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CP violation in the CKM mixing for degenerate quark masses

Ying Zhang*
School of Science, Xi’an Jiaotong University, Xi’an, 710049, China

CP violation in the CKM mixing is discussed for the case of quark mass degeneracy that is
approximate in the quark mass hierarchy limit. Differing from the traditional understanding of
CP vanishing for degenerate masses, we find degenerate symmetry plays a non-trivial role in CP
violation. The minimal flavor structure model is reviewed to demonstrate the role of degenerate
symmetry in quark flavor mixing, particularly in CP violation. This relation between mass hierarchy
and CP violation helps us understand the origin of CP violation and assists the construction of the

flavor model.

PACS numbers: 12.15.Hh, 11.30.Hv, 11.30.Er

I. MOTIVATION

The standard model (the SM) has successfully described SU(3). x SU(2)r x U(1)y gauge interactions of the strong
and electroweak interactions in a concise mathematical form with simple guage couplings. However, the grace of
gauge interactions does not apply to Yukawa interactions |. Yukawa couplings in the SM are a 3-order complex
matrix for each kind of quarks and charged leptons, which govern all flavor phenomenology: mass spectrum and
flavor mixing. Due to these unclear and redundant Yukawa couplings, the relation between fermion masses and flavor
mixing is still unknown.

In the quark sector, up-type/down-type quark masses have a hierarchal structure

q q

m m
h,=—"2t <1, nl,=-"2«1, for q=ud
12 ml 23 md q

This is a good approximation to explore quark flavor structure. The CKM matrix should keep its values approximately
in the hierarchy limit, providing a key clue to decoding quark mixing and CP violation. (A similar case is also discussed
in the lepton sector [4].) Frequently, it is cursorily believed that the presence of degenerate mass is a sufficient condition
for CP violation to vanish H] This point of view inevitably meets a challenge in explaining why the CP violating
phase in CKM mixing has a large value rather than a small one as a perturbation correction from the mass hierarchy.

In the paper, we focus on the relation between mixing matrix and CP violation in the case of mass degeneracy.
After briefly reviewing Jarlskog’s original 1986 work in Sec. [, we highlight two problems that require attention
regarding CP vanishing in mass degeneracy. In Sec. [II} we illustrate how a degenerate SU(2) symmetry contributes
non-trivially to CKM mixing. Discussion on generating CP violating phase from a real mixing matrix is presented,
expressing non-vanishing CP violation in case of mass degeneracy. We also review the minimal flavor structure
proposed in recent research on flavor structure in Sec. [[Vl The role of degenerate symmetry in the CP violating phase

is discussed. A summary is provided in Sec. [Vl
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II. QUARK MIXING FOR DEGENERACY

Considering the squared mass matrix MgQ = MM with ¢ = u, d for up-type and down-type quarks, it can be

diagonalized by left-handed transformation U} as
U ME(U)! = diag((m)?, (m)?, (m9)?) (1)
Defining a commutator
Mg, Mg = iC 2)

the determinant of C' has been given in [5] as

det[C] = =2[(m5)* — (m3)?][(m5)* — (m})?][(m5)* — (m})?]
x[(m5)? — (m3)*)[(m5)* — (m{)?][(mg)* — (m{)*]Jep 3)
with Jarlskog invariant
Jop = Im[Vi Vaa Vi Vs (4)

Here, V;; is an element of quark CKM mixing matrix defined by V = U¥(U¢)'. Using the invariance of det[C], Jcp
can be expressed by the standard CKM mixing angles and CP violating phase as

2
Jop = 513€73523C23512C1255 (5)

with s;; = sinb;;, c;; = cosb;;,s5 = sindcp. Here, the standard CKM matrix is expressed by

1 0 0 C13 0 Slgeiiécp ci2 S12 0
V=10 co3 s23 0 1 0 =812 ¢12 0 (6)
0 —8923 (€23 _5136i5cp 0 C13 0 0 1

