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In this paper, we explore the the phase transition, critical behavior and microstructure of the FRW
in the framework of a new higher order generalized uncertainty principle. Our initial step involves
deriving the equation of state by defining the work density W from GUP-corrected Friedmann
equations as the thermodynamic pressure P . Based on the modified equation of state, we conduct
an analysis of the P −V phase transition in the FRW universe. Subsequently, we obtain the critical
exponents and coexistence curves for the small and large phases of the FRW universe around the
critical point. Finally, employing Ruppeiner geometry, we derive the thermodynamic curvature
scalar RN , investigating its sign-changing curve and spinodal curve. The results reveal distinctive
thermodynamic properties for FRW universes with positive and negative GUP parameters β. In
the case of β > 0, the phase transition, critical behavior and microstructure of FRW universe are
consistent with those of Van der Waals fluids. Conversely, for β < 0, the results resemble those
obtained through effective scalar field theory. These findings underscore the capacity of quantum
gravity to induce phase transitions in the universe, warranting further in-depth exploration.

I. INTRODUCTION

As a pivotal concept in the realm of physics, thermody-
namic phase transitions exert a profound influence on our
comprehension of natural phenomena. These phase tran-
sition processes exist both at the microscopic atomic scale
and throughout the macroscopic realm of astrophysics.
Significant changes in energy, entropy, microstructure,
and other properties in the transition of matter from
one state to another have triggered an in-depth study of
thermodynamic phase transitions. It is noteworthy that
thermodynamic phase transitions extend beyond com-
monplace matter, manifesting also within gravitational
systems. As an extreme manifestation of the gravita-
tional field, the thermodynamics of black holes and their
properties related to phase transitions have captivated
the attention of both theoretical and astrophysical physi-
cists [1–4]. Since the formulation of the four laws of
black hole thermodynamics in the 1970s [5], consider-
able strides have been taken in unraveling the intrica-
cies of black hole phase transitions [6–8]. Subsequent to
this, Mann et al. identified parallels between the phase
transition behavior of AdS spacetime and that of Van
der Waals (VdW) fluids, instigating a surge of interest
in black hole physics [9–11]. Now, the thermodynamic
phase transition of black holes can be used to further
study their microstructure and interactions [12–17]. Col-
lectively, these findings underscore that thermodynamic
phase transitions can serve as probes, facilitating a more
nuanced analysis of gravity’s characteristics.
On the other hand, the universe itself serves as

an important gravitational system, whose properties
expounded through the Friedmann-Robertson-Walker

∗ Email: zwfengphy@163.com
† Email: axim@nuaa.edu.cn

(FRW) metric. This widely embraced model encapsu-
lates a well-defined horizon, a pivotal element support-
ing a self-consistent thermodynamic framework. There-
fore, the universe establishes a profound physical inter-
connection with thermodynamics. In analogy to the rich
thermodynamic phenomena observed in black holes, the
FRW universe unfolds numerous intriguing aspects, in-
cluding the Hawking temperature, Bekenstein-Hawking
entropy, quasi-local energy, et al. [18–24]. Notably, re-
cent investigations into the thermodynamic properties of
the classical FRW universe by Haximjan et al. revealed
the absence of a P −V phase transition [25]. However, a
revelation emerges when shifting the focus to the realm
of modified gravity. In Ref. [26], Kong et al. utilized
the Horndeski gravity to modify the pressure and den-
sity of the FRW universe with a perfect fluid and success-
fully construct a VdW-like equations of state, which allow
them to analyze the phase transitions and critical behav-
ior therein. Interestingly, their findings diverged from
conventional expectations, demonstrating that the coex-
isting phase of the P − V transition materializes above
a critical temperature-a departure from the anticipated
behavior in typical VdW fluids and many black hole sys-
tems. Building on this groundwork, subsequent research
has delved into the exploration of phase transitions, crit-
ical behavior, and microstructure in the FRW universe
within the framework of various modified gravity theo-
ries [27–31].

The above works suggest that thermodynamic phase
transitions may occur in the models of the FRW universe
that are built beyond classical general relativity (GR).
This raises our curiosity about whether the models of
quantum gravity (QG) that also go beyond GR, such as
the generalized uncertainty principle (GUP), could insti-
gate thermodynamic phase transitions in the universe?
Indeed, there are numerous instances exist where GUP
has been employed to modify the properties of the FRW
universe [32–42]. For example, in Ref. [43] the GUP cor-

http://arxiv.org/abs/2404.17624v2


2

rected dynamics of the universe is investigated, the re-
sults showed that effect of GUP can avoid the Big Bang
singularity. Moussa et al. [37, 38] used GUP to modify
the properties of the early universe and consequently an-
alyze the the stochastic gravitational wave therein, it was
argued that this was a way to test the effectiveness of the
GUP theory. Besides, the GUP can correct Friedmann
equations and thereby change the pressure and density of
the universe, providing a feasible solution to the baryon
asymmetry. In Ref. [42], the authors studied the impact
of GUP and the laws of thermodynamics on Friedmann
equations. These investigations reveal that the attributes
of the FRW universe within the GUP framework are more
intricate than those in the classical scenario. It raises the
possibility that thermodynamic phase transitions might
manifest in these scenarios, warranting further in-depth
exploration.
Although GUP play a prominent role in cosmology, it

is necessary to point out that most of the previous works
are based on the two most basic types of GUP models,
namely, KMM model (∆x∆p ≥ ~

[

1 + β0ℓ
2
p∆p2

/

~
2
]/

2
with the GUP parameter β0) [45] , and the ADV model
(∆x∆p ≥ ~

[

1− α0ℓ
2
p∆p

/

~+ β0ℓ
2
p∆p2

/

~
2
]/

2 with the
GUP parameters β0 and α0) [46] (the KMM model can
be seen as a special case of the ADV model at α0 = 0).
However, more studies have shown some limitations of
these two models. First of all, the perturbations of these
models are valid only for small values of the GUP param-
eter. Second, they do not imply the non-commutative
geometry. Third, absence of the value of the observed
momentum, this leads to the models are not applicable
to double special relativity [47]. In order to address these
limitations, the higher-order GUP has been proposed.
This non-perturbative model is consistent with various
proposals for QG and does not contradict double special
relativity, and has therefore received the attention [48].
Now, much research is focused on the construction and
application of higher-order GUP [49–54].
In light of the aforementioned considerations, it can

be seen that the higher-order GUP formulations harbor
the potential to instigate phase transitions in the FRW
universe. Such transitions offer a pathway for compre-
hending the thermodynamic intricacies in the universe.
Recently, by considering the minimum length is a model-
independent feature of QG, a new higher-order GUP as
follows [55] (In fact, the expression can be called the
extended GUP according to the definitions provided in
Refs. [56–59] since it is no longer related to ∆p but to ∆x.
However, for the sake of consistency, we will continue to
use the designation in the original literature)

