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Abstract

Driven by the new economic opportunities created by the creator economy, an increasing
number of content creators rely on and compete for revenue generated from online con-
tent recommendation platforms. This burgeoning competition reshapes the dynamics of
content distribution and profoundly impacts long-term user welfare on the platform. How-
ever, the absence of a comprehensive picture of global user preference distribution often
traps the competition, especially the creators, in states that yield sub-optimal user wel-
fare. To encourage creators to best serve a broad user population with relevant content, it
becomes the platform’s responsibility to leverage its information advantage regarding user
preference distribution to accurately signal creators. In this study, we perform system-side
user welfare optimization under a competitive game setting among content creators. We
propose an algorithmic solution for the platform, which dynamically computes a sequence
of weights for each user based on their satisfaction of the recommended content. These
weights are then utilized to design mechanisms that adjust the recommendation policy or
the post-recommendation rewards, thereby influencing creators’ content production strate-
gies. To validate the effectiveness of our proposed method, we report our findings from a
series of experiments, including: 1. a proof-of-concept negative example illustrating how
creators’ strategies converge towards sub-optimal states without platform intervention; 2.
offline experiments employing our proposed intervention mechanisms on diverse datasets;
and 3. results from a three-week online experiment conducted on a leading short-video
recommendation platform.
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1. Introduction

Online content recommendation platforms have evolved into an indispensable component
of our daily lives ( , ). These platforms play a pivotal role in assisting
their users in navigating the vast ocean of content generated by revenue-seeking creators,
including various social media platforms (e.g., Facebook, Instagram), streaming services
(e.g., YouTube, TikTok), and many more. One of the primary functions of these recom-
mendation platforms is to advance user welfare, defined as the overall volume and quality
of interactions between users and content. This metric is widely regarded as a fundamental
indicator of the well-being of an online ecosystem and is also closely tied to the platform’s
revenue.

After decades of effort in relevance-driven matching between users and content, industry
practitioners and researchers have reached the consensus that user welfare optimization
cannot be achieved through myopic approaches that merely target at eliciting and predicting
user preferences ( , ; , ; ) ;

, ; , b; , ; ; ). One
primary reason is because any matching strategy has a profound impact on content creators’
beliefs about the users’ demand and consequently their reactions, i.e., what to produce
next, leading to a shift in the distribution of content available for recommendation. This
influence pathway is unfortunately overlooked in existing recommendation algorithm design;
and therefore, there is a great need for a robust recommendation strategy that operates with
respect to creators’ strategic responses and the resultant content dynamics. It is imperative
for the platform to encourage creators in generating content that continuously contributes
to the overall health of the ecosystem.

Typically, creators’ well-being is intricately linked to the exposure of their content and
the economic incentives they accrue from the platform, compelling them to continuously
strive for maximized benefits ( , : , ). This dynamic creates a
competitive environment that leads to intriguing phenomena in terms of welfare guarantees
at equilibrium ( ) ; , ; , ).
For instance, ( ) introduced a game theoretical framework to investigate
competition dynamics among content creators. Their research revealed that social welfare
loss can be attributed to factors such as the degree of exploration in users’ decision making
and the span of recommendation slots. As indicated by many previous studies, the platform
suffers from sub-optimal social welfare and thus undermines long-term revenue when content
distribution lacks necessary diversity to cater to various users’ preferences. This issue is
also observed in empirical studies, where content creators often exhibit a tendency to chase
trends ( , ; , ). In essence, creators tend to produce
content that arouses the interests of the majority user group, owing to the group’s high
visibility and the creators’ myopic creation strategies ( , ; ,

). However, it is our contention that the platform should not simply blame creators for
their perceived selfishness and myopia. This is because creators do not possess a holistic view
of the demand distribution, i.e., user preferences. Instead, it is the platform’s responsibility
to disseminate knowledge about user demand to creators. By doing so, creators can make
better informed decisions that mutually benefit their own interest and enhance user welfare
(and hence platform’s revenue).
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In this study, we extend the Content Creator Competition (C?) framework introduced
by ( ,b), to model the dynamics of competition among content creators.
We relax the behavioral assumptions about creators’ updating strategies in the original
framework and explore how the platform can design mechanisms to optimize user welfare
accordingly. Our key idea is to direct creators’ attention towards currently under-served
users, by manipulating creators’ received utilities with respect to the cumulative user sat-
isfaction about the recommended content. We present a series of approaches to implement
the interventions with theoretical justifications.

To validate the effectiveness of our approach, we conducted offline experiments using
both synthetic data and the MovieLens dataset, and demonstrated how our mechanism im-
proves user welfare over time under a creator response simulator. Additionally, we deployed
an online experiment on a leading short-video recommendation platform over a span of three
weeks and observed statistically significant and positive result in terms of the overall user
engagement and content diversity. Our model and online experiments offer valuable insights
into the design of incentive-aware recommender platforms. To summarize, our contributions
can be listed as follows:

1. We formalize the user welfare optimization problem in a competitive content creation
environment and identify the primary cause for potential sub-optimal outcomes: the
information asymmetry between content creators and the platform.

2. We propose a dynamic user importance reweighting approach with theoretical justifica-
tions for optimizing user welfare and three implementation schemes which can be applied
to various practical scenarios.

3. We demonstrate the effectiveness of our solution with both offline simulations and online
testing on real traffic.

2. Related Work

The characterization and optimization of long-term dynamics on content platform involving
strategic content creators has garnered increasing attention from both theoretical (
9y ; ) ; 9y ; ) ;

, : , : , ) and empirical ( , :

) ) fields. Seminal works from ( , ) introduced
a game theoretical setting to model interactions between content creators and users, and
proposed the Shapley mediator to ensure the existence of a pure Nash Equilibrium ( ,

).

Recently, ( ) demonstrated that due to creators’ competition, the user
welfare loss under a top-K recommender systems can be upper-bounded by O(@). This
finding suggests that the platform can improve user welfare by providing more recommen-
dations. Building on this, the authors further proposed a category of mechanisms for the
platform to ensure a stable equilibrium and developed a computational solution to identify
the optimal mechanism for social welfare optimization ( , ). Additionally,

( ) introduced an online learning method to jointly optimize recommendation
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policy and payment contracts for creators to maximize accumulated utility. ( )
designed a learning algorithm to incentivize the creation of high-quality content. However,
all these studies rely on strong behavioral assumptions about content creators, e.g., they
can perform no-regret learning ( , ), or have oracle access to their utility
functions ( , ; , , ), so that the Nash
equilibium is achievable. Our work bridges this gap by developing a system-side solution to
optimize user welfare that even when creators are not able to achieve Nash equilibria.

