arXiv:2404.18198v1 [quant-ph] 28 Apr 2024
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The Symmetric group S, manifests itself in large classes of quantum systems as the invariance of certain
characteristics of a quantum state with respect to permuting the qubits. The subgroups of .S,, arise, among many
other contexts, to describe label symmetry of classical images with respect to spatial transformations, e.g. reflec-
tion or rotation. Equipped with the formalism of geometric quantum machine learning, in this work we propose
the architectures of equivariant quantum convolutional neural networks (EQCNNs) adherent to Sy, and its sub-
groups. We demonstrate that a careful choice of pixel-to-qubit embedding order can facilitate easy construction
of EQCNNSs for small subgroups of \S,,. Our novel EQCNN architecture corresponding to the full permutation
group S, is built by applying all possible QCNNs with equal probability, which can also be conceptualized
as a dropout strategy in quantum neural networks. For subgroups of S,,, our numerical results using MNIST
datasets show better classification accuracy than non-equivariant QCNNs. The Sy, -equivariant QCNN architec-
ture shows significantly improved training and test performance than non-equivariant QCNN for classification of
connected and non-connected graphs. When trained with sufficiently large number of data, the S,,-equivariant
QCNN shows better average performance compared to Sy, -equivariant QNN . These results contribute towards

building powerful quantum machine learning architectures in permutation-symmetric systems.

I. INTRODUCTION

The field at the interface of quantum technology and ma-
chine learning has been subject to extensive research in recent
times. A significant fraction of these are aimed at building
machine learning models using quantum systems. Of par-
ticular interest are quantum neural networks (QNNs) [1-5],
analogous to classical neural networks in deep learning. The
central component in a prototypical QNN is a quantum cir-
cuit with single and multiple qubit gates with trainable pa-
rameters. It has been widely known as parametric quantum
circuit (PQC) or variational quantum circuit (VQC) [6-10].
PQC-based QNNs have been used to design quantum analogs
of well-known classical machine learning architectures, e.g.
quantum autoencoder [8], quantum convolutional neural net-
works (QCNN5s) [11-13], quantum generative adversarial net-
works (QGANS) [14—19], quantum generative diffusion mod-
els [20-22] etc. The cost function obtained from the above
networks is optimized using a classical optimization routine,
thus they are hybrid quantum-classical networks. They are
designed to function with both classical and quantum data.
Despite the potential speed-up and signatures of success of
quantum machine learning over classical ML models [23-27],
there exist several limitations for QNNs, the barren plateau
problem being one of them [28-31]. On one hand, an arbi-
trary hardware-efficient PQC ansatze is expected to have high
expressibility [32] to ensure that the solution of the optimiza-
tion problem is close enough to the actual solution. On the
other hand, PQCs with higher expressibility are increasingly
prone to exhibiting barren plateau [28, 29]. It is therefore a
crucial task to mitigate barren plateau for a practical applica-
tion of quantum neural networks.

One way to improve the trainability and generalization in
machine learning algorithms is to introduce inductive bias in
the learning model, i.e. to use some prior known informa-
tion about the dataset to build a problem-specific model and

constrain the optimization space of the network. Particularly,
geometric machine learning refers to a scheme in which the
known symmetries of the dataset are used to construct a net-
work which respects those symmetries [33]. In past few years,
the theory of geometric quantum machine learning has been
developed by a number of works [34—40]. The performance
of symmetry-enhanced QNN:s, also called Equivariant QNN
(EQNNSs), has been investigated for a number of commonly
encountered symmetries in classical datasets as well as quan-
tum systems. These studies show that some classes of EQNNs
are devoid of the barren plateau problem [41-43]. Moreover,
the performance of an EQNN shows improvement over a non-
equivariant QNN for pattern recognition and image classifica-
tion [37, 43-46].

Among all the symmetry groups, the group of all permu-
tations of n objects, which is also called Symmetric group
(Sn), is a crucial one. It is known that every group is iso-
morphic to some subgroup of a Symmetric group. Symmet-
ric group frequently arises in physical scenarios where certain
properties of a quantum state remain invariant under arbitrary
permutation of the qubits. To exemplify, the genuine multi-
party entangled quantum states remain genuinely entangled
when the subsystems are permuted, or the set of connected
graphs remain connected under permutation of the vertices.
There also exist scenarios for which the permutation symme-
try in a system corresponds to a subgroup of S,,. For exam-
ple, the states of a many-body quantum system in presence of
periodic boundary condition remain unchanged under cyclic
permutation of qubits, which corresponds to cyclic group Z,.
Another example is the label symmetry of classical images,
i.e. the class labels of images remain unchanged under spatial
transformations like reflection or rotation, which corresponds
to permuting the pixels in a certain way. The S, -equivariant
QNN has been studied in [42], with a theoretical proof of ab-
sence of barren plateau. For small subgroups of .S,, relevant
to classical images, EQNN can be easily built by visualizing



the qubits as pixels in a 2D plane [37].