∆x∆p ≥ ~

2

1

1 +
(

16β
/

∆x2
) , (1)

where β = β0ℓ
2
p with the the deformation parameter (or

GUP parameter) and ℓp the Planck length. ∆x and ∆p
are the uncertainties for position and momentum, respec-
tively. By analyzing Eq. (1), one can figure out that it
has two main characteristics: (i) The deformation pa-

rameter are no longer restricted to positive values, but
negative values are also allowed. However, Eq. (1) re-
covers to the conventional Heisenberg uncertainty prin-
ciple ∆x∆p ≥ ~/2 when β0 = 0. (ii) It leads to a
fixed and consistent minimum length for both cases posi-
tive and negative deformation parameters, which indicate
that this new model has a better parameter adaptability
for minimum length than other ones. The validity of the
QG effect in the model is ensured by these advantages,
which allow us to analyze the effects of both positive and
negative deformation parameters on the same physical
system. In this present paper we attempt use the new
higher-order GUP to investigate the phase transitions,
critical behavior and microstructure of the FRW universe
in the framework of QG. Combining a new higher-order
GUP into the first law of thermodynamics, we derive the
modified Friedmann equations of FRW universe. Then,
based on these modifications, the thermodynamic pres-
sure and equation of state in the universe can be ob-
tained, which allows us to further analyze the phase tran-
sitions and critical behavior therein. Finally, by utilizing
Ruppeiner geometry, we discuss the microscopic prop-
erties of the FRW universe through the analysis of the
behavior of the reduced thermodynamic curvature.
The outline of our paper is as follows. In Section II,

we shortly review the new higher-order GUP corrected
Friedmann equations, then we derive the corresponding
modified thermodynamic equation of state of FRW uni-
verse. In Section III, we analyze its phase transition,
critical behaviors and the microstructure of the FRW
universe in the framework of QG. The paper ends with
conclusions in section IV.
To simplify the notation, this research takes the units

G = c = kB = 1.

II. MODIFIED FRIEDMANN EQUATIONS AND

THE CORRESPONDING EQUATION OF STATE

OF FRW UNIVERSE

To begin with, we briefly review the new higher-order
GUP corrected Friedmann equations, and then derive
the corresponding modified equation of state of FRW
universe. To the best of our knowledge, there are two
valid and feasible schemes for deriving the Friedmann
equation. The first, referred to as the classical scheme,
involves deriving the energy density and pressure of
the FRW universe from the action of a gravity theory,
thereby yielding the Friedmann equation. The second
scheme is grounded in the assumption that the apparent
horizon of the universe is connected to geometric entropy.
By applying this entropy to the first law of thermody-
namics, one can consequently derive the Friedmann equa-
tions [19]. It is noteworthy that both schemes produced
equivalent results. However, given the facile modification
of thermodynamic quantities within the GUP framework,
our previous work [60] leaned towards the second scheme.
According to Eq. (1), we derived the GUP corrected ge-
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ometric entropy as follows

SGUP =
A

4
+ 4πβ ln

(

A

A0

)

, (2)

where A is the area of the horizon and A0 is a constant
with units of area. In the works on the phase transition of
the universe [26–28], it has been found that the entropy of
the universe has a similar form of expression as the above
equation, which indicates that it is also possible to obtain
the P-V phase transition of the universe in the framework
of the GUP based on Eq. (2). Therefore, following the
second scheme, the corresponding modified Friedmann
equations are given by

−4π(ρ+ p) = Ḣ
(

1 + 4βH2
)

, (3a)

8

3
πρ = H2

(

1 + 2βH2
)

, (3b)

whereH , ρ and p represent the Hubble parameter, energy
density and pressure of the universe, respectively. The
dot stands for the derivative with respect to the cosmic
time. According to Eq. (3), the GUP corrected energy
density and pressure are be expressed as

ρ =
3H2

8π
+

3H4β

4π
, (4a)

p = − Ḣ

4π
− 3H2

8π
− ḢH2β

π
− 3H4β

4π
. (4b)

Now, in order to obtained the GUP corrected thermody-
namic equation of state of FRW universe, we first need
to express the density and pressure in terms of appar-
ent horizon, it can be taken from the spatially flat FRW
metric

ds2 = hµνdx
µdxν + r2

(

dθ2 + sin2θdϕ2
)

, (5)

where µ = ν = 0, 1 with xµ = (t, r), and
hµν = diag

[

−1, a2 (t)
]

is the two-dimensional metric
with the scale factor a (t). By using the condition
hµν (∂uR) (∂νR) = 0 [66], the apparent horizon of the
FRW universe reads RA = 1/H , and its time derivative

is ṘA=−ḢR2

A [20]. Therefore, Eq. (4) can be rewritten
as

ρ
(

RA, ṘA

)

=
3

8πR2

A

+
3β

4πR4

A

, (6a)

p
(

RA, ṘA

)

= − 3

8πR2

A

+
ṘA

4πR2

A

− 3β

4πR4

A

+
ṘAβ

πR4

A

. (6b)

Then, taking account of the work density of the matter
field W = −hµνT

µν/2, one has

W =
1

2

[

ρ
(

RA, ṘA

)

− p
(

RA, ṘA

)]

=
3

8πR2

A

− ṘA

8πR2

A

+
3β

4πR4

A

− ṘAβ

2πR4

A

, (7)

and the Misner-Sharp energy is

E = ρ
(

RA, ṘA

)

V =
R2

A + 2β

2RA
, (8)

where V = 4πR3

A

/

3 is the volume of FRW universe.
Next, it is necessary to discuss the temperature of

the system. In the FRW universe, the surface grav-
ity on the apparent horizon can be defined as κ =
∂µ(

√
−hhµν∂µr)/2

√
−h
∣

∣

r=RA

= −(1−ṘA/2)/RA. With

the help of κ, the temperature of spatially flat FRW uni-
verse is given by

T =
|κ|
2π

=
1

2πRA

(

1− ṘA

2

)

. (9)

