, as they
underwent identical filtering processes.

All the CLASS data products (including the rPlanck maps)
used in this paper are available on LAMBDA.1

2.2. WMAP

The WMAP satellite (Bennett et al. 2003) conducted a 9-
year all-sky survey from 2001 to 2009 (Hinshaw et al. 2013;
Bennett et al. 2013). It observed the sky at five frequency
bands: K (23 GHz), Ka (33 GHz), Q (41 GHz), V (61 GHz),
and W (94 GHz).

In this paper, we used the 9-year maps of K, Ka, and Q
bands; the reference frequencies and approximate beam sizes
can be found in Table 1. We made two splits for each band
by coadding single-year maps (year 1–4 and year 5–9). We
preprocess the maps as follows:

1. Transform the maps into the Celestial coordinate sys-
tem.

2. Smooth the maps from the original telescope beams to
an FWHM=1◦ Gaussian beam profile.

1 https://lambda.gsfc.nasa.gov/product/class/class_prod_table.html

3. Downgrade the maps to HEALPix resolution
Nside=256.

4. Apply the CLASS survey boundary mask δ ∈
(−76◦,30◦).

Full-sky noise simulations in this work were generated us-
ing the noise covariance matrices, following the method de-
scribed in Larson et al. (2011). To capture the correlation at
large angular scales, we first created Nside = 16 simulations by
sampling according to the full noise covariance matrices and
then upgraded them to Nside = 256. We created white noise
realizations at Nside = 256 by sampling according to the per-
pixel Q/U covariance matrices. Finally, we added the white
noise realizations (with mean within each Nside = 16 pixel re-
moved) with the noise simulations created at Nnside = 16. We
made 200 noise simulations for each 9-year map and its two
single-year coadded splits. They were preprocessed in the
same way as the data.

All the WMAP data products used in this paper are avail-
able on LAMBDA.2

2.3. Planck

The Planck satellite (Planck Collaboration I 2020) carried
out a high-precision all-sky survey mission between 2009

2 https://lambda.gsfc.nasa.gov/product/wmap/dr5/m_products.html

https://lambda.gsfc.nasa.gov/product/class/class_prod_table.html
https://lambda.gsfc.nasa.gov/product/wmap/dr5/m_products.html
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Table 1. The abbreviations used in this paper, approximate beam sizes, reference frequencies (νref), temperature-to-antenna (T-to-
A) conversion factors (or equivalently, the conversion between thermodynamic temperature TCMB and Rayleigh-Jeans temperature
TRJ), map level scaling factors to convert to 40 GHz, and the dust template scaling factors for different bands.

Abbreviation FWHMa [arcmin] νref [GHz] T-to-Ab Scale to 40 GHzc Dust template scalingd

WMAP K WK 52.8 22.8 0.9370 0.1751 0.0016
Planck 30 GHz P30 32.4 28.4 0.9776 0.3459 /e

WMAP Ka WKa 39.6 33 0.9416 0.5508 0.0029
CLASS 40 GHz C40 93.6 38 0.9310 0.8530 0.0037
WMAP Q WQ 30.6 40.7 0.9311 1.0553 0.0040
Planck 44 GHz P44 27 44.1 0.9380 1.3532 /

Combined CW 60 40 −−
f / /

(r)Planck 353 GHzg (r)P353 5 (93.6)g 353 / / /

NOTE—
aThe FWHM of the Gaussian approximation of the beam profile. We used the beam profiles when processing the data unless explic-
itly mentioned: CLASS and WMAP beam profiles are available on LAMBDA, and those for Planck are in their reduced instrument model
(LFI_RIMO_R3.31.fits).
bT-to-A conversion factors for synchrotron spectrum were calculated assuming a βs = −3.1 power law (Planck Collaboration IV 2020). The
color correction factors were computed following the method in Eimer et al. (2024) for WMAP and CLASS data, and the public code fastcc
(Peel et al. 2022) for Planck.
cThe factors to scale maps (antenna temperature) to 40 GHz assuming a βs = −3.1 power law.
dThe factors to scale the polarized thermal dust template (original or reobserved Planck 353 GHz data) following a βd = 1.53 and Tdust = 19.6 K
modified blackbody spectrum (Planck Collaboration IV 2020). The factors concern three processes: the T-to-A conversion for Planck
353 GHz band, the modified-blackbody scaling, and the A-to-T conversion at the corresponding bands.
eNot applicable / Unused.
f The conversion factor for the combined data relies on spherical harmonic degree ℓ and order m; see discussion in Section 4.1.
gThe rPlanck 353 GHz refers to the reobserved Planck 353 GHz data processed with the CLASS 40 GHz data pipeline (Li et al. 2023). The
beam size provided in parentheses corresponds to the value for rP353.

and 2013, observing the sky in nine frequency bands: 30, 44,
and 70 by the Low Frequency Instrument (LFI, Planck Col-
laboration II 2020), 100, 143, 217, 353, 545, and 857 GHz
by the High Frequency Instrument (HFI, Planck Collabora-
tion III 2020).

In this study, we used the PR4 bandpass-corrected 353
GHz maps as the polarized thermal dust template in Section
5. We used the PR3 full map and half-ring splits of Planck
30 GHz and 44 GHz bands for validation (Section 4.2, Ap-
pendix A). The reference frequencies and approximate beam
sizes can be found in Table 1. There are 300 Full Focal Plane
(FFP 10) noise simulations available for each full and half-
ring split map, and we used the first 200 with indices ranging
from 0 to 199. These maps and noise simulations were pre-
processed in the same way as the WMAP data (Section 2.2).
Due to the limited number of (100) simulations available for
PR4, we used the PR3 products for the LFI data.