While QNN broadly refers to a general PQC architecture,
in this work, we focus our attention to a specific type of QNN,
namely quantum convolutional neural networks. We propose
an architecture of equivariant quantum convolutional neural
network (EQCNN) for Symmetric group and its subgroups,
which we jointly refer to as permutation group. Our architec-
ture is based on the well-known model of QCNN introduced
in Ref. [11], which shows a considerably good performance
for classifying topological phases of many-body quantum sys-
tems [11, 47-50] as well as classical images [51]. A few
works have studied EQCNN for classical images [45, 46], all
of them using the quantum amplitude embedding. For reflec-
tion or rotation symmetry of images, amplitude embedding
results in a representation of permutation group that acts lo-
cally on each qubit. However, when using qubit embedding
(also known as angle embedding), the resulting representa-
tions correspond to subgroups of S,, and act non-locally on
multiple qubits, as we will elaborate in the next section. In
addition to that, the QCNN proposed in Ref. [11] is subject to
some structural restrictions, i.e. the translational invariance of
the convolution layers and the qubit-reducing feature of pool-
ing layers. The main challenge in designing EQCNN is to
comply with these constraints under non-local action of the
unitary representations in general. In this work, we try to re-
solve this issue. We demonstrate that for subgroups of S,
it is important to choose a particular order of pixel-to-qubit
mapping which enables one to build the EQCNN ansatze in a
translationally-invariant manner. Equipped with this, we put
forward EQCNN architectures for reflection symmetry and
7 /2-rotational symmetry of images, which shows improved
performance compared to non-equivariant QCNNs for classi-
fying MNIST datasets. For full permutation symmetry of S,
our EQCNN is built by applying all QCNNs at random with
equal probability. Such a probabilistic picture of QNN, al-
though mentioned briefly in Ref. [38], has not been explored
significantly before. We build a quantum circuit to realize
this stochastic action of the convolutional and pooling layers.
We test its performance for classification of connected and
non-connected graphs against non-equivariant QCNN as well
as Sp-equivariant QNN. While the EQCNN always performs
better than the former, for the latter it shows an improvement
when trained with comparatively large number of data-points.

II. METHODS
A. Quantum Convolutional Neural Network (QCNN)

The QCNN architecture of ref. [11] is inspired from the
multi-scale entanglement renormalization ansatz (MERA)
representation of quantum many-body states [52]. Any QNN
has three components: an n-qubit quantum register encoding
the input quantum state |¥), a PQC Uy acting on | ), and
lastly a measurement M on some (or all) of the qubits. In case
of QCNN, Uy consists of a series of convolutional and pool-
ing layers. The convolutional layer has a brick-like structure
on an 1D array of qubits, i.e. an m-qubit (m < n) trainable

convolutional ansatz is applied on all combinations of neigh-
boring m qubits, mimicking the action of a kernel in CNN.
It is a common practice to consider a two-qubit convolutional
ansatze. All ansatze within the same convolutional layer have
same trainable parameters. In the pooling layer, a subset of
qubits are measured and conditioned on each measurement
outcome, a parametrized rotation is applied on each qubit of
the complementary subset. Similar to convolutional layers the
trainable parameters are shared within a pooling layer. All the
measured qubits are then traced out, thus reducing the effec-
tive dimension of the system. In real quantum devices this
is same as ignoring the qubits in the subsequent stages and
considering only the dynamics on the remaining qubits. The
sequence of convolutional and pooling layers is then repeated
until a small fraction of qubits are left. In analogy to the fully-
connected part of a CNN, one can then apply a general PQC
on the remaining qubits at the end and finally measure them
to obtain the prediction. The network is then trained using a
suitable loss function and optimization algorithm. Compared
to a generic deep quantum neural network, in this case due
to progressive qubits reduction, the structure has a shallower
depth of O(logn), which is preferable for implementation in
NISQ devices. This model of QCNN is also known to be free
of barren plateau [41].