It is important to note that the ṘA ≪ 1 is a small quan-
tity, which leads to FRW universe has an inner trapping
horizon. Besides, in Ref. [19], the authors pointed out it
is not necessary to consider the change in temperature
in the application of the first law of thermodynamics.
Therefore, when employing the first law of thermody-
namics and geometric entropy to derive the Friedmann
equations, the small quantity ṘA can be neglected, and
the classical Hawking temperature T = 1/2πRA is re-
instated. However, the above assumptions are only ap-
plicable to derive the FRW equations, and for further
discussion of the phase transitions of the universe, it
should be considered as undergoing slow evolution, mean-
ing its thermodynamic processes are quasi-static. There-
fore, ṘA is retained in the next study. Now, according
to Eq. (7)-Eq. (9), the above defined quantities are sat-
isfy the thermodynamic first law dE = −TdS + WdV
(see Appendix A for more details about the first law
of thermodynamics) [22]. When comparing it with the
standard form of the first law of thermodynamics dU =
−TdS + PdV , it is discerned that the Misner-Sharp en-
ergy should be interpreted as E ≡ −U , and more im-
portantly, the thermodynamic pressure can be defined as
P ≡ W . It is evident that neglecting ṘA would result
in a density equal to zero, making it impossible to define
the thermodynamic pressure. Therefore, the inclusion of
ṘA is important for the present study. Now, combining
Eq. (7) and Eq. (9), the modified thermodynamic equa-
tion of state for the FRW universe is expressed as

P = T

[

( π

6V

)1/3

+
8πβ

3V

]

+
1

V 4/3

3× 61/3V 2/3 − 4× (6π)2/3β

36π1/3
. (10)

The above equation illustrates that the influence of QG
alters the pressure by adjusting for the volume (or size)
and temperature of the FRW universe, thereby creat-
ing conditions conducive to undergoing a phase transi-
tion. Nevertheless, when ignoring the GUP parameter β,
Eq. (10) simplified to the one in Einstein gravity, which
has no phase transition, see Ref. [26].
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III. THE PHASE TRANSITION, CRITICAL

BEHAVIORS AND MICROSTRUCTURE OF THE

FRW UNIVERSE IN THE FRAMEWORK OF

GUP

In this section, we are going to investigate the phase
transitions, critical behaviors and microstructure of FRW
universe based on the modified equation of state. As it
is well known, if a thermodynamic system under goes a
phase transition, it should satisfy the conditions

(

∂P

∂V

)

T

=

(

∂2P

∂V 2

)

T

= 0, (11a)

(

∂P

∂RA

)

T

=

(

∂2P

∂R2

A

)

T

= 0. (11b)

Therefore, by substituting Eq. (10) into Eq. (11), one can
obtain two nonnegative volumes as follows

Vc1 =
4

3
πR3

c1 =
32

3
π
[(

3 + 2
√
3
)

β
]3/2

, (12a)

Vc2 =
4

3
πR3

c2 =
32

3
π
[(

3− 2
√
3
)

β
]3/2

. (12b)

To ensure the above two results are real, it is necessary
to constrain the range of β. Eq. (12a) demands β > 0,
while Eq. (12b) requires β < 0. Fortunately, the GUP
parameter of Eq. (1) is just satisfy these requirements.
Meanwhile, it is also worth noting that positive and neg-
ative values of the GUP parameter generate different QG
effects (see Ref. [55] for the details), potentially leading
to different properties of the phase transition, criticality,
and microstructure of the FRW universe. Consequently,
we will discuss these two scenarios separately below

A. The phase transition, critical behaviors and

microstructure for β > 0

By using Eq. (10)-Eq. (12), the critical radius of ap-
parent horizon, temperature, and pressure for β > 0 are
given by

Rc = 2

√

(

3 + 2
√
3
)

β, Vc =
4

3
πR3

c ,

Tc = − 1

12π

√

(

1 + 2√
3

)

β

, Pc =
8
√
3− 15

576πβ
. (13)

One special property of FRW universe in the framework
the new higher order GUP with β > 0 is its critical tem-
perature is negative. It should be noted that negative
temperature is an exotic thermodynamic result of quan-
tum physics that has been experimentally verified since
the 1950s [61]. Recently, this phenomenon has played an
important role in studying the evolution of the universe
and solving a series of difficult problems in cosmology
[62–65]. Therefore, the negative temperature in Eq. (13)

is acceptable. Furthermore, according to viewpoints of
Refs. [67, 68], the emergence of this negative tempera-
tures can be attributed to the dominance of rigid matter
in the universe. Besides, the similar outcomes have been
observed in Ref. [69]. The above critical quantities in
turn yield a dimensionless constant

χ =
νcPc

Tc
=

6−
√
3

12
≈ 0.355, (14)

where νc = 2Rc the specific volume. It is clear that
Eq. (14) is slightly less than that of VdW gas χVdW =
8/3 ≈ 0.375. For conveniently demonstrates the charac-
teristic behavior of phase transition, one can define the
dimensionless volume, temperature and pressure as fol-
lows

Ṽ =
V

Vc
, T̃ =

T

Tc
, P̃ =

P

Pc
, (15)

Substituting Eq. (15) into Eq. (10), the modified reduced
thermodynamic equation of state is rewritten as

P̃ =
3
(

7 + 4
√
3
)

(

111 + 64
√
3
)

Ṽ 4/3
+

4
(

12 + 7
√
3
)

T̃
(

111 + 64
√
3
)

Ṽ

− 6
(

45 + 26
√
3
)

(

111 + 64
√
3
)

Ṽ 2/3
+

12
(

26 + 15
√
3
)

T̃
(

111 + 64
√
3
)

Ṽ 1/3
. (16)

According to Eq. (16), the reduced pressure as a function
of reduced volume for different reduced temperature is
depicted in Fig. 1.

0 2 4 6 8
0.5

1.0

1.5

2.0

P

V

 T=1.1
 T=1.0
 T=0.9

FIG. 1. Variation in reduced pressure with reduced volume
for different reduced temperature with β > 0.

In Fig. 1, we depict the isothermal curves in the P −V
plane, with the reduced temperature of isotherms T̃ de-
creasing from top to bottom. The red curve corresponds
to T̃ > 1 (or T > Tc) and exhibits an ideal gas-like
one-phase behavior, indicating the stability of the FRW
universe without undergoing a phase transition. These
observed behaviors bear similarity to those of VdW gas,
implying a profound connection between the new higher-
order GUP with a positive deformation parameter and
VdW gas.
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The same conclusion can also be inferred from the re-
lationship between the Gibbs free energy and pressure.
By using the usual thermodynamic relations

(

∂G̃

∂Ṽ

)∣

∣

∣

∣

∣

T̃

= Ṽ

(

∂P̃

∂Ṽ

)∣

∣

∣

∣

∣

T̃

, (17)

one can obtain the reduced Gibbs free energy G̃. From
Eq. (17), we plot the behavior of the reduced Gibbs free

energy G̃ as a function as reduced pressure P̃ for different
reduced temperature in Fig. 2. It can be observed that
the red curve, corresponding to T̃ < 1, exhibits swallow-
tail behavior, with its intersection point signifying a first-
order phase transition. However, as T̃ increases above 1
(as seen in the blue dotted curve), the curves gradually
become smooth, indicating an absence of phase transition
in the system, akin to an ideal gas.