The Planck data and simulations are available on Planck
Legacy Archive.3

3 https://pla.esac.esa.int

2.4. Additional simulations

We used 200 CMB simulations in this work. They were
generated according to the Planck 2018 best-fit CMB power
spectra,4 originally made at Nside = 256 in Galactic coor-
dinates and preprocessed identically to that of the WMAP
data (Section 2.2). PySM (Thorne et al. 2017) simulations
were used to validate the combination pipeline (Section 3,
Appendix B) and the polarized synchrotron spectral index
analysis (Section 5, Appendix C). We also generated reob-
served simulations by processing all simulations described in
this section with the CLASS 40 GHz data pipeline (Li et al.
2023).

3. HARMONIC DOMAIN COMBINATION

In this section, we introduce the combination method fol-
lowing the approach of Chown et al. (2018). We begin with
the formalism (Section 3.1), followed by an explanation of
the combination method in Section 3.2. We then describe
the filtering matrix in Section 3.3 and the harmonic domain

4 COM_PowerSpect_CMB-base-plikHM-TTTEEE-lowl-lowE-
lensing-minimum-theory_R3.01.txt

https://pla.esac.esa.int
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noise in Section 3.4, and summarize the products we made in
Section 3.5.

3.1. Formalism

The spherical harmonic coefficients for linear polarization
measurements can be written as:

a2,ℓm =
∫

dΩ (Q + iU)(n̂nn) 2Yℓm(n̂nn),

a−2,ℓm =
∫

dΩ (Q − iU)(n̂nn) −2Yℓm(n̂nn),
(1)

where Q/U are the maps of the linear polarization Stokes
parameters and ±2Yℓm are the spin-weighted harmonics with
spin weight s = ±2. For convenience, we work with E/B-
mode spherical harmonics which are linear combinations of
a±2,ℓm:

aE
ℓm = −

1
2

(a2,ℓm + a−2,ℓm),

aB
ℓm = −

1
2i

(a2,ℓm − a−2,ℓm).
(2)

Since only linear operations are involved in Equations 1
and 2, the definitions above can be expressed for pixelized
linear polarization maps with matrix operations as:

aaasky = Hmmmsky, (3)

where aaa ≡ (aE
ℓm,a

B
ℓm)T is a column vector with 2Nh elements,

and mmm ≡ (Qp,Up)T is a column vector with 2Np elements.
Np is the number of pixels in a map and Nh is the number
of spherical harmonic coefficients with m ≥ 0. For maps at
Nside = 256, Np = 786432 and Nh = 295296. H is a 2Nh ×2Np

matrix concerning the harmonic decomposition and the linear
combination in Equations 1 and 2. The superscript sky stands
for true full-sky signal.

The observed map mmmobs is related to the true full-sky sig-
nal as mmmobs = FpM(Bpmmmsky +nnn) where Fp, M, and Bp are the
matrix representations of the filtering applied in time-ordered
data processing, the mask, and the telescope beam convolu-
tion, respectively, and nnn is the instrumental noise. The sub-
script p denotes the matrices that are defined in the pixel do-
main. Then the observed harmonic coefficients can be ex-
pressed as:

aaaobs = Hmmmobs

= HFpM(Bpmmmsky
+nnn)

≡ FhHM(Bpmmmsky
+nnn),

(4)

where HFp ≡ FhH and subscript h denotes the matrix defined
in the harmonic domain.

The aaaobs is different from the aaasky even without any sig-
nificant smoothing and filtering in the time-ordered data pro-
cessing (i.e., when Bp, Fp and Fh can be approximated with
identity matrices) because the applied mask (CLASS sur-
vey boundary in this case) induces mixing between E and
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Figure 2. The weights (Equation 7) for C40 at each ℓ and m. The
weights for aℓ,−m (m ≥ 0) are equivalent to those for aℓ,m. The left
panel shows the E-mode weights and the right for the B-mode. The
zoom-in panels show details where ℓ,m < 30. The green dashed
lines mark where the high-pass filter suppresses the weights by
1/

√
2. We only show the weights at ℓ,m ≤ 200, but the full weights

extend to ℓmax,mmax = 383 (beyond which only the WQ data con-
tribute in the combined maps). At the largest angular scales (ℓ< 20)
the weights are small because the high-pass filter and the C40 trans-
fer function suppressed a substantial amount of power. At inter-
mediate scales (ℓ ∈ [20,150]) C40 dominates over WQ because the
noise level is significantly lower. At the smallest scales (ℓ> 150) the
weights fall mainly because the C40 beam size (FWHM ∼ 1.56◦,
corresponds to ℓ = 115) is larger than WQ.

B modes, and between ℓ’s. We highlight that the goal of the
paper is not to recover aaasky, but a smoothed, masked map:
M(Bpmmmsky +nnn).

Practically, Bp (and its corresponding form in the har-
monic domain, Bh) is realized by the healpy function
smoothalm, M is realized by setting masked pixels to zero,
and H is realized by the healpy function map2alm. We
show how the filtering matrix is approximated in Section 3.3.
For brevity, we use x̃ to denote the observed quantity xobs in
subsequent sections.

3.2. Combination method

We generated combined maps at Nside = 256 with a smooth-
ing scale of FWHM=1◦. The ℓmax and mmax of these com-
bined maps were set to 767. However, since the official
CLASS 40 GHz maps were provided at Nside = 128 and con-
tained limited information beyond ℓ,m = 383, the aℓm’s of the
combined maps with ℓ,m> 383 were chosen to be the corre-
sponding modes from WMAP Q-band data only.

At ℓ,m ≤ 383, we performed a weighted average of the
CLASS 40 GHz and WMAP Q-band data. We first pro-
cessed the C40 data to remove filtering-induced bias, correct
the pixel window functions, and match the smoothing scale:

ãaaC40,out = Bout
h

(
BC40

h

)−1
P256

h

(
P128

h

)−1 (
FC40

h

)−1
ãaaC40, (5)

where ãaaC40 = Hm̃mmC40 are the spherical harmonic coefficients
of the C40 data (m̃mmC40), and Ph is matrix representation of
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pixel window function in the harmonic domain, which can
be realized by the healpy function pixwin.

