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Abstract

In this paper, we introduce Unitary Flavour Violation to produce Multi-Higgs
Doublets Models where all flavour parameters are contained within three unitary
matrices. After that, we identify two of its subclasses, the left and right models,
which have naturally suppressed tree-level Flavour Changing Neutral Couplings
that easily avoid the experimental constraints derived from neutral meson mixing.
Then, we show that left models can accomodate spontaneous CP violation when
all quarks have Flavour Changing Neutral Couplings. Finally, we illustrate these
concepts by considering a specific implementation with three Higgs doublets.
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1 Introduction

Multi-Higgs Doublets Models (MHDMs) are common extensions of the Standard Model
(SM) with multiple scalar doublets. At first, they were introduced by T. D. Lee [I] to
generate CP violation spontaneously when only two generations of matter were known.
Since then, MHDMs have become popular options for addressing baryogenesis [2H5] and
dark matter [6H8]. Likewise, spontaneous CP Violation (CPV) now plays a critical role
in the Nelson-Barr solution [9,[10] for the strong CP problem. However, MHDMs have
tree-level Flavour Changing Neutral Couplings (FCNC) that are known to face several
stringent experimental constraints [I1]. For that reason, Natural Flavour Conservation
(NFC) [12/13] is often introduced to remove all FCNC from the theory. However, when
all CPV is spontaneous, NFC gives rise to a real Cabibbo-Kobayashi-Maskawa (CKM)
matrix [14] which has already been experimentally ruled out, including in the presence
of new physics [I5]. Alternatively, Branco, Grimus and Lavoura (BGL) [16] introduced
a class of Two-Higgs Doublets Models (2HDMs) with tree-level FCNC that are entirely
fixed by the CKM matrix. Detailed phenomenological analyses [17H19] have shown that
they remain compatible with the current experimental data. Unfortunately, when CPV
is spontaneous, their CKM matrix is rendered real. With that in mind, a generalization
of BGL (gBGL) models has been proposed in [20]. A comprehensive phenomenological
analysis of its quark sector [21] found that these models can remain in agreement with
the current experimental constraints when CPV is spontaneous as long as every quark
possesses tree-level FCNC. In the leptonic extensions of gBGL models [22], the complex
phases in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) and CKM matrices become
related by a single vacuum phase.

In this paper, we seek to replicate the success of gBGL models by finding the largest
class of MHDMs with the following properties — (7) small number of flavour parameters;
(71) naturally suppressed FCNC; (iii) compatibility with spontaneous CPV. Due to the
nature of these clauses, our analysis will be focused exclusively on the MHDM flavour
sector.

In section 2 we will settle the notation by reviewing the quark sector of the MHDM
Yukawa Lagrangian. Then, in section [3] we will introduce the notion of Unitary Flavour
Violation (UFV) before showing that MHDMs with it are described by a small number
of flavour parameters. After that, in section ] we will proof that two of its subclasses,
the left and right models, have naturally suppressed tree-level FCNC, with the former
being compatible with spontaneous CPV. In section [, we illustrate these concepts by
considering a particular Three-Higgs Doublets Model (3HDM). Finally, we present our
conclusions in section [6l

2 The General MHDM

The quark Yukawa sector of a generic MHDM is controlled by the following Lagrangian,
Ly =~ baYaadh — @) baYuau® + hec., (1)

in which there are implicit sums over every scalar in the theory (a = 1,..., N), Y44, Yua
describe 3x 3 arbitrary complex matrices and ¢, = i02¢%. After spontaneously breaking
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the electroweak symmetry with (¢1) = %vaem“ (O 1), we make use of a real orthogonal

matrix O with Oy, = v, /v for v* = v} + - -+ + v% to define the Higgs basis below,
—io — C+
Ha = Ou(e" ) = { L (0601 + Ry + i, )}
In it, the FCNC of a generic MHDM may be expressed in the following manner,

(2)

R, 1€, T
Ly o+ [q(quR+N 7)) } — [q(quR Nfr) } (3)
where there are implicit sums over ¢ = d, u with ¢; = —¢, = 1, and we have introduced
0 1 ieqab T 0
Nqa = —vOabe Y;Jb, Nqa = UqLNanqR (4)

V2
after performing the Weak Basis (WB) transformations ¢% = U,xqx for X = L, R that
diagonalize the quark mass matrices Dg =N 31. As such, with the physical scalars

hi = RaoRo + Rantalita, (5)

where tilded (hatted) indices range from 1 to 2N —1 (N — 1) with R a real orthogonal
matrix, the FCNC of a generic MHDM become controlled by the following Lagrangian,

ha
Ly D — [C] (Zgavr + Z;WL)C]} ; (6)
in which we have introduced the following couplings,
Zya = RaaNga + i€gRa N+aNg1+a = Ra1Dg + (Raita + i€gRan+a) Noiva- (7)

Since we have established that the flavour sector %y of a generic MHDM only contains
N — 1 non-trivial mass matrices Ny, and that R is determined by the scalar potential,
eq. (@) is described by 36(N — 1) new flavour parameters.