B. Label symmetry

For a classical or quantum dataset, a label symmetry ex-
ists if the class labels of all the data-points remain unchanged
under a set of operations on those data-points. For example,
in MNIST dataset the labels of digits {0, 1, 8} are unchanged
when the images are reflected, or the labels of a quantum state
being entangled or non-entangled are invariant under local
unitary transformations on a qubit. Let us consider a binary-
classification task for a dataset X with data-points x; and cor-
responding class labels y; € ) where ) = {0, 1}. The func-
tion that maps the data-points to their labels is f : X — ).
The task of QNN is to realize a quantum circuit fy that closely
approximates f. A set of operations G form a label symmetry
group of X if for all group elements g € G, the assigned labels
remain unchanged, i.e.,

flg(xi) = yi = f(1),

Note that the data points themselves may not be invariant un-
der the group action, i.e., g(x;) # x; in general. Thus, the
parametric function fy used to classify X will be consistent
with G if it predicts same label for inputs related by the sym-
metry operations. The QNNs respecting this constraint are
called Equivariant QNNs (EQNNs). It was proved in [38, 53]
that a PQC Uy and a measurement M will form an EQNN if
and only if

Ve, € X, Vg € G. (D

[R(g),Us] =0 and  [R(g), M] = 0. 2)
Thus if we define the commutator space of R(g) to be the
space of all operators that commute with R(g), then Uy and
M must belong to that commutator space. In the context
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FIG. 1: In the center, a 4 x 4 image with pixel values {a, b, ..., p} indicated in the top left corner of each pixel and
corresponding pixel positions in the bottom right corner. On the right, the image after vertical reflection. On the left, the image
after rotation by angle /2.

of EQCNN, Ujy is composed of a series of convolutional and
pooling layers. Thus, equivariance of Uy can be obtained by
making sure that each convolution and pooling layer is equiv-
ariant with respect to R(g).

C. EQCNN with permutation symmetry

The elements of a symmetry group can act either as in-
ner symmetry or outer symmetry [38]. For the former, R(g)
can be decomposed as a tensor product of locally acting uni-
tary operators. A well known example is the local unitary
group SU(2) acting on a system of n qubits, and its represen-
tation R(g) = ¢g®™ which acts locally on each qubit, where
g € SU(2). Another commonly occurring instance of in-
ner symmetry is when classical images are encoded as quan-
tum states using amplitude embedding, and the representation
R(g) of reflection or rotation group symmetry is a tensor prod-
uct of Pauli-X matrices and qubit identity operators acting lo-
cally on different qubits. The architecture and performance
of equivariant quantum neural networks for inner symmetries
have been investigated in a number of works [37, 38, 44—46].

On the other hand, R(g) for outer symmetry groups can-
not be decomposed into locally acting components, an exam-
ple being the Symmetric group S,, which manifests itself as a
symmetry with respect to permuting the qubits. The physical
operation of permuting two qubits is expressed mathemati-
cally using SWAP gate. One can show that, for every element
g of S, R, can be written as a product of SWAP gates, as we
will exemplify in the next section. When a system of n qubits
has full permutation symmetry, each qubit can be swapped
with any other qubit. The fulfillment of equivariance condi-
tion Eq. (2) then requires that {{fg must remain unchanged
when the qubits are permuted in an arbitrary way. When us-
ing layers of single-qubit gates and two-qubit entangling gates
to construct Uy, permutation equivariance can be achieved if
one uses single qubit gates with same parameters on all qubits,
and entangling gates to connect all possible (g) combinations
of two qubits. In reference Ref. [42], the authors show that
this architecture of S,,-equivariant QNN is devoid of barren
plateau, and benchmark its performance for classification of

connected and non-connected graph states.

This structure of S,-equivariant QNN is translationally
symmetric on an array of qubits, thus can be used as the
first convolutional layer of a permutation-equivariant QCNN.
However, it is not straightforward to construct pooling lay-
ers in this case, as choosing a particular set of qubits to trace
out inevitably breaks the full permutation symmetry. Addi-
tionally, the reduced representation on the remaining qubits
after the first pooling layer is not a faithful representation. It
was pointed out in Ref. [38] that one possible technique is
to randomly trace out all combinations of (7:;2) qubits with
equal probability to retain full permutation symmetry. In this
work, we have used this strategy to construct equivariant pool-
ing layers. Moreover, we show how to construct equivariant
measurements for a probabilistic ansatze.