The combined spherical harmonic coefficients at ℓ,m ≤
383 were made by performing a weighted average of pro-
cessed CLASS 40 GHz and WMAP Q-band data in the har-
monic domain:

ãCW,out
ℓm = wC40

ℓm ãC40,out
ℓm + wWQ

ℓm ãWQ,out
ℓm , (6)

where ãWQ,out
ℓm ’s are the spherical harmonic coefficients of the

WMAP Q-band data, and wℓm’s are the harmonic domain in-
verse noise variance weights:

wC40
ℓm = g(ℓ,m)

1/
(
σC40
ℓm

)2

1/
(
σC40
ℓm

)2
+ 1/

(
σWQ
ℓm

)2 ,

wWQ
ℓm = 1 − wC40

ℓm ,

g(ℓ,m) ≡ 1√
[1 + 50/(2m + ℓ)]6

,

(7)

where g(ℓ,m) is a high-pass filter, and the noise level per
(ℓ,m), σℓm, is introduced in Section 3.4. We set weights with
values smaller than 0.001 to be zero, and larger than 0.999
to be unity. We visualize the weights for CLASS 40 GHz
data in Figure 2. The form of the high-pass filter was chosen
to effectively mitigate the influence of imperfections in the
filtering matrix at large scales (Section 3.3). This choice, al-
though rendering the method suboptimal, guarantees that the
bias in the final map remains negligible (Appendix B).

Finally, the combined maps can be obtained as:

m̃mmCW,out = H−1ãaaCW,out, (8)

and practically, H−1 is realized by healpy function
alm2map.

3.3. CLASS filtering matrix

For the CLASS 40 GHz data, the time-ordered data filter-
ing and map-making process are linear operations (Li et al.
2023). Therefore, the connection between the spherical har-
monic coefficients of the filtered map (aaafilt) and the unfiltered
map (aaaraw) can be expressed as:

aaafilt = Fhaaaraw. (9)

We approximate the matrix Fh as:

Fh,i j ≡

〈
afilt

i

(
araw

j

)∗〉〈
araw

i

(
araw

j

)∗〉 , (10)

where ⟨·⟩ indicates the ensemble average, aaaraw is the spher-
ical harmonic coefficients computed using simulations with
flat power spectra in only EE and BB (the EE and BB power
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Figure 3. The diagonal elements of the filtering matrix (Equation
10) for C40 at each ℓ and m. The element values for aℓ,−m (m ≥ 0)
are equivalent to those for aℓ,m. The left panel shows the EE part
and the right for the BB part. The zoom-in panels show details in
ℓ,m < 30. We only show the elements at ℓ,m ≤ 200, but the full
matrix extends to ℓmax,mmax = 383.

are the same), and aaafilt are those of the same maps but pro-
cessed with the CLASS 40 GHz data pipeline (Li et al. 2023).
We used 1000 pairs of such simulations, and the CLASS sur-
vey boundary mask was applied before calculating the spher-
ical harmonic coefficients. The subscripts i, j refer to specific
spherical harmonic coefficients. Since the CLASS 40 GHz
maps were provided at Nside = 128, we choose ℓmax = 383,
which corresponds to Nh = 73920 (with m ≥ 0) coefficients
for a single mode. Therefore, the dimension of the full filter-
ing matrix is 147840×147840 for both E and B modes. We
show the diagonal elements of the filtering matrix for C40 in
Figure 3.

In this study, we only used the diagonal elements5 of the
matrix and dropped the imaginary parts for the calculated fil-
tering matrix because they are negligible. To estimate the
impact of ignoring all off-diagonal components in Fh, we
defined the fractional error on the filtering-matrix-corrected
spherical harmonic coefficients (F−1

h aaafilt) as:

∆∆∆h ≡
√

⟨|aaaraw
h −F−1

h aaafilt
h |2⟩

⟨|F−1
h aaafilt

h |2⟩ , (11)

where the numerator is the Root Mean Square (RMS) of
the difference between raw and filtering-matrix-corrected fil-
tered spherical harmonic coefficients, and the denominator
is the RMS of the filtering-matrix-corrected filtered coeffi-
cients. We computed ∆h with the same simulations, and
we used ∆h|(FC40

h )−1ãaaC40| to represent the expected uncer-
tainty level due to ignoring all off-diagonal components in
Fh (Section 3.4). Note that the fractional error on any of
the harmonic coefficients depends on both the off-diagonal
components in Fh and all the other harmonic coefficients, so

5 The EB and BE relations between aaaraw’s and aaafilt’s are dominated by the
mixing induced by CLASS survey boundary mask, and are hence ignored
in this paper.
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Figure 4. Left: the bandpasses for C40 (orange) and WQ (blue), and for the combined maps (thinner pink from light to dark) at ℓ = 20,70,120
and 170 (m = 15). Right: the m-averaged band center of the combined maps as a function of ℓ, for CMB (red) and synchrotron (green, assuming
βs = −3.1) spectrum. The darker shaded regions are the 16/84th percentile of the spread of band center per ℓ, and the lighter shaded regions
span the extra uncertainty induced by the 0.5GHz band center uncertainty for C40 data (Dahal et al. 2022). The band centers follow the trend
of the weights shown in Figure 2. The band centers show a 5 − 7.5% total fractional shift as a function of ℓ.

the ∆h in Equation 11 only approximates the fractional error
of the maps with flat spectra. The 40 GHz sky spectra are
bright and have complicated morphology at the largest angu-
lar scales, therefore, we adopted a high-pass filter (Equation
7) to compensate for the limitation of this approximation.

