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UNBOUNDED sl;-LAMINATIONS AROUND PUNCTURES
TSUKASA ISHIBASHI AND SHUNSUKE KANO

ABSTRACT. We continue to study the unbounded sl3-laminations [IK22], with a focus
on their structures at punctures. A key ingredient is their relation to the root data of
sls. After giving a classification of signed slsg-webs around a puncture, we describe the
tropicalization of the Goncharov—Shen’s Weyl group action in detail. We also clarify
the relationship with several other approaches by Shen—Sun—Weng [SSW23] and Fraser—
Pylyavskyy [FP21]. Finally, we discuss a formulation of unbounded g-laminations for a
general semisimple Lie algebra g in brief.
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1. INTRODUCTION

We continue to study the rational unbounded sls3-laminations introduced in [IK22],
especially focusing on their structure around punctures. Recall from the previous work
that we have introduced the space L (3, Q) of rational unbounded sl3-laminations, which
is equipped with the shear coordinates xa : Ly, (2, Q) 5 QA associated with ideal
triangulations A of 3. This space is related to the Douglas-Sun-Kim’s space L, (X, Q) of
rational bounded sls-laminations [DS201, Kim21] via the ensemble map p : L, (3, Q) —

xT
5[3

sl3-webs of Kuperberg [Kup96] equipped with a sign on each end incident to a puncture.

(2,Q). The integral points £ (¥,Z) are represented by signed slz-webs, which are

In this paper, we study the following structures:

Date: May 8, 2024.
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e The lamination exact sequence

0— QM — £5,(2,Q) & £5,(2,Q) & (PY)Me — 0, (1.1)

sl3
which describes the kernel and the cokernel of the ensemble map. Here QY and
PV denote the coroot and coweight lattices of sl3, respectively, and the subscript
Q stands for tensoring Q. The sequence (1.1) leads to a description of the sls-
laminations around punctures by the root data of sl.

e The action of the Weyl group W (sl3) on £, (X, Q) associated with each puncture.
This is defined so that it gives the tropicalization of the Weyl group action on the
moduli space Xpgr, » of framed PG Ls-local systems studied by Goncharov—Shen
[GS18].

1.1. Lamination exact sequence. The key construction in the sequence (1.1) is the
definition of the tropicalized Casimir map 0 = (0,)pem, : L5, (3, Q) — (Py)Me, which is
introduced as the tropical analogue of the positive map O, : Xpgr, s — H™° taking the
semisimple part of the monodromy of PG Ls-local systems around each puncture p. The
tropicalized Casimir map assigns a coweight 6,(W) to any signed web W, and it turns out
that it can be defined as the sum of the local contributions from each end of W incident

to p, as illustrated below:
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On the ‘dual’ side, the map (Qé)M — L3, (X,Q) is given by the action at each puncture
adding/removing peripheral components.

Here the reader is reminded that in the sly-case, the structure of unbounded laminations
around a puncture is controlled by a single sign {+, —} (or the ‘tag’ in the sense of [F'ST08])
at each puncture, which corresponds to the root system {«, —a} of sl,.

Recall that we have the cluster eract sequence for a general cluster ensemble (A, X)
[FGO09] (see Appendix A for a brief review). Here is our first statement, which is obtained

by describing (1.1) in terms of the cluster coordinates:

Theorem 1 (Theorem 4.5). The lamination exact sequence (1.1) coincides with the clus-
ter exact sequence (A.9). In particular, it is equivariant under the action of the cluster
modular group g, 5.

1.2. Weyl group action. The upshot of this paper is the correct definition of the Weyl
group action W (sl3) on L3 (¥, Q). It should be defined so that

(1) its coordinate expression is the tropical analogue of that of the Goncharov—Shen’s
action of W (sl3) on Xpgr, x;
(2) it replaces each end of a given signed web W according to some local rule;
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(3) it makes the tropicalized Casimir map 6, : £, (¥, Q) — P equivariant, where the
action on the target is the usual one on the coweight lattice.

The requirements (2) and (3) uniquely determine the Weyl group action, as follows:
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However, it turns out that such an action produces resolvable pairs of ends at a punc-
ture (the right-most one in (3.3)) that we have prohibited in the previous paper [[K22].
The actual problem is the following: as its name suggests, such a resolvable pair can be
“resolved” into an arc away from puncture without changing its shear coordinates (Def-
inition 5.1 Step 0). However, such an operation in turn produces possible intersections
with other parts of the web, which are also prohibited. In view of the relation to the
skein algebra [IK22, Section 5], it would be natural to further “resolve” these additional
intersections using a kind of skein relation.

These observations lead us to a detailed study of resolution operations of the resolvable
pairs and the additional intersections, without affecting the shear coordinates (Section 5).
Such an operation would be of independent interest, in view of the expectation that the
signed webs should parametrize a basis of a certain skein algebra and that the equivalence
relations among them pick up the “highest terms” in some sense from appropriate skein
relations.

Eventually, we can resolve all such prohibited things to get a usual signed web. Then
we obtain:

Theorem 2 (Proposition 5.9 and Theorem 5.11). We have a well-defined action of
W (sls)"e on L3, (X, Q) specified by the local rules in (1.2) and (1.3). Moreover, it coin-
cides with the tropicalization of the Goncharov-Shen’s action [GS18].

1.3. Relation to the work of Shen—Sun—Weng. In their recent work [SSW23], Shen—
Sun—Weng introduced a pairing between ‘ A-webs’ and ‘X'-webs’, which is expected to pro-
vide a topological construction of a duality pairing as described in [FG09, Conjecture 4.3].
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In our terminology, their A-webs correspond to the bounded integral slz-laminations with-
out negative peripheral components. They also conjectured that the X'-webs corresponds
to a subspace Pigp, w(Z") C Ppar,x(Z") cut out by certain conditions [SSW23, Conjec-
ture 4.10], where the latter denotes the set of integral tropical points of the Goncharov—
Shen’s moduli space Ppar, s [GS19]. We construct a bijection between the space #4t
of their X-webs and a certain subspace L7 (3, Z), of the integral P-laminations [IK22,
Section 4], and give a proof of their conjecture based on the result [IK22, Theorem 4.11]
in our previous work (together with Proposition 4.4).

Since the definition of X-webs involves no signs and pinnings, this relation would serve
as a simpler understanding of the subset EfIS(Z,Z)O. On the other hand, we certainly
need signs (and pinnings) to describe the entire space Ppgr,s(Z”). As the duality pairing
should be equivariant under the Weyl group actions, our study on the Weyl group action
will be a key ingredient to complete their construction to an entire pairing Apgr, s (Z") x
PPGng(ZT) — %Z

1.4. Relation to the work of Fraser—Pylyavskyy. In the case where ¥ has no punc-
tures, we have seen that the unbounded integral sl3-laminations give a basis for the (upper)
cluster algebra related to the pair (sl3, X) [[K22, Corollary 5.7], which is also the same
as the function ring O(Ag;, s,) of (a certain generic part of) the moduli space of deco-
rated SLs-local systems [FG06a, I0523]. It is still natural to expect that our unbounded
integral sl3-laminations give a basis for one of these algebras in the presence of punctures.

Fraser—Pylyavskyy [FP21] gave an approach in this direction by representing certain
(rational) functions on Agy, s by pseudo-tagged diagrams, which are webs equipped with
certain decoration data at ends. In Section 7, we give a comparison between our signed
webs and the pseudo-tagged diagrams for k£ = 3.

While the Fraser—Pylyavskyy’s pseudo-tagged diagrams directly encodes the representation-
theoretic decoration data of S Lz-local systems (i.e., a flat section of the associated SLjz/U-
bundle), our data of signs at punctures would be thought of as a tropical analogue of the
framings of convex RP-structures [FGOT7b].

1.5. Higher rank generalizations. Finally, we discuss in brief higher rank generaliza-
tions, namely the unbounded g-laminations associated with any semisimple Lie algebra
g. We propose to use the approach of Murakami—-Ohtsuki—Yamada [MOY98] and Cautis—
Kamnitzer-Morrison [CKM14] as a model of g-webs, and to define a rational unbounded
g-lamination to be a certain equivalence class of the signed g-webs with rational weights.
Here, the signed g-webs are equipped with signs {4+, —} on their ends just as in the
sl3-case, and we do not expect any further decoration data needed since the colors by
fundamental weights of g and these signs are sufficient to exhaust the coweight lattice via
the tropicalized Casimir map 6, (Figure 20). We also discuss their shear coordinates.
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Organization of the paper. Our notations on the marked surfaces and Lie theory
are summarized in Section 2. In Section 3, we recall the definition of unbounded sls3-
laminations and their shear coordinates.

Section 4.1 gives a classification of unbounded sl3-laminations around a puncture. In
Section 4.2, we describe our constructions in the shear coordinates, and relate them to
the cluster exact sequence coming from the structure of cluster ensemble [FGO09].

Section 5 is the most involved part, which describes the Weyl group action on the
unbounded sl3-laminations. Some of the technical statements are proved in Section 5.3.

In Section 6, we give a proof of the Shen—Sun—Weng’s conjecture by using the fact that
our tropicalized Casimir map 6, is indeed the tropicalization of the positive map ©, on
the moduli space Ppar, x.

In Section 7, we investigate several relations to the work of Fraser—Pylyavskyy. We
relate our signed webs with their ‘pseudo-tagged diagrams’. Finally in Section 8, we
briefly discuss the higher rank generalizations.

The following diagram shows the relationships among Sections 2-8.

x >\
6)
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2. NOTATION

2.1. Marked surfaces and their triangulations. A marked surface (X, M) is a com-
pact oriented surface ¥ together with a fixed non-empty finite set Ml C X of marked points.
When the choice of M is clear from the context, we simply denote a marked surface by
Y. A marked point is called a puncture if it lies in the interior of X, and a special point
otherwise. Let M, (resp. My) denote the set of punctures (resp. special points), so that
M = M, UMy. Let ¥* := X\ M,. We always assume the following conditions:

(S1) Each boundary component (if exists) has at least one marked point.

(S2) —2x(X*) + |[My| > 0.

(S3) (X,M) is not a once-punctured disk with a single special point on the boundary.
We call a connected component of the punctured boundary 0*3 := 0% \ My a boundary
interval. The set of boundary intervals is denoted by B.

Unless otherwise stated, an isotopy in a marked surface (X, M) means an ambient
isotopy in X relative to M, which preserves each boundary interval setwisely. An ideal
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arc in (X, M) is an immersed arc in ¥ with endpoints in M which has no self-intersection
except possibly for its endpoints, and is not isotopic to one point.

An ideal triangulation is a triangulation A of ¥ whose set of O-cells (vertices) coincides
with M. The conditions (S1) and (S2) ensure the existence of such an ideal triangulation,
and the positive integer in (S2) gives the number of 2-cells (triangles). In this paper, we
always consider an ideal triangulation without self-folded triangles of the form

whose existence is ensured by the condition (S3). See, for instance, [FST08, Lemma 2.13].
For an ideal triangulation A, denote the set of edges (resp. interior edges, triangles) of
A by e(AD) (resp. em(D), t(A)). Since the boundary intervals belong to any ideal
triangulation, e(A) = e (A ) UB. By a computation on the Euler characteristics, we get

le(A)] = =3x(E7) +2[Ma|,  [em (D) = =3x(X7) + M|,
H(A)] = —2x(E7) + [M|.

FIGURE 1. The set I(A) of distinguished points.

To indicate the sls-structure, it is useful to equip A with two distinguished points on the
interior of each edge and one point in the interior of each triangle, as shown in Figure 1.
The set of such points is denoted by I(A) = Iy, (A). This set will give the vertex set of the
quiver Q* associated with A: see Appendix A.2. Let I°%¢(A) (resp. I™(A)) denote the
set of points on the interiors of edges (resp. triangles) so that I(A) = I°%°(A) L I™(A),
where we have a canonical bijection

tHA) = 1A, T i(T).