It is well-known that neutral meson systems provide the most stringent constraints
of MHDMs. As such, in this paper we will control their FCNC by demanding that the
contributions of eq. (@) to the amplitude of mixing in a P° = ¢;q; system,

5T%fp mp ~ -2 * )2 2 2 —2 *
2’TL W ; N (qul)ij + (qu)ji o 5(6 - Tp )(qu)ij (Zq&)ji , (8)

where Yp = mp/(m; +m;) and ng = mg/my, with h = h; the 125 GeV scalar detected
at the LHC, should remain below the current experimental observations, i.e.,

Amp’NP Q}M 2}TL < Amp. (9)
As a result, in this paper MHDMSs will be required to satisfy the following constraint,
2N—1
_9 %\ 2 2 2 _9 % 241} mhAmp
; ng |:(Zq&)ij+ (Zq&)ji_ 5(6_TP )(Z ) (an)] <Cp= 5T%fpmp - (10)

In K° D° BY and BY systems, the right-hand side of this expression equates to
Ck = (5.12£0.90) x 107> GeV?, Cp, = (5.02 4 0.10) x 107° GeV?,

11
Cp = (1.66 £0.20) x 107" GeV?, Cp, = (1.189 +0.022) x 10~ GeV?. =



Since the mass matrices IV, are linearly independent, in a natural MHDM where |Y,,|
is order one egs. () and () suggest that |Z,z|;; ~ m; should holdd. Thus, within those
models eq. (I0) states that some intricate combinations of squared order-one couplings
are inferior to Cp/m?2. As such, in their (sd,uc, bd, bs) sectors natural MHDMs require
unnatural cancellations of about (107°,107%,107*,107?) to avoid eq. (I0).

3 Unitary Flavour Violation

In this section, we will search for a large class of MHDMs with controlled FCNC. These
were previously shown to, as far as flavour is concerned, be fixed by the mass matrices
Ngyq. As such, we are looking for MHDMs where N, is related to SM parameters that,
from dimensional analysis, must be in the quark mass matrices D,. Thus, we introduce
UFV by claiming that MHDMs with it must contain a WB where the following relation
is protected by an Abelian symmetry,

Ny, = Lo D) Ry, (12)

in which L, Ry, are matrices that do not contain flavour parameters. Through eq. (),
this expression may be rewritten into

Ouc (Y, = O (L), (V) (Res),. (13)

where there are implicit sums over b, m,n. Since all flavour parameters in this equation
lie inside the Yukawa couplings and these are independen, solving eq. (I3) for L,q, Rya
is only possible when Y, is dropped from it. With that in mind, we must restrict UF'V
to remove the mixing of flavour indices by selecting diagonal L., R4, and thus write

Oy’ (Yqb)zj - lqavirqa,jOlbeieqab (Yqb) ij? (14)

with lyq; = (Lga)i and rgq j = (Ryq)j;. Once more, we note that Y;, can only be dropped
from this expression after the sum over b is removed. Clearly, that is only possible when

(an)ij (Yqb)z‘j o Oap (15)
holds. When this condition applies, eq. (4] gives rise to the following system,
Oab
[ ailqa,i — T~ 16

which has N equations for each (Y;);; # 0. Thankfully, this expression decouples into
2N independent systems with up to nine equations and five variabled]. As such, while
necessary eq. (IH) does not provide a sufficient condition for ensuring UFV. Notice also
that, since Oy is a function of vevs determined by the scalar potential, eq. (I6) allows
for L,,, Ryq to be flavour-independent.

?Due to the linear independence, setting, for example, (Ng1)11 = mgq as no impact on (Ngq£1)11-

3All Abelian symmetries have a WB where they may be described by a field rephasing which either
renders the Yukawa couplings null or leaves them free.

