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HARMONIC LOCUS AND CALOGERO-MOSER SPACES

GIOVANNI FELDER AND ALEXANDER P. VESELOV

ABSTRACT. We study the harmonic locus consisting of the monodromy-
free Schrodinger operators with rational potential and quadratic growth
at infinity. It is known after Oblomkov that it can be identified with the
set of all partitions via the Wronskian map for Hermite polynomials. We
show that the harmonic locus can also be identified with the subset of
the Calogero—Moser space introduced by Wilson, which is fixed by the
symplectic action of C*. As a corollary, for the multiplicity-free part of
the locus we effectively solve the inverse problem for the Wronskian map
by describing the partition in terms of the spectrum of the corresponding
Moser matrix. We also compute the characters of the C*-action at the
fixed points, proving, in particular, a conjecture of Conti and Masoero.

1. INTRODUCTION

One of the most important open problems in quantum integrable systems
is the classification of Schrodinger operators with trivial monodromy. The
corresponding singular set is called locus configuration.

In dimension one we have the Schrodinger equation with a meromorphic
potential V(z), z € C:

9 d
(-D*+ V() =M, D= (1)
We say that such operator has trivial monodromy if all the solutions ¢ of
the corresponding equation are meromorphic in z € C for all A. The
general problem is to describe all such potentials.

The first results in this direction were found by Duistermaat and Griinbaum
[13], who solved the problem in the class of rational potentials decaying at
infinity

m;(m; + 1)

V=
= (e-a)?

They have shown that the corresponding parameters m; must be integer

and that all such potentials are the results of Darboux transformations ap-

plied to the zero potential. The potentials are therefore are given by the

Burchnall-Chaundy (or Adler-Moser) explicit formulas [2, §]. The corre-

sponding configurations of poles z; are very special: in the case when all the

parameters m; = 1 they are none other than the (complex) equilibriums of
1
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the Calogero—Moser system with the Hamiltonian

DR R

1=1 z;ﬁ] ]

and are described by the following algebraic system

n

1
— =0, i=1,...,n.

; (2 — 2)°
A remarkable fact discovered first by Airault, McKean and Moser [4]) is
that this system has no solutions unless the number of particles n = %
is a triangular number, in which case the solutions depend on m arbitrary
complex parameters.

Oblomkov [2I] generalised the Duistermaat—Griinbaum result to the har-
monic case, when the rational potentials have quadratic growth at infinity

n

V:zQ—&—ZmZ(mz—i_l m; € 7.
P (z — 2)? !

He proved that all such potentials can be found by applying Darboux trans-
formations to the harmonic oscillator and explicitly described them via the
Wronskians of the Hermite polynomials

u(z) = 22 — 2D*log W (Hy,, ..., Hy,), k1 > ko > --- >k > 1.

In [I7] we studied the geometry of pole configuration of these potentials in
relation with the Young diagrams of the corresponding partitions

A= (A1, N), )\j:k‘j—l—l-j.

We were motivated by the following natural question: given the pole set of
the potential u(z) from the harmonic locus, how can one find the correspond-
ing partition A?

For the so-called doubled partitions we observed numerically that the
Young diagram can be “seen” directly from the shape of the pole set (see
Fig. |2 below).

In this paper we show that the harmonic locus can also be identified with
a subset of the Calogero-Moser space introduced by Wilson [27], namely
with the subset fixed by a natural symplectic action of C* = C\ 0. As a
corollary, for the multiplicity-free part of the locus we answer the question
above by describing the partition A explicitly in terms of the spectrum of
the corresponding Moser matrix M (see Theorem 1 below).