When we need to label the two vertices on an edge E € e(A), we endow it with an
orientation. Then let i'(E) € I(A) (resp. i*(F) € I(A)) denote the vertex closer to the
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initial (resp. terminal) endpoint of E. Let I(A); C I°%¢(A) (“frozen”) be the subset
consisting of the points on the boundary, and let I(A)ys := I[(A) \ I(A)¢ (“unfrozen”).
The numbers

[I(A)] =2[e(A)] + [t(A)] = =8x(E7) + 5[M|
and
[L(D)ut] = 2[emt(D)] + [H(A)] = =8x(X7) + 3|M)|

will give the dimensions of the PL manifolds £, (X, R) and £, (X, R) respectively, which

5[3
we will study in this paper.

2.2. Notation from Lie theory. For a complex semisimple finite-dimensional Lie alge-
bra g, choose a Cartan subalgebra f and a set of simple roots. Let S be the vertex set of
the associated Dynkin diagram. Then we have the following lattices:

e Q=0, s Za, C h* (root lattice),

o P=@, o Zw, Cbh* (weight lattice),

o Q' =, s Zay C b (coroot lattice),

o PV =@, o Zw] C b (coweight lattice).

Here ay, @y, ), @) are called the s-th simple root, fundamental weight, simple coroot,
fundamental coweight, respectively for s € S. We have the relations

at:E Cyws and a;/:E Cisw,,
S S

where C(g) = (Cyt)ses is the Cartan matrix of g. The relations among the lattices above
are summarized as follows:

QY = Hom(P,Z), PY=Hom(Q,Z), QcCcP, QYcP

Here the inclusions are of index det C'(g). For a lattice L, let Ly := L ®z Q denote the
associated Q-vector space.

Let G (resp. G') be the simply-connected (resp. adjoint) algebraic group with the Lie
algebra g. Let H C G be a Cartan subgroup, and H' C G’ be its image under the
canonical projection. Then the lattices above are interpreted as (co)character lattices:

P = X*(H), QY = X, (H),
Q= X*(H'), PV = X,(H').

Here X*(T') := Hom(T,G,,) and X,(T') := Hom(G,,, T') for a split algebraic torus T'. The
cocharacter lattice X,(T") can be viewed as the tropical analogue of T' (cf. [FG09)]).
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The sl3-case. The groups are G = SL3 and G' = PGL3. The standard choice of Cartan
subgroup is H := {diag(z,y,2) | zyz = 1} C SLs, leading to P = Z3/7Z(1,1,1) and
QY ={(a,b,c) |a+b+c=0} CZ

e Simple positive roots:
ap = diag(1,—1,0), a9 = diag(0,1,—1).
e Fundamental weights:

wy = diag(2/3,—-1/3,—-1/3), w, = diag(1/3,1/3,—-2/3).

C/(sly) = (_21 _21> |

3. UNBOUNDED 5(3-LAMINATIONS

e The Cartan matrix:

3.1. Definition. Let us briefly recall the definition of the rational unbounded sl3-laminations
from [IK22, Section 2].

An sl3-web (or simply a web) on a marked surface ¥ is an immersed oriented uni-
trivalent graph W on ¥ such that each univalent vertex lies in M, U 9*X, and the other
part is embedded into int 2*. Here, the orientation is given so that each trivalent vertex
is either a sink or a source, respectively:

We also allow oriented loop components. A web is said to be non-elliptic if it has none
of the following elliptic faces:

. I D (3.1)
LN -~ /’-\\\
- N - N 7 \
/ \ / \ / \
/ \ / \ |
! I 1
! I
\ /
N /7
et (3.2)

A web is said to be bounded if none of its univalent vertices lie in M.
A signed web is a web on ¥ together with a sign (+ or —) assigned to each end incident
to a puncture. The following patterns (and their orientation-reversals) of signed ends are
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called bad ends:

\\\»_/,’ Sol - \\\»_//’ (33)

Here € € {4+, —}. The pair of ends of the first type is called the resolvable pair. A signed
web is said to be admissible if it has no bad ends. Unless otherwise stated, we always
assume that the signed webs are admissible (until Section 5). A bounded web is naturally
regarded as a signed web, since we do not need to specify any signs.

Elementary moves of signed webs. We are going to introduce several elementary
moves for signed webs. The first two are defined for a web without signs.

(E1) Loop parallel-move (a. k. a. flip move [FFS520] or global parallel move [DS201]):

(3.4)
(E2) Boundary H-move:

. . (3.5)

Similarly for the opposite orientation. We call the face in the left-hand side a
boundary H-face.
(E3) Puncture H-moves:

(3.6)

\\\/,’ \\\»/,’ \\\/,’ (3.7)

Similarly for the opposite orientation. We call the face in the left-hand side of
(3.6) a puncture H-face.

The moves (E2) and the first one in (E3) lead to the parallel-moves for the arcs. See
[[K22, Lemma 2.4].

Also note that we can always transform any signed web to a signed web without bound-
ary H-faces (resp. puncture H-faces) by applying (E2) and (E3), respectively. Slightly
generalizing the terminology in [F'S20], such a signed web is said to be boundary-reduced
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(resp. puncture-reduced). It is said to be reduced if it is both boundary- and puncture-
reduced.

(E4) Peripheral move: removing or creating a peripheral component:

Similarly for the opposite orientation.

We will consider the equivalence relation on signed webs generated by isotopies of marked
surfaces and the elementary moves (E1)—(E4). Observe that the moves (E1)-(E4) pre-
serves the admissibility. On the other hand, a non-elliptic signed web may be equivalent
to an elliptic web. See [[K22, Example 2.5] for an example.

Definition 3.1 (rational unbounded sl3-laminations). A rational unbounded sl3-lamination
(or a rational sl3-X-lamination) on ¥ is an admissible, non-elliptic signed sl3-web W on X
equipped with a positive rational number (called the weight) on each component, which
is considered modulo the equivalence relation generated by isotopies and the following
operations:

(1) Elementary moves (E1)—(E4) for the underlying signed webs. Here the correspond-
ing components are assumed to have the same weights.

(2) Combine a pair of isotopic loops with the same orientation with weights u and
v into a single loop with the weight v 4+ v. Similarly combine a pair of isotopic
oriented arcs with the same orientation (and with the same signs if some of their
ends are incident to punctures) into a single one by adding their weights.

(3) For an integer n € Z~o and a rational number u € Q-+, replace a component with
weight nu with its n-cabling with weight u, which locally looks like

For a loop or arc component, it is just the n — 1 times applications of the operation
(2). One can also verify that the cabling operation is associative in the sense that
the n-cabling followed by the m-cabling agrees with the nm-cabling.
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Let £3.(3,Q) denote the set of equivalence classes of the rational unbounded sls-
laminations on . We have a natural Qs -action on £, (X, Q) that simultaneously rescales
the weights. A rational unbounded sl3-lamination is said to be integral if all the weights
are integers. The subset of integral unbounded slz-laminations is denoted by L3, (3, Z).

Notation 3.2. In view of the equivalence relation (4), we will occasionally use the fol-
lowing equivalent notations for honeycombs:

n n. n no.

1/ \ ! \
~J ! 1 ~J ! |

\ | \ f

\ \

N i n )/ \'{),1 i i 7),2,/

with ny +ny = n. We may also split an edge of weight n with k edges of weight ny, ..., ng

with nqy +--- +n, = n.

Definition 3.3 (Dynkin involution). The Dynkin involution is the involutive automor-
phism

1 L3,(5,Q) = L5,(5,Q), L L7,

sl3

where L* is obtained from L by reversing the orientation of every components of the
underlying web, and keeping the signs at punctures intact. Since all the elementary
moves (E1)—(E4) are equivariant under the orientation-reversion, this indeed defines an
automorphism on L% (X, Q).

5[3

Bounded laminations and the ensemble map.

Definition 3.4 (rational bounded sls;-laminations). A rational bounded sl3-lamination
(or a rational sl3-A-lamination) on ¥ is a bounded non-elliptic sl3-web W on ¥ equipped
with a rational number (called the weight) on each component such that the weight on
a non-peripheral component is positive. It is considered modulo the equivalence relation
generated by isotopies and the operations (2)—(4) in Definition 3.1.

Let £, (X, Q) denote the space of rational bounded sl3-laminations. We have a natural
Qxo-action on Lg, (32,Q) that simultaneously rescales the weights. A rational bounded
slz-lamination is said to be integral if all the weights are integers. The subset of inte-
gral bounded sls-laminations is denoted by L£g_ (X,Z). For the relation to the works of
Douglas—Sun [DS201, DS2011] and Kim [Kim21], see [IK22, Remark 2.10].

By forgetting the peripheral components, we get the geometric ensemble map

p: Eg[g(zv Q) - E?[g(zv Q) (39)

In the next subsection, we will describe the ‘kernel’ and the ‘cokernel’ of the geometric
ensemble map p.
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3.2. Lamination exact sequence.

3.2.1. The tropicalized Casimir map on L% (X,Q). For each puncture p € M, we define

5[3
a function

6, L7, (5,Q) = PY

sl3
which we call the tropicalized Casimir map associated with p, as follows. For a rational
sl;-lamination L € L5, (X,Q) with a support W, the coweight HP(Z) € Py is defined to
be the sum of the contributions from each end of the web W incident to p, given as in
Figure 2. Then it is clearly invariant under the equivalence relation in Definition 3.1.

/// ‘\\ /// \\\ /// ‘\\ /// \\\
A\ A\ A\ A\

/ / / /

| ! | ! | ! | !
| | | |

| | | |

! ! !
\\ w%/ // \\ _WY // \\ WY ,/ \\ _w%/ ,/

~

F1GURE 2. Contribution to 6,(L) from each end incident to the puncture p.

Let 0 := (0,)pem, : £3,(2,Q) — (P(\é)MC’.
It is also verified by inspection that

0,(L") = (6,(L))" (3.10)

*

holds for all p € M, where the Dynkin involution on the coweights is given by (w))* :=
wy_, for s =1,2.

3.2.2. The peripheral action on L%, (3, Q). We have a natural action of (Q*)" on L% (X, Q)
that adds peripheral leaves to a given bounded sl3-lamination. It turns out to be natural
to interpret it as actions of the coroot lattice, as follows. For a marked point m € M,
a copy of Qg acts on Lf (X,Q), where u = viay + vay € Qf adds the peripheral
components around m of the following forms:

e oriented counter-clockwisely with weight 2v; — vy, and

e oriented clockwisely with weight —v; + 2vs.

Vo

This action is designed so that the fundamental coweight @y = (20 + o) (resp. wy =

L(ay + 2ay)) gives rise to a single peripheral component with weight 1 and the counter-

3
clockwise (resp. clockwise) orientation. These actions assigned to the marked points
commute with each other. In Section 4.2, we will see that this action coincides with the

tropicalization of the H 4-action on the cluster variety As, x.

3.2.3. The lamination exact sequence. The previously discussed structures are combined
as follows.

Proposition 3.5. We have 67(0) = p(L% (32,Q)). Therefore we have the exact sequence

sl3
0— QY — £2,(2,Q) & £2 (2,Q) & (PY)M — 0.
Here the map (Qg)™ — LS

o, (5, Q) is given by the action on the empty sls-lamination.
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Indeed, since a pair of ends with opposite coweights are not allowed by the admissible
condition, #71(0) consists of the bounded rational sl3-laminations, namely the image of
p. The exactness of the other parts are obvious.

