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Abstract

The interactions between a large population of high-frequency traders (HFTs) and a large trader (LT)
who executes a certain amount of assets at discrete time points are studied. HF Ts are faster in the sense
that they trade continuously and predict the transactions of LT. A jump process is applied to model the
transition of HFTS’ attitudes towards inventories and the equilibrium is solved through the mean field
game approach. When the crowd of HFTs is averse to running (ending) inventories, they first take then
supply liquidity at each transaction of LT (throughout the whole execution period). Inventory-averse
HFTs lower LT’s costs if the market temporary impact is relatively large to the permanent one. What’s
more, the repeated liquidity consuming-supplying behavior of HFTs makes L'T’s optimal strategy close to
uniform trading.
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1 Introduction

Institutional investors and high-frequency traders (HFTSs) are active and important participants in today’s
financial markets. HF Ts trade at a high speed and are equipped with advanced methods to process informa-
tion; institutional investors split orders to finish the execution task with lower costs, but may leave footprints
for HFTs to predict their future transactions. As found in Saglam (2020) [1] and Hirschey (2021) [2], the in-
teractions between institutional investors and HFTs are mainly completed through the channel of anticipatory
trading. Actually, HF'TS’ trading pattern within the execution period of large orders, the optimal execution
strategies of large traders and HFTS’ influences on large traders’ profits are highly concerned in both research
and industry.

Motivated by this, we consider a market with a large trader (LT) and a large population of HFTs, which
is approximated by a continuum of infinitesimal agents via mean field game approach. LT trades at discrete
time points, while HF Ts predict LT’s orders and trade continuously, which shows the difference in both the
trading speed and the population size. LT aims to maximize the revenue, while HF'Ts maximize the revenue
together with the inventory costs. HFTs with different levels of inventory aversion (terminal aversion I' and
running aversion ¢) are investigated and a jump process is applied to characterize the transition of these
levels. That is to say, HF'Ts may not only be at different levels of inventory aversion, but this level may also
change over time.

Two kinds of equilibria are investigated. If the strategy of LT is fixed, the game among HFTs is solved
and the reached Nash equilibrium is called “partial Nash equilibrium”; if LT also participates in the game,
the game between LT and HFTs and the game among HFTs are both solved, the reached Nash equilibrium is
called “overall Nash equilibrium”.

In both equilibria, HFTs implement anticipatory trading towards LT’s orders. When the crowd of HFTs
is averse to ending position, they will play the role of Round-Tripper throughout the whole trading period.
Round-Tripper is an anticipatory strategy defined in Xu and Cheng (2023) [3]: after predicting other investors’
future order flow, Round-Tripper trade in the same direction ahead of the coming order; when the order arrives,
she trades in the opposite direction to supply liquidity back. For example, if LT keeps buying, HFTs will
buy in the first half of the time and sell in the second half of the time. When the crowd of HFTs is averse
to running position, they will play the role of Round-Tripper at each transaction of LT. For example, if LT
keeps buying, HFTs will buy before and sell after each purchase of LT.

Consequently, the behavior of HFTs who hate both ending and running positions exhibits (1) short time-
frames of establishing and liquidating positions; (2) ending the trading day in as close to a flat position as
possible, which corresponed to the characteristics of HFTs mentioned in SEC (2010) [4]. Otherwise, if the
crowd of HFTs is not sensitive to inventory, they will trade in the same direction as LT and accumulate
positions.

It is interesting to find that between two transactions of LT, HFTs first trade in the opposite direction as
the large order and then trade in the same direction as it, as empirically found in van Kervel and Menkveld
(2019) [5].

LT is benefited by inventory-averse HFTs if the temporary price impact is relatively large to the permanent
one. It stands for a resilient market, most of the liquidity consumed by investors will soon recover. As a result,
the majority of adverse impact caused by HFTs’ same-direction trading will quickly disappear. The liquidity
provided by HFTs’ opposite-direction trading dominates the remaining adverse impact and thus LT profits
more.

In the overall Nash equilibrium, if the crowd of HFTs is more averse to running positions, LT’s optimal
strategy will be more close to uniform trading, which actually is her optimal strategy without HFTs. In this
case, HFTs act as Round-Tripper and the repeated liquidity consuming-supplying behavior of HFTs smooths
out LT’s transactions. Therefore, the existence of anticipatory HFTs do not necessarily change the execution
mode of LT. If the crowd of HF Ts is more averse to terminal positions, LT will delay more shares to trade in
the latter half of execution period, waiting for HFTs to offer liquidity.

The mean field game approach is applied to solve the curse of dimensionality. It is proved that both partial
and overall Nash equilibrium have the e-Nash property. In other words, the reached equilibria with infinitely
many HFTs are good approximations to the equilibria with finitely many HFTs.

2 Literature Review

Mean field games (MFGs) were first introduced simultaneously and independently by Lasry and Lions (2007)
[6] and Huang, Malhamé and Caines (2006) [7]. When the number of agents increases in the system, the
problem of solving the Nash equilibrium becomes intractable, and thus we can focus on a representative player
interacting with the distribution or average of the population. In the first MFG papers, the analytic approach



was employed with two coupled partial differential equations: (1) the backward Hamilton-Jacobi-Bellman
(HJB) equation takes care of the optimization part and represents the value function of the representative
player; (2) the forward Kolmogorov-Fokker-Planck (KFP) equation represents the evolution of the population
distribution. Later on, Carmona and Delarue (2013) [8] introduces the probabilistic approach for solving
mean field games, which calls for the solution of systems of forward-backward stochastic differential equations
(FBSDE) of Mckean-Vlasov type.

The assumptions of identical and insignificant agents and symmetric interactions are required to focus
on one representative agent, however, in reality there may exist heterogeneous players that affect the system
disproportionally. For example, Huang (2010) [9] studies linear-quadratic-Gaussian (LQG) games with a
major player and a large number of minor players. Nourian and Caines (2013) [10] studies a dynamic game
with a major agent and a population of minor agents which are coupled via both their individual nonlinear
stochastic dynamics and their individual finite time horizon nonlinear cost functions, the interactions between
LT and HFTs are also achieved in these two ways.

While MFGs are most often studied in settings with a continuous state space and deterministic or diffusive
dynamics, there are also works on MFGs with finite state spaces, including Gomes, Mohr and Souza (2013)
[11] and Belak, Hoffmann and Seifried (2021) [12]. Moreover, the individual players may not only interact via
their states but also via their controls, which is referred to as extended mean field games, see Chapter 1.4.6
in [13] as an example, and this is particularly relevant in finance and economics. This paper considers all the
aspects mentioned above, with LT as the major agent and HFTs as the population of minor agents, where the
states of HF'Ts include both the inventory level in the continuous space and the inventory averse level in the
finite space, and they interacts through both the states (inventory levels) and the controls (trading speeds).
To the best of our knowledge, this is the first paper considering both continuous-time and discrete-time games
in the same framework, especially in the application of finance.

This paper contributes to literature on optimal liquidation problem in the mean field game framework.
Two most related works are Cardaliaguet and Lehalle (2018) [14] and Jaimungal and Nourian (2019) [15].
In [14], traders execute orders in the presence of other similar market participants. HFTs in this paper are
those “similar participants”, the difference is that (1) there is also a large trader and HFTs will implement
corresponding strategies when predicting the large trader’s order; (2) the inventory aversion of HFTs in [14]
does not change over time. [15] considers the game between a major agent who is liquidating a large number of
shares, and a number of HFTs who detect and trade against the liquidator. The difference is that HFTs in this
paper is faster than the large trader in the sense that the large trader can only trade at certain time points but
HFTs can lay out continuously. However, in [15], the major agent and HFTs both trade continuously and in a
same time period. Besides, Casgrain and Jaimungal [16] (2020) solves a mean-filed game with heterogeneous
investors, who optimize different trading objectives and have different beliefs about price dynamics.