3.4. Harmonic domain noise

The noise level per (ℓ,m) is computed from 200 noise sim-
ulations (Section 2) and is defined as:

(σσσh)2 ≡ ⟨|nnnhnnn∗
h |⟩, (12)

where nnnh’s are vectors formed by the spherical harmonic co-
efficients (E and B modes) of the noise simulations. The
noise level for the WMAP Q band was calculated exactly as
in the equation above.

For the CLASS 40 GHz band, we need two modifications.
First, we need to apply the filtering matrix correction, which
is important for the large angular scale modes. Second, we
need to include the potential fluctuation caused by ignoring
all off-diagonal components in the filtering matrix. The final
expression for the C40 noise level per (ℓ,m) is:(

σσσC40
h

)2
=
(
FC40

h

)−1⟨nnnC40
h (nnnC40

h )∗⟩
[
(FC40

h )−1]T

+∆∆∆2
h|ãaaC40,out|2,

(13)

where the superscript T indicates the transpose of a matrix.
The second term in the equation above gives the expected
difference in the spectra power when using a diagonal-only
filtering matrix. The noise simulations were smoothed to
FWHM=1◦ Gaussian beam size and corrected with the pixel
window functions before this calculation.

3.5. Summary

Following the procedure described in this section, we made
one total map by combining the full coadd CLASS 40 GHz
map and WMAP Q band 9-year map. We also created two
combined splits: one by combining the C40 m1 base split

and WQ band year 1-4 coadd split, the other by combining
the C40 m2 base split and WQ band year 5-9 coadd split.
Furthermore, we created combined noise simulations for the
total and the two splits (200 each). The noise simulations
were combined using the same filtering matrix and weights
as for the data. All maps were generated at Nside = 256 with
a smoothing scale of FWHM=1◦. In Appendix A and B, we
confirm that the filtering matrix and weights utilized for map
combination result in negligible bias in the final products.
Maps with higher resolutions can be made upon request.

4. THE COMBINED MAPS

In this section, we show the bandpass properties of the
combined maps in Section 4.1 and present the maps and noise
power spectra in Section 4.2.

4.1. Bandpass

As the combination was done in the harmonic space and
the weight is a function of both ℓ and m (Figure 2), the band-
pass of the combined maps depends on both ℓ and m, and can
be computed following the same weighted average method as
Equation 6. In the left panel of Figure 4 we show examples
of the bandpass at several different ℓ’s (m’s fixed at 15), and
in the right panel we depict the band center of the combined
maps as a function of ℓ for CMB (differential blackbody) and
synchrotron (power law with βs = −3.1) spectra.

The ℓ dependency of the combined maps band center mir-
rors the trend of the weights (Figure 2): it initially shifts
rapidly toward the CLASS 40 GHz band center at ℓ∼ 15 due
to the significantly lower noise level of C40, and then grad-
ually returns toward the WQ band center as its angular reso-
lution (FWHM ∼ 0.51◦, corresponding to ℓ∼ 350) is higher
than C40 (FWHM ∼ 1.56◦, corresponding to ℓ∼ 115) (Table
1). The m dependency also follows the weights pattern (Fig-
ure 2), and the spread of the band center per ℓ is reflected by
the darker shaded region in the right panel of Figure 4. Tak-
ing into account the 0.5 GHz uncertainty on the CLASS band
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Figure 5. The combined maps. Top and Middle: the Stokes Q and U maps. The color scale is linear within ±5 µKCMB and logarithmic beyond
this range. Bottom: the polarization intensity/angle map (Equation 14). The color scale is visualized on a polar plot: the radial coordinate
indicates the polarization intensity (saturates at 12 µKCMB), and the angular coordinate refers to the polarization angle. Following the notation
used in Planck Collaboration X (2016); Planck Collaboration XXV (2016), cyan, yellow, red, and purple colors indicate that the polarization
angles are rotated by (±)90◦, −45◦, 0◦ and +45◦ with respect to the local meridian, respectively. The gray regions are beyond the CLASS
survey boundary. All maps are smoothed to have an FWHM=2◦ Gaussian beam size for visualization purposes.
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Figure 6. From left to right: the WMAP Q band, combined and CLASS 40 GHz maps. The top (bottom) panels show the Stokes Q (U) in a
linear color scale, and all panels share the same color range. The gray regions are beyond the CLASS survey boundary. Maps are converted
to antenna temperature at 40 GHz (Table 1) and smoothed to FWHM=2◦ for visualization purposes. The combined maps take advantage of
accurate information at the largest angular scales from WQ and high-sensitivity information at intermediate scales from C40 (improved by a
factor of 2 − 3 compared to WQ noise level).

center (Dahal et al. 2022), the total shift of the band center
amounts to 2 − 3GHz, corresponding to a 5 − 7.5% fractional
shift.

4.2. Maps and noise simulations

The combined maps are shown in Figure 5; maps were
smoothed to have an FWHM=2◦ Gaussian beam for visu-
alization purposes. The maps cover ∼ 70% of the sky, with
boundary at declinations δ = −75◦ and δ = 29◦. The polariza-
tion intensity (P) and polarization angle (ψ) are visualized in
the bottom panel, calculated as:

P =


√

Q1Q2 +U1U2 if Q1Q2 +U1U2 ≥ 0

0 else

ψ =
1
2

atan2(U,Q).

(14)

To mitigate the noise bias, P was computed from the two
combined splits, with pixels having Q1Q2 + U1U2 < 0 be-
ing zeroed out. ψ was directly computed from the combined
maps. The polarization intensity/angle map exhibits consis-
tency with similar maps in previous studies (Planck Collabo-
ration X 2016; Planck Collaboration XXV 2016).