On the empirical side, ( ) explored a scenario where content creators
may leave the platform if their user engagement falls below a threshold. The study opti-
mized social welfare by solving a constrained matching problem. In a similar spirit,

( ) introduced a sequential prompting policy aimed at optimizing user welfare in
equilibrium. The optimal policy was determined through mixed integer programming. The
solutions were reported to be effective under specific behavioral assumptions or environmen-
tal contexts, e.g., the platform can send prompts to creators as additional signals. However,
the platforms are often constrained in their ability to influence the ecosystem. They may
primarily rely on monetary incentives to motivate creators and have limited flexibility to
manipulate factors beyond matching strategies and post-matching rewards. Our solution
addresses this broader range of scenarios, making it applicable, for example, when cre-
ators are highly responsive to monetary incentives, and the platform’s influence is primarily
exerted through adjustments to matching probabilities and post-matching rewards.

3. The Modeling of Content Creation Competition

In this section, we formulate the competition among content creators (i.e., players) as a
strategic game, which will serve as an environment for the subsequent mechanism design
problem. At a high level, each creator’s utility is determined by the platform’s matching
strategy and the post-matching reward function. Creators adhere to simple, local update
principles to sequentially alter their strategies, resulting in a dynamic content distribution
on the platform. The primary objective of the platform is to optimize the cumulative user
welfare by designing its matching strategy and post-matching reward function. Our strategic
game setup builds upon and extends the framework of Content Creator Competition (C?)
game introduced by ( ,b). For the sake of simplicity in nomenclature, we
retain the name of C? and refer to our game as C2,,, i.e., an extension of the C3. Formally, a
C3, instance is defined by the following tuple: (/'\,’ ASit 0,8, K, R(-)), which we explain
in details below.

1. Basic setups: a user distribution X with finite support {x; € ]Rd};”:l, and a set
of content creators denoted by [n] = {1,---,n}. Each creator i can take an action s;,
is often referred to as a pure strategy in game-theoretic literature, from an action set
S; € R4, s; can be understood as the embedding of content that creator i will produce.
Without loss of generality, we assume the Ly norms of any « and s; are upper bounded
by 1.

2. Relevance function: the relevance function o(s,x) : R? x R — R>o measures the
relevance score between a user x ~ X and content s. Without loss of generality, we
normalize o to [0, 1], where 1 suggests perfect matching. We focus on modeling the
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strategic behavior of creators and thus abstract away the estimation of ¢ '. For simplicity,
we use 0; 4 to denote o(s;, ) when the joint strategy profile s = (s1,---,s,) € S and
user profile & are clear in the context of our discussion.

. Matching function: Given any user £ € X and when each creator commits to a
strategy s;, the platform retrieves the top-K ranked content in terms of the relevance
scores {04 }i-y and match one of them to . Specifically, let {0y(1)» > -+ > 0y(n) 2} be

a permutation of {o; z}? ;, we assume that the platform would pick s5 € L (K;s) =
{Ul(i)@}{il using a softmax distribution with temperature g > 0 2, i.e.,
P;(s,z) = Prob[s, = 81(i)) ¢ exp[ﬂ_lal(i)@], 1<:<K. (1)

A small 5 makes the matching strategy more deterministic, and § — oo corresponds to
random matching.

. User utility and welfare: When user x is matched with s, the user’s perceived
utility is given by a function 7(s,x). The user welfare W (s) is thus defined as the total
expected utility resulted from the matching,

W(s) =Egx[n(sz,x)]. (2)

To simplify the technical discussions, we assume the learned relevance function ¢ is an
unbiased estimation of 7, and therefore W(s) can be simplified to

W(s) = Eg~x[o(82, )] 3)
However, our proposed solution works for general welfare function defined in Eq (2).
. Creator utility: For creator ¢, her utility is given by
ui(s) = Egex [R(si, ) - Fi(s, z)], (4)

where R(s;,x) is the system-provided reward for this matching.

Natural choices of R include R(s;, ) being proportional to the user’s perceived utility,
or simply setting R(s;,x) = 1 (i.e., reward creators by the amount of traffic). Therefore,
we have

ui(s) = Ezex [0(si, ) - Pi(s, )], (5)
ui(s) = Ezex [Pi(s, )], (6)
Throughout the paper we adopt Eq (5) as the platform’s default choice, as it is demon-

strated in ( , ) that rewarding creators by user utility enjoys a better
welfare guarantee than rewarding them by traffic.

. We assume o is learned from the offline data and o (s;, ) is an unbiased estimation of user «’s satisfaction
when exposed to s;.

. The formulation in ( , ) also assumes the platform retrieve top-K content for each user, but
let the user to choose one according to the Random Utility model. The resulting matching probability
shares the same form as in Eq. (1), but differs in the sense that the 8 in our setting is a parameter
controlled by the platform while it is the user decision noise in ( , ).
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The most well established concept for characterizing a game’s outcome is pure Nash
equilibrium (PNE) ( , ). At a PNE, any possible deviation from a player’s
current strategy would not increase her utility conditioned on other players’ strategies.
Under some mild assumptions, we can prove that the PNE of our C2,, game exists and is
unique as stated in the following theorem.

Theorem 1 Any C2,, game with K = n has a unique pure Nash equilibrium (PNE) under
the wutility function (6) if o(-) is sufficiently smooth and concave and each creator has a
convex strategy set.

Theorem 1 guarantees the existence of a unique PNE and thus theoretically allows
the platform to establish a stable outcome. However, in practical scenarios, we find it
uninteresting to either generalize this result or delve further into its properties for two
reasons. First, it is rare for K = n to hold in practice because no system will present the
entire collection of content to each user. When K < n, the existence of a PNE becomes
challenging to establish, due to the discontinuity of the utility functions caused by the top-K
ranking operator during the matching process. Second, even when a PNE does exist, it does
not suggest that creators can consistently reach it through sequential updates. Furthermore,
the existence of a PNE does not necessarily imply it is easily achievable in practice, nor does
it suggest an improved user welfare. In fact, as we will demonstrate in Section 4.1, even
in a simple environment with a unique PNE, a natural updating dynamics among creators
fails to converge to the PNE and results in sub-optimal user welfare.

Therefore, we focus on a more practical solution concept called Local Nash equilibria
(LNE). While a PNE requires that all players do not want to deviate to any other strategy
in the entire space, an LNE merely stipulates players are satisfied with their strategies in a
local region. Its formal definition is given as follows.