Let us denote the space of bounded sl3-laminations without peripheral components by
4 (2,Q) :=071(0) = p(£S,(X,Q)). Then we have an obvious splitting

sl3
(p> (Wm)mEM) : g[g(ZaQ) :) ﬁg{g(za(@) X (Q(\é)M> (311)
where w,,, : L%

0(5,Q) — Q(é extracts the weights of peripheral components around
m € M. We will see that w,, is given by the tropicalized Goncharov—Shen potential
in Proposition 5.12 (cf. [DS201L, Section 2]).

3.3. The spiralling diagram associated with a signed web. In order to define the
shear coordinates of a non-elliptic signed web W, we first deform it to the spiralling
diagram W. See [IK22, Section 3] for a detail. Roughly speaking, the spiralling diagram
W is obtained as follows.

(1) In a small disk neighborhood D, of each puncture p € M, deform each end of W
incident to p into an infinitely spiralling curve, according to their signs as shown
in Figure 3.

(2) The resulting (possibly infinite) self-intersections are replaced with H-shaped parts
as shown in Figure 4.

- b < -
- N/ N -
-, -,

| s ! |

FicUrE 3. Construction of a spiralling diagram. The negative sign simi-
larly produces an end spiralling counter-clockwisely.

Given an ideal triangulation A of ¥ without self-folded triangles, the associated split
1deal triangulation A is obtained from A by replacing each edge F with a biangle Bg.
The following is an unbounded version of the notion of good position of bounded webs
[FS20, DS201].

Definition 3.6. The spiralling diagram W is in a good position with respect to a split
triangulation A if the intersection WN Bg (resp. WNT) is an unbounded essential (resp.
reduced essential) local web ([IK22, Section 3.1]) for each E € e(A) and T € t(A).

Here,
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F1GURE 4. Construction of a spiralling diagram. Replace intersections with
H-webs in a periodic manner.

e An unbounded essential web on a biangle B is the ladder-web W (S) associated
with an asymptotically periodic symmetric strand set S as shown in the left of
Figure 5.

e An unbounded reduced essential web on a triangle 7" is the disjoint union of at most
one honeycomb and at most one semi-infinite asymptotically periodic collection of
corner arcs around each corner. See right of Figure 5.

Y \1[3:::>>

A\
L0
5

Y AN

ANNNY

QL

W N Bg

WS N Bg

A

wntT

i,

FIGURE 5. Unbounded essential webs on a biangle (Left) and a triangle
(Right). The braid representative of the former is shown in the Middle.

Again, see [[K22, Section 3.3] for a detail. Then, after some technical discussion, we can
verify that any spiralling diagram arising from a non-elliptic signed web on X can be
isotoped into a good position with respect to A by a finite sequence of certain elementary
moves [[K22, Theorem 3.10]. Moreover, such a good position is unique up to certain
elementary moves.

While the spiralling diagram itself is suited to discuss its good position, the following
braid representation will be useful to define the shear coordinates:

Definition 3.7 (Braid representation of a spiralling diagram). Let W be a spiralling
diagram in a good position with respect to A. Then its braid representation Wﬁ is
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obtained from W by replacing the unbounded essential web W N Bg on each biangle Bg
with its braid representation.

3.4. Shear coordinates. Let us recall the shear coordinates associated with an ideal
triangulation A of ¥ without self-folded triangles. Let A be the associated split triangu-
lation.

Given a rational sl3-lamination Le L£7.(%,Q), represent it by an slz-web W together
with rational weights on its components and signs at the ends incident to punctures. Let
W be the associated spiralling diagram together with rational weights on the components,
placed in good position with respect to A. Let Wlﬁ be its braid representation, together
with well-assigned rational weights on its components. The shear coordinates of L are
going to be defined out of Wﬁ.

For each E € e, (A\), let Qg be the unique quadrilateral containing £ as its diagonal,
regarded as the union of two triangles T, Ty and the biangle Bg. By [FFS20, Theorem 19|
([DS201, Proposition 22]), the restriction of W to each of T}, and Tj has at most one
honeycomb web, which is represented by a triangular symbol as in Notation 3.2. We call
any strand in the braid representative Wﬁ N Qg that is incident to the triangular symbol
in 77, (if exists) a Tp-strand. Similarly, we define Tg-strands. It is possible that an arc
is both T - and Tgk-strand, in which case it connects the two honeycombs. By removing
the T~ and Tg-strands, the remaining is a collection of (possibly intersecting) oriented
curves, which we call the curve components.

Definition 3.8 (sl3-shear coordinates). The (sl3-)shear coordinate system
XK (L) = (¢ (D) ier(a) € Q)

is defined as follows. First, for each E € e;,(A), the coordinates assigned to the four
vertices in the interior of () only depend on the restriction Wlﬁ NQg.

(1) Each curve component contributes to the edge coordinates according to the rule
shown in Figure 6.

(2) The honeycomb on the triangle T}, contributes to ng(i) as in Figure 7. Namely,
the face coordinate counts the height of the honeycomb web, where a sink (resp.
source) is counted positively (resp. negatively). The edge coordinates count the
contributions from 7T -strands, where we have n; left-turning ones, ns straight-
going ones (which are also Tg-strands), and ng right-turning ones.

(3) The honeycomb on the triangle Tk and the Tg-strands contribute in the symmetric
way with respect to the 7 rotation of the figure.

Then the shear coordinates are defined to be the weighted sums of these contributions.

Remark 3.9. The shear coordinates of the first honeycomb component shown in Figure 7
is the same as the sum of shear coordinates of the three honeycomb components shown
in Figure 8.
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FiGUre 7. Contributions from the honeycomb of height n = ny + ny + ng
on the triangle 7. Observe that the ny straight-going Tp-strands do not
contribute.
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FIGURE 8. Basic honeycomb components

Theorem 3.10 ([IK22, Theorem 1]). The shear coordinate system X‘K(Z) € Q) gives
a well-defined bijection

xo L2 (2, Q) — Q4.

5[3

Moreover, for any another ideal triangulation AN’ of 3, the coordinate transformation

1

XAr O XA @8 a composite of tropical cluster X -transformations.

As a consequence, the shear coordinates combine to give an MC'(X)-equivariant bijec-
tion

X' L5,(2,Q) = Xy, £(Q7). (3.12)

In other words, the space £ (3, Q) can be viewed as a tropical analogue of the moduli
space Xpgr, » of framed PG Ls-local systems [FG06a] with respect to its positive structure.

Notation 3.11. We will write X% = XZ.A(T) for a triangle T' of A, and X%S = XiAS(E) for an
oriented edge E of A and s = 1,2. Here recall the notations in Section 2.1.

Dynkin involution. At the rest of this section, we recall the equivariance of the shear co-
ordinates under the Dynkin involution (Definition 3.3). The cluster action % (see the last
paragraph of Appendix A) of the Dynkin involution in the cluster chart associated to A
is given by some mutation sequence, and it induces the tropical cluster X-transformation

K0 L Xp > —Xp, for T € t(A),
X1 = Xpe + X1+ — [—X7R ]y,
Xp2 — Xg1 + [Xrp)+ — [—X7, |+ for E € e(A).

Proposition 3.12 ([IK22, Proposition 4.13]). We have the commutative diagram

T (3,Q) —2 Qhut(®)

5[3

l lm

T wr (D
(2,Q) g Q).

sl3

In particular, the orientation-reversing action of the Dynkin involution coincides with the
cluster action.
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4. STRUCTURE OF UNBOUNDED $[3-LAMINATIONS AROUND PUNCTURES

4.1. Classification of unbounded sl;-laminations around punctures. In this sec-
tion, we focus on the rational unbounded sl3-laminations around a puncture as a prepara-
tion for the study of the cluster exact sequence and the Weyl group actions at punctures
in the subsequent sections.

Let us first clarify the elementary pieces that we are going to classify. Fix an ideal
triangulation A of a marked surface Y. Given a non-elliptic signed web W on X, let W
be the associated spiralling diagram in a good position with respect to A, and W]ﬁ its
braid representation. Recall that each of the shear coordinates of W is defined to be a
sum of contributions from the components of Wlﬁ (Figures 6 and 7).

In view of the rules in Figure 7, we can further decompose the contributions from
honeycomb components as follows. For each triangle T' € ¢(A), split a honeycomb of
height n into a union of n honeycombs of height one. See Figure 9 for an example. Then
Wﬁ is decomposed into a union Wlﬁ = J, W, of webs only with honeycombs of height
one. Let us call each web W, appearing in this decomposition an elementary braid with
respect to A. Let W, denote the signed web corresponding to W,,.

FIGURE 9. Decomposition of a braid component into elementary braids.

Lemma 4.1. The shear coordinates of W can be computed as sums of contributions from
elementary braids:

fori € Ig(A). Moreover, the signs of shear coordinates are coherent: x= (W) x> (W) >
0 fori e I(A) and a # .

Proof. The first assertion follows from Remark 3.9. The signs of face coordinates x? (Wa),
T € t(A) are coherent since the original web W has a sink (resp. source) honeycomb if
and only if each W, has a sink (resp. source) honeycomb.

For the edge coordinates, let us focus on the quadrilateral shown in Figures 6 and 7.
If there were two elementary braids which contribute positively and negatively to the
same edge coordinate, then they would have an intersection inside the bigon Bp with
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the same orientation (in the sense ‘left-to-right’ or ‘right-to-left’). It contradicts to the
construction of the braid representative (see also the left picture in Figure 5). Hence we
have x. (W) - X7 (Wa) > 0 for all i € I (A). [ |

Let D* be a once-punctured disk with two special points, together with the ideal tri-
angulation shown in Figure 10.

Proposition 4.2 (Classification of elementary braids on D*). All possible elementary
braids on D* are the eleven ones shown in Figure 10, up to orientation-reversion and the
m-rotation.

Proof. By cutting D* along one of the interior edges, say E, we get a quadrilateral. Then
by the discussion in the beginning of Section 3.4, W, \ E has at most two honeycomb
components, and the other parts are curve components. For elementary braids, these
honeycomb components have height 1. Then we consider all possible patterns to connect
them across the edge E. Those arising from the curve components are listed in the top
row of Figure 10. The second and third rows exhaust all the patterns with one and two
honeycomb components, respectively. [ |

Remark 4.3. Thanks to the sign coherence statement in Lemma 4.1, we can reduce the
computations of a piecewise linear map (such as a cluster transformation) to that for the
elementary braids, whenever its bending loci are of the form xf = 0. It will be useful, for
example in the proof of Theorem 5.11.

4.2. Equivalence to the cluster exact sequence. Here we compare the lamination
exact sequence in Proposition 3.5 with the tropicalization of the cluster exact sequence
[FG09] (see Appendix A). Recall that for each puncture p € M, associated is the trop-
icalized Casimir functions ¢, : £3, (3,Q) — Pg§. Let (, ) : Qg ® Py — Q denote the
dual pairing, for which we have (ay, @,”) = d5. Take an ideal triangulation A(p) of X so
that the star neighborhood of p is a once-punctured disk with two marked points on its
boundary. Label the vertices of the quiver Q“*®) as prescribed in Figure 11.

Proposition 4.4. We have
<041, X*A(p)ep> — X3 —+ X4 —+ X5 —+ X6,
<O{2, XZ(p)9p> = X1 + Xa.
In particular, the map 0, is identified with the tropicalization of the cluster Casimir map

0 : Xy » — Hx (Appendiz A.2).

Proof. By the Q¢-equivariance, it suffices to show the equations for integral sl3-laminations.
Let L be an integral slz-lamination represented by a non-elliptic signed web W, and W
the associated spiralling diagram in good position with respect to the split triangula-
tion A(p) Since both sides of the equations only depend on the restriction of W to the
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FiGURE 10. Elementary braids on D* and their shear coordinates. Below
each picture, shown is the value of the tropicalized Casimir function assigned
at the central puncture.