Using Egs. (@) and (@), CP conservation, i.e. dcp = 0, can lead to a vanishing det[C]. However, the latter is
not a sufficient condition of no CP violation. An actual situation appears in mass degeneracy as an approximation
of the mass hierarchy limit. If quark mass degeneracy leads to vanishing CP violation, then dcp must be a small
quantity resulting from quark mass hierarchy correction. In mathematical, cp can generally be expanded in terms

of hierarchy hi,
dcp =co + Clhgg + O(h2) (7)

with cofficient ¢;. In a traditional perspective, the coefficient ¢y must approach zero as quark masses become degen-
erate, which leads to a small value of dcp as a perturbation from mass hierarchy. However, the current experiment
value of d¢p is about 65° |6], which is too large to be regarded as a small one coming from the hierarchy contribution.

There is additional doubt of dcp vanishing for degenerate masses, which comes from a theoretical analysis of
the CKM matrix. Quark mixing matrix V is symmetrically determined by up-type quark transformation U} and

down-type one U‘Li as

v =UpUy)



Here, transformation U] transforms gauge basis to mass basis (labelled by superscript (m)) q, = (U L)Tq(Lm). If

assuming a mass degeneracy only in up-type quarks rather than down-type quarks, we can choose a basis on which
Mg, is diagonal and the CKM mixing matrix can be expressed by V = (U‘Li)T, which is not relative to up-type quark
U}. The information about the degeneracy of up-type quarks is shielded, and V' is not affected by it. So, we have to

seek a new way to explain the relation between the current large CP violating phase and quark mass hierarchy.

IIT. DEGENERATE SYMMETRY

For degenerate eigenvalues in M ng there exists a transformation G? that keeps the mass eigenvalues invariant in

degenerate subspace
. i .
Grdiag((mf)2, (md)%, (m)?) 67" = diag((m?)2, (md)?, (m3)?) (8)

In this section, we discuss the role of G? on the CKM mixing matrix and emphasize dcp.

Using Eqs. (1) and (), M{, is generally diagonalized by transformation GU} as
[Grug]azgeows] = ding(m®)?, (mg)?, (m)?)
The mixing matrix can be expressed
v =cguwrud g 9)

The formula shows the contributions of G* and G¢ to quark mixing. Even in a stricter condition, i.e., the commutator
C = 0in Eq. (@) instead of det[C] = 0, the degenerate symmetry GY can still cause significant mixing of quarks.

Assuming C = 0, MgQ and M gQ have common eigenstates, labeled by column vector v; for ¢ = 1,2,3. We have

(m{)?
T T
(01702703) Mg, (01,1}2,1}3) = (01,1}2,1}3) (m$)? (01,02703) (10)
(m{)?
So, diagonalization transformations U} and Ug are determined by
'
Ug = Ug = (’Ul,’Ug,’Ug) (11)
and Eq. (@) becomes
V =GYGYHT (12)

Due to the non-equality of G* and G¢, the quark mixing matrix V' does not become a unit matrix.
The role of degenerate symmetry in quark mixing gives a new understanding of the difference between flavor basis

and mass basis. The charged current weak interaction is introduced in the flavor basis in terms of gauge fields

_ 9 - +
Lo = ﬁuL”y#dLW# + h.c. (13)

However, we need to diagonalize complex quark mass matrixes to obtain quark mass eigenvalues ¢ = (Up)t(G9)t¢(™.

The Charged current weak interaction becomes

oo = Ll [ U UG W + e (14)
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Notice that G*UF(U)T(G?)T is fixed by the CKM measurement. So, the G*? is not a free transformation, i.e. only
a special G*? is chosen by experiments. It means that in the case of mass degeneracy, the CKM matrix is built on a
specially chosen mass basis, not any mass basis. Due to this reason, the G¢ in the degeneracy case is not treated as
identity or free parameters. This is just the source of misunderstanding on dcp vanishing for quark mass degeneracy.
Generally, G? is a SU(2) transformation between two degenerate mass states. If treating the SU(2) symmetry as
a free transformation, CP violation in the CKM matrix can be eliminated by a suitable SU(2) transformation. A
detailed calculation on this procession has been given in Appendix [Al

The transformation G? can provide CP violation. Let us start from a real mixing matrix U} (U$)" and consider G4
role in generating dcp.

