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Multi-band gravitational-wave (GW) standard siren observations are poised to herald a new era in
the study of cosmic evolution. These observations offer higher signal-to-noise ratios and improved
localizations compared to those achieved with single-band GW detection, which are crucial for
the cosmological applications of dark sirens. In this work, we explore the role multi-band GW
synergetic observations will play in measuring cosmological parameters, particularly in comparison
with single GW observatory data. We used mock multi-band dark siren data from third-generation
GW detectors and the baseline Decihertz Interferometer Gravitational-Wave Observatory to infer
cosmological parameters. Our analysis was conservative, involving only the 89 actual GW events
from the current Gravitational Wave Transient Catalogs in our data simulation, facilitating a direct
comparison with existing dark siren results. Multi-band GW observations significantly improve sky
localization accuracy by two to three orders of magnitude over single-band observations, although
their impact on luminosity distance error remains limited. This results in a substantial improvement
in the constraints on matter density and the Hubble constant, enhancing them by 75% to 85% and
65% to 82%, respectively. We conclude that the significant potential of multi-band GW synergistic
observations for detecting GW signals and resolving the Hubble tension is highly promising and
warrants anticipation.

I. INTRODUCTION

The Hubble tension has emerged as a significant
enigma in cosmology in recent years [1–6]. This con-
fusion stems from a more-than-5σ descrepency between
the values of the Hubble constant (H0) inferred from the
Planck 2018 CMB observation [7] based on the ΛCDM
model (a 0.8% measurement) and obtained through the
model-independent distance ladder measurement (a 1.4%
measurement) [8]. This inconsistency hints at the possi-
bility of new physics beyond the ΛCDM model (see, e.g.,
Refs. [9–36]). However, no consensus is reached on a
valid extended cosmological model that can truly resolve
the Hubble tension [17]. Therefore, one may pay more
attention to some promising and powerful cosmological
probes that can independently measure H0 to help re-
solve the Hubble tension. The gravitation wave (GW)
standard sirens are a promising new cosmological probe
that could help determine the H0 value independently,
which is widely discussed in Refs. [37–86] and references
therein.

Compact binary coalescence (CBC) events produce
GWs whose waveforms encode the luminosity distance in-
formation. Through the GW waveform analysis, one can
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directly obtain the luminosity distance, which is vividly
referred to as a standard siren [87, 88]. Once the redshifts
of GW sources are determined, the established distance-
redshift relation can be used to explore the cosmic ex-
pansion history. There are mainly two methods regard-
ing the redshift determinations of GW sources adopted
by the current GW observations. One is to determine
redshift through its electromagnetic (EM) counterparts,
an event that relies on the binary neutron star (BNS)
merger (usually referred to as a bright siren). The other is
to use the cross-correlation between GW localization and
galaxy catalog, inferring the redshift through a statistical
method (usually referred to as a dark siren) [84, 89–105].

So far, the first, second, and third observation runs
from the LIGO-Virgo-KAGRA (LVK) collaboration have
reported over 90 CBC events [106–108]. However, ow-
ing to the challenge in detecting EM counterparts, only
one bright siren, GW170817, has been identified, which
yields approximately a 14% constraint on H0 [109]. For
dark siren analysis, using 46 dark siren events with SNRs
over 11, combined with the GLADE+ catalog [110, 111],
achieves a 19% constraint on H0 [101, 112]. Addition-
ally, the 46 dark sirens combined with the one bright siren
GW170817 constrainH0 to around 10% [101], which have
not yet reached the level required to resolve the Hubble
tension.

In the future, the multi-band relay detection of a GW
event becomes possible. In the hectohertz to kilohertz
band, the cutting-edge third-generation (3G) ground-
based GW detectors, i.e., the Einstein Telescope (ET)
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[113] and the Cosmic Explorer (CE) [114], are set to
debut, anticipated to achieve sensitivity enhancements
by an order of magnitude than current GW detec-
tors. The space-based baseline Decihertz Interferome-
ter Gravitational-Wave Observatory (B-DECIGO) with
longer arms will provide a detection window in the de-
cihertz band. In addition, GW signals in the millihertz
band will be detected by space-based GW detectors with
even longer arms, such as LISA [115–117], Taiji [118–
120], and TianQin [121–126]. The concept of the multi-
band GW observations has been widely investigated in
Refs. [127–146], and several advantages are dug out: pro-
viding early warnings of the detection of BNSs, which is
crucial of EM counterparts searches; enhancing the accu-
mulation of signal-to-noise (SNR); improving the preci-
sions of GW parameters inference, including the spatial
localization precision.

We notice the current dark sirens analysis with
GWTC-3 and GLADE+ catalog has very poor local-
ization, with sky localization primarily a few hundred
square degrees, occasionally extending to a few thousand,
and high luminosity distance measurement errors, rang-
ing from 40 Mpc to several thousands of Mpc at the 1σ
level. We anticipate in the future, using the multi-band
synergetic detection of the GW events will substantially
enhance spatial localization precision, thereby improving
the precision of constraints on cosmological parameters
with dark sirens. Therefore, we wish to study how multi-
band synergetic detection of GW events enhances the
dark siren cosmology.

In this work, we simulate the multi-band synergetic de-
tection of B-DECIGO and 3G ground-based GW detec-
tors for 89 GW events from GWTC-3 that lack EM coun-
terparts. Then, we constrain cosmological parameters in
the ΛCDM model. The synergy of B-DECIGO and 3G
GW ground-based detectors is particularly well-suited for
detecting stellar-mass binary black hole (SBBH) merger
events, and by using the same GW event catalog, we can
compare our results with the current actual dark siren
analysis and explore how multi-band GW synergetic de-
tection enhances the cosmological constraint precisions
with dark sirens in detail. It is worth noting that from
the up-to-date inference with GWTC-3, the merger rate
of SBBH is 23.9+14.9

−8.6 Gpc−3 yr−1 [147], and hence we can
roughly forecast the SBBH detection rate of B-DECIGO
and 3G ground-based detectors, which is far higher than
current detection using LVK. Therefore, in the future,
when our multi-band GW synergetic observation strategy
can be implemented, there will be a large number of dark
siren events that can be used for cosmological parameter
inference, and the accuracy will be much higher than that
envisioned in this paper. We once again emphasize that
this paper only considers 89 GW events (corresponding to
the currently actually observed events), because this al-
lows us to compare the results we obtain with the current
actual single-band observation results, thereby highlight-
ing the great advantages of implementing a multi-band
synergetic observation strategy in cosmological parame-

ter inference.
This paper is organized as follows. In Sec. II, we in-

troduce the methods of simulating the multi-band syner-
getic detection GW data and the dark siren analysis. In
Sec. III, we give the constraint results and make detailed
discussions. The conclusion is given in Sec. IV.