“For fixed ga, there are three variables in [y, ; and in r,, ;. However, only five impact their product.
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After performing the WB transformations which diagonalize D, eq. (I2]) becomes
Nqa = (lqa,lplUQL + lqa,QPQUQL + lqa,3P3UQL>Dq (rqa,lplUQR + Tqa,QPQUQR + Tqa,3P3UQR>7 (17)

where P = X TP.X with (Px)ij = 6ixdji are projection operators for X unitary since

PXPX = PX5, PN+ PX PR 1 (13)
applies. After employing the CKM matrix V' = UJ 1 Uar, to establish the identity below,
PV = VP, (19)

we notice that just three projection operators contain every new parameter in eq. (7).
Since PAX = PX holds for A diagonal and unitary, each operator may be parametrized
by the three real angles and three complex phases in the unitary matrix
1 Co Soe c3  S3 e
Uyx = ¢ Sy 1 —S3 C3 P2 . (20
—51 ¢1/) \—s9€™® Co 1 1
Thus, the flavour sector of a MHDM with UFV may only be described by 18 parameters.
Notice that such a number is independent on the amount of scalars N. This was to be
expected, however, since eq. (I2) implies that in MHDMs with UFV D, contains every
flavour parameter. Meanwhile, eq. (I7) suggests (| Zaalij, | Zualij) ~ (ms, m¢). Since this
offers no natural suppression for the FCNC in their up sector, valid MHDMs with UFV
are still fine-tunned to the level of 107%.

4 Left and Right models

In this section, we will consider two subclasses of UFV, the left and right models which
were first introduced in [23]. Since there is a strong analogy between the two, we shall
focus on the former before highlighting its differences to the latter.

Left models are, by definition, MHDMs with a WB in which the following relation
where L, is flavour-independent is protected by an Abelian symmetry,

Ny, = Le.Dy. (21)

It follows that left models are MHDMs with UFV and R,, = 1. Then, in them eq. (IG)
becomes the following system with N equations for each (Yg):; # 0,

Oab
lgai = —- 22
qa, Olb ( )
Clearly, this expression will have no solutions unless the relation below holds,
(an)z‘jl (Yqb)m X Oap- (23)

When this applies, however, eq. (22)) decouples into 2N independent systems, each with
up to three distinct equations matched by three variables. Thus, eq. (23)) is a necessary
and sufficient condition for detecting left models which offers an alternative definition:

“A left model is a MHDM with a WB where no row of the Yukawa couplings
receives contributions from multiple scalar doublets.”



Likewise, right models can be defined as MHDMs with UFV and L, = 1. As a result,
the argument above applies with lyq; — 744, and rows — columns.

After diagonalizing the quark mass matrices, the FCNC of a left model are fixed by

Noo = (laat P 4 laaa P 4 Liais Py ) Dy, (24)

Thanks to eq. (I9), we note that N, only includes one independent projection operator.

As such, the flavour sector of any left model can be determined by six new parameters.
Meanwhile, in appendix [Bl we show that all left models which satisfy

avoid the experimental constraints of eq. (I0)). The left-hand side of this relation mixes
parameters from the scalar potential (I;1+4%, Ra1, na) with flavour couplings (U, ;) and

is naturally suppressed as eq. (24]) renders the FCNC proportional to the largest valence
quark mass in the neutral meson system. The effect of the latter can be felt in

— 2 24v2m2 A
Z lq71+a,k<Pzqu)u ] <Cp =T (25)
a=1

P = 2,,3
%] 5meP

Ci = (5.324£0.027) x 107°,  Cp, = (2.865 £ 0.041) x 10~*, (26)
Cp = (1.03£0.12) x 10~*, Cp, = (6.510 £0.076) x 10~°.
Since the left-hand side of eq. (23] envolves squared couplings, these results imply that
left models only demand to be fine-tunned to the (107, 1072,1072,107!) level in their
(sd,uc, bd, bs) sectors to avoid the experimental constraints of eq. (I]). Regarding right
models, all arguments above apply with lyq; — 74 ; and Uy, — Ugr, with the exception
of that used in the parameter counting. Namely, their FCNC contain two independent
projection operators, and thus may include 12 additional parameters.