0 1 2 3
4.0

4.2

4.4

4.6

G

P

 T=0.9
 T=1.0
 T=1.1

FIG. 2. Variation in reduced Gibbs free energy with reduced
pressure for different reduced temperature with β > 0.

Then, we further discuss the critical exponents since
they provide insight into the properties of the phase tran-
sition and the behavior of the thermodynamic properties
around the critical points. In general, the critical expo-
nents are defined as

CV = T

(

∂S

∂T

)

V

∝ |τ |−α
, (18a)

η =
Vl − Vs

Vc
∼ (ωl − ωs) ∝ |τ |ε, (18b)

κ = − 1

V

(

∂V

∂P

)

T

∝ |τ |−γ
, (18c)

P − 1 ∝ ωδ, (18d)

where τ = T̃ − 1 and ω = Ṽ − 1, the labels “s”
and “l” represent “small” and “large” states, respec-
tively. It is easy find that the GUP corrected en-
tropy SGUP = A/4 + 4πβ ln (A/A0) = 62/3π1/3V 2/3 +
4πβ ln

(

62/3π1/3V 2/3
/

A0

)

is only a function of the ther-
modynamic volume V , hence, one has CV = 0, which
suggests that α = 0. Next, in order to investigate the
other three exponents, one needs to expand the equation

of state (16) near the critical point, which reads

P̃ = 1 +
8

11

(

1 + 2
√
3
)

τ +
8

33

(

3− 5
√
3
)

τω

+
4

297

(√
3− 5

)

ω3 +O
(

tω2, ω4
)

, (19)

By employing the Maxwell’s equal area law

P̃ ∗
(

Ṽs − Ṽl

)

=
∫ s

l
P̃ dṼ with the pressure end/starting

point of small/large phase P̃ ∗, one gets

8

33

(

3− 5
√
3
)

τωl +
4

297

(√
3− 5

)

ω3

l =

8

33

(

3− 5
√
3
)

τωs +
4

297

(√
3− 5

)

ω3

s , (20)

and

16

33

(

3− 5
√
3
)

τ
(

ω2

l − ω2

s

)

+
12

297

(√
3− 5

)

(

ω4

l −ω4

s

)

=0.

(21)

Solving above equations, the nontrivial solutions are

ωs = −35/4
√

2
(

T̃ − 1
)

and ωl= 35/4
√

2
(

T̃ − 1
)

, which

leads to ωl −ωs= 2
(

−18
√
3τ
)1/2

, hence, the second crit-
ical exponent is ε = 1/2. Moreover, the volumes of the
coexistence small and large phases of FRW universe near
the critical point can be expressed as

Ṽs = 1− 35/4
√

2
(

1− T̃
)

, (22a)

Ṽl = 1+ 35/4
√

2
(

1− T̃
)

. (22b)

In Fig. 3, one can see the phase transition behavior of
small/large coexisting phases of FRW universe near the
critical point. The red dashed curve representing the
small coexisting phase terminates precisely where the
blue solid curve representing the large coexisting phase

commences, forming a peak at
(

T̃ , Ṽ
)

= (1, 1). As a re-

sult, the two coexisting states persist in the region T̃ < 1.
These observations will be the basis for our analysis of
the behavior of thermodynamic curvature.

-4 -2 0 2 4 6
0.0

0.5

1.0

1.5

T

V

 Small FRW universe phase
 Large FRW universe phase

FIG. 3. T̃ as the function as the volumes Ṽ of the coexistence
small/large phases of FRW universe with β > 0.
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In order to calculate the third critical exponent γ, one
should differentiates Eq. (16), which leads to ∂V /∂P |T =

−
[

33Vc

/

8
(

3− 5
√
3
)

Pcτ
]

+O (ω). Therefore, one yields

κ = − 1

V

(

∂V

∂P

)

T

= − 33

8
(

3− 5
√
3
)

Pcτ
∝ |τ |−γ , (23)

which indicates third exponent is γ = 1. When consider-
ing the τ = 0, that is T = Tc, the fourth critical exponent
is

P̃ − 1 =
4

297

(√
3− 5

)

ω3 ⇒ δ = 3. (24)

Moreover, following scaling laws, the four critical expo-
nents (α, ε, γ, δ) satisfy the two independent relations

α+ 2ε+ γ = 2, α+ ε (1 + δ) = 2,

γ (1 + δ) = (2− α) (δ − 1) , γ = ε (δ − 1) , (25)

which coincide with mean field theory.
In the last part, we further discuss the microstruc-

ture of the FRW universe using phase transitions. To
this end, we employ Ruppeiner geometry, a conceptual
framework grounded in Riemannian geometry and rooted
in the principles of the fluctuation theory of equilibrium
thermodynamics. In this language the entropy plays a
vital role, and its line element can be expressed in terms
of entropy as follows

dl2 = gµνdx
µdxν , (26)

where dl2 is the distance between two neighbouring fluc-
tuation states, the fluctuation coordinates x = (U, V )
are functions of the internal energy U and volume V ,
gµν = −∂µ,νS is the metric element. In the system of
FRW universe, the first law of thermodynamics reads

dS =
1

T
dU +

P

T
dV. (27)

By comparing Eq. (26) with Eq. (27), and the conju-
gate quantities corresponding to x are yµ = ∂S/∂xµ =
(1/T,−V /T ). Therefore, one has the following relations

d

(

1

T

)

=

(

∂2S

∂U2

)

dU +

(

∂2S

∂U∂V

)

dV, (28a)

d

(

P

T

)

=

(

∂2S

∂V 2

)

dV +

(

∂2S

∂U∂V

)

dU. (28b)

Now, the line element (26) can be rewritten as

dl2 = −d

(

1

T

)

dU − d

(

P

T

)

dV

=
1

T 2
dTdU − 1

T
dPdV +

P

T 2
dTdV. (29)

Based on the relation dU=CV dT+[T (∂P/∂T )V − P ] dV
and dP =(∂P/∂T )V dT +(∂P/∂T )T dV , the line element
can be further expressed in term (T, V ) as

dl2 =
CV

T 2
dT 2 − (∂V P )T

T
dV 2. (30)

In order to study the thermodynamic geometry as well as
the microstructure of the FRW universe, it is necessary
to analyze its scalar curvature R. However, it is easy
proved that the entropy CV depends only on the volume,
so that the thermodynamic line element (30) is singular,
which means that the classical definition of R is always
divergent. To avoid this predicament, a new reduced
curvature scalar that so called thermodynamic curvature
scalar is defined as follows

RN = RCV

=
(∂V P )

2

T − T 2(∂T,V P )
2
+ 2T 2(∂V P )T (∂T,T,V P )

2 (∂V P )
2

T

.