In Figure 6 we compare the combined maps to the WMAP
Q and CLASS 40 GHz band data. The maps have been
converted to antenna temperature at 40 GHz following a
βs = −3.1 power law. Features at the largest scales (ℓ < 15,
pixel size > 12◦) in the combined maps mainly originate
from WQ, while the map sensitivity level improves by a fac-
tor of 2 − 3 at intermediate multipole ranges (30 < ℓ < 120)
owing to the lower noise level of C40. Additionally, we com-
pare the combined maps to more low-frequency band data

focusing on the BICEP3 region6 (Ade et al. 2022) in Figure
7 (maps converted to antenna temperature at 40 GHz simi-
larly). The Stokes Q/U maps show similar large-scale struc-
tures as they are dominated by the polarized synchrotron ra-
diation. The combined noise level is lower than the WMAP
Q and Ka band ones at intermediate scales when assuming
βs = −3.1.

We compare the EE power spectra of the combined noise
simulations to that for CLASS 40 GHz and WMAP Q band
in Figure 8. In general, the noise spectra of the combined data
track the lower of WQ or the TF corrected C40,7 but diverge
slightly at ℓ ∈ (7,40) mainly due to an additional high-pass
filter applied on the C40 weights (Equation 7). The spectra
were computed using PolSpice (Chon et al. 2004), and the
BB spectra are qualitatively the same.

5. PIXEL-BASED POLARIZED SYNCHROTRON
SPECTRAL INDICES ANALYSIS

The synchrotron radiation is an important source of po-
larized diffuse Galactic emission at frequencies lower than
∼ 70 GHz (Krachmalnicoff et al. 2018; Weiland et al. 2022),
and dominates over the polarized CMB signals on angu-
lar scales larger than degree-level. Understanding the syn-
chrotron radiation is crucial for accurately performing com-

6 Mask available at http://bicepkeck.org/bk18_2021_release.html. Instead of
apodizing, we adopted a binary mask, including regions wherever the mask
values are not NaN. We also excluded regions masked by the CLASS bright
source mask (Eimer et al. 2024).

7 The ‘TF corrected’ refers to the correction made by the power spectrum
domain transfer matrix in Li et al. (2023) not the harmonic domain filtering
matrix in this work.

http://bicepkeck.org/bk18_2021_release.html
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Figure 7. A comparison of data centered on BICEP3 region. The maps are presented in Lambert azimuthal equal-area projection, using the
Celestial coordinate system. From top to bottom: the WMAP K, Planck 30 GHz, WMAP Ka, combined, WMAP Q and Planck 44 GHz
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Figure 8. The EE noise spectra for C40 (orange), WQ (blue), and
the combined data (black). Note that the ‘TF corrected’ refers to the
correction made by the power spectrum domain transfer matrix in Li
et al. (2023), not the harmonic domain filtering matrix in this work.
The noise spectra of the combined data generally track the lower of
WQ or the TF corrected C40, but diverge at ℓ ∈ (7,40) mainly due
to an additional high-pass filter (Equation 7). The BB spectra are
qualitatively the same.

ponent separation (Planck Collaboration IV 2020; de la Hoz
et al. 2023; Svalheim et al. 2023; Watts et al. 2023). Typi-
cally, its frequency spectrum can be approximated by a power
law (T ∝ νβs ) over a certain range of frequencies, where βs

is the polarized synchrotron spectral index.
In this section, we present a spatial variation analysis on βs

with the assistance of the WMAP K and Ka band data. We
introduce the method to fit for βs in Section 5.1, summarize
the fitting pipeline in Section 5.2, and discuss the results in
Section 5.3.

5.1. Method

We employed the commonly used T − T plot method for
fitting the βs values (Fuskeland et al. 2014, 2021; Weiland
et al. 2022; Eimer et al. 2024), by fitting a zero-intercept line
to a scatter plot where the x- and y-axes are the Stokes Q
and U from different frequency channels. In the presence of
uncertainty on both axes, an unbiased estimation of the best-
fit slope can be obtained using the total least-squares fitting
as:

k̂ = argmin
k

(−2logL)

= argmin
k

[
ddd(k)TC−1ddd(k)

]
,

(15)

where −2logL ≡ ddd(k)TC−1ddd(k) is the log-likelihood, ddd(k) ≡
dddy − kdddx, and C≡ k2Cx +Cy is the covariance matrix. dddx,y are
the Stokes Q and U data from different experiments, and Cx,y

are the Q/U covariance matrices obtained from CMB + noise
simulations as described in Section 2. The subscript x refers
to WK data, and y refers to either WKa or CW data. The

fitted slope can be converted to the βs value as:

β̂s =
log k̂

log(νy/νx)
, (16)

where the referenced frequencies νx,y can be found in Table 1.
We used the original and reobserved Planck PR4 353 GHz
maps as the template for polarized thermal dust radiation.
They were subtracted (in thermodynamic temperature units)
from corresponding bands with scaling factors in Table 1 ap-
plied.

The uncertainty on the β̂s was transformed from the uncer-
tainty on k̂:

∆kL =
(

dddT
x Ĉ

−1dddx

)−1/2
,

∆βL
s =

∆kL

k̂ log(νy/νx)
,

(17)

where Ĉ = k̂2Cx +Cy, and ∆kL is the square root of the in-
verse Fisher information of the log-likelihood where C was
fixed to be Ĉ in the derivation. We use ensemble simula-
tions to test the accuracy of ∆βL

s , and found that they need
to be corrected as 1.1×∆βL

s for the WK–WKa fitting and
∆βL

s +0.05 for the WK–CW fitting (Appendix C). For pixels
with probability-to-exceed (PTE) values lower than 0.01, we
replace the corrected ∆βL

s with the bootstrapped uncertainty
if the latter is larger. We fit k̂ for 5000 different data resam-
plings using only the diagonal components of the covariance
matrix (resampled in the same way), and the standard devia-
tion of the spectral indices inferred from different samples is
treated as the bootstrapped uncertainty.