When trivial CP is imposed as a good symmetry of the Lagrangian, there is a WB
in which every Yukawa coupling is real. Then,

DY = (&' Py + ¢z Py + ¢ Py) DY (27)
with 152 real while ¢; identifies the scalar which couples to the i-th row of the Yukawa
couplings follows directly from the alternate definition for left models. After employing
the polar decomposition of real matrices, D = O;AOZ | where Oy, O, are real orthogonal
matrices while A is diagonal and real, eq. (27]) becomes
D) = (%1 Py + %2 Py + €% P;) 0,1, D, O (28)

q

As such, the matrices which diagonalize a left model with spontaneous CPV look like
UqL — (eieqaql Pl _'_ e’iEqaqg P2 + equOMIS P3)OqL7 UqR — OqR- (29)

At this stage, we note that the phases oy, do not contribute to the projection operators
PquL = OgLP,Oq 1. Thus, when CP is spontaneously broken the flavour sector of a left



model can be parametrized by three real angles (check eq. (20) with o = 8; = > = 0).
Meanwhile, their mixing matrices V and VF = UJRUdR are given by

vV =07, [eﬂauﬁadl)a 4 el tea) p) y pilouwstaa) plOy - VE =0T, 045 (30)

In [21], it was shown that the texture of V' possesses a non-trivial complex phase when
its middle component is not proportional to the identity and all quarks have tree-level
FCNC. For right models, the discussion above is translated with L <> R, such that the
textures for their VV and V% become swapped. As such, it follows that only left models
are compatible with spontaneous CPV.

5 A left model with three doublets

In this section, we will study a 3SHDM invariant under the following Abelian symmetry,

¢1 I ¢ 1
(b? — 619 ¢2 ) qg — 1 qgv d% — dOR7 u% — U%, (31)
¢3 e ) \¢s e’
with § = 27 /3, and the trivial CP. Here, the Yukawa couplings of this 3HDM look like
X X X 0 0 O
Yo ~Yaur~|x X X, Yp~Ys~0 0 0], Yi=Yen=0, (32)
0 0 O X X X

where X represents an arbitrary real number. Since these textures satisfy eq. (23]), this
3HDM is a left model. Then, in the Higgs basis below,

vi/v vfv v3/v
O=\|wv/vv —uv/v 0 : (33)
1)1/’0” 1)2/1)// —1)12/’03’0”

where v? = v} + v2 and v” = vv’ /vs, this left model is defined with eq. (22)) through
Zil = (1a171) ZiZZCgl(tlatla_tfl)a l_;l3:t2(171a1)a
lul - (]-71’]-) ZLQZtlcz_l(lalaO)a Z_;L?): (tZatQa_tz_l)a

in which we introduced v; = vcicy, v9 = - US1C and vz = vsg with (¢;, s;) = (cos 0;,sin6;).

(34)

Notice that, being related to vy 23, all [ qa are fixed by the scalar potentlal Meanwhile,
lql is trivial since, by definition, N,; = D, while the remaining lqa produce
Nagp = cy [h — (t1+ 17 )PgUdL]Dd, Ng3 = t3Dy,

(35)
Nug = t102_1<1 - P?f]“L)Du, Nyz = [tQ — (t2 + tg_l)ng]“L]Du

thanks to eqs. (I8) and (Z4). Since (Py*");; = (Uaz)4(Uar)s;, these mass matrices only
see the third row of Uyy,. This happens because lyq1 = l4q.2 holds for all ¢, a. Thus, after

remembering that in left models with spontaneous CPV the projection operators PquL
become real, we conclude that this flavour sector is fixed by just two real parameters,

T = (OdL):sz’ - (Calcaw CarSaz; 501)' (36)



Meanwhile, after employing eq. (I8) to simplify the following sums over k£ = 1,2, 3,

laop P = ¢t [h — (ti+ tfl)PgUdL], lasp P =t (37
Lo P = tlcgl(l - PfﬂL), Lisp P =ty — (o + 51 ) Py,

we can make use of eq. (23] to conclude that when the following bound is satisfied,
N1

_ N2 1—-R2
7"227‘]2- X022(t1 +t1 1) ( Z m2/,rn(/121> < C}(,Bd,Bs’
a h

a=1

wn 35)
— —1\2 - g
P2 X [tfcf + (ta+151) ] < > W) <,

a=1 ol "h

with 7; = (Oyur)3 = Virs, these left models avoid the experimental constraints related
to neutral meson mixing. As shown in section [ eq. (B8)) only requires cancellations of
a 1072 degree. In [24], the scalar potential invariant under the Zs symmetry in eq. (31))
and the trivial CP was shown to have a CP violating vacuum. Thus, by using eq. (30)
to write

V =eXMOL | P+ Py + €023 Pl Oy (39)

we conclude that these left models can accomodate spontaneous CPV when all quarks
have FCNC, i.e., if T172,3,f1,273 # 0, and 0 = 27T/3