Definition 1 A profile of creator strategies {s}} ; forms a local Nash equilibrium (LNE),
if for every creator ¢, there exists an open set SZQ € §; such that s} is a best response strategy
within SY; formally,

ui(s},s*;) > ui(s;,s*;) for every s; € SP. (7)

We argue that LNE offers a more intuitive and practical solution concept for consid-
eration due to two observations. First, the strategic evolution of content creation is often
deeply intertwined with creators’ historical decisions ( , ). This correlation
stems from content generation being anchored in domain-specific expertise and accumu-
lated experiences, which are inherently stable attributes. As a result, the produced content
usually demonstrates path dependency, posing significant challenges for creators in im-
plementing drastic modifications. Second, creators are typically constrained by a lack of
comprehensive insights into their utility functions due to a limited understanding of the user
demographic and the distribution of user preferences. Given these constraints, creators are
likely to resort to incremental adjustments for strategy update.

Hence, we focus on the setting where creators engage in a repeated play of C2, and
employ a local searching rule termed local better response (LBR) update for improving their
strategies. The details of LBR is presented in Algorithm 2 in Appendix A. LBR characterizes
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Figure 1: Visualization of creators’ evolving strategies. Left: no intervention, right: plat-
form decreases the weight of the center user by half. Creators’ strategies are marked with
different colors, and the arrows start from initial strategies and point to the last-iterate
strategies.

two fundamental properties of content creation: 1. it relies solely on point estimations of
the utility function; and 2. it only incurs local changes at each update. At each step, a
creator who decides to update her strategy would first generate an exploration direction g;
and then she would evaluate whether adjusting her strategy in this direction results in a
higher utility. If so, she proceeds to update her strategy along g; in a pace of 7; otherwise,
she maintains her current strategy. This procedure closely emulates real-world scenarios
where creators strive to optimize their utilities while having merely black-box access to the
utility functions. In practice, finding a clear direction that guarantees improved utility can
be a challenging and, at times, unrealistic task. Consequently, we model their strategy
evolution as an iterative process of trial and error. By definition, when LBR converges
in C2,, it must converge to an LNE. Our primary interest lies in understanding how the
platform can devise a dynamic rewarding or matching principle that maximizes cumulative
user welfare within a given time period.

4. Intervention Mechanism Design

In this section, we introduce the new intervention mechanism designed to optimize user
welfare. These mechanisms are intended for the platform to influence creators’ perceived
utilities, thereby guiding the evolution of their strategies toward more desirable outcomes.
We will first establish the need for platform-driven mechanism design by illustrating how
suboptimal results can arise in a simplified example without any intervention. Subsequently,
we will delve into the specifics of our proposed methods.
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4.1 The Necessity of Intervention

We start with a simple illustrative example to show how the competition among creators
could result in quite inferior user welfare in C’g’xt when creators employ local update dynamics
specified in Algorithm 2. This example exhibits a stark contrast to the sound welfare guar-
antee for no-regret learning ( ) ) equipped creators in ( , ).
Consider a C32,, instance (X, {S;}",, 0, 3, K, R(-)) described below. The user population X
is evenly distributed over the finite set {mj}?zl = {(0,0), (1,0),(0,1),(—-1,0),(0,—1)} and
there are n = 5 content creators, each with action set S; = R2. The reward function is
defined as R(s;,x) = o(s;,x) = max{2 — ||s; — ||2,0} and § = 10, K = 3. It is evident
that the user welfare defined in Eq (3) is maximized when each creator precisely targets a
single user, i.e., s; = x;, 1 < i < 5, which also represents the PNE of this game. However, as
we will illustrate through simulations, creators’ strategies do not converge to the PNE nor
optimize the user welfare under the LBR dynamics when the platform does not intervene.

First, let’s examine what happens when the platform takes no action to guide the cre-
ators. The left panel of Figure 1 visualizes the trajectories of strategy evolution in our
constructed environment. Initially, creators’ strategies are randomly distributed in the re-
gion between x; and xs. Over time, x3 and x3 are exclusively occupied by one creator
each, while &1 has two creators competing for it. The remaining creator chooses not to
target either x4 or x5 and hovers around the region between x4 and x5, leaving both x4
and x5 unsatisfied.

From the observed strategy evolution paths, we can deduce how this sub-optimal situ-
ation arises. Initially, creators move in different directions: two creators quickly converge
to @2 and x3, while the remaining three compete for the attention of the central user x;.
However, after this point, no creator has a strong incentive to move closer to x4 or x5, as
the marginal utility gained from getting closer to x4 or x5 does not compensate for the loss
incurred by moving away from x;. Consequently, two creators decide to remain around @y
and one creator settles in a region between x4 and xs.

The above observations highlight the pivotal role played by the central user 1 in the
occurrence of sub-optimal results. Since @; is close to other users in the embedding space,
targeting &, becomes a popular and safe choice for creators. It secures a fraction of attention
from @, without completely sacrificing the utility gained from other user groups. Thus,
users like &1 act as “popular states” when creators dynamically adjust their strategies.
Whenever a creator is located near axi, they are likely to be trapped and reluctant to
explore potentially better strategies. Consequently, such “popular” users end up attracting
more creators, leaving other users unattended.

One immediate solution for the platform is to identify and reduce the impact of these
“popular” users. For instance, the platform can halve the utility gained from the central
user ¢ for each creator. This simple mechanism works effectively in this example, as
illustrated in the right panel of Figure 1. Initially, there are still three creators converging
to 1. However, due to the reduced reward from x;, two creators find it less profitable
to stay, driving them to deviate towards x4 and x5. By assigning different importance
weight for each user, the platform can reshape each creator utility landscape and therefore
influence their local search based dynamical behaviors.
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4.2 Platform’s Intervention Mechanisms

The observations above motivate our design of intervention mechanisms that can be em-
ployed by the platform to influence creators’ perceived utilities. These mechanisms lay the
foundation for the adaptive optimization methods we will delve into later. As a reminder,
as defined in Eq (4), a creator’s expected utility from a specific user @ is influenced by two
key factors: the probability of creator i being matched with user & denoted as P;(s,x),
and the post-matching reward assigned by the platform, denoted as R(s;, ). The default
choice of the platform is to set the reward function R(s;, ) = o(s;,«) as in Eq (5) and the
matching probability function P;(s, ) as the softmax over the top-K ranked content s; as
demonstrated in Eq (1).