Generally, a real U4(U#)T is factorized by 3-dimensional orthogonal rotation

1 0 0 ciz3 0 513 ci2 S12 0
UR(UDT =10 e 353 0 10 —312 C12 0 (15)
0 —so3 Cog —513 0 c13 0 0 1

with 5;; = sinf;;,¢; = cosf;;. Here, a bar is used just to label mixing angles in the real U¥(U{)T to distinguish the
mixing angles in phenomenology. When G* = G¢ = 1, the CKM mixing matrix is completely determined by Eq.
([IH), and there is no CP violation.

In the presence of a degeneracy in the first two families, G9 can generally be parameterized into a SU(2) transfor-

mation
e,i(¢’q+¢‘1)/2 COS % _efi(¢,q7¢q)/2 sinez_q O
Gl = | @ T=N/2gin 8 G HIN/2 0581 (16)
0 0 1

with 1 rotation angle #9 and 2 phases ¢'7, 9.

In terms of Eq. (@), Jarlskog’s invariant can be written as
Jop = C1 sin(¢d) sin % cos 0" + Cy sin ¢* sin 6 cos 6%
+C3sin(¢? 4 ¢") sin 0% sin 04 4 Cy sin(¢? — ¢*) sin 6% sin 6

Here, coefficients C; are

1

2 — _—  _
Ci = 5C13513523C23
C*l““ - = 2 -2 051001 0F2 050afoadal2n 1 Goabomd
2 = =C13C23| S12C12 + S12C12C13Co3 — 2812C12C53 — 2523C23513C o + S23C23513

2
C*l“ -2 -2 -2 -2 =2 -2 2 9512515155020
3 = jC13C2s S12C3 — S12C13 T C12513523 1+ 2513512€12523C23

1. _ /7, o 5 o o

C4 = —1013623 (C%QC%S — 052033 — 8%2853833 + 2813812012823623)

Non-vanishing Jop can be generated by SU(2) transformation from a real orthogonal matrix in Eq. (I3). Phases
¢ and ¢’ ¢ have no contribution to Jop because they can be eliminated by quark field rephasing. CP violation
requirement to complex phases is provided by ¢“ and ¢?. Another factor affecting CP violation is SU(2) rotation
angles #%?. A more accurate requirement for CP violation is that at least one of the phases ¢*¢ and one of the angles

64 do not vanish, meaning that G* or G¢ can serve as an independent source of CP violation.



Even if 513 = 0, there is also non-vanishing dcp generated from G* or G¢. For the sake of simplicity, let us take

G? =1 and focus on G*. The Eq. (17) can be simplified to:
Jop = 5612623512553 sin ¢* sin 6" (17)
So, we get the condition of dcp # 0 is
012 # 0,7/2 and fa3 # 0,7/2 (18)

More further result shows that the condition of generating CP violation from real rotation by G is that at least two
of three mixing angles are not 0 or 7/2.

Besides the CP violating phase, the contribution of G¢ to other mixing angles can be found in Appendix [Bl

IV. CP VIOLATION IN THE MINIMAL FLAVOR STRUCTURE

Recently, the minimal flavor structure (MFS) has been proposed to address quark mass hierarchy and CKM mixing
in terms of a flat mass pattern [7]. It successfully outputs 10 experimental values, including 6 quark masses, 3 mixing
angles, and 1 CP violation, from just 10 model parameters. In the MFS, the CKM matrix is determined by an
approximate degenerate symmetry. This example helps us understand the relationship between flavor mixing and
mass degeneracy.

As a result of the requirement for mass hierarchy [§], the up-type and down-type quark mass matrices in the MFS

have a common factorized form as
MY = m&LYI(yht (19)

with the total mass of quarks m% = m{ +mg+mg and diagonal Yukawa matrix Y} = diag(e", 2, 1). A significant
aspect of Eq. (I9) is that the left-handed Y}’ fully provides the required complex phases for CP violation.