This paper contributes to literature on interactions between HFT and large trader. To our knowledge,
this paper is the first to model the anticipatory trading of infinitely many fast HF'Ts towards a slow large
trader, with the transition of HFTs’ inventory aversion. Cont, Micheli and Neuman (2023) [17] models the
Stackelberg game between a slow institutional investor and an HFT. HFT exploits price information more
frequently and is subject to periodic inventory constraints. The difference is that HFTs in this paper have
higher trading speed than the large trader and a market with multiple HF Ts is studied, solving the game in
the mean field game approach. Li (2018) [18], Yang and Zhu (2020) [19], Xu and Cheng (2023) [3] and Xu and
Cheng (2023) [20] model the anticipatory trading in extended Kyle models and in discrete time. Rosu (2019)
[21] studies fast traders who use immediate information and slow traders who use lagged one. So the former’s
order flow predicts the latter’s. Empirical works include but is not limited to van Kervel ad Menkveld (2019)
[5], Korajezyk and Murphy (2019) [22], Saglam (2020) [1] and Hirschey (2021) [2].

3 The Model

We work on the filtered probability space (Q, F, {F; }+cjo,7], P). During a finite time horizon [0, T'], we consider
a market with a large trader (LT) and a large population of high-frequency traders (HFTs) trading the same
asset. We formulate the game with both finitely many HF Ts and infinitely many HFTs, where in the latter,
the mean field game approach is applied. The Nash equilibrium in the mean field game can be solved explicitly,
and we demonstrate that it provides an approximate Nash equilibrium to the former one when the number
of HFTs M goes to infinity.

Investors’ trading activities. LT has to liquidate the position £ € IR at some specific time points

O=tr<ti <ta<..<tg <tgs1=1T.

The trading strategy of LT is denoted by {&}< |, where & € R represents the quantity traded by LT at t.



HFTs trade continuously. Their initial inventories are independently and identically distributed (i.i.d.)
random variables {X;(0)};en+. For the j-th HFT in the population, let F;—adapted processes X;(t) and
v;(t) denote her position and trading speed at time ¢ € [0, 17,

de (t) =vj (t)dt.

HFTs’ inventory aversion. Different HFTs may have different inventory-averse levels and these levels
form a finite set S with N elements. Each element i € S corresponds to a pair of non-negative real numbers

(T'(i), (7)) representing the terminal and running inventory aversion, respectively. For the j-th HFT, let
Fi—adapted process Y;(t) € S denote the level at time ¢. We assume that {Y;(¢ )}églg oy (1) are independent
processes; (2) are identically distributed at ¢ = 0; (3) have same and constant transition rate matrix Q €

RN*N_ As a result, {Y;(t )HEHST are identically distributed processes with

pi(t) = P(Y1(t)=1), 1 €S, t€[0,T].

In the following, let Q% denote the element of Q at the i-th row and the j-th column. And we further assume
that the choice of initial distribution {p;(0)};cs and transition rate matrix @Q guarantee that

pi(t) >0,i€S,te0,T)].

Market information. A standard one-dimensional Brownian motion {W(#)}:cjo,r) drives the price
dynamic.

3.1 The game with finitely many HFTs

Assume that there are M € NT HFTs in the market and index j € {1,...,M}. Let PM(t) denote the fair
price at time ¢, with permanent price impacts from LT’s trading and HFTs’ aggregate trading:

dPM(t) = gdW () +27HM dt+vz§k1[t —ta]»

where Y- > (0 and v > 0 are the permanent price impact coefficients for HFTs and LT, respectively; o > 0
is the volatility of the asset.

As M increases, the overall number of investors increases, so that each of them will have a milder impact
on the market. And in order to get rid of explosive impact, we add a non-explosive condition y#M = O(ﬁ)

It is assumed that
HM _ 1 H

Define
7]VI Z vt

then the fair price PM () follows:

K
dPM(t) = odW (t) + 10N (t)dt + 7Y &y,
k=1

The transaction price also includes a temporary impact from other participants in the market and the
trader’s own trading fees. Let PM(t) and PjM (t) denote the actual transaction price of LT and the j-th HFT
respectively,

PM(tr) = PM () + X0 (tk) + Ak + mo, k=1, K;
K
PM(t)y=PM(t) + \ToM(t) + A Z Er L=ty + nv; (1),
k=1
where M > 0 and A\ > 0 are the temporary price impact coefficients for HFTs and LT, g > 0 and > 0
represent the trading fees.



LT maximizes her expected revenue of liquidation, with an objective function

K
Z(—&c)pM(tk)}

k=1

Jir(€) =E

(1)
k th
Z —&) | PM(0 )+0W(tk)+726j+7HA oM (t)dt + NETM (1) + (N + o)

j=1

The LT’s trading strategy is supposed to be deterministic, since LT is slow not only in terms of the trading
speed but also the frequency of exploiting the market information. The set of admissible controls for LT is

K
AV = {{fk}k 1 : &k € R is deterministic and &y + Z{k = O} . (2)

k=1

HFT is concerned with the revenue and the inventory risk as well. For simplicity, we omit the subscript j
below. For each HFT, the objective function is

Jipr(v) =B X(T)PM(T)—/O v(t)PM(t)dt—T(Y(T))X(T)2—/0 S(Y ()X (t)*dt

}_01 : (3)

The first term measures the marked-to-market value of HFT’s final position; the second term is the total
trading revenue; the third and last terms refer to the penalties for final and running positions, where I'(-) > 0
and ¢(-) > 0 are functions of Y (T") and Y (¢), respectively.

The set of admissible controls for HFT is

A pr = {v Fi-progressively measurable, cadlag and IE / )2dt < oo} (4)

The left-limit property is enabled by the condition of square integrability; the right-continuous property
reflects HFT’s timely reaction to LT’s order and the jump of inventory aversion.

3.2 The mean field game

Due to the fact that different HF Ts are coupled through the price dynamic, the solution becomes intractable
when the number of HFTs becomes large. To address the curse of dimensionality, we adopt the idea from
mean field game (MFG) theory, where HFTS’ “aggregate” trading activities affect the market through both
permanent and temporary price impact, while each individual HFT only affects her own transaction price
through trading fees.

We define {E;(t) igﬁ)ﬂ and {p;(t )};E[So 1) as deterministic processes representing the average inventory
and the average trading speed of the HF T population at inventory-averse level i € S. Additionally, we define
the mean field of the whole HFT population as

E(t) =) pi(t)Ei(t

€S
(t) =Y pi(t)pi(t)
i€S
Inheriting the definitions of parameters from Section 3.1, let P(t) denote the fair price at time ¢, the

permanent price impact is modeled as below:

K

dP(t) = cdW (t) + v7 p(t)dt + 7> &xlj—r), (5)
k=1

By adding the temporary impact and a trader’s own trading fees, let P(t) and P(t) denote the actual
transaction price of LT and an HFT respectively. By omitting the subscript j, we denote the inventory,
trading speed, and inventory-averse level of the HFT by X (¢), v(t), Y (¢), respectively. Then

P(ty) = P(tr) + N p(te) + A + mobr, k= 1,..., K;
K

P(t) = P(t) + M pu(t) + A &lpmg, +m0(t).
k=1



The LT’s objective function is

K
Jer(€) =B | Y (=& P(t)
o ) . (6)
—ESD (=&) [PO) +oW(t) +7) &+ WH/O pt)dt + M p(tr) + A +m0)ék | ¢
k=1 j=1

with the set of admissible controls
K
Apr = {{fk}kK_l : & € R is deterministic and &y + ka = 0} . (7)
k=1
The objective function of HFT is

T
Jurr(v) = E X(T)P(T)—/0 v(t)P(t)dt — T(Y ( /¢ )2dt

JT:O] ) (8)
with the set of admissible controls

Aprr = {v Fi-progressively measurable, cadlag and |E / )V2dt < oo} 9)

As a result, the average trading speeds {p;(t) zg[so 7)

As we will see in Section 4.1, given £ and p, the optimal control v is in a Markovian feedback sense, i.e.,

v(t) = u(t, X(8),Y(£); €, 1),

where v(-,,;€, 1) is a deterministic function on ¢, X (¢) and Y (¢).
Two kinds of mean field Nash equilibria are defined.

are also cadlag.