In the last section we compute the characters of the C*-action at the
fixed points. As a corollary, we prove a conjecture by Conti and Masoero
[12] about spectrum of the Hessian matrix K () of the Calogero-Moser
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potential

6 6
Ky =65 (145 —— | = (1= 6)——,
i) =0y = (21— 2" ( J)(Zi—zj)4

where z; = z;(\) are the roots of the corresponding Hermite Wronskian
Wi(z), which are assumed to be simple. We prove that in such case the
eigenvalues of K (\) have the form

Spec K(A) = {(\oy+1 — ¢(D))?, D€ A},

where () is the leg length of 00 € A (the number of boxes of A below [J).
This statement is equivalent to Conjecture 6.3 from [I2]. For the roots of the
usual Hermite polynomial H,(z), corresponding to one-row Young diagram,
this agrees with the well-known result that the frequencies of the small
oscillations of Calogero—Moser systems near the corresponding equilibrium
are 1,2,...,n (see [24] [3]).

2. THE HARMONIC LOCUS AND PARTITIONS

By the harmonic locus HL we mean the set of the potentials

n
9 m; (ml + 1)
= —_ C 2
u(z) z+; Gon? z € C, (2)
of the Schrédinger operator L = —D? + u(z), having trivial monodromy in

the complex domain, see [I3,26]. The terminology is inspired by the work of
Airault, McKean and Moser [4]. The parameters m; here must be positive
integers called multiplicities. The harmonic locus decomposes as a disjoint
union HL = US2 yHL,, according to the number of poles.

Oblomkov [2I] proved that all corresponding potentials have the form

u(z) = 2° — 2D%log W (Hy,, ..., Hy,),
where ki > ko > -+ > k; is a sequence of different positive integers and
W (Hg,, ..., Hy,) is the Wronskian det((D*"'Hy,); ;) of the corresponding
Hermite polynomials Hy(z) = (—1)ke* DFe=%":
Ho(z) =1, Hi(2) =22, Hy(z) = 42% — 2, H3(z) = 82% — 122,...

Moreover different sequences correspond to different potentials.

It is convenient [I7] to label these Wronskians W = W) (z) by the parti-
tions A = (A1,..., ), Ay > --- > X\ > 1, such that

ki=M+l—1ke=X+1-2, ...k 1= N1+1, k= \.

In [17] it was shown that the Wronskians W) have the following properties:

1. Wx(2) is a polynomial in z of degree |A\| = A1 + Ao + -+ + N,

2. Wi(=2) = (1) W(2),

3. Wi (2) = (—i) MWy (iz), where \* is the conjugate of \.
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Let P be the set of all partitions which we also identify with the set of
all Young diagrams. By Oblomkov’s result we have a well-defined bijection
W:P —HL,

W:A€P = up(z) =22 — 2D*log Wy(2) € HL.

We have the following natural question. Given the potential u(z) from the
harmonic locus, how can one find the partition A, such that u(z) = ux(z)?
In other words, how to invert the map W?

For the locus potentials with all the multiplicities m; equal to 1

uz:z2 "#
() +;<Z—Zi>2

(which we will call simple locus potentials), we have the following answer,
conjectured by the second author in 2012.

Recall that the content ¢(0) of the box [0 = (3, j) from the Young diagram
A is defined as j — i, see Fig. [I] It is easy to see that the multiset of contents

C(A) :={c(0d), Oe A}
determines the partition A uniquely.

Theorem 1. For a simple locus potential u(z), the corresponding partition A
can be uniquely characterized by the property that the contents of A coincide
with the eigenvalues of Moser’s matriz M

1 . .
C()\) = Spec M, Mij = { (ii_zj)2 1 Z 7&]
Lt Ty 1T
One of the motivations for this answer came from the results of the paper
[3], where it was shown that when zi,...,z, are the zeros of the Hermite
polynomial H,(z) the matrix M has the eigenvalues 0,1,2,...,n— 1, which
is the content set of the one-row Young diagram. (Calogero conjectured that
the converse is also true for the matrices of this form, but he later proved
that this does not hold for n = 4, see [11].)
Another motivation came from the following result of Perelomov [23],
which explains why we should expect the spectrum of M to be integer.
It is known after Duistermaat and Griinbaum [13] that the poles z1, ..., z,
of such potentials satisfy the following locus conditions (see [20]):

n

2
Zm—zl':o, i:1,...,n,
g#i Y

which are necessary and sufficient conditions for trivial monodromy. Note
that these conditions are simply the equilibrium conditions