FIGURE 11. The quiver Q©® around a puncture p. Here possible (half-)
arrows between boundary vertices are omitted.

once-punctured disk D*(p) containing the puncture p with two special points, we can
concentrate on the diagram W, := WND*(p). Then it suffices to consider the elementary
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braids listed in Figure 10, for which one can easily verify the desired equations. The cases
for the opposite orientation can be similarly verified, or one can deduce them by applying
(3.10) and Proposition 3.12. The assertion is proved. n

Theorem 4.5. The sequence

0— HA(QT) = £ (X,Q) L 27 (2,Q) & Ha(QT) = 0

sl3 sl3

of PL maps (Proposition 3.5) coincides with the cluster exact seqeunce (A.9).

Proof. By Lemmas A.1 and A.2, the Q-vector spaces Hx(QT) and H4(QT) introduced
in Section 3.2 are the same as the tropicalizations of the tori Hy and H 4, respectively.
Moreover, the ensemble map p : £, (2, Q) — £, (X, Q) and the tropicalized Casimir map

0: L%, (3,Q) = Hx(Q") coincide with the cluster ones by [[K22, Proposition 4.10] and
Proposition 4.4, respectively. It remains to show that the Q(\é—action adding peripheral
components around a marked point m € M coincides with the tropicalization of the
cluster action of H4 on Ag, 5.

For a puncture p € M, take a labeled sl3-triangulation (A(p),¢(p)) as in Figure 11.
Then the peripheral components around p with weight 1 have the shear coordinates as
shown in Figure 12. In particular, given any slz-lamination L€ L£7.(%,Q), the action
adding the peripheral component around p with weight ¢ € @Q and counter-clockwise

orientation shifts the tropical A-coordinates as

a,(L)+2t, ifi=3,4,5,6,
(L) — S a,(L)+ 4, ifi=1,2,
a;(L) otherwise.

This is exactly the tropicalized version of the cluster action (A.3) induced by the element
wy = 2af + 3o € K. Similarly, the action adding the peripheral component with
clockwise orientation coincides with the tropicalized action given by wy = o) + 20y €
KV. Thus the Q(\é—action in Proposition 3.5 associated with the puncture p coincides
with the cluster action. The coincidence of two actions associated with a special point is
similarly verified. [ |

Remark 4.6. The action given by § € H4(Q") preserves the integral part £% (3, Z) if
and only if it belongs to the coroot lattices.

5. WEYL GROUP ACTIONS AT PUNCTURES

We are going to introduce an action of the Weyl group of the Lie algebra sl3 at each
puncture p € M, and investigate its cluster nature. The action is defined so that the
tropicalized Casimir function 6, : £Z (3,Q) — Hx(QT) is equivariant under this action.
While this is a natural requirement which uniquely determines the action on each signed

end of a given unbounded sl3-lamination, it turns out that it in general leads to resolvable
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FIGURE 12. The shear coordinates of peripheral components around a
puncture p.

pairs in (3.3) that we have excluded: the reader is recommended to quickly see Defini-
tion 5.7 and Proposition 5.9. Therefore we begin with brief discussion on signed webs
with resolvable pairs (but still without the latter two types of bad ends in (3.3)) and a
new operation that allows us to reduce such a web to an ordinary signed web. Observe
that the spiralling diagram W can be defined without any modification, and hence we
can also define the shear coordinates for such a signed web.

5.1. Resolution of resolvable pairs.

Definition 5.1 (resolution of resolvable pairs). Let W be a non-elliptic signed web with
resolvable pairs at a puncture p € M.

Step 0: Assume first that W has exactly one resolvable pair (e, e_) at p, and there
is no other ends incident to p. The basic idea is that we resolve the pair (e e_)
in the following way:

\ \ / \ \

/ €+ €_ \\ / \ / €+ e_ / \
| I I I

|_(_O_(_; W i O 1y |_>_O_>_; W i O )
\ + / \ , \ + / \ ,

Step 1: In general, let (ey,e_) be a resolvable pair at p among the other ends
incident to p. Then the above resolution rule will produce intersections with the
other signed ends, and give rise to a signed web with self-intersections:

Here the chosen resolvable pair is shown in red. Then we resolve each intersection
in the following way (in the order from the farthest from p):
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The rule is extended by equivariance under the Dynkin involution.

23

Step 2: The resulting signed web may have 2-gon or 4-gon faces. We eliminate the

2-gon faces naturally as in the skein relation [[K22, (5.4)]. The 4-gon face can

only arise from a 3-gon face or a 5-gon face in the original signed web. We remove

such a 4-gon face in the following way:

s AN //\ A o0 AN
; N\ / 4 N / N
\ /\ \
! \ Stepl / v / \
! ! + | ! + I
.—)——(—O—(—i W \ O ) W \ h
\ + - h \ / \ h
\ , \ / \ ,
\ \ \ ,
U SO S (5.1)
, A N\ , AN
\ \ \
/ . Step 1 - . :/\>_/ .
\ + f \ g — ! W \ o — ;
\ - / \ / \ /
\\ 4 \\ 4 \\ /
oo soo L (5.2)

Here it is crucial to remember the puncture from which the 4-gon arose (indicated

by a dotted blue line in (5.2)) to determine the direction of removal.

We call the above process the resolution of the resolvable pair (ey,e_) at p, and the

resulting signed web is denoted by Wi, ._).

Note that W . ) has a less number of resolvable pairs than the original signed web

F1cURE 13. Spiralling diagram associated with a resolvable pair. Observe
that the middle one is not the ladder-web associated with the asymptotically
periodic symmetric strand set on B,, and thus replaced with the right one.

Remark 5.2. The basic ideas of the rules in Definition 5.1 are as follows. Firstly, one can

naively consider a spiralling diagram to a signed web with resolvable pairs just as before.
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The operation in Step 0 is designed so that it preserves such spiralling diagrams: see
Figure 13. Step 1 also preserves the spiralling diagrams, which can be verified similarly
as in the proof of the well-definedness of the shear coordinates [[K22, Proposition 3.14]
by choosing an appropriate biangle.

Although the resolution direction of a 4-gon face is not determined by the skein point
of view, the spiralling direction tells us the correct way. Indeed, one can push any 4-gon
arising from Step 1 into the chosen biangle, as follows:

P

- N Phg T~
N AN
4 \ / \
/ —, ! \
e ,
| |
| ) e Vo O I ANy
\ / \
\ / \
7
.

Y

\ ’ \

~

~ -
4 5 ~ s ~ N
N\ A
4 \ 4 \
\ \
! | ! |
X e Vo O S !
\ / \ ’
\ ’ \ ’
N 7 A 7

N - ~ -

This is exactly the rules in Step 2.

Remark 5.3. From the 2-gon elimination rule in Step 2, we get the following additional
puncture H-move:

and similarly for the opposite orientation. Here ~ means that both the signed webs
produce the same non-elliptic admissible signed web after the resolution procedure. It
preserves the associated spiralling diagrams. On the other hand, a similar move with
the opposite signs shown below is not allowed, since it neither preserves the associated
spiralling diagrams nor compatible with the resolution procedure.

N N
4 \ 4 \
/ \ 4 \
1/ ! ll !
_ | _ |
! + 7& ! +
\ /
/
\ /

\ , \

~ . N -

The following proposition states that the resolution procedure does not affect the shear
coordinates and that after a successive application of these procedures, we eventually get
a unique non-elliptic signed web without resolvable pairs.

Proposition 5.4 (Proof in Section 5.3). (1) The resolution operations are associa-
tive. Namely, we have

Wes ey ey = Wie e ) e e
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up to isotopy for any resolvable pairs (ey,e_), (€/,,€) at distinct punctures p #
p' € M., respectively. When p = p', we have

Weesen) @ e) = Weeh o)) eqe) ifey #e ande_ #e.,
W(e+,e,) = W(e;,e,) Zf 6/_ = €_,
Wieser) = Weeper) if e, =e;

up to isotopy. As a consequence of these properties, we get a unique non-elliptic
admissible signed web W™ obtained from W by successively applying the resolution
operations in any order.

(2) If two non-elliptic signed webs Wi, Wy are transformed to each other by a sequence
of the elementary moves (E1)—(E4), then the non-elliptic admissible signed webs
Wired gnd Wi are transformed to each other by a sequence of these moves.

A proof is given in Section 5.3. Let us call a signed web drawn in a small neighborhood
of p possibly with finitely many self-intersections a generalized signed web near p. In the
resolution process, we at once produce a generalized signed web near p in Step 1, and then
remove all of its self-intersections according to the local rule specified in Step 2. Observe
that:

e it makes sense to remove only a subset of self-intersections to get another gener-
alized signed web;

e the resolution Step 1 for another resolvable pair can be further applied to a gen-
eralized signed web before removing all of its self-intersections.

We say that two generalized signed webs are equivalent if they produce equivalent signed
webs after resolving all their self-intersections, where we remove the self-intersections
from the farthest one from p. It turns out that it is easier to verify the statement (2)
in Proposition 5.4 in the level of generalized signed webs. The following lemma is also
stated in the level of generalized signed webs.

Lemma 5.5 (Proof in Section 5.3). We have the following equivalences of generalized
signed webs:

(1)

Here the ends shown in orange have any possible orientations and signs.
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Here again, the ends shown in orange have any possible orientations and signs.
Similarly for their orientation-reversions.

The following lemma is also useful:

Lemma 5.6 (Proof in Section 5.3). A component C' of the form

s
’
7

Soop
. +{>)f !
can be removed from a signed web W without changing the other components.

These lemmas are also proved in Section 5.3.

5.2. Weyl group action. Recall that the Weyl group W (sl3) is the group presented as
W(ﬁ[g) = <’l“1,’f’2 | ’f’% = ’l“g = 1, 17971 = 7“27’17’2>.

Its natural action on the coweight lattice PV is given by r,.cw) := w, — gy for s,t =1, 2.
Explicitly,
r.w = —w, +w,, 1.y = sy,
ry.w, = wy, Te.WWy = W, — Wy .
Definition 5.7 (reflections at punctures). (1) Let W be a non-elliptic signed web,
p € M, a puncture. We define two non-elliptic signed webs 7, 1(W), r,2(W) in
the following way. First, we keep the part of W outside a small disk neighborhood

of p intact. For the first reflection 7,,, replace each signed end incident to p by
the following rule:

P - RN < P - RN < P - =~ < . - T~ <
7 \ 7 \ / \ 4 \
/ / / /
r . I + \l I + \l | - \l ! \l
p,l - | > ) | 1 > - + 9
P - RN < P - RN < P - =~ < . - RN <
7 \ 7 \ / \ 4 \
o4 \ / \ [ \ L \
! L — ! | ! L — ! |
| i [ + I | | .
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Then we get a generalized signed web W;. We define r, (W) := Wr*d. Similarly
for the second reflection 7, 5, replace each signed end incident to p by the following
rule:

// \\\ // \\\ // \\\ // \\\
I/ + \ I/ \ I/ o \ I/ o \
Tp2 o o o, N e S |

Then we get a generalized signed web Wy, and set 7, o(W) := Wied,

(2) Given an integral sl3-lamination Le L3, (X, Z) represented by a non-elliptic signed
web W, define rp,S(Z) = [rps(W)] for p € M, and s € {1,2}. It is well-defined,
thanks to Proposition 5.4 (3). Extend r,, to be an automorphism on £, (¥, Q)

by Q- o-equivariance.
The following is easily verified by inspection:

Lemma 5.8. For each p € M, and s € {1,2}, we have
* O Tp,s O % = Tp,3—s
as automorphisms on L (X,Q).