Definition 1 (Mean field partial Nash equilibrium). Given LT’s strategy {x}5_,, we call (v*, {E} }ies, {1} }ies)
a partial Nash equilibrium if the following conditions are satisfied:
(i) HFET’s optimizing condition: given p*, v* mazimizes (8) over Agrr,

Jupr(vi§ ') = max Jypr(vi€ pt);
vEAnFT
(ii) Fived-point condition: HFT’s optimal inventory process {X*(t)}icjo,r) and optimal control v*(t) =
v*(t, X*(t),Y (t); €, u*) actually form the mean field {E} }ics and {p}}ies,
E[X @Y (1) =i = Ei(t),
E o™ (¢, X™(8), Y (£); &, p*)[Y (1) = 1] = i (2).

Definition 2 (Mean field overall Nash equilibrium). We call ({&; |, v*, {E} }ies, {u} }ies) an overall Nash
equilibrium if:
(i) given {u}ies, {&5HE | mazimizes (6) over Apr,

(€55 p") §renjz(T rr(&§p")
(ii) given {fz}szl, mean field partial Nash equilibrium is reached.

Remark 1. The assumption that {E}}ies and {u}}ies are deterministic is common in mean field game
literature, as in Cardaliaguet and Lehalle (2018) [14], Lacker and Zariphopoulou (2019) [25] and Lacker and
Soret (2020) [24].

It will be demonstrated that the solution to the mean field game is a good approximation to the game
with finitely many HF Ts, and we define the approximate Nash equilibria as below:

Definition 3 (M-HFT partial e-Nash equilibrium). Fiz ¢ > 0. Given LT’s strategy {§k}kK:1, we call
(vi, ..., v3y) @ partial e-Nash equilibrium if for each j € {1,..., M}, given v*; = {vi}il, 1.5,

M M
Jitpr(v vi; 6,05 5) > Jgpr(v; 6,07 ;) — &, a.s., Yv; € Agpr.



Definition 4 (M-HFT overall e-Nash equilibrium). Fize > 0. We call ({&}}5_,, v}, ...,v},) an overall e-Nash
equilibrium if:
(i) given (v3,...,v3),
Jg{l”(f*v UT? ) v}k\/l) > J%"(é.v UT, "'7U7\4) - & v€ € AJ]'yT;
(i3) given {&;YE |, M-HFT partial e-Nash equilibrium is reached.

It will be shown that for any € > 0, when M is large enough, mean field partial and overall equilibrium
satisfy M-HFT partial and overall e-Nash equilibrium, respectively.

4 Equilibrium

We solve the mean field game first and show the e-Nash equilibrium property.

4.1 Partial Nash equilibrium

Define the value function H as

H(t,x,P,i)= max E

vEAHFT

X(T)P(T) — /t v(s)P(s)ds — T(Y (T)) X (T)?

T
- / H(Y (5)) X (5)%ds

X({t)==z,Pt)=PY() = Z] :
By It6’s lemma and price dynamic (5),

H(t,xz,P,i) = Pr+ max E 'VZ&CX (ti) 1<ty + /t ’YHM(S)X(S)dS_/ v(s) (M p(s) + no(s))ds

vEAHFT =1 t
T
ST ENXP - [ oY )X (Pds|X (0 =Y () = .
Define
K T T
h(t,x,i) = Uenj&g;TIE yZ@X i)l [t<tk]+/ VHM(S)X(s)ds—/ v(s) (N pu(s) + nu(s))ds
1 t t

(10)

— TV (T)X(T)? - / H(Y (3))X ()2ds

we have H(t,z, P,i) = Pz + h(t, z,1).
Compared with the traditional continuous-time optimization, the existence of LT introduces “discontinu-
ities” in the price dynamics. Special handling is required at times {tk},le when LT engages in trading.
HFT’s individual optimization. Within each time interval ¢ € [tg,tx41),k = 0,1, ..., K, assume Y () =
i €S,

X(t) =, Y(t) = Z]

h(t, X (1),1) ~ max {yHu(t)X(t)At — M u(t) + quluAt — ¢() X (£)2A
FE[A(t+ At, X (t + At), Y (£ + Ab))| F]

~ max {VHM(t)X(t)At — N p(t) + nojuAt — ¢(i) X (1) At
oh . Oh

+ At X(2),1) + S A+ oAt + Y QU(E, X(t),j)At}.
J

It implies that

ah(t,ft,l) H N 2 id . 2 5‘h(t,x,z) H
— = ut)r — 6(i)a® + ;Q%,z,a) +max ¢ —n® + v | == = A ()| =0,
According to the definition of h in (10), we additionally have following boundary conditions:

h(tg—,z,3) = h(tg, z, i) + vz, k=1,..., K,
h(T,x,i) = —T(i)a?.



Denote h;(t,z) = h(t,z,1), for each each i € S, the complete HIB equation follows:

G+ u(t)e — ¢(i)a + 32, Qhy + £ [5G p®)]> =0, t€ [trtrsr), k=1,..,K,
hi(T,z) = —T'(i)a?

The optimal feedback control follows:

o(t, x, 1) 277[ } t e 0,7

Assume that h;(t,x) = hY(t)+h}(t) X +h?(t)z?, substitute it into (11), the Riccati equations of {h?, hl, h?}ics
follow

S

dh? h?2)?2 . i

i+ Uk = 000) + 5, QU3 =0,

d(Z + M + Ay  pu(t )+ Y, QYhl =0,t € [ty,tiy1), k=1,... K, (12)
0 1

dh + (h; )\ /J,(t _|_Z Qz]hO _O

with boundary condltlons

B (th—) = B (te), hi (tr—) = hi(tk) + 78k, b (te=) = B (te), k=1,.... K, (13)
h3(T) = —T(i), hi (T) = hi(T) = 0.
The optimal feedback control follows:
1
v(t,x, i) = o (Al +2h3z — N pt)] .t € [0, 7). (14)
In Theorem 1, the verification theorem is proved.
Theorem 1. The solution of (11) satisfies
T T
hita) = max B 3 X () ey + / V)X (5)ds — [ o) a(s) +muls)ds
Y ’ k=1 ¢
—T(Y( / o(Y(5)) X (s)%d X(t)_x,Y(t)_i].
Consequently, H(t,x, P,i) = Pz + h;(t,x) is actually the value function that satisfies
T ~
H(t,x, P,i) = nax E|X(T)P(T) —/ v(s)P(s)ds — T(Y/(T)) X (T)*
VEAHFT t
T
- / 6(Y ()X (s)2ds| X () = 2, P(t) = P,Y (t) = @] .
t
Proof. See A of Appendix. O

Solving the coupled ODEs in (12) is rather complicated. Instead of studying the behavior of a single HFT,
we turn to the evolution of the average position {E; };cs and E of the HFT population, which does not require
explicit solutions of (12). To this end, we next consider the forward equation for the distribution of ¥ and
the distribution of X conditioned on Y.