II. METHOD

A. Cosmological model

In the expanding universe, the luminosity distance dL
can be expressed theoretically as

dL(z) = c(1 + z)

∫ z

0

dz′

H(z′)
, (1)

where c is the speed of light in vacuum, and H(z) is the
Hubble parameter, describing the universe’s expansion
rate at redshift z.
In the standard model of cosmology, the ΛCDMmodel,

the equation of state parameter of dark energy w = −1,
and H(z) can be expressed as

H(z) = H0

√
Ωm(1 + z)3 + 1− Ωm. (2)

In our GW data simulation, we adopt the ΛCDM model
as the fiducial model with H0 = 67.27 km s−1 Mpc−1

and Ωm = 0.3166 from the constraint results of Planck
2018 TT, TE, EE+lowE [7].

B. GW standard sirens

For a GW detector network composed of N GW detec-
tors, the Fourier transform of the time-domain waveform
is given by [148, 149]

h̃(f) = e−iΦĥ(f), (3)

where Φ is a N × N diagonal matrix, with Φkl =
2πfδkl(n · rk). Here, δkl is the Kronecker delta, n is
the propagation direction of a GW, and rk represents
the location of kth GW detector. ĥ(f) is given by

ĥ(f) =
[
h̃1(f), h̃2(f), · · · , h̃N (f)

]
, (4)

where h̃k(f) is the frequency-domain GW waveform
of kth GW detector. In this work, we con-
sider the phenomenological non-spinning inspiral-merger-
ringdown (IMR) GW model, PhenmonA, to simulate
GW signals [150, 151], and calculate the waveform to the

3.5 post-Newtonian (PN) order [152–154]. h̃k is given by

h̃k(f) = A
√(

F+,k(1 + cos2 ι)
)2

+ (2F×,k cos ι)2e
iΨ,

(5)
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where A is the Fourier amplitude. In the PhenmonA
model, A is expressed as

A = Aeff



(
f

f0

)−7/6

, f < f0,(
f

f0

)−2/3

, f0 ≤ f < f1,

ωL(f, f1, f2), f1 ≤ f < f3,

(6)

and

Aeff =
1

dL

√
5

96
M5/6

c f
−7/6
0

( 1
π

)2/3
, (7)

where f0 and f1 are the beginning frequencies of the
merger and the ring-down phases, respectively. f2 is the
decay-width of the ring-down phase, and f3 is the cut-
off frequency of the GW signal. M = m1 + m2 is the
total mass of the compact binary system, and Mc =
η3/5M(1 + z) is the chirp mass, with η = m1m2/M

2 be-
ing the symmetric mass ratio. Details of ω and L can
refer to Refs. [116, 150, 151].
F+,k(f) and F×,k(f) are antenna response functions

of the kth GW detector, which are related to both the
locations of the GW source and the detector. In this
work, we analyze ET, two CEs, and B-DECIGO. CE
in the USA has 40 km length of arms, denoted as CE
(40 km), while the other in Australia with similar design
but shortened 20 km length of arms, denoted as CE (20
km). In addition, we include various network configu-
rations. These configurations encompass the 2CE net-
work, consisting of two CEs; the ET2CE network, com-
prising ET and 2CE; the B-DECIGO-ET network, which
combines B-DECIGO and ET; the B-DECIGO-2CE net-
work, involving B-DECIGO and 2CE; and finally, the
B-DECIGO-ET2CE network, incorporating B-DECIGO
and ET2CE. The specific locations of ground-based GW
detectors are referenced in Refs. [155, 156], while the case
of B-DECIGO can be found in Ref. [157]. The detailed
forms of each GW detector’s antenna response function
refer to Refs. [158–162].
ι is the inclination angle in the detector frame and Ψ

is given by

Ψ = 2πftc − π/4 + 2ψ(f/2)− φ(2,0). (8)

where ψ(f) and φ(2,0),k are given by Refs. [153, 154]

ψ(f) = −ψc +
3

256η

7∑
a=0

ψa(2πMf)(a−5)/3, (9)

φ(2,0),k = tan−1

(
− 2 cos ιF×,k

(1 + cos2 ι)F+,k

)
. (10)

C. Calculation of SNR

The input GW source parameters used for simulat-
ing the GW signals are from the 89 compact binaries

collected in GWTC-3 [163], except for GW170817. It
is worth noting that the sky positions of GW events in
GWTC-3 are represented in the geocentric coordinate
system. These positions are subsequently converted to
the sky positions in the ecliptic coordinate system when
simulating strains of space-based GW detectors. When
we simulate the GW detection, we adopt the detection
threshold of SNR to be 8. The SNR of the detector net-
work composed of N GW detectors can be expressed as

ρ =

√√√√ N∑
k=1

(h̃k|h̃k), (11)

where h̃k is the GW waveform of the kth GW detector.
The inner product is defined as

(h̃|h̃) = 4

∫ fout

fin

h̃(f)h̃∗(f)
Sn(f)

df, (12)

where h̃∗(f) is the complex conjugate of h̃(f) and Sn(f)
is the one-side noise power spectral density (PSD) of
the GW detector. Here we adopt the PSD of ET from
Ref. [164], of CE (40 km) from Ref. [165], of CE (20
km) from Ref. [164], and of B-DECIGO from Ref. [129].
Moreover, fin and fout are the frequencies at which the
GW signal enters and leaves the frequency band of the
GW detector, respectively.
In Fig. 1, we show the characteristic sensitivities of