Proposition 5.9. The above rule defines an action «, of the Weyl group W (sls) on
7, (5, Q) by setting ay(rs) := 15 for s = 1,2. These actions commute with each other

for p € Ml,, and thus induce an action of the direct product W (slz)Me.

Proof. For each p € M, we need to check that the automorphisms 7,; and r, o satisfy
the defining relations of W (sl3). For the involutivity relation (r,1)* = id, the non-trivial
patterns are the followings:

Here we used the puncture H-move (3.6) in the last step. Observe that these operations
can be performed inside a small sector containing the original end, and the additional
loop based at p can be removed without affecting the possibly existing other ends (not
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shown in the figures above) by Lemma 5.6. Thus we get (r,1)* = id from the end-wise
verification. Then we also have (7, 2)? = id by the x-equivariance (Lemma 5.8). The braid
relation 7,17, 97p1 = TpoTp1Tp2 is verified as follows:

// \\ // \\
J + \ Tp1 N \ Tp,2
| o o

, \ , 4 N
I/ i Y Tp72 l/ é Y Tp71
| | |—> | - + : |—>

Here the values of 6, are shown for a comparison with the usual action of W (sl3) on the
coweight lattice. From these computations we see that the braid relation holds for these
two types of ends, and also for the other types by the s-equivariance (Lemma 5.8). Again,
thanks to Lemma 5.6, the end-wise verification suffices to prove the assertion. [ |

Example 5.10. Here is an example for which we need to apply the resolution move in a
non-trivial way:

w rp,l(W)

Recall from (A.7) that the cluster action of the Weyl group W (sl3) assigned at a punc-
ture p is described by the mutation sequence

oy 7= Hapaps(5 6)pispiaps,
[y = pa(1 2)paa,
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where we use the local labeling shown in Figure 11. The induced tropical cluster trans-
formations can be computed from [GS18, Theorem 7.7]. For example, r, 5 induces

(Tp2)ap) X1+ —X2,

X9 = —Xq,
xq = xg = [=xa]4 + [y, (5.3)
X+ Xg + [X1]+ — [—xa] 4,

X; —x; fori#£1,2,4,6
in the cluster chart associated with any triangulation A that restricts to A(p).

Theorem 5.11. The action of W (sl3)™° given in Proposition 5.9 coincides with the clus-
ter action.

Proof. Let us consider the reflection r,. By Lemma 4.1, it suffices to consider the ele-
mentary braids around p shown in Figure 10, and their orientation-reversals. Indeed, the
cluster action of 1,9 is linear for the coordinate contributions from elementary braids,
thanks to the sign coherence statement in Lemma 4.1.

Notice that if (g, 6,) = 0, then the reflection r, 5 acts on that pattern trivially. On
the other hand, one can easily see x; = xo = 0 in such a case by inspection so that the
formula (5.3) is also trivial. For one of the non-trivial cases, we have:

which agrees with the formula (5.3). The verification of the other patterns is similar.
Thus the action of r, o coincides with the cluster one. Then the statement for r,; follows
from Proposition 3.12 and Lemma 5.8. |

Weyl group actions on £ (3, Q). The Weyl group actions on the bounded sl3-laminations
are much easier to describe. Fix a puncture p € M, and let W,,(uy, u2) denote the bounded
slz-lamination consisting of the peripheral component with counter-clockwise orientation
of weight u; € Q, and the peripheral component with clockwise orientation of weight
ug € Q. Then the reflections 7, 1,7, 2 only transform the peripheral components around
p as follows, and keep the other part intact:

rp1: Wp(ug, ug) — Wy(—ur, uy + ug),

(5.4)
rp2 Wy(ur, ug) = Wy(uy + ug, —us).
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Proposition 5.12. The action map H4(QT) — L3, (3,Q) in the cluster exact sequence

(3.5) is equivariant under the action of W (sl3)™>. Moreover, the action of W (sl3)™> on

a

o, (2,Q) coincides with the cluster action.

Proof. Observe that W, (uy, us) is given by the coweight u;y +ustoy under the H 4(Q7)-
action. Then the first statement can be verified by comparing the action (5.4) with the
action of W (sl3) on the coweight lattice.

Given a rational bounded sl3-lamination L € £, (X,Q) and p € M, let u, (L) (resp.
up2(L)) denote the total weight of the peripheral components in L around p with the
counter-clockwise (resp. clockwise) orientation. Then for s = 1,2, the PL function
—uy (L) coincides with the max-plus tropicalization of the s-th partial potential [GS18,
(203)] associated with the puncture p. In the labeled triangulation as in Figure 23, they
are explicitly given by

up71(L) = min{ag + d4 —ad; —ay, 44 + ds — dg9 — dg, 4dj + dg — dg — dg, dg + dg — ad] — alo},

ung(L) = min{31 +ag —ay, a; +ag — 36}7

where a; := af(p)(L) fori=1,...,10. By [GS18, Theorem 8.2], the cluster action is given
by

ai—u,, ifi=3,4,56,
(Tp,1>A(p) a; — { Pl

a; otherwise,

a; — Up2 for ¢ = 1, 2,

a; otherwise.

(rp2)aw) @i = {

Then the cluster action transforms the functions u, s as

Comparing to (5.4), we see that this cluster action coincides with the geometric action. W

Remark 5.13. As we mentioned in the above proof, the coefficients of the PL function
Wy, = Up 1@y +up oy L3 (3, Q) — Qf in the splitting (3.11) with respect to the Q-basis
(wy, wy ) are given by minus the tropicalized partial potentials. By a similar consideration,
the coefficients of w,, for any special point m € My are also minus the tropicalized partial

potentials introduced in [GS15, Section 2.1.4] (see also [GS19, Proposition 10.10]).

As an application of Theorem 5.11, let us briefly discuss an enhancement of [TK22,
Theorem 1] on the equivariance statement.
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Theorem 5.14. The shear coordinate systems on L3 (X,Q) give rise to an (MC(X) x
Out(SLs)) x W (sls)Me-equivariant bijection

Xe 1 L3,(2,Q) = Xpary s(Q7). (5.5)

Here the semi-direct product is induced from the action of (¢, %) € MC(X) x Out(SLs)
on (wy), € W(sly)"e defined by (¢, ).(wp), := (wh(,))p-

Here the right-hand side is the same as A}, ;/(Q").

Proof. The statement that x, is an MC(X) x Out(SLs)-equivariant bijection is proved
in [[K22]. Tt is also W (sl3)"-equivariant by Theorem 5.11. The actions of MC(X) x
Out(SLs) and W (sl;)™e on £2

(3, Q) combine together to an action of the semi-direct

product by Lemma 5.8 and the local nature of the Weyl group actions around punctures.

Alternatively, it is a consequence of the corresponding statement for the cluster action on
XPGLg,E [GSl& Theorem 12] n

The statement is extended to that for £2 (3,Q) and Ppgr, »(QT) = Xy, £(Q") in an
obvious manner (cf. [[K22, Theorem 2]).

5.3. Proofs of the statements in Section 5. We first give a proof of Lemma 5.5, and
then proceed to the proof of Proposition 5.4.

Proof of Lemma 5.5. The proof is a straightforward case-by-case verification. We illus-
trate it by showing a couple of examples.

(1): In the first move, we need to consider the four possible patterns of the orienta-
tion/sign of the orange end. We have:

' )\ Stepl ) ' )
! A S D S T
\

L, 7 -7 T~ ~ , s - T~ ~ L, s -7 T~ ~ L, s -7 T~ ~
N\ N N\ N\
\ < \ ( \ \
l’ >+ \ Step 1 l’ ?+ \ l’ \ l’ \
X 1 W X ; Y X @ 1 ~Y \ + 1
\ \
\ ,/
N 7 7
N

W \

Here we have used the moves (E3) and (E4), and the reverse resolution procedure in the
second case. Verification for the other two patterns is left to the reader. The verification
of the second move is similar.
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(2): In the first move, we have:

/:m Step 1 i;l%[_)(; Step 2 l:\}[_){;
AN n AN

N
~

7 N ’
-

’
\
~ -~~~
N - N
s
’ /

ST Step | :\ﬂ/ *

~
\
|
!
!
’
\
|
!
!
\ ’ \ ’

Similarly for the other three patterns of the orange end. |

Proof of Proposition 5.4. (1): Tt is clear that the resolution operations at different punc-
tures commute. Consider two resolvable pairs (e4,e_), (€/,,¢) at a common puncture
p € M,. If the ends eq,e_, €/, € are located in this order clockwisely, then their resolu-
tions do not intersect and thus the resolution operations commute. Up to symmetry, we

need to consider the following three patterns of their clockwise ordering:

Here the other ends incident to p are shown in orange, whose orientations do not mat-
ter. The resulting generalized signed webs in the two routes are equivalent. The second
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configuration gives rise to:

Then the equivalence of the resulting generalized signed webs follows from Lemma 5.5
(2). The third pattern coincides with the second one by turning it upside-down. Thus
the first statement is proved. The case ¢/ = e_ in the second statement is verified as

where the equivalence of the resulting generalized signed webs follows from Lemma 5.5
(1). The case €/, = ey is similar.

(2): The resolution operations clearly commute with the elementary moves (E1) and
(E2), since they do not affect the punctures. We do not need to care about (E4), since it
cannot be applied in the presence of a resolvable pair. It remains to prove the compatibility
with the puncture H-moves (E3). For the first move (3.6), when the resolvable pair is not
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contained in the ends involved in (3.6), we have

————  Step 1 a
AN

’_<_._'_\\ Step 1 \\
AN

The verification for the other possible orientations/signs is similar. Indeed, it is the
common situation for these cases that one intersection point is smoothly resolved, while
the other one is resolved with extra trivalent vertices. When the resolvable pair is involved,
we have

/ +  Step0 \
AN

—_
-

/ 4 v Step0 v Step
AN

+
@]
+
+

! Y Step 0 / Y Step 1 / Y
| —?%ﬁ J\/E/% \ \5\4 -'\/E/% ' +

o Step2
l/ \\\ Step 0 I/ \ Q
! + W : + !

\ s ’
N - ~ -

The verification for the other possible orientations/signs is similar. The compatibility
with the second move (3.7) can be similarly verified, which is left to the reader. |

Proof of Lemma 5.6. If there are no other ends incident to the puncture p, then we can
remove C' by (E4) after the resolution process (Step 0). Assume that W has at least one
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end incident to p that is outgoing with positive sign. Then we have:

A, g -
/
l Y Step0
| +@_ ) NS |
\\ ,/ \\
\ , \

~

Y Step 1
o) S %

Here in the last step, we applied Lemma 5.5 (1) successively. After all, the result is the
same as just removing the component C. Similarly for the case where W has at least one
other incoming end with negative sign.