The βs values are fitted at HEALPix resolution Nside = 8
(pixel size ∼ 7.3◦) as was adopted in Weiland et al. (2022)
and Eimer et al. (2024). All maps and simulations are
smoothed to a common FWHM=2◦ Gaussian beam size and
downgraded to Nside = 32 for this analysis. Since the in-
formation at ℓ,m > 383 was significantly suppressed in this
analysis, we used the combined maps that were created at
Nside = 128 instead of Nside = 256, i.e., without appending
the weighted averaged spherical harmonics coefficients with
the coefficients of the WQ data beyond ℓ,m = 383. We re-
fer the reader to Eimer et al. (2024) for further details, but
we note that the mask adopted here is slightly different: at
Nside = 128 we used a declination range from −74◦ to 28◦,
and combined it with the smoothed bright source mask (from
C40 beam profile to FWHM=2◦ Gaussian), then setting all
values smaller than 0.9 to be zero, otherwise unity. The mask
is then processed in the same way as in Eimer et al. (2024).
This slightly more conservative mask ensures that the resid-
ual from the combined method (Appendix B.2) does not sig-
nificantly bias the βs values.

5.2. Fitting process
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Figure 9. The βs and ∆βs maps from WK−WKa (left two panels) and WK−CW (right two panels) with resolution Nside = 8 (pixel size ∼ 7.3◦).
Regions with ∆βs > 0.2 and those masked by the declination limit (light gray) and point-source mask are excluded. In the second and fourth
panels from the left, pixels with PTE < 0.01 are highlighted by green borders. The mean and 16/84th percentiles are −3.08+0.14

−0.14 for βWK−WKa
s

and −3.08+0.20
−0.20 for βWK−CW

s . The black vertical lines in the βs map color bars mark the mean value across each map. In the ∆βs maps, pixels
highlighted by green borders have their values determined by bootstrapping. The βWK−CW

s map prefers spatial variation on the spectral index
(PTE for a uniform βs hypothesis smaller than 0.001).

Acquiring spatial variation information for the SED when
the bandpass differs at each ℓ and m is not trivial. Instead
of implementing complex convolution processes to convert
the combined data to antenna temperature, we first converted
WQ and C40 separately and then combined them. Here is the
process we used to obtain βs maps:

1. Begin by assuming βs = −3.1 all over the sky.

2. Convert the thermal dust subtracted WK band
data to antenna temperature at reference frequency
(22.8 GHz) following the βs map.

3. Convert the thermal dust subtracted WQ and C40 band
data to antenna temperature at 40 GHz following the
βs map.

4. Combine the converted C40 and WQ band data fol-
lowing Equation 6. The combination was done with
Nside = 128 maps directly because the information at
ℓ > 383 is strongly suppressed in this analysis.

5. Fit for a βs map using the method described in Section
5.1.

6. Iterate steps 2–5 until the difference in βs per pixel
between the current and last iteration is smaller than
0.1% (typically reached within 5 iterations).

The harmonic domain noise (Section 3.4) and the CMB +
noise simulations were converted to antenna temperature as-
suming a βs = −3.1 power law and remained fixed throughout
the fitting process. This approach is computationally efficient
and only induces negligible bias in the β̂s and ∆βs.

5.3. βs fitting results

Figure 9 shows the βs maps and their uncertainty ∆βs maps
for two pairs of data: WK–WKa and WK–CW. Only pix-
els with ∆βs < 0.2 are shown. The green-bordered pixels
in the uncertainty maps had their values determined by boot-
strapping (Section 5.1). The results for WK–WKa are mostly
identical to those in Weiland et al. (2022) except for regions
in the Galactic plane due to a different mask.
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Figure 10. The scatter of βs fitted from two pairs of data, using pix-
els available in both pairs. The green cross marks the mean values
of the two βs maps. The black dashed line is plotted for reference
(y = x). By fitting a line with zero-intercept, we found its slope
(1.0± 0.2) is consistent with unity, showing no preference for fre-
quency dependence on βs. The Pearson correlation coefficient is
0.04, showing no significant correlation between two βs maps. The
data points are color-coded by the Galactic latitudes, which seems
to correlate with βWK−CW

s values (this interpretation requires caution
due to the large uncertainty).

The mean and 16/84th percentile value for βWK−WKa
s is

−3.08+0.14
−0.14 and for βWK−CW

s is −3.08+0.20
−0.20, which are consis-

tent with previous studies that computed βs along the plane
(Kogut et al. 2007a; Ruud et al. 2015; Weiland et al. 2022;
Eimer et al. 2024). The PTE for all βs with ∆βs < 0.2
to be consistent with their mean (where χ2

uniform ≡ ∑
[(βs −

β̄s)2/∆β2
s ] and β̄s is the mean across the map) is 0.01

for WK–WKa and smaller than 0.001 for WK–CW. (The
WK − WKa maps have 91 Nside = 8 pixels with ∆βs < 0.2,
and WK − CW maps have 85.) The PTE for βWK−WKa

s to be
consistent with βWK−CW

s is 0.07, of which the χ2 is defined to



13

be:

χ2 =
∑ (

βWK−WKa
s −βWK−CW

s

)2(
∆βWK−WKa

s

)2
+
(
∆βWK−CW

s

)2 , (18)

summed over all the common pixels (80 in total). The
slightly low PTE value indicates that the βs fitted from two
data pairs are slightly in tension, and the WK–CW pair
prefers spatial variation on βs.