ET, CE (40 km), CE (20 km), B-DECIGO, LIGO in
Livingston and VIRGO (see Ref. [112]). Note that the
GW190725-like event is shown as the representative since
it has the highest calculated SNR of the multi-band ob-
servation among the GW events. It can be found that
the frequency band of B-DECIGO is well connected with
ground-based detectors, enabling the accumulation of a
higher SNR across the longer frequency band.
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FIG. 1: Characteristic strains of ET, CE (40 km), CE (20
km), B-DECIGO, LIGO in Livingston, and VIRGO, together
with the effective strain amplitude of GW190725. The dimen-
sionless characteristic strain is defined as

√
fSn for the GW

detectors and 2f |h(f)| for the GW source.
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D. Fisher information matrix

We use the Fisher information matrix (FIM) [166] to
simulate the GW source parameters’ measurement errors.
For a GW detector network with N interferometers, the
FIM is given by

Fij =

N∑
k=1

(
∂h̃k(f)

∂θi

∣∣∣∣∂h̃k(f)∂θj

)
, (13)

where θi denotes the ith parameter among the nine GW
source parameters describing the GW signal, which are
dL, tc,Mc, η, θ, ϕ, ψ, ι, ψc. Among them, θ and ϕ repre-
sent the colatitude and the longitude of the GW event,
respectively. ψ is the polarization angle, ψc is the phase
of GW when observed and tc is the coalescence time.

The 9×9 covariance matrix (Cov) of the nine GW
source parameters equal to the inverse of the FIM, and
the measurement error of the ith GW parameter is given
by ∆θi =

√
Covii.

The sky localization error is given as

∆Ω = 2π| sin θ|
√

(∆θ)2(∆ϕ)2 − (∆θ∆ϕ)2. (14)

The total error of dL is expressed as

∆dL =
√

(∆dinstL )2 + (∆dlensL )2 + (∆dpvL )2, (15)

where ∆dinstL represents the instrumental error of dL, esti-
mated using FIM; ∆dlensL denotes the weak-lensing error,
given by [167, 168]

∆dlensL (z) = dL × 0.066

[
1− (1 + z)−0.25

0.25

]1.8
. (16)

∆dpvL (z) is the peculiar-velocity error, given by [169]

∆dpvL (z) = dL ×
[
1 +

c(1 + z)2

H(z)dL(z)

] √
(v2)

c
, (17)

where
√
v2 is the peculiar velocity of the GW source, set

to
√
v2 = 500 km s−1 [55].

E. Identifying GW events’ potential host galaxies

We rely on the three-dimensional (3D) localization
capability of the GW detector to identify the poten-
tial host galaxies of GW sources. In our analysis, we
model the 3D localization region of each GW event as
a truncated cone, characterized by a radial range of
[dmin

L , dmax
L ] = [d̄L − 3∆dL, d̄L + 3∆dL] and an angu-

lar region defined by χ2 ≤ 9.21. Here, d̄L represents the
luminosity distance of the GW event, ∆dL denotes the 1σ
error of the luminosity distance measurement, obtained
by Eq. (15), and χ2 is expressed as

χ2 = (θ − θ̄, ϕ− ϕ̄)Cov′−1

(
θ − θ̄
ϕ− ϕ̄

)
, (18)

where Cov′−1 is the 2× 2 covariance matrix of θ and ϕ.
We obtain Cov′−1 by removing the rows and columns as-
sociated with the other parameters from the original 9×9
covariance matrix estimated through the FIM analysis.
The χ2 value quantifies the deviation of a data point at
(θ, ϕ) from the expected position at (θ̄, ϕ̄) in terms of an-
gle. The condition χ2 ≤ 9.21 corresponds to the 99%
confidence region.
In order to match with the galaxy catalog, we con-

vert the range of luminosity distances into a corre-
sponding range of redshifts, denoted as [zmin, zmax].
Specifically, zmin = z(dmin

L , Hmin
0 ,Ωmin

m ) and zmax =
z(dmax

L , Hmax
0 ,Ωmax

m ), where Hmin
0 , Hmax

0 , Ωmin
m , and

Ωmax
m are the edge values of prior ranges of H0 and

Ωm. Here, we set H0 ∈ [60, 80] km s−1 Mpc−1 and
Ωm ∈ [0.2, 0.4]. In summary, the potential host galaxies
of each GW event are constrained within the range of
[zmin, zmax] and χ

2 ≤ 9.21. It is worth noting that some
GW events’ localization ranges may be over the coverage
of the galaxy catalog, also called the edge incomplete-
ness [97]. We delete these events to avoid the system
bias arising from them. Additionally, we calculate an an-
gular localization weight for each potential host galaxy
using the equation

w ∝ 1

2π|Cov′|
exp

[
−1

2
(θ − θ̄, ϕ− ϕ̄)Cov′−1

(
θ − θ̄
ϕ− ϕ̄

)]
.

(19)

F. Cosmological parameter inferences

Inferring cosmological parameters using GW dark
sirens requires the redshift information from galaxy cata-
logs. In this work, we generate a simplistic galaxy catalog
by uniformly sampling galaxies within the comoving vol-
ume with a number density of 0.02 Mpc−3 (the median
value of the result of Ref. [170]). Notably, the incomplete-
ness of the galaxy catalog introduces a decline in the con-
straint precisions of cosmological parameters [95]. In our
study, we adopt an optimistic assumption, assuming the
galaxy catalog is complete up to z = 1, encompassing all
host galaxies of GW events. Achieving such complete-
ness may be facilitated by future survey missions such
as Euclid [171], WFIRST [172], LSST [173, 174], and
CSST [175–177]. For redshift uncertainties of galaxies
in the mock galaxy catalog, we ignore the redshift mea-
surement errors for galaxies at z ≤ 0.1 assuming these
galaxies could be covered by future spectroscopic surveys
[104, 178], and beyond this range, we mock the redshift
uncertainties of galaxies as ∆z(z) = 0.02(1+ z), which is
the redshift measurement accuracy could be achieved by
future photometric surveys [175].
We employ the Bayesian analysis to infer cosmological

parameters Ω. The posterior distribution of Ω is given
by

p(Ω|{DGW}) ∝ p({DGW}|Ω)p(Ω), (20)
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where {DGW} represents the GW dataset; p(Ω) is the
uniform prior distribution of Ω; and p({DGW}|Ω) sig-
nifies the likelihood function. As the observations are
independent, the likelihood function can be expanded as
the product of individual GW event likelihoods:

p({DGW}|Ω) =

NGW∏
i=1

p(DGW,i|Ω), (21)

where NGW is the number of GW events. The likelihood
function of a single GW event is given by

p(DGW|Ω) =
1

β(Ω)