There exist other practically useful scenarios when the rel-
evant labels of quantum states remain unchanged under the
action of a subgroup of S,,. For example, when each pixel
value of a classical image is encoded using a qubit (angle em-
bedding), the operation of reflecting or rotating the image cor-
responds to permuting the qubits in a certain way, eliminating
full freedom. In a way, this is an inner symmetry for which
the group representation acts locally on a set of qubits which
are allowed to permute within that set. In such cases, equiv-
ariant Uy can be achieved using less than (72’) two-qubit gates
and a lower-depth circuit, as we will describe in the following
subsections.

1. Reflection-equivariant QCNN

Let us consider classification of images whose labels re-
main invariant under a reflection about the vertical axis. There
are two group elements here— the identity operation e which
keeps the image unchanged, and the reflection operation 7.
They form the abstract group Zs = {e,r}. For angle embed-
ding of classical images into quantum states, the symmetry
representation of reflection group acts non-locally on certain
groups of qubits through SWAP gates. For example, fora 4 x4
image as in Fig. 1, the representation of the reflection group
is,
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FIG. 2: (a) The structure of reflection-equivariant QCNN for 16 qubits. The cyan and the orange boxes represent respectively
the parametrized convolutional and the pooling ansatze. For the control qubits in pooling layer, we use half-filled circles to
indicate that the pooling ansatze depends on both the cotrol states {|0),|1)}. (b) Reflection-equivariant QCNN using only
nearest-neighbour connections in a 16-qubit quantum register with square-lattice architecture.

Rref = {11®16, SWAP1,4SWAPZSSWAP5,8SWAP6,7SWAP9,1QSWAP10,HSWAPB,MSWAPM%} 3)

where SWAP; ; denotes swap operation between pixel val-
ues at positions ¢ and j of the image before reflection. Here,
qubit pairs {{1,4}, {2, 3}..} constitute subsystems on each of
which a SWAP gate acts locally.

Now, for an arbitrary order of embedding the pixel values in
1D array of qubits, one can check that applying convolutional
ansatze in the typical brick-like structure is not equivariant
with respect to the representation in Eq. (3). We demon-
strate that by adhering to a particular pixel-to-qubit embed-

J

(

ding order, one can build equivariant convolutional ansatze
for all layers by having the brick-like arrangement of two-
qubit ansatze. By pixel-to-qubit embedding order, we imply
a particular one-to-one correspondence between pixel values
{a,b,¢,...} and the qubits indices {1, 2, 3, ..} which encodes
them. This pixel-to-qubit embedding order and the resulting
EQCNN have been presented in Fig. 2 for a 4 x 4 image. Here
the qubit indices increase from 1 to 16 when moving from top
to bottom of the 1D array. Due to this altered embedding or-
der, the group representation changes to,

wa = {H®16, SWAP1716SWAP2715SWAP3714SWAP47138WAP571QSWAP6711SWAP7,108WAP&9}. (4)

In the pooling layer, we trace out half of the qubits in a way
so that the action of the reflection group has a faithful repre-
sentation on the remaining qubits, which is the following after
the first pooling layer,

Rl = {1°%, SWAPs5,158WAPs, 11 SWAP7 10SWAPs 0 .
()

Similarly, after the second pooling layer, the reduced repre-
sentation is

Rt — {H®4, SWAP&HSWAPMO}, 6)
and that after the third pooling layer is

Rt — {H®2, SWAPW}. %

(

The measurement is performed on the remaining two qubits
{7,10}.

This structure of EQCNN can be conveniently embedded
on a quantum register with 2D square lattice architecture. We
demonstrate this in Fig. 2(b). An advantage of 2D is that all
the pooling ansatze are applied on nearest-neighbour qubits.
However, to retain full translation symmetry of the convo-
lutional layer, one needs to apply the convolutional ansatze
on two qubits {a, d} which are not nearest neighbours in this
case. Square lattice architectures have been realized in NISQ
devices such as Rigetti quantum hardware ANKAA-2 and
Pasqal neutral atom quantum processing units.
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FIG. 3: EQCNN for reflection and 7 /2-rotation symmetry for 16 qubits. For non-nearest-neighbour applications of two-qubit
convolutional ansatze in the first and third layer, we use same integers to clearly indicate qubits on which they apply within a
sub-layer .