0 .
T%U(Z)—O,Z—l,...,n (3)
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for the Calogero—Moser system with the Hamiltonian

H=%Zp?+U(Q)7 U(Q)Z%ZQ?Jr Yo W
=1 =1

)2

Following [20} 23] introduce matrix L with

L;; =
Y qi — 45

and the matrices
LY :=L+Q, Qi=qpdi

Proposition 2. (Perelomov [23, 24]) The equilibrium conditions are
equivalent to the matriz relations

[M,L¥] = +L*.

The proof is a modification of the direct check by Moser [20].

Thus matrices L* can be viewed as raising/lowering operators for M.
Since Me = 0 for e = (1,...,1)T the spectrum of M is integer provided e is
cyclic vector for the action of L.

In the paper we establish a direct link of harmonic locus with the Calogero—
Moser spaces introduced by Wilson [27], and as a corollary we provide a proof
of Theorem [1I

3. THE HARMONIC LOCUS AND CALOGERO—MOSER SPACES

The Calogero-Moser spaces were introduced by Wilson [27], who was
inspired by the earlier work by Kazhdan, Kostant and Sternberg on the
moment map interpretation of the Calogero—Moser systems [18].

Recall that Moser [20] discovered that the system from [9] describing
pairwise interacting particles on the line with the Hamiltonian

1 n '72
TS SRD ek e
23 i<j (4 — ;)

(now called rational Calogero-Moser system) can be rewritten in matrix
form as

L =[L,M],
where
i Yt vt
pl, q1—q2 q1—93 U e q1—qn
7 v vt
L = q1—4q2 P2 q2—93 e 42—qn
__ _ i 7

q1—qn q2—qn q3—qn Gn—1—0qn Pn
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a 1 1 1
il (g1—q2)? (Q1*1QS)2 T T (Q1*1qn)2
— a . ..
M = —iy | (@—a)? 22 (g2—g3)? (g2—qn)?
1 1 1 1 a
(g1—an)?  (@2—an)? (@3—qn)2 """ (gn—1—qn)? nn

Following Wilson [27], we will consider the case when v = —i with attrac-

tive (rather than repulsive) potential and

n

1 — 1
HZQ;IJ?_Z

= (4 —4)*

when the particles may collide. One can view this also as changing time
t—iat, i =+v—1.

Note that the corresponding matrix L satisfies the commutation relation
[L,Q] =1 — eeT,

where @ is the diagonal matrix with Q;; = ¢;0;;, I is the identity matrix and
the vector e has all coordinates equal to 1, so el = (1,1,...,1). Moreover,
if @ has simple spectrum, then this commutation relation determines the
form of the off-diagonal elements of L uniquely as L;; = (¢; — qj)*l.

Kazhdan, Kostant and Sternberg [18] interpreted this relation as a mo-
ment map and described the rational Calogero-Moser system as the corre-
sponding symplectic reduction of the free motion on the Lie algebra, which
in the repulsive case is the unitary Lie algebra u,.

Wilson considered a natural complex generalisation of this procedure and
introduced the Calogero—Moser space C,, as the quotient space

Cn ={(X,Z,v,w) : [X,Z]+ 1 =vw}/GL,(C),

where X and Z are n by n complex matrices, v and w are n-dimensional
vector and covector (considered as n x 1 and 1 x n matrices respectively).
The element g € GL,, acts as

(X, Z,v,w) — (9Xg~ ", 9Zg ", gv,wg™").

Wilson showed that C, is a smooth irreducible affine algebraic variety of
dimension 2n with many remarkable properties and can be viewed as the
quantisation of the Hilbert scheme of n points in the complex plane.