∫
p
(
DGW|dL(z,Ω)

)
p(z)dz, (22)

where p
(
DGW|dL(z,Ω)

)
is the posterior distribution of

the GW event’s dL, given by

p
(
DGW|dL(z,Ω)

)
=

1√
2π∆dL

exp

[
−
(
d̂L − dL(z,Ω)

)2
2∆d2L

]
,

(23)
where ∆dL is the 1-σ error of dL calculated using

Eq. (15), d̂L is the luminosity distance of the GW event,
and dL(z,Ω) is the theoretic luminosity distance calcu-
lated using Eq. (1) with z and Ω. p(z) is the prior dis-
tribution of the GW source’s redshift z and is given by

p(z) =
1

Nin

Nin∑
j=1

wj
1√

2π∆z(ẑj)
exp

[
− (ẑj − z)2

2
(
∆z(ẑj)

)2
]

× dVc
dz

,

(24)

where ∆(ẑj) is the redshift uncertainties of the jth po-
tential host galaxy, wj is the angular weight of the jth
potential host galaxy calculated using Eq. (19), and Vc
is the comoving volume.

The GW selection effect β(Ω), as delineated in
Ref. [90], is considered, expressed as:

β(Ω) =

∫
pGW
det

(
dL(z,Ω)

)
p(z)dz, (25)

where pGW
det

(
dL(z,Ω)

)
represents the detection probabil-

ity of the GW event at dL(z,Ω), which can be evaluated
using Monte-Carlo integration, as explicated in Ref. [95],

pGW
det (dL) =

1

Nsamp

Nsamp∑
n=1

pGW
det (dL|θn), (26)

with

pGW
det (dL|θn) ≈

{
1, if ρn > ρth,
0, otherwise,

(27)

where Nsamp is the number of samples, which is set to
50000, and θn is the GW source parameters other than
dL in the nth sampling.

III. RESULTS AND DISCUSSION

In this section, we show the results of our analysis, in-
cluding localization errors of GW events and constraints
on cosmological parameters, and make relevant discus-
sions.

Fig. 2 depicts the scatter distributions and cumulative
distribution functions (CDFs) of ∆dL, ∆Ω, and Nin. In
panels (a) and (d), it’s evident that ∆dL values of B-
DECIGO and ET2CE are smaller than those of LVK for
a half and one order of magnitude, respectively. This ob-
servation aligns with the sensitivity curves illustrated in
Fig. 1, where B-DECIGO and ET2CE exhibit character-
istic strains lower than LVK by approximately one and
two orders of magnitude, respectively. Surprisingly, the
improvement in measuring dL with B-DECIGO-ET2CE
compared to ET2CE alone is only slight. This is at-
tributed to the ∆dinstL values for ET2CE and B-DECIGO-
ET2CE being very small at z < 1, and ∆dL is domi-
nated by peculiar velocity errors and weak-lensing errors.
In panels (b) and (e), the ∆Ω values for ET2CE and
B-DECIGO are two orders of magnitude smaller than
those for LVK, with B-DECIGO-ET2CE showing a one-
order-of-magnitude improvement over B-DECIGO and
ET2CE. The scatter distribution of Nin shown in panel
(c) reveals that for dL < 1000 Mpc, the Nin values of
GW events identified by ET2CE and B-DECIGO is ap-
proximately one order of magnitude smaller than that by
LVK, consistent with our analysis of localization errors.
However, at larger dL values, the Nin distribution of LVK
overlaps with or even lower than those of ET2CE and B-
DECIGO. This discrepancy is primarily attributed to the
GLADE+ catalog used by LVK, which exhibits decreas-
ing completeness with increasing dL, dropping to 20% at
dL = 800 Mpc.

Table I presents the situation of GW events used in
analysis and summarizes the results of cosmological con-
straints. In the first row, we show the number of GW
events used in cosmological inference for each GW de-
tector scenario. In analysis, we artificially select well-
localized GW events with Nin < 10000. Poorly localized
GW events cannot provide efficient cosmological param-
eter inference (the posterior distributions of parameters
are very flat), and removing them has little impact on
the final parameter error estimation and can also reduce
the computation costs. In addition, as is mentioned in
Sec. II E, we exclude GW events influenced by the edge
incompleteness. In the second row, we show the number
of GW events with Nin = 1. GW events with Nin = 1
are efficient bright sirens, with redshifts determined by
the follow-up spectroscopic observation. We find that us-
ing the multi-band GW synergetic detection can signif-
icantly increase the number of GW events that are well
localized and can be used in cosmological parameter in-
ference, and the number of Nin = 1 events is improved by
3–24 times. In the third to sixth rows, we report param-
eter constraints in the ΛCDM model and make further
discussions in the following paragraphs.
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FIG. 2: The localization error and the number of potential host galaxies of GW events. Panel (a): The results of ∆dL across
four GW detector configurations: ET2CE network, B-DECIGO, B-DECIGO-ET2CE network, and LVK network. Panel (b):
Similar to the panel (a), but showcasing the results for ∆Ω. Panel (c): Similar to panel (a), but showcasing the number of
potential host galaxies Nin of each GW event. Panels (d)–(f): The cumulative distribution functions (CDF) of GW events on
∆dL, ∆Ω, and Nin, respectively.

In Fig. 3, we present the constraint results of B-
DECIGO, ET2CE, and B-DECIGO-ET2CE in the H0–Ω
plane. They depict the optimal situations of the space-
based and ground-based detectors and the multi-band
GW synergetic detector network, respectively. Using
the multi-band GW synergetic detection, B-DECIGO-
ET2CE outperforms ET2CE and B-DECIGO, exhibit-
ing enhanced constraint precisions on H0 by 69.2% and
73.3%, and on Ωm by 85.1% and 78.6%, respectively.
Despite B-DECIGO-ET2CE shares a similar ∆dL dis-
tribution with ET2CE, as seen in panels (a) and (d) of
Fig. 2, its lower ∆Ω leads to the smaller Nin, indicat-
ing more precise redshift inference than ET2CE, which
enhance precision in cosmological parameter constraints
through the distance-redshift relation. Compared with
B-DECIGO, as shown in Fig. 2, B-DECIGO-ET2CE has
advantages in both ∆dL and Nin.