In the example provided in Section 4.1, the primary factors leading to sub-optimal
welfare is the presence of popular user groups that attract excessive creator attention,
making minority user groups unnoticed by creators. To enhance overall user welfare, it is
crucial for the platform to guide creators’ attention toward these overlooked user groups
by re-emphasizing their significance. In this way, creators who were previously unaware of
these user groups or found them less lucrative may consider adjusting their strategies to
align more closely with those users’ preferences. To achieve this objective, we introduce and
study three different approaches for modifying the schemes of R(s;, ) and P;(s, ), namely
User Importance Reweighting (UIR), Soft Matching Truncation (SMT), and Hard Matching
Truncation (HMT). These three mechanisms share a common underlying principle, but they
are designed to operate under different scenarios, taking into account potential constraints
faced by a platform.

User Importance Reweighting (UIR)
The most straightforward approach is UIR,

Ui(3i7 S_,') = ExeX[w(x) ’ R(siv :U) ) Pi(s7 x)]a (8)

where the platform simply adjusts the post-matching rewards for creators based on the
measured importance of each user. Specifically, if the platform believes a user has been
under-served under the current content distribution, it raises the reward for creators whose
content is consumed by such a user. Intuitively, this sends a message to creators that “if
you shift your content towards such users, you will get a higher marginal reward compared
to sticking to your current content.” As a result, the platform can carefully design the user
weights such that a reasonable number of creators can be successfully incentivized to serve
the targeted users.

Soft Matching Truncation (SMT) and Hard Matching Truncation (HMT)
Both SMT and HMT function in a similar manner as UIR but focus on manipulating the
matching probability rather than the post-matching reward by utilizing the weight w(zx).
Recall that the probabilistic matching function P is characterized by two parameters: the
truncation number K (which, in practice, corresponds to the total number of recommen-
dation candidates retrieved for ranking) and the temperature § (which can be viewed as
a measure of the exploration strength in the ranking model). When the platform needs to
signal the importance of a specific user x, it enhances «’s visibility among creators, increas-
ing the chance that creators who were previously unaware of x start realizing the potential
benefits of catering to . This can be achieved by either increasing 8 or K: increasing 3



USER WELFARE OPTIMIZATION WITH COMPETING CONTENT CREATORS

flattens the distribution of a’s matches among the top-K candidates, while increasing K
enlarges the pool of creators exposed to . Therefore, both of them augment the expected
number of creators exposed to x. Since K imposes a rigid threshold on the number of
creators exposed to x, while 3 offers a more flexible threshold, we refer to them as Hard
Matching Truncation (HMT) and Soft Matching Truncation (SMT), respectively:

u;i(8i, 8—i) = Exex[R(si, ) - Pi(s, x; B(w(x)), K)], 9)
ui(8i,8-;) = Egex[R(si, ) - Pi(s,x; 8, K(w(x)))]. (10)

We remark that UIR is more suitable when the platform possesses the flexibility to
design payment incentives for creators. However, if the platform has limited control over
payment, such as budget constraints or other factors, SMT or HMT can be employed, as
they only require minor adjustments to the matching function. The specific choices of
increasing functions f(-), K(-) are flexible and we leave it to the experiments.

4.3 Welfare Optimization through Adaptive Reweighing

To implement our proposed intervention mechanisms, we need to compute the corresponding
user-specific weighting functions, namely w(-), (), and K(-). In this section we will use
UIR as an example to illustrate our method and let the user distribution X be a uniform
distribution over its support {®1,- -, @} so that w(-) can be parameterized by a vector
w € RY,. When the platform commits to an intervention mechanism w, the content
creators’ strategic updates according to LBR (i.e., algorithm 2) will lead their joint strategy
to an LNE s*, which determines the content distribution and the total user welfare W.
Therefore, the task of finding the optimal w maximizing W under C2,, can be formulated
as the following bi-level optimization problem:

W(s* 11
oo (s7(w)) (11)
sit., s*(w)is an LNE of C32,,. (12)

We adopt the formulation in Eq (11) simply for presentation purpose, as the constraint
in Eq (12) is not well-defined due to the non-uniqueness of LNE of C2,, in general. When
we takcle problem in Eq (11), we employ either LBR for simulating an s*(w) in offline
experiments, or we directly observe s*(w) based on the creators’ actual responses over a
period of time for online experiments. An straightforward approach to solve Eq (11) is to
use an iterative method to dynamically adjust w, and the main challenge is to pin down
an improving direction of w. Ideally, we can apply first-order optimization if an estimation
of the gradient % is available. However, the interplay between w and s*(w) is generally
intractable to analyze and we have to resort to heuristic methods. To get an intuitive idea
about an improving direction of w, we consider a stylized setting where the user population
is perfectly separated and the relevance function is given by dot-product o(s,z) = s'x. In
such a structured environment, the following theorem reveals a useful principle for finding

an improving direction of w.

Theorem 2 When the number of creators n is large enough and the user population X is a
uniform distribution over an orthogonal basis in R?, updating w with the following formula

10
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guarantees an improvement in W defined in Eq (3):

w) = wj - e @) j € [m], (13)

where 1 is a small scalar denoting the learning rate, and 7(x;) is the expected utility of user
x; at s*(w).

By the definition in Eq (4), rescaling each w; by a constant does not alter the nature
of problem in Eq (11). Therefore, the insight conveyed by Eq (13) is clear: if a user enjoys
a high expected utility under the current content distribution, the platform should reduce
her weight when rewarding creators. Conversely, if a user’s expected utility is relatively
low, the platform needs to highlight her significance for motivating a larger set of creators
to develop content that caters to the needs of this user. Despite the fact that Eq (13) is
derived from a significantly simplified user distribution, we will leverage it as a foundational
element in the development of our adaptive reweighing algorithm and demonstrate in our
experiments that this simple heuristic works pretty well for real user distributions.

Next, we formally introduce our proposed adaptive reweighting algorithm for optimizing
the intervention mechanism w. Each user @ is initially assigned a unit weight w(® () = 1.
During subsequent iterations, the platform continuously monitors the average utility of
user x, denoted as 7(x), within a specified time window, and updates w according to the
following (14), where a > 0 is a tunable parameter. This adjustment process employs the
meta-algorithm structure of multiplicative weight update method ( , ).