Forward equation. The Kolmogorov forward equation for the jump process Y during [0, T is

{ () = X, 2 ()Q7,
pi(0) = P(Y(0) = ).

For HFT’s inventory, denote the conditional density of X (¢) given Y (t) = i by m!(x). The following lemma
indicates the evolution of m!(x).

Lemma 1. The conditional density {m'(x)}ics satisfies the following forward equation:

> (0 i )+ ll) Somi () = (1) ot ) )] I+ L0 o)



Proof. See B of Appendix. O

Mean field equation. In this part, we first derive the evolution of average positions {E; };cs of different
HFT populations, then calculate the average position E of the whole HFT population.
Given conditional densities {mi(x)};es, for each i € S:

Ei(t):/ﬁxmi(x)dz, ui(t):/ﬁv(t,x,i)mi(x)dz.

We denote
Ey p1
E, H2
E=1 .|, p=
En N
For simplicity, the following notations will be used in the paragraph below:
1 pi(t) hi(t) Q" - QW
e= |, p®)=1| : |, H@®) = , Q= , (15)
1 pn(t) h%(t) QN .. QNN
r( o(1) = 32, QYA
L(N) B(N) ~ X, QN2
1 1
Q) pi(t) 0] pi(t)
pq(t) = QT — diag QT | - (17
o0 py(t) o) P (t)

Lemma 2 gives the relationship between the derivative of the average inventory E of the HFT population
at inventory aversion ¢ and their average trading speed p, which is a direct result of Lemma 1.

Lemma 2. .
u(t) = E(t) — po(t)E(t). (18)
Proof. See C of Appendix. O

Dot multiply each side of (18) by p(t), we have

ult) = E(1),

which implies that the derivative of average inventory E of the whole HFT population is their average trading
speed p. However, (18) implies that derivative of F; is not ;. It is because the change of E; is from not only
the trading activity, but also the change of population composition with inventory aversion 1.

Before we give the whole evolution of the average inventory E, the following boundary conditions at
{tk}ff:l are studied, which come from discontinuities of h}. It offers some intuition about HFTs’ anticipatory
trading towards LT.

Lemma 3. Fork=1,..., K,

vk
B(te—) = B(ts), plts-) = plte) + 35775
N _ &%
B(te) = B(ts-), plti) = plte) + 35
Proof. See D of Appendix. =

HFTS’ anticipation towards the large order brings the jump in their trading speed. For example, if LT is
going to buy, i.e., & > 0, HFTs will decrease the trading speed to exploit the market impact caused by LT’s
purchase.

Combining the Riccati equations (12) and Lemma 2, the evolution of E within each time interval can be
derived, together with the boundary conditions in Lemma 3, the whole equilibrium system is displayed in
Theorem 2.



Theorem 2. The equilibrium system of E is:

(2nI + A\ epT]a(t) + Wep™ +21Q + A\ ep ™ Qu(t) — 2[H(t)pq(t) + ®(t) + QH ()| E(t) =0, t € [ty tit1),k=0,.., K
E(t) = p(t) + po () E(t), t € [tk try1), k= 0,..., K

B(te-) = B(tr), nlti—) = u(te) + siige k=1, K

(2nI + A\ epT|u(T) + 2T E(T) = 0,

E(0) =
(19)
Proof. See E of Appendix. O
Once E is solved, the average position of the total HFT population E = p" E is easily calculated.
4.1.1 The special case of N =1
When |S| =1, i.e., all HFTs have same inventory aversion, system (19) becomes:
W+ 2m)E(t) + 7 E(t) — 20E(t) = 0 t € [titrt1), k=0,..., K.
E(ty-) = E(t), E(te—) = E(ty) + 5855, k=1, K. (20)

(A 4 20)E(T) + 2TE(T) = 0,
E(0) = E,.

This system can be solved explicitly,

E(t) = Ape”t + Bre®' t € [ty tp1), k=0,..., K,

where
g, = =2 T4/ (Y)2 488 (AT +2n) . 6, i (’YH)2+8¢()\H+277)
- 2(>\H+2n) - (/\H+217)
91 i i
Tk = grig; puEmT Za 15J Yk = grtgy AH+2n ZJ 15J k=1, K
AO — ()\H+277)[IK016 1T +(EU yK)92692 ] QF[ZL’KG 1T +(E0 yK) 82T]

()\H+2’I7)(91691T792692T)+2F(661T*EGZT) 9
By = Eo — Ao,
Ap=Ao+xk, Bu.=By—y, k=1,..., K.

4.1.2 The solving scheme of general N

Step 1 Given @, solve p:
d
Lo =)@

. -z 2z 1/2
For example, if Q = 22 + 9% #£0 and 0—[ ],
i 5@=[ 5]t o= [}

Y+ %67(z+y)t T — w2y e—(@+y)t
Tty Tty
Ppq in (17) is also solved.

Step 2 Solve {hZ}N :
a2
dt

o(i) + ZQiﬂ’hf. =0, h3(T) = —T(4).

This can be numerically solved by Euler method, then we get H in (15) and ® in (16).

Step 3 Solve E: note that
201 + A epT| = (2n)N T (AT +2n) > 0,

so 2nI + Aep' is invertible, and the mean field equilibrium system (19) can be written as

! [Z;((?)] —A40 [g((?)] URTsT éf’“l“‘“] {S] ’

10



where
Ai(t) Asx(t
A(t){ I() pQEtﬂ

Ar(t) = —[2nT + Xep"] 'y ep” +2Q + Xep Q)
Az (t) = 20200 + M ep |7 H (H)po(t) + (t) + QH (1)),
We first use Euler’s method to find the fundamental solution matrix U (¢) of

dU(t) = A(t)U (t)dt,
U(0) = Iy.

Next, we let
] —veo.

and solve ¢(t).
By (21),

de(t) = 33 kaltk e [5].

e(®) = <(0) - 57 qum v o]

and the only unknown is ¢(0).
Since U (0) = Ian,

50

by the initial condition E(0) = Ey, we get the last N entries of ¢(0).
Using the terminal condition [2nI + A ep "|u(T) + 2T E(T) = 0, we get

(201 + ep” 27| U(T) (a(O) - G [OD _o,
k=1

and the first N entries of ¢(0) can be found by solving the above linear system.

Step 4 Solve E =p'E.

4.1.3 e¢—Nash equilibrium

In Theorem 3 we prove that, the partial Nash equilibrium with infinite HFTs well approximates the Nash
equilibrium among enough HFTs.

Theorem 3 (Partial e—Nash equilibrium). Assume that there exists m > 0 such that

P(sup |X;(0)] <m)=1.
JEN+

Given LT’s strategy {&p} 5, suppose there are M HFTs in the market, let (vl, .y Uhy) be the MFG strategy of
HFTs. Then e > 0, there exists M := M(w,e) € N* such that when M > M, (v}, ...,v%,) forms an M-HFT
partial e-Nash equilibrium.