In Fig 4, we present the H0 constraint precisons of
all GW detector scenarios. 2CE possesses an extremely
marginal enhancement over ET, and when considering
precision to two decimal places, both exhibit the con-
straint precision on H0 of 2.60%. The enhancement of
B-DECIGO compared with 2CE is significant, with a H0

constraint precision enhancement of 30.8%. When us-
ing the multi-band GW synergetic detection, the preci-
sion constraint precisions of H0 are below 0.6%, better
than the Planck 2018 CMB+BAO result [7]. Even in
the worst case of using multi-band GW synergetic detec-
tion, B-DECIGO-ET significantly outperforms the best
case of not using (ET2CE), with the H0 constraint pre-

cision improved by 64.7%. Notably, with an increasing
number of ground-based GW detectors in the multi-band
GW synergetic detector network, there are only slight im-
provements in H0 constraint precisions. Specifically, B-
DECIGO-2CE is 5.5% better than B-DECIGO-ET, and
B-DECIGO-ET2CE exhibits a 7.7% improvement over
B-DECIGO-2CE. A similar situation also appears in con-
straining Ωm, as shown in Table I. The Ωm constraint
precision of B-DECIGO-ET is improved by 74.9% com-
pared with that of B-DECIGO. Meanwhile, B-DECIGO-
2CE is slightly better than B-DECIGO-ET by 2.5%, and
B-DECIGO-ET2CE is 12.4% better than B-DECIGO-
2CE. Our results indicate that the multi-band GW syn-
ergetic observation can significantly enhance constraint
precisions of cosmological parameters and may help re-
solve the Hubble tension.

Compared with the latest reality dark siren analysis in
Ref. [101], our constraint precisions onH0 show a remark-
able improvement of at least 97.5%. This improvement
is due to several factors. Firstly, we incorporate antici-
pated advancements in 3G ground-based GW detectors
and B-DECIGO, which are expected to be far more sen-
sitive than current detectors. Secondly, our adoption of
a multi-band GW synergetic detection strategy signifi-
cantly enhances SNRs and localization precisions, lead-
ing to a greater number of usable GW events. Lastly,
we optimistically assume a complete galaxy catalog up
to z ≤ 1, as discussed in Sec. II F.
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TABLE I: The number of GW events used in cosmological inference NGW and the number of GW events with Nin = 1, alongside
the absolute errors (1σ) and the relative errors of the cosmological parameters in the ΛCDM model. Here the unit of H0 is
km s−1 Mpc−1.

Result
type

ET 2CE B-DECIGO ET2CE B-DECIGO-
ET

B-DECIGO-
2CE

B-DECIGO-
ET2CE

NGW 37 51 68 75 87 87 88

Nin = 1 2 2 10 7 40 45 50

σ(Ωm) – – 0.135 0.180 0.027 0.026 0.023

σ(H0) 1.70 1.70 1.20 1.05 0.37 0.35 0.32

ε(Ωm) – – 33.75% 48.60% 8.46% 8.25% 7.23%

ε(H0) 2.60% 2.60% 1.80% 1.56% 0.55% 0.52% 0.48%

0.0 0.2 0.4 0.6 0.8 1.0

Ωm

62

64

66

68

70

H
0

(k
m

s−
1

M
p
c−

1
)

B-DECIGO
ET2CE
B-DECIGO-ET2CE

FIG. 3: Two-dimensional marginalized contours (68.3% and
95.4% confidence level) in the Ωm–H0 plane by using B-
DECIGO, ET2CE and B-DECIGO-ET2CE mock data for the
ΛCDM model.

IV. CONCLUSION

GW standard sirens have significant potential as a cos-
mological probe for measuring absolute distances and
can constrain the cosmic expansion history through the
distance-redshift relation. The statistical galaxy catalog
method provides redshifts for dark sirens without electro-
magnetic counterparts, relying on GW localization preci-
sions. Multi-band GW synergetic detection can improve
SNRs and localization precisions. In this paper, we ex-
plore how the multi-band GW synergetic detection of B-
DECIGO and 3G ground-based GW detectors enhances
dark siren cosmology.

Firstly, we simulate GW signals using the IMRPhe-

ET 2CE B-DECIGO
ET2CE

B-DECIGO-ET

B-DECIGO-2CE

B-DECIGO-ET2CE

Detectors

0.5%

1.0%

1.5%

2.0%

2.5%

ε(
H

0
)

CMB

CMB+BAO

FIG. 4: The relative errors of H0 by using ET, 2CE, B-
DECIGO, ET2CE, B-DECIGO-ET, B-DECIGO-2CE, and B-
DECIGO-ET2CEmock data. The gray horizontal dashed and
point lines represent the constraint precisions of Planck2018
CMB and CMB+BAO data.

nomA waveform model with GW source parameters set
to the best-fit values of the parameter posteriors of 89
events in GWTC-3. Secondly, we use the Fisher infor-
mation matrix to estimate the localization precisions of
B-DECIGO, ET, CE, and the GW detector networks
composed of them. Thirdly, we identify potential host
galaxies of dark sirens by cross-matching the GW local-
ization region with a mock galaxy catalog complete up
to z = 1. Finally, we use Bayesian analysis to infer cos-
mological parameters in the ΛCDM model.

Our results show that with only 89 GW events in
GWTC-3, the multi-band GW synergetic observation of
B-DECIGO and 3G ground-based GW detectors can con-
strain H0 to around 0.5%, showing significant potential
in dark siren cosmology. In comparison, without the
multi-band synergetic observation strategy, B-DECIGO
and 3G ground-based GW detectors can only constrain
H0 to 1.5%–2.6%. Using the multi-band synergetic de-
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tection strategy has more than 67% improvement in the
constraint precision on H0 compared with not using it.
We find that multi-band GW synergetic observation

enhances dark siren cosmology in the following aspects:
(1) Extending the detection frequency range to improve
the SNR, helping us to include more GW events in the
dark siren analysis. (2) Enhancing the GW localization
precisions, reducing the number of potential host galax-
ies and helping to infer the redshifts of dark sirens. (3)
Increasing the number of dark sirens with Nin = 1, which
are de facto bright sirens. We conclude that the multi-
band GW synergetic observation has a significant poten-

tial enhancement to dark siren cosmology.
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[111] G. Dálya et al., Mon. Not. Roy. Astron. Soc. 514, 1403
(2022), arXiv:2110.06184 [astro-ph.CO] .