2. Reflection and % -rotation equivariant QCNN

Next we consider images having label symmetry with re-
spect to both reflection and a rotation by angle /2. We

J

present the corresponding EQCNN in Fig. 3. There are
two symmetry groups at play— the reflection symmetry group
{e,r}, and the rotational symmetry group {e, '} where r’
corresponds to 7r/2-rotation. For the natural order of pixel-
to-qubit embedding, the group representation for the latter is

R™' = {11@16, SWAP1,1GSWAP2,15SWAPB,14SWAP4,1BSWAP5,1QSWAP6,HSWAP7,1OSWAP&9}, (8)

as can be understood from Fig. 1. Note that Eq. (8) is the
same as the representation in Eq. (4). Hence in this case, rota-
tional equivariance is obtained from the brick-like structure of
convolutional layer for the natural order of pixel-to-qubit em-
bedding. However, to ensure reflection equivariance for this
embedding, an additional layer of convolutional ansatze needs
to be applied but in a different fashion. In detail, the two-qubit

(

convolutional ansatz is applied on every qubit and and its 7"
nearest neighbour when counting the qubits from top to bot-
tom in Fig. 3. The reasoning behind this construction can be
understood by observing how the nearest neighbour qubits are
rearranged under reflection. The construction of first pooling
layer ensures that the representations of both the groups on the
remaining qubits are faithful. These reduced representations
are

R = {15, SWAP; sSWAPG 7SWAPo 15SWAP 0,11}, ©)

Rt — {H®8, SWAP5,1QSWAP6,11SWAPMOSWAP&Q}.

In the second convolutional layer, the brick-like structure
alone is sufficient to ensure equivariance with respect to both
the symmetries. The reduced representations after the second
pooling layer are,

Y
(12)

Rref — {H®4, SWAP5788WAP9,12},

RrOt = {H®4’ SWAP57128WAP879}-

(10)

(

The third convolutional layer is constructed in the same way
as the second convolutional layer. In the third pooling layer, it
is impossible to trace out any two qubits, maintaining equiv-
ariance with respect to both the symmetry groups. Hence, we
use a pooling layer for which the rotational equivariance is
broken but the reflection equivariance is protected. Lastly, the
remaining two qubits {5, 8} are measured.

Note that, one can obtain the EQCNN with respect to 7/2-
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FIG. 4: (a) A schematic diagram showing all possible QCNNs and the qubit indices on which they act for an Sy-equivariant
QCNN. Each arrow indicates a possible pooling operation. The number of different pooling operations in a layer is shown in
the vertical column on the left. We highlight two examples of these QCNNSs with red and blue arrows. (b) A circuit
representation of the red and blue QCNNs and corresponding measurements. C; and Cs are respectively the first and second
convolutional layer.

rotation symmetry alone by removing the additional convo-
lutional layer in the first layer, and changing the last pooling
ansatze in a way to protect rotational equivariance. As a result,
the final measurement will be on a different set of qubits.

3. Sp-equivariant QCNN

When a system has full permutation symmetry, we use the
Sp-equivariant QNN with all-to-all two-qubit gate connec-
tions as the first convolutional layer. For the pooling opera-
tion, let us consider a scenario in which no explicit pooling
ansatz is applied, but half of the qubits are traced out suc-
cessively at each pooling layer. In the first pooling layer, we
randomly trace out any n./2 qubits. This can be done in (732)
possible ways, each occurring with equal probability to retain
the permutation equivariance. The second convolutional layer
has the same structure as the first convolutional layer, however
it is applied on the remaining n/2 qubits. In the second pool-
ing layer, we randomly trace out n/4 qubits from n/2 qubits

in (Zﬁ) possible ways, and apply the third convolutional layer
on the remaining n/4 qubits. We keep adding convolutional
and pooling layers until only one qubit is left. Another way to

envision this is to think that there are in total

P= (n”2) x (?i) x (Z/g) X .o X G) (13)
/ / /

number of possible QCNNSs, which are applied on the input
state with equal probability. For each of these QCNNs, the
last remaining qubit is measured to obtain the loss function.
We schematically depict the idea discussed above in Fig. 4
for a simple case of n = 4.