We introduce now the modified Calogero—Moser space CM,, as the quo-
tient

CMn = {H = (L,Q,M,U,U))}/GLn((C),
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where L,Q, M are n by n complex matrices, v and w are a vector and
covector as before, which satisfy the following relations

@O [LQI=1-ww,
()= [M,Q =L,
(I11) .  [M, L] =Q,
(IvV): Mv=0, wM=0.

The group GL,, acts by conjugation on L,Q, M and on v, w as before.
Our main result is the following theorem.

Theorem 3. The modified Calogero—-Moser space CM,, is discrete and can
be identified with the harmonic locus (and thus with the set of partitions of
n) via the map x : CM,, — HL,,
x(IT) = 22 — 2D?log det(2I — Q).
The spectrum of the matrix M is integer and coincides with the content
multiset C'(X\) of the corresponding partition \.
We start with the following

Proposition 4. The subset of the modified Calogero—Moser space CM,, with
diagonalisable Q with simple spectrum can be identified with the simple part
of the harmonic locus HL,,.

Proof. Note first that for diagonal ) with distinct diagonal elements Q;; = ¢;
Moser’s matrices

1 1
0 el o prE—
__1 0 1
L = q1—G2 T T 42—qn (5)
1 1 1 0
q1—qn q2—q4n U dn—1—Aqn
1 1
a — “e .. —_——7
li (q1—q2)? (q1 —1qn)2
— a e . —
M = (@1—q2)? 2 (42—an)? (6)
_ 1 _ 1 -1 a
(QI_Qn)2 (q2_Qn)2 e (anl_Qn)2 nn

with ai; = 377 m, obviously satisfy the relations (I), (II) and (IV)
i—qj
(with w = (1,1,...,1) = vT), while the relation (III) is equivalent to the
locus conditions by Perelomov’s result.
Conversely, for any II € CM,, with diagonal Q with simple spectrum
VW

qi,---,qn the relation (I) implies that L;; = p— i # j and that v;w; = 1

for all ¢ = 1,...,n, while the relation (II) implies that L;; = 0. Conjuga-
tion by the diagonal matrix g € GL,(C) with diagonal elements vy, ..., v,
reduces w to w = e = (1,...,1) = v’ and L to form (5]). Now the relations
(IT) and (IV) imply that M also has Moser’s form ((6)), and relation (III)

implies the locus condition. O
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Let us now return to Wilson’s Calogero-Moser space C,, and consider the
natural action of C* = C\ 0 on it defined by

X uX, Zep 2, v v, w—w, peC*. (7)
Let CS™ be the fixed point subset of C,, under the action .

Proposition 5. The modified Calogero—Moser space CM,, can be identified
with C& wvia the map v : (L,Q, M,v,w) € CM, — (X, Z,v,w) € C, such
that .
X = §(L+Q), Z=L-Q.
Proof. Since [X,Z]+ I = —[L,Q] + I = vw, (X, Z,v,w) indeed belongs to
the Calogero-Moser space. We have also due to relations (II) and (III) that
They imply that
eMxe M — el X, eMzetM — o=ty

so the pair (e!X,e 'Z) is GL,-equivalent to (X, Z) and thus (X, Z2) is a
fixed point of the action .

Conversely, assume that (e! X, e~ Z, v, w) is GLy,-equivalent to (X, Z, v, w):

X =gt)Xg(t)™h, e Z=g(t)Zg(t)", g(t) € GL,(C),g(0) = 1,

and g(t)v = v,wg(t)"* = w. Differentiating this at ¢ = 0 and defining
M := §(0) we see that M satisfies the relations and hence the relations
(IT) and (III) for

1 1
L:X+§Z, Q:X—§Z. 9)
Similarly, differentiating the relations g(t)v = v, wg(t)™* = w at t = 0 we
have the relations Mv = 0, wM = 0. ([

Luckily, the fixed point set CS* was studied in detail by Wilson [27], who
identified it with the set P, of all partitions of n. Moreover, he explicitly
described the bijective map x: P,, — CSX sending A to

K(A) = (Xx, Zx, vr, w») (10)

constructed as follows.
Let A= (A1,...,A), A1 + -+ + N\ = n be a partition from P,,. Following
Wilson, we will use an alternative way to describe a partition