(31)

By taking this probe, one can easily analyze the thermo-
dynamic geometry as well as the microstructure of the
FRW universe. According to Eq. (16) and Eq. (31), the
reduced thermodynamic curvature scalar reads

RN =
A− 2T̃B

2C2
, (32)

where A = 97 + 56
√
3 − 2(627+362

√
3)Ṽ 2/3 +

3(1351+780
√
3)Ṽ 4/3, B = (724 + 418

√
3)Ṽ +

(2340+1351
√
3)Ṽ 5/3 − (168 + 97

√
3)Ṽ 1/3, and C = 7+

4
√
3+(12+7

√
3)T̃ Ṽ 1/3−(45+26

√
3)Ṽ 2/3+(26+15

√
3)T̃ Ṽ .

Now, the reduced thermodynamic curvature scalar only
related to the Ṽ and T̃ , rather than the GUP parameter,
property is similar to reduced equation of state. More-
over, we depict the behavior of RN in Fig. 4. One can
observe that RN is near zero for most of the parameter
space (see Fig. 4(a)). However, near the temperature

T̃div =
3
(

2 +
√
3
)

V 2/3 −
√
3

3V 1/3 +
(

3 + 2
√
3
)

V
, (33)

the curve of RN decreases dramatically and eventually
reaches negative infinity, indicating that the microstruc-
ture of the universe is changing rapidly near T̃div. As
depicted in Fig. 4(b), one can see the divergence behav-

ior of RN . For T̃ > 1, no divergence is observed. For
T̃ = 1, a single divergence point is present. However,
when T̃ falls below 1, this divergence point bifurcates,
with the two points moving towards the high and low
volume regions, respectively. By solving RN = 0 allows
us to deduce the sign-changing curve

T0 =

(

26 + 15
√
3
)

(

3− 2
√
3 + 3Ṽ 2/3

)

6
(

7 + 4
√
3
)

Ṽ 1/3 +
(

90 + 52
√
3
)

Ṽ
, (34)

which implies a transition between attractive and repul-
sive interactions in the microstructure. In Fig. 4(c), we
illustrate the sign-changing (red dashed) curve and the
so-called spinodal (black solid) curve corresponds to the

divergent temperature T̃div. Above the the sign-changing
curve, the RN is negative, which implies that attractive
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interactions dominate in this region. However, below the
sign-changing curve the RN becomes positive, indicat-
ing the repulsive interactions dominate. Therefore, the
microstructure of FRW universe exhibits repulsive inter-
actions at low temperature and attractive interactions
at high temperature. Besides, one can see that the black
solid curve is far from the red dashed curve in cases where
the volume is not very small, which suggests that the
change in RN in region below the red dashed curve is
very close to zero, and consequently, the attractive inter-
action there is weak.

(a)

T

=1.10

T

=1.00

T

=0.95

T

=0.90

0 1 2 3 4 5 6
-600

-500

-400

-300

-200

-100

0

V


R
N

(b)

RN

RN<0

R
N>0

(c)

FIG. 4. The reduced scalar curvature versus the reduce vol-
ume and reduce temperature with β > 0.

As we know, the reduced thermodynamic curvature

scalar along the small-phase and large-phase coexistence
curves near the critical points would provide some uni-
versal properties. To examine whether the FRW universe
in the framework of GUP has these properties, we insert
the volumes of the coexistence small and large phases of
the FRW universe (22) into Eq. (33), the thermodynamic
curvature scalar around the critical point is given by

Rs
N = − 1

8τ2
+

√

27 + 42
√
3

4(−τ )
3/2

+O
(

τ−1
)

, (35a)

Rl
N = − 1

8τ2
−
√

27 + 42
√
3

4(−τ )
3/2

+O
(

τ−1
)

. (35b)

Thus, the thermodynamic curvature scalar has a critical
exponent 2. When, by ignoring the high orders terms of
Eq. (35a) and Eq. (35b), an interesting limiting expres-
sion can be obtained that

lim
τ→0

RNτ2 = −1

8
, (36)

which indicates that the divergence behavior of thermo-
dynamic curvature scalar of FRW universe in the GUP
framework is characterized by a dimensionless constant
−1/8. This result is consistent with the previous works,
such as AdS black holes and VdW fluid.

B. The phase transition, critical behaviors and

microstructure for β < 0 scenario

In this subsection, we examine the properties of the
phase transition, criticality and microstructure of the
FRW universe with the negative GUP parameter. By
using Eq. (10)-Eq. (12), the critical radius of apparent
horizon, temperature, and pressure for β < 0 are

Rc = 2

√

(

3− 2
√
3
)

β, Vc =
4

3
πR3

c ,

Tc =
1

4π
√

(

9− 6
√
3
)

β
, Pc = −15 + 8

√
3

576Gπβ
, (37)

and the three critical points give the ratio

χ =
νcPc

Tc
=

6 +
√
3

24
≈ 0.64. (38)

Unlike the Eq. (14), the critical ratio is much larger than
3/8, which indicates that the phase transition, criticality
and microstructure of the FRW universe with the neg-
ative GUP parameter may different from those of VdW
fluids. To check this conjecture, it is necessary to derive
thermodynamic equation of state. By using Eq. (14),
Eq. (15) and Eq. (37), the modified reduced thermody-
namic equation of state is provided as follows:

P̃ =
6
(

3− 2
√
3
)

Ṽ 2/3 + 4T̃
[√

3Ṽ 1/3 + 3
(

−2 +
√
3
)

Ṽ
]

− 3
(

4
√
3− 9

)

Ṽ 4/3
.

(39)



8

According to the equation above, the relationship be-
tween P̃ and Ṽ for different T̃ is depicted in Fig. 5.

0 2 4 6
0.3

0.8

1.3

1.8

P

V

 T=0.9
 T=1.0
 T=1.1

Ts

FIG. 5. Variation in reduced pressure with reduced volume
for different reduced temperature with β < 0.