In Figure 10 we compare βWK−WKa
s and βWK−CW

s using data
from pixels that are available in both βs maps, color-coded
by Galactic latitudes. The apparent correlation observed be-
tween βWK−CW

s and the Galactic latitudes (noticeable in Fig-
ure 9) should be approached with caution due to the large
uncertainty. The Pearson correlation coefficient r is 0.04, in-
dicating no significant correlation between the βs from two
pairs of data. Additionally, we computed the Pearson cor-
relation coefficient for pixels with ∆βs < 0.15 (36 common
pixels), yielding a value of 0.26. This suggests that the low
correlation coefficient in Figure 10 is likely due to the instru-
mental noise. We fitted a line with zero-intercept using the
same method as in Equation 15, where the covariance matrix
is diagonal in this case. The best-fit slope is 1.0±0.2, consis-
tent with unity, showing no evidence for potential frequency
dependence on βs when fitted in the current form and using
WK, WKa, and CW data.

In short, the βs fitted from WK–CW is consistent with sev-
eral existing studies (Kogut et al. 2007b; Ruud et al. 2015;
Weiland et al. 2022; Eimer et al. 2024). Due to the sensi-
tivity improvement at intermediate scales introduced by the
CLASS 40 GHz-band data, the ∆βs fitted with the combined
40 GHz map is comparable to that with the WMAP Ka band
map. However, the uncertainty in the absolute calibration at
CLASS 40 GHz data is not negligible for this βs analysis be-
cause the frequency leverage arm is short. It has been shown
in Eimer et al. (2024) that a shift in calibration by ±5% is
equivalent to shifting the βs measurement in all Nside = 8 pix-
els by a common ±0.1. As no significant difference was
noticed between βWK−CW

s and βWK−WKa
s , we refer readers to

Weiland et al. (2022) for a detailed analysis of the implica-
tions for foreground removal.

6. CONCLUSION

In this work, we made sensitivity-improved polarization
maps at 40 GHz by combining the CLASS 40 GHz band
and WMAP Q band-data. The combined maps were made at
Nside = 256 with a smoothing scale of FWHM=1◦, by doing
an inverse noise variance weighted average in the harmonic
space at ℓ,m ≤ 383 and filling the ℓ,m > 383 with WMAP
data (Section 3). We used a harmonic space filtering matrix
to replicate the filtering inherent in the CLASS 40 GHz data
pipeline. An additional high-pass filter was applied to the

C40 weights to ensure the bias from the combination method
was negligible. We validated the combination method by
comparing the binned data cross spectra (Appendix A), find-
ing that the spectra of the combined maps follow a similar
trend to other low-frequency data. The CMB and realistic
sky simulation checks in Appendix B validate that the com-
bination method results in negligible bias.

We performed a pixel space T − T plot polarized syn-
chrotron spectral index analysis with the combined maps.
We found that the βs map (HEALPix resolution Nside = 8,
pixel size ∼ 7.3◦) estimated from WMAP K and the com-
bined data (βs = −3.08+0.20

−0.20) shows a stronger preference for
spatial variation than that from WMAP K and WMAP Ka
(βs = −3.08+0.14

−0.14), with the former showing correlation with
the Galactic latitudes (should be approached with caution due
to the large ∆βs). No frequency relation was found from the
two βs maps. In the future, it is worth including Planck LFI
data and data from other experiments such as S-PASS (Car-
retti et al. 2019), C-BASS (Jones et al. 2018), and QUIJOTE
(Rubiño-Martín et al. 2023b) to extend the leverage arm,
which holds promise in revealing the potential frequency de-
pendence of βs (a steepening of βs from the intensity data was
noticed in Kogut 2012). The combined data also hold the po-
tential to broaden our knowledge of any polarized AME.

The products of this work, including the combined maps,
the combined noise simulations, the harmonic domain fil-
tering matrix, and the βs maps, are publicly available on
LAMBDA.8 Other products can be made available upon re-
quest.
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APPENDIX

A. DATA POWER SPECTRA

We show the binned cross power spectra of WMAP K,
Ka, Planck 30 GHz, 44 GHz-band maps and the com-
bined maps in Figure A1. The power spectra were estimated
by PolSpice, between the coadded single-year splits for
WMAP and the half-ring splits for Planck (Section 2). For
the combined data we used the two splits described in Section
3.5. The multipole range was from ℓ = 2 to ℓ = 122 (beyond
ℓ = 122 the combined data is dominated by the noise) and the
power spectra were binned per ∆ℓ = 10, weighted by ℓ(ℓ+1).
The Planck 2018 best-fit theory spectra for the CMB have
been subtracted from the binned cross spectra. The power
spectra are scaled to 40 GHz (assuming βs = −3.1) for com-
parison. The error bars are the ensemble standard deviation
of 200 noise cross spectra, and they reflect only the instru-
mental noise, not the signal sample variance.

We compared the spectra for two cases with different
masks (s5 and s9) applied, and they are qualitatively the
same. At the largest angular scales (ℓ < 20) the CW data
are dominated by the WQ, so the error bar size in the first
two bins is larger compared to those from WKa. The CW
error bar size at ℓ > 20 is generally smaller than that from
the WKa, implying that the CW data has a higher signal-to-
noise ratio at those scales. Note that this comparison aims
to validate the combination method—the CW spectra follow
a similar shape as other low-frequency band data do. This
is not to claim that the power spectra from different bands
should all be consistent.

B. COMBINATION METHOD VALIDATION WITH
SIMULATIONS

In this section, we describe the simulation checks con-
ducted to validate our combination method.

B.1. CMB only simulations

We began with CMB-only simulations. We followed the
method described in Section 2.4 when generating the CMB
simulations. These simulations were treated as the observa-
tion made by the WMAP Q band. For the observation made
by CLASS 40 GHz, we used the reobserved CMB simula-
tions done with CLASS 40 GHz data pipeline (Li et al. 2023).
In this analysis, no bandpass differences were assumed. Our
primary objective was to assess the residual effects resulting
from the combination method, rather than investigating im-
perfections in our understanding of the bandpass.