A= (al,...,ak|l1,...lk)

introduced by Frobenius [I5]. Namely, & is the number of the diagonal
boxes in the corresponding Young diagram with aq,...,a; and [q,...,[;
(called Frobenius coordinates) being the lengths of the corresponding “arms”
and “legs” respectively, see Fig. Let n; = a; +1; + 1 be the length
of the corresponding hook and r; = I; + 1,7 = 1,..., k. Clearly, we have
ni+---+ng=n=I\.
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FIGURE 1. The Young diagram of the partition A = (4, 3,1)
of |\| = 8 with boxes labeled by their contents. Its Frobenius
representation is A = (3,1]2,0) and the multiset of contents
is C(\) = {~2,-1,0,0,1,1,2,3}.

Let

o O
o O =
O =
—_

0 0 1
0 0
be the standard m x m Jordan block, then Z) is defined simply as the block-
diagonal matrix with Jordan blocks A, ..., Ay, on the diagonal. The block
X;; of the matrix X is the unique n; by n; matrix with non-zero entries in
the diagonal number r; — r; — 1|-_TI obeying the commutation relation

Xz'jAnj — Anin'j = niE(m, Tj) — (5@'[,

where E(r,s) is the matrix with the only non-zero element E(r,s),, = 1.
In particular, the block Xj;; has the form

0 0
1 0 0
2 0 0
Xy = .
-2 0 0
-1 0
with the entries 1,2,...,0; — 1,l;; —a;,—a; + 1,...,—2,—1 on the diagonal
number —1 (see [27]). Finally vy and w) are such that vyw, has blocks

niE (’I”Z', rj).
Using this, we can define the matrices L) and Q) by @]), so we only need
to find the corresponding M.

Proposition 6. In Wilson’s basis the corresponding matriz M) s diagonal
with blocks

M;; = diag (—li, —L;i+1,...,-2,-1,0,1,2,...,a; — 1,6Li).

IThe diagonal number m of a matrix consists of the entries indexed by i, j such that
j—i=m
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The proof follows from direct check of the relations (II), (III), (IV).

Corollary 7. The spectrum of M coincides with the content multiset of the
partition \ : Spec M = C()).

Indeed, the eigenvalues of M;; are simply the contents of the boxes in the
i-th diagonal hook of the Young diagram of .

Proposition 8. The characteristic polynomial of the matriz Q) = XA—%Z)\
coincides with the Hermite Wronskian

det(= — Qx) = AW (2)
for some constant A(N).

Proof. Firstly, we use the result from Wilson’s paper [27] (see formula (6.14)
on page 29), which claims that for some constant B(\)

det(X) — Y _pi(=Z))""") = B(V)sa,
i>1

where p; are the power sum symmetric functions and s) is the corresponding
Schur symmetric function [19].

Then we use the following general fact expressing the Wronskians of Ap-
pell polynomials in terms of Schur symmetric functions, see [7].

Recall that the sequence of polynomials Ag(x),k > 0 is called Appell if
they satisfy the relation

d
%Ak(x) =kAp_1(x), k>0

with Ag = 1. Let Fa(t) = €™ fa(t), fa(t) =1+, ak% be the exponen-
tial generating function of the Appell sequence

Fa(t) =e™falt)=> Ak(a:):z.
k>0
Consider the expansion
log Fa(t) = ot +log fa(t) = at + ) bk':,
k>1
then from [7], Theorem 4.1 and Proposition 4.3 it follows that the Wronskian
Ay(z) = W(Ag, (z),..., A (z)), ki=X+1—1,
coincides with the Schur symmetric function sy (p1,p2,...) if we specialize
pr=x+0by,pi=0b;, 1> 2.
The Hermite polynomials (in physicists’ version) satisfy the relation

d
%Hk(x) = 2]€‘H}€_1(1‘), k Z 0,
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so the scaled monic versions Hy,(x) := 2~ Hj,(z) form an Appell sequence.