19 is responsible for generating hierarchical masses of quarks, which can be represented by a nearly flat real matrix

I = I¢ + AT
111
Jr 111
07 3
111
0 df, o1,
1
1 (20)
613 033 0

In the mass hierarchy limit, quark masses can be gotten by diagonalizing the flat matrix I{ by transformation Sy
S§I8(S5)" = diag(0,0,1) (21)

with

V3 0 —V3

-1 2 1 (22)
V2 V2 V2

Sl



For 2-fold degenerate eigenvalues on the right side of Equation (2I]), there exists a real SO(2) rotation symmetry RJ
Ridiag(0,0,1)R" = diag(0,0,1) (23)

with

cosf? sinf? 0
Ri=| —sinf? cos@? 0

0 0 1

Because all complex phases have been factored into Y} in the MFS, the symmetry is only SO(2) rather than SU(2)

[9]. So, we have
T
(Rrgsg)1s(Rasq) = diag(0,0,1)

Thus, the CKM matrix in charged current weak interaction is written in terms of two SO(2) transformations of

up-type and down-type quarks as
V = RUSodiag(ei™, ez, 1)STRI” (24)

The true hierarchal masses are also addressed by I? with correction A? in Eq. (20) that is responding to generate

two lighter quark masses for three real diagonal perturbations 5%—. Up to O(h'), the broken (5% is set as

9
0y = 035 = _Zhga dfs =0 (25)
I is diagonalized by a corrected S}
0
serasiT = | pg, +0(h?) (26)
1— hi,
with
. 0 0 0
h
Sf = So+-—2| V2 V2 V2 | +0O(h?) (27)

43
1 -2 1

In [8], it has been studied that the SO(2) symmetry is still valid in 1-order hierarchy approximation, i.e., the

eigenvalues diag(0, h3,,1 — hi,) is invariant under an SO(2) transformation R}

R!diag(0, hiy, 1 — hi)RIT = diag(0, his, 1 — hiy) + O(h?) (28)
with the transformation
0 0 sin 649
h3s
Rl =Rl + -2 0 0  cosf?—1 (29)

V2

—sinf? cosf? —1 0

So, the CKM mixing matrix in the 1-order hierarchy becomes

V = RUS}diag(e™, ez, 1)SgTRZT (30)



TABLE I: MFS fit the CKM mixing

MFS para. |6“ =0.01926, 8¢ = 3.389, A1 = 0.004102, \> = —0.04306
Fit Results |s12 = 0.2259, s23 = 0.04172, s13 = 0.003810, dcp = 1.118
s12 = 0.22500 £ 0.00067, s23 = 0.041827+5-50682
s13 = 0.00369 £ 0.00011, dcp = 1.144 4 0.027

CKM exp. [6]

The MFS has been successfully checked by fitting hierarchal masses of up-type and down-type quarks and the CKM
mixing. A set of fit parameters is listed in Tab. [l

6" and 0% listed in Tab. [ means that approximate SO(2) symmetry of mass matrix is broken by charged current
weak interaction. And SO(2) rotation angles #* and 6¢ are fixed by the SM. The S, transforms the quark flavor basis

qr, to a mass basis q(Lm)

qr = STqy"
And charged current weak interaction decides which mass basis appears in the CKM mixing. So, only the fitted §%¢
is chozen
up = S,?RzTu(Lm), (31)
d, = STRIT (™ (32)

MFS also provides an understanding of the origin of CP violation. CP violation comes from Yukawa phases in Y}
and also depends on rotation angles 6%, 8¢. These parameters are independent on mass hierarchy, They do not vanish

in the mass hierarchy limit, which explains why the large CP violating phase does not stem from the mass hierarchy.