In Fig. 5, the behavior of red dashed curve shows that
the phase transition occurs for T̃ > 1, while for T̃ < 1,
the blue isotherm resembles an ideal gas. Those behav-
iors are in contrast to the trends in Fig. 1. Besides, one
can see that all the curves intersect at point Ts, where
is characterized by a pressure independent of tempera-
ture, and interpreted as a “thermodynamic singularity”
[27, 28, 70–72]. All the difference indicates that the GUP
with a negative parameter leads to a phase transition be-
havior that is different from that of VdW fluids and most
black hole systems.
Moreover, the observed phase transition phenomena

of the FRW universe in the P − V plane, as presented
above, can also be expressed through the reduced ”Gibbs
free energy-pressure” relation, as shown in Eq. (18).

0.5 1.0 1.5
1.5

1.9

2.3

2.7

G

P

 T=1.1
 T=1.0
 T=0.9

FIG. 6. Variation in reduced Gibbs free energy with reduced
pressure for different reduced temperature with β < 0.

From Fig. 6, it can be observed that the smooth blue
dotted curve for T̃ < 1 corresponds to the behavior of
an ideal gas in the G̃ − P̃ plane, indicating that there
is no phase transition in the system. When T̃ = 1, the
black solid curve is no longer smooth and has a break-
ing point, meaning that the system is in a critical state.
For T̃ > 1, the reduced Gibbs free energy exhibits a
swallow-tail behavior (red dashed curve) in the G̃ − P̃

plane, which indicates that there is a two-phase coex-
istence state. Therefore, the intersection represents a
first-order phase transition.
Next, by defining τ = T̃−1 and ω = Ṽ −1, the equation

of state (39) near the critical point can be rewritten as
follows

P̃ = 1 +
8

11

(

1− 2
√
3
)

τ +
8

33

(

3 + 5
√
3
)

τω

− 4

297

(

5 +
√
3
)

ω3 +O
(

τω2, ω4
)

. (40)

Based on Eq. (18) and Eq. (40), and then performing
simple calculations, the critical exponents are obtained
as

CV = 0 ⇒ α = 0, (41a)

η = 2
(

−18
√
3τ
)1/2

⇒ ε =
1

2
, (41b)

κ = − 33

8
(

3− 5
√
3
)

Pct
⇒ γ = 1, (41c)

P̃ − 1 =
4

297

(√
3− 5

)

ω3 ⇒ δ = 3, (41d)

which are consistent with the predications from the mean
field theory, hence, they are also satisfy scaling laws (27).
Besides, by using the Maxwell’s equal area law, the vol-
umes of the coexistence small and large phases of FRW
universe around the critical point can be expressed as

Ṽs = 1− 35/4
√

2
(

T̃ − 1
)

, (42a)

Ṽl = 1 + 35/4
√

2
(

T̃ − 1
)

. (42b)

According to Eq. (42), we show the temperature T̃ as a

function of volumes Ṽ in Fig. 7. The red and blue curves
represent the small coexisting phase and large coexisting
phase, respectively. The two curves intersect at the point
(

T̃ , Ṽ
)

= (1, 1) where the volume is minimized, this the

opposite of that is shown in Fig. 2. Therefore, the two
coexisting states would exist in the region T̃ > 1.

-6 -4 -2 0 2 4 6 8
0

1

2

3

T

V

 Small FRW universe phase
 Large FRW universe phase

FIG. 7. T̃ as the function as the volumes Ṽ of the coexistence
small/large phases of FRW universe with β < 0.
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Based on Eq. (26)-Eq. (29), one can express the line el-
ement of the Ruppeiner geometry as dl2 = CV

/

T 2dT 2−
(∂V P )T /TdV

2, and the corresponding the expression of
scalar curvature RN is the same as Eq. (31). Thus, by
putting Eq. (40) into Eq. (31), the scalar curvature has
been obtained

RN =
C + 2T̃D

2E2
, (43)

where C = 1 +
(

4
√
3− 6

)

Ṽ 2/3 + 3
(

7− 4
√
3
)

Ṽ 4/3, D =

2
(√

3− 2
)

Ṽ +
(

7
√
3− 12

)

Ṽ 5/3 −
√
3Ṽ 1/3, and E =√

3T̃ Ṽ 1/3 +
(

3− 2
√
3
)

Ṽ 2/3 +
(√

3− 2
)

T̃ Ṽ − 1. The re-

sult above is only dependent on Ṽ and T̃ , which is con-
sistent with the conclusion of Eq. (32). However, the two
expressions are not the same, which indicate that the
positive/negative GUP parameters lead to two different
thermodynamic systems.

In Fig. 8, we plot the thermodynamic curvature scalar
RN as a function of T̃ and Ṽ . Fig. 8(a) shows that
the thermodynamic curvature scalar is around 0 for most
(T, V ) intervals. However, it diverges at temperature

T̃div =
1 +

(

2
√
3− 3

)

Ṽ 2/3

√
3Ṽ 1/3 +

(√
3− 2

)

Ṽ
, (44)

which means that the interaction of microstructure of
FRW universe changes rapidly in the vicinity of T̃div.
Moreover, from Fig. 8(b), it can be seen that there is no

divergent point for low temperature T̃ < 1. However, the
divergent points appear when the reduced temperature
is above 1. For T̃ = 1, one can see only one negative
divergent point at Ṽ = 1. For T̃ > 1, there are two neg-
ative divergent points, which are moved toward the high
volume region and the low volume region, respectively,
as temperature increases. In Fig. 8(c), the red dashed
curve represents sign-changing curve, which is expressed
as

T0=

(

6− 4
√
3
)

V 2/3+3
(

−7 + 4
√
3
)

V 4/3−1

4
(√

3−2
)

V +2
(

7
√
3− 12

)

V 5/3−2
√
3V 1/3

. (45)

Below the red dashed curve, RN is larger than 0, mean-
ing that the microstructure of this region is dominated
by repulsive interaction. For the region above the red
dashed curve, one has RN > 0, indicating that the mi-
crostructure in this region is dominated by attractive in-
teraction. However, the red dashed curve is far from the
black curve. Therefore, the RN below the red dashed
curve is very close to 0, indicating that the repulsive in-
teraction of the system is very weak.