Proof. See F of Appendix. O
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4.2 Overall Nash equilibrium

In this section, we investigate the overall Nash equilibrium, where LT also participates in the game. Given
HFTS’ strategy, LT maximizes her expected profit (6) and from the first-order condition, her optimal strategy

follows: ¢ )
0 H H
=—2 + E(tx) — E(ty)) + M (u(tx) — p(t
6 = = 5+ ey 0" () = B(0) + A ) = ()
| K-l
e S BR) — () + N altse) — )] k=1 K 1, -
j=1
—1
Ek=—%— Y &
j=1
Eo1 &
Observe that the solution to (19), E(Eg,§), is linear in Eg = | : | and £ = | : | in the sense that
Eon 93
E(Eo,¢) ZEOZ (EY, +Z§kE (0,£M),
k=1
where - -
0 0
) 0
EV =1, i=1,.,N; ¢® = |1,|, k=1, K.
0 0
_0_ _O_

Consequently, F and p are also linear in Fg and &:

N K K
E=Y EE®E], 0+ 6E0,V) =05+ &E(0,e®),

i=1 k=1 k=1

K
ZEou E{,0) +kau 0,6W) = Cp+ Y &ua(0,6W).

i=1 k=1

(23)

Substitute (23) into (22), we get linear equations of {£}4,' in equilibrium. The solving scheme is:
. N
Step 1 Solve bases: applying the solving scheme in Section 4.1.2, solve {E(E(()Z),O)}l X { (0,¢ k))}z L
=
B(ED, 0" 0,£0) )"
( 0 » ) ke ) {/u'( 76 )}k:y

=1
Step 2 Solve {& X, : substitute above bases into (22) and (23), solve the linear system.
Step 3 Solve HFTS’ average position: substitute {¢x}5 | into (23), HFTs’ average position E is calculated.

Actually, the overall Nash equilibrium is also a good approximation for an overall Nash equilibrium with
enough HFTs.

Theorem 4 (Overall e—Nash equilibrium). Assume that there exists m > 0 such that

P(sup |X;(0)] <m)=1.
JEN+

Suppose there are M HFTs in the market, let £* and (vf,...,vy,) be the MFG strategy of LT and HFTs,
respectively. Then e > 0, there exists M := M(w e) e Nt such that when M > M, (&*,v3,...,v3) forms an
M-HFT overall e-Nash equilibrium.

Proof. See G of Appendix. O
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5 Numerical Results

5.1 Partial Nash equilibrium

In this section, the strategy of LT is fixed, HF'T may take different anticipatory strategies and will affect LT
differently. Trading period starts from 0 and ends at 7= 1. LT trades K =9 times and &, = 1,t; = 1—%, k=
1,...,9. The mean initial position of HFTs Ey = 0. We first show HFTs’ strategies and how LT is affected when
HFTs are identically inventory averse and the aversion does not jump. The values of market impact coefficients
do not affect conclusions about HFTs’ strategies and we set v = 1,77 = 0.7, A = 0.4, A\ = 0.1, = ny = 0.05.

From Figure 1, given ¢, with the increase of I', HFTs play the role of Round-Tripper throughout the
trading period. From Figure 2, given I', with the increase of ¢, HF Ts play the role of Round-Tripper each
time the large order is executed. Interestingly, if we focus on the time period between two transactions of
LT, it can be seen that HFTs first trade in the opposite direction of LT then trade in the same direction, it
verifies the finding in van Kervel and Menkveld (2019) [5] that HF Ts initially lean against institutional orders
but later change direction.

o

w - w w
u Y ~— cs /\
G 80 S 2
2 S 10 N 2
3 a 24
Q 60 Q s aQ
& & &3
2 / Q6 ©
“ 40 = =
g 2 5
© o 4 © \
W 20 w G
o £ £ N\
T I T
o 0 0
0.0 0.2 04 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0
Time Time Time
(a)T =0 (b) T =0.1 ()T =2

Figure 1: ¢ = 0, HFTS’ average position E.

|

HFTs' average position E

HFTs' average position E

HFTs' average position E

(a) =0 (b) ¢ =5 (c) ¢ =10

Figure 2: T' = 0, HFTs’ average position E.

Next, we investigate HF'Ts’ influences on LT’s profit. Without HFTs, L'T’s expected profit is:
K k K
E(riT) = Pofo— 7D & > & — (A +m0) > &
k=1 j=1 k=1
In presence of HFTs, LT’s expected profit is:

K
E(r™) = E(mg ™) + (&) (B(t) — E(0) + A u(ti)].
k=1

In other words, the extra cost (or surplus) that HFTs add to LT is the extra price impact that they cause.

In Figure 3, we analyze how an inventory-averse HFT impact LT when the temporary impact A¥ changes.
Since the permanent impact v is given, it actually represents the relative size of A to v#. LT makes more
profits with Round-Trippers if the temporary impact A is relatively large to the permanent impact .
A large temporary impact implies that the majority of adverse impact of HFTs’ preemitive same-direction
trading will disappear and the opposite-direction trading decreases the cost of LT’s order.

— 1 .

In the general case, let Q = [ yx _my] and p(0) = Lg} . If £ = y = 0, the aversions of HFTs do not

jump.

13



E(rtT) — E(rsT)

0.10 0.15 0.20 0.25 0.30 0.35 0.40

/\H

Figure 3: Difference of LT’s profit when HFTs act as Round-Tripper (¢ = 10,T" = 2).

When ¢(1) =T'(1) = 0 and ¢(2) = 10,T'(2) = 2, HFTs are either with zero inventory aversions or averse to
both running and ending positions. Comparing (a) and (c) in Figure 4, where p;(t) = pa(t) = 3,t € [0,1], the
crowd of HF'Ts exhibits different patterns of behavior. When x = y = 0.5, HFTs who are at ¢ = I" = 0 should
consider the switch to the other state ¢ = 10,I' = 2, therefore control inventories in advance. In contrast,
when x = y = 0, HFTs who are at ¢ = I" = 0 are always free to accumulate positions. Consequently, although
the components of HFTs are same in these two cases, HF'Ts whose inventory aversions may jump are more
sensitive to positions and play the role of Round-Tripper.

When z,y > 0, a larger x implies that the proportion of HFTs with higher inventory aversion will grow,
consequently, the crowd of HFT tends to perform like a Round-Tripper both throughout and within the
execution period. What’s more, when HF Ts play the role of Round-Tripper, LT is benefited if the temporary

impact is relatively large to the permanent impact.

w® - — w
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2w 2
v o w2
[ [
w w
I o $(1) =0,(1)=0,$(2) =10,(2)=2, x = 0,y=0 I $(1)=0,(1)=0,$(2) =10,M(2)=2,x = 0.2,y=0.8
00 02 04 06 08 10 00 02 04 06 08 10
Time Time
() =0,y =0 (b) z=0.2,y =0.8
w ~— w
c 25
S N 5 //\/\l N
0 20 \
o, o
o o \
[0} 15
> &
®© 2 ©
P o
[ @ 10
> >
o ©
K n 05
[l
m £
I, $(1)=0.(1)=0, $(2) = 10,7(2)=2, x = 0.5,y=0.5 I oo $(1)=0,M(1)=0, $(2) = 10,7(2)=2, x = 0.8,y=0.2
00 02 04 06 08 10 00 02 04 06 08 10
Time Time
(¢) z=0.5,y=0.5 (d) =08,y =0.2

Figure 4: ¢(1) =0,I'(1) =0, ¢(2) = 10,I'(2) = 2, HF TS’ average position E.

When ¢(1) = 0,T'(1) = 2 and ¢(2) = 10,I'(2) = 0, a larger = implies that the crowd of HFT hates running
position more; a larger y implies that the crowd of HFT hates ending position more. As a result, with the
increase of x, the tendency that HFTs play the role of Round-Tripper at each transaction of the large order
is more obvious.
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(a)z=0,y=0 (b) z=0.2,y=0.8

= /\\
. \

)

N\

°
Ve
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Figure 5: ¢(1) = 0,T'(1) = 2,¢(2) = 10,T'(2) = 0, HF TS’ average position E.