Now we build a quantum circuit that can exactly realize the
probabilistic nature of the EQCNN described above. We show
this in Fig. 5. Additional to the target register encoding the
input state p, there is an auxiliary quantum register A; with
[log P| = 4 qubits, which is initialized in an equal superpo-
sition |W 4, ) of the first P = 12 orthogonal basis states. We

apply the first convolutional layer C on p. Since no trainable
pooling ansatz is present, tracing out n/2 randomly chosen
qubits in the first pooling layer is equivalent to applying the
second convolutional layer C5 on all possible (3) = 6 pairs of
qubits. To ensure that they are applied at random with equal
probability, we apply them controlled on the states of the first
three qubits in A;. In the next and final pooling layer, ran-
domly tracing out any one qubit from a qubit pair is equiva-
lent to randomly choosing a qubit and measuring it. For this,
we add another single-qubit auxiliary register A initialized
in state |0). Now for each qubit pair in the target register,
controlled on the last qubit of A; being in state |0) or |1), we
swap either of the qubits with As. Finally, we measure Pauli-Z
operator on A to obtain the loss function. A detailed math-
ematical description of how this circuit works is discussed in
the Appendix.

A drawback of the above circuit is that with increasing n,
P increases very fast and soon becomes exponential in n, re-
sulting in an exponentially deep circuit. This can be avoided
if instead of tracing out half of the qubits from previous layer,
one chooses to trace out a constant number m of qubits at each
pooling layer, and repeats this for & < > times such that P
is polynomial in n. At the end of k' layer, measurements are
performed on all the remaining qubits. This strategy remains
valid since tracing out exactly half of the qubits is a conven-
tion rather than a strict requirement for QCNN, although the
logarithmic depth may not hold depending on the relation be-
tween m and n. We leave it for future research works to in-
vestigate the performance of this polynomially deep EQCNN.

As mentioned in ref. [38], the technique of probabilistically
applying different unitary ansatze on the input states can also
be used to design a dropout mechanism in a general quantum
neural network. A few works exist in literature that proposes
quantum dropout by randomly dropping single and two-qubit
gates [54, 55] as well as the qubits themselves [10], whereas
our strategy matches well with that discussed in ref. [56]. Par-
ticularly, ours is a special case in which half of the qubits from
the previous layer are randomly chosen and dropped along
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FIG. 6: Samples of Fashion MNIST images corresponding to
class 0 and class 8 sized down to 4 x 4 pixels.

with all gates acting on them on subsequent layers. How-
ever, it also implies dropping half of the trainable parameters
at each layer, which greatly reduces the expressibility and can
result in poor trainability of the network. Instead, one may
choose to drop a small constant number of m qubits at each
successive layer, as discussed also in the previous paragraph.

III. RESULTS

We compare the classification accuracy of equivariant and
non-equivariant QCNNs for the symmetry groups discussed
in the last section. We build and train all the networks using
Pennylane quantum simulator [57].

For reflection symmetry alone, we use class 0 (tshirt) and
class 8 (handbag) of Fashion MNIST dataset, whereas for im-
ages symmetric with respect to reflection and 7 /2-rotation,
we use class 0 and 1 of MNIST dataset. The original images
are 28 x 28 pixels, we downsize them to 4 x 4 pixels to em-
bed the pixel values into 16 qubits using Ry rotation. Some
samples of the downsized images for Fashion MNIST dataset
are presented in Fig. 6. As the convolutional and pooling
ansatze, we use the circuits in Fig. 7(a) and 7(b) respectively,
where Rot(61,02,05) = Rz(03)Ry (02)Rz(61). One can
choose any other set of single-qubit and two-qubit gates with-
out loss of generality. For building EQCNNs we follow the

embeddings and architectures in Fig. 2 and Fig. 3, while for
non-equivariant QCNNs we use standard pixel-to-qubit em-
bedding order and the architectures in Ref. [51]. We train the
models using Nesterov moment optimizer with learning rate
0.005. As loss function, we use binary cross-entropy. We ob-
tain the average test-set classification accuracy over 10 identi-
cal runs, each with random initial parameters and a batch size
of 32. The behaviour of mean test-set accuracy with increas-
ing number of training iterations is presented in Fig. 8. For
fashion MNIST, EQCNN has a higher classification accuracy
than non-equivariant QCNN. For MNIST images, consider-
ing the 7 /2-rotational symmetry alone results in a higher ac-
curacy than the non-equivariant QCNN. However, taking into
account both reflection and 7 /2-rotational symmetry reduces
the accuracy significantly. This can be due to the highly con-
strained structure of EQCNN under both the symmetries, for
which the expressibility degrades significantly.