W () x w? () - exp(—ait(x)). (14)

In practice, we can choose the user utility function 7(x) as the metric used for defining
the user welfare function Eq (2). Up to this point, our discussion has primarily focused
on the assumption that m(x;s) x o(s;, ). However, it is important to highlight that 7 in
Eq (14) can also take alternative forms to optimize empirical performance. For instance,
it can be a function of any numerical measurement related to user satisfaction (e.g., click-
through rate). To reduce the dimension of the user weight vector and enhance the robustness
of weight updates, we recommend that algorithm designers pre-cluster users into L groups
based on their static features so that users within the same group maintain identical weights.
The platform’s intervention strategy is thus parameterized by an L-dimensional vector,
w = (wy,--- ,wr), with each entry denoting the weight assigned to the corresponding user
group.

For a fixed time horizon T in which the platform plans to perform intervention, the
platform divides the horizon into E epochs, each with an equal length of M (i.e., T = EM).
At the start of each epoch e, the platform commits to a weight vector w(® and deploy it to
one of the intervention mechanisms UIR, SMT or HMT. After that, the platform observes
and records the sequence of creators’ strategic responses, denoted as {s(e’i)}f\il from the
online environment. Subsequently, the algorithm estimates the average user welfare 7; for
each group /. It then employs values in {ﬁl}le to update the weights at the beginning of the
(e + 1)-th epoch using Eq (14). To prevent w from growing or declining excessively, after
each update we first normalize and then clip its values within a predetermined interval
[Wmin, Wmax). The formal description of this process is presented in Algorithm 1. The
implementation details for the deployment of UIR, SMT and HMT in Line 4 are deferred
to Appendix B.
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Algorithm 1 Adaptive Reweighting

1: Input: Number of epochs E, Epoch length M, Initial strategy profile s(?), learning rate
7, temperature parameter «, user groups (G, --- ,Gp), clipping constant wmyin, Wnax-

2: Initialization: Initial weight w(®) = (w%o), e ,wgo)).

3: fore=0to F do

4:  Deploy the weight w® using UIR (Eq (8)), SMT (Eq (9)) or HMT (Eq (10)).

5. Observe creators’ strategy sequence {s(e’i)}f‘i 1-

6:  Compute the average user utility for each group

= ;s (e2)
M|Gl| m%;l ;
. (e %) (e) _
7. Update w, = wl exp( oml) € [L].
, : (e+3) _ &s)
8:  Normalize w, : /Zj yw; YL Le (L)

9: Chp w(eH) = Cllp( (e+ ) s Wmin wmax)
10:  Set sleth) = gle:M),

5. Experiments

In this section, we evaluate our proposed intervention mechanisms on both offline datasets
and an online environment on a leading short-video recommendation platform in the indus-
try.

5.1 Experiments on Offline Data

We conduct simulations on C2,; game instances constructed from synthetic data and MovieLens-
1m dataset ( , ). In the following, we first introduce the specification
of these two simulation environments and then report the results.

5.1.1 SYNTHETIC ENVIRONMENT

For the synthetic environment, we first construct the user population as follows: we fix
an embedding dimension d = 5 and independently sample 10 cluster centers, denoted as
{e1,--+,c1p0}, from the unit sphere S%1. For each center c;, we generate users belonging to
cluster-i by independently sampling from a Gaussian distribution N (c;, 0.5%214). The sizes
of the 10 user clusters are denoted by a vector z = 10 x (100, 50, 20, 10,10,5,2,1,1,1). In
this manner, we generate a population X of size m = 2000. The number of creators is set to
n = 200, and each action set S; is set to the unit ball in R?. The user utility and relevance
score function are set to w(s,x) = o(s,z) = max{1l — ||s — x||/3,0}. We set (5, K) to
(0.1,20) by default. Such synthetic datasets characterize a class of clustered user preference
distributions (e.g., majority vs., minority user groups).

On the creators’ side, we let their initial strategies to be close the center of the largest
user group. This environment models a situation where creators tend to chase popular
trends by exclusively producing content tailored to the taste of the largest user group. We

12
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Figure 2: Performance of UIR, SMT and HMT on synthetic dataset against the no-
intervention baseline. Results are averaged over 10 independently sampled synthetic en-
vironments including one-sigma error bars. z-axis: group sizes divided by 10.

aim to investigate whether our proposed mechanisms can assist the platform to escape from
such sub-optimal states.
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Figure 3: Performance of UIR, SMT and HMT on MovieLens-1m dataset against the no-
intervention baseline. Results are averaged over 10 independent simulations including 0.2-
sigma error bars.

5.1.2 ENVIRONMENT CONSTRUCTED FROM MOVIELENS-1M

We use deep matrix factorization (Fan and Cheng, 2018) to train user and movie embeddings
(with dimension set to 32) by fitting the observed ratings in the range of 1 to 5. To ensure
the quality of the trained embeddings, we performed a 5-fold cross-validation and obtained
an averaged RMSE = 0.739 on the test sets. Then with the same hyper-parameter settings,
we train the user/item embeddings with the complete dataset.

We select active users with more than 200 ratings, resulting in a population X comprising
1578 users. We set the number of creators to 20, with each creator’s action set S; consisting
of 1000 different movies. All {S;} share a common part — the most popular 700 movies
based on the number of ratings they received, and each S; also has a private part — a
randomly sampled 300 movies. Our choice of the user utility and matching score functions
is 7(s,z) = o(s,z) = s' z, and then normalized to the region [0, 1]. Additionally, we set
(8,K) = (0.1,20) and initialize creators’ strategies to the most preferred movie among all
users (i.e., the movie that enjoys the highest average rating among X).

13
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5.1.3 CONFIGURATIONS OF ADAPTIVE REWEIGHTING ALGORITHM AND INTERVENTION
MECHANISMS

For the adaptive reweighting algorithm, we set the epoch length M = 5 and the simulation
time horizon T' = 3000 for both environments. During each time step within an epoch, we
simulate creators’ responses by letting each of them update her strategy once using Algo-
rithm 2 in a random order. Creators’ learning rate is set to n = 0.2. On the platform side,
we use K-means clustering to determine user groups and set the number of clusters to 20
for synthetic environment and 15 for MovieLens environment, respectively. We should note
as in practice, even the system does not have the exact knowledge about user distribution,
we do not use the ground-truth clustering of users set in the simulation. In addition, we set
the temperature parameter o = 0.5 for the first half of the time period and reduce it to 0.1
for the remaining period. The clipping constants are set to (Wmin, Wmax) = (0.2,5.0) and
the mapping used in SMT and HMT are set to f(x) = - w(x) and K(x) = [K - w(x)].