5.2 Overall Nash equilibrium

In this section, the overall Nash equilibrium between LT and HFTs is studied. We still first analyze the case
where HFTs are of same inventory aversion. (20) and (22) give the unique Nash equilibrium between LT and
HFTs.

LT is going to execute & = —9 during [0, 1] and she trades at time points ¢ = 1—"“0, k=1,..,9. Without
HFTs, it is easy to verify that the optimal strategy for LT is

£ = —%0, k=1,.., K.

Figure 6 and 7 compare LT and HFTs’ strategies in partial and overall equilibrium, when ¢ = 0. I" decides
whether HFTs provide liquidity in the latter half of LT’s execution period. When HFTs always trade along
with LT (see (a) of Figure 7), LT trade more intensely at the beginning, to avoid the cumulative adverse impact
caused by HFTs’ same-direction orders (see (a) of Figure 6). Correspondingly, it suppress the same-direction
trading of HFTs.

When HFTs act as Round-Tripper (see (b) and (c) of Figure 7), LT buys more when HFTs supply liquidity
back (see (b) and (c) of Figure 6). A larger I" leads LT to delay trading more shares.

01 — uUniform trading 01 — uUniform trading

@ Optimal strategy in overall equilibrium @ Optimal strategy in overall equilibrium

LT's position
LT's position

-8 —— Uniform trading
@ Optimal strategy in overall equilibrium

0.0 0.2 0.4 0.6 0.8 1.0
Time Time

(a) T =0 (b) T =0.1

Figure 6: ¢ = 0, LT’s strategy.

Comparing LT’s strategy with different ¢, as shown in Figure 8, we find that a larger ¢ makes LT’s strategy
closer to uniform trading. It is because a larger ¢ leads HFT to be a running Round-Tripper: they constantly
buy and sell around large orders. In a sense, it stabilizes the price of each transaction of LT.

In Figure 10, we find that the conclusions about HFTs” impact on LT’s profit hold: LT’s profit is higher
with HFTs if the crowd of HFT plays the role of Round-Tripper and the temporary impact A\ is relatively
large to the permanent impact 7.
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In the general case, when ¢(1) = 0,I'(1) = 2 and ¢(2) = 10,I'(2) = 0, a larger = implies that the crowd of
HFT is more averse to running positions. As a result, LT’s optimal strategy comes close to uniform trading.
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Figure 11: ¢(1) = 0,T(1) = 2,$(2) = 10,T(2) = 0, LT’s strategy.
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6 Conclusion

In this paper, we propose a model for studying the interaction between a large trader (LT) and a large
population of high-frequency traders (HFTs) who predict and exploit LT’s transactions. They affect each other
not only through permanent price impact but also temporary one. HFTs are subject to different inventory-
averse levels, and the levels may change overtime during the trading period, characterized by independent
jump processes. LT maximizes her revenue from the liquidation of her position, while HFTs also care about
the inventory risk in addition to the revenue. LT is slower in the sense that instead of trading continuously
like HFTs, she only executes orders at discrete time points, and her trading strategy is deterministic.

Since the solution becomes intractable when the population size of HF'Ts increases, we adopt the idea from
mean field game theory such that HF Ts affect the market and the LT only through the average trading speed,
while the individual trading activity only has an impact on their own trading fee. For a given trading strategy
of LT, we solve the partial Nash equilibrium among HFTs by the forward-backward system given by the HJB
equation and the Kolmogorov forward equation. To address the discontinuities in the price dynamic caused
by LT, we divide the whole trading period into sub-intervals partitioned by the trading time of LT, solve the
system on each sub-interval and adjust at the endpoints. When there are more than one inventory-averse
levels, by utilizing the linearity of solution with respect to the initial value and the LT’s strategy, we are
able to efficiently solve the system of coupled equations. The LT’s optimal strategy given HFTs’ is found by
solving a linear system, and we reach the overall Nash equilibrium between LT and HFTs. The property of
approximate Nash equilibrium is satisfied when the number of HFTs is large enough.

Numerical results show that when the HFTs are averse to terminal position, they will act as a Round-
Tripper during the whole period, first trade in the same direction as LT and consume liquidity, and then in
the opposite direction and provide liquidity, in which case LT will delay the liquidation towards the end of
the period. When the HFTs are averse to running inventory, within each sub-interval, they will first trade
in the opposite direction and then in the same direction, which is in line with the observation of van Kervel
and Menkveld (2019) [5]. Moreover, the repeated liquidity consuming-supply makes the behavior of LT close
to uniform trading. When the temporary impact is relatively large compared to the permanent impact, LT
benefits from the existence of HF Ts.

Further extensions may include introducing execution risk for both LT and HFTs, where LT is not only
subject to the uncertainty of executed amount but also execution time, and studying how HFTs learn and
predict the behavior of LT.
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Appendix
A Proof of Theorem 1

We first prove the case t € [tx,T]. Apply Itd’s lemma on A(t, X (¢),Y(t)) (Theorem 7.1 in [25]),
WT, X(T),Y(T)) = h(t, X(t), Y (1))
PO O h ) —h ds, j;
+ ] E 5+%U(S) s+ ' Z [ (57X(S)5‘7)7 (57X(5)7Y(5)}’P( 5,],Y(S)) )
JES,j#Y (s)
where P(ds, j; Y (s)) is the Poisson random measure with
P(ds, j;Y (s)) ~ Poisson(QY )7 ds)

and ) |
P(ds,j;Y(s)) = P(ds,j; Y (s)) — QY )i s

is the compensated zero-mean Poisson random measure.
For v € Agpr, there exists My, My such that P(X (¢) € [My, Mz]) = 1. Sowhen t € [tx,T), h(t, X(t),Y(t))
is bounded, which implies that

t
M= [ S0 (b X(9).9) = s, X(5). Y (3)] Pl Y (5), € [t T)
P jes,j#Y (s)
is actually a martingale. Hence,
F

T
E { [h(s,X(5),5) — h(s, X(s),Y(s)] P(ds, j; Y (s)) =0
b jesi#Y(s)

and

T
=h(t,X(t),Y(t)) + E /t {g};derng(s)der > [h(s,X(s),j)h(s,X(s),Y(s)]QY(S)*jds} Fi

JES,j#Y (s)

=h(t, X(t),Y(t)) + E /tT {gi;ds+ ng(s)ds+Zh(3,X(s),j)QY(S)’jds} Fi

j€s

<h(t, X(t),Y(t)) + E /t {=7"1(s)X (5) + (Y (5)) X () + n(s)* + A v(s)u(s) } ds

ft‘|7

T
/t (V1) X (s) = oY ()X (5)* = 1u(s)* = Xw(s)u(s) } ds — T(Y (1) X(T)°

where the last inequality is due to the HJB equation. So

h(t,X(t),Y(t)) > E

d

T
/t {7 1(5)X (s) = oY ()X (5)* = 1p0(s)* = Xw(s)u(s) } ds = T (Y (T) X (T)?

for any admissible control v, thus

h(t, X (1), Y (t)) > max 2

ft] |
.

/t {7 1(5)X (s) = oY ()X (5)* = 1pu(s)* = Xw(s)u(s) } ds = T(Y (1) X (T)? }'t] :

On the other side,

h(t, X (1), Y () = E /t (Y ()X (5) = o(Y ()X (5)* = ™ (5)* = AMTw*(s)pa(s) } ds — T (Y (T)) X (T)?