V. SUMMARY

The study of degenerate symmetry as an approximation of mass hierarchy has been studied in quark CKM mixing,
particularly in CP violation. Degenerate symmetry G¢ plays a non-trivial role in CKM mixing and picks up a special
mass eigenstate as the state of the CKM mixing matrix in charged current weak interaction. It explains why CP
violation may not vanish for mass degeneracy and also why a large CPV can exist in the hierarchy limit. As an
example, the role of degenerate symmetry is shown in the MFS. The relation between CP violation and degenerate
symmetry is also illustrated in the MFS. These results assist in improving the understanding of CP violation and aid

in constructing a final flavor structure in the future.
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Appendix A: Elimination of dcp by a free SU(2) transformation

Phenomenology, the CKM mixing matrix V' can be expressed by 3 mixing angles and 1 CP violating phase by
redefining quark fields. This process is known as rephasing. For degenerate masses, there is a SU(2) symmetry to
keep mass eigenvalues invariant. As we have mentioned in Sec. [II} these SU(2) transformations, G* and G¢, are
decided by experiments. However, if G*¢ is regarded as free transformation, it can be utilized to eliminate some
d.o.f. in the CKM mixing. In the appendix, we adopt the standard CKM matrix in Eq. (@) and demonstrate the
elimination of dcp through a free SU(2) transformation. Without the loss of generality, we only consider up-type
quark degeneracy between the first two families. Degenerate symmetry G* is parameterized by 6", ¢" and ¢ as
shown in Eq.

To obtain a vanishing CP violation, a transformed CKM matrix G*V must have a vanishing Jarlskog invariant.

After a tedious calculation, Jop is expressed by

Jop = Cq cos 0" + Cp sin ¢ sin 8 + C. cos ¢ sin 8 (A1)
with coefficients

C _ 2

a — C€13513C23523C1251256§

1
2 2 2 2 2.2 2 2

C, = 5013023 [512612(613 — C53 + S13833 — 286513823) — 65(2612 — 1)513823623}
C. = L 2 2 2¢2, — 1

c = 501302351385 512€12513823C5 — s23C23(2¢12 — 1)

Here, mixing angles 6,; and dcp are ones before SU(2) transformation.
Vanishing Jep requires 8% and ¢* meet

Ca

tan 0" = —
an Cp sin ¥ + C,. cos p¥

Appendix B: GY roles to mixing angles

Eq. (17) has expressed degenerate symmetry G? contribution to Jarlskog invariant initializing from a real mixing
matrix. We will now examine the influence of G? on the remaining three mixing angles. Three CKM mixing angles

can be calculated from mixing matrix V'

s13 = |Vaal (B1)
[Via|?

8%y = — B2

12 1—|V13|2 ( )
[Vas|?

2
_ B3
523 1— |V13|2 ( )
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Let us consider a real U¥(U¢)T as shown in Eq. (I5). Using Eq. (@) and Eq. (I6), three mixing angles are determined

by

1 1
8%3 = 5(1 + Eu)gfg + C13593 5135235(1 — Cu) — 5138, COS (bu:|

s15(1 = s13) = Ca1 + Cazca + Cazsq + Cascy + Cascuca + CacCusa

+Ca75u + Cagsuci + Ca95usd

1
2 2 2, 2 2 2 2 2 - u
sy3(l—s13) = 5 [313 + Ci3523 + (€13553 — —573)Cu + 2513C135235, COS @ }

2

Here, coefficients C4; are listed in the following

Ca1
Caz
Cas
Caa
Cas
Cae
Car
Cas

Cag

[
[
[
[
5
[
[
[
[

1 _ g _
1(2 - 3%3 - 5%3033)

1
o 2\ /=2 =2 2 2
—C12€23512513523 + Z(l — 257,)(573 — 533 — 513323)

17 o\ _ o, _ o _
3 {023(—1 + 28%2)813823 + 012512(533 — 8%3 + 3%3833)] cos qu

1
2 2 2 2
1(523 — 813 — 513533)
. 11272 9 4 32 2 2 2
C12C23512513523 — Z(_ +23875) (=2 + 553 + 513 + 513533)
1

- 2 \= = - 2 -2 2 -2 d
5 [623(1 — 2812)813823 + 012512(2 — S93 — S13 — 513823)} COng)
1— s = U
5013513823 cos ¢

—5513 {2512623512 + (1 — 25%2)513523} COS Qz)u

N _ o 1 :
5013 (20235%2 — C23 —+ 2612512513823) COS gbd COS ¢u — 5013023 Sin ¢d Sin ¢u
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