2
The corresponding generating function is Fp(t) = _tT (see e.g. Szegd
[25]). Since log Fy(t) = at — t? we have by = 0, by = —3 with b; = 0,7 > 2.
This implies that the Hermite Wronskian A(2) up to a constant multiple
coincides with the Schur function sy (z, — 707 0, ..., ) so, by Wilson’s result,
up to a constant multiple

Wi(2) = det(X — 21 — %Z,\) = det(Qx — 21),
as claimed. O
We can now prove our Theorem [3] We need to show that the map
x: (L, Q, M,v,w) — u(z) = 22 — 2D?log det(zI — Q)
is a bijection from CM,, to HL,. We have a diagram of maps

CM, —— cC"

f‘ / |
HLy —— Pn

In this diagram the maps k, u, v are bijections due to Wilson, Oblomkov,
and Proposition [5, The map

1
v (X, Z,v,w) = z* — 2D*logdet(zI — X + §Z)

makes the lower triangle commutative by Proposition By construction,
x = 7o v and is thus a bijection, completing the proof of Theorem
Theorem [I] follows then from Proposition [

4. CHARACTERS OF C*-ACTION AND THE CONTI-MASOERO
CONJECTURE

Consider again the simple part of the harmonic locus with the potential

" 2
.2
z)—z +;(z—zi)2

satisfying the locus conditions

n

2
S 0 =1
L . 3 (2 ) ) ) ?
i (zi — zj)
which can be interpreted as the equilibrium conditions for the Calogero—
Moser system with the potential

I 1
_§Zqi+ Z . 2
i=1

1<i<j<n (@i — a5)
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Consider the (complex) Hessian of the potential U(q) at the corresponding
equilibrium
PP p— aQU
Y 0qidg;

6 6
1

p (Zl — Zj Z; — Zj)

q=z

Since all the solutions of Calogero—Moser system are known to be
periodic with period 27 (see [22]), the eigenvalues of K must be the squares
of some integers (cf. [24]). Indeed, for the roots of Hermite polynomial
H,(z) the corresponding eigenvalues are known to be 1,22,32,... n? as

follows from the formula
K = (M+1)>

relating K to Moser’s matrix M (see [23, 24] and Proposition 3.4 in [3]).

However, already for A = (3,1) one can check that the corresponding
matrix K does not commute with M, which means that we can not apply
our Theorem 3 to compute the spectrum of K in the general case.

We will use instead our Proposition 5 and Wilson’s results [27] to compute
these eigenvalues, proving, in particular, a conjectural formula by Conti and
Masoero (see Conjecture 6.3 in [12]).

More generally, consider the action of C* on the Calogero—Moser space
C,, defined by . We have identified the fixed points of this action with
the harmonic locus. Let (X, Yy, vy, wy) be the fixed point corresponding to
partition X\ € P, and consider the character of the linearised action of C*
at this point:

X)\(lu’) = Z :usa e c*.
sESH

Note that because the action of C* is symplectic, the weight set S of the
action is invariant under the change s — —s:

Sy = {£51(N),. .., £50 (N}, sk(N) € Zoo.

Theorem 9. The character of the linearised C*-action at the fixed point
(X, Yy, vx,wy) € Cy, has the form

) = (=24 HGA()GA(u™") + Galp) + Ga(p™),  (11)

where

Ga(p) =" .

Oex
with ¢(0J) being, as before, the content of the O in the Young diagram of .

Proof. Denote by Maty,; the space of complex k£ by [ matrices. The tangent
space at a point (X, Z,v,w) € C, is given by the linearized symplectic
reduction, namely as the middle cohomology Ker(d”)/Im(d) of the complex

Mty > Maty, ® Matyp & Matn1 ® Mat1y, > Matn,. — (12)
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Here ¢’ is the differential of the moment map
8 (€,¢,p,0) = [, Z] + [X,¢] + pw + vn
and ¢ is the infinitesimal action of GL,
0 a— ([o, X, [, Z], aw, —wa).