< max[E
v
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The conclusion follows from the Markovian property.
So we have proved that

T
Wi, ,i) = max B /t (7 1u(s)X (5) — S(Y ()X (5)% = mo(s)? — AT u(s)u(s)} ds
STV ()X (TR (X (tx0) = 2,V (1) = ] .

What’s more, (11) tells that h(tx—,x,7) = h(tk,x, i) + vk, then

T
ltrc—2.0) = max B sicalt) + [ {7 X(5) = oYV ()X () = mo(s)? = M o(ohu()} ds

- T(Y(T))X(T)

X(tK,) = $,Y(tK,) = Z] .

X(tx—) = X(tg) since X is continuous; Y (tx_) = Y (tx) since the probability that Y jumps at a certain
time point tx is zero.

During t € [tx—1,tK), by similar arguments used in [tx,T] (Itd’s lemma and HJB equation), we can prove
the desired result. Remaining intervals [tx_1,t%),k = 1,.., K — 1, can be proved similarly. Therefore, H is the
value function.

B Proof of Lemma 1

For any smooth testing function f,

d .1
ZES(X@®),Y ()] = lim SE[f(X(¢+A),Y(t+A)) - F(X({1),Y(?))].

LHS = % lZm(t) / f (@, iymj(x)dx
— XZ: %pz‘(t)/f(x,i)mi(x)dz + Zi:pi(t)/f(x’i)gtmi(x)dx

RHS = Jim CE{EL(X(1+A), Y {0+ A)) — F(X(0),Y ()7}

B {i@ LRI/ (X(+ ALY (+ A) — f<X<t>,Y<t>>|ftJ}

—E { fim LE[f(X(t+ A), (¢t + A) - f(X(t)yY(t))IX(tLY(t)]}

A—
=E {EL% 5 | LEDT e xw, vipa+ D~ (py().5(8) = Fv(5) F(X(9).) }
E ww( UESSACIETN:

- Y p [ 210 f(@i) (e + 303 Q" > Q" [ fadymi(ois
,72192 /fxz o(t,z,i)mi(z derZij Qﬂ/fﬂczmt

LHS = RHS for any smooth f implies the result.
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C Proof of Lemma 2
It should be noted that the equations for densities tell us that

dE;(t ;
dt( ) = /m@tmt(x)dat

which gives the result.

D Proof of Lemma 3

Integrate each side of (14) w.r.t. mi(x),
1
palt) = o[+ W2 () — X ()]
n

Then
p(t) = Z pi(t) i (t)

H
~ 5 S pOIA + 2HEE(0)] = Golr)

Hence,
_ 1 } : _ 2 2
/u'(t) - )\H + 277 - pi(t)[hi + th El(t)]

Substitute (13) into (26),

1

tr )= ——

D pilt)[hf (1) + €k + 207 (k) Ei(tr)]
Yk

= u(t .
N(k)+>\H+2n

Then .
pi(te—) = ?ﬂ[h}(tk_> + 207 (t—) — A7 p(ty )]

= (0 + 960+ 2020) ~ N (ult) + 57 )
o &k
= Mz(tk> + N+ 277.
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(26)



E Proof of Theorem 2

As for the evolution of E during each interval {[ty, t4+1)}r—q , multiply each side of (25) by 21 and differentiate
by t,

_\H 2 )
=—~ ,u() ZQl]hl<) hl(hz n/\ u(t))+2Ez<)dhd()+2h2( )d%t() _)\Hd/;i)
2 .

==l = S B o) — 2n2 )] + 20 Tl + an2(e) L)y (0

H 71,1 hz 2 . 71,2 (hzz)z
=—7"p(t) - ZQ Thj(t) — ;[%ui(t) — 20 E;(t)] + 2E;(t)[¢(i) — Z QUh;(t) — ; ]

2 dE;i(t) du(t)

+ 2k — —\ 7
— A\ d‘;i ) —yHpu(t) + 2hf[db:;t(t) — pa( Z QY [2np; — 2h3E;] + 2B Z Q" h?

=AY gy W) +Z@7 0] =" 3000+ 2 ED) = 0

J

—ZQ” (2015 — 203 E >+2E[¢<> ZQ”hﬂ

J

_ dl% +Z t) + A Zpk Q™ + 2nQ" | (t +)‘Hz duj
dF; i 4
_2h2[%_Ni(t)]—QZQ”h?EJ'_2Ei[¢i_ZQwhﬂ
J J

The boundary condition at T is:
0= hX(T) = 20u(T) — 202 E,(T) + N (T)
=0 = 2np(T) + 20 () Ei(T) + N> " pj(t)p; (1)

Then
0= [2nI +\ep”]a(t) + [y"ep” +21Q + N\ ep” Q| u(t)
—2H (t)[E(t) — p(t)] - 2(®(t) + QH)]E(L), t € [tr,tryr), k=0,.., K,
0= [2nI + \epT|u(T) + 2T E(T).

F  Proof of Theorem 3

For the ease of notation, we denote [E [-|F;] by IE;[-], and we assume there are (M + 1) HFTs in the market.
We define a functional ® on v, 4,7 as:

®(v,0,7)

K
:X(O) +E0 { / X 5’1} ( 5)@(15)} dt""YngX(tk)

k=1

T T T
—)\H/ w(t) [Su(t) + (1 — 85)u(t)] dtfn/ v(t)zdth(Y(T))X(T)Qf/ ¢(Y(t))X(t)2dt},
0 0 0

where v and T are F;-progressively measurable and square integrable processes, 6 > 0, and dz(t) = v(t)dt.
W.L.O.G. we choose the 1st HFT as the representative. Note that for the 1st HF'T,

1 1 &
J}]'-\f;’l}’(vl) = <U15 M + 1’ M Z vm) JHFT(vl) (vlaoalu‘)'

m=2
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Given ¢ and v, denote the maximizer of ® by ©(4,v) and the maximum is denoted by ®. We give the
definition of ® and ®’s continuity in v and v. Take ® and v as an example: given ¢ and v, if Ve > 0, there
exists a § > 0, when [Eg fOT lu(t) — v0(t)|?dt < 6, a.s., we have

|®(v,8,7) — ®(v°,6,7)| < e, as.,

then we say that ® is continuous in v.

It can be verified that ® is jointly continuous in (v,d,7) and strictly concave in v when § is sufficiently
small. ¥ is jointly continuous in (8,7) and ® is jointly continuous in (J,7).

Let ’UM+1 * denote the optimal strategy in the (M + 1)-HFT game where the other HFTs adopt the MFG
strategy, then

IR ) = T (o))

M+1 1 M+1
_ M+1* *
—|¢(UI,MH e )— ( Mmz_gvm)

1 1 M+1 B B 1 1 M+1
< * - § : * o * o - § : *
—|(I) (vla M+17 M vm) (I)(Ulvonu)|+|q)(0ap’) P <M+17 M vm) ‘7

m=2 m=2

and it’s sufficient to show that Eg fOT |4 SIMELLE (£) — ()] 2dt 23 0 as M — oo,

m=2 “m
Step 1: For M players with N types, let m;(t) denote the number of players in type i at time ¢, and
0;(t) = mj\y), we show that Eq||0(t) —p( )% %% 0 uniformly on [0,T] as M — oo.
Apply Ité’s lemma on (6;(¢) — p;(t))? and take the conditional expectation,

Eol0: () — pi(t)?