We apply the S,,-equivariant QCNN for classification of
connected and non-connected graphs with 4 vertices. The
graphs are randomly generated using Erdés-Rényi model with
an edge probability of 45%. The quantum graph states
are generated from the graphs using the standard method
from [58, 59], and are embedded into a four-qubit quantum
register using amplitude embedding. The property of being a
connected or non-connected graph remains unchanged under
arbitrary permutations of the vertices, in this case the qubits.
From all possible graph states with 4 vertices, we choose a
fraction for training and the other part for testing. We use two
different instances of this partitioning- for case I we have 45
data-points for training and 18 for testing, while for case 2
we have 52 and 11 data-points respectively for training and
testing. In both cases, the training data is well balanced be-
tween the two classes, while the test data has a large fraction
of connected graphs. We augment the training and test set
with multiple copies of the distinct data-points. As the con-
volutional ansatze, we use the .S,,-equivariant ansatze shown
in Fig. 7(c) in the first layer, and its two-qubit analog in
the second layer. The choice of the gates is again arbitrary.
In addition to EQCNN, we also test the performance of S,,-
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equivariant QNN without pooling layer, for which we replace
the second convolutional layer by another layer of the four-
qubit ansatze in Fig. 7(c). In this case we measure Pauli-Z
operator on all the qubits to obtain the loss function. Note that
the number of trainable parameters is same for the EQCNN
and EQNN. For non-equivariant QCNN, we use the architec-
ture of QCNN in Ref. [51] with Fig. 7(a) and 7(b) as con-
volutional and pooling ansatze. All models are trained using
Adam optimizer with a learning rate 0.01, and we use mean-
squared error as loss function. We obtain the mean training
loss, training accuracy and test accuracy from 10 randomly
initialized training schemes with a batch size 10. The results
are presented in Fig. 9.

On average, we find that the S,,-EQNN has a good gen-
eralization behaviour, and the corresponding test accuracy is
better than the other two models for case 1 when the train-test
ratio is 5 : 3 approximately. The performance of S,,-EQNN
does not differ much for case 1 and case 2. On the other hand,
the S,,-EQCNN overfits the training data in case 1. However,
when the train-test ratio is approximately 5 : 1 in case 2 and
there are more data-points to learn, the performance of the
EQCNN improves and it shows higher average test accuracy

than S;,-equivariant QNN. In this case, out of the 10 instances
of initial parameters, there are more cases for which the max-
imum test accuracy 1 is obtained for EQCNN compared to
EQNN. In Fig. 10 we show the training and test accuracy for
one such instance. The non-equivariant QCNN has a much
lower test accuracy than both the equivariant architectures in
both cases.

IV. DISCUSSIONS AND CONCLUSION

In this work, we proposed a pixel-to-qubit embedding order
that facilitates applying the quantum convolutional ansatze in
an equivariant manner for angle-embedded classical images
with reflection and rotational symmetry of image labels. The
resulting EQCNNs show better classification accuracy than
non-equivariant QCNNs. Though angle embedding requires
as many qubits as the number of pixels compared to the loga-
rithmically less number of qubits in amplitude embedding, the
latter needs an exponentially deep circuit to encode an arbi-
trary quantum superposition of n qubits, thus subsuming the
advantage due to logarithmically shallow circuit of QCNN.
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Compared to that, angle embedding requires a circuit of con-
stant depth, since each qubit can be manipulated individually
in parallel. With this advantage, and the fast growing dimen-

sion of NISQ devices, angle embedding remains a more po-
tent choice for quantum embedding of classical data. More-
over, one can also pre-process a large classical image to re-
duce its dimension using principal component analysis (PCA)
or a classical autoencoder, before angle-embedding it into a
smaller number of available qubits. In this case however, the
pre-processing must preserve the label symmetry, in order to
use an EQCNN for classification. It is to be noted that, though
our embedding trick works for small subgroups of .S,,, it will
become increasingly difficult to design a translationally sym-
metric equivariant convolutional ansatze for bigger permuta-
tion groups, e.g. p4m symmetry group, which again arises fre-
quently in highly symmetric classical images. In such cases,
one may choose to take into account fewer symmetries. This is
supported by our numerical data showing a better performance
compared to equivariant circuit which takes into account all
existing symmetries. One can also use a more flexible ansatze
that weakly breaks the symmetries [45].