By combining the two different CMB simulations in the
same way we did with the data, the resulting maps and power
spectra are shown in Figure B1 and B2. The residual levels in
both the maps and the power spectra are negligible compared
to the signal.

B.2. Realistic simulations

We then performed validation checks with more realistic
simulations. We included 4 components in our signal simu-
lation:

• Polarized synchrotron: we used the PySM s1 model
(not to be confused with the CLASS s1 mask) at
40 GHz, smoothed with an FWHM=1◦ Gaussian
beam, in µKCMB.

• Polarized thermal dust: we used the PySM d1 model
(not to be confused with the CLASS d1 mask) at
40 GHz, smoothed with an FWHM=1◦ Gaussian
beam, in µKCMB.

• CMB simulations: the same as in Appendix B.1.

• Bright sources: we computed the bright source ampli-
tudes (Stokes Q and U) by aggregating all pixel val-
ues within each bright source outlined by the CLASS



15

10−4

10−3

10−2

10−1

C
`

[µ
K

2 R
J
]

EE BB

20 40 60 80 100 120

10−4

10−3

10−2

10−1

C
`

[µ
K

2 R
J
]

EE

20 40 60 80 100 120

BB

WK P30 WKa CW P44

Figure A1. The binned cross power spectra from WK (blue), P30 (orange), WKa (green), CW (black), and P44 (red), with multipole range
from ℓ = 2 to 122, binned per ∆ℓ = 10, and weighted by ℓ(ℓ+ 1). All spectra have been converted to antenna temperature and scaled to 40 GHz
following a βs = −3.1 power-law frequency spectrum. The Planck 2018 best-fit theory spectra have been subtracted. Top left: EE spectra with
s5 mask applied. Top right: BB spectra with s5 mask applied. Bottom left: EE spectra with s9 mask applied. Bottom right: BB spectra with
s9 mask applied. Masks are shown on the bottom left of the left panels. Only the instrumental noise is included in the error bar size, not the
signal sample variance.

Q

Simulation 1 Simulation 2 Combined 20× Residual

U

Figure B1. The CMB simulation verification in the map domain (a typical one of 200 realizations). All maps share the same color range. The
gray regions are beyond the CLASS survey boundary. From left to right: maps representing WQ-like signal, maps representing C40-like signal,
the combined maps using weights applied to the real data, and 20 times the residual between the combined and the Simulation 1. The signal
maps were created at the same monochromatic frequency. The residual is negligible compared to the signal.

bright source mask. The point source maps were gen-
erated by assigning the total amplitudes to pixels clos-
est to the center of the corresponding bright source
mask holes. Finally, the maps were smoothed using
an FWHM=1◦ Gaussian beam.

In this analysis, no bandpass differences were assumed, and
no extra calibration was applied to the bright sources map.
We note that the bright sources map we made is neither com-
plete nor fully accurate, but it represents the impact of the
brightest sources on the sky. We highlight again that our
primary objective was to assess the residual effects result-
ing from the combination method, rather than investigating
imperfections in our understanding of the bandpass, or un-

certainty on the morphology of the different components.
We treat the signal simulation as the observation made by
WMAP Q band, and the reobserved (Li et al. 2023) signal
map as the observation made by CLASS 40 GHz band.

By combining the two different signal simulations in the
same way as we did with the data, the resulting maps and
power spectra are shown in Figure B3 and B4. We also in-
clude one typical realization of the CW noise simulation for
comparison. The residual is negligible compared to the sig-
nal in most regions of the sky; however, in the low Galactic
latitudes, the residual is relatively higher due to the bright
signal from the Galactic plane, and we found that the combi-
nation of the CLASS s0 and d0 (s0+d0) mask (Eimer et al.
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The residual power is negligible compared to the signal. Bottom: the
fractional difference between input and combined spectra, mostly
within 1% at ℓ < 380. The signal at ℓ ≥ 380 is significantly sup-
pressed by the beam size (FWHM=1◦, ℓ∼ 180).

(2024)) captures most of the high residual regions. The ra-
tio between the standard deviation of pixel values in residual
and Simulation 1 enclosed by the CLASS s0+d0 mask is

3%. In general, the residual levels in the map space are neg-
ligible compared to the signal, and residual power spectra are
two orders of magnitudes smaller than either the noise or the
signal.

C. βS FITTING VALIDATION

In this section we validate the modification we made to
∆βL

s (Equation 17).
We used the PySM s1 model at 22.8 GHz as the polar-

ized synchrotron signal template (Rayleigh-Jeans tempera-
ture unit) and scaled it to 33 GHz and 40.7 GHz using the s1
βs model. These simulations were converted to the thermo-
dynamic temperature unit, and they represent the synchrotron
templates for WMAP K, Ka, and Q bands. For CLASS
40 GHz band, we scaled the 22.8 GHz template to 38 GHz
following the same s1 model, converted it to the thermo-
dynamic temperature unit, and treated the reobserved sim-
ulation as the template. We generated an ensemble of 200
simulations by combining the signal amplitudes with the 200
CMB + noise simulations for each of the bands; below and
in Figure C1, we refer to these simulations as the “ensem-
ble simulations” and the spectral index derived therefrom as
βens

s . (For C40 we used the reobserved CMB simulations.)
We fitted for βs from signal-only simulations and the ensem-
ble simulations following the same procedure as was done
for the data.

In Figure C1 we compare the corrected ∆βL
s to the en-

semble scattering. The ∆βL
s were calculated using Equation

17 with k̂ fitted from signal-only simulations. The ensemble
scattering for the WK–WKa pair was obtained as the stan-
dard deviation of the βs from 200 simulations. For the WK–
CW pair, in addition to the standard deviation of the βs from
200 simulations, we also include the absolute difference be-
tween βs fitted from the signal-only simulations and the in-
put βs model. This reflects the bias caused by the residual
resulted from the combined method (Figure B3).
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