5.1.4 RESULTS

Figure 2a illustrates the user welfare resulted from creators’ evolving strategies under the
three intervention mechanisms: UIR, SMT, and HMT, compared to the baseline (no plat-
form intervention). Over time, all three mechanisms consistently outperform the baseline.
In the baseline (shown in blue), the welfare plateaus quickly and remains stagnant. Con-
versely, the welfare curves under the other mechanisms exhibit “double-ascent” patterns.
Initially, they also plateau, but eventually, they begin to rise again and surpass the baseline.
This is because, without platform’s intervention, creators tend to remain in sub-optimal
equilibria as illustrated in Section 4.1. However, our proposed mechanisms gradually accu-
mulate user group weights, which, when significant enough, encourage creators to explore
unattended user groups, leading to increased welfare. Among the three mechanisms, HMT
demonstrates the most substantial gain with the least variance. UIR, while showing a lower
marginal gain, maintains stability with minimal variance. SMT, which achieves a mod-
erate gain, exhibits higher variance, suggesting that directly manipulating the matching
temperature may be overly aggressive.

Figure 2b shows the learned group weights at the last iteration of simulation. As it
demonstrates, all three mechanisms emphasize on small groups over larger ones. This
outcome aligns with our expectation: on one hand, larger user groups are more likely to
“trap” unnecessarily many creators and thus should be deprioritized; on the other hand,
increasing weights of niche user groups also improve their chances of being discovered by
more creators.

Figure 2c breaks down the average utilities across user groups. The blue dashed line
(i.e., the no-intervention baseline) exhibits a positive correlation between averaged group
utility and group size, mirroring real-world observations. The orange bars show that UIR
strikes a balance by improving the utility of niche groups while slightly trading off utility
in larger groups. HMT achieves a remarkable Pareto improvement across all groups, as
indicated by the red bars. However, SMT’s gains come at the cost of even greater skewness
in the average utility distribution across groups.

To summarize, all three mechanisms show promising improvements in overall user wel-
fare, but their nature of gains differs, introducing considerations for the platform. When
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condition allows, HMT is the top choice due to its strong performance, stability, and fair-
ness. For platforms that prioritize fairness and stability, UIR is also a viable option. How-
ever, SMT, despite improving overall welfare, may suffer from potential drawbacks such
as instability and fairness issues. In-depth analysis of the merits and limitations of these
mechanisms remains a topic for future research.

The results in the MovieLens environment align with the insights from the synthetic
environment (refer to Figure 3). However, it’s worth noting that the trends in learned group
weights and realized group utilities do not always align with group size, which is expected
in real-world data where unattended user groups may not necessarily have small sizes.
Nevertheless, our proposed mechanisms continue to improve overall welfare by identifying
and prioritizing these groups.

5.2 Online Experiments

We conducted online evaluations on one of the world’s leading short-video content cre-
ation and recommendation platforms (referred to as the “platform” hereafter due to the
anonymity requirement), spanning over 3 weeks. We observe that the platform’s interven-
tion can indeed influence creator behavior because, on average, there is a positive correlation
between the delivery volume and content creation volume for each topic. (The Pearson cor-
relation is 0.2, and there are hundreds of topics in total). In this experiment, we employed
the “like-through-rate” (LTR) as the user utility function. LTR is calculated as the ratio of
total likes to the number of impressions of a specific short video. We opted for LTR as the
chosen metric because it not only serves as a reflection of user satisfaction but also offers a
straightforward and easily interpretable signal for content creators to assess their content’s
perceived quality. The selection of the HMT mechanism for testing was deliberate, driven
not only by its strong performance against the baseline and other mechanisms in our offline
experiments, but also due to its ease of integration into production: HMT solely requires
changing the number of candidate content retrieved for different users within the deployed
relevance-based ranking model.

5.2.1 EXPERIMENT SETUPS

We list the experiment setups below.

User clustering: We utilized explicit user characteristics such as demographics including
country and gender and their level of activeness including video consumption volume and
watch time. This approach led to the creation of over 10,000 user groups and we retained
groups that had a sufficient number of users, resulting in hundreds of user groups.
Cluster weight update: We implemented a daily weight updating cadence. Each day,
we assessed the satisfaction of every user group by calculating the relative change of LTR
over its average in the previous two days. Subsequently, we recalculated the user weights
in accordance with the method outlined in Algorithm 1.

A /B test configurations: To evaluate changes in both user and creator behavior, we
employed a symmetric A/B test setup on the platform. This symmetric A/B test consisted
of an experiment arm and a control arm to measure performance. At the beginning, we
randomly pair 3% creators with 3% users from entire platform for each arm. Under this
setup, users within each arm exclusively received content created by creators within the
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Table 1: Mapping g in HMT

Weight <1l0 <119 <1.79 <213 <236 <268 >2.68
Percentile  0.99 0.95 0.90 0.85 0.75 0.7 0.1

same arm, and content created by these creators was exclusively exposed to users within
the same arm throughout the testing period. This stringent separation prevents any cross-
group treatment leakage and maintains a closed feedback loop within each arm. In our
online experiment, we ran these two arms for a duration of 3 weeks: a control arm adhering

to the existing production setup and a test arm where we applied our proposed mechanism,
HMT.

HMT specifics: We implemented HMT during the cold start content retrieval phase,
which pertains to content created within a few days and has not yet garnered a prede-
fined number of impressions. Specifically, within the platform’s production pipeline, we
integrated an audience matching stage to retrieve cold start content. During this stage,
content is exclusively delivered to the most suitable user candidates based on relevance
scores generated by a pre-trained model. In the existing production setup, a fixed relevance
score percentile of 99% is uniformly applied to all users. This means that every user is only
matched with the top 1% of cold-start content in terms of relevance scores to ensure a high
level of personalization. When tuning the percentile, we typically observe a trade-off be-
tween overall user satisfaction and the volume of cold-start content. In our experiment, we
leveraged HMT to intelligently adjust this threshold for different user groups, anticipating
improvements in both of thees metrics. Consequently, user groups with higher weights were
granted a higher chance to be selected by content creators, while those with lower weights
were deprioritized. The mapping from the group weight w to the percentile of retrieved
cold start content proportion was designed as a piece-wise constant function, with details
specified in Table 1.

5.2.2 RESULTS

Positive results were obtained in three key aspects.