Finally, by inserting Eq. (42) into Eq. (43), the diver-
gence behavior of thermodynamic scalar curvature along
the coexistence small and large phases can be seen from

(a)

T

=0.90

T

=1.00

T

=1.05

T

=1.10

0 1 2 3 4 5 6
-600

-500

-400

-300

-200

-100

0

V


R
N

(b)

RN

R

R

N

N>0

<0

(c)

FIG. 8. The behavior of RN along the small and large coex-
istence phases for the FRW universe with β < 0.

the following expressions

Rs
N = − 1

8τ2
+

√

3
(

14
√
3− 9

)

4τ3/2
+O

(

τ−1
)

, (46a)

Rl
N = − 1

8τ2
−

√

3
(

14
√
3− 9

)

4τ3/2
+O

(

τ−1
)

. (46b)

Obviously, the above result explicitly reveal that RN

has a critical exponent 2, and the divergence behavior
is characterized by a dimensionless constant −1/8 for
lim
τ→0

RNτ2. This results agree with what we obtained

in Eq. (35) and Eq. (36), showing that the properties are
universal.
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IV. CONCLUSION

In this paper, we investigated the phase transition,
critical behavior and microstructure of the FRW universe
in the framework of a new higher order GUP (1). By
defining the work density as a thermodynamic pressure
(W := P ), the thermodynamic equation of state for the
FRW universe is obtained. Then, with simple calcula-
tions, we find that there are two sets of possible critical
quantities (Eq. (13) and Eq. (37)) in the system, and
they hold for GUP parameter β larger than zero and less
than zero, respectively. Considering the flexibility of the
GUP to accommodate both β > 0 and β < 0, we thereby
discuss the thermodynamic properties in these dual sce-
narios.

We first calculated the ratio of critical quantities χ.
As elucidated in Eq. (14), the ratio for β > 0 is very
close to that of VdW fluids, whereas the ratio of crit-
ical quantities (38) for β < 0 is much larger (almost
twice as large) than that of VdW fluids. Those imply
that the FRW universe with different GUP parameters
has different thermodynamic properties. Then, we con-
sidered the “Pressure-Volume” relationship near the re-
duced critical temperature. In the case of β > 0, the
characteristics of the P −V phase transition in the FRW
universe are very similar to those of VdW fluids. It oc-
curs at the temperature less than the reduced critical
temperature, that is T < Tc or T̃ < 1, and becomes
to the ideal gas when T > Tc. In contrast, for β < 0,
the P − V phase transition in the FRW universe takes
place at T > Tc, while the ideal gas behavior surfaces at
T < Tc. What adds a layer of interestingly is the emer-
gence of a “thermodynamic singularity” in this case, a
feature absent in VdW fluids. This suggests that there
is indeed some difference in the thermodynamic proper-
ties between the two scenarios. Furthermore, in order to
obtain the specific properties of the P − V phase transi-
tions, we analyzed the “Free Gibbs energy-Temperature”
relations. Drawing on the swallowtail behavior evident
in Fig. 2 and Fig. 6, these transitions are discerned as
first-order phase transitions. Subsequently, according to
the equation of state, we derived the critical exponents
(α, ε, γ, δ) around the critical points. The outcomes re-
vealed that the critical exponents remain consistent in
both cases, aligning with the expectations of mean-field
theory and adhering to the scaling laws. Nevertheless,
when contemplating the coexistence curves of small and
large phases around the critical points in the two cases,
a difference emerges again. In the case of β > 0, the co-
existence curves exhibit a peak, with the small and large
phases of the FRW universe exclusively manifesting be-
low this peak. Conversely, for β < 0, the coexistence
curves feature only a singular minimum, signifying that
the size phase of the universe exists solely above this min-
imum. Then, utilizing the Ruppeiner geometry, we de-
rived the thermodynamic curvature scalar RN , exploring
its sign-changing curve and spinodal curve. In the case
of β > 0, it was observed that the sign-changing curve

and spinodal curve initially increase with growing vol-
ume, reaching a maximum value before decreasing with
further volume increase. The RN is negative above the
sign-changing curve, which implies the attractive interac-
tion dominate there. For the region below the red dashed
curve, RN becomes positive. Conversely, in the region
below the red dashed curve, RN becomes positive. How-
ever, given the considerable distance from the spinodal
curve, the value of RN in this region approaches zero,
indicating the presence of weak repulsive interactions.
For β < 0, an increase in volume leads to a decreasing
and then increasing behavior for both the sign-changing
curve and the spinodal curve. Above the sign-changing
curve, RN > 0, whereas below the sign-changing curve,
RN < 0. Consequently, the microstructure of the FRW
universe is characterized by attractive interactions in the
low-temperature region and repulsive interactions in the
high-temperature region. Finally, we verified that the
thermodynamic curvature scalar exhibits two universal
properties for both β > 0 and β < 0. One is a univer-
sal critical exponent of 2 along both the small and large
phases of FRW universe, the other one is a universal con-
stant −1/8 as lim

τ→0
RNτ2.

In summary, our work showed that for the FRW uni-
verse in the GUP framework, the different GUP param-
eters lead to different phase transition properties. For
β > 0, the phase transitions, critical behaviors and mi-
crostructure of FRW universe have many similarities with
VdW fluids, while the thermodynamic properties asso-
ciated with β < 0 resemble those derived from effec-
tive scalar field theory. These findings imply a link be-
tween macroscopic thermodynamic phenomena and mi-
croscopic QG, warranting in-depth exploration. More-
over, considering the numerous existing GUP models,
we anticipate that these models could also induce phase
transitions in the universe. Analyzing these phase tran-
sitions promises valuable insights into the nature of QG.
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Appendix A

In Refs. [20, 25], the unified first law is given by

dẼ = ÃΨ̃ + W̃dṼ , (A.1)

where Ã = 4πR2 is the area of a sphere with radius R,
and W̃ = −habTab

/

2 is the work density of the matter

fields. The energy flux Ψ̃ is defined as

Ψ̃ = Ψ̃adx
a =

(

T b
a∂bR+ W̃∂aR

)

dxa, (A.2)
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with the energy-momentum tensor of the perfect fluid
Tab = (ρ+p)uaub+pgab. According to above expressions,
the energy supply vector can be expressed as follows

Ψ̃a =

[

−1

2
(ρ+ p)HR,

1

2
(ρ+ p) a

]

. (A.3)

Substituting Eq. (A.3) into Eq. (A.2), one has

ÃΨ̃ = ÃΨ̃adx
a = 2πR2 (ρ− p) (−HRdt+ adr)

= − Ã

2

(

1 + 4H2β

4π

)

Ḣ (dR− 2HRdt) . (A.4)

At the apparent horizon of the FRW universe RA,
Eq. (A.4) is rewritten as

ÃΨ̃
∣

∣

∣

R=RA

=
A

2

(

1 +
4β

R2

A

)

ṘA

4πR2

A

(dRA − 2dt)

=
A

2

(

1 +
4β

R2

A

)

ṘA

4πR2

A

dRA−
A

2

(

1+
4β

R2

A

)

dRA

2πR2

A

=
ṘA

2

(

1 +
4β

R2

A

)

dRA−
(

1 +
4β

R2

A

)

dRA

= − 1

2πRA

(

1− ṘA

2

)

(

2πRA +
8πβ

RA

)

dRA.