[112] R. Abbott et al. (KAGRA, VIRGO, LIGO Scientific),
Phys. Rev. X 13, 041039 (2023), arXiv:2111.03606 [gr-
qc] .

[113] M. Punturo et al., Class. Quant. Grav. 27, 194002
(2010).

[114] B. P. Abbott et al. (LIGO Scientific), Class. Quant.
Grav. 34, 044001 (2017), arXiv:1607.08697 [astro-
ph.IM] .

[115] P. Amaro-Seoane et al. (LISA), (2017),
arXiv:1702.00786 [astro-ph.IM] .

[116] T. Robson, N. J. Cornish, and C. Liu, Class. Quant.
Grav. 36, 105011 (2019), arXiv:1803.01944 [astro-
ph.HE] .

[117] P. Auclair et al. (LISA Cosmology Working Group),
(2022), arXiv:2204.05434 [astro-ph.CO] .

[118] W.-R. Hu and Y.-L. Wu, Natl. Sci. Rev. 4, 685 (2017).
[119] W.-H. Ruan, Z.-K. Guo, R.-G. Cai, and Y.-Z.

Zhang, Int. J. Mod. Phys. A 35, 2050075 (2020),
arXiv:1807.09495 [gr-qc] .

[120] Y.-L. Wu, Int. J. Mod. Phys. A 33, 1844014 (2018),
arXiv:1805.10119 [physics.gen-ph] .

[121] J. Luo et al. (TianQin), Class. Quant. Grav. 33, 035010
(2016), arXiv:1512.02076 [astro-ph.IM] .

[122] H.-T. Wang et al., Phys. Rev. D 100, 043003 (2019),
arXiv:1902.04423 [astro-ph.HE] .

[123] S. Liu, Y.-M. Hu, J.-d. Zhang, and J. Mei, Phys. Rev.
D 101, 103027 (2020), arXiv:2004.14242 [astro-ph.HE]
.

[124] J. Luo et al., Class. Quant. Grav. 37, 185013 (2020),
arXiv:2008.09534 [physics.ins-det] .

[125] V. K. Milyukov, Astron. Rep. 64, 1067 (2020).
[126] J. Mei et al. (TianQin), PTEP 2021, 05A107 (2021),

arXiv:2008.10332 [gr-qc] .
[127] A. Sesana, Phys. Rev. Lett. 116, 231102 (2016),

arXiv:1602.06951 [gr-qc] .
[128] S. Vitale, Phys. Rev. Lett. 117, 051102 (2016),

arXiv:1605.01037 [gr-qc] .
[129] S. Isoyama, H. Nakano, and T. Nakamura, PTEP 2018,

073E01 (2018), arXiv:1802.06977 [gr-qc] .
[130] D. Gerosa, S. Ma, K. W. K. Wong, E. Berti,

R. O’Shaughnessy, Y. Chen, and K. Belczynski, Phys.
Rev. D 99, 103004 (2019), arXiv:1902.00021 [astro-
ph.HE] .

[131] Z. Carson and K. Yagi, Phys. Rev. D 101, 044047
(2020), arXiv:1911.05258 [gr-qc] .

[132] A. Sesana, J. Phys. Conf. Ser. 840, 012018 (2017),
arXiv:1702.04356 [astro-ph.HE] .

[133] Y. Zhao, Y. Lu, C. Yan, Z. Chen, and W.-T.
Ni, Mon. Not. Roy. Astron. Soc. 522, 2951 (2023),
arXiv:2306.02636 [astro-ph.HE] .

[134] A. Klein et al., (2022), arXiv:2204.03423 [astro-ph.HE]
.

[135] F. Zhang, X. Chen, L. Shao, and K. Inayoshi, As-
trophys. J. 923, 139 (2021), arXiv:2109.14842 [astro-
ph.HE] .

[136] N. Muttoni, A. Mangiagli, A. Sesana, D. Laghi,
W. Del Pozzo, D. Izquierdo-Villalba, and M. Rosati,
Phys. Rev. D 105, 043509 (2022), arXiv:2109.13934
[astro-ph.CO] .

[137] K. Jani, D. Shoemaker, and C. Cutler, Nature Astron.
4, 260 (2019), arXiv:1908.04985 [gr-qc] .

[138] C. Liu, L. Shao, J. Zhao, and Y. Gao, Mon. Not. Roy.
Astron. Soc. 496, 182 (2020), arXiv:2004.12096 [astro-
ph.HE] .

[139] S. Datta, A. Gupta, S. Kastha, K. G. Arun, and
B. S. Sathyaprakash, Phys. Rev. D 103, 024036 (2021),
arXiv:2006.12137 [gr-qc] .

[140] H. Nakano, R. Fujita, S. Isoyama, and N. Sago, Uni-
verse 7, 53 (2021), arXiv:2101.06402 [gr-qc] .