User-side engagement: The core utility metric LTR increased by 1.13% and the total
impression number of cold-start content increased by 0.76%, leading to a 3.7% increase in
impressions for fresh content created within 2 hours. These improvements are statistically
significant and demonstrate increased user welfare while enhancing the freshness and diver-
sity of content. The gains in both user satisfaction and the volume of cold-start content
indicate that HMT influenced many creators to produce more targeted content that bene-
fits niche user groups. Table 2 provides a breakdown of performance improvement per user
group. We indexed all groups in descending order by their sizes and divided them into four
columns, with each column constituting approximately 25% of the total traffic during the
experiment period. As shown, smaller groups enjoyed a higher gain in terms of LTR, which
echoes the observations in offline results. The gain in cold-start content impression volume
shows an opposite trend. This is because the absolute number of cold-start impressions for
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Table 2: Gains per User Group

User Groups 1-5 6-20 21-74 75+ TOTAL

LTR +0.43% +1.40% +0.75% +1.36% +1.13%
Impression  +2.64% +0.62% +1.42% +0.11% 40.76%

larger user groups was smaller as the distribution of relevance scores in this group was more
skewed, resulting in a larger relative gain in this metric.

Content diversity: The average number of consumed topics per user during the experi-
mental period increased by 0.71%, and this increase is also statistically significant.

Creator-side engagement: For popular creators (those with more than 1000 followers),
the number of daily active users (Creator DAU) increased by an average of 0.17%, while
for the remaining creators, the gain is 0.06%. Additionally, there is a promising increasing
trend in Creator DAU for popular creators over the three weeks of the experiment: the
increases over the first, second, and third weeks are -0.2%, 0.24%, and 0.48%. This suggests
that the three-week duration of the experiment may have been too short to influence the
majority of creators to respond accordingly, and more time may be needed to fully observe
the positive feedback from creators.

6. Conclusion

In this study, we tackle the user welfare optimization challenge faced by online content
recommendation platforms through the lens of mechanism design. We identified myopic
strategy updates among creators caused by their limited information access as the culprit
of sub-optimal welfare and introduced platform interventions to address this issue. Our
three proposed mechanisms, based on adaptive user importance reweighting, enable plat-
forms to convey global user preference information, reshape creators’ perceived utilities, and
influence their behaviors. Empirical experiments in both offline and online environments
demonstrated the effectiveness of our approach, highlighting its potential for practical im-
pact.

For future work, there remains an intriguing need for a comprehensive understanding
of the merits and limitations of UIR, SMT, and HMT to aid practitioners in selecting
the most suitable mechanism for real-world applications. It is also important to address
practical constraints when applying the developed mechanisms. For instance, can we find
ways to jointly optimize user welfare and platform costs? Can the mechanism explicitly
ensure fairness on the user side and producer side? Deeper insights into these questions
hold the potential to greatly impact the rapidly evolving online content landscape and
industry practices.
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Appendix A. Details of content creators’ strategy update dynamics

The Local Better Response (LBR) procedure described in Algorithm 2 captures the evolu-
tion of creators’ strategies in a snapshot, and characterizes two fundamental properties of
content creation: 1. it relies solely on point estimations of the utility function (Line 3); and
2. it only incurs local changes at each update (Line 4). At each step, a creator who decides
to update her strategy would first generate an exploration direction g; (Line 2); then she
would evaluate whether adjusting her strategy in this direction results in a higher utility.
If so, she proceeds to update her strategy along g; in a pace of n; otherwise, she maintains
her current strategy.

Algorithm 2 closely emulates real-world scenarios where creators strive to optimize their
utilities while having merely black-box access to the utility functions. In practice, finding
a clear direction that guarantees improved utility can be a challenging and, at times, unre-
alistic task. Consequently, we model their strategy evolution as an iterative process of trial
and error. By definition, when LBR converges in C2, it must converge to an LNE. Our

primary interest lies in understanding how the platform can devise a dynamic rewarding or
matching principle that maximizes cumulative user welfare within a given time period.

Algorithm 2 (LBR) Local Better Response update at time step ¢

1: Input: Learning rate 7, an C2, instance including utility functions and strategy sets

(ui(s),S;) of creator i, the joint strategy profile s() = (sgt), e ,sg’)) at the current step
t.
. Generate a random direction g; € S%.
. if ui(sz(»t) + ngi, s(_tZ) > u;(s")) then
1
S§t+2) _ Sz(t)

w N

4: + ng;.
1
5:  Find sl(-tH) as the projection of s§t+2) in S;.
6: else
r el gl

)

Appendix B. Implementation Details of UIR, SMT and HMT
Mechanisms

The following sub-routine, denoted as Algorithm 3, outlines how the platform deploys the
weights obtained from Line 8, Algorithm 1 as an intervention mechanism in Line 4. In
Algorithm 3, the weight vector w is directly employed to modify the reward or payment
associated with each creator-user interaction.

In the case of SMT or HMT intervention types, the platform requires a function to map
w(x) to B(x) or K(x). This mapping can be implemented as a piecewise constant function
and determined empirically. The specifics of this process are elucidated in Algorithm 4 and
5.
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Algorithm 3 UIR Intervention

Input: Default recall capacity K, matching temperature (.
for each user request * do
Compute the relevance scores {o(s;,z)}7 ;.
Retrieve the top-K ranked content {s;1),- -+ ,s;k)} list based on relevance scores and

randomly sample one element according to Softmax({3~ o (s;(;), z)}L,).
For the user’s choice s;, adjust creator-i’s default reward (payment) from R(s;, ) to
w(x)R(s;, x).

Algorithm 4 SMT Intervention

Input: Default recall capacity K, matching temperature 3, f: Ry — Ry.
for each user request * do
Compute the relevance scores {o(s;, )} ;.
Retrieve the top-K ranked content {sl(l),-" ,sl(K)} list based on relevance scores

and randomly sample one element according to Softmax({3(x) ‘o (s;), )}, ), where

B(x) = f(w(z)).

Appendix C. Proof of Theorem 1

We restate Theorem 1 as the following with more rigorous characterizations, and then
provide its detailed proof.

Theorem 3 Any C3, game with K = n has a unique pure Nash equilibrium (PNE) if each
creator’s srtateqy set S; is convex and o(-,x) is twice-differentiable and satisfies

By [gi‘; + (g;) (g;)T] < 0,Yi € [n]. (15)

Proof
We prove that under the proposed conditions, the C2, is a strictly monotone game
( ) and thus possesses a unique PNE. According to Appendix A in
( ), a sufficient condition that establishes strictly monotonicity for any n-person game
g is convex action sets and a negative definite Hessian [Hg] of G, which is defined as

1 1
Hij(s) = §vjvzuz(3) + §ViVjUj(S)T.