Then we need to consider the case where W has only other ends which are incoming
with positive signs and outgoing with negative signs. Choose arbitrary resolvable pairs
among them. If the resolution direction is the opposite to C' (namely, the component C'
lies in the lower-half plane in the situation of Step 1 in Definition 5.1), then we can simply
resolve them without touching C'. Otherwise, we have:

! Y Step0 <&\ Stepl L
AN AN @

; \ Step0 Ly N Step 1 ’/‘)-@—F\\ Step 2 w\
:—>—+—of,fvw>{o'w{—+;«~>{—§?+'

1

/
\
~ . N - ~ - N -

Here in the second case, observe that we have used the 4-gon elimination rule (5.1) arising
from a 3-gon face. In each case, the result is the same as just resolving the pair without
touching C. In these ways, we can at once move all possible resolvable pairs away from
p. The remaining ends are either all incoming with positive signs or all outgoing with
negative signs. Therefore we can remove C' by using (E4), as follows:

Finally, we restore the resolvable pairs to get the original diagram except for the compo-
nent C' removed. The assertion is proved. [ |

6. RELATION TO THE WORK OF SHEN-SUN-WENG

Here we briefly explain the relation to the X -webs considered in the recent work of
Shen—-Sun-Weng, and give a proof of [SSW23, Conjecture 4.10]. This correspondence
may be also useful to recognize a reasonable subset of the space £ (%, 7Z) introduced in
[1K22].
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Recall from [[K22, Section 4] the space

£P

5[3

(S,Z) := L% (2,7) x (PV)®

sl3

of rational P-laminations. It consists of the pairs (L, v) of L € L3, (X,7Z) and v = (vg)pes,
where vp = viw) + vgywy € PY is called the pinning assigned to the boundary interval
E e B.
We say that a coweight A € P is dominant (resp. anti-dominant) if A € PY :=
Zywy + Zywy (resp. —A € PY). For each p € M, let
0,: L8 (,Z) — L3, (X, Z) — PY

sl3

be the tropicalized Casimir map. Here the first map forgets the pinnings.

Definition 6.1. Let £} (X,Z)o C £, (¥,7Z) be the subset consisting of (L, v) such that

(1) For each p € M, the value HP(E, v) € PY is dominant.
(2) For each E € B, the pinning vg € PV is anti-dominant.

Lemma 6.2. We have a natural bijection
Lo, (3, Z)o = W5,
where the right-hand side denotes the set of “X-webs” in [SSW23, Definition 2.6].

Proof. The correspondence is as follows. Let (Z, v) € L (X,Z), and represent L by a

sl
non-elliptic reduced signed web W with weight 1 on each (jomponent.

e Irom the defining rule of 8, in Figure 2, the dominant condition for 6, requires W
to have + sign at each end at punctures. We identify an end of 4 sign with an
end without signs.

e We shift each end of W at a boundary interval in the positive direction along 0%
until it hits a special point.

e In view of the correspondence p given in [IK22, Section 4.3|, we identify the anti-
dominant pinning assigned to £ € B with the peripheral components around the
initial special point of F.

Thus we identify W with a reduced web with ends only at M, and the anti-dominant
pinnings equip W with peripheral components around My. It is easily checked that
the topological conditions for the X-webs match up with our non-elliptic and reduced
conditions. |

Lemma 6.3. The canonical bijection (5.5) induces

£p

sl3

(3, Z)0 = Piar, n(2"),

where Phap, s(Z") C Ppar, s(Z") is the subspace introduced in [SSW23, Section 4.3.A].
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Proof. Recall that Pj,;. o(Z") is defined by (1) the dominance condition for the mon-
odromy around each puncture, and (2) the negative condition for the tropicalized potential
around each special point. Let us examine these conditions.

(1): For each puncture p € M, let ©, : Ppgr,» — H be the positive map that
takes the semi-simple part of the monodromy of a PG Ls-local system around p with
respect to its framing. Proposition 4.4 means that 6, coincides with the tropicalization
O : Ppar,s(Z") — H(Z") = PY. Then their condition ©! € PY is nothing but our
condition 6, € PY.

(2): For a special point m € My, let P, : Asz,» — C denote the total potential associ-
ated with m [SSW23, Section 4.1]. It descends to a potential function W,, : Ppgr,» — C
such that

P
-ASL?,,E — C,

|

Prarss

where p : Agp,» — Ppars s denotes the extended ensemble map. Choose an ideal
triangulation A so that m belongs to exactly one triangle T'. In the vertex labeling of the
quiver on 7T as in Figure 14, the coordinate expressions of the potential functions P,, and
W, are

o A4 Al AG A2 A7
S A4 T AA, T AA

The tropicalization of the latter gives

W = w,, = max{xy,xs + [x44 }.

Therefore the condition Wg; < 0 is equivalent to

v =x1 <0, vp=x3+ x4y <0.

Here recall the formula [IK22, (4.3)], with a notice that aﬁ(f) = 0 from our choice of A.
Thus W2 < 0 is equivalent to —vp € PY.

Hence these conditions are equivalent to (1) and (2) in Definition 6.1, respectively. The
assertion is proved. |

Remark 6.4. As we have noted in Remark 5.13, w,, = —PZL counts the total weight of
the peripheral components around m € Mjy. The computation above is in accordance
with the extended geometric ensemble map p : £g (3,Q) — LI (X, Q) [IK22, Section
4.3] which relates the pinnings with minus the peripheral weights.

Combining Lemmas 6.2 and 6.3, we get:

Corollary 6.5 ([SSW23, Conjecture 4.10]). #5¥ = P, o (Z").
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FIGURE 14. The quiver around a special point m.

Remark 6.6. Here is a remark on the ‘anti’-dominant condition in Definition 6.1. If we
use the Langlands dual shear coordinates x; [IIK22, Section 4] (which are related to the
shear coordinates by a quasi-cluster transformation), we can convert it to the dominant
condition in the following sense.

Let us consider the potential function W,, : Ppar,» — C satisfying

P
ASLg,z —— C,

|

PPGLg,E

where p : Asr, s — Ppars.s assigning the pinning (Ag, 7(A}L)) to each boundary interval
FE € B. Here A}, Ay stands for the SLs/UT-decoration assigned to the initial and ter-
minal point of E, respectively, and the map 7 takes the underlying flag. Given an ideal
triangulation A of ¥, recall from [[K22, Section 5] that the Langlands dual coordinates
x> are defined by % := x° for i € I(A), and by modifying the frozen coordinates on
E € B by

>V<§71(L, v) = v}

)222(2:7 V) =vg
Here T is the unique triangle having F as an edge; d}(i) (resp. d]}(f)) is the total
weight of the oriented corner arcs in YW NT bounding the terminal endpoint of E in the
counter-clockwise (resp. clockwise) direction.? In the Langlands dual coordinates, we
have

T -« -~ -« . <~
W, = max{—Xg, —X5 + [—Xo]+ } = — min{Xg, X5 — [—X0]+}
ISee the third version on arXiv, where the third term is corrected from the published version [IK22,
Section 5]. The assertions in [ITK22, Proposition 5.3, Lemma 5.4] hold true only after this correction.
2We can also introduce the Langlands dual coordinates on the level of Ppgr,4,s by modifying the frozen
coordinates on E by referring to the pinning (A5, m(A})) instead of (A}, 7(AR)).
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Therefore the condition W,Z; < 0 is equivalent to v o =% > 0, v 1 = X5 — [—Xo]+ > 0,
namely vg € PY.

Thus we could use the subspace L7 (3,Z); such that 0,(L,v) € PY and vy € PY,
which is identified with the subspace of Ppg Lg,g(ZT) cut out by the dominance condition
for the monodromy and W,Z; < 0. It is a natural generalization of the subspace used
in [[K22, Section 5], which corresponds to the graphical basis of the skein algebra when
M, = (), and nicely fits in with the coordinate axiom of the quantum duality map via the
Langlands dual coordinates.

A technical but important remark is that we should use the Langlands dual ensemble
map p on the tropical side if we use the original ensemble map p on the function side
(and vice versa) to fully satisfy the coordinate axioms on the extremal terms of quantum
duality maps on the both sides.

7. RELATION TO THE WORK OF FRASER-PYLYAVSKYY

Here we indicate some relations between our formulation of unbounded sl;-laminations
and the related work of Fraser—Pylyavskyy [FP21]. In what follows, we use the identifi-
cation P = PV, w, = w. via the normalized Killing form of s(;.

7.1. Relation with the pseudo-tagged diagrams. Our integral unbounded sl3-laminations
are related to pseudo-tagged diagrams of Fraser—Pylyavskyy, as follows. Here is the sl3-
case of [FP21, Definition 8.11]:

Definition 7.1. A pseudo-tagged slz-diagram is a web W on X together with a subset
p(e) C {1,2,3} assigned to each end e of W incident to a puncture p € M,. Here we
impose

1 if e is outgoing from p,
p(e)] =

2 if e is incoming to p.

Here is a representation-theoretic meaning of the data ¢(e). Recall that the weight
lattice of sl3 is realized as

P = Z?’/(el —+ €9 —+ 83>Z,

where (ej, ey, e3) denotes the standard basis of Z3. Then for a subset A C {I1,2,3},
we associate the vector 14 := Y .., e; € P. Recall the fundamental weights @, = ey,
wy = e; + ey € P. Then we should have a correspondence so that the weight vector
Lo(e) € P agrees with the contribution of e to the tropicalized Casimir function 6, (Figure 2)
of the end e. The correspondence is shown in Figure 15.

To each pseudo-tagged diagram (W, ), Fraser—Pylyavskyy associated a rational func-
tion [W, ] € K(AgsL,x) on the moduli space Agr, s, of decorated SLs-local systems on
¥ [FP21, Definition 8.12]. They describe certain linear relations among these rational
functions in their flattening theorem, whose concrete form is given in [FP21, Lemma 9.4].
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FIGURE 15. Correspondence between the sign (Left) and the tag (Right)
of Fraser—Pylyavskyy. The value of the tropicalized Casimir is shown above

the arrow.

We are going to discuss a relation between the formulae given there and our resolution

move (Definition 5.1). We use the notation in [FP21, Section 9].
In the sl3-case, the non-trivial relations (in which the Grassmannian permutations wg

are non-trivial) are the following:
e (a,b,c) =(0,1,1): S ={2}, wsg = (1 2), and

-7 > - - s

7 7 7

/ {2 \\ / \\ / \\
/ / /
] \ ] {12} \ ] \
| | = — | —I— | |
\ ! \ ! \ !
\ ! \ ! \ /
\ {1 / \ / \ /

N - N -
~

~

// ~ s
7 7
’ A / \
\ \ \
! / {1} \ ; !
| = — | —|— | |
I \ I \ I
/ \ / \ /
N\ / \ /
N N
~ - N -

// > s
7/ 7 7/

/ N , \ , \
/ \ / \ / \
! \ | \ ) \

= o =92, [ I
\ ! \ ! \ !
\ / \ / \ /
\ 4 \ / \ 4
N N N
~ s ~ 4 ~ s
~___- ~___~- -
//’ \\ //’ \\ // \\
7/ 7/ 7
’ N / \ , \
’ \\ / \\ / \\
! ! [
= ¢} [ ¢} [ o |
\ ! \ I \ [
\ / \ / \ /
\ 4 \ 4 \ /
N N N
~ - ~ - N -
- ~___- ~__--

Here the right-hand side is computed using the sl3-skein relation.
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e (a,b,c) =(0,1,2): S ={2,3}, wsg =(12)(23), and

- SO e SO - SO e SO
7 \ 4 \ 4 \ 4 N
/ / /
, {1} \ , \ // \ , \
\ \ \ \
! ! I !
| I = o | —2, | _I_ | |
\ I \ I \ I \ I
\ / \ / \ / \ /
{23 . , . , . ,
N N N N
\\ // \\ // \\ // \\ //
//’ SO //’ > o /” RN
7/ 7/ 7
’ N / \ , \
/ \\ / \\ / \\
! ! I
= o 4 o [ o |
\ ! \ ! \ !
\ / \ / \ /
\ 4 \ 4 \ /
N N N
~ _ ~ _ ~ P4

- N - -

JAL 2} {131 / ‘ / ‘
——o——
1

\
\ / \ / \ /
\ / \ 4 \ /
N 4 N 4 N 7
~ 4 ~ < ~ s
S~ _ - S~ =" S~ ="
- N P RS P RS P ~

L2 310 / N N \
——o——

~ L ~ L ~ L ~

;A {2300 / N N \
—<—o0—<&—

\ ! \ ! \ ! \ I
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We remark here that the right-hand sides of (7.1)—(7.4) coincide with (the classical limit
of) the higher-rank analogue of the Roger—Yang skein relations [RY14] found by Shen—
Sun-Weng and systematically studied in their upcoming work [SSW].? From the corre-
spondence given in Figure 15, the left-hand sides of (7.1)—(7.4) correspond to

respectively. Then we see that after applying the resolution move (Definition 5.1) to them,
they give rise to one of the terms in the right-hand sides. Therefore our approach seems to
be consistent with the Fraser—Pylyavskyy’s work, under the belief that our sl3-laminations
should parametrize the “highest (or lowest) terms” of web functions on Agy, s, in some
sense. The justification of this point will require further research.