(A.5)

For the second term of the right hand side of Eq. (A.1)
at the apparent horizon of the FRW universe becomes

W̃dṼ
∣

∣

∣

R=RA

=
4πR3

A

6
(ρ− p) = WdV. (A.6)

Now, according to Eq. (A.5) and Eq. (A.6), the unified
first law takes the form

dE = −TdS +WdV. (A.7)

where Ẽ
∣

∣

∣

R=RA

= E. Obviously, the above equation is

the thermodynamic first law.

[1] S.W. Hawking, Commun. Math. Phys. 43, 199 (1975).
DOI: 10.1007/BF02345020

[2] S.W. Hawking, Phys. Rev. D 9, 3292 (1975).
DOI: 10.1103/PhysRevD.9.3292

[3] S. A. Hayward, Phys. Rev. D 49, 6467 (1994).
DOI: 10.1103/PhysRevD.49.6467

[4] R. M. Wald, Living Rev. Rel. 4, 6 (2001).
[5] J. M. Bardeen, B. D. Carter, S.W. Hawking, Commun.

Math. Phys. 31, 161 (1973).
[6] S. W. Hawking, D. N. Page, Commun. Math. Phys. 87,

577 (1983).
[7] M. Cvetic, S. S. Gubser, J. High Energy Phys. 9904, 024

(1999). arXiv:hep-th/9902195
[8] M. Cvetic, S. S. Gubser, J. High Energy Phys. 9907, 010

(1999). arXiv:hep-th/9903132
[9] D. Kubiznak, R. B. Mann, J. High Energy Phys. 07, 033

(2012). DOI: 10.1103/PhysRevD.49.6467
[10] S. Gunasekaran, D. Kubiznak, and R. Mann, J. High

Energy Phys. 1211, 110 (2012). arXiv: 1306.5756
[11] N. Altamirano, D. Kubiznak, R. B. Mann, Z. Sherkat-

ghanad, Class. Quant. Grav. 31, 042001 (2014).
arXiv:1308.2672

[12] R. G. Cai, L. M. Cao, L. Li, R. Q. Yang, J. High Energy
Phys. 1309, 005 (2013). arXiv:1306.6233

[13] J. Xu, L. M. Cao, Y. P. Hu, Phys. Rev. D 91, 124033
(2015). arXiv:1506.03578

[14] Y. P. Hu, H. A. Zeng, Z. M. Jiang, H. B. Zhang, Phys.
Rev. D 100, 084004 (2019). arXiv:1812.09938

[15] S. W. Wei, Y. X. Liu, R. B. Mann, Phys. Rev. Lett. 123,
071103 (2019). arXiv:1906.10840

[16] S. W. Wei, Y. X. Liu, Phys. Lett. B 803, 135287 (2020).
arXiv:1910.04528

[17] Y. P. Hu, L. Cai, X. Liang, S.-B. Kong, H. B. Zhang,
Phys. Lett. B 822, 136661 (2021). arXiv:2010.09363

[18] T. Padmanabhan, Phys. Rept. 406, 49 (2005).
arXiv:gr-qc/0311036

[19] R.-G. Cai, S. P. Kim, J. High Energy Phys. 0502, 050
(2005). arXiv:hep-th/0501055

[20] R.-G. Cai, L.-M. Cao, Phys. Rev. D 75, 064008 (2007).
arXiv:gr-qc/0611071

[21] Y. Gong, A. Wang, Phys. Rev. Lett. 99, 211301 (2007).
arXiv:0704.0793

[22] R.-G. Cai, L.-M. Cao, Y.-P. Hu, J. High Energy Phys.
0808, 090 (2008). arXiv:0807.1232

[23] Y.-P. Hu, Phys. Lett. B 701, 269 (2011). arXiv:1007.4044
[24] M. A. Anacleto, J. A. V. Campos, F. A. Brito, E. Passos,

Annals Phys. 434, 168662 (2021). arXiv:2108.04998
[25] H. Abdusattar, S. B. Kong, W. L. You, H. Zhang,

Y. P. Hu, J. High Energy Phys. 12, 168 (2022).
arXiv:gr-qc/2108.09407

[26] S.-B. Kong, H. Abdusattar, Y. Yin, H. Zhang, Y.-P. Hu,
Eur. Phys. J. C 82, 1047 (2022). arXiv:2108.09411

[27] H. Abdusattar, J. High Energy Phys. 09, 147 (2023).
arXiv:2304.08348

[28] H. Abdusattar, S.-B. Kong, H. Zhang, Y.-P. Hu, Phys.
Dark Univ. 42, 101330 (2023). arXiv:2301.01938

[29] J. F. Saavedra, F. Tello-Ortiz, arXiv:2311.14047

https://doi.org/10.1007/BF02345020
https://doi.org/10.1103/PhysRevD.9.3292
https://doi.org/10.1103/PhysRevD.49.6467
http://arxiv.org/abs/hep-th/9902195
http://arxiv.org/abs/hep-th/9903132
https://doi.org/10.1103/PhysRevD.49.6467
https://doi.org/10.48550/arXiv.1306.5756
https://doi.org/10.48550/arXiv.1308.2672
https://doi.org/10.48550/arXiv.1306.6233
https://doi.org/10.48550/arXiv.1506.03578
https://doi.org/10.48550/arXiv.1812.09938
https://doi.org/10.48550/arXiv.1906.10840
https://doi.org/10.48550/arXiv.1910.04528
https://doi.org/10.48550/arXiv.2010.09363
https://doi.org/10.48550/arXiv.gr-qc/0311036
https://doi.org/10.48550/arXiv.hep-th/0501055
https://doi.org/10.48550/arXiv.gr-qc/0611071
https://doi.org/10.48550/arXiv.0704.0793
https://doi.org/10.48550/arXiv.0807.1232
https://doi.org/10.48550/arXiv.1007.4044
https://doi.org/10.48550/arXiv.2108.04998
https://doi.org/10.48550/arXiv.2108.09407
https://doi.org/10.48550/arXiv.2108.09411
https://doi.org/10.48550/arXiv.2304.08348
https://doi.org/10.48550/arXiv.2301.01938
https://doi.org/10.48550/arXiv.2311.14047


12

[30] M. Cruz, S. Lepe, J. Saavedra, arXiv:2312.14257
[31] H. Abdusattar, S. B. Kong, M. Omar, Z. W. Feng,

arXiv:2403.01495
[32] L. Perivolaropoulos, Phys. Rev. D 95, 103523 (2017).

arXiv:1704.05681
[33] M. Salah, F. Hammad, M. Faizal, A. F. Ali, JCAP 02,

035 (2017). arXiv:1608.00560
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