Our construction of S,,-equivariant QCNN proposed also a
probabilistic picture of QNN, which has not been explored in
detail in literature yet. We use graph states as dataset to ana-
lyze the performance of the S,,-equivariant EQCNN, which
shows a better performance than non-equivariant QCNN.
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When sufficient training data are used, this EQCNN performs
better than .S,,-equivariant QNN on average. This probabilis-
tic application of .S,,-equivariant QCNN can be viewed as a
special type of dropout mechanism in QNN [10, 54-56], in
analogy to dropout in CNN to prevent overfitting [60]. Par-
ticularly in our case, the important difference with the con-
ventional dropout is that, here no trainable parameters are
dropped, rather some of the qubits on which the correspond-
ing gates apply. One can also apply with equal probability
the equivariant ansatze for every symmetry group when there
exist more than one symmetry group, as also discussed in the
last paragraph.

It should be mentioned that there exist alternative ap-
proaches for designing a quantum convolutional neural net-
work in quantum systems [13, 39, 61]. Particularly in refer-
ences [39, 61], the authors conceptualize the qubit permuta-
tion symmetry as the quantum analog of translational sym-
metry in classical images. They propose as ‘convolutional
quantum ansatze’ a permutation-equivariant ansatze which is
in turn constructed by employing global SU (d)-equivariant
Hamiltonians, since by Schur’s lemma the representation the-
ory of S, can be described using the representation theory
of SU(d), and vice versa. As a result, their architecture can
be used to find the ground states of many-body Hamiltonians
that exhibit SU(d) symmetry. This is in contrast to our work
which proposes a permutation-equivariant QCNN that mani-
fests the translation symmetry in a different way [11].

Data classification is an ubiquitous task in a plethora of ev-
eryday applications. Classical state-of-the-art classifiers are
supremely successful, yet the potency of quantum classifiers
are worth the investigation. The quantum convolutional neu-
ral networks are proved to be efficient classifiers. Thus, our
construction of equivariant QCNNs for spatial symmetry of
images is a significant addition to the growing literature. The
Sp-equivariant QCNN proposed in this work is extremely rel-
evant due to the frequent presence of permutation symmetry in
nature. We also believe that the stochastic nature of the varia-
tional quantum ansatz is an interesting direction to be pursued
for future research.
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Appendix A: S, -equivariant channel and measurements

Denoting the input state as p, the state after the first convo-
lutional layer is

where C is the unitary corresponding to the first convolu-
tional layer.

The initial state in the auxiliary register A; is

|Wa,) = A5 (10000) + [0001) + 0010) + [0011) + [0100)
+(0101) + |0110) + |0111) -+ |1000) + [1001)

+]1010) + [1011)). (A2)

After the controlled application of second convolutional layer
on different pairs of qubits, the input state becomes,

L(CRpi02 + OB p O3 + O3t pr C3™

023,01023%0 10,03 + C3pC3Y, (A3

where C5’ is the second convolutional layer acting on the
qubit-pair (4, 7).

At this stage, the auxiliary register As is in the state |0), and
we denote the corresponding qubit with index 0. After appli-
cation of controlled swap gates, the state of the joint system
consisting of our input state register and auxiliary register Ao
is,

1
P = 25 (S1(C3?p1C3 © 0)(0))S; + Soa(C3°p1C3>" @ [0)(0])Shy + Son (€301 3 © 10)(01)S4,

+ So3(C3°p1C 13 ® |0) <0|)503 + So1(C3*p1C 14 ® |0><O|)S()1 + S04(Cy*p1 C: 14 ® |0><0DS£4
+ S02(C3%p1C 23 ®10) <0|)502 + So3(C3%p1C 23 ® |0><O|)803 + S02(C3*p1 C: 24 ®10) <0DS£2
+ S04(C3*p1C: 24 ®10) <0|)So4 + So3(C3*p1C 34 ® |0><O|)803 + S04(C3*p1 C: 34 ®10) <ODS£4)-

The expectation value of the measurement on As is,

m = Tr(p3Mp), (Ad4)

(

where My =05 @1 @ I ® I3 @ I4.



Now, using the cyclic property of trace, we can write the
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following for an arbitrary term in Eq. (A4),

m = Te( (Su(CY Oy © 10)(0))S7,) M)

Tr

Cy p1C. 2 7" @ 10)(0]))
C¥ p1C' ). T (T]0) (0])
2/)10”)

Tr

( 5500 (P CY  0)0))
(M
o
T

where M; (i # 0) denotes a Pauli-Z measurement on the i*"
qubit. In this way, we design a measurement outcome which is
the weighted sum of measurement outcomes from all equally
probable QCNNS.
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