Remark 7.2. While we have the basic correspondence between our signed webs and the
pseudo-tagged diagrams of Fraser—Pylyavskyy, we still need care to obtain a well-defined
map between them. For example, the signed web

/// {12} \\\
;AL \

or

\ ! \
/ : /
'\ , W{2.3)
N 4
~ _ i

I

according to the rule shown in Figure 15. It seems that the first one is appropriate.
Indeed, one can show that the second one is zero using the relation (7.4) and the usual
sl3-skein relations. See [FP21, Remark 8.16] for a seemingly related remark. We do not
pursue this point here.

7.2. Relation with the dosps. In [FP21, Sections 5-7], they formulate a higher rank
analogue of tagged triangulations used in the sly-case ([F'STO08]) to describe certain seeds
obtained by mutating those associated with the usual ideal triangulations of . Their
idea is as follows.

3T. 1. first learned their slz-version of Roger-Yang relations corresponding to (7.3), (7.4) from Zhe
Sun. Those corresponding to (7.1), (7.2) have been found independently by T.I. and Wataru Yuasa, and
Shen—Sun—Weng.
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They firstly consider the weights of cluster variables with respect to the H-action on
Agr, s associated with each puncture p. They formulated a certain compatibility con-
dition on a collection of H-weights, and conjectured that the collection of H-weights of
any cluster should be compatible [FP21, Conjecture 5.4]. Such a compatible collection of
H-weights gives rise to a decorated ordered set partition (abbreviated as “dosp”) [FP21,
Definition 6.6], which is a choice of a Weyl region (i.e., a facet in the Coxeter complex)
together with some decoration by signs. The dosps give a higher rank analogue of tags.
Then [FP21, Theorem 7.3 describes the projection from the “good part” of the exchange
graph to the graph of dosps (whose edges are given by dosp mutations) at each puncture.
Summarizing, each cluster in Agy, » is (conjecturally) colored by dosps at punctures, and
the seed mutations induce dosp mutations.

Now we are going to relate our construction to this theory. Extending the conjectures
by Fomin—Pylyavskyy [FP14, FP16], Fraser—Pylyavskyy give conjectures [FP21, Section
8.5] that each cluster is represented by a certain collection of pseudo-tagged diagrams.
We then expect that such a collection corresponds to a collection of signed webs.

Definition 7.3. The lamination cluster associated to v € Exchg, s, is the collection
{W;}jer,, of signed webs on X satisfying XZ(-U)(Wj) = 0;; for i,7 € L.

In particular, each lamination cluster {W;},cr,, gives rise to a P-cluster {6,(W;)*}jer,, C
P in the sense of [FP21], which determines a dosp.

Let us consider the punctured disk D* with two special points. Recall the classification
of spiralling diagrams in Proposition 4.2. In this case, their conjectures are shown to
be true [FP21, Proposition 10.3]. Following the proof of [FP21, Theorem 7.3|, we first
move on to the cluster that gives the initial seed in the corresponding Grassmannian
moduli space Asp. p- [FP21, Definition 3.3] (cluster type Dy), up to the deletion of cluster
variables with zero weight. The mutation sequence starting from our initial cluster is
shown in Figure 16.

FIGURE 16. Transformation from the initial seed in Agy, p+ to the initial
seed in the Grassmannian moduli space Al p-

Deleting the vertices 3, 5 in the right-most picture in Figure 16, we get the initial quiver
in [FP21, Example 5.7]. The corresponding sequence of lamination clusters is shown in
Figure 17. Observe that the signed webs associated to the vertices 3,5 in the right-most
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o & &
O 32O 3=
> @ @

FiGURE 17. Transformation of the lamination clusters corresponding to
Figure 16. Here the values of 6 are indicated. During the process, the
associated dosp is 1/2|3.

picture have 67 = 0, and thus do not contribute to the dosp at p. During this sequence,
the associated dosp is 1/2|3 (dominant chamber).

Then one can walk around the exchange graph of type D, (freezing the vertices 3,5) to
get all the dosps following the algorithm illustrated in [FP21, Example 7.7 and Lemma
7.8]. See also [FP21, Figure 2]. For example, the mutation sequence and the corresponding
lamination clusters that realize the dosp mutation 1]2|3 — 12|3 — 123" are shown in
Figures 18 and 19, respectively.

8. A BRIEF DISCUSSION ON HIGHER RANK GENERALIZATIONS

Here we propose a possible direction of higher rank generalizations of our formulation
of unbounded laminations. See also the first arXiv version of [Kim21].

We propose to use the approach of [MOY98] and [CKM14]. For a complex semisimple
Lie algebra g, a g-web on Y is an immersed oriented uni-trivalent graph W on 3, where
each edge is colored by a vertex s € S of the Dynkin diagram of g, corresponding to the
s-th fundamental weight w,. The boundary condition on the univalent vertices is the
same as in the sl3-case. At each trivalent vertex, the colors (s, t,u) are required to satisfy
the condition

dime (V (@) @ V(wy) @ V(w,)) =1,

where V() denotes the irreducible representation with the highest weight \.
A signed g-web is a g-web together with a sign (+ or —) assigned to each end incident
to a puncture. Then a rational unbounded g-laminations should be defined as a certain
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FIGURE 18. Mutation sequence that realizes the dosp mutation 1|2|3 —
123 — 123%.

equivalence class of a signed g-web equipped with rational weights on its components. A
correct description of equivalence relations as given in Section 3 will require additional
elaboration in the higher rank cases. Assume that the space L£f (%, Q) of rational un-
bounded g-laminations on X is appropriately defined.

For each puncture p € Ml,, we should have the tropicalized Casimir map

0, : L2(5,Q) — PY.

The contribution of each signed end to 6, should be as shown in Figure 20. Here x : S — .5,
s+ s* is the Dynkin involution defined by wowws = —wg+, where wy € W (g) is the longest
element of the Weyl group.

Observe that the data of signs and the fundamental weights are enough for the values
of 0, to exhaust the coweight lattice PY, so we expect no additional data assigned to the
ends.

Recall the construction of cluster variables A ,,, on Agv y, from [GS19, Section 9]. Here
GV is the simply-connected group with the Langlands dual Lie algebra g¥. In particular,
they are determined by the triple (A, u, ) of weights for g¥ (=coweights for g) up to a
scalar. Based on the quantum duality conjecture [FG09], the g-webs W should correspond
to functions Fy on Agv x in a similar manner as in [[K23, IK22], at least when M, = 0.
Some of the g-webs corresponding to cluster variables on the dual side are shown in
Figure 21, together with the g¥-weights (=g-coweights) of the cluster variables.
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FIGURE 19. The sequence of lamination clusters corresponding to Fig-
ure 18. The associated P-clusters and the dosps are also shown.

FIGURE 20. Contribution to ep(Z) from each end incident to the puncture p.

In general, the shear coordinates of W should be the same as the g-vector of the
‘pointed’ element Fy, (cf. [Qin21]). In particular, the shear coordinates of the g-webs
shown in Figure 21 are readily determined by this requirement (as they correspond to

Fw = H Aji(W)>

el

cluster variables):

where we choose the cluster chart containing the cluster variable Fy*. For example, the
web WZ has exactly one +1 shear coordinate at the vertex on the edge E labeled by

4Here we should slightly modify the shear coordinates on the boundary to be the ‘Langlands dual’
version: see [[K22, Section 5].
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FIGURE 21. Some of the ‘elementary’ g-webs (Left) and the correspond-
ing cluster varialbes on Agv 5 with g¥-weights (Right). When some of the
marked points are punctures and the signs of webs are 4, the correspon-
dence is still the same.

s € S, while the others are 0. Observe that the assignment of the (co-)weights and the
web description of cluster variables are consistent with the works [GS19, 1Y23, IY22].

Finally, the Weyl group action on the unbounded g-laminations should be defined so
that the tropicalized Casimir map is equivariant with respect to the natural action on
the coweight lattice. This requirement determines the action on a single signed end
similarly to Definition 5.7. However, the check for the global consistency will require a
hard elaboration as in Section 5.

We remark that in the case where g = sl3, the intersection pairing between the bounded
sl3-webs and certain unbounded sl3-webs is studied by Shen—Sun-Weng [SSW23]. It
should be the same as the tropicalization of the quantum duality map. Intersection
coordinates of bounded sp,-webs will be studied in the work of Ishibashi-Sun-Yuasa
[ISY]. The higher rank version of shear coordinates for a general g-web should be defined
so that the compatibility relation [[K22, Proposition 4.10] holds with these intersection
coordinates.

APPENDIX A. CLUSTER VARIETIES ASSOCIATED WITH THE PAIR (sl3, )

Here we briefly recall the general theory of cluster varieties [FG09], and the construction
of the seed pattern s(sl3,¥) that encodes the cluster structures of the spaces of sl3-
laminations in consideration.
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A.1. Cluster varieties. Fix a finite set I = {1,..., N} of indices, and let F4 and Fx
be fields both isomorphic to the field Q(z1, ..., zy) of rational functions on N variables.
We also fix a subset Iy C I (“unfrozen”) and let Iy := I\ I¢ (“frozen”). Recall that a
(labeled, skew-symmetric) seed in (Fa, Fx) is a triple (¢, A, X), where

o ¢ = (g;;)ijer is a skew-symmetric matrix (ezchange matriz) with values in %Z such
that €;; € Z unless (i,7) € Iy x I.

e A = (A)ier and X = (X;);es are tuples of algebraically independent elements
(cluster A- and X-variables) in F4 and Fx, respectively.

We say that two seeds in (Fa, Fx) are mutation-equivalent if they are transformed to
each other by a finite sequence of mutations and permutations. The equivalence class is
called a mutation class. Given a mutation class s of seeds, we get:

The labeled exchange graph: a graph Exchg that parametrizes the seeds in s.
When no confusion can occur, we simply denote its vertices by v € Exchg instead
of v € V(Exchs). For v € V(Exch), we denote by s = (¢ A® X®) the
corresponding seed.

The cluster varieties: schemes

XS = U X(U), .AS = U A(v).

vEExchg vEExchg

Here Xy := Ty and Apy = Tyrw; NO® = @iel Zegv) and M® = @iel Zfi(v)
are lattices dual to each other and T, := Hom(A*,G,,) denotes the algebraic
torus corresponding to a lattice A. The tori X(,), v € Exchg are patched together
according to the cluster X-transformations, and similarly for the A-side. We also

: uf .__ uf
have the cluster variety X" = (U, cpyen, X

X(‘j}f) = "JI‘N(@ and NIE? C N is the sub-lattice spanned by e§”) for i € I.
uf

The ensemble map: a morphism p : A, — X given by the linear map

without frozen coordinates. Here

Pl NG 5 MO, ) 3700 (A1)

jel

on each torus at v € Exchs.