For C3, game, the convexity of strategy sets are satisfied. Next we prove the property
of the game’s Hessian matrix with associated utility function

N exp(o(s;, x))
L exp(a (s, @)

Without loss of generality, let 5 = 1. Denote A; = exp(o(s;,x)), M = A1 + --- + Ay,
we have

(16)

u;(s) =E
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Algorithm 5 HMT Intervention

Input: Default recall capacity K, matching temperature 3, g : Ry — N.
for each user request * do
Compute the relevance scores {o(s;,z)}7 ;.
Retrieve the top-K () ranked content {s;1y, - , $;(x(a))} list based on relevance scores

and randomly sample one element according to Softmax ({80 (s;;), )}, (z)), where

K(z) = g(w(z)).

g~ (55) (30) JAr -4 5

+1(g0:) () 4101 =405}
2
~-mee{[- 73 - (50) (on) - 3] 4

-
—Ew{(asz)(?;’) 4501 - 4) 57}
)

1
L2 _Epox [Hz(zo (s, w)} —Epox [H(l)(s x) M5]

H;; = _EwNX{ [ -

(M — A)]\;Q}

Hijz—zawwx{(g;)(gs"j)TAiA (M~ A4~ 4) =]

1 1

Next we show that for any « and s, the block matrix [Hfjl)] is always positive semi-
definite (PSD). For simplicity, let

do
yi=Aig € Ry = [y1;.. ;9] € R,
S;
z = [A1y1§ cey Anyn] € Ran17
we obtain
()7 _
[H;;'] =
Y1y (M — Ay) y1ys (M — Ay —Ay) - gy, (M — Ay — Ay)
Yoy (M — Ay — Ay) Yoys (M — Ay) Yoy, (M — Ay — Ay)
ynyir(M —An — Al) ynsz(M - A, - AQ) te ynyI(M — An)

=Myy' —yz' —zy' +diag(Aiy1y] ..., AnYny,)

1 ' )
:M . (My - Z)(My - Z)T + dlag(Alylle, - 714nynyl) _ MZZT

. 1
>—d1ag(A1y1y1T, .. ,A,,Lynyl) — MzzT.
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Therefore, it suffices to prove that the matrix
H = Mdiag(A1y1y] , ..., Apyny, ) — 22"
is PSD. For any t = [t1;--- ;t,] € R¥*! where t; € R?, we can verify that
B n
t'"Ht=M Z AitiTyiyiTti —tT22"¢
i=1
n n
= Z Al Z Altjyzy;tz — tTZZTt
=1 i=1
= > AAi(ylti—yit)? >0
1<i<j<n
Therefore, the block matrix [Hi(Jl)] is always PSD for any « and s. A sufficient condition
for [Hg] to be negative definite is thus Hl-(lp) being positive definite (PD), i.e., HZ-(Z-O)(S, x) -
0,Vs,x. It remains to show that

0o o\ /0o \T A; 1
Bax H ke (5:) (55) 1= 3p)] - scar - A”M -0 (7)
And a sufficient condition for Eq (17) to hold is
%0 Oo\ 0o\ T
Han [_82 ~(5:)(52) } =0, (18)

which completes the proof.

Appendix D. Proof of Theorem 2

Proof Since the utility functions of C3, are twice differentiable, any LNE s of C2,, satisfies
the following definition

s; = arg z,-er%%;{i,é) wi(zi, s_ijw) (19)

must also satisfy the first-order condition gzz o=(oios = 0. If we let
F(s,w) = (aula(:iw) e 6u%(:1w)> : R x RY) — R (20)

be a vector-valued function, the constraint (12) can be rewritten into
F(s*(w),w) =0. (21)
From the implicit function theorem ( , ), the derivative of s* w.r.t.

w can be written as
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ds __(OF\"' OF
dw 0s ow’

where [%—i]ndmd, [g—g]ndxm are the Jacobian matrices, and
AW _dW ds _ AW (9F\"' OF (22)
dw ds dw  ds 0s ow’
where (%)lxnd is the partial derivative of W w.r.t. s.

Since w; > 0, we apply a change of variable and denote each w; as e’ instead. Next
we calculate each term of the RHS of (22) to obtain an estimation of the gradient of our
objective welfare function W to the user weight vector w. Without loss of generality we
let the user distribution X be a uniform distribution on unit basis {e1,--- ,e4} and m = d.
The utility functions given in Eq (6) and the user welfare function read

LORES 3) pRER. e 23)
§)=— s; xj- .
M= B ZZ:leXP[ﬁ_lsng]
(oo = L3 o oRTSTm] gy (24)
ui(8i,8—;) = — » e , i .
o) = 2 S el sy
If we denote A;; = exp[B~'s/x;], M; = Y }_, exp[B8~1s] z;], then f\‘f = Pi(s,x;) is
J

exactly the probability of matching content s; to x;. Given the assumption that n is

sufficiently large, we have ’]?/}j = 0(1) is sufficiently small for any i and therefore we ignore

. . . AZ Ay Ay
the high-order infiintesimal terms such as ik ’}\’/[2 J
i j

in the following derivation.

j=1 k#i J
1 <N A
1. T .
zm;w”\z (1+B 1si wj),ze [n], (25)

where 7(z;) £ 31, sng%.

Next we calculate each term in the RHS of Eq (22). The i-th block of F(s,w) is a
d-dimensional vector given by
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1 d
:%ij

2
1oy ((Ad AL
M, M?

Nfzwj w,@lw] i € [nl, (26)

the (7, 7)-th block of 3—5) is a d-dimensional vector given by

1 -1 Aij oo .
S e e ) e ld. (27)
Since {x;}"; are orthogonal basis, the non-diagonal blocks of matrix %—5 are all zero ma-
oF

trices and the i-th diagonal block of matrix % is given by

d 2 3
oF 1 . T [ Aij 3Az'j 2Aij
P = wj . 2
1 & A
~ w; I V]
e Ele j [mj:c] i ] ,1 € [n]
]:

de

Therefore, we can derive a approximation of 7~ as below:

AW _ AW (9PN (LF
dwj_ ds \ s ow / .

SR 8t (i)

=1

-mBPdiag ™" (e Ay /My, -, €F Aya/Ma) - *%5_ i w]}
.7

B —w]< ) 1 Aij
_mil +5stBMje

_fz Te ” (29)
= ——Z (s, x;)Pi(s, x;)

= _%Es[ﬂ'(wj)]v <30)
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where (29) holds because 37! >> 1.
Therefore, Eq (30) suggests that the following update rule

Wi — Wi . o~ ()

aligns with the gradient direction of W (w), which yields Eq (13).
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