t
—16:(0) — pi(0)]? — 2o /0 Zp] )Qiids

_E, {/Ot mq(5)Q" [(mz(j\;_l —pi(8)>2 - (mzi\/([s) _pi(s)>21 ds}

Sl

J#i
=0:0) - p0) - 280 | [ 06 NS Qs
t i i(S) — Pils Ji (g i s
+Eo{/0 0;(s)Q {2[@() pi(s)] — M} }+]E0 /0%:9 5)Q {2 i(s) — pil )]+M}d
2 ! i 1
—16:(0) — pi (0)? + 2 / 0:(5) = pi(5)] > Q7 65(5) — pi(s)] ds p + =-Tg / S Q7 [0(s) + 0i(s)) ds
0 J VED)
<16:(0) — p:(0)[ + C1 Eq / 10,(s) |Z|e s p+ <

where C7 > 0 only depends on Q.
Sum from ¢ = 1 to N, apply Fubini’s theorem and Cauchy-Schwarz inequality,
2

Eol0(0) = (o) < 1000) — pO)IF +C [ B | 321659 =0 | s+ 1

CiN

t
< [16(0) — p(0)|* + C1N/ Eo||6(s) — p(s)||*ds +
0
By Gronwall’s inequality,

Eall) ~ 0] < (100 ) + ) o,
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a.s

By the strong law of large numbers, [#(0) — p(0)||?> =3 0 as M — oo, and we reach the conclusion.

Step 2: We show that if the j-th HFT adopts the MFG strategy, {X; (t)}évf{l are a.s. uniformly bounded
on [0,7]. Omitting the subscript j,

X(1)] = |X(0) + / v* (5, X (5), Y (5))ds]
= 1K)+ [ 5 (B (9 28 ()X (6) = A7) s
< |X(0)] +Cg/0 | X (s)|ds + Ca,

where Cy does not depend on X (0) or Y (0).
By Gronwall’s inequality,
X ()] < [|X(0)] + Ca] .
The conclusion follows that {X j(O)}jA/iJ{l are a.s. uniformly bounded.
Step 3: If the 2nd to the (M +1)-th HF Ts adopt the MFG strategy, define Z;(t) = ﬁ fo;l Ly, (=i Xm (1),
and v;(t) = p;(t)Ei(t), we show that Eo||Z(t) — v(t)[|* %3 0 uniformly on [0,7T] as M — oc.
Apply Ito’s lemma on [Z;(t) — v;(t)]> and take the conditional expectation,

Eo [Z(t) — v;(t)]

m=2 J

¢ M+1
=12:(0) — v4(0)]? + 2Eq {/0 [Zi(s) —vi(s)] []34 > Ay o) =itV (8, Xin(5), Yin(5)) — pils)pi(s) = Qﬂ”j(s)] ds}

t M+1 ,
o {/0 2, tonco=a Q" (Zi(s) —vils) - J\ZXW(S)) —(Zi(s) - ui(S))Q] ds}
m=2
t M+1 ,
o {/ 2. 2, =i (Zi(s) —uls)+ ]\ZXm(@) (Zis) - ms))z} ds}
0 j#i m=2

t 1 ML )
=12:(0) — v:(0)] + 2Eq /0 [Zi(s) —vi(s)] i D Ay o) =itV (5, Xin(5), Yin(5)) — pils)pi(s) = > Q7'w;(s) | ds

m=2 J

t | M4l
+ Eq {/0 Q' <2Zi(8) [Z:(s) — vi(s)] — iE Z 1[Ym(s)_i]Xm(8)2> ds}

t - 1 M+1
+ Eo /() Z Q" <QZj(S) [Zi(s) — l/i(s)] + e Z 1[Ym(s)=j]Xm($)2> ds

VE) m=2
<[Z;(0) — v3(0)]* + C5Eq {/0 |Zi(s) — vi(s)] (Z 1Z;(s) — Vy(5)|> ds}

t C
+ C3Eq {/ 1Zi(s) = vi(s)] (16:(s) — pi(s)| + [ Zi(s) — vi(s)]) ds} + ﬁz/ > EoXi(s)%ds.
0 0
Sum from ¢ = 1 to N and apply Cauchy-Schwarz inequality,
Eol| Z(t) — v(t)]?
t
<[12(0) = v(0)||* + C3(N + 1)/ Eo||Z(s) — v(s)|*ds
0

t CyNT !
+ 03/ VEo|[Z(s) — v(s)|]? - Eo||6(s) — p(s)|2ds + ?\42 > [Xm(0)? 4205 X (0)] + C5] €227
0

m=2

In step 2, we have proved that {X; (t)};ViJ{l is uniformly bounded. As a result, Eo||Z(t) — v(¢)||? is also
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uniformly bounded. What’s more, Eq||6(t) — p(t)||? =3 0 uniformly, so for M that is large enough,

Eol| Z(t) — v()II* <[Z(0) — v(0)[|* + C5(N + 1)/0 Eol| Z(s) — v(s)|*ds

M+1
NT
waz 3 [Xm(0)2 + 20| X, (0)] + C2] 2T, as.
m=2

By Gronwall’s inequality,
Eol|Z(t) — v(t)]? < aeC>WNFIT | a5,

where M
C3NT

a=2(0) = vO)* + =5 D [Xm(0)® +2C2] X, (0)] + C3] 7.
m=2

By the strong law of large numbers, o 3 0 as M — 0o, we reach the conclusion.
Step 4: If the 2nd to the (M + 1)-th HF Ts adopt the MFG strategy, denote 9 (t) = 47 LS MALx (1), we

m=2 Um
show that B|oM (t) — u(t)|? 3 0 uniformly on [0, 7).

Eolo™ () — p(t)?

105y _ \H 2
<, |3 POl ) oy 4

. U
<CsEoll6(t) — P(t)|” + CsEol| Z(t) — v(#)]*.

Then the result follows Step 1 and Step 3.
Steps 1-4 imply that [Eg fOT |47 SIMELwE () — p(t)[2dt 23 0 as M — oo, thus we have proved the theorem.

m=2 “m

§(t) = v;(t)]

G Proof of Theorem 4

Define ¥ as a function of £ = (&1,...,€k), X = (X0, X1,..., Xi) and T = (y, ..., V) as:
V(EX,0) =B (=&) |7 D& + 7 (X — Xo)dt + Ao + (A + o)k
k=1 j=1

where ¢ € R¥ is deterministic, Xy and U, are F;, -measurable. Note that (by omitting constant terms)

T () = (e, XM TM), Jur(€) = W(E, B, ).

where X = (X (0), X" (t1), .. X (tx)), TM = @M (t1),...,vM(tg)), E = (E(0), E(t1), ..., E(tx)) and
p=(p(t1), st ).

It can be verified that W is jointly continuous in (¢, X, 7) and strictly concave in &. For given (X, ), denote
f as the maximizer, since it is just solving a linear system in order to find f f (X, ) is jointly continuous in
(X, 7). Furthermore, if we denote ¥ as the maximum, then ¥ is jointly continuous in (X, 7).

Denote the optimal strategy of LT by ¢M* when there are M HFTs and each adopting the MFG strategy.
The goal is to show that |JM.(¢*; 05, ..., v5,) — JML(EM* vF, . vk,)| — 0 as M — oo.

Observing that

M

* * * « vM _ * T = =M _
| (5 Ulv--'v M)_J%(§M7 ;Ulw")UM)‘ < |\II(€ aX arUM)_\I/(E aE7M)|+|‘I’(E7M)—‘I'(X a’UM)‘y

by the weak law of large numbers, E\YM(tk) — E(t))> = 0,k =0,1,..., K and E[tM(t},) — p(ty)|*> = 0,k =
1, ..., K, and we reach the conclusion.
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