http://dx.doi.org/10.1103/PhysRevD.86.043011
http://arxiv.org/abs/1108.1317
http://dx.doi.org/10.1038/s41586-018-0606-0
http://dx.doi.org/10.1038/s41586-018-0606-0
http://arxiv.org/abs/1712.06531
http://dx.doi.org/10.3847/2041-8213/aaf96e
http://dx.doi.org/10.3847/2041-8213/aaf96e
http://arxiv.org/abs/1807.05667
http://arxiv.org/abs/1807.05667
http://dx.doi.org/10.1103/PhysRevD.98.023502
http://dx.doi.org/10.1103/PhysRevD.98.023502
http://arxiv.org/abs/1804.06085
http://dx.doi.org/10.3847/2041-8213/ab14f1
http://arxiv.org/abs/1901.01540
http://arxiv.org/abs/1901.01540
http://dx.doi.org/10.3847/1538-4357/abdcb7
http://arxiv.org/abs/1908.06060
http://arxiv.org/abs/1908.06060
http://dx.doi.org/10.1103/PhysRevD.101.122001
http://arxiv.org/abs/1908.06050
http://dx.doi.org/ 10.3847/2041-8213/abaeff
http://dx.doi.org/ 10.3847/2041-8213/abaeff
http://arxiv.org/abs/2006.14961
http://dx.doi.org/ 10.1093/mnras/staa2465
http://dx.doi.org/ 10.1093/mnras/staa2465
http://arxiv.org/abs/2003.06586
http://arxiv.org/abs/2003.06586
http://dx.doi.org/ 10.1088/1475-7516/2021/08/026
http://arxiv.org/abs/2101.12660
http://arxiv.org/abs/2101.12660
http://dx.doi.org/10.1103/PhysRevD.105.023523
http://dx.doi.org/10.1103/PhysRevD.105.023523
http://arxiv.org/abs/2109.07537
http://dx.doi.org/ 10.3847/1538-4357/aca6e3
http://arxiv.org/abs/2111.06445
http://arxiv.org/abs/2111.06445
http://dx.doi.org/10.3847/1538-4357/ac74bb
http://arxiv.org/abs/2111.03604
http://arxiv.org/abs/2111.03604
http://dx.doi.org/10.1088/1475-7516/2022/10/061
http://dx.doi.org/10.1088/1475-7516/2022/10/061
http://arxiv.org/abs/2208.10998
http://dx.doi.org/10.3847/1538-3881/acca78
http://arxiv.org/abs/2212.08694
http://arxiv.org/abs/2212.00531
http://arxiv.org/abs/2212.00531
http://dx.doi.org/ 10.1103/PhysRevD.108.043543
http://arxiv.org/abs/2303.10693
http://dx.doi.org/10.1103/PhysRevX.9.031040
http://dx.doi.org/10.1103/PhysRevX.9.031040
http://arxiv.org/abs/1811.12907
http://dx.doi.org/10.1103/PhysRevX.11.021053
http://dx.doi.org/10.1103/PhysRevX.11.021053
http://arxiv.org/abs/2010.14527
http://arxiv.org/abs/2111.03606
http://dx.doi.org/10.1038/nature24471
http://dx.doi.org/10.1038/nature24471
http://arxiv.org/abs/1710.05835
http://dx.doi.org/10.1093/mnras/sty1703
http://arxiv.org/abs/1804.05709
http://dx.doi.org/10.1093/mnras/stac1443
http://dx.doi.org/10.1093/mnras/stac1443
http://arxiv.org/abs/2110.06184
http://dx.doi.org/10.1103/PhysRevX.13.041039
http://arxiv.org/abs/2111.03606
http://arxiv.org/abs/2111.03606
http://dx.doi.org/10.1088/0264-9381/27/19/194002
http://dx.doi.org/10.1088/0264-9381/27/19/194002
http://dx.doi.org/10.1088/1361-6382/aa51f4
http://dx.doi.org/10.1088/1361-6382/aa51f4
http://arxiv.org/abs/1607.08697
http://arxiv.org/abs/1607.08697
http://arxiv.org/abs/1702.00786
http://dx.doi.org/10.1088/1361-6382/ab1101
http://dx.doi.org/10.1088/1361-6382/ab1101
http://arxiv.org/abs/1803.01944
http://arxiv.org/abs/1803.01944
http://arxiv.org/abs/2204.05434
http://dx.doi.org/10.1093/nsr/nwx116
http://dx.doi.org/10.1142/S0217751X2050075X
http://arxiv.org/abs/1807.09495
http://dx.doi.org/10.1142/S0217751X18440141
http://arxiv.org/abs/1805.10119
http://dx.doi.org/ 10.1088/0264-9381/33/3/035010
http://dx.doi.org/ 10.1088/0264-9381/33/3/035010
http://arxiv.org/abs/1512.02076
http://dx.doi.org/10.1103/PhysRevD.100.043003
http://arxiv.org/abs/1902.04423
http://dx.doi.org/ 10.1103/PhysRevD.101.103027
http://dx.doi.org/ 10.1103/PhysRevD.101.103027
http://arxiv.org/abs/2004.14242
http://dx.doi.org/10.1088/1361-6382/aba66a
http://arxiv.org/abs/2008.09534
http://dx.doi.org/10.1134/S1063772920120070
http://dx.doi.org/ 10.1093/ptep/ptaa114
http://arxiv.org/abs/2008.10332
http://dx.doi.org/10.1103/PhysRevLett.116.231102
http://arxiv.org/abs/1602.06951
http://dx.doi.org/10.1103/PhysRevLett.117.051102
http://arxiv.org/abs/1605.01037
http://dx.doi.org/10.1093/ptep/pty078
http://dx.doi.org/10.1093/ptep/pty078
http://arxiv.org/abs/1802.06977
http://dx.doi.org/ 10.1103/PhysRevD.99.103004
http://dx.doi.org/ 10.1103/PhysRevD.99.103004
http://arxiv.org/abs/1902.00021
http://arxiv.org/abs/1902.00021
http://dx.doi.org/10.1103/PhysRevD.101.044047
http://dx.doi.org/10.1103/PhysRevD.101.044047
http://arxiv.org/abs/1911.05258
http://dx.doi.org/10.1088/1742-6596/840/1/012018
http://arxiv.org/abs/1702.04356
http://dx.doi.org/ 10.1093/mnras/stad1107
http://arxiv.org/abs/2306.02636
http://arxiv.org/abs/2204.03423
http://dx.doi.org/ 10.3847/1538-4357/ac2c07
http://dx.doi.org/ 10.3847/1538-4357/ac2c07
http://arxiv.org/abs/2109.14842
http://arxiv.org/abs/2109.14842
http://dx.doi.org/ 10.1103/PhysRevD.105.043509
http://arxiv.org/abs/2109.13934
http://arxiv.org/abs/2109.13934
http://dx.doi.org/10.1038/s41550-019-0932-7
http://dx.doi.org/10.1038/s41550-019-0932-7
http://arxiv.org/abs/1908.04985
http://dx.doi.org/ 10.1093/mnras/staa1512
http://dx.doi.org/ 10.1093/mnras/staa1512
http://arxiv.org/abs/2004.12096
http://arxiv.org/abs/2004.12096
http://dx.doi.org/10.1103/PhysRevD.103.024036
http://arxiv.org/abs/2006.12137
http://dx.doi.org/ 10.3390/universe7030053
http://dx.doi.org/ 10.3390/universe7030053
http://arxiv.org/abs/2101.06402


11

[141] T. Yang, JCAP 05, 044 (2021), arXiv:2103.01923 [astro-
ph.CO] .