The cluster modular group: a subgroup I'y C Aut(Exchg) consisting of graph
automorphisms ¢ which preserve the exchange matrices £ assigned to vertices
and the labels on the edges. The cluster modular group acts on the cluster varieties
A, and X, so that ¢*ZZ-(U) = Zi(¢71(v)) for all ¢ € I'y, v € Exch, and i € I, where
(Z,2) e {(A,A), (X, X)}. These actions commute with the ensemble map.

The triple (A, X, p) is called a cluster ensemble. In this paper, we skip the discussion
on the relation between A and X. See [IK22, Appendix A] for a detail.
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Cluster exact sequence. For v,v" € Exchg, there are canonical identifications ker pz‘v) =
ker Pl and coker Pl = coker Pl glven by the seed mutations in the sense of Fock—
Goncharov [FG09, (7),(8)] and permutations. Under these identifications, let

K = kerpj,, K" := (coker pf,))",

and Hy 1= Tg, Hy := Tgvy-(= ’]l“cokerp?«v)). The short exact sequences for the maps (A.1)
commute with the cluster transformations by [FG09, Lemmas 2.7 and 2.10], and thus
combine to give the following cluster exact sequence:

1= Hy— A D xS Hy > 1, (A.2)

by which we mean that the ensemble map p is a principal H 4-bundle over its image, and
the image coincides with the fiber #=1(1) of the map 0 : X; — Hy induced by the inclusion
K — NIE?. By taking the character lattice X*, we recover the exact sequence of (A.1)
and by taking the cocharacter lattice X,, we get its dual:

X*(A2): 0« (KY) « MY EZNY Ko,
*\T
X (A2): 0= KY— N Z0 0 g g,
The sub-scheme UM := 071(1) = p(As) is a symplectic leaf for the canonical Poisson

structure determined by the exchange matrices. The cluster modular group also acts on
the tori Hy, H4 by monomial automorphisms, making the cluster exact sequence (A.2)
['s-equivariant.

An explicit description of the action of H4 on Aj is as follows ([FG09, Section 2.3]). On
the level of cocharacter lattices, it is just given by the additive action K¥ @ N — N®),
Given an element § = Y, 52.(1))62@) € KV, let G,, — Hy, t — B(t) be the corresponding
one-parameter subgroup. Then the action 3(t) : Ay — Ay is written in terms of the
cluster coordinates as

B AY =57 AW e G, (A.3)

Tropicalizations. The positive structures on the cluster varieties allow us to consider
their semifield-valued points. For A = Z, Q or R, let AT := (A, max, +) denote the
corresponding tropical semifield (or the maz-plus semifield). For an algebraic torus H, let
H(AT) := X, (H) ®z (A, +). A positive rational map f: H — H' between algebraic tori
naturally induces a piecewise-linear (PL for short) map f7 : H(AT) — H'(AT). We call
fT the tropicalized map. In particular we have the tropicalized cluster transformations
Pt Za)(AT) = Zn(AT) for (z, Z) € {(a, A), (x, X)} , explicitly given as:

t ) (v) (v)

/ — (v) f = k
() =4 % . S (A4)
X, — e [—segn(e; x|+ if i #k,
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(v) ()7 @) () @) e
Ty | o max {5 [ef)al”, e [—el lhal )it =, s
Z 2@ if i # k.

Here x\") and a\") are the coordinate functions induced by the basis vectors e!”) and f"
respectively, and [u]; := max{0,u} for v € A. We can use them to define the tropical

cluster varieties

X(AT) = | A(a"), AT = | Awi"h),
vE€Exchs vEExchs
which are naturally equipped with canonical PL structures. Since the PL maps are
equivariant for the scaling action of A.g, the tropical cluster varieties inherit this A.g-
action. We also have the tropical X-varieties X2 (AT) without frozen coordinates.
Since the above mentioned structures only involve positive rational maps, they are
naturally inherited by the tropical cluster varieties. Thus we have:

e the cluster exact sequence
0 — HuAT) = A(AT) B XM(AT) 5 Hy(AT) = 0 (A.6)

in the PL category, and

e the actions of I'y on A (AT) and X,(AT) by PL automorphisms and on H4(AT)
and Hy(AT) by linear automorphisms, which make the cluster exact sequence
['s-equivariant. Moreover, these actions commute with the rescaling action of A.

A.2. The cluster ensemble associated with the pair (sl3, ). Here we quickly recall
the cluster structures on the moduli spaces Agr, s and Xpgr, s constructed in [FG0Ga].
We are going to recall the Fock—Goncharov atlas associated with ideal triangulations of X
and their mutation-equivalences, since it is typically difficult to describe the entire cluster
structure.

Let A be an ideal triangulation of X. Then we construct a quiver Qo with the vertex
set I(A) by drawing the quiver

on each triangle, and glue them by the amalgamation construction [FG0O6b]. In our case,
this just means that we glue the quivers on adjacent triangles by identifying the two
vertices on the shared edge and eliminating the pair of opposite dashed arrows. The
vertices on the boundary intervals of ¥ are declared to be frozen, forming the subset
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FIGURE 22. Some of the sequences of mutations that realize the flip fg :
A — A'. Here we partially fix labelings ¢, ¢ of vertices in I(A), I(A'),
respectively.

I:(A) C I(A) as in Section 2.1. Let e = (Eﬁ)i,jGI(A) be the corresponding exchange

matrix.

These quivers Q@ (or the exchange matrices %) associated with ideal triangulations
of ¥ are mutation-equivalent to each other. Indeed, the quivers Q, Q%" associated with
two triangulations A, A’ connected by a single flip fz : A — A’ are transformed to each
other via one of the mutation sequences shown in Figure 22. Then the assertion follows
from the classical fact that any two ideal triangulations of the same marked surface can
be transformed to each other by a finite sequence of flips.

Then there exists a unique mutation class s(sl3, ¥) containing the seeds associated with
any ideal triangulations AA. More precisely, a labeled sl3-triangulation (A, £), namely an
ideal triangulation A together with a bijection ¢ : [(A) — {1,..., N}, give rise to vertices
of the labeled exchange graph Exchgq, s). Figure 22 describes a subgraph containing
(A, ) and (A, '), where the labels ¢, ¢’ are consistently chosen. Let us simply denote

the objects related to s(sls, X) by
Astg,z = As(slg,E)a X5[37Z = Xs(slg,E)a EXChS[37Z = EXChS(ﬁ[g,E)) Fstg,z = Fs(srg,z),

and so on.
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Cluster modular group. Although the entire structure of the cluster modular group
L,y is yet unknown, it is known to include the subgroup (MC(X) x Out(SLs)) x
W (sl3)Me C Ty, 5 [GS18]. Here MC(X) denotes the mapping class group of the marked
surface ¥, Out(SLs)) = Aut(SLs)/Inn(SL3) is the outer automorphism group of SLs,
and W (sl3) is the Weyl group of the Lie algebra sl3. The group Out(SLs) has order 2,
and generated by the Dynkin involution x : G — G, g — (g7 1)T.

Recall that the Weyl group W (sl3) is the group generated by two involutions 7y, s,
subject to the braid relation 71791y = rori7e. The inclusion of W (sl3)™e into the cluster
modular group is given in [GS18, Section 8|. For simplicity, let us choose a labeled
triangulation (A, ¢) such that its local picture around p is as shown in Figure 23. Let ri?)
denote the action of each generator assigned at p for s = 1,2. Then the edge path yg‘” )
from (A, €) to r? (A, ¢) is described by the sequence

o) = psftafts (D 6)pespiafis, (A7)
pow = (1 2. (A.8)

It turns out that the orders of mutations along the cycles {3,4,5,6} and {1,2} do not
matter, and all define the same mutation loops [GS18, Theorem 7.1].

For each element ¢ in this subgroup, let us call the induced PL action ¢ : Zy, (Q) —
Z,5(QT) the cluster action, in comparison to the geometric action we introduce in the
body of this paper in terms of signed sl3-webs.

Cluster exact sequence. We are going to investigate the tori Hy and H 4 for the cluster
ensemble associated with s(sl3, X).

For each puncture p € M, there exists an ideal triangulation A(p) of ¥ such that the
star neighborhood of p is a punctured disk with two marked points on its boundary. See,
for instance, [[1021, Lemma 5.7 (2)]. The corresponding quiver is shown in Figure 23,
and we fix a labeling ¢(p) : I(A(p)) — {1,..., N} as partially shown there. Then it can
be easily seen from the quiver that the vectors

ol 1= e ) 4 ) 4

o) = el 4 V)

lie in ker p* € N, where v = (A(p), (p)) € Exchy, . The vectors af”) will behave as

simple roots under the Weyl group actions (see below).

Lemma A.1 (cf. [GS19, Theorem 2.10 (2)]). The set {agp) |p €M, s=1,2} is aQ-basis
of the vector space X*(Hy)g = (ker p*)q. In particular, we have Hy(QT) = Pg by
identifying the dual basis of o) with the fundamental coweight w)! € PY.

pEMo

Indeed, the statement is verified by counting the dimensions of the relevant moduli
spaces: see [FG06a, (2.10)]. The torus Hy covers the product H™ of copies of the
Cartan subgroup H' € PG Ls. Via the birational isomorphism X;};E = Xpr,,s provided
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FIGURE 23. The quiver Q*®) around a puncture p. Here the possible
(half-)arrows between boundary vertices are omitted.

by the cluster structure, each Cartan subgroup parametrizes the semisimple part of the
monodromy around a puncture.

The torus H 4 is described as follows. For each puncture p, choose v = (A(p), ¢(p)) as
above and consider

(@)?) = el 1+ e 4 e 4 e
(0)? = e + e,
which are now viewed as vectors in K = (M®)/ p*(NIE?))* C N®™. For each special point

m € My, choose an ideal triangulation A(m) so that m belongs to a unique triangle,
together with a labeling ¢(m) as shown in Figure 24. Then the vectors

()™ = e + el + €,
()™ =& + ¢y

lie in KV, where v = (A(m),£(m)). The vectors (aY)™ are viewed as simple coroots.

FIGURE 24. The quiver Q*™ around a special point m. Here possible
(half-)arrows on the bottom edge are omitted.

Lemma A.2. The set {(a))™ | m € M, s = 1,2} is a Q-basis of the vector space
X.(Ha)g = Kg. In particular, we have Ha(Q") = @ oy Qg by identifying the basis
vector (oY) P) with the simple coroot aY € QV.
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The statement is again verified by counting the dimension. The torus H 4 covers the
product H™ of copies of the Cartan subgroup H C SLs. Via the birational isomorphism
Asi;x = Agr,» provided by the cluster structure, the action of each Cartan subgroup
rescales the decoration assigned at a marked point.

The relations among the vector spaces are summarized as:

@mEM P@ ®p€Mo QQ
X*W X*(.)Q
HA Hy
X*m X.(0)g
@meM Q(\é ®p€Mo P(\é
In particular, we get the cluster exact sequence of the form
u 0
0— P Q= A s(Q") B X (@) > P Py — 0. (A.9)
meM peM

APPENDIX B. LAMINATION CLUSTERS ALONG THE MUTATION SEQUENCE
REPRESENTING 7

We take the initial cluster as in Figure 23. Recall that the mutation sequences repre-
senting the actions r, 9 and 7, are given by

fypz = (1 2)popin, o, = (5 6)pspapiopis papis,

respectively. We show the lamination clusters along these mutation sequences in Figure 25
and Figure 26, respectively. Observe that the final cluster is indeed obtained from the ini-
tial one by applying the corresponding geometric actions together with the transpositions
(1 2) and (5 6), respectively.
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FI1GURE 25. The sequence of lamination clusters along the mutation se-

quence for 7, 5.

[CKM14]
[DS201]
[DS2011]
[FGO6a]

[FGOGb]

[FGOTD]
[FGO9]
[FP14]
[FP16]
[FP21]

[FSTOS]
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