6 Conclusions

In section 2, we recalled the FCNC of a generic MHDM to show that they are described
by too many parameters while also facing stringent experimental constraints. In order
to get an handle on the latter, we adopted a simplified approach by looking exclusively
at neutral meson mixing. In section Bl we began to address these issues with UFV. By
forcing all flavour couplings to lie within the quark mass matrices, UFV allows for just
three unitary matrices to contain every new parameter in the Yukawa Lagrangian. As
such, we found that the flavour sector of a MHDM with UFV can always be described
by up to 18 parameters, thus solving the first issue. Unfortunately, the little suppression
offered by UFV to the FCNC (a factor of y, = my/v in the down sector) proofed to be
insufficient. For that reason, in section ] we studied two of its subclasses, the left and
right models. By suppressing the FCNC for neutral meson systems with their heaviest
valence quark mass, both rendered the fine-tunning required to avoid the experimental
constraints acceptable. Left and right models were, however, found to be distinguished
by two of its properties. Firstly, the flavour sector of the former may only be described
by six new parameters while that of the latter can be the owner of twelve. Secondly, we
found that only left models may accomodate spontaneous CPV. As such, we illustrated
these concepts in section [l by considering a left model with three Higgs doublets. After
verifying that we were studying a left model by constructing its Yukawa textures with
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an Abelian symmetry, we found that its FCNC were fixed by two real parameters that
only need to be fine-tunned to the 1072 level in order to avoid the constraints employed.
Then, we showed that, when the symmetry was made to be a Zs, their scalar potential
can generate spontaneous CPV which we transported into a complex CKM.
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A Experimental Data

Throughout the previous sections, we have employed the experimental results displayed
in the tables below together with G'r = (1.1663788 +0.0000006) x 107> GeV~? [25] and
my, = (125.25 + 0.17) GeV.

Observable Value Observable Value

my, (MeV) 216 £0.49 | my (MeV) 4.67+0.48
me (GeV)  1.27+£0.02 | ms (MeV) 93.4+8.6
my (GeV)  172.69+0.30 | my (GeV) 4.18 +0.03

Table 1: Quark masses taken from [25].

pr (MeV) Amp (MeV) fp (MeV)
407,611 £ 0.013  (3.484 £ 0.006) x 102 155.7 £ 0.3
1864.84 + 0.05 (6.56 4 0.76) x 1012 212.0£0.7
Bg | 5279.66 +£0.12  (3.334+£0.013) x 1071 190.0 £ 1.3
By | 5366.92+0.10 (1.1693 £ 0.0004) x 10~ 230.3 £ 1.3

o =T

Table 2: Observables related to neutral meson systems — mp and Amp experimentally
measured [25], fp determined from lattice calculations with Ny =2+ 1+ 1 [26].

B Managing the FCNC of a left model

In this appendix, we will process the FCNC of a left model. Thus, we start by combining
egs. (@) and ([24) to write

(an)ij = m;(Ra+a + i€gRan+a)lg1+an (P;qu> i (40)

with implicit sums over a = 1,..., N —1 and k£ = 1,2, 3. In the neutral meson systems
considered, one valence quark mass dominates. As such, after replacing eq. () inside
eq. (I0) we find that left models should satistyfl

2N—1 9 9
ol \2 24v°m; Amp
SN < - 41
2 " 7| < 5T “
At this stage, we recall the triangle inequality for complex numbers,
to produce
2N— 2N—1
—2
Z qa Z_] < Z ‘an z] (4?))

°In eq. (), we considered m; >> m;. This choice has no impact on our argument.
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Then, we make use of the famous Cauchy-Schwarz inequality for vector products,

‘Zn“nvi < (Zn|un|2)<zn|vn|2), (44)

while identifying uz = lq,1+d,k<P/iJQL)ij and vz = Ra1+a — 1€,Ra n+a to derive

— 2
‘ ( Z Ra 1+a a N+d> Z lq,1+d,k‘ (PkUqL> ij
o )
= m? (1 — R%l) Z lq,H‘&,k (P]qu)ij

a=1

After combining egs. (43]) and (4H) to obtain the expression below,
2N—1 2N—-1 9 N—-1
-2 2 2 1 - R3,
>z <o 3 0| 3
a=1 a=1 a G—
we conclude that every left model which satisfies the following relation respects eq. (I0),

2N_1]_—R?1 N-—1

a=

U\ |?
laavan (PL) ] (46)
ij

(47)

Uqgr
lg1+ak (Pk ! )
()

5meP

2] 24v®m2 Amp
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