[142] C. Liu and L. Shao, Astrophys. J. 926, 158 (2022),
arXiv:2108.08490 [astro-ph.HE] .

[143] L.-G. Zhu, L.-H. Xie, Y.-M. Hu, S. Liu, E.-K. Li, N. R.
Napolitano, B.-T. Tang, J.-d. Zhang, and J. Mei,
Sci. China Phys. Mech. Astron. 65, 259811 (2022),
arXiv:2110.05224 [astro-ph.CO] .

[144] Y. Kang, C. Liu, and L. Shao, Mon. Not. Roy. Astron.
Soc. 515, 739 (2022), arXiv:2205.02104 [astro-ph.HE] .

[145] B. C. Seymour, H. Yu, and Y. Chen, Phys. Rev. D 108,
044038 (2023), arXiv:2208.01668 [gr-qc] .

[146] T. Baker, E. Barausse, A. Chen, C. de Rham,
M. Pieroni, and G. Tasinato, JCAP 03, 044 (2023),
arXiv:2209.14398 [gr-qc] .

[147] R. Abbott et al. (KAGRA, VIRGO, LIGO Scientific),
Phys. Rev. X 13, 011048 (2023), arXiv:2111.03634
[astro-ph.HE] .

[148] L. Wen and Y. Chen, Phys. Rev. D 81, 082001 (2010),
arXiv:1003.2504 [astro-ph.CO] .

[149] W. Zhao and L. Wen, Phys. Rev. D 97, 064031 (2018),
arXiv:1710.05325 [astro-ph.CO] .

[150] H.-S. Cho, Class. Quant. Grav. 32, 235007 (2015),
arXiv:1502.04399 [gr-qc] .

[151] P. Kumar, T. Chu, H. Fong, H. P. Pfeiffer, M. Boyle,
D. A. Hemberger, L. E. Kidder, M. A. Scheel,
and B. Szilagyi, Phys. Rev. D 93, 104050 (2016),
arXiv:1601.05396 [gr-qc] .

[152] C. Cutler et al., Phys. Rev. Lett. 70, 2984 (1993),
arXiv:astro-ph/9208005 .

[153] L. Blanchet and B. R. Iyer, Phys. Rev. D 71, 024004
(2005), arXiv:gr-qc/0409094 .

[154] B. S. Sathyaprakash and B. F. Schutz, Living Rev. Rel.
12, 2 (2009), arXiv:0903.0338 [gr-qc] .

[155] S. Borhanian, Class. Quant. Grav. 38, 175014 (2021),
arXiv:2010.15202 [gr-qc] .

[156] M. Di Giovanni, C. Giunchi, G. Saccorotti,
A. Berbellini, L. Boschi, M. Olivieri, R. De Rosa,
L. Naticchioni, G. Oggiano, M. Carpinelli, D. D’Urso,
S. Cuccuru, V. Sipala, E. Calloni, L. Di Fiore, A. Grado,
C. Migoni, A. Cardini, F. Paoletti, I. Fiori, J. Harms,
E. Majorana, P. Rapagnani, F. Ricci, and M. Punturo,
Seismological Research Letters 92, 352 (2020).

[157] S. Kawamura et al., PTEP 2021, 05A105 (2021),
arXiv:2006.13545 [gr-qc] .

[158] P. Jaranowski, A. Krolak, and B. F. Schutz, Phys. Rev.

D 58, 063001 (1998), arXiv:gr-qc/9804014 .
[159] N. Arnaud, M. Barsuglia, M.-A. Bizouard, P. Canitrot,

F. Cavalier, M. Davier, P. Hello, and T. Pradier, Phys.
Rev. D 65, 042004 (2002), arXiv:gr-qc/0107081 .

[160] B. F. Schutz, Class. Quant. Grav. 28, 125023 (2011),
arXiv:1102.5421 [astro-ph.IM] .

[161] K. Yagi and N. Seto, Phys. Rev. D 83, 044011
(2011), [Erratum: Phys.Rev.D 95, 109901 (2017)],
arXiv:1101.3940 [astro-ph.CO] .

[162] S. Kawamura et al., Class. Quant. Grav. 23, S125
(2006).

[163] https://gwosc.org/eventapi/html/GWTC/.
[164] S. Hild et al., Class. Quant. Grav. 28, 094013 (2011),

arXiv:1012.0908 [gr-qc] .
[165] https://cosmicexplorer.org/sensitivity.html.
[166] L. S. Finn, Phys. Rev. D 46, 5236 (1992), arXiv:gr-

qc/9209010 .
[167] C. M. Hirata, D. E. Holz, and C. Cutler, Phys. Rev. D

81, 124046 (2010), arXiv:1004.3988 [astro-ph.CO] .
[168] N. Tamanini, C. Caprini, E. Barausse, A. Sesana,

A. Klein, and A. Petiteau, JCAP 04, 002 (2016),
arXiv:1601.07112 [astro-ph.CO] .

[169] B. Kocsis, Z. Frei, Z. Haiman, and K. Menou, Astro-
phys. J. 637, 27 (2006), arXiv:astro-ph/0505394 .

[170] E. Barausse, Mon. Not. Roy. Astron. Soc. 423, 2533
(2012), arXiv:1201.5888 [astro-ph.CO] .

[171] R. Laureijs et al. (EUCLID), (2011), arXiv:1110.3193
[astro-ph.CO] .

[172] D. Spergel et al., (2015), arXiv:1503.03757 [astro-
ph.IM] .

[173] P. A. Abell et al. (LSST Science, LSST Project), (2009),
arXiv:0912.0201 [astro-ph.IM] .
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