The GLy-orbit of k(A) = (X, Zx, vx,w)) is fixed by the C*-action . By
the relations (II)—(IV) and Proposition [5, x(A) itself is a fixed point for the
twisted action of C*

(X, Z,v,w) = ("MXM MM My ™y, el (13)

The maps 6, " are C*-equivariant for this action on the middle term of
and for the action o — pu=MapM o« € Mat,,, p € C* on the extreme
terms.

Since 9 is injective and ¢’ is surjective (see [27], Corollary 1.4 and Propo-
sition 1.7), the character of the C*-action on the cohomology is equal to the
character-valued Euler characteristic of the complex, namely as the charac-
ter of the middle term minus the sum of characters of the extreme terms.

By Corollary [7] the eigenvalues of M are contents of A and the eigenvalues
of [M,—] on Maty,, are differences of contents. Thus the character of the

middle term for the C*-action is

PG~ GA() + 7 Ga(p)GA() + Galp™") + Gap).-

From this we subtract twice the character G\(u~1)G, () from the extreme
terms and obtain formula . g

At the simple part of the harmonic locus the set Sy determines the spec-
trum of the Hessian K (\) at the corresponding equilibrium by the formula

Spec K(\) = {s1(N)?,..., sn(N)?}.

In the paper [12] Conti and Masoero conjectured a recursive procedure to
compute the eigenvalues of K, which can be shown to be equivalent to the
following formula for the spectrum of K:

Spec K(A) = {(\my1 — e(@))?, O e}, (14)
where [(0J) is the leg length of O € .

Proposition 10. For any partition A € P, we have the identity

alp) = Z M/\z<D)+1—C(D) + M—Az<m)+1+C(D). (15)
Oex

The proof is by induction in the length of the partition using the recursive
procedure from [12].
In particular, for the one-hook Young diagram A = (a|l) (in Frobenius

notations) we have
+1 -l
T —p

i
Clap () = = —

)
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a+l _ M_l ,U,_(a+1) _ 1

W
p-1 o

Xany (1) = — (T — p7H (p™ @ — ply +

_ Z (Mj+,u_j)+,ua+l+1+u_(a+l+1).
j=—1,j#0
Corollary 11. The Conti—-Masoero conjecture holds for any simple locus
potential uy(z).

5. CONCLUDING REMARKS

For the simple part of the harmonic locus we have now an effective way
to invert the Wronskian map A\ — uy(z) by computing the spectrum of the
corresponding Moser matrix M. The question about a correct analogue of
the matrix M when we have multiplicities is still open. Note that there
is a conjecture saying that for the harmonic locus only z = 0 may have
multiplicity larger than 1 (see [17]), but in spite of a large numerical evidence
and some recent progress in this direction [I4) [16] the general proof is still
to be found.

In the case of the so-called doubled partitions A2 = (Ag, A1,..., A\, A7)
we have observed in [I7] a surprising relation between the shape of the
Young diagram of A and the pattern of zeroes of the corresponding Hermite
Wronskian, which allows to “see” 2 copies of the corresponding partition A

(see Fig. [2).

FIGURE 2. Zeroes of the Wronskian W,2 for the doubled
partition A2 with A = (10,4, 3)

Note that due to the results of M.G. Krein and V.E. Adler [I] such parti-
tions can be characterised by the property that the corresponding Hermite
Wronskian has no real roots (and thus conjecturally has only simple roots).

The harmonic locus is related to the so-called monster potentials

L n
vV _ 20 2D? 1 2a+2
(2) = +x I; og(x 2k)
introduced by Bazhanov, Lukyanov and Zamolodchikov [6]. When a =1
and L = m(m + 1) they coincide with the simple locus potentials uy(x)
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corresponding to the symmetric Young diagrams A = A*. There are several
outstanding conjectures about the number of monster potentials, which are
open even in this case (see [I2] for some recent results in this direction).
Our results might be useful